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Abstract

The notion of causal effect is fundamental across many scientific disciplines. Traditionally,
quantitative researchers have studied causal effects at the level of variables; for example,
how a certain drug dose (W) causally affects a patient’s blood pressure (Y). However, in
many modern data domains, the raw variables—such as pixels in an image or tokens in a
language model—do not have the semantic structure needed to formulate meaningful causal
questions. In this paper, we offer a more fine-grained perspective by studying causal effects
at the level of events, drawing inspiration from probability theory, where core notions such
as independence are first given for events and o-algebras, before random variables enter the
picture. Within the measure-theoretic framework of causal spaces, a recently introduced
axiomatisation of causality, we first introduce several binary definitions that determine
whether a causal effect is present, as well as proving some properties of them linking causal
effect to (in)dependence under an intervention measure. Further, we provide quantifying
measures that capture the strength and nature of causal effects on events, and show that
we can recover the common measures of treatment effect as special cases.

Keywords: Causality, causal effects, causal spaces

1. Introduction

The notion of cause, or causal effect, is central to the human psychology, as well as numerous
academic domains. It is deeply engrained in everyday language via constructions such as
“if”, “so” or “because” (Kahneman, 2011). It also forms the backbone of virtually all
scientific enquiries; examples of causal statements include “gravity causes apples to fall”
(Cohen, 1981), “CO2 emission is causing climate change” (Lee et al., 2023) and “vaccination
reduces the risk of fatality from Covid-19” (Ledford et al., 2020). The goal of this paper is
to give formal mathematical definitions of causal effects, in many nuanced forms.
Causality is rarely deterministic. When a government introduces a policy, it may have
rough ideas or hopes about its impact, but it cannot know exactly what will occur as a result;
similarly when a company runs an advertising campaign, when a doctor prescribes a drug,
or when a user prompts a language model. Thus, naturally, a crucial aspect of causality is
randomness. The latter concept is axiomatised by probability spaces (Kolmogorov, 1933),
grounded in measure theory and forming the backbone of probability theory. However,
probability spaces do not, by themselves, encode any causality. Recently, an analogous
axiomatic framework of causality called causal spaces was introduced (Park et al., 2023). It
was shown that causal spaces generalise and unify popular frameworks of causality, such as
the structural causal models (SCMs) (Pearl, 2009) and the potential outcomes (Imbens and
Rubin, 2015). We use causal spaces as the basis for our definitions of causal effects.

© 2026 J. Park & Y. Zhou.



PARK ZHOU

Existing approaches (cf. Section 1.1 & Appendix A) define causal effects at the level of
variables, tacitly assumed to be semantically meaningful (e.g., “salary” following a policy,
“blood pressure” after a medical intervention). As a key distinction, we define causal effects
first on events, then extend to o-algebras. In many modern data domains, the raw variables,
such as pixels in images or tokens in language models, often lack the right semantics for
meaningful causal statements. However, we can define events such as “there is a cat in this
image”, “this image is in greyscale”, “this text is about politics” or “this text is in Chinese”
to which an image or a piece of text either belongs or does not belong, based on which
causal effects can be analysed in a semantically meaningful way. Further, the extension to
o-algebras facilitates graded, rather than binary, encoding of outcome characteristics.

The paper is broadly organised in two parts.

e In Section 2, we give binary definitions of causal effects, as well as their conditional
and post-intervention variants. The definitions specify when an outcome or an event
has a causal effect on an event or a g-algebra.

e In Section 3, we propose ways of capturing the nature and strength of causal effects.

Our work has parallels with how the notion of (conditional) independence develops in prob-
ability theory. A binary notion of independence is first given for events, via P(AN B) =
P(A)P(B), and then for o-algebras. Following these, many quantities are proposed to cap-
ture the nature and strength of (conditional) dependence—see Appendix A.4.

In this paper, we do not consider identification, hypothesis tests of causal effects, or
estimating the quantifying measures, from finite samples: our focus is solely on population-
level quantities.

1.1. Related works

Treatment effect We recall the average treatment effect (ATE) (Rubin, 1974) and its
many variants. These are the most widely used definitions of causal effects, and are most
often given in the potential outcomes framework (Imbens and Rubin, 2015; Herndn and
Robins, 2020).! Let W € {0,1} be a binary treatment variable, and Yy and Y; be potential
outcome variables corresponding to control (W = 0) and treatment (W = 1) respectively.
Then the ATE is

ATE = E[Y; — Y.

The conditional average treatment effect (CATE) (Rosenbaum and Rubin, 1983) was pro-
posed to take treatment effect heterogeneity into account, i.e., the effect of treatment can
differ across sub-populations. It is defined with respect to a conditioning set of variables X:

CATE(z) =E[Y; - Y, | X = .

Many variants have been studied, including, but not limited to, the distributional treatment
effect (DTE) (Heckman et al., 1997), conditional distributional treatment effect (CDTE)
(Park et al., 2021; Kallus and Oprescu, 2023), individual treatment effect (ITE) (Rubin,
1974), local average treatment effect (LATE) (Imbens and Angrist, 1994), average treatment

Tt can also be done in the structural causal models (SCM) framework (Peters et al., 2017, p.112).
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effect on the treated (ATT) (Heckman and Robb Jr, 1985), quantile treatment effect (QTE)
(Firpo, 2007) and marginal average treatment effect (MATE) (Heckman and Vytlacil, 2005).
As mentioned earlier, common to these definitions is that causal effects are defined for
variables rather than events. They also quantify magnitudes of effects from the outset, rather
than first providing binary, “effect/no effect” notions. We review their precise definitions,
as well as some other discussions on related works, in Appendix A.

Causal abstraction A complementary line of work is causal abstraction (Beckers and
Halpern, 2019; Buchholz et al., 2024), which likewise aims to study causal effects at a
semantic level rather than at the level of “raw” variables. There is a particularly high level of
interest in this technique in the context of mechanistic interpretability (Geiger et al., 2025).
In that literature, one typically defines an explicit abstraction map (or representation) «
from a low-level model/state space to a higher-level set of abstract variables, and then
defines and compares causal effects in the abstracted space. In this way, causal abstraction
can talk about the causal influence of variables that are not the original coordinates (pixels,
tokens, etc.), but instead live in a chosen or learned representational space. Our approach
shares the same motivation—capturing causality at the right semantic granularity—but
differs in what must be postulated: we do not require selecting an abstraction function «
or constructing a separate abstract causal model. Instead, we define causal effects directly
in the original causal space on events and on c-algebras, so that “high-level” questions
can be posed as events (or collections of events) without leaving the underlying space or
committing to a particular representation map.

1.2. Preliminaries & notations

Let (©,H,P) be a probability space. For each event A € H, we write 14 :  — {0,1} for
the indicator, and for each outcome w € Q, we write d,, : H — {0, 1} for the delta measure.
We use the somewhat uncommon notation of conditional measures from Cinlar (2011).
The conditional measure of A given a c-algebra G is the G-measurable random variable
Pg(-, A). Similarly, for an event G € H, we denote the conditional measure of A given G
by Pa(A), which is 552 if P(G) > 0 and undefined if P(G) = 0. Note that Pg(-, A) and
P (A) are different objects—the former is a random variable, and the latter a number.
We now formally introduce the causal space framework (Park et al., 2023). We require
that the measurable space be in product form. Let T" be the index set of the product. Then
taking, for each t € T', a measurable space (€, ), we have the product measurable space

(0, H) = Dter (U, €t) = (XterSh, Rtery).

For S € P(T), where P(T) denotes the power set of T', we write Hg for the sub-o-algebra
of H generated by measurable rectangles x;c7rA;, where A; € &; differs from €2; only for
finitely many ¢ € S. We also write Qg = X35, and for each w = (w¢)ier, we write
ws = (ws)ses € g, where ws € Q.

A causal space (Park et al., 2023, Definition 2.2) is defined as follows.

