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Abstract

Transformer-based large language models have displayed impressive capabilities
in the domain of in-context learning, wherein they use multiple input-output pairs
to make predictions on unlabeled test data. To lay the theoretical groundwork for
in-context learning, we delve into optimization and generalization of a single-head,
one-layer Transformer in the context of multi-task learning for classification. Our
investigation uncovers that lower sample complexity is associated with increased
training-relevant features and reduced noise in prompts, resulting in improved
learning performance. The trained model exhibits the mechanism to first attend
to demonstrations of training-relevant features and then decode the corresponding
label embedding. Furthermore, we delineate the necessary conditions for successful
out-of-domain generalization for in-context learning, specifically regarding the
relationship between training and testing prompts.

1 Introduction

Transformers now serve as the backbone architecture for a wide range of modern, large-scale
foundation models, including prominent language models like GPT-3 [5], PaLM [9], LLaMa [32]],
as well as versatile visual and multi-modal models such as CLIP [27], DALL-E [28]], and GPT-4
[25]]. One intriguing capability exhibited by certain large language models (LLMs) is known as [3]
“in-context learning (ICL).” In other words, these models can accurately predict outcomes for new
tasks without fine-tuning their internal parameters. This is achieved simply by providing a small
number of testing examples and necessary instructions for the testing query as a prompt.

While Transformer-based LLLMs have found diverse applications [21, 22,2335/ 34], there is relatively
less exploration into the generalization of ICL across multiple tasks using these models. A recent
work [[12]] proposed a framework for studying ICL on linear regression under a supervised learning
setup, where the inputs consist of queries augmented with input-output pairs as prompts. This
learning process yields a model capable of implementing ICL, serving as a foundation for further
investigation. Several theoretical studies have followed this framework. For instance, [1]] and [33]
have demonstrated that Transformers implement gradient descent during the forward pass. [36]]
interprets ICL as implicit Bayesian inference and establishes generalization guarantees when the
pre-training distribution follows a mixture of Hidden Markov Models (HMMs). Additionally, [19]
studies the generalization and stability of ICL by treating the Transformer as an algorithm. Notably,
[37] is the only work to simultaneously explore the optimization and generalization of Transformers
in the context of ICL, especially with distribution shifts during inference. However, their Transformer
architecture employs linear self-attention and linear Multilayer Perceptrons (MLPs), omitting the
nonlinear components commonly applied in practical applications.
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To the best of our knowledge, our work represents the first comprehensive theoretical analysis of the
optimization dynamics and generalization aspects of ICL in the context of multi-task classification
using a nonlinear Transformer. Our approach involves training a simplified one-layer Transformer
using data from multiple tasks and subsequently quantifying in- and out-of-domain generalizations on
testing data originating from distinct distributions or tasks. We present several technical contributions:

First, this study introduces a unique analytical framework for ICL using shallow Transformers
within a multi-task classification setup. Unlike prior works such as [[14} [16] 20} (31}, [30], which
typically focus on single tasks, and ICL research [12, 1} [19, 37] on linear regression, we explore
ICL on classification tasks under the multi-task learning setup. We delve into how the quantity of
training-relevant features impacts sample complexity, prompt length requirements, and the number of
iterations necessary to achieve desired in- and out-of-domain generalization performance.

Second, we conduct an in-depth analysis of how various components of Transformers contribute
to multi-task learning. Our analysis uncovers a two-step mechanism within Transformers: first,
they enhance the salience of training-relevant features through self-attention, and subsequently, they
decode the resulting label embeddings into predictions via the MLP layer. This mechanism extends
existing theoretical insights [[16] 20,31} 30], which demonstrate that trained Transformers on single
tasks attend to key features through self-attention.

Thirdly, we provide a theoretical characterization of the scenarios in which the trained Trans-
former performs well with out-of-domain data from previously unseen tasks. Our analysis
focuses on a generalized inference setting where we evaluate the model on unseen classification tasks
using features that may not have been encountered during the training phase. We outline the sufficient
conditions for achieving a desired generalization based on our data model. Furthermore, we show
that few-shot generalization becomes attainable when the testing prompt is thoughtfully chosen to
encompass a significant portion of the testing-relevant features.

Notation: Let A, .y, ,.c, be the submatrix of a matrix A from rows r; to r and columns ¢; to ca.

2 Problem Formulation

In this work, we study a set of binary classification problems. Consider there are N data samples,
each consisting of [ input-label pairs, referred to as demonstrations, and one query. Let &7,7 € [[]
denote the input of the i-th demonstration of the n-th data. &}, ; denotes the query of the n-th data.
Label y” € {+1,—1} is a scalar for n € [N] and f(™)(-) : R% + R represents a task that maps
& to {+1, —1}. Here, f(™ can be different tasks for different n € [N]. Subsequently, a raw train-

ing dataset is {P",y"}\_, where P" = (&7, f")(&7), &%, f)(25), -, &, fO(&]), 2, ).
Following [37, 4], we consider the input P" encoded as
n_ (T Ty x x L n dx+d I+1
O 7 I B S B A S )

where 7 € R%* and y* € R% forn € [N]andi € [I]. We use a single-head, one-layer Transformer
with a self-attention layer and a two-layer perceptron as the learning network. Mathematically, it can
be written as

1
F(U; P") = a'Relu(Wp -sa(¥, p")), sa(¥,p") = Z va’;softmax((WKp?)TWQpl"H),

i=1

@
where U := Wy, Wy € Rmax(dxtdy) Wy, ¢ Rmex(dxtdy) W, € R™*™ g € R™ denotes
the model parameters of the Transformer. Typically, m,, m, > dx + dy. The training problem
minimizes the empirical risk loss Ry (), which is ming Ry (V) := & Zle (T, P™, y™), The
loss function is a Hinge loss, i.e., £(¥; P™, y™) = max{0,1 — y™ - F(¥; P™)}.
Training Algorithm The model is trained on a set 7 of tasks using mini-batch stochastic gradient
descent with step size 1 under a supervised learning setup. Wg, Wi and Wy, are initialized as
(non-square) diagonal matrices, where all diagonal entries of W‘(,O), and the first d x entries of Wg»

and WI((O ) are § € (0,0.1). Each entry of Wy, is generated from N(0, £2) and each entry of a is
uniformly sampled from {1/m, —1/m}. Besides, a does not update during training.
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3 Theoretical Results

3.1 Main Theoretical Insights
Before formally presenting the theoretical results, we summarize the main insights as follows.

P1. Sample Complexity for Zero In-Domain Generalization Error. Our findings reveal that, with
a sufficiently large model, the sample complexity required to achieve zero in-domain generalization
error is proportional to the following key factors, including A\, ! (where )\, is the minimum fraction
of training-relevant pattern in any training demonstration), (1 — a~1)~! (where « is the average

fraction of training-relevant patterns in prompts), and (1 — 7M7)~/ (where 7 is the noise level).

P2. Mechanism of Transformers in In-Context Learning. We elucidate the mechanism where
Transformers learn multiple tasks in context. Transformers first promote the magnitude of multiple
training-relevant features through self-attention to select gold demonstrations. Subsequently, they
decode the resulting embeddings using the MLP layer, mainly based on the label part, to make
predictions. Such a mechanism differs from existing works [16} 26} 131]] on single tasks.

