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ABSTRACT

We study what dataset assumption permits solving offline two-player zero-sum
Markov games. In stark contrast to the offline single-agent Markov decision
process, we show that the single strategy concentration assumption is insufficient
for learning the Nash equilibrium (NE) strategy in offline two-player zero-sum
Markov games. On the other hand, we propose a new assumption named unilateral
concentration and design a pessimism-type algorithm that is provably efficient
under this assumption. In addition, we show that the unilateral concentration
assumption is necessary for learning an NE strategy. Furthermore, our algorithm
can achieve minimax sample complexity without any modification for two widely
studied settings: dataset with uniform concentration assumption and turn-based
Markov games. Our work serves as an important initial step towards understanding
offline multi-agent reinforcement learning.

1 INTRODUCTION

Promising empirical advances have been achieved in reinforcement learning (RL), including mastering
the games of Go (Silver et al., 2016), Poker (Brown et al., 2017), real-time strategy games (Vinyals
et al., 2019) and robotic control (Kober et al., 2013). Notably, many of these successes lie in the
domain of multi-agent reinforcement learning (MARL). MARL is about multiple agents interacting
in a shared environment, and each of them aims to maximize its own long-term reward. During the
learning process, each agent not only needs to identify the environment dynamic but also needs to
compete/cooperate with other agents. One important subarea of MARL is offline MARL. In many
practical scenarios, we only have access to the offline data or it is too expensive to frequently change
the policy (Zhang et al., 2021a). While there are plenty of empirical works on offline MARL (Pan
etal., 2021; Jiang & Lu, 2021), the theoretical understanding about offline MARL is still very limited.
In this work, we take an initial step towards understanding when offline MARL is provably solvable.

We consider the two-player zero-sum Markov games, where two players sequentially select actions
in a Markovian environment and the first player aims to maximize the total reward while the second
player aims to minimize it. In the offline setting, we have access to a fixed dataset collected by
a (possibly unknown) exploration policy and the target is to find a (near-)Nash equilibrium (NE)
strategy of the underlying two-agent zero-sum Markov games.

One of the main difficulties in offline RL is distribution shift, i.e. the dataset distribution is different
from the distribution induced by the optimal policy. It is important to understand what is the minimal
dataset distribution assumption that permits offline RL. For single-agent offline RL, it is shown
that the pessimism principle allows policy optimization with single policy concentration, i.e. the
dataset only covers the optimal policy (Jin et al., 2021b; Zanette et al., 2021; Yin & Wang, 2021;
Rashidinejad et al., 2021). This assumption is necessary, as it is impossible to learn the optimal policy
if it is not covered by the dataset. However, the dataset coverage assumption for MARL is far from
clear. In this work, we want to answer the following question:

What is the minimal dataset coverage assumption that permits learning an NE strategy in offline
two-player zero-sum Markov games?
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Generally speaking, MARL is much more difficult than single-agent RL due to the following two
reasons. First, MARL is known to suffer from the non-stationary property, i.e. agents will affect the
others during the learning process (Zhang et al., 2021a). Specifically, the performance may decline if
each agent simultaneously tries to improve their own policy depends on others’ current policies. In
addition, multiple agents incur complicated statistical dependence that makes the theoretical analysis
difficult. A line of works studies Markov games with online sampling oracle (Bai et al., 2020; Bai &
Jin, 2020; Liu et al., 2021) or generative model oracle (Sidford et al., 2020; Zhang et al., 2020; Cui
& Yang, 2020), where specialized techniques are developed to tackle the above difficulties. In this
paper, we give the first analysis on Markov games in the offline setting.

1.1 MAIN CONTRIBUTIONS

First, as a warm up, we consider the most natural extension of the single policy concentration
assumption in single-agent RL: the dataset covers the NE strategy in offline two-player zero-sum
games. However, in Section 3.1, we prove that it is impossible to learn the NE strategy under
such assumption. We construct a pair of hard Markov games such that there exists a dataset that
covers the NE strategies in both Markov games but no algorithm can distinguish between these two
Markov games and their NE strategies. This hardness result refutes the conjecture that single strategy
concentration works for Markov games.

Second, we propose an assumption named unilateral concentration, which posits that for all strategy
u, v, strategy pairs (u*,v) and (u, v*) are covered by the dataset, where p is the strategy for the
first (max) player, v is the strategy for the second (min) player, and (u*, v*) is the NE strategy. In
Section 3.2, we prove that NE strategy is not learnable even if this assumption is only slightly violated.
The intuition behind these hardness results is that to identify an NE strategy, the algorithm has to
compare it with the strategy that one player uses any other strategies as a reference.

Third, we provide positive results showing that NE strategy is PAC learnable under the unilateral
concentration assumption. Combined with the hardness results above, we can conclude that unilateral
concentration assumption is the necessary and sufficient dataset coverage assumption for solving
offline Markov games. Our algorithm is based on the pessimism principle that we maintain both a
pessimistic and optimistic estimate for each player, respectively. We show that our algorithm can

achieve O(,/C*SABH? /n) performance gap under unilateral concentration assumption, where C*
quantifies the coverage of the dataset, S is the number of states, A is the number of max player’s
action, B is the number of min player’s action, H is the horizon and n is the number of samples.

Fourth, we show that our algorithm is minimax optimal when the dataset satisfies a stronger as-
sumption, uniform concentration, or the Markov game is turn-based. These are two widely studied
settings in the RL community. Uniform concentration assumes that all state-action pairs is covered
by the dataset and turn-based Markov game is a variant of zero-sum Markov game where two players
select actions in turns instead of simultaneously. Although uniform concentration is about the dataset
structure and turn-based Markov game is about the environment structure, our algorithm can adapt to
both of them without any modification and achieves minimax sample complexity.

Our algorithm is motivated by the Bernstein-type bonus and reference advantage function techniques
in Xie et al. (2021) while we make novel adaptations, monotonic update and self-bounding technique,
to realize them in Markov games. Monotonic update allows a sandwich-type argument that bounds
the reference function and further bounds the variance term. Self-bounding technique is utilized
to bound the performance gap by itself and then solve the inequality to derive the final bound on
performance gap.

To summarize, (1) we identify the minimal dataset coverage assumption that allows learning the NE
strategy in Markov games; (2) we propose a pessimism-based algorithm that achieves polynomial
sample complexity based on novel Markov game techniques; and (3) we further show the algorithm
is minimax optimal under the uniform concentration assumption or in turn-based Markov games.
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2 PRELIMINARIES

2.1 TwO-PLAYER ZERO-SUM MARKOV GAME

Zero-sum Markov game (MG) generalizes single-agent MDP to two-agent case where one agent
aims to maximize the total reward while the other one aims to minimize it. A finite-horizon time-
inhomogeneous zero-sum Markov game is described by the tuple G = (S, A, B, P,r, H), where S is
the state space, .4 is the action space of the first (max) player, B is the action space of the second
(min) player, P = (Py, Py,--- , Py), P, € RISIAIBIXISI vh ¢ [H] is the (unknown) transition
probability matrix for time step h, 7 = (r1,79,--- ,75), 7 € RISIAIBI L ¢ [H] is the (unknown)
deterministic reward vector and H is the horizon length. * At each timestep h and state sy, if the
max player chooses an action aj and the min player chooses an action by, then the next state at
timestep h + 1 follows the distribution sj,11 ~ Py, (:|sn, an, by) and both players receive a reward
r1(Sh, an, by,). Both players sequentially choose H actions and at each timestep, the action is chosen
simultaneously and then it is revealed to both players. We assume that we have a fixed initial state s;
and it is straightforward to generalize our result to the case where the initial state is sampled from a
fixed distribution.

Turn-based Markov game is an important subclass of (simultaneous-move) Markov game, where the
max player takes the action first and the min player can take the action after observing the opponent’s
action. It is a widely studied setting (Sidford et al., 2020; Cui & Yang, 2020; Bai & Jin, 2020) and we
will provide minimax sample complexity result for this setting in Section 4.3.

We denote a strategy pair as m = (u, v), where o = (py, pro, -, jogr), po © S — A, Vh € [H] is
the strategy of the first player and v = (vy,va,- - ,vg), v, - S — AB Vh € [H] is the strategy of
the second player, where A is the probability simplex on the finite set X'. A deterministic strategy
is a strategy that maps state to a single point distribution. We define the state value function and
state-action value function for a strategy pair 7 similarly as in single-agent MDP:

H
Vi (sn) Z (8¢, at, by)lm, Sh],
t=h
H
Qr(sh,ap,bp) =E er(st,at,bt)h,smah,bh
t=h

If the second player’s strategy v is fixed, then the MG degenerates to an MDP and we call the optimal
policy in this MDP as the best response strategy br; (/). Similarly we can define the bra(u) as the
best response for the second player. We will ignore the subscript in br; and br, when it is clear in
the context. For all h € [H], sj, € S, we define

Vi (sn) o= V" () = max VI (s),

V:’*(Sh) — th,br(lt) (Sh) — myin th,u(sh).