Definition 1 (Causal space) A causal space is the quadruple (2, H,P,K), where (2, H)
is a measurable space with the above product structure, P is a probability measure on (2, H)
and K = {Kg : S C T}, called the causal mechanism, is a collection of transition probability
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kernels Kg from (Q,Hg) into (2, H), called the causal kernel on Hg. This means that each
Kg is a function Kg : Q x H — [0, 1], such that

o for each w € Q, the function B — Kg(w, B) : H — [0,1] is a probability measure, and
o for each B € H, the function w+— Kg(w, B) : Q@ — [0, 1] is Hg-measurable.
The causal kernels must satisfy the following axioms:
(i) for all A€ H and w € Q, we have Ky(w, A) = P(A);
(i) for allw e Q, A€ H and B € Hg, we have Kg(w, AN B) = 1p(w)Kg(w, A).

The probability measure P is the observational measure, and K encodes the causal informa-
tion. Intuitively, for each S C T"and w € €2, the measure Kg(w, -) describes the distribution
we get on the whole space after we forcing the coordinates indexed by S to take the value
wg. Axioms (i) and (ii) formalise this intuition by recovering the observational measure
in the absence of intervention and enforcing consistency with the imposed value on the
intervened coordinates. This is analogous to the interventional distribution in an SCM,
although the two frameworks encode causality differently: SCMs do so through structural
equations, whereas causal spaces take { Ks}gcr as primitive objectives. We now introduce
the corresponding notion of interventions (Park et al., 2023, Definition 2.3):

Definition 2 (Intervention) Let us take a causal space (2, H,P,K), an intervention set
U CT and a measure Q on (Q, Hy). An intervention on Hy via Q yields a new causal space
(Q, 3, PeWQ) KU.Q) yhere the intervention measure PPUQ) s o probability measure
on (2, H) defined, for A € H, by

PO () = [ Qldw) K (w, 4)
and KPUQ) = ¢ Kgo(U’Q) : S C T} is the intervention causal mechanism, where

KEUD w5, 4) = [ Qdafys) Ksuu (s, win ), A)

Hence, causal kernels of the original causal space encode what the new measure and causal
kernels will be after an intervention. We denote by EW(:Q) the expectation with P(:Q),

1.3. Running example

To illustrate our theory, we give a simple running example to accompany the definitions
throughout the paper. In Appendix D, we present another example with a language model.

Example 1 (Travel insurance) Suppose that we want to model how much money a trav-
eller has to pay towards accident-related costs, depending on the danger level of the trip and
whether or not the traveller takes out insurance. The insurance costs 30 CHF, and if an
accident happens, the traveller has to pay 1000 CHF. We take the outcome sets

QDan = {Na L7 H}a QIHS = {Y7 N}7 QPay = {07 307 1000}7
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(WDana UJIns)
P|(N,Y) (N,N) (LY) (L.N) (HY) (HN)| Sum
0 0 0.09 0 0.345 0 0.04875 | 0.48375
WPay 30 | 0.01 0 0.35 0 0.15 0 0.51
1000 0 0 0 0.005 0 0.00125 | 0.00625
Sum | 0.01 0.09 0.35 0.35 0.15 0.05 1

Table 1: The observational measure IP on the danger of the trip, whether or not the traveller
gets insurance and how much the traveller pays towards accident-related costs.

(WDanaWIns)
Klns(x') (NvY) (NvN) (L7Y) (L7N) (H,Y) (HvN) ‘ Sum
0 0 0 0 0 0 0 0
WPay 30 | 0.05 0 0.65 0 0.3 0 1
1000 0 0 0 0 0 0 0
Sum | 0.05 0 0.65 0 0.3 0 1

Table 2: The causal kernel Ky,s(Y,-) corresponding to making the traveller buy insurance.

where Y and N stands for Yes/No, N, L and H stands for No/Low/High danger. The
observational measure P is given in Table 1, and the causal kernels Kpys(Y, ) and Kins(N, -)
corresponding to making the traveller buy or not buy insurance are given in Tables 2 and 3.

Table 2 indicates that, after an intervention to make the traveller buy insurance, the
payment is always 30 CHF and the insurance status is always "Yes". The probabilities of
the traveller choosing the danger level to be "No', "Low" and "High" become 0.05, 0.65 and
0.3 respectively. Since the corresponding observational probabilities in Table 1 are 0.10, 0.70
and 0.20, the intervention makes higher danger levels slightly more likely.

Table 3 indicates that, after an intervention forcing the traveller not to buy insurance,
the payment is 0 CHF with probability 0.985 and 1000 CHF with probability 0.015, while
the payment 30 CHF occurs with probability 0. Likewise, the insurance status is now always
"No". The probabilities of the danger levels to be "No", "Low" and "High" are 0.50, 0.60
and 0.10 respectively. Compared with Table 1, this indicates that forcing the traveller not
to buy insurance slightly reduces the danger levels.

2. Binary definitions

In this section, we give binary, yes/no definitions of causal effects. In Section 2.1, we give the
vanilla definition of causal effects, of whether the marginal observational measure P changes
as a result of an intervention. In Section 2.2, we define causal effects conditioned either on
an event G € H or a sub-c-algebra G C H, i.e., whether the conditional measures Ps and
Pg change. In Section 2.3, we define post-intervention causal effects, which characterises
the effect of an additional intervention after a first one has already been applied.
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(UJDan; wlns)

KInS(N7') (N7Y) (NaN) (L,Y) (LvN) (H7Y) (H7N) Sum
0 0 0.3 0 0.59 0 0.095 | 0.985

WPay 30 0 0 0 0 0 0 0
1000 0 0 0 0.01 0 0.005 | 0.015

Sum 0 0.3 0 0.6 0 0.1 1

Table 3: The causal kernel Kp,s(N,-) corresponding to making the traveller uninsured.

Due to space constraints, we only focus on active causal effects and their negations in the
main body, and defer the full trichotomy into no, active and dormant effects to Appendix B.

2.1. Causal effect
The following is the most basic definition of (active) causal effects.

Definition 3 (Active causal effect) Let us take a causal space (2, H,P,K), an inter-
vention set U C T, an outcome w € §2 and events A, B € H.

(i) If Ky(w, A) =P(A), then we say that w has no active U-causal effect on A.

(it) If Ky(w,A) = P(A) for all w € B, then we say that B has no active U-causal effect
on A.

For a sub-o-algebra F of H, we say that w (resp. B) has no active U-causal effect on F if
w (resp. B) has no active U-causal effect on any A € F.

When the intervention set U is clear from context, we also simply say that wy (or w) has
an active causal effect on A.

Park et al. (2023, Definition B.2) gave a coarser version of the above, defining Hyr to
have no active causal effect on A if Kyy(w, A) =P(A) for all w € Q, coinciding with Defini-
tion 3(ii) when B = Q. Definition 3 allows a more fine-grained analysis of causal effects—the
quantities having active causal effects are individual outcomes and events, rather than en-
tire o-algebras (or random variables). This is necessary in many modern data domains; for
example, in a language model, instead of saying that “the prompt has a causal effect on the
output text being about sports” (which is trivially true), we want to identify specific (sets
of) prompts that have this causal effect.

Note that, depending on the intervention set, it is possible for an outcome w € €2 to
have an active U-causal effect on an event A, yet for the same outcome to have no active
V-causal effect on the same event A. Note also that there is no control level, unlike the
treatment effects defined in Section 1.1. Instead, the causal kernels Kp7(w,-) are compared
against the observational measure P(-).

In the following result, we show that no active causal effect means independence under
the intervention measure (see Definition 2). The proof is in Appendix E.

Lemma 4 Let us take a causal space (Q, H,P,K), an intervention set U C T and an event
A € H. If Q has no active U-causal effect on A, then with respect to the intervention
measure PUQ) with any measure Q on (Q,Hy), the event A and the o-algebra Hy are
independent.
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Let us now return to our running example to illustrate Definition 3, by showing that buying
insurance has a causal effect on the probability of the traveller paying 1000 CHF.