P3. Out-of-domain generalization. Based on our formulated data model, we show that zero
generalization error can be achieved under some conditions, even if the testing data follows a different
distribution from the training data. We consider any task formed by any two testing-relevant patterns.
When the testing-relevant patterns in testing prompts and queries are positive linear combinations
of training-relevant features, and the label embeddings match those in the training data, our trained
model achieves zero generalization error if the testing prompt is long enough to adequately cover
demonstrations with the same testing-relevant features as the testing query.

3.2 Training Data Modeling

To be more specific, let M; (2 < My < mg,, my) denote the number of training-relevant patterns
represented by {41, o2, - -+, par, } and My (2 < My < my, my) as the number of training-irrelevant
features represented by {v1, vz, -+ , v, }in R?x . Here, p; L piforl <i#j<M,v, Ly
forl1 <i#j<Msandp, Lvjforl <i< M and1l < j < M,. Also, ||| = ||v;|| =8 =
O(loglog M) fori € [M], j € [Ma]. Let M = My + My > M?. Then, each input embedding
x] satisfies that for a certain j € [M;] and k € [M3],

] = A\'py + R +ng 3)
where A? > 0 and |x}'| < 1,4 € [l 4+ 1], n € [N], and n} is a bounded noise with |n]|| < 7. Let
A =min{A\’,n € [N],i€[l+1]} >0 4)

We define that y* € {q, —q} fori € [[4+1] and n € [N], where g, —q represent the label embeddings
for labels +1 and —1, respectively. ||q|| = 5.

Each task is a binary classification that decides the label based on two training-relevant patterns
in input embeddings. Specifically, for a certain task that respectively maps inputs with p, and pp,
1 <a#b< M, to+1and —1, we have f(")(&7) (including y™) is +1 (or —1) if j = a (or j = b)
in (3). If the training-relevant pattern in 7’ is neither g, nor g, the label of ' is randomly chosen
from {+1, —1} with equal probability.

The demonstrations of the training prompts are randomly selected following a categorical distribution.
For the task dependent on p, and u; introduced above as an example, the demonstration inputs
with p, and py are selected with probability /2 where o = 9(1) € (0, 1), while demonstration
inputs with other p;, j € [M;] are selected with probability (1 — a)/(M; — 2). Denote the set of
demonstrations with the same training-relevant patterns as the query pj', ; as V.

3.3 In-Domain Generalization with Sample Complexity Analysis

In-domain generalization means the testing data follows the same distribution as the training data. To
avoid the bias in multi-task learning, we need the training tasks to uniformly cover all training-relevant
patterns for simplicity, i.e., the number of times where every p; represents labels +1 and —1 are
equal and are at least 1 among all tasks. Therefore, we have the following lemma on the required
number of training tasks.

Lemma 1. The number of training tasks |T| > M.

The following theorem is built on the training and testing on the M; required training tasks.



Theorem 1. (In-Domain Generalization) As long as m > €,2M?log N for e, € (0,1/2), the
mini-batch B > Q (M log M), the length of training prompts satisfies

lir > Q(2log M /@), Q)]

then after
T=0(VM N ' (1 —ep—7M) V2. (C—a™ )7 (6)
iterations for some T < O(1/My), C > Q(1) with N = BT samples, with a high probability, the

returned model achieves zero generalization error on all training tasks.

Theorem [T| characterizes the condition on the iterations and sample complexity such that the trained
model achieves zero in-domain generalization error. The next section will investigate the mechanism
of in-context learning by a one-layer Transformer.

3.4 How Does the Trained Transformer Learn in Context?

We summarize Propositions[T]and 2] to illustrate what the trained self-attention layer and the MLP
layer contribute to the prediction.

Proposition 1. The trained model satisfy that, after T iterations,

T T .
WS aball IWE s bisll = ©(log M) for j € [M). @
T T
HWC(Q )1:77La,1:dXVlH’ ||WI({ )17ma711dXVl|| S 6(1)f0}’l € [M2] (8)

For any training data P™ and C > 1, at a sublinear rate of O(1/T),

.
S softmax(pr "W WiDpl ) = 1-0(1/M9). )
sENT

Proposition 2. For a constant fraction of i € [m], we have

T T n T T n
W(() )i,dx-‘rl:dx-i-dySa(\I/( )vP )dx+1:dx+dy > Wé )i71=dxsa(‘1/( )’P )1:‘1&’. (10)
For other 1, W(()T)i l:mbsa(\IJ(T),P”)H < O(9).

Proposition [T]indicates that the returned self-attention layer promotes the magnitude of the training-
relevant patterns from ©(loglog M) to ©(y/log M) and maintains the training-irrelevant features
close to the initialization. Proposition [2]states that the MLP layer decodes the obtained feature by the
self-attention layer with a high weight on the embedding of the label part.

Such a mechanism is discovered for multi-task learning with Transformers for the first time. Figure
[3.4] verifies these two propositions with a one-layer Transformer defined in (2).

g —— W_Q, training-relevant g 15
§ 0.75 W_K, training-relevant g
—— W_Q, training-irrelevant 10
0.50 —— W_K, training-irrelevant
/ 5 —— Input space
0.251/ ok Label space
200 400 600 800 1000 200 400 600 800 1000
Epoches Epoches
(@ (b)
: . (T) , (T) , (1)
Figure 1: (a) The average value of ||W, 1:ma,1:dX“JH’ Wi Loy 1ean i s [TWG 1:ma,1:dXVlH’
(T) ;
Wi 1o, 1.V |ls for j € [Mi] and I € [M]. (b) The growth of the MLP layer output before

ReLU. The blue curve means the output contribution from the feature embeddings. The orange curve
refers to the output contribution from the label embeddings.
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3.5 Can the Model Generalize to Out-of-Domain Data and Unseen Tasks?

Similar to the data assumptions we make for the training data, we define that

{my, iy, -y vy, v, vy, } form another orthonormal basis, where p; and v/ are testing-
1

relevant and testing-irrelevant patterns, respectively. Each input embedding of the test demonstration

7 such that
x} =\ + Kivg + of (11)

where ||o}|] < 7. All testing tasks are binary classification problems dependent on two certain
testing-relevant patterns. The formulation of a testing prompt mirrors that of a training prompt. In
this setup, the inputs involving testing-relevant patterns produce labels of either +1 or —1 depending
on the particular task. Conversely, the inputs of testing-irrelevant patterns result in labels randomly
selected from {+1, —1} by equal probability. We maintain the label embedding for y* as either q or
—q throughout the testing tasks. Each testing data P™ = (pf,--- ,p}', p}'; ) is defined as training
data in (1) given testing demonstration and label embeddings described above. The demonstrations
for testing are randomly selected, following a categorical distribution with a parameter o’ on the
inputs of the testing-relevant patterns, where the set of demonstrations with the same testing-relevant
patterns as the query p7’, ; is N, Then, we have the following result.