It is well known that Nash equilibrium (NE) strategy 7* = (u*, v*), i.e. a strategy pair such that no
player can benefit from switching its own strategy, exists for zero-sum Markov games with a unique
value function (Shapley, 1953). In other words, p* and v* are the best responses to each other. We

define V" := Vh“*’”* for all h € [H|. The following weak duality property holds for all strategy pair
(i, v) in MG:
VI < VE< VY Vhoe [H.
For a strategy pair m = (u, ), we can then define the corresponding duality gap as
Gap(m) = V" (s1) = V{""(s1).
The duality gap is always non-negative and the NE strategy has zero duality gap Gap(7*) = 0.

Duality gap measures how well a strategy pair approximates the NE. We say a strategy pair 7 is an
e-approximate NE if Gap(m) < e

*While we assume deterministic rewards for simplicity, our results can be straightforwardly generalized to
unknown stochastic rewards, as the major difficulty is in learning the transitions rather than learning the rewards.

"Stochastic initial state is equivalent to an MDP with deterministic initial state by creating a dummy initial
state which transit to the next state following that initial state distribution.
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2.2  OFFLINE TWO-PLAYER ZERO-SUM GAME

In offline RL, we are given an offline dataset D = {(s},, a7, b}, 7}, s,TLH)}?gZ}
any further sampling (Kakade, 2003). We assume that the dataset is sampled from some exploration
policy p = (p1,p2,--- ,pu),pn : S — AM*B Yh ¢ [H]." The target of offline MG is to find an
approximate NE with a small duality gap by utilizing the given dataset D. We use d} (s, a,b) to
denote the probability of s, a, b appears at timestep & in the trajectory generated by strategy 7 for
all h € [H]|. The dataset distribution df, (s, a, b) is defined similarly. A state-action pair (s, a, b) at
timestep h is covered by strategy = if and only if d7 (s, a,b) > 0. Strategy = is covered by dataset
generated by exploration strategy p if and only if for all (s, a, b) covered by T, it is covered by p. In
other words, we have

and we cannot do

d7(s,a,b)

& (s, a,b) < o0,Vh € [H], (s,a,b) € S x Ax B. (1)
h\2

The sample complexity guarantee will depend on this ratio.

Dataset Coverage Assumptions Below we list three different dataset coverage assumptions for
Markov games.

Assumption 2.1. (Single strategy concentration) The NE strategy (u*, v*) is covered by the dataset.

Assumption 2.2. (Unilateral concentration) For all strategy p and v, (u, v*) and (u*, v) are covered
by the dataset, where (u*, v*) is the NE strategy.

Assumption 2.3. (Uniform concentration) For all h € [H] and (s,a,b) € S x A x B, (s,a,b) at
timestep h is covered by the dataset.

Assumption 2.1 is the weakest assumption and is the most straightforward extension of the single
policy concentration in single-agent RL (Rashidinejad et al., 2021). Assumption 2.3 generalizes the
uniform policy concentration in single-agent RL (Yin et al., 2020). Assumption 2.2 is sandwiched by
Assumption 2.1 and Assumption 2.3 as Assumption 2.2 implies Assumption 2.1 and Assumption
2.3 implies Assumption 2.2. In this work, we will show that Assumption 2.2 is the minimal dataset
coverage assumption that allows NE learning and we provide sample complexity bounds that depends
on the density ratio (1).}

Notations. We use Varp(; 4, (V) to denote the variance of the random variable V' (s") where 5" ~
P(:|s,a,b) and Varp(V) € R45 to denote a vector whose (s, a, b) component is Var p(s 4. (V).
We define a V b := max{a, b} and a A b := min{a, b}. In addition, if a is a vector and b is a scalar,
the operation is taken on each element of a: [a VV b]; = a; V b. For two vector a € R", b € R", we
use % € R™ to denote the element-wise division: [%} = Z— In addition, if a is scalar, we still use

K3
4 € R™ to denote the element-wise division: [%L = £.

3 IMPOSSIBILITY RESULTS

In this section, we will provide two hard instances. To begin with, we show that single strategy
concentration is not enough for NE strategy learning. In addition, we show that no assumption weaker
than unilateral concentration allows NE strategy learning.

3.1 WARM UP: SINGLE STRATEGY COVERAGE IS INSUFFICIENT FOR NE IDENTIFICATION

To illustrate the hardness of offline MARL, below we construct an example showing that single
strategy concentration is insufficient for NE identification. We consider bandits game, i.e. Markov
game with horizon H = 1. The result can be easily generalized to arbitrary horizon by setting the

*For simplicity we assume the exploration policy is Markovian. It is actually unnecessary because our
algorithm and analysis only depend on the distribution of the dataset instead of this Markovian property. See Jin
et al. (2021b) for details.

$Note that there could be different minimal assumption as the assumption set is a partially ordered set. Here
‘minimal” means Assumption 2.2 allows NE learning while no weaker assumption allows doing so.
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reward to be 0 in horizons other than i = 1. We consider a class of bandit game and dataset such that
the NE strategy is well covered and we show that no algorithm can identify the NE strategy for all
bandits game and dataset in this class.

Theorem 3.1. Define a class X of bandits game M and exploration strategy p that consists of all M
and p pairs which satisfy for all s € S and a,b € support(n*(-,|s)),

dﬂ' (8701’ b) < 27
dr(s,a,b) —

where 7 is the NE strategy in M. For any algorithm ALG, there exists (M, p) € X such that the
output of the algorithm ALG is at most a 1/2-approximate NE strategy no matter how many data are
collected.

Theorem 3.1 denies the possibility that single strategy concentration allows NE strategy learning.
The reason that single policy concentration works in single-agent RL instead of MARL is that we can
use the data of two actions to decide which one is better in MDP but we cannot use the data of two
action pairs to decide which pair is closer to the NE strategy in Markov games as NE identification
needs other action pairs to be the references.

3.2 NO ASSUMPTION WEAKER THAN ASSUMPTION 2.2 IS SUFFICIENT FOR NE LEARNING

In this section, we will show that it is impossible to learn the NE strategy even if Assumption 2.2
is slightly violated. To begin with, we consider the following deterministic unilateral concentration
assumption.

Assumption 3.2. (Deterministic unilateral concentration) For all deterministic strategy p and v,
(,v*) and (p*, v) are covered by the dataset, where (u*, v*) is the NE strategy.

Immediately we can tell that Assumption 3.2 is satisfied under Assumption 2.2. These two assump-
tions are equivalent, which is shown by Proposition 3.3. The intuition is that any stochastic strategy
can be viewed as a combination of several deterministic strategies so it is covered by the dataset if all
the deterministic strategies are covered.

Proposition 3.3. If for all deterministic strategy 1 and v, (u,v*) and (u*,v) are covered by the
dataset, then we have for all (possibly stochastic) strategy 1’ and v/, (1, v*) and (p*, V") are covered
by the dataset.

Theorem 3.4. Define a class X of bandits game M and exploration strategy p that consists of all
M and p pairs satisfying that there exists at most one deterministic strategy [ or one deterministic
strategy v such that (u,v*) or (1*,v) is not covered and for all other deterministic strategy ', v/,
the density ratio is bounded

d‘["’,(s a,b) d“""*(s a,b)
s &y <9 218 h s &y
Fan) = AT G ey

for all h € [H). For any algorithm ALG, there exists (M, p) € X such that the output of the
algorithm ALG is at most a 0.25-approximate NE strategy no matter how many data is collected.

< 2|A| +2|B|,

Remark 3.5. We can easily adapt this instance to arbitrary action space by setting all the other
rewards to be 0.5 and the exploration strategy p to be the uniform distribution on (a;, b;) such that
(i.4) € {(i,5) i € {1,2} or j € 11,2}, (i,]) # (2,1)}.

Remark 3.6. 1t is straightforward to verify that the hard instance in Theorem 3.4 also holds for
turn-based Markov games. As a result, no assumption weaker than Assumption 2.2 is sufficient for
NE learning in turn-based Markov games.

Theorem 3.4 suggests that no assumption weaker than Assumption 3.2 allows NE strategy learning.
As Assumption 2.2 and Assumption 3.2 are equivalent, no assumption weaker than Assumption 2.2
allows NE strategy learning.

4 PROVABLY EFFICIENT ALGORITHM UNDER UNILATERAL CONCENTRATION

In this section, we show that it is indeed possible to learn the NE with the unilateral concentration
assumption. We propose a novel algorithm called Pessimistic and Optimistic Value Iteration (POVI),
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which adapts the pessimism principle in single-agent RL to Markov games. Our sample complexity
result depends on the following quantity name unilateral concentrability:

Definition 4.1. (Unilateral concentrability)

e {d’,; (s.a.b) di” <s,a,b>}_

h(sab)ur | di(s,a,b) 7 db(s,a,b)

By definition, C* is finite if Assumption 2.2 is satisfied. Note that there could be multiple different NE
strategies, which correspond to different C*. Our guarantee holds all of them without the knowledge
of NE or C*.