Example 2 Write A = {wpay = 1000} for the event that the traveller pays 1000 CHF.
From Tables 1, 2 and 3, the marginal probabilities of A under the observational state and
after interventions to force the traveller to buy/not buy insurance are respectively

P(A) = 0.00625,  Kms(Y,A) =0#P(A),  Kus(N,A) =0.015 # P(A).

Hence, both outcomes wins =Y and wins = N have active causal effects on the event A.

2.2. Conditional causal effect

Conditional causal effect is an important concept, as causal effects often differ across subpop-
ulations (treatment effect heterogeneity) (Heckman et al., 1997). For example, the injection
of the prompt “Answer in a politically neutral tone” in a language model will have a marked
causal effect on the output if earlier parts of the prompt were on politics, but little to no
effect otherwise. In the classical definitions of conditional treatment effects (e.g., CATE
or CDTE, cf. Section 1.1 & Appendix A), one conditions on a wvariable, which is again
assumed to be semantically meaningful. In this section, we introduce binary definitions of
conditional causal effects, conditioning on general events G and o-algebras G.

In this section, we write P4(U:9)(.) = Ki(w,-) interchangeably, the former preferred
when we want to condition on this measure, to avoid having two subscripts. It is trivial
from the definition of interventions (Definition 2) that these two measures are equal. We
first present the simpler definition of (active) causal effects conditioned on an event G.

Definition 5 (Conditional active causal effect I) Take a causal space (2, H,P,K),
an intervention set U C T, an outcome w € (), events A, B,G € H and a o-algebra F.

(i) If P(G) > 0, PW)(G) > 0 and ]PdGO(U’(S“)(A) = Pg(A), then we say that w has no

active U-causal effect on A conditioned on G.

(ii) If no w € B has an active U-causal effect on A conditioned on G, then we say that B
has no active U-causal effect on A conditioned on G.

We say that w (resp. B) has no active U-causal effect on F conditioned on G if w (resp. B)
has no active U-causal effect on any A € F conditioned on G.

The slight complication in Definition 5 is due to the fact that conditional probabilities given
G are only well-defined if G has positive measure. If we condition on the full event €2, then
we recover Definition 3. Otherwise, we require GG to have positive measure under both P
and P°W%) hefore we compare Pg(A) and IP’dGO(U’éw)(A). Just as conditional independence
cannot be determined if the conditioning event has zero measure, the existence of conditional
active causal effect given G is undefined if G has zero measure under either P or Pdo(U:dw),

The more involved case is when we condition on a c-algebra G, rather than an event
G. We need to be careful when conditioning an interventional measure P(U9%) on a o-

algebra G, because there are two outcomes in play: one for the conditioning and another
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for the intervention. Explicitly, given an event A € H, using w for intervention and & for
conditioning, we have the function

(w, @) = PP (@A),

For a fixed w, the map & — }P’SO(U’%)(G), A) is G-measurable, and is defined Pdo(Udw)_almost

surely. With this in mind, we define conditional (active) causal effect given §.

Definition 6 (Conditional active causal effect II) Tuke a causal space (2, H,P,K),
an intervention set U C T, an outcome w € (), events A, B € H and sub-o-algebras
G, F CH.

(i) Suppose that P and PdoU:de) gre mutually absolutely continuous on §. We say that w
has no active U-causal effect on A conditioned on G if Pg(w, A) = PQO(U’(SW)(LD,A) for
P- (or equivalently, PPU5)_)almost all & € Q.

(ii) If no w € B has an active U-causal effect on A conditioned on G, then we say that B
has no active U-causal effect on A conditioned on G.

We say that w (resp. B) has no active U-causal effect on F conditioned on G if w (resp. B)
has no active U-causal effect on any A € F conditioned on §.

The complication in Definition 6 arises from the fact that conditional measures given G
are only well defined almost surely. However, in essence, Definition 6 is again just a direct
conditional analogue of Definition 3; indeed, if the conditioning o-algebra is trivial, i.e.,
G = {0, Q}, then we recover Definition 3. When G is not trivial, P and P4°(U:%) are required
to be mutually absolutely continuous on G, before comparing Pg(-, A) and }P’go(U"sw)(-, A). If
this were not the case, then in regions with zero measure under one measure and positive
measure under the other, the existence of an active causal effect cannot be determined. Note
that mutual absolute continuity is only required to hold on G, not on the full o-algebra H.

The following result is a conditional analogue of Lemma 4: it shows that no active con-
ditional causal effect means conditional independence under the intervention measure. The
proof requires some gymnastics with monotone convergence theorem, and is in Appendix E.

Proposition 7 Take a causal space (2, H,P,K), an intervention set U C T, events A,G €
H and a sub-c-algebra G C H. If Q has no active U-causal effect on A conditioned on G
(resp. G), then with respect to the intervention measure PPUQ) with any Q on (Q, Hy),
the event A and the o-algebra Hy are conditionally independent given G (resp. G).

Let us return to the running example again. According to Definition 5, we show that,
conditioned on the event that the trip has no danger, buying insurance has no causal effect
on the probability of the traveller paying 1000 CHF. However, given that the trip is highly
dangerous, buying insurance does have a causal effect on the same event.

Example 3 Recall that we had A = {wpay = 1000} for the event that the traveller pays
1000 CHF. Write G = {wpan = N} and H = {wpan = H} for the events that the danger
level of the trip is non-existent and high. From the first two columns of Tables 1 and 2, the
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conditional probabilities of A the observational measure and after interventions to force the
traveller to buy insurance given that the trip has no danger are

Pa(A) =0, PR 4) =0,

This means that, conditioned on G, wims = Y has no causal effect on A, unlike the marginal
case. However, conditioned on H, the last two columns of Tables 1 and 2 tell us

0.00125
Py (A) = 02

80 wing = Y does have a causal effect on A conditioned on H.

=0.00625, PV (4) = 0 £ Py(A),

2.3. Post-intervention causal effect

As a final variant of (active) causal effects, we present the definition of post-intervention
causal effects. This definition identifies cases in which, once an intervention takes place
on Hy, no further intervention on Hy has an effect on A. This can be due to Hy being
the mediator of the causal effect of Hy on A, or due to an intervention on Hy creating a
different environment in which interventions on Hy have no active causal effect on A.

Definition 8 (Post-intervention causal effect) Let us take a causal space (2, H,P,K),
subsets U,V C T, an outcome w € ) and events A, B € H.

(i) If Koy ((wu,win ), A) = Kv((wonv, wing), 4) for all wiy g € Qy\y, then we say
that w has no active U-causal effect on A after intervening on Hy .

(ii) If no w € B has an active U-causal effect on A after intervening on Hy , then we say
that B has no active U-causal effect on A after intervening on Hy .

For a sub-o-algebra F of H, we say that w (resp. B) has no active U-causal effect on F
after intervening on Hy if w (resp. B) has no active U-causal effect on any A € F after
intervening on Hy .

Note that this is different to conditional causal effect—indeed, that conditioning and inter-
vening are different is the whole premise of any theory of causality. The intuition behind this

Kgo(v7(@)

definition becomes clearer when we give the interventional causal kernels explicitly

in the following result, which is proved in Appendix E.

Proposition 9 Let us take a causal space (2, H,P,K), subsets U,V C T and an event
A € H. Suppose that w has no active U-causal effect on A after intervening on Hy .

(i) IfUNV =0, then in the causal space (Q,FH,PPVQ) KV:Q) obtained via an in-
tervention on Hy with any measure Q on (Q,Hy), we have that w has no active
U-causal effect on A, i.e., Kgo(V’Q) (w, A) = Pd(V:Q)(4).

(ii) In the causal space (0, H,PIWQ) KIWUQ)) obtained after an intervention on Hy
with any Q, we have that w continues to have no active U-causal effect on A after
intervening on Hy .