Theorem 2. (Out-of-Domain Generalization) As long as any p; € {Eij\ill kipilki > 0} with My <
M, v} € Rx\span{py, pa, -, iar, ), and the length of the testing prompt satisfies l; > 2/,
then with high probability, the model learned with training data achieves zero generalization error.

Corollary 1. For any testing data P",

.
> softmax(p! "W Wpp ) > 1-6(1/M) (12)
sENT

Remark 1. Theorem[indicates that a one-layer Transformer can generalize well even in the presence
of distribution shifts between the training and testing data on the unseen binary classification tasks.
The conditions for this favorable generalization encompass the following: (1) the testing-relevant
patterns are linear combinations of training-irrelevant patterns with non-negative coefficients; (2)
The label embeddings of testing and training prompts are the same, i.e., either q or —q; (3) the
testing prompt is long enough to include demonstrations involving testing-relevant patterns. With
these conditions, Corollary[l|indicates that, despite distribution shift, the attention weights of testing
data also concentrate on tokens of testing-relevant patterns as training data does in Proposition [Z]

The success of out-of-domain generalization can be understood at a high level by considering the
properties of the trained model. The trained self-attention layer can perform demonstration selection
based on training-relevant patterns. Hence, the learned parameters enable similarity measurement
between out-of-domain testing queries and demonstrations, given that testing-relevant patterns can
be represented by training-relevant patterns. Consequently, when provided with the same label
embedding, the model can still make accurate predictions.

4 Conclusion and Future Works

This paper studies both optimization and generalization of a one-layer Transformer implementing ICL
for multi-task classification. We theoretically analyze the impact of the prompt length, the number
of iterations, and sample complexity on the performance of the Transformer for ICL. Additionally,
we investigate the conditions essential for successful out-of-domain generalization. Future research
directions include exploring generation tasks using more practical Transformer architectures and
conducting comparative studies on variants of ICL.
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A Proof of the main theorems

We first provide several key lemms for the proof of the main theorems.

Lemma 2. (Multiplicative Chernoff bounds, Theorem D.4 of [24]) Let X1, - - -, X, be independent
random variables drawn according to some distribution D with mean p and support included in [0, 1].

Then, for any v € [0, % — 1], the following inequality holds for p = % S X

mpy?
Pr(p > (1+v)p) <e =
npy?

Pr(p< (1—v)p) <e 2
Lemma 3. When t > (1), we have that for i € Uf\illwl(t) UU(t),
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(14)

(15)

(16)

a7

(18)

(19)

(20)

21

(22)



gy 30 B0 paT|

leBy

M
>nBM > Z (1= em = TT)Cb(l =47 = €)0(1 = W) WAS,

neBy b=0
Forany j € [M>),

a7y Y DY)

1
T T\T 4
T0 \< ty—— (0
b

t=to+1

H(P™,y™; )

1
T o7l < Y YA

|3
B leBy

Lemma 5. For p? that corresponds to

1y 3 M,

(t)
b 01l€eBy W

t=to+1

:n2< o vowy) o+ Y viewd) o+ Y viow)

b=0 seu1 W, (b) s€UML Uy (b) iU W, ()L, (b)

where
logB /32
Vi) /B8 g st ),

and if p}} corresponds to q,
Vl(b) Z )‘3(1 - 2’7t)52/a7 S Ull\illwl(b)v

Vi(b) <0, i€ ulub),
otherwise,
Vi(b) 2 A2(1 = 2v)B%/a, i€ UM UD),

Vi(b) <0, i€ U wi(b).
Lemma 6. Fori € Ulj\fl Wi(t) UU(2),

722 7?/ q’)(pz_ﬂ"O)T

b=01€B, (4,7)

2o U Z 3 (2 3% 552>\2+nz (1= em = TM)NI(1 = 270) =

b 0 neBy

(to)
Ll

52

2

b
Z% Z Z (2= 37)0BA + an(l — € — TM)AZ(1 — 2%)%(1 —29,)

b=0 neBy c=0
Fori ¢ Uf‘ill Wi (t) UU(t)), we have
Tyt vy log Bt, 32
*ZZ 8W )(PjTaO)TSU TOZ
b=0I€B, O 0

Lemma 7. If the number of neurons m is larger enough such that
m > e, 2M; log N,

the number of lucky neurons at the initialization | WW(0)|,

(0)] satisfies
WO, ()| > 15 (1~ e —7M1)

10

)

i

B (1 = 27c))

)

(23)

(24)

(25)

~—

(26)

27)

(28)
(29)

(30)
€1y

(32)

(33)

(34)

(35)

(36)



A.1  Proof of Theorem

We first look at the required length of the prompt. Define m; as the corresponding task-relevant
features in the i-th demonstration. Consider the multinomial distribution where the probabilities of
selecting p, and p;, are o/2 respectively. By the Chernoff bound of Bernoulli distribution in Lemma
we can obtain

N‘H

l
Z _(lfc)g)ée*l“* M (37)

for some ¢ € (0,1) and C' > 0. Hence, with a high probability,

2log M
1> % (38)

By the solution to the Coupon collector’s problem, we know that
B Z M1 IOth (39)
For y" = +1, we have that for i such that a; > 0 but i ¢ Uje(ar,)WVi(1),

I+1
aiRelu(Wo) 3 (W psoftmax(Wipl) WS b)) = 0. (40)
s=1

Furthermore, we have that for ¢ € W;(t) where [ € [My],

(T) (T) p"
WO(M Wy,

_w (D) nT TT (b) (b)
- O(i,.>(5 ;0 +Z77 Z WO( )+ Z V WO@)
i€W(b) iU (b)
b
+ Y mmw(sg,_))w
i¢W(b)UU (b)
to+1 2

Z Z ((2 = 3w)dB° A + ”Z (1 — €y — TM)AZ(1 — 2%)% Bl —27.))
b=0 neBy
to+1 /8
+Z”B Y D ((2-3w)dbA +UZ (1= em — TM)AZ(1 = 29) — (1 = 27.))
b=0 neB,

2
-Ai(l—w)%

41)
+1
T T) n T
> aRelu(WS S (Wi plsoftmax(Wipl) WS i)
1EW(t) s=1
m n T b
2 2
(L= em —7M)(1 = 7) - (5- Ba SO ((2=3w)A2B% + 1) m(l — e — TM)
b=0 neBby c=0
ﬂ T-1 T-1
2
AL =270 — - B(1 = 27c) +ZnB DD (2= 3w)iBA.
c=0 neB,
+ an(l — € — TM)AZ(1 — 2%)@2(1 —27.)) - A2(1 — VT)ﬂ—Q)
* a * a
(42)
We next give a bound for 7. Note that
1—yr= Y softmax(W p) Wi pp ). 43)

sENT"L‘l

11



When T = O(M¥), we have
T), n
(WK )pa)TW((Q )Pl+1
T-1

1 m
20787]\41 Z Z ;(1 — € — TM)G(1 — 47 — €,)6(1 — 7)WL 5%)? )

b=0
where in the last step, we only consider the term related to 7" and ~;. Then,

.
Z softmax(pZTWI((t) Wg)p?_H)
SEND

™
(52 ZT 1 'nab 'Yb)2
n €
. 2seny, (45)
- (52ﬂ2)+M2(zT L 22

1 252
52B2(T+“)+ M4( bT=01 = ab ¥5)?