4.1 HOEFFDING-TYPE ALGORITHM WITH DATA SPLITTING

To illustrate our main algorithm design ideas, we first propose an algorithm with Hoeffding-type
k n,H
hi1) k=1’
na(s,a,b) =3 _; 1((sf,af,bf) = (s,a,b)) to be the number of times that (s, a, b) is visited at
timestep h. We set the empirical reward as

Th(s,a,b) =rp(s,a,b), 2)

bonus and random data splitting. Given a dataset D = { (s}, af, b}, 7, s we denote

and the empirical transition kernel as

D he1 ((sh,ah,b’;”s,LH) (s,a,b,s ))
Py ((Shvahvbk) (s,a, b)) 7

if nh(s a,b) > 1 and 7,(s,a,b) = 0, Ph( ’|s,a,b) = 1/S otherwise. In addition, we use nj, €
RSAB (o denote a vector such that [nh)s,ab = nh(s a,b).

Py(s'|s,a,b) = 3)

Now we explain Algorithm 1 in details. First, we split the dataset D into H small datasets {Dh}hH:1
with the same size. Then we use D}, to estimate the reward and the transition matrix at timestep /. The
data splitting scheme is to remove the dependence between each timestep. Then the value function is
estimated via a value-iteration-type algorithm. At each timestep, we maintain both optimistic and
pessimistic estimates by adding/minusing a Hoeffding-type bonus. We use the following Hoeffding-
type bonus:

H2,

np(s,a,b) V1’ @

Qh(5h7ah; bh) = Bh(sha ap, bh) =4

where ¢ = log(HSAB/J). Then we can compute the pessimistic estimate () and optimistic estimate

Q:

Q,= (?h + (B, Vi) —bh> Vo, ®)
Q= (?h+(13h'7h+1)+5h) A(H —h+1). ©)

The pessimistic estimate is for the max player, which mimics the pessimism in single-agent RL. The
optimistic estimate is for the min player, which is also a kind of pessimism as the min player’s target
is to minimize the reward. We compute the NE strategy of the matrix game Q(s, -, -) and Q(s, -, -)

respectively and use the NE value to be the state value V (s) and V (s). Note that we only solve a
zero-sum matrix game, which is computationally efficient (Chen & Deng, 2006).

Theorem 4.2. Suppose Assumption 2.2 holds. For any 0 < 6 < 1 and policy 1, v, with probability
1 — 0, the pessimistic value V, and optimistic value V', of Algorithm 1 satisfies the following
arguments for all h € [H|

By Vi (s) = Vo (s0)] < O (v/C"SABH ) ,
B [Vi(sn) = Vii(sn)] < 5(\/0*51473}[5/71),

where sy, is sampled from the trajectory following the strategy in the expectation.
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Theorem 4.2 provides polynomial bounds on the error of the value estimates in Algorithm 1. It can
directly imply the following performance gap bound. In addition, it provides guarantees for the
reference function that will be utilized in the next section.

Corollary 4.3. Suppose Assumption 2.2 holds. For any 0 < § < 1 andn > O(~/C*SABH?), with
probability 1 — 6, the output policy m = (u, V) of Algorithm | satisfies

Gap(u,7) < O (v/C"SABH/n) .

Theorem 4.3 shows that the output strategy of Algorithm 1 is an 0] (\ /C*SABHS5/ n) -approximate

NE. The parameter C* measures how the exploration strategy p covers the strategy space (u*, v) and
(u, v*) for all p and v.

4.2 BERNSTEIN-TYPE ALGORITHM WITH REFERENCE ADVANTAGE FUNCTION
DECOMPOSITION

In this section, we will derive an improved performance gap bound 9] (\/C*SABH 3/ n) The

extra H? is shaved by using Bernstein-type bonus and reference advantage decomposition technique,
which is motivated from Xie et al. (2021). However, we want to emphasize that zero-sum Markov
game is substantially different from MDP and requires novel adaptation, which we will describe later.

Algorithm 2 is different from Algorithm 1 in two aspects. First, we use the reference advantage
decomposition to remove an H factor. The dataset is split into three subset with equal size D¢,
Dy, Dy, and D; is further split into H subset with equal size {Dj, 1 }/_,. We run algorithm 1 on

dataset D, and we can obtain pessimistic value estimate V., and optimistic value estimate Vet
with guarantees by Theorem 4.2. Then we use dataset Dy to estimate Phifffrl and dataset Dy, ; to
estimate P, (V| — 72’3fr1). Secondﬂve use a Bernstein-type bonus to remove another H factor.
The our updating formulas of Q , and Q),, are

Q, =@V [Fro+ (Pro- Vitt) =byo + (Pa - (Vi = Vick) = by,
- —ref ~ = re - = _— —ref -
Q= Qhe A [Pho + (Pro ‘K;Hf_l) —bro+ (Pra- (Vihgr + Vhe+1)) + bn 1], ®)

where we truncate by the reference function to ensure monotonic update so that @ b and @Q;, are more

accurate pessimistic/optimistic estimate compared with the reference function @ N and @), The bonus
functions are defined as

bpo=c Varﬁhyo(ZZﬁl)b + He ,
' npo V1 npo V1
—ref 9)
bro =c Varﬁfuo(vh'*'l)b H.
7 npo V1 npo V1
b, =c Varﬁh,yl(zh,+1 - Kﬁf_l)b He
Oh1 g V1 g V1 )
(10)
b= Var};h,l(Vh,—i-l — V;fil)L . H. |
’ np1 V1 npa V1

where c is some universal constant and Var Buo (V), Var By (V), nup0, i1 are all SAB-dimension
vectors and the operations are element-wise.
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Theorem 4.4. Suppose Assumption 2.2 holds. For any 0 < 6 < 1 andn > 5(\/ C*SABH*), with
probability 1 — 6, the output policy 1 = (1, V) of Algorithm 2 satisfies

Gap(u,7) < O (\/O*SABH3 /n) .

As MDP is degenerated Markov game with one player having a fixed action, Markov game inherits
the lower bounds of MDP. Comparing with the lower bound Q (\ /JC*SH3/ n) (Xie et al., 2021),

our bound is already tight in C*, S, H. The extra AB factor is from the Cauchy-Schwarz inequality
and the fact that the NE of zero-sum Markov game can be mixed strategy. This makes the bound
different from MDP where deterministic optimal policy always exists. It is unknown whether the AB
factor is removable and we leave it to future work.

4.3 MINIMAX OPTIMAL SAMPLE COMPLEXITY BOUNDS

In this section, we show that Algorithm 2 directly adapts to two popular settings, i.e. Assumption
2.3 (uniform concentration assumption) and turn-based Markov game. In addition, minimax sample
complexity can be achieved under both settings. The proof is deferred to Appendix F.

Theorem 4.5. Suppose Assumption 2.3 holds and dm =
min {d} (s,a,b) : h € [H], (s,a,b) € S x Ax B}. Forany0 < < landn > 9) (\/H‘*/dm),
with probability 1 — 6, the output policy m = (u, ) of Algorithm 2 satisfies

Gap(e7) < 0 (VS T(nd)

This bound has no explicit dependence on A B because the Cauchy-Schwarz inequality can be applied

on dﬁ*’z instead of 1/ d" "% (See the proof of Theorem F.1). As the lower bound (2 (\/H 3/ (ndm))

for MDP (Yin & Wang, 2021) is the lower bound for Markov games, Algorithm 2 achieves minimax
sample complexity under assumption 2.3.

Theorem 4.6. Suppose Assumption 2.2 holds for a turn-based Markov game. For any 0 < 0 < 1land
n > O(VC*SH*), with probability 1 — 6, the output policy m = (1, V) of Algorithm 2 satisfies

Gap(p,7) < 9] (m) .

As the lower bound is (\ / C*SH3/n) (Xie et al., 2021), Algorithm 2 can achieve the minimax

sample complexity for turn-based Markov games under assumption 2.2. The difference between
turn-based Markov game and simultaneous-move Markov game is that the former one has pure NE
strategy, which saves the AB factor when Cauchy-Schwarz inequality is applied (See the proof of
Theorem F.6).

5 CONCLUSION

In this work, we study the minimal dataset coverage assumption for NE learning in two-player
zero-sum Markov games. We show that single strategy concentration is not enough for NE learning.
Instead, we find a minimal coverage assumption for NE learning and design an algorithm with sample
complexity tight in C*, S, H under such assumption based on novel techniques. In addition, the
algorithm can achieve minimax sample complexity in certain settings. We believe this work can shed
new light on offline MARL.