We can see in part (i) that, indeed, once we intervene on Hy, then w no longer has an active
causal effect on A. Definition 8 captures this property based on the causal kernels in the
original causal space (Q,H,P,K). If we let V = (), then we recover the original definition
of (active) causal effects in Definition 3, since, by Axiom 1(i), we have Ky(w, A) = P(A).
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3. Quantifying measures of causal effects

In this section, we move from existence of causal effects to their quantification by proposing
mean effect and maximum effect scores. In Section 3.1, we consider causal effects on events,
and in Section 3.2, we quantify causal effects on o-algebras via a difference measure between
distributions. We focus only on quantifying the vanilla marginal effects (corresponding to
Definition 3), but it is clear that the same ideas and tools can be extended to quantifying
conditional and post-intervention causal effects.

3.1. Quantifying causal effects on events

We first quantify causal effects on events. We compare the observational probability P with
the interventional measure P4(V:Q) through some scale function f, whose role is to specify
the level of emphasis on changes near the boundaries (rare or near-certain events).

Definition 10 (Mean effect score) Given an intervention set U C T, an interventional
measure Q on (2, Hy), and an event A € H, the mean effect score of an intervention on

11

U wvia Q associated with a scale function f :[0,1] = [—35, 5] (see below) is defined as

S (A) = FECUO(A) - (B(A).

This score yields a signed measure of the causal effect of intervening on U for event A with
the measure Q. The sign indicates whether the intervention raises or lowers P(A), and f
determines how changes are weighted across different baseline levels.

The scale function f should be chosen to reflect the needs of applications, in particular
how strongly one wishes to weight probability changes near 0 or 1 compared with changes
around % We require f to be non-decreasing and symmetric around %, with f(0) = —%,
f(3) =0, and f(1) = 4. These constraints satisfy three desiderata: (i) the score reflects
both direction and magnitude of the shift between P(A) and Ky (w, A); (ii) it is normalised
to [0, 1]; and (iii) it treats A and A° symmetrically over [0, 1]. If one regards a given absolute
probability change as equally consequential regardless of the original P(A), a natural choice

is the linear map
fl (1’) =T — %7

in which case S?O(U’Q) (A) = PPUQ(A) —P(A) (raw difference). If increases from virtually
impossible to merely rare (e.g., 0 — 0.05) should count more than equal-sized increases
around 1/2 (e.g., 0.50 —0.55), we prefer f with a small slope around 1/2 and large slopes

near the boundaries. One possible such choice is
sinh(z — 3)
fa(@) = 5 sinh(1)

which satisfies the boundary and symmetry conditions and has derivative
cosh(z —1/2
i) = 222 ),
2sinh(1/2)

minimal at ¢ = % and increasing as x approaches 0 or 1.

Let us go back to our running example to illustrate the mean effect score.

10
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Example 4 Recall again that A = {wpyy = 1000}. Let QY, QN be measures such that
@%;S = dy and Qﬁs = dn. Using Tables 1, 2 and 3, the mean effect scores for fi and fao
with QY are respectively

Sk 4y = 000625, S (4) ~ —0.00675.
1 f2

Y Y
The negative values of S}lf(lns’@ )(A) and S?;(IHS’Q )(A) indicate that buying insurance has
the effect of reducing the probability of A, with fo putting more emphasis on the change than
the raw difference. Of course, the difference is mild, but the scale function can be chosen to
emphasise the effects on the boundaries more dramatically. With QN the scores are

SP=N 4y —0.00875,  SLIE (1) ~ 000942,

1

These scores indicate not only that the causal effect of not buying insurance is an increase
in the probability of A, but also that the magnitude of the effects is greater than that of QY .

While the mean effect score averages the impact of the intervention with respec to Q, one
may also be interested in the largest deviation induced by the intervention within a given
event. This leads to the following definition of mazimum effect score.

Definition 11 (Maximum effect score) Given an intervention set U C T, and events
AeXH, B e Hy, let us denote the outcome in B which leads to the maximal change in the
probability of A under intervention on Hy as

wmax = arg max | f(Ku (w, 4)) = f(P(A))]

Then, the maximum effect score associated with a scale function f is defined by
SYmE () = (K (@mass A)) — F((A)),

3.2. Quantifying causal effects on o-algebras

In this section, we consider causal effects on o-algebras & C H, instead of individual events.
In this case, we are not comparing two numbers, but a pair of distributions, which means
that we need a way of comparing distributions.

Let Dg be a measure of difference between two probability measures on F. We do not,
in general, require Dy to be a metric, but we require Dg(-,-) to take values in a normed
vector space (F,||||r). In particular, it can take negative values and need not be a single
value. In general, it can be multi-dimensional or even infinite-dimensional, and should be
chosen according to the needs in practice, such as weighted sum of different aspects of the
distributions, or the kernel mean embedding (Muandet et al., 2017).

We first define the mean effect score on o-algebras.

Definition 12 (Mean effect score II) Given a sub-c-algebra F of H, an intervention
set U C T, and an interventional measure Q on (0, Hy), the mean effect score associated
with Dg is defined as

Sgc;(U:@) _ Dg(PdO(U’Q),P).

11
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S?)(;(U’Q) compares the Dy-difference between the intervention measure PIo(V:@)
and the observational measure P. In the following example, we illustrate the mean effect
score with a particular choice of Dg, namely, the difference in means. We show that, by
considering the causal effect of a treatment in the causal space obtained by the control, and
by choosing the difference measure D4 as the difference in means, we recover the ATE.

In words,

Example 5 (ATE) For measures i and v on F, define Dy as the difference in means:

Dy(p,v) = /wp(dw) - /wu(dw).

Let W € {0,1} be a binary treatment variable, and Y the outcome variable. Let
F = o(Y). Consider an intervened causal space (Q,fJ{,]P’dO(W"SO),KdO(W"sO)), obtained by
intervening with W = 0. In this new causal space, the measure PIW:90) s the law of Y
under no treatment. Now let us consider intervening further on (€2, H, pdo(W:do) KdO(W"so)),
with the measure Q = §1. Then, by Definition 2, we have

KW (1 ) = Ky (1, ),

which implies
(]P)dO(W,(So))dO(VV,&) — ]IDdO(W,51)’

i.e., sequential interventions on the same treatment variable W with W = 0 first then W =1
is the same as intervening with W =1 in the original causal space.

Hence, the difference-in-means mean effect score corresponding to the intervention on
Hw with Q = 61 in the new causal space (Q,fJ-C,IP’dO(W’50),Kd°(W’5O)) is

do(U,
S0 = By paotwsnyytowsn [Y] = By paotwisn) [Y] = By paswisp [Y] = By _paotwisn) [Y],

precisely recovering the ATE with our definitions. By considering conditional causal effects
with the same Dy, it is straightforward to derive the CATE as a special case as well.

Finally, let us give an analogue of Definition 11, i.e., the maximum effect score on o-algebras.
Recall that the difference measure Dy takes values in a normed space (F, ||-||r).

Definition 13 (Maximum effect score II) Given a sub-o-algebra F of H, an interven-
tion set U C T and an event B € Hy, let us denote the outcome in B leading to the mazximal
change in the distributional difference under intervention on Hy as

Winax = arg max|| Dy (POW:0w) Pyl .
weB

Then the maximum effect score associated with a measure Dy is defined as
U, do(U,6wmasx
Sp® = Dy(P! ) P).

The maximal distributional change is defined with respect to the norm in the normed space
(F,||-[|7). If F =R, then this simply boils down to the magnitude of the difference, and if
F' is a reproducing kernel Hilbert space, then it is the corresponding norm in this space.

We return to our running example one last time to illustrate the distributional causal
effects on the o-algebra generated by the payment variable.