ZseN:;l + Zse[l]—N;;l
>1— 1- Mz (ZT Y "ab 7)?
puliy a .
Combining with @[) we can derive
2 p 2 ,'2 2
i e e
T < : .
a a
(46)

When T is large, y7 is approaching zero. Hence, the equality of (84) is close to being achieved, in

which case,

2 2,2
11—« _mvngzT L,

YT~ o Yr-1-¢€ .
We can observe that/ when 220;01 n*b*yp/a > (1 — a)/a - n~*Mi+/log M, 7, reaches ©(1/M).
Similarly, when ZEO:_Ol n*b*yw/a < (1 —a)/a-n~"Myy/log C for some C > 1,y is still ©(1),
which indicates ), < Cn~((1 — a)/a - MM;/log C)3. Since we require M > M2, we have

T >O0(n (1 - a)/a- MM,;\/logC)3). Therefore, we can conclude that 7 = ©(1/M). Then,
for some large C' > 1,

(47)

+1

S aren(WS S (W p2)softmax (W pl) TWE )
iE€W(t) s=1
m 1 nT 1 212 1 _
> (1— €y —TM 1——-(—1—— ! 1— —a 1H)32)2
22— = M) (1 - 1) (1 - Zam) + (- a2
272 1 1 1
U= e = 7M) 4 (1= o P (1= G PT(1 = e = TM)X)AZ

(48)
We next look at ¢ where a; < 0. If i € U;(t) where [ € [M;], we have that for s such that the
y-embedding of p” is g, the summation of corresponding softmax value is 1 — 7. Furthermore,

Wé? W pl
- to+1
Z Ba 2o 2 (2= 38N (49)
=0 b=0 nEBb
2 B? 2 B
= (L = &n = TM)AL(L = 7)) (1 = 27%)) - AL(L = 7).
Hence,
I+1
Relu(WS" S (Wi pl)softmax (Wi p!) TWE pfi 1)) = 0. (50)
s=1

12



If i ¢ W(T) UU(T), we have,

(T) (T), n
WO(@\-)WV P

log BT 9 ﬂ2 (T)
< = _ =
SN g g TAA =) W5, (51)
5,7.71 ;

VM

where the last step holds when nT" = ©(v/ M) and HWéz)_) || = ©(1) by its lower bound. Since the
further computation of F'(pf’, ;) is by subtraction between terms related to the lower bound and upper

bound of || Wé?_) ||, the final lower bound of F'(p}’, ) is based on the lower bound of ||W(()€)) Il

Then, combining @0), @8), (30), and (5T)), we can derive

F(p?-u)
m L nT? L o 1y2y2
>—(1—¢€y, —7M)(1 - —)- 1—— A (52)
221 = en =M= 1) (1= Za
>1.
Therefore, as long as
VMM ™! C
T =6 « 1 : o), (53)
V1 —en—7M;) C—a”
for some large C' > 1, we can obtain
F(p}y,) > 1. (54)
Hence, w = 1/2. Combining (112)), we have
M, L
BT > #)2' (55)

~ (nflMlx/logM
We can conclude that B > © (M log Mj).

Similarly, we can derive that for y” = —1,
F(pl,) < -1 (56)
Hence, for all n € [N],
Loss(P",y") = 0. (57)
We also have 5
Epnynyun [Loss(P™,y™)] = 0. (58)

with the conditions of sample complexity and the number of iterations.

A.2  Proof of Proposition[i]

This is a corollary of Lemmad} We can derive that

HWC(QT)[:,O tdy)pj

T
1 m ™™ 4
=B, > Zg(l —em = )G (1 =47 — €)0(1 = ) wAfB
neBy b=0
n finte n2b? 59
> — "
M1 b—0 a
1—
Zi @ ﬁilMlx/IOng
M1 «
2+/log M7,

13



where the second to last step follows the derivation of 7 in proving Theorem|I] Similarly,

|WAD L0 dalis|| 2 Viog M, (60)

Meanwhile,

T
HWC(Q )[:,0 : d)(}l/j”

1
< S$R2 202
S BMQCM +6°8

) (61)
< 2 02
SiPogar, 0P
Se(1),
me 0: dxlv H<@ (62)

A.3  Proof of Proposition

By (136), we know that the contribution of the label space embedding is more than that of the feature
space embedding in the MLP layer for each W‘(,t)

exists a constant C' > 1, such that

ps. Since that v < 1/M;, we have that there

I+1

W ldx : dayay] D (WPl Jsoftmax(p! "W W pl ) dx = dytay)
s=1
I+1 - (63)
>C- Wg()iw) [0:dy] Z(W‘(/t)pg)softmax(pgTW]((t) Wg)pfﬂ)[() dy]
s=1

A.4 Proof of Theorem

Note that we need at least one demonstration of the same p; as the query in the testing prompt. Hence,
with high probability,

1> 2 (64)

Consider pl”_H’ such that the label is +1. Let H} = Zj 1 Cj b Where Z c =1. By Lemma
we have that for s € A,

(Wi p ”’)TW<T>p;'+1’

My
Z ”BM > Z (1= em = TM)G(1 — 47 — €,)3(1 — 1) WA )
Jj= neBy, b=0

VM /My

772 T-1 2b2
27 7%)
w2
>(at —1)*log M.
Therefore,

>~ softmax((Wi'pl") T (W5 pity) 2 1 - O(57): (66)
seEND

nq
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Meanwhile, we have that for a certain ¢ € W,(t) where [ € [M;] and p? where the corresponding
y-space embedding is q,

Wéf) )W(T)pn/

2
( Z D (2= 3w)88°A2 + nz (1 — € — TM1)A2(1 — 2%)% CB(1=29.))

b 0 nEBb
- - g2
Z Z Z ((2 = 3w)8BA +nZ (1= en — TM)AZ(1 = 27.) —(1 = 27.))
=0 % =0 neB, ¢=0 a
52 1
A2(1 = 7) (1= —
M=) =) (1= 57)
VM M M3 1
> 4+ 14+ — 4+ —) (1= —
1
>1 - —
- Ml )
(67)
> aRel(WS) Z Wy p softmax (Wi pl") WS pi )
1EW;(t)
1 (68)
Z—(1— €y —7M)(1 - 1——)-0(1
Na( em — 7ML —yr)(1 = 37-) - O(1)
1
1— —
> M1
We can similarly derive
1
F(piy) > (1 - M) (69)
by bounding the components where a; < 0 following the proof of Theorem I}
Likewise, for pl"H' such that the label is —1, we can obtain
F(pfi’) < ~(1— 5. (70)
pl+1 ‘2\41
Therefore, as long as M; > e L,
Loss(P™, y") < e. (71)
B Partial proof of key lemmas
B.1 Proof of Lemma[3
B leBy aWO“
Lyl 5 QP ) OF (ol)
B 1By 3F(p[‘+1) 8W0(i,‘)
) I+1 (72)
n n nT n
=0 Y (~y"MailWo,, , > _(Wyp})softmax(p] "W Wopf',) > 0]
leBy s=1
141
) (Wypl)softmax(p " Wi Wopl ).
s=1