Here we list several open problems for future work. One direction is to find the minimax sample
complexity of offline Markov games under unilateral concentration. Importantly, it is unclear whether
AB factor can be reduced to A 4+ B as in the online setting Bai et al. (2020). Another direction is to
design decentralized algorithm for offline MARL. The answer to this question is especially crucial if
we want to further study offline MARL with a large number of agents and we do not want the sample
complexity scales exponentially with the number of agents. Lastly, in this paper we only focus on the
most fundamental tabular setting. It is natural to ask how to generalize our findings, especially the
unilateral concentration assumption, to the function approximation setting.
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A  ALGORITHMS

Algorithm 1 Pessimistic and Optimistic Value Iteration

n,H
k,h=1"

Initialization: Set V ;;(-) = V41(-) = 0. Randomly split the dataset D into {Dh}hH:1 with
|Dp| =n/H. Set ]3h, Th, by, and by, as (2), (3) and (4) using the dataset Dy, for all h € [H].
fortime h=H,H—1,...,1do

Set @, (+-,") as (5).

Compute the NE of @, (-, -,) as (u, (), 24 ("))-

Compute V() = Eanpy by, @, (- @, b).

Set @h('7 %y ) as (6)

Compute the NE of @) (-, -,-) as (7, (), 7 ("))

Compute V', (-) = Eang,, orw, @1 (- @, D).
end for o
Outputﬂ = (HPHQ’ e ’HH)’ V= (3173% e 7ﬁH)’ {Kh}thl’ {Vh}thl'

Input: Offline dataset D = { (s}, af, b}, vy, s ;) Failure Probability 4.

Algorithm 2 Pessimistic and Optimistic Value Iteration with Reference Advantage Decomposition

Input: Dataset D = {(5]13» af, ok rr, SZ_H) Z’ZI:l. Failure Probability 0.

Initialization: Randomly split the dataset D into Diet, Do, {Dh’l}le with |Dyet| = n/3,
|Do| =n/3 |Dn| =n/(3H).
Set KH+1 =Vgi1 =0
Learn the reference value function V¢, Vet < POVI(Dyer).
Set ]3h70 and 7, o as (2) and (3) using the dataset Dy for all h € [H].
Set ]3;171 and 7, 1 as (2) and (3) using the dataset Dy, ; for all h € [H].
Set by, o and Bh,o as (9) using the dataset Dy for all h € [H].
fortime h=H,H —-1,...,1do
Set by, ; and by, 1 as (10) using the dataset Dy, ; for all h € [H].
Set Qh(-, -, -) as (7).
Compute the NE of Q, (-, -, ) as (1, (), 2 ("))-
Compute V, () = Eanpy v, @, (@, 0).
Set Q,(+,-,-) as (8).
Compute the NE of Q, (-, -, ) as (71, (-), Zn(-))-
Compute V', (-) = Eqng,, onw, @1 (- @, D).
end for
Output: ;1 = (Hlﬂﬁg’ e 7HH),P: (U1,V2, , ).

B RELATED WORK
Here we focus on the theoretical work on two-player zero-sum Markov games and offline RL.

Two-player zero-sum Markov game. Zero-sum Markov game has been widely studied since the
seminal work (Shapley, 1953). When the transition kernel is unknown, different sampling oracles
are utilized to acquire samples, including online sampling (Bai & Jin, 2020; Xie et al., 2020a;
Liu et al., 2021; Bai et al., 2020; Jin et al., 2021a; Song et al., 2021), generative model sampling
(Sidford et al., 2020; Cui & Yang, 2020; Zhang et al., 2020; Jia et al., 2019). For offline sampling
oracle, Zhang et al. (2021b) provides finite sample bound for a decentralized algorithm with network
communication under uniform concentration assumption and Abe & Kaneko (2020) considers offline
policy evaluation, again under the uniform concentration assumption. None of these works considers
the minimal dataset assumption that allows NE learning in zero-sum Markov games.
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Offline single-agent RL. Theoretical analysis of offline RL can be traced back to Szepesvari &
Munos (2005), under the uniform concentration assumption (analogue to Assumption 2.3). This
assumption has been extensively investigated (Xie & Jiang, 2021; Xie et al., 2020b; Yin et al., 2020;
2021; Ren et al., 2021). Recently, a line of works showed that the pessimism principle allows offline
policy optimization under a much weaker assumption, single policy concentration, both in tabular
case and with function approximation (Rashidinejad et al., 2021; Yin & Wang, 2021; Xie et al.,
2021; Jin et al., 2021b; Uehara & Sun, 2021; Uehara et al., 2021; Zanette et al., 2021). One closely
related work is Xie et al. (2021), which utilizes the reference advantage function technique and
bernstein-type bonus to show a minimax sample complexity O(SC* H3 /n) in finite-horizon MDP.
We show that the counterpart of single policy concentration in zero-sum Markov game is insufficient
for NE strategy learning and use the pessimism principle to design algorithm that works under the
unilateral concentration assumption.

C PROOF IN SECTION 3

Proof of Theorem 3.1. We consider a bandits game with two actions for each player here. The action
setis A = {ay, as} for the first (max) player and B = {by, by} for the second (min) player. We
construct the following two bandit games with deterministic rewards. Then the unique NE of the

r(al,bl) =0.5 T(al,bz) =1
7"((12, bl) =0 7"(0,2, bg) =0.5

Bandits Game 1

7‘((11, bl) =
T(CLQ, bl) =

Bandits Game 2

05 r(al, b2) = 0
1 T((Lg,bg) =0.5

first bandits game is (ag, b1) and the unique NE of the second bandits game is (a2, by). Now we set
the exploration strategy p to be

pla,b) = {1/2 (a,0) = (a1, 1) or (a, ) = (az, ba),

0 otherwise.

It is straightforward to verify that both bandits games with exploration strategy p is in the class A’
However, as the dataset only provides information about (a1, b1) and (ag, b2), which have the same
reward, it is impossible for any algorithm to distinguish between these two bandits games. Suppose
the output of ALG is m = (u,v) with p(a1) = p, p(az) =1 —pandv(by) = ¢, v(ba) =1 — g,
then we have that 7 is an 0.5(2 — p — ¢)-NE for the first bandits game and 0.5(p + ¢)-NE for the
second bandits game. As a result, there exists a bandits game such that ALG only outputs an at most
0.5-approximate NE strategy. O

Proof of Theorem 3.4. Similar to the proof of Theorem 3.1, we construct the following two bandits
games with deterministic rewards. Then the (unique) NE of the first bandits game is (a1, by ) and the

r(a1,b1) =0.25 r(a1,b) =0.5
T(ag,bl) =0 T(ag,bg) =0.75

Bandits Game 3

r(a1,b1) =0.25 r(a1,b) =0.5
’I“((IQ, bl) =1 7”(0,2, bg) =0.75

Bandits Game 4
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(unique) NE of the second bandits game is (a2, b2). Now we set the exploration strategy p to be

0 (a7b) = (a27b1)7
1/3 otherwise.

plat) = {

It is straightforward to verify that both bandits game with exploration strategy p is in the class defined
in Theorem 3.1. The NE for the first bandits game is (a1, b1) and the NE for the second bandits
game is (az, b2). The dataset contains data on (a1, b1), (a1,bs), (az,b2) and no data on (az, by). Itis
impossible for an algorithm to distinguish between these two bandits games as they are consistent
on the given dataset and they all satisfy the dataset coverage assumption that only one action is not
covered. The rest of the proof follows the proof of Theorem 3.1 and with some computation we can
show that the output of ALG must be a 0.25-approximate NE for one of the bandits games. O

D PROOF IN SECTION 4.1

Lemma D.1. (Concentration) With probability 1 — 6, we have

(s, 0,0) = 73, 0,0) + (PulCls, a,b) = PC:ls,a,0), Vs ()] < ba(s,a,0),

(s, 0,0) = F(s, a,0) + (PuCls,a,b) = Palls,a,b), Vasa ()] < by(s,0,0),

1 8H.
< .
nn(s,a,b) V1 = ndy(s,a,b)
holds for all h € [H], s € S, a € Aand b € B. We define this as the good event G.

Proof. We provide the proof for the first argument and the proof for the second argument holds
similarly. For all s, a, b, h, we have

1
ru(s,a,b) —rp(s,a,b)| <H,| ————,
Ira(s, a,b) = Th(s, a,b)| < (s a bV
as whenever ny(s,a,b) > 1, 7n(s,a,b) = rp(s,a,b). For the concentration on

<13(|s, a, b),Kh+1(~)>, note that V,, |, only depends on the dataset {D; };, , , while ﬁh(-|s, a,b)
only depends on the dataset Dy, which means they are independent and then Hoeffding’s inequality

can be applied:
~ H2,
. — . NN < f——
(Puls.ab) = Buls.a.b). Vi () _2,/nh<87a’b) v

The second argument holds similarly. For the third argument, the proof is from Lemma B.1 in Xie
et al. (2021). O

Lemma D.2. (Pessimism) Under the good event G, we have that V,(s) < Vhﬁ’*(s) and Vj,(s) >
V¥ (s) hold for all h € [H) and s € S.