12
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Example 6 Intuitively, purchasing insurance increases the traveller’s expected payment,
but at the same time dramatically reduces the variance of this payment. Our definition can
be used to verify this intuition. Consider the causal effect on I = Hp,y of intervening on
insurance with the delta measure Qs = 0y, i.e., the causal effect of buying insurance. Let
DT and D% be the difference in the means and in the variances respectively. From the last
column of Tables 1 and 2, the mean effect scores are respectively

SO — 545, SMUD — _6244.5975.
e F

This shows that, by buying insurance, the traveller loses 8.45 CHF on average, but
completely removes the probability of having to pay 1000 CHF, reflected in the big reduction
in the variance. This demonstrates that, when considering causal effects on distributions
on o-algebras F, it is important to consider different aspects of the causal effect.

4. Conclusion

In this paper, we developed a measure-theoretic account of causal effects. Rather than
starting from random variables, we define causal effects on events (and then on o-algebras)
within the causal space framework. This shift is motivated by (i) modern domains such as
images and language models, where the raw variables (pixels, tokens) are often not the right
semantic units for causal questions, and (ii) by drawing an analogy with the development
of central notions such as independence in probability theory.

Our first contribution is a family of binary (yes/no) notions of causal effect that can be
stated at a fine granularity (individual outcomes w or events B affecting an event A or a
o-algebra F), together with conditional and post-intervention variants. We also established
structural links to (conditional) independence under interventional measures.

Our second contribution is to move from existence to quantification. For event-level
targets we proposed mean and maximum effect scores that compare P(A) and PPUQ)(4)
through a user-chosen scale function, allowing the scoring to emphasize changes near the
boundaries (rare or near-certain events) or to treat absolute probability changes uniformly.
For o-algebras, we proposed mean and maximum scores based on a generic “difference”
functional Dy valued in a normed space, enabling multi-aspect and even infinite-dimensional
summaries (e.g., via kernel mean embeddings). Importantly, standard treatment-effect
objects—such as the ATE—are recovered as special cases of these definitions.

Finally, we stress that our focus here is on population-level definitions rather than in-
ference: we did not develop identification results, estimation procedures or hypothesis tests
for these effect notions from finite samples. Natural next steps include (i) identifying condi-
tions under which the proposed quantities are estimable from observational or interventional
data, (ii) designing tests for event-level and o-algebra—level effects.
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Appendix A. More details on related works

In this section, we extend Section 1.1 to present the definitions of all the various definitions
of treatment effects used in the potential outcomes framework.

A.l1. Binary treatment

We first introduce the potential outcomes framework in the case of a binary treatment, as
in Section 1.1. Let (Q, 3, P) be the underlying probability space, where we interpret w €
as “units”, e.g., patients in a study. Let W : @ — {0,1} be a binary treatment variable, X
a (vector of) covariate variable(s), and Y, Yy and Y7 the observed and potential outcomes
under control and treatment respectively. The most elementary notion of causal effect is at
the level of the individual w. The individual treatment effect (ITE) is defined as

ITE(w) = Yi(w) — Yp(w).

This is clearly unidentifiable from observational data, since we do not observe both Y; and
Yy for the same unit.
As presented in Section 1.1, the average treatment effect (ATE) is defined as

ATE = E[Y; — Ypl.

The ATE is identifiable from observations, and there are many ways of estimating this
quantity using observational data.

Next is the distributional treatment effect (DTE), which is of interest if we are interested
in the impact of the treatment beyond the expectation. Let Py, and Py, be the distributions
of Yy and Y7 respectively, and let D be some metric between distributions. Then the DTE
associated with D is given by

DTEp = D(Py,, Py,).

Here, the choice of D depends on the aspect of the distributions that we aim to capture.
For example, if D simply captures the difference in the means of the two distributions, then
we recover the ATE. If it is designed to capture the difference in the quantiles, then we
obtain the quantile treatment effect.

The conditional versions of the above two definitions are the conditional average treat-
ment effect (CATE) and the conditional distributional treatment effect (CDTE):

CATE(z) = E[Y; — Y | X = 2]
CDTEp(x) = D(Py,|x=z Pyo|x=2)-

The average treatment effect on the treated (ATT) is used when we only care about the
treatment effect on those who were actually treated. It is defined as

ATT =E[Y; - Y | W =1].

The local average treatment effect (LATE), or the average treatment effect on the compliers,
is used when there is the issue of imperfect compliance, and is defined as

LATE = E[Yl -Y ‘ Wi > Wo]
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The marginal average treatment effect (MATE) is used when the resistance to treatment is
quantified via a variable called V', and is defined at a particular resistance level v as

MATE = E[Y; — Yy | V =], v e (0,1).

It is easy to extend the ATT, LATE and MATE to take into account treatment effect
heterogeneity by conditioning on the covariates X, or to distributional effects rather than
average.

A.2. Continuous treatment

If the treatment variable W is multi-valued or even continuous instead of being binary, then
instead of having a well-defined control level W = 0, one is free to choose any two treatment
levels to compare. Let wy and wg be two possible values of W. Then the ATE, also called
the dose-response function (Imbens, 2000), between wq and wy is defined as

ATE(U)O, wl) == E[le - on}a

with the analogous definitions for DTE, CATE, CDTE, etc. One can also consider the
derivative effect (Galvao and Wang, 2015) at a particular value w of treatment:

r(w) = T

to capture the effect of a small (infinitesimal) change in the treatment. One is also free to
condition this on the covariates X to take treatment effect heterogeneity into account.

A.3. Total causal effect

The total causal effect in the SCM framework (Peters et al., 2017, p.91, Definition 6.12) is
slightly different, in that the baseline is not some control treatment, but the observational
distribution. This is more aligned with our approach, but it is still only defined at the level
of random variables. It is defined as follows.

There is a total causal effect from X to Y if and only if X and Y are not
independent under the interventional distribution obtained after intervening on
X to change it to a random variable Nx.

Pearl (2009, p.70, Definition 3.2.1) defines the “causal effect” as simply the interventional
distribution, which is not the view that we adopt in this work.

A.4. Parallels with independence

As mentioned in the introduction (Section 1), the way we build up the theory of causal
effects is analogous to how the theory of independence is developed in probability theory.
First, a binary notion of independence is given, on the level of events. Given a probability
space (2, H,P), we say that events A, B € H are independent if

P(AN B) = P(A)P(B).
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Then, we say that o-algebras F,§ C H are independent if, for all A € Fand all B G, A
and B are independent. Finally, we say that two random variables are independent if the
o-algebras they generate are independent.

Let us now consider conditioning. Let G € H be an event, and § C H a o-algebra.
Then we say that A and B are conditionally independent given G if P(G) > 0 and

Pa(ANB) =Pg(A)Pe(B).

Similarly, we say that A and B are conditionally independent given G if, for P-almost all
w € Q,
Pg(w, AN B) = Pg(w, A)Pg(w, B).

While (conditional) independence has a crisp, universal definition, the nature/strength of
(conditional) dependence has no single canonical scalar accepted across contexts. Instead,
many measures exist for different purposes, for example the Pearson correlation coeflicient
(Pearson, 1896; Yule, 1907) for linear dependence, Kendall’s 7 (Kendall, 1938; Martin and
Betensky, 2005) or Spearman’s p (Spearman, 1904; Schmid and Schmidt, 2007) for rank
dependence, and mutual information (Shannon, 1948; Wyner, 1978), f-divergences (Ali and
Silvey, 1966; Wang and Mao, 2024) or Hilbert-Schmidt (conditional) independence criterion
(Gretton et al., 2005; Park and Muandet, 2020) for general, distributional dependence.

Appendix B. No & dormant causal effect

In the main body of the paper, we only treated active causal effects (Definition 3), which
compares the causal kernel Ky (w,A) with the observational measure P. In this section,
we extend the definitions given in Section 2 to the stronger notion of no causal effect and
dormant causal effect.

We start with the vanilla version of no causal effect.