15



We have that for s € N} ,i € W(t) and y" =

-
softmax (p? WI(;) Wg) 1)
BB Ay AT =7 —r) (73)

>
52ﬁ2()\n )\n77.7~ 5282 ’
e a '+ ZseN;z —Np € )

DoseNg, N,

and for s ¢ N7,

.
softmax(p} " WI((t ) Wéf’ pit1)
_ 0287 (T+k) (74)
i 62,82 A'VL An 222 N
ZseNgl ~Np € AT =) Zse/\% N2, eI PR (rER)

Hence, we can obtain that

I+1
t n nTorr® () n
W(()()i”) Z(vas)softmax(ps WI(() Wé)pH_l)
s=1
2 n_ ok n n 2 52 -
>(INE — N [Gioe® P ORaAT=T=r) ] — A — NP |G P ()

+INE AN |G B A EDANDINAT =7 =) _ () - NP )N | (T5)
(0P P (A=A A=NDFTHR)y (N0 A (7B N AT =T =r)

n 28%(14K)\—
0 = N = AL e P T
>0,

where ; = [|[Wo,, | [dx + 1 : dx + dy]|| with high probability. Hence, for i € W(t) Ul(t),

t—1

OUP™, y™, U
L Z > VBT 07 T 07)T 20 081 - 2 a, 76)
B - 018, O b=0
t—1 yn \IJ)
nBZZ #(MZ,OT )" >nz552 (1—2v)/a. (77)
b—0 1€Bs O b=0

For i ¢ W(t) UU(t), we have

Py V) v oo [logBi 5
72 : S nToN)T < .
= OZGB 8WO(7 (p_j ? ) ~ 77 Bt a (78)

Therefore, when t > Q(n~1), we have that for i € W, (t) UU(t),

P ™5 W) )1y + )| = 05582
: = , (79)
H” ;)IEZB Wo,. [d:x x y}H (65%/a)
while
oU(P™, y™, \I/) . B )
| B;OZGXB: Wo,, | 1+ d]]| = O35\, fa), (80)
For i ¢ W(t) UU(t), we can obtain
P 2
Iy 5 e e i mi <55
b=0lEB; O
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B.2 Proof of Lemma/d]
We first study the gradient of W(Hl) in part (a) and the gradient of W(Hl) in part (b). The proof is

derived with a framework of mduction combined with Lemma[3]and l
(a) From the training loss function, we can obtain

(P, y", U
72 y )

1eBy
. OL(P™,y"; W) OF (pfy,)
B €8y 8F(P?+1) oWq
1 m I+1
=ng > (-y") D _ailWo, , > (Wypl)softmax(p} " Wi Wopi',) > 0]
leBy =1 s=1
41
. (Wo(,;,_) Z(va?)softmax(p?TW;WQpl"H)
s=1
" (82)

T T
- softmax (p} ' Wi Woply )Wk (P! — PPy )
r=1

m I+1
1 71
:775 Z (—y™) Zai]l[WO(i,» Z(WVP?)SOftmax(p?TWI—gWQplzrl) > (]

nEBb i=1 ——1

I+1
' (WO<,;,.> Z(va?)softmax(p?TW;WQpﬁl)
s=1
I+1

- (Wgkpy — Z softmax(p TWI—{'—WQp?H)WKpf)leT).

If t = 0, we have that
(WPl "W b}y, = 6% Py, (83)
When y™ = +1, let p}!, | be anoisy version of A", ; i, +(1—=A7', ), Where ny € {1,2,---, My}
andn, € {My+1,M;+2,--- , My + My} and N}, ; € (0,1). Leti € W(t), s € N} =N, then
T
softmax(pZTWI((t) Wg)pﬁ_l)
>0 B AT A —T—R) ( Z o8 B AT AL =T —K)

SENT =N,
+ Z 8B AT AT +(1=AT ) (1=AT) =T —5)
SEN NNZ, (84)
+ Z 52ﬁ2(7+m)+ Z 523 ((1— )\l+1)(17)\:)+‘r+m))71
SEND —N» sEN NN

ng Lo no Mgy

62ﬁ AT AT —T—K)
>

~ 02B2(A\] A —T—kK) 5232 ”
ESENJJI —Np € 41 + ZseNgé N € B2(t+k)

where the second step is by log M, > 6232, Similarly, for s € N7, NN}

.
softmax(p” " Wl((t) Wg)p?_H )

- 0B AT+ (12T ) (1=AT) =7 —K) (85)

~ 6 B2 AR — 5232 ’
Zse/\f:;l—/\/" (A re =7 =r) JFZeeN" -Np eI (T En)
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Fors e N}, = N |

.
softmax (p? ' W W(g)p?-i-l)

g 65252(74"@) (86)

N|N N" |65262()\H1)\"—7——n) + W] _NTTLLI _Nﬁlu|€6262(7—+n) .

Fors €¢ N7 NN,

N ?

.
softmax (p? W}(f ) WS)P?JF 1)
BB (1=AF4 ) (=X +7+R) &7)

< .
VN~ N TR T [ N, — N e

Therefore, since log M; < 6232, we can obtain that

I+1
Wg()l) Z(vas)softmax(p"TW(t) Wc(g) Ih1)
s=1
> (NG, = N, [Gide®™ ORI 1] NG A [Gde? )
+ N AN |<i5662ﬁ2((1%?41)(lfAZ')Jr/\Z’H/\?fPN) — ([ =N2)NNE | (88)
C5652ﬂ2<(14?+1)(17A2')+T+H)) (NI = N e 2BPA AT —T—R)
n 2p2 TTK
= N =N e )

>0,

where (; = [|[Wo,, ,[dx + 1 : dx + dy]||. Then we derive

1+1
W]((t)p9 Zsoftmax p"TW(t) W(t)le)Wl((t)

I+1
= Z softmax(p"TW(t) Wg)plﬂ)(Wg)p? — Wg)p?) +n 89)
r=1

-
= ( Z + Z + Z + Z ) softmax(prWI(f) Wq(gt)P?H
reNn —N» reNR ONR - reNR —N2 reNn” —N»

ny Ny ny no Mg no Mgy

YWi'pE — Wi'p)) +
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for some ||n|| < 7. One can observe that

I+1
-
Z softmax(pgTWI((t) Wg)pf WI(;) Zsoftmax
SENT
nTyp () | var(t P ). n
= Z softmax(py W(t) Wg)pl_|r1 WI((t) - Z Z )softmax (
sEND reN? réN”

nl o o
nT v ) xxrt) n t) n
y 2 W1(<) Wc(g)p +1)W1(<) )

= Z softmax(p]’ TW(t) W(t)plﬂ) Z softmax(p?TWI((t) W(t) DI
rENT, sENT

T
Wpr — 3 softmax(p? W W pi,)
SEN

ny

-
Z softmax(prWI(;) Wg)pﬁl)W}f)p?
rgN

ny

T
= Z softmax(p W(t W(t) Di'1) Z softmax(p TWI(;) Wg)pﬁ_1
SENTD rgNT

ny ny

Wi (0 —p}).
Hence, denote
Z softmax(pgTWI(f) Wg)le) v < 1.
rell]-N,
Since that the 2"-space latent features of (p*',07)T are orthogonal to Wc(g )pl 'y forr e 1] —
we have that for s € N

ni’

(z"",07) Z softmax(p TW}(<) Wg) 1)
re[l]f./\f,?l

Ye(1 +7)63
M, ’
(z",07) Z softmax(p”TW(t) W(t) Di'1)
rE[l]—N]:l

S(Wpr — W) > 4 A266%(1 - 7).