Proof. We prove this lemma by induction. The inequalities trivially hold for h = H + 1. If the
inequalities hold for timestep h + 1, now we consider timestep h. By the definition of Q) (s, a, b),
we have

Q, (s,0.0) = (Fa(s,0,) + (Po - V1) (s,0.b) = by (s,0,5) ) V 0
< (r(s, a,b) + (P - V) (s,a, b)) Vo
=r(s,a,b) + (P- Vi7})(s,a,b)
=@}, (s,a,b),
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where the inequality is from Lemma D.1. With the pessimism on the state-action value function, we
can prove the pessimism on the state value function.

V,(s) :Egh ,gth(S, a,b)
SEﬁh’br(Hh)Qh(s’ a,b)
SE&;ubr(&h)Q%* (s,a,b)
:Vhﬁ’* (s,a,b),

where the first inequality is from the definition of NE and the second inequality is from the pessimism
of the state-action value function. The arguments for V', hold similarly. Then by mathematical
induction we can prove the lemma. O

Lemma D.3. Under the good event G, for all h € [H| and sj, € S, we have
* [ H i
Vir(sn) = Vi (sn) S VI #(sn) = Vi (sn) < 2Eye by(st, ae, be)sn

V¥ (sn) — Vii(sn) < Vilsn) — Vi (sn) < 2EW

T

St7 G, bt |8h

Proof. We prove the first argument and the second argument can be proven similarly. By the definition

of NE, we have V¥ < V**“. Combined with Lemma D.2, we have the first inequality. For the
second inequality, we have

Vi (sn) = Vi(sn)
_ ury
*Ep;,gth (Sh,ah;bh) IE,LL Vi Qh(sh;ahabh)
SEM:’,gh,Ql}t*’Z(Sh7ahabh) E Qh(sh;ahabh)
=Eus v, [QZ*’Z(Sh, an,bp) — Q(Shvah,bh)}
Eus v, [Th ShyQn,by) + <Ph('\8h7ah,bh),V;iiiZ(')> — Th(Sh,an,by) — <13h('|3h7a}ubh)7zh+1(')> + by, (8h, an, br)
By |[(PoCClsns ansbn) V) = Vi ()) + 283 (s 0, bn) | (Lemma D.1)

Euz v, [Via(sns1) Vh+1(8h+l>|5h] + 2B,z vz by (Shs an, br)

T

<2E

th(su Qt, bt)|5}z] .
t=h

O

Theorem D.4. Suppose Assumption 2.2 holds. For any 0 < & < 1, with probability 1 — §, the output
policy m = (u, V) of Algorithm 1 satisfies

* C*SABH?5,?

Vi(or) = Vi (o) < o0y S SABIE
- ) [C-SABH?
Vl ’ (81) - Vl (81) <64 777/ .

C*SABH5>

As a result, we have

n

wa)<o<
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Proof. By Lemma D.3, with probability at least 1 — §, we have
VI (1) = Vi (1)

H
§2ZEM*,gbh(Sh7ahabh)
h=1
H
H?,
=2 E,, |4 ————
}; ”’l nh(s,a,b)\/ll

=l H3,2
§2ZEM*£ 32 o h) (Lemma D.1)
h=1 T

2
=2 d“ “(s,a,b) |32/
hzl(;]) l nd? (s a b)]

<64Z Z \/d# (s, anb)C*H3L2

h=1 (s,a,b)

d s,a,b)C*H3.2
<64V SABH \/ Zh ! Z(é a.) (0. (Cauchy-Schwarz Inequality)

n
*SABH?5.2
gy | COABH
n
Similarly we have
«T N C*SABHS5.?
Vi (1) = Vi (s1) < 64y | =

*

Gap(,7) < Vi (s1) = Vi (s1) + VI (s1) = V° (51)§6<

As a result, we have
C*SABH?®
— )

O

Theorem D.5. Suppose Assumption 2.2 holds. For any 0 < 0 < 1 and strategy i, v, with probability
1 — 0, the pessimistic value V ;, and optimistic estimate V1, of Algorithm 1 satisfies

C*SABH?5,?

Eu o [V (sn) — Vi (sn)] < 64ﬁ’
C*SABH®%,?
[Ll/* rh Sh Vh Sh)] § 64\/T’

where sy, is sampled from the trajectory following the strategy in the expectation at timestep h.

Proof. We prove the first argument and the second argument can be proven similarly. By Lemma
D.3, under good event G for all state s we have

Vi(s) — Vi (s)
H
SQZEN*ﬂ by, (¢, at, by)|sn = 5]
t=h

We define v’ = (vq,-- ,vp—1,Vy,, -+ , V). Then we have

H
By Vi (sn) = Vi (sn)] <Epe s |2 Bpue y by (56, s, be)|sn = s] |s
t=h

16



Presented at the Gamification and Multiagent Solutions Workshop (ICLR 2022)

H
=2 Z Eu*,l/' [bh(stv G, bt)] .
t=h

Then following the proof of Theorem D.4, we can prove the argument.

E PROOF IN SECTION 4.2

For simplicity, we only provide the guarantee for the max player and the guarantee for the min player
can be proven in a similar manner.

Lemma E.1. (Concentration) There exists some absolute constant ¢ > 0 such that the concentration
event G' holds with probability at least 1 — 6, where

Varpho(s ab)(Vﬁl) H.

nho(s,a,b) V1 + nho(s,a,b) V1

‘?h,o(S,a, b) — Tho(s,a,b) + [(ﬁh,O — Ph) K}T’il} (s,a, b)‘ <cec

ref

~ Varp b (Kh+1 - Kh+1)L H.
Poi—F) (Vyuy —V ab)| < ) ’
‘ K ol h) (th h+1>} (s:0,0)| < e np,1(s,a,0) V1 + np,1(s,a,0) V1

1 < L 1 <ec H.
nho(s,a,b) V1 =~ ndf(s,a,b) npi(s,a,b) V1~ ndf(s,a,b)

Proof. The proof is a direct application of Lemma C.1 in Xie et al. (2021) with s, a replaced by
s, a,b. O

Lemma E.2. Forall h € [H] and s € S, we have V., (s) > V3% (s).

Proof. By the update rule (7), we have Q, (s, a,b) > Qzef(s, a,b) forh € [H] and s,a,b € SxAXB.

Then by the definition of NE, we have

Vi(s) = By, 0, Q,(5,0,0) = Epprer , Q, (s, 0,0) > EE:,f-)ZhQZCf(S, a,b) > Eﬁ;cf7ziéfQ;Cf($,a’ b) = Vit (s).

O

Lemma E.3. (Pessimism) Under the good event G', we have that V, (s) < Vhﬁ’*(s) holds for all
he€[H]ands € S.

Proof. We prove this lemma by induction. The inequalities trivially hold for h = H + 1. If the
inequalities hold for h + 1, now we consider h.

Qh(s,a,b)
= {?h o(s,a,b) + (ﬁh 0 V5 (s,a,b) — by, o(s,a,b) + (ﬁh,l Vg — KEQL))(S’ a,b) — by 1 (s, a,b)} ngef(sv% b)
{rn(s,a) + (P Vi) (s.0.0) + (Po- (Vs = Vi) ) (5.0,0), @7 (5,0,0) |
{rh 5,a,b) + (Ph - Vyoy)(s,a,b), me(s,a,b)}
{

< max

<max {75,(s,a,b) + (P - Vipi1)(s,a,0),70(s,a,0) + (Py - Vit ) (s, a, b)} (Lemma D.2)
<ru(s,a,b) + (Pn -V, ,1)(s,a,b) (Lemma E.2)
<rp(s,a,b) + (Pp - Vh;l)(s, a,b) (Induction hypothesis)
zQ%’*(s,a,b).
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Then by the definition of NE, we have
Kh(s) :Eﬁh 1Zth(s’ a, b)
SEﬁh’br(ﬁh)Qh(S’ a, b)
H%
éEﬁh,br(ﬁh)Qﬁ (Sv a, b)
T,

=V, (s).