Definition 14 (No causal effect) Let us take a causal space (2, H,P,K), an interven-
tion set U C T, an outcome w € Q, events A, B € H and a sub-o-algebra F C K.

(i) Ist((wsmU,wg\U),A) = KS\U(wg\U,A) forall S € P(T) and allwiq\U € Qgq\v, then
we say that w has no U-causal effect on A.

(7i) If no w € B has a U-causal effect on A, then we say that B has no U-causal effect on
A.

We say that w (resp. B) has no U-causal effect on F if w (resp. B) has no U-causal effect
on any A € F.

The notion of no causal effect is stronger than no active causal effect—indeed, it is easy to
show that if w has no causal effect on A, then it does not have an active causal effect, but
not vice versa. The case in which w has a causal effect but not an active causal effect is
precisely the definition of dormant causal effect, defined in the following.

Definition 15 (Dormant causal effect) Let us take a causal space (2, H,P,K), an in-
tervention set U C T, an outcome w € 2, events A, B € H and a sub-c-algebra F C H.
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(i) If w has a U-causal effect on A (in the sense of Definition 14) and does not have
an active U-causal effect on A (in the sense of Definition 3), we say that w has a
dormant U-causal effect on A.

(ii) If B does not have an active U-causal effect on A but there exists some w € B that
has a dormant U-causal effect on A, we say that B has a dormant U-causal effect on

A.

We say that w (resp. B) has a dormant U-causal effect on F if w (resp. B) has no active
U-causal effect on any A € F but has a dormant U -causal effect on some A € F.

In other words, the causal effect is dormant if intervening on U alone leaves P(A) unchanged,
yet there exists some other set S such that intervening on U U S differs from intervening on
S alone.

Next are the conditional versions. Recall that we had the conditional version of active
causal effects in Section 2.2. We continue to use the notation PU:%)(.) for Ky (w,-). We
first condition on an event G € H, as we did in Definition 5.

Definition 16 (Conditional no causal effect I) Take a causal space (2, H,P,K), an
intervention set U C T, an outcome w € €1, events A, B,G € H and a sub-o-algebra F C H.

(i) For each W%\U € Qg\p, write W' = (wig\anT\(S\U)) € Q for the outcome obtained by
replacing the S\ U components of w with w’S\U.

If, for all S C T and all wg, ;; € Qg\y, we have P(S0.) (@) > 0, PLE\)(G) > 0

and PCCI;O(S’(S“J')(A) = ]PdGO(S\U’(SW')(A), then we say that w has no U-causal effect on A

conditioned on G.

(ii) If no w € B has a U-causal effect on A conditioned on G, then we say that B has no
U -causal effect on A conditioned on G.

We say that w (resp. B) has no U-causal effect on F conditioned on G if w (resp. B) has
no U-causal effect on any A € F conditioned on G.

In Definition 16(i), we require G to have positive measure under P4°(5:9w) and Pdo(S\U:d.)
for all S C T and all wfg\U € Qg\p. Otherwise, the existence of conditional causal effect
cannot be determined.

Next, we give the conditional version of dormant causal effect, given an event G € .

Definition 17 (Conditional dormant effect I) Let us take a causal space (2, H,P,K),
an intervention set U C T, an outcome w € (Q, events A, B,G € H and a sub-c-algebra

JFCH.

(i) If w has a U-causal effect on A conditioned on G (in the sense of Definition 16)
and does not have an active U-causal effect on A conditioned on G (in the sense of
Definition 5), we say that w has a dormant U-causal effect on A given G.

(7i) If B does not have an active U-causal effect on A conditioned on G but there exists
some w € B that has a dormant U-causal effect on A conditioned on G, we say that
B has a dormant U-causal effect on A conditioned on G.
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We say that w (resp. B) has a dormant U -causal effect on F conditioned on G if w (resp. B)
has no active U-causal effect on any A € F conditioned on G but has a dormant U-causal
effect on some A € F conditioned on G.

We also give the corresponding definitions when we condition on a o-algebra G.

Definition 18 (Conditional no causal effect IT) Take a causal space (2, H,P,K), an
intervention set U C T, an outcome w € (), events A, B € H and sub-c-algebras F, G C H.

(i) For each W%\U € Qg\p, write W' = (wa\U7wT\(S\U)) € Q for the outcome obtained by
replacing the S\ U components of w with wg\U.

If, for all S C T and all W%\U € Qg\y, we have that Pdo(S9.1) gpd Po(S\U:d,1)

are absolutely continuous with respect to each other on G, and ]P’go(s’éw')(d),A) =

PéO(S\U’(SW')(cD, A) for Pdo(S:0u1) _almost all @ € Q, then we say that w has no U-causal
effect on A conditioned on §.

(7i) If no w € B has a U-causal effect on A conditioned on G, then we say that B has no
U-causal effect on A conditioned on G.

We say that w (resp. B) has no u-causal effect on F conditioned on G if w (resp. B) has no
active U-causal effect on any A € F conditioned on §.

Just like in Definition 6, we require the measures P4°(5:9.1) and Pdo(S\Udw) o be absolutely

continuous on G, but here, for all S C T and all w/S\U € Qg y. Otherwise, the existence of
conditional causal effect cannot be determined.
Next, we give the conditional version of dormant causal effect, given a g-algebra G € H.

Definition 19 (Conditional dormant effect II) Take a causal space (Q,H,P,K), an
intervention set U C T, an outcome w € ), events A, B € H and sub-c-algebras F, G C H.

(1) If w has a U-causal effect on A conditioned on G (in the sense of Definition 18)
and does not have an active U-causal effect on A conditioned on G (in the sense of
Definition 6), we say that w has a dormant U-causal effect on A given G.

(ii) If B does not have an active U-causal effect on A conditioned on G but there exists
some w € B that has a dormant U-causal effect on A conditioned on G, we say that
B has a dormant U-causal effect on A given G.

We say that w (resp. B) has a dormant U-causal effect on F conditioned on G if w (resp. B)
has no active U-causal effect on any A € F conditioned on G but has a dormant U-causal
effect on some A € F conditioned on §G.

In the following remark, we collect some straightforward yet important properties of con-
ditional causal effects.

Remark 20
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(a) If w has no U-causal effect on A conditioned on G, then letting S = U in Defini-
tion 18(1), we can see that

P 0 (4) = PO (4) = Po(A).

According to Definition 6, we have that w has no active U-causal effect on A condi-
tioned on G. Hence, w cannot have both no U-causal effect and active U-causal effect
on A conditioned on G.

Similarly, letting S = U in Definition 18, we have a direct contradiction with the
definition of active causal effects given in Definition 6. Hence, w cannot have both no
U-causal effect and active U-causal effect on A conditioned on G.

(b) For any U C T, no w € Q has a U-causal effect on any G € H conditioned on G.
Indeed, for any S CT and any wa\U € Qg\v, we have

do(S,6,/ do(S\U,6,,/
P30 (G) = 1 =P (@),

For any U € P(T), no w € Q has a U-causal effect on any event A € G conditioned
on G. Indeed, for any event A€ G, any S CT and any wfg\U € Qg\v, we have

do(S,5,,1) do(S\U,5,,/)

P (@, A) = 14(@) = P (@, A)

for PAo(S9u) _qll & € Q.

(c) Let U € P(T) and F1,F2 be sub-o-algebras of H. If F1 C Fy and w has no U-causal
effect on Fo conditioned on G (or G), then it is clear that w has no U-causal effect on
F1 conditioned on G (or G).

Finally, we give the post-intervention versions of no and dormant causal effects. Recall that
the active post-intervention causal effect was defined in Definition 8.

Definition 21 (No post-intervention causal effect) Tuake a causal space (2, H,P,K),
subsets U,V € P(T), an outcome w € 2, events A, B € H and a o-algebra F C K.