-(Wp - WPy

<

Therefore,

(@1, 0 )W) S (W pl)softmax(pl WL W pr )
sENT™
I+1 -
t t t) n t) n
WI(() Zsoftmax TWI(() WC(Q)pl_H)VV}(()p,.)lerlT(alr:lTJrl,0—'—)T

>GONE B (1 — %)%(1 —-7)%,
and for j € [I] — N,
(:ch,OT)Wg()iw) Z (W(t) " )softmax(p ZTWI(E) Wg)plﬂ)
seEN™
1+1

T
WI(;) Z softmax(p 1((75) W(g)Pﬁ-ﬂW](;)p?)leT(331117 OT)T

<C11 (1 *%)%A‘iﬂ‘l(l +7)?
= ‘]\41 9
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O

Nn

ny°

92)

93)

(94)

95)



To deal with s € [I] — N, we compare (84) and (86). We can then derive that for s € N}

ni?

I+1
(21, OT)W&)L_) Z(W‘(/t)p?)softmax(p"TW(t) Wg)pﬁl)
s=1
+1 (96)

T
WI((]‘) Z SOftrnax TWI((t) Wét)p?+1)W}((t)p?)pl—i-l—r(ml—:.p OT)T

>GO(1 =)yl = 7)%(1 = e P 2r=2m) gt

Note that here for the computation of yI space, we consider the majority voting, which enables us to
only focus on y? = y" for s € N™.
Similarly, for j € [I] = N,
S ® Ty ®
t t nT t t), n
(a: OT)W(()( , Z(WV s )softmax(py Wi W plyy)
s=1
- T 97
t) t t) n t) n
(WPt~ > softmax(p P Wbk WP (@, 0T O7

<Ci5454(1 — %)%(1 +7)?

232yn
(1 6—6 B (Al+1—27—25)).
M,

If i € U(t), since that y™ = 1, by the majority voting, the resulting gradient update does not exceed
that of ¢ € W(t) by magnitude. If i ¢ W(¢) UU(t), by the uniform distribution of a;, we have that,

I+1

n 1 n n
(200 Do (=v") 30 awlWg) Y (W)
neby TEWLUU(t) s=1
softmax(p”TW(t) W(t) pt) > 0]
DN D
n n T n
'(Wé(l,.>Z(W 'p?)softmax(p2 Wi Wpr ) (98)
s=1

I+1
T
WI((t) ZSOftmax TWI((t) WS)P?H)W;(;)Pf)PlHT) (wl'ljrl’OT)T

1ogB m
=M 5 66,

and for j € [I] — N

ni?

I+1
n 1 n
(%T’OT)UE Z(—y ) Z aiﬂ[Wg()i,_)Z(W‘(f) )
neB, igWUU(t) s=1
. softmax(p?TW}(f) W(t) p}) > 0]
. ) Ty ®
t t nT t t), n
’(W(()()m Z(W‘(/) " )softmax (p’ WI(( W4 'plh1) (99)
s=1

+1
.
(Wi'p = 3 softmax(p] "W WPt )W ppin ") @),07)T

log B
<+ 7)1/ O% m

20



Therefore,

+1

(@10 ) LS (- Zaz we! )Z<Wé”ps>

neBy

oftmax(p"TW(t) Wg)p?) > 0]

I+1
.
(WS (W psoftmax(p: "W W pi )

s=1
I+1 .
(Wic'pl = 3 softmax(p T W W pi W i) @)),,07) (100)
TM1 C82B2(AT | —27—2K)\ \ 4 4
_nBM > )GO(1 = )31 = 7)* (1 — ™" P NP
nGBh
_ log B @5
K B a
. m M, 48401 _ o8B (A4, —27—2r)
2o O o (L em = )G =)L = )PALEN(L — fmar=am),
1 neBy
as long as
2
B> S| (ton
Go(L = y)n(1—7)%(1 r 7)
Meanwhile, for j € [I] — N},
I+1
t), 7
@5 0Ty 3 (- Zaz ws S wipy)
nEBb s=1
softmax(p"TW(t) Wg)p?) > 0]
u>l+1 ®)p (ORET0)
n n T n
'(Wo“,,) z;(Wv s )softmax(py Wy W5 plliy) (102)
I+1

(Wic'pl = 3 softmax(py "W "W B WP e T ) @, 0T)T

1 m My G6(1 —7)v (1 + 7)2AiB*
Z E(l T Em T )

< 1_ —3°B3 (A —27—2K) )
ST B iR (I—e )

neBy

Then, by combining (T00) and (I02), we have

00y 3 P oy
leBy
T M n%; — e = )G — w1 = )1 = ¢ O2r20) ) g
S I L v =)
2y 2 e TG0~ 210040~ (1~ 72,

(103)
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or 1:)717 ney
‘(M 707')7]? Z (P",y"; V) (1] ,07)7

1By GWQ t=0 (104)
501 _ 233
Srpe 3 - - T Gl
BM, ~ a T M,
neBby

where [ # j. Similarly, since that with probability 1/M, = ©(1/M) one demonstration contains v/;,
then by Chernoff bounds in Lemma 2]
Bl
Pr(z 1[x] contains v;] > (1+ —F —1)—
i=1

Mz = e Bl <e Bl (105)

If Bl < M, log2 M, we have that at most one demonstration contains v; in the whole batch B;, for
any j € [My]. Therefore,

ov Ly W
‘(" OT)"B > (6WQ) @i 07 ’ S nBMCl(Sﬂ4 (106)
LEBy
BU(P™, 4" W) 1
T YRS T 0 F) T TN\T < 4
‘(Vl ,0")n Bl;: Wy NCZRUD ’NnBMCM (107)
b

For the y?)-space feature, we have

7§ ourP ’y \I’)’ [dx +1: dx + dy]
t=0
leBy
+1

—77* > (- Zaz W) )Z(Wx(f)p?)

neBh
- softmax(p TWI(f) Wé) ) > 0]

T (108)
: (ngz, ) Z W‘(/t) )softmax (p ZTWI(;) Wg)p{:_l)

1+1
-
Kps Zsoftmax TW[(;) Wg)pﬁl)

: W}Qp?)pm )[:, dy +1:dy +dy).
=0

Since that Wg)p’; [dx +1:dx + dy] = £g, i.e., the data with the same x"-space feature have the
opposite labels, we have

I+1
T (- zaz WS, )
neby

-
. softmax(pZTW[((t) WS)P?) > 0]
I+1

-
'(Wét(i,,) > (wpn)softmax(pl "W W'pp,) (109)
s=1
141
WI((t Z softmax(p TWI@ Wé)le)Wi((t pr)) [dx +1:dx + dy]
log Bm
<7 Ct53(* + ),

- B
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where the last step comes from the equal probability of two signs and the upper bound of the inner
product.
We need

(110)

to make (109) upper bounded by €, € (0,1/2).