With mathematical induction we can prove the lemma. O

Lemma E.4. Under the good event G', we have

H H

VI (s1) = V(1) < 2By Y by o(5h @y bn) + 2By D by (5, 0, bn)
h=1 h=1

Proof.
VI (1) = V(1)
=By 0, Q4 (s1,a1,b1) — Ey v, @, (51,01,b1)
<Eu: ., Qlf*’z(sh ar,b1) —Euz 0, @ (s1,01,01)
=Eu1., [Qqﬁg(shal,bl) —Ql(sl,al,lh)]
=Eus 0, [r1(s1,a1,b1) + <P1('|51,al,b1)7Vz“*’Z(')> — Vi(s1)V
{?1,0(817 a1,b1) + (P V5 (s1,a1,b1) — by o(s1,0a1,b1) + (Pri(Vy — VED) (s1,a1,b1) — by 1 (51,01, bl)}]

<Eu;u, [<P1('|81, a,by), Vzu*ﬂ(‘) - Kg()> + 2@170(81, ar,bi) +2by 4 (51,01, b1)]

(Lemma E.1)
7E“I v [V2M*7Z(52) — K;(SQ):| + QE#?ZTQLO(Sl’ a1, bl) —+ Q]Eﬂl vt bl 1(81, ay, bl)
H H
<2y > by (S @y ba) + 2By > by (S ans b,
h=1 h=1
where the last inequality is from telescoping the timestep H. O
Lemma E.5. For any strategy v, we have
H
v TN 2
Z Z diy ¥ (s,a,b) Ph,(\/j;b)(v}iJrl )< H
h=1 (s,a,b)
Proof.
H
Z Z d“ (s, a,b) PVarb (V") :ZE“*’V [Var [V, 1 (Sht1)|8h, an, bn]]
et (sb) n(s,a,b) 1
u 2
= ZEM*,V [E [(V}:+1(5h+1) + 71(shy an, br) — Vi (1)) |sn, an, bh”
h=1

H
= ZE”*’V [(V;Jrl(sthl) + 71 (S, an, bn) — V;(sh))z}
h=1
Y 2
=E,., <Z Vi1 (Sht1) + ra(Shy an, by) — VJ(Sh))>
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H 2
:EM*,V <Z Th(Sh,Clh,bh) - Vl*(81)>

h=1
H

= Var ( T}L(Sh,,alubh)>
wv \

<H?.
O

Lemma E.6. The output strategy ™ = (1, V) and the pessimistic estimate V_ of Algorithm | satisfy

VIM*7Z(51) —Vi(s1) > Epe [V}f‘*’z(Sh) =V (sn)|-

Proof. We prove the argument for A = 2 first.
VT (1) = Va(s)
>Eye ,[Q) H(s1,a1,b1) — @, (51,a1,b1))]
>Ey- :rl(sl,al,bl) + <P1('|51,a1,bl), Vf’%)ﬂ
o :;”\1,0(817 ai, by) + (131,0K58f)(817a17 b1) — by o(s1,a1,b1) + (131,1(K2 — V5N (s1,a1,b1) — by 1(s1,a1,b1)
2By [ri(snanb) + (PiClsn,an, b0, Vi 20))| = By Ira(snanbu) 4+ (PrClsnan,br), Vo ()]

=Eu- v V2M*’Z(52) - K2(52)} .

-E

We can prove the lemma for arbitrary h by telescoping the argument to timestep h.

Lemma E.7. Forn > O(VC*SABH?), we have

H
~( |C*SABH3 T ~( |[C*SABH3
By w > byo(snan,bn) <O (\/T\/Vf‘ “(sy) _v1(31)> +0 (ﬁ) .

h=1

Proof.

H
By w > byo(shsan, bn)

h=1
ref
—E i Varﬁh)o(sya,b) (Vi) n H.
Tk = nh0(s,a,b) V1 np,0(s,a,b) V1
o i cVarph(s,a,b)(ZZCil)L N cH. N cHu
By
— R — ndf, (s, a,b) ndf,(s,a,b)  ndj(s,a,b)

H ref
« VaI'p (Z )[’ H.
, vy (s,a,0) Vi1
¢ E E (s a,Db) \/ nd? (s, a, b) +miﬁ(s,a,b)
h=1 (s,a,b)

H % JHY re *
§C2Z Z \/C’ dj, *=(s,a,b) Varp,L(S7a7b)(Zhi1)L N C*H.,

h=1 (s,a,b) " "
cx S H d" % (s,a,b) Varp, (s ap (Vi 2 *
SCQ SABH - \/ Zh_l Z(s,a,b) h ( ) Py (s, 75)(fh+1) n cSABC*H.
n n
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| i By | Varp, s (V) 2 *
<G SABT, . h=1L5p [ " + +c SABC*H.
n n
S By [Varp, (sap (V2 + 2H[PL(VEE = VieE)](s,a,b) 2GS ABCHH
2VC*SABH: - (B [Verr, = A 4 CoABCTH:
n n
(Lemma G.4)
H2 4+ 2H S0 Bpey [V E (spg1) = VL (5h41) 2 .
< VO SABI . h=15p ,[ ht1 + n c“SABC*H.
n n
(Lemma E.5)
2 H . * * _ yref
s | T B [ VI (shn) = Vita ) + Vs (onn) = Vitha o)
n
2SABC*H.
+ -
n
H? 4+ 2H2(V{" #(s1) =V (s1)) + 128H [ CSABI2E - .
2 C*SABHL~\J . o CEABCTH
n n

(Lemma E.6 and Theorem D.5)
_*VC"SABH% L V/384C*SABH21\/C*SABH" 2 . v/2C*SABH?,
B Vn n3/4 Vn
2SABC*H.
+

VI (s1) =V, (s1)

Lemma E.8. Forn > O(v/C*SABH?), we have

H
~( |C*SABH3
Eu*,zzbh,1(8h7ah’bh) S O ( TL) .

h=1

Proof.

H
By Z Qh,l(sm an,bn)

h=1
H Var = 4 Vrct
=cE Z arPhyo(Sva»b)(*h-H Vi + H.
T h=1 npa(s,a,b) V1 np1(s,a,b) V1
H ref
H V: 1% _Yte 2 2
<cE,- Z \/c arph(s»af)(—hﬂ Vicgt n pCH L ch .
h=1 ndy, (s, a,b) ndj(s,a,b) ~ ndj(s,a,b)
<2F i J H [Ph(zhﬂ Vh+1) } (Sva,b)b N H2,
<c°E,x
' h=1 ndZ(Svaab) ndZ(S,a,b)
L3S a4 e N L
= h ) @, ndf, (s, a,b) nd’ (s, a, b)
h=1 (s,a,b)
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@y ¥

h=1(s,a,b)

CHAY (s,0,6) [Pa(Vyy = Vi 2] (s,ab) g,
ni * ni

(Cauchy-Schwarz Inequality)

O*HZH: Z s,a du*7£(s7a7 b) Ph(Zh 1 Kl}ldll)z (S,CI/, b) 2 3%
<c*VSABH: h=l (st Th ; [ + + ] e SABnH o)
* H v * ref .
<V/SABH, CHu Zh=1 Z(symb) dZ (s, a,b) {Ph(viwfl *Kh+1)2] (s,a,b) N 2C*SABH3,
n n

£
(V;+1 > Vi 2 ZZEH)

« \H v * re *
—c2 SABHL\/HQC 2n=1 s dZ+1(5)(Vh+1(5)_Khi1(5)) n 2C*SABH3.

n n
H2C*64 C*SABHY:2 29 ABH3C*
SCQ\/SABHLJ ”n e S s C (Theorem D.5)

2\/192C*SABH3L\/C*SABH5L2 n 2C*SABH?.

- n3/2 n
O

Theorem E.9. Suppose Assumption 2.2 holds. For any 0 < 6 < 1 and n > 6(\/ C*SABH?*), with
probability 1 — 6, the output policy T = (1, V) of Algorithm I satisfies

J* ~ C*SABH?
V(o) = VI (s1) <O (\/n> ,
. . ~( [C*SABH?
Vi (s1) = Vils) <O (\/n> .