(i) For each S C T and wESUV)\(U\V) € Q, write w' = (wZSUV)\(U\V)’wT\(SUV)\(U\V)) e
for the outcome obtained by replacing the (SU V) \ (U \ V) components of w with
/
HSU\W\V)-

If
Ksuv (W', A) = Koy w\v) (@' A)

forall S CT and all WESUV)\(U\V) € Qsuv\(\v); then we say that w has no U-causal
effect on A after intervening on Hy .

(7i) If no w € B has a U-causal effect on A after intervening on Hy, then we say that B
has no U-causal effect on A after intervening on Hy .

We say that w (resp. B) has no U-causal effect on F after intervening on Hy if w (resp.
B) has no U-causal effect on any A € F after intervening on Hy .
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Definition 22 (Dormant post-intervention causal effect) Let us take a causal space
(Q,H,P,K), subsets U,V C T, an outcome w € 2, events A, B € H and a sub-o-algebra
FCH.

(i) If w has a U-causal effect on A after intervening on Hy (in the sense of Definition 21)
and does not have an active U-causal effect on A after intervening on Hy (in the sense
of Definition 8), we say that wy has a dormant U-causal effect on A after intervening
on Hy .

(7i) If B does not have an active U-causal effect on A after intervening on Hy but there
exists some w € B that has a dormant U-causal effect on A after intervening on Hy,
we say that B has a dormant U-causal effect on A after intervening on Hy .

We say that w (resp. B) has a U-causal effect on F after intervening on Hy if w (resp.
B) has no active U-causal effect on any A € F after intervening on Hy but has a dormant
U-causal effect on some A € F after intervening on Hy .

Appendix C. Marginalisation

The notion of marginal causal spaces has not yet appeared in previous works (for marginali-
sations of SCMs, see Evans (2016, 2018); Bongers et al. (2021)), but it is a simple extension
of marginal probability spaces. We formally define it here.

Let T and T be index sets such that 7' C T. Suppose that we have two causal spaces C
and C, with index sets T and T respectively:

C = (Xterfl, Rterls, P, K), C= (X7, ®t€T8t7]fD7K)v

where K = {Kg : S € P(T)} and K = {Kg : S € P(T)} are the causal mechanisms. The
measurable spaces (€, &;) for t € T are required to be the same for both C and C. Write
Q= xperQs, @ = X, o5 and Q) = X, 51, s0 that Q x OV = Q. Similarly, write
H= ®t6T8t and jtf = ®t€T€t'

Recall that the probability measure P is a marginalisation of P if, for all A € H, we
have P(A) = P(A x Q\). We say that the causal mechanism K is a marginalisation of K if,
for any A € H and any S € P(T), we have Kg(ws, A) = Kg(wg, A x Q\) for all wg € Qg,
where we recall that Qg = X;c5€:. In other words, each of the causal kernels in the smaller
causal space C is a marginalisation of the corresponding causal kernel in the larger causal
space C, for each wg € Qg. We say that C is a marginalisation of C if P is a marginalisation
of P and K is a marginalisation of K.

Now, let us return to causal effects in Section 2 and Appendix B.

Remark 23

(i) The definitions of no causal effect (Definitions 14, 16, 18 and 21) are not preserved
by marginalisation, since they depend on all possible subsets S that one can intervene
on. Specifically, suppose that there is some S e ZP(T) in the larger causal space C such
that Kg(w, A) # f(g\U(w,A) for some w € Q, but the marginalisation is such that
S C P(T). Suppose further that we do have Kg(w, A) = Ka\vy(w, A) for all S € P(T)
and all w € Q. Then wy has no causal effect on A in the smaller causal space C but
does have a causal effect on A in the larger causal space C.
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(i) However, it can be trivially seen that

(a) if wy has a causal effect on A in the smaller causal space C, then it will always
have a causal effect on A in the larger causal space C;

(b) if wy has no causal effect on A in the larger causal space C, then it will always
have no causal effect on A in the smaller causal space C.

(iii) Active causal effect (Sec{z’on 2) is preserved by marginalisation. Indeed, if, for an
event A € H, we have Ky(w, A x Q\) # P(A x Q\) for some w € Q, then by the
definition of marginalisation, Ky (w, A) # P(A), and vice versa.

Appendix D. Language model example

We follow the measure-theoretic, stochastic process view of language models (Cotterell et al.,
2023; Meister et al., 2023; Du et al., 2023, 2024). Let V be a (finite) vocabulary of tokens,
equipped with the power set g-algebra 2Y. This vocabulary includes the end-of-sequence
token E0S. We consider two copies of the product measurable space (QF, H?) = @,en(V, 2Y)
and (QO,THO) = ®neN(V,2V) to which prompt and output text respectively belong. We
suppose that the weights of the language model are frozen, and henceforth do not write the
dependence on the weights explicitly.

We consider the causal effects of the prompt on the probability over the output text.
In language models, causal queries are often about properties of the generated text, such
as topic or style, rather than about individual tokens. A variable-level definition can be
unnatural in this setting. The raw variables are tokens, while the causal questions are often
about higher-level properties of the whole output. Our event-level definitions allows such
questions to be formulated directly as events in the output space, without requiring the
introduction of pre-defined variables.

We have the causal kernel Kp, which is a transition probability kernel from (QF, 3HF)
into (Q9,39), i.e., for each prompt p € QF, we have a probability measure Kp(p,-)
on the output text space (Q°,H?) to obtain a language process (Meister et al., 2023,
Definition 2.2). Further, we assume that the weights of the model are such that, for any
prompt p, the process is tight (Du et al., 2024, Definition 3.2), i.e., the stopping time 7ggs,
defined as the first time the end-of-sequence token EOS is reached, is almost surely finite:
Kp(p, {TEUS < OO}) = 1.

Then the observational measure P on (Q°,H?) is given via a probability measure P¥
on the prompt space (2, HF): for any A € HO, we have

P(A) = / PP (dp) K p(p, A).

Now, along with the notions introduced in the main body, we have all the ingredients for
the study of causal effects of the prompt on the output text in language models.
Consider events A, Ac, Ap € HO, defined as

A = {the generated text is about politics}
Ac = {the generated text is written in a politically conservative tone}

Ap = {the generated text is written in a politically progressive tone},
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with the relationships Ac, Ap C A, Ac N Ap = () and Ac U Ap C A. With respect to
the observational marginal measure P, all of these events have negligible probabilities, i.e.
P(A) < 1, since, among all possible texts, the observed proportion of political texts is very
small.

Suppose that Bp € H is an event in the prompt space consisting of prompts that ask
the model to write in a politically progressive tone. Then for each p € Bp, we will have
Kp(p,Ap) > P(Ap), i.e., the probability that the generated text is written in a politically
progressive tone will be much higher than the observational probability for this event, so
Bp will have a large causal effect on the event Ap. However, it will have negligible, if any,
causal effect on the event A¢, since the probability of Ac was negligible anyway.

Now, suppose that B € HF is an event that consists of all prompts that ask for a
political output; in particular, we have Bp C B. Then the conditional probability Pg(A)
will be close to 1, and Pp(Ap) and Pp(Ac) will also be no longer negligible. Now, if we

intervened with a prompt p in Bp, then IP’dO(P(S”) Po(P9p) since p € Bp C B, and

Pp(Ac) > ]P’dO(P o )(Ac), since asking the model to produce a politically progressive text
will 81gn1ﬁcantly reduce the probability of the event A that the output text is written in
a conservative tone.

This example illustrates why an event-level notion of causal effect is useful. In language
model settings, the causal question of interest are typically higher-level properties of the
generated text, rather than the individual tokens. By formulating causal effects directly on
events in the output space, our framework makes it possible to study such semantic effects.

Appendix E. Proofs

Lemma 4. Let us take a causal space (2, H,P,K), an intervention set U C T and an
event A € H. If Q has no active U-causal effect on A, then with respect to the intervention
measure PYUQ) with any measure Q on (Q,Hy), the event A and the o-algebra Hy are
independent.