Hence, the conclusion holds when ¢t = 1. Suppose that the statement also holds when ¢ = ¢,. When
t = to + 1, the gradient update is the same as in (I00) and (T0Z). The only difference is the changes
in (; and ~;. Thus, we can obtain

Z 8£(P", yn \IJ)

T 0T\ T
T 0
oWq ‘t:t0+1( 00

T
(l‘l’j70 ) B l‘l’]

leBb

M
>nBM Z Z (1—€m— %)Cb(l —27)6(1 — )7 (1 — 7)2A, 8%
e (111)

N5 Z Z %(1 — €m — g)cb(l —27)6(1 — ) (1l — 7—)2/\*[34’

where the last step holds as long as

1 M
Bto 2 (5= 1 21,2 % (112)
b=0 a *B
1 85(13", Y™ W)
N =g : 1: =0. 11
77BZ oWq ‘t:t0+1[’dX+ dx +dy] =0 (113)

leBy
We know that W, is used for the computation with the [ + 1-th input. Then we have

1 U(P™, y"; )
T T )
(Hj »q )UE Z oW,

(r), 007
LeBy WQ

t=to+1

to M
2oz 33 e TG0 - 2050 - ww(1 -1 - )AB (1)

neBy, b=0
™™ 4
>n7 > Z (1= €m = —=)G(1 = 47 — €)(1 — 1) wA- 5,
nEBb b=0
o0 Pn n.p
g 3 0]
1€B, Q =t
(115)
™™
T 2 Z (1= em = Z5)G(1 — 47 — )01 = W) w2,
nEBb b=0
where the last step comes from the basic mathematical computation.
Similarly, for j # [ € [M;],
oUP",y™; b)
T ) ) T AT\T
= i S Bl "o
‘(p’l »qd )WB ZEXB: aWQ t=to (/1'_] ) )
’ : - (116)
TM1 (Zé(l — Y ’Yb(1+7') ﬂ
NWBM Z Z T ) M, ’
b=l OTLEBb
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(P, y"; )

T aT\T
5 o]
HnB oW, ‘t:to <NJ )
leBb Q
( )ye(1 +7)%8% i
TMl 41517’)/5’71714’7' ﬁ
< (1—e€m— ,
i 2 3 e
Meanwhile, for j # I € [Ma],
U(P™, Y™ W) 1
T T if T T\ T 4
Tl 3 AP P
‘(VJ q )nB > Wy L:toﬂ('@ )| < o 577608 (118)
LeBy
1 U(P™, Y™ W) 1
T T ) ) T AT\T 4
PTE SR kil W A PR
‘(Vl a g Wy L:toﬂ(% )| < o 577608 (119)
leBy
— _— 0 S nto=—(;0
HnB W, t:toﬂ(vj 0) H S nto 7608 (120)
LEBy
(b) Then we study the updates of W . We can compute the gradient as
1 APy, U
15 %
neby K
1 I+1
=B Z Zal [Wo,, )Z Wy pl)
TLEBb
- softmax(p” ' W Wopl', ;) > 0] (121)
I+1
: (Wo“,.) > (W pl)softmax(p! ' Wx Wopii1) WS pr
s=1
I+1

— Z softmax(p?T WI—(F WQP?H)P?)T) .

If we investigate Wf(f ) p7, we can tell that the output is a weighed summation of multiple Wg) D1
Similarly, the output of Wg) P is a weighed summation of multiple Wf(f ) ps. Given the initializa-

tion Wg)) and WI((0 ), the update of WI(; ) py and Wg) Py’ only contains the contribution from the
feature space embeddings at the initialization. Therefore, along further iterations, only feature space
embeddings matter.

Following the steps in Part (a), we can obtain

oU(P™, Y™ W)
T ’ T o™\T
(1], 07 )5 Ziawl{ iy 107)

tZGBb (122)
1 °m ™M 2y pd
20gap 2o D (L= em = =)0 (1= 2)3(1 = y)n(1 = 7)*A 5%,
neBy b=0
v
7284 "yt )' [dx+12dx+dy7f]:07 (123)
t=to+1
leBy
and for j # [ € [My],
T oUP", y*; v) TagnT
(/,l,] ,0 ) B l;; aWK t:to—&-l(uj »q )
b (124)

Z Z (1—€m — %)@(1 — 47 — €,)0(1 — ) ALBL

nEBb b=0
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1 85(15”,y”;\11)‘ T T TH
HnB l;; oWy t:to—&-l(uj q)
b
1 to o (125)
m T 5
g 3o D (1= e = TG — 47 = )81 = )5
neBy b=0
1 U(P™ y™; )
T 0T ) ) T _T\T
,0 - — ] ) ’
‘(uz g D T oy, 09
leBy
L My Gib(1 =) w(1 +7)*6* e
m TM71 G — )b T
< e —
NnBMlzza( em =) M, ’
b=0 neB,
1 oUP",y™; b) T T TH
HnB lgB:b oWy t:to(uj q)
1y My, Gio(1 = 3)(1 + 7)°52 =
m TM7y\ Gi — )M T
<p———o —(1 — —
NWBMIZZ a( €m . ) M, )
b=0 neB,
Meanwhile, for j # [ € [Ms],
1 U(P™ y"; V) 1
T 0T ) ) T TN\T 4
0 — - 77 7 . ‘ < ntog—=——C;0
‘(VJ ) gB: T ligysa @20 | S0 g77G08 (128)
b
1 U(P™, y™; W) 1
T o7 Y T T\T 4
0')n— —_— , <ntg—=—G0
‘(vl, ns Y T ligyes 709" ‘NnoBMC s (129)
leBy
1 AP, y"; W) T T\T 1 2
—= _— - - < nto—=—G0
HnBl;; T e 0 H < Mo 52 Gid (130)
b
B.3 Proof of Lemma[5
1 oU(P™, y™; U
15 3
leBy v
an Z oUP",y"; W) OF (pfy,)
Bz OF(pl,) oWy
) m 141 (131)
=np > (=y") Y ailWoy, , Y (Wypl)softmax(pl ' W Wopj,) > 0]
1€By i=1 s=1
I+1
W5, Y softmax(p} " Wi Wopl, )pl -
s=1
For p;’, | which corresponds to the task-relevant feature p,,
I+1
> softmax(pl ' Wi Wopp, )l (2 g7 ,07) T 2 2(1—5) 287, (132)
s=1
I+1
> softmax(p WL Wopl)pt (2 ".q".01)" 5, (133)
s=1

for «} and x]; correspond to different task-relevant features. When ¢ = 0, for all ¢ € W,(0), we
have that for py’, ; that corresponds to p,,