- * 3
Gap(u,y)g()( CSABH)

As a result, we have

n

Proof.
VI (s1) — Vy(s1)

H H
2By D by o(Shy ans bu) + 2Epe Y by 1 (S, an, bi) (Lemma E.4)
h=1 h=1

( /C*SiBH3\/%u*,u(sl)_V1(81)> +5< /C*SiBH3>

(Lemma E.7 and Lemma E.8)

* 3 - * 3
<\/ 70 SABH ) + O (O SABH > (Lemma G.5)
n n
~ *SABHS3
5 ( [C Sn ) |

IN
(O}

IN
(O}
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By the definition of NE, we have

* v ~( |C*SABH?
Vi(s1) = VE (s1) < VI 2(s1) — V,(s1) <O (ﬁ) )

The second argument can be proven in a similar manner. Combining these two argument and we can

prove that
~ C*SABH?
S ozl

F PROOFS IN SECTION 4.3

F.1 UNIFORM COVERAGE

Theorem F.1. Suppose Assumption 3.2 holds and dm =
min {d} (s,a,b) : h € [H], (s,a,b) e Sx Ax B}. For any 0 < § < 1, with probability
1 — 0, the output policy ™ = (u,7) of Algorithm | satisfies

ok H5L2
Vi(s1) =7 (1) < 644/ S0,
. Hb5.2
Vi (s1) = Vi'(s1) < 64 nd..
As a result, we have
H5
G , 7)< 0 —
ap(p,7) < .
Proof. By Lemma D.3, with probability 1 —  we have
VI (1) = VE (1)
H
SQ ZEH*,gbh(sha ah7bh)
h=1
H=2,
=2 E,» v _—
Z w np(s,a,b) vV 1]
gQZ]EHW ndp (oab ] (Lemma D.1)
H3L2
=2 d“ V b) |32
3. 3 o) [ |

H
. 13,2

§64Z Z dj; “(s,a,b) ndL
h=1 (s,a,b) m

<64 ZZd“Vsab \/Z’”Z(””) g

h=1 (s,a,b)

“(s,a,b)C*H312

m

(Cauchy-Schwarz Inequality)
H*.2

nd,,

_VEH.
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Hb5,2

=64
nd,,

O

Theorem F.2. Suppose Assumption 3.2 holds and dm =
min {d} (s,a,b) : h € [H],(s,a,b) € Sx Ax B}. For any 0 < § < 1 and strategy p,v,
with probability 1 — §, the pessimistic value V ,, and optimistic estimate V1, of Algorithm 1 satisfies

H5.2

Epw [V (sn) — Vi, (sn)] < 64 ,
nd,,

_ 5,2

B [Vi(sn) — Vi (sn)] < 64 T

where sy, is sampled from the trajectory following the strategy in the expectation at timestep h.

Proof. By Lemma D.3, under good event G for all state s we have

Vi(s) = Vi (9)

H
<2 ZEM*,Z [by, (¢, at,bt)|sn = 5]
t=h
We define v/ = (v1,--+ ,Up_1,Vp,- -+ , V). Then we have
H
Epuew [Vir (s1) = Vi (s0)] SBpe o |2 Bye sy [y (51, ar, be) s = s] |
o t=h
:2ZEM*J/' by, (5¢, az,by)] -
t=h

Then following the proof of Theorem F.1, we can prove the argument.

Lemma F.3. Suppose Assumption 3.2 _holds and dm
min {d (s,a,b) : h € [H],(s,a,b) € S x A x B}. Forn > O(\/H3/d,), we have

H

~ H3 * ~ HS

Eu*ﬂzbh,o(shaahvbh) <0 \/ m\/vl# “(s1) = Vy(s1) | +0O \/;
h=1

H
Eu v th,o(sh, an,bn)

Proof.

h=1
E i Varp, s (L)t H.
=cE .,
e el nno(s,a,b) V1 np,0(s,a,b) V1
H ref
cVarp, (s.a.)(V L cH. cH.

SCEM*,ZZ \/ Ph,(p-, ,b)( h+1) +— +—

h=1 ndh(s,a, b) ndh(57a,b) ndh(s,a, b)

S ref
v Vi sa v H
SCQZ Z dﬁ 77(57(l,b) \/ arp, (s, 7b)< h+1)b n .

nd nd
h=1 (s,a,b) m m
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s.a, s,a,b) Varp, (s.q.p)(V}, H
szp,u ab \/Zh 12( b) ( ) Pr( b)( }H)Jr L

h=1 (s,a,b)

(Cauchy-Schwarz inequality)

<2V - \/ Zh 1Zsab d” “(s,a,b) Varp, (sab)(V;zlerl) +02HL

<VH.-

<VH.-

<VHy-

nd,, ndp,

H re
Y ohe1 B w {VarPh(&ayb)(th-l)} . 2H.

H v T
> b1 Burw [varPh,(s,a,b)(Vif+1 )+ 2H[Ph(V}fL+1 Khefrl)}(& a, b)} N c2H,

nd,y, ndy,
(Lemma G.4)

H re
H2+2HY ) (E,-, [Vh_H (Sh41) — Zhi1(5h+1) cH.

L E.5
nd,, + nd,, (Lemma E.5)

H? +2H Zthl Ep v {Vfi+71 (sh41) — Vir+1(5h+1) + V}«:k+1(5h+1) - Kzeil(Sthl)} H.

=c*VHu-
¢ ‘ nd,, + nd,y,
H2 4+ 202V ¥ (s1) — V(s1)) + 128H /L2 257
SC2\/FL- refdm n c 1L

nd,, nd,,
(Lemma E.6 and Theorem F.2)

2VH3,  2\/384H2\/H5.2 cv2H L\/ H.

Vlu “(s1) —Vi(s1) +

SV A T nd
O
Lemma F4. Forn > 5(\/H47/(i7n), we have
H
~ V2
E/t*,g th,l(shdah?bh) <0 m
h=1
Proof.
H
By by 1 (shy an, bn)
h=1
ref
—F i Varg, oan Vner = Vi) N H.
v 2 np1(s,a,b) V1 np1(s,a,b) V1
H ref
H'V: s,a 4 -V H2 H2
o S (g I
h—1 ndy, (s, a,b) n h(S,a7 ) n h(37a7 )
<°E,. 2 H [P”(Kh+1 —K‘ifil)z} (s,a,b)t H2,
c V}; ndﬁ(&a,b) + ndﬁ(s,a,b)
u * H [Ph(zthl Vh+1)2] (87 a, b)L H?,
<c? i Y(s,a,b
<c };(;) (s, a,b) v + L

24



Presented at the Gamification and Multiagent Solutions Workshop (ICLR 2022)

Zh 1 Z(b a,b) Hdu “(s,a,b) [Ph(KhH *KZEL)Z (s,a,b)t

H?,

H
Z Z d’g*’z(s,a,b) nd..

h=1 (s,a,b)

(Cauchy-Schwarz Inequality)

H *v re
H. Zh:l Z(s a,b) d/f: ’7(55 a, b) |:Ph(zh+l - Zhi1)2:| (57 a, b) CZHSL

SCQ " - nd + nd
H v * re:
) HUS L S gy dh 4s000) [PV = ViF?] (s,0.8) 2,
<c*vVH. 7 + 7
NQyy, NG,
Vi 2 Vi 2 Vil

_ﬁw Sy X ) Vi () Vi (5)) | 2

H5.,2 .
H264 2H3,

<AVH. Prerdm + (Theorem F.2)
nd,, nd,,
_2 192H3WH52 2H3

(nd,, )3/2 i ndy,
O
Theorem E.S. Suppose Assumption 3.2 holds and dm =

min {d (s,a,b) : h € [H], (s,a,0) € S x Ax B}. Forany 0 < § < 1 andn > O(/H%/d,,),

with probability 1 — 6, the output policy m = (u, V) of Algorithm 2 satisfies

- (| H3
Vi(s1) = Vi (1) <O nd |
- H3
Vit¥(s1) = Vi'(s1) <O nd.
As a result, we have
- H3
G , 7)< 0 —_—
ap(p,7) < .
Proof.
VI (1) = Vi (s1)
H H
<2Epue > byo(Shsansbn) + 2By Y by 1 (S, an, by) (Lemma E.4)
h=1 h=1
<0 \/V“ v Vils) | +0 H° (Lemma F.3 and Lemma F.4)
< ndm 1 81 S1 TLdm (S ar.oa € ar.
-~ H3 H3
<0 ~—1+0 (Lemma G.5)
nd,, nd
- H3
:O _—
nd,,
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By the definition of NE, we have

¥ TR ~ H3
Vl*(sl)_vlﬁ (s1) <V} 7(s1) = Vy(s1) <O nd—

The second argument can be proven in a similar manner. Combining two arguments together and we
can derive that

N 3
2y < H®
Gap(p,7) <O .

F.2 TURN-BASED MARKOV GAME

For turn-based Markov game, there always exists a pure (deterministic) NE equilibrium strategy. As
a result, we can have that p*, v*, 4, v, 1, U are all pure strategy.