Proof Since Q has no active causal effect on A, we have Ky (w,A) = P(A) for all w € Q.
Then see that, for any B € Hj, the intervention measure PdoW:Q) on the intersection AN B
is

POU (4 B) = / Q(dw)Ky(w, ANB) by Definition 2

_ / Q(dw)1p(w) Ky (w, A) by Axiom 1(i), since B € ¥y

_ / Q(dw)15(w)P(A) since K (w, A) = P(A) for all w € B
= Q(B)P(4).
On the individual events A and B, they are
PO (1) = [ Qldw)Ku(w, 4) = [ QUw)B(A) = B(A)
and by Axiom 1(ii),
PR (B) = [ Qi) Ky, B) = [ QUd)1p(w) = Q(B)
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Hence, we have
Pl (4 N B) = ploWQ (4)pde:Q)(B),

i.e., A and B are independent under the measure P(Q) | Since B € Hy was arbitrary, we
conclude that Hy and A are independent under Po(V:Q), |

Proposition 7. Take a causal space (2, H,P,K), an intervention set U C T, events
A, G € H and a sub-o-algebra G C H. IfQ has no active U-causal effect on A conditioned on
G (resp. G), then with respect to the intervention measure PYU-Q) with any Q on (Q, Hy),
the event A and the o-algebra Hy are conditionally independent given G (resp. G).

Proof We present the proof in two parts, the first part (i) in the case of conditioning on an
event G, and the second part (ii) in the more involved case of conditioning on a o-algebra

9.

(i) Recall that G has positive measure under both P and
do(U,d.)

PdoU:dw) g0 that the conditional

probabilities Pg and P, are well-defined. Since €2 has no active causal effect on
A conditioned on G, we have, for all w € 2,
KU (w, AN G)

_ do(U,dw) _ *
Pa(A) = PR (A) = T Kp.C) (*)

Hence see that, for any B € Hy,

PP (ANB) = W /@ (dw)Ki(w,ANBNG) by Definition 2
W/Q (dw)1p(w)Ky(w, ANG) by Axiom 1(ii)
= Pdo( UQ)(G /Q (dw)1p(w)PG(A)Ky(w,G) by (¥)

o) [ Qs 6)
Pdo U@)(G Blw)Ay(w
Pdo UQ () /Q dw)Ky(w,G N B) by Axiom 1(ii)
do(UQ) (G N B) N
- PG(A) PO (G) by Definition 2
= Po(A)PY Y (B).

But here, see that
do(U,Q

W/Q (dw)Pe(A) Ky (w, G) by (*)
__ Pa(4)
- PeUQ)(@)
=Pg(A).

peWQ)(@)
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Hence, combining with above, we have
IP%O(U’Q)(A NB) = ]P’gO(U’@)(A)PdGO(U’Q)(B),
meaning A and B are conditionally independent given G under the intervention mea-

sure P(UQ) Since B € Hy was arbitrary, A and Hy are conditionally independent
given G under the measure P4o(V:Q),

Let us first see that, since € has no causal effect on A conditioned on G, we have, for
all H € G and all w € Q,

Edo(U.6w) [1Hpc910(U,5w)("A)} — gdo(U.6w) 1P (-, A)]. (<)
Then for any H € G,
PRl (AN H) = / Q(dw) K (w, AN H) Definition 2
— / Q(dw) PP (AN H)
= / Q(dw)E* V) [1, ") (, 4)] tower property
— [ Q)R (15, 4) by (%)
— [ Q) [ PO () 14 (P, A)
— [ Q) [ Kowu, d)1n()P5(, A)
= ECUD [15Pg(-, A)].

Hence, for PU:Q) _almost all w’ € Q, we have PSO(U’Q) (W', A) =Pg(u, A).

Now, by Cinlar (2011, p.10, Theorem 1.2.17), a positive function is measurable if and
only if it is the limit of an increasing sequence of positive simple functions. Since the
map w' — Pg(w’; A) : Q — [0,1] is a G-measurable function, we can write it as a limit
of positive §-simple functions, say (fy)nen With

Mn
fo=> bilp,,

in=1

where b;, € R and H;, € §. Then for any H € § and any B € Hy,

ECUO [1,PP (., AN B)]

= pde.Q) (ANBNH) tower property
= /Q(dw)KU(w, ANBNH) Definition 2
- / Q(dw)15(w) Ko (w, A H) Axiom 1(i)
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_ /@ (dew)1 ()P (A A H)
= /Q (dw)1 g (w)EU5) [lHPgO(U’&”)(-,A)} tower property
= [ Q)15 @B (1B, ) by (%)

= /Q dw)1p(w) /]P’dO(U";W) (dw") 1y (W) ( lim fn(w/))

= lim / Q(dw)1p(w / Ky (w, dw )1y (W) fr(w') monotone convergence

~ lim Zl b / Q(dw) Ky (w, HN Hi, N B) Axiom 1(ii)
= nh_)rgo ~Z,1 bi,, /IP’dO(U’Q) (dw)lB(w)lH(w)lHin (w)

= / PLUD) (dw)1g(w) 1y (w) hm Z bi, 1m, (w) monotone convergence

zn—l

= [ PR )1 () 1 ()P, A)

= EUQ [1515Pg(-, A)]

= ECCD (155", B)g(, 4)]
where the last line follows from the definition of the conditional probability measure
PgO(U’Q)(-,B), since the map w’ — 1p(w')Pg(w’, A) is G-measurable. But we saw
carlier that for P4°(V-Q)_almost all w’ € Q, we have Pgo(U’Q) (W', A) =Pg(w', A). Hence,
for all H € G, we have

do(U,Q do(U,Q do(U,Q
Edo(U.Q) {1HIP’9°( )(.714ﬁ B)] — do(U.Q) [1 P o( )( B)Pgo( )(.714)] .

Hence, for P(UQ) _almost all ' € Q, we have

do(U, do(U, do(U,
P9 (', AN B) =P (W, B)P Y (W 4),

in other words, A and B are conditionally independent given § under the measure
PdUQ)  Since B € Hy was arbitrary, we have that Hy and A are conditionally
independent given § under PdoW.Q) a5 required.

|
Proposition 9. Let us take a causal space (2, H,P,K), subsets U,V C T and an event
A € H. Suppose that w has no active U-causal effect on A after intervening on Hy .

(i) If UNV =0, then in the causal space (Q, 3, PPV:Q) Kd(V:Q)) obtained via an in-
tervention on Hy with any measure Q on (Q,Hy ), we have that w has no active
U-causal effect on A, i.e., KSO(V’Q) (w, A) = PPV:Q)(4).
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(ii) In the causal space (€, H,PWQ) KIWUQ) obtained after an intervention on Hy
with any Q, we have that w continues to have no active U-causal effect on A after
intervening on Hy .

Proof By the definition of active post-intervention causal effects, we have, for all wy\yy €

QV\U?
Kyuv (wpuv, A) = Ky (wy, A). ()

We will use this property in both parts of the proof.
(i) Since UNV =0, we have V \ U = V. Then see that, for all wy € Qp,
Kdo(V,Q)( A) = du! / A finiti
U wy, A) = [ Q( WV\U)KUUV((WU’WV\U), ) Definition 2

— [ Qs K () by (%
= pdo(VQ)(4) Definition 2.

This is precisely the definition of no active causal effect in Definition 3.
(i) Since U CU UV, we have U \ (UU V) = (. Hence,
Koy (w, A) = /Q(dwé)KUuV((wUuV>w®)7‘4) = Kyuv (w, A).

But then by (*), we have
K9 (w0, 4) = Ky (w, A).

On the other hand, we have

KD (w,4) = [ QUuipy) Koo (@ wny ), 4)

~ [ Qs v (. 4) by (%)
= Ky (w, A).

Putting the two together, we have
K9 (w, 4) = Ky (w, A).

This is precisely the definition of no active post-intervention causal effect in Defini-
tion 8.
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