I+1
Wg()iﬁ) Z;(vag)softmax(pZTWI—(FWprH) >0 (134)
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Since that W, (t) C W,(0), such conclusion holds when ¢ > 1. Note that for i € W, (t) where e # a
and
W) dx : daya]ll = C-IIWS) [0 ]l (135)

where C' > 1, we also have (134)) holds. By Gaussian initialization, with high probability, (135
attains equality with some constant C'. Hence, by the summation of Wy, , in @) we can obtain

that with high probability, when ¢t > ©(1), for i € U, Wy (t) = W(t),
WS (WPl : dasay]| > € W) (WpD)[0: dx]]| (136)

for some C’ > 1. This indicates that as long as ¢ is large enough such that -y, is trivial (such condition
is achievable finally), we have

+1
t t nT 6T t) mn
wy) §1(Wé) P )softmax(p? ' W WHpp,) >0 (137)
s=

During our analysis, for simplicity, we directly say for i € W(t) holds when ¢ is large without
characterizing the lower bound of ¢. This shall only hold in a subset of WW(t), but it does not affect
the conclusion of this lemma.

Therefore, for any p} = (m?—r,y;ﬂ, 0")" where f(™) (x}) = +1,

|27 — Ao — (1= Al < 7, (138)
we have ~
T 1 oUP", y™; )
> Wo, g (a@))pj
1EW(t) leBy, WV
2 2 Ny " (t)
AL =2m)B% WG (Y WG ) (139)
JEW()
n T
2)‘5(1 - 2’%)62 : EW((;()L-) ( Z W(()t(i»,_))7
JEW()
1 0By
) > T ow® P
leBy \% (140)
=n( >0 VOWE) + 3 Viowg) + >0 VW) ),
i€EW(t) 1EU(T) €W (E)UU ()
where
Vi(t) 2 X1 —2v)B%/a, i€ W(t), (141)
Vi) S (1-1)8*/a <0, i€U(t) (142)
log B [
Vi(t) S O% : % i ¢ W(t) UU(). (143)
We require that
nt(1 = 27) (A2 = K% = 7)3°= >0 (144)
Similarly, for any p = (:t:?—'—,y?T,OT)T where f(”)(dc;-‘) = -1,
2} = Afpa — (1= X))l < 7, (145)
we have
OU(P",y™; W)
Z WO Z ——— P}
(i, ) (t) J
1€U(E) B leBy (’3W
ZAi(l—Zw)62~ Z Wo,. ) (146)
1EW(t
2 2
zA*(l - 271&)6 : a Z WO(L.) P
1€U(t)
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5 Z t Dj
B leBy aW\(/)

(147)
t (t) (t
=n( Y Viewy o+ S vieows o+ Y vewd) ),
iEW(t) i€U(t) i@W(t)UU(t)
where
Vi(t) 2 A2(1 —2v,)8%/a, i €U(t), (148)
Vi) S (1 -1)B%/a <0, ieW(t), (149)
log B Z
Vi) 4[58 g wauu), (150)
B.4 Proof of Lemmald
B v BWO(,
)t Z OL(P™,y"; W) OF (p},)
B 1By 6F(pl+1) 6W0(i'_)
141 (151)
1 n n nT T n
=g > (—yMail[Wo,, , > (Wypl)softmax(pl ' Wi Wop},) > 0]
LeBy s=1
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s=1
‘We have that
Wiz
t—1
T b b b
=3P 0T)TH Y (YD VWS - XD VWS Y viwg) )T
b=0  ieW(b) icU(b) W (b)YUU (b)
(152)
Consider a certain p? = (z? ", y"",0")" where ") (&?) = +1, and
|z — Aopa — k5wl < 7. (153)
When ¢ = 1, we can obtain that for i € W, (¢),
w5 @i o) 2 8. (154)
8£ 7y \Ij) T T
Z — e (p} ', 0)
B berrd 8W0(l
| L t—1
n n n b
—nB > Zsoftmax HTWEWop )L TPy + Y n( Y Vi)W
neB, &= b=0 €W(b)
b b n
+ Y views) + Y viows )T en)T)
i€U(b) i@ W(b)UU (D)
n 2 2\12 2 log B 52
25 D (1= 7)208% = %0B%)AZ + (1l = € — TMy)(AZ(1 — 27:) — )P
a neBy B
(1 —2v))
n 242 2 52
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a neby
(155)
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as long as log My > §2/3% and B > A\ . For i € U,(t), we also have

_ Z ag P’L y’ﬂ \II)( nT O)T

Wo,., 7
leB . (156)
22 3 (2= 390382\ 4+ (1 — e — TMOA (1 = 290) — - B(1 = 27)).
neBby
if p}} corresponds to label —1 in this task. For i ¢ W, (t) U, (t), we have
NPy W) r o log B 32
70) < —.
BZ aWo,, (pj .0) =7 B a (157)

leBy

Suppose that the conclusion holds when ¢ < ¢,. Then when ¢ = ¢y + 1, we have that for i € W, (¢),

to+1 ~
1 oU(P™ Y W)
D IP I O

b=0 1By Wo,
n to+1 ﬂ2
2B 2 2 (2= 3w 6W+nZ (1= € = TM)AZ(1 = 270) - B)(1 = 290)),
b=0 neBy
(158)
WSl
to+1 b 2 (159)
>N ST (2= 366 + 1S (1 — e — M)A - 290) (1 - 29,)).
S neBy c—0 a
For i ¢ W,(t) UU,(t), we have
t0+1 9
(P, y"; ) T log B(to +1) B
= 0) <ny|—=2———2L5 160
ZZ aWO(l B0 <y PR (160)

b=0 leBy

By the derivation of (137), we have that (158), (159), and (160) holds for i € W(t).

C Related works

Theoretical analysis of learning and generalization of neural networks. Some works [41] [11} 140,
18, 138]] study the generalization performance following the model recovery framework by probing
the local convexity around a ground truth parameter. The neural-tangent-kernel (NTK) analysis
(L3412, 3L [7,142] 18] [17] considers strongly overparameterized networks to linearize the neural network
around the initialization. The generalization performance is independent of the feature distribution.
[LO, 291 [15) 16l 139 [16]] investigate the generalization of neural networks assuming a data model
consisting of discriminative patterns and background patterns.

Theoretical study on in-context learning. Existing theoretical works on in-context learning include
the expressive power of the introduced parameter [4} [1]], the optimization process [33], and the
generalization analysis [36, 137, [19]. Most studies concentrate on linear regression tasks on in-context
learning.

28



	Introduction
	Problem Formulation
	Theoretical Results
	Main Theoretical Insights
	Training Data Modeling
	In-Domain Generalization with Sample Complexity Analysis
	How Does the Trained Transformer Learn in Context?
	Can the Model Generalize to Out-of-Domain Data and Unseen Tasks?

	Conclusion and Future Works
	Proof of the main theorems
	Proof of Theorem 1
	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Theorem 2

	Partial proof of key lemmas
	Proof of Lemma 3
	Proof of Lemma 4
	Proof of Lemma 5
	Proof of Lemma 6

	Related works