Theorem F.6. Suppose Assumption 2.2 holds. For any 0 < § < 1, with probability 1 — 6, the output
policy m = (u, V) of Algorithm | satisfies

5,2
Vi (s1) — VE" (51) < 64 S22

* T * C*SH5L2
Vivt(s1) = Vi'(s1) < 64 -
As a result, we have
~ C*SH>5
Gap(p,7) <O ( )
= n
Proof. By Lemma D.3, with probability 1 — J we have
VI (s1) = VE (s1)
H
SQ Z]Ep*,gbh(sha ah7bh)
H
H=2,
=2 E o |4y ——m——
hz::l Hok nh(s,a,b)\/ll
H
H3.2
SQZEH*’K 32 M] (LemmaDl)
H3.2
=2 d“ = b) |32
S I e e B
h=1 (s,a,b)
ul d' Y (s,a,b)C* H3.2
<oy Y|y
h=1(s,a,b) "
dl‘ V C*HS 2
—6422 \/ (5, (s )n v(5)) ‘ (u*,v are deterministic strategy.)
h=1s€eS

(Cauchy-Schwarz Inequality)

<64v/SH - \/ZhH_l Dges A “(s, 17 (s),1(s)) CrH 2
- n
* H5 2
—644 /CSia.
n
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Theorem F.7. Suppose Assumption 2.2 holds. For any 0 < § < 1 and policy p, v, with probability
1 — 6, the pessimistic value V ;, of Algorithm I satisfies

C*SH?5,2

Epe o [V (sn) = Vi (sn)] < 64\/77
174 C*SH?®,2

Euwe [Vi(sn) = Vii(sn)] < 64\/77

where sy, is sampled from the trajectory following the strategy in the expectation at timestep h.

Proof. By Lemma D.3, under good event G for all state s we have

Vir(s) = Vi (s)
H

<2 By by (50 as,b0)sn = 8]
t=h
We define v/ = (v1, -+ ,Vph—1,Vp, -, V). Then we have
H
EH*W [V;(Sh) - Kh(sh)] SEH*,V 2ZEM*:Z [bh(3t7at7 bt)|5h = 3] |8
; t=h
=2 By [by (50, a0, b))
t=h

Then following the proof of Theorem F.6, we can prove the argument.

Lemma F.8. Forn > 5( C*SHS3), we have

H
~( |C*SH? “ ~ C*SH?
EM*,Zth’O(Sh7ah7bh) S 0] ( n VllL 77(51) _V1(81)> + @) ( " ) .

h=1
Proof.

H

By v ZQ}LO(SM an,by)
h=1
ref
=clE EH: Varﬁh,o(s,a,b) (Zh-irl)b H.
n* v ot nh,o(s,a, b) V1 ﬂh,o(S,a, b) V1

<cE i CV&I‘Ph(s,mb) (Kl;—befrl)b n cH. n cH.
<clbpxy ndf, (s,a,b) ndy (s,a,b)  ndy(s,a,b)

h=1 . . :

H ref
. Var " Ve H.
=c? dr ot s, 15 (s),v(s) \/ P (s,1*(8),1(8)) \Zh+1 +
D R S N v e s ey P W7 )

H % JHSY * ref «
SCQ Z Z \/O dZ (5# (5)’2(5))VarPh(s,u*(s),g(s))(zh-&-l)b + C*H.

n n
h=1s€eS

(n*, v are deterministic strategies.)

* H 4 * re *
<2JSH. \/C LD het Soses Ay C(sm (8)771V(S))Varph(s,u*(S),l/(s))(Vh-lf-l) N CQSS; H.
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ZH: E *\v VarP, s,a,b (Kref ) 2 *
<TG - h=1Tp ,[ n( )\ h+1 +c SC*H.
n n
S B, [Varp sy (VISE) + 2H[PL (V2 — VI ] (s,a,b)| 200
§02m~ h=1Tp*,v h( Y\ WVht1 h+1 +1 +c SC*H.
n n
(Lemma G.4)
H24+ 20" E,., [V“*’K(Shﬂ) -V (5h+1)} 250
§c2\/m. h=15p v | Vi1 h+1 +c SC*H.
n n
(Lemma E.5)
2 H . I R * _ yyref "
_ 2/ SH,.- H?+2H Zh:l Eu- oy [Vhﬂ (Sht1) Vh+1(3h+1) +Vh+1(5h+1) Kh+1(5h+1) n c2SC*H.
n n
H2 4+ 2H2(V} "2 (s1) — Vy(s1)) + 128H  JC5H2 hoompy
<VTSHL 1  COCTHL
n n

(Lemma E.6 and Theorem F.7)

_CVOSH 2 V/384C*S H?1\/C* S H5 /2 | V2T SH \/v“*vﬂ (e SO HL
= \/ﬁ n3/4 \/ﬁ 1 (81) 71(51) T
O
Lemma E9. Forn > O(v/C*SABH?), we have
H
~( |C*SABH3
Eu*,HZQh_yl(sh,ah,bh) S O < n) .
h=1
Proof.
H
]E,u*.,g Z bh,l(shv Gp,, bh)
h=1
ref

CE i Varﬁh,0(57a,b)(zh+1 = Vit n H.

row — np1(s,a,b) V1 np1(s,a,b) V1
<cE. . i cH VarPh(s,a,b) (K}H»l - Krheil)L cH? + cH?
- heE — ndy (s, a,b) ndy(s,a,b)  ndf(s,a,b)
g o EP W - VL (et g
=€ M’Z}; ndy (s, a,b) + ndy (s, a,b)

" . H | Py(Viyy = Vieh)? | (s (s), 1) H2
:c2zzdlg ’Z(S,u*(s),g(s)) [ y ] + . L

22 A ERYE) w5, (), 205)

L CHHAY (5,1 (5), 1(5)) [Pa(Viis = Vi 2] (s, (5) () g,
o3y :
ny ny
h=1seS

(Cauchy-Schwarz Inequality)
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) C*H Zthl ZsES dZ*7Z(S,M*<S>7Z(S)) [Ph(zh+1 _K;Lefrl)ﬂ (57//4*(8),2(8)) 2SH3C*,
<c*VSH. +
n n
. CHHES L Yy A (5,000) [PaViy = ViDL (s.0,8)  2cm g3,
<c*VvSH. - + -

¢
Vi 2V 2V

« \H v * re %
. @WPO S S Vi) ~ VL (5) | EersH

n n
H20*64w/%w 269 H3C™*
<AV SH. et C ‘ (Theorem F.7)
n n

_02\/1920*5H3L\/C*5H5L2 n C*SH?,

n3/2 n
O

Theorem F.10. Suppose Assumption 2.2 holds for a turn-based Markov game. For any 0 < 6 < 1,
with probability 1 — 6, the output policy m = (u, V) of Algorithm | satisfies

. ~ C*SH3
Vi (s1) = Vi (1) £ O ( = ) ,
Vl’(51)V1(51)§O< - )
As a result, we have
. * 3
Gap(p,7) <O ( ¢5H ) :
= n
Proof.
VI (1) = Vi (1)
H H
<2Eue Y byo(Sns anbn) + 2By Y by 1 (Shs an, by) (Lemma E.4)
h=1 h=1
. * 3 N . * 3
<0 <\/ CrSH \/Vlu *(s1) —V1(51)> +0 (\/ CrSH ) (Lemma F.8 and Lemma F.9)
n n
. * H3 . * H3
SO( Ci >+O<Ci ) (Lemma G.5)

- * 3
:0( CSH>_
n

By the definition of NE, we have

. . _ ( [C*SABH?
Vi(s1) = Vi (s1) < VI (s1) — Vy(s1) < O ( n) .

The second argument can be proven in a similar manner. Combining these two arguments and we can
derive that

- * 3
Gap(y,7) §O< con )

n
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G AUXILIARY LEMMAS
Lemma G.1. (Multiplicative Chernoff bound). Let X be a binomial random variable with parameter

p, n. Forany 1 > 0 > 0, we have that

pn

2
P(1—-0)pn < X < (14 0)pn] < 2¢~ 3

Lemma G.2. For all (sy, an, by) € Ky, and any ||V || oo < H, with probability 1 — § we have

\/ATVar (V) < \/ Var (V) +cH :

nd} (s, an, bp)

P
Sh>2h,bh Sh»>3h,bh

Proof. The is a direct application of Lemma G.3 with a union bound. O

Lemma G.3. (Empirical Berstein Inequality (Maurer & Pontil, 2009)) Let n > 2 and V' € RS be

any functions with |V||os < H, P be any S-dimensional distribution and P be its empirical version
using n samples. Then with probability 1 — 0,

In—1
/ Var n Var

Lemma G.4. For 0 <V < V' < H, we have

Var (V)< Var (V') +2H[P, (V' = V)](s,a,b).
Ph(s,a,b)( >_Ph(s,a,b)( ) [ h‘< )]< )

log 2/6)
n—1

<2H

Proof.

Var (V) — Var (V’
Ph(s,a,b)( ) Ph(s,a,b)( )

<[Pu(V)? = (PyV)? = Po(V')? + (PuV')?] (s,a,b)
=[Pu(V+ V)V = V") + [Po(V' = V)][Pu(v" +v)]] (5,a,b)
<2H [P, (V' = V)](s,a,b).

Lemma G.5. If z < a\/x + bfor a,b > 0, then we have
x < 2a° + 2b.

Proof. We have
a2

(\f—g) <b+Z

If \/z < §, the argument holds directly. Otherwise we have

a a? a
4 < < y
Nz 24/b+4 7\/13+2

So we have /z < v/b + a, which implies z < 2(a? + b). O
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