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Abstract

Pure exploration in bandits can model eclectic real-world decision making prob-
lems, such as tuning hyper-parameters or conducting user studies, where sample
frugality is desired. Thus, considering different safety, resource, and fairness
constraints on the decision space has gained increasing attention. In this paper,
we study generalisation of these problems as pure exploration in multi-armed
bandits with unknown linear constraints. First, we propose a Lagrangian relaxation
of the sample complexity lower bound for pure exploration. We further derive
how this lower bound converges to the existing lower bound for pure exploration
under known constraints, and how the hardness of the problem changes with the
geometry induced by the constraint estimation procedure. We further leverage the
Lagrangian lower bound and properties of convex optimisation to propose two
computationally efficient extensions of Track-and-Stop and Gamified Explorations,
namely LATS and LAGEX. Designing these algorithms require us to propose a
new constraint-adaptive stopping rule, and also at each step, using pessimistic
estimates of constraints in the Lagrangian lower bound. We show that these algo-
rithms asymptotically achieve the desired sample complexity bounds. Finally, we
conduct numerical experiments with different reward distributions and constraints
that validate efficient performance of LAGEX and LATS with respect to baselines.

1 Introduction

Decision-making under uncertainty is a ubiquitous challenge encountered across various domains,
including clinical trials [VBW15], recommendation systems [ZY?24] and more. Multi-Armed Bandit
(MAB) serves as an archetypal framework for sequential decision-making under uncertainty and
allows to study the involved information-utility trade-offs [LS20]. In MAB, at each step, an agent
interacts with an environment consisting of K decisions (aka arms) corresponding to K noisy
feedback distribution (aka reward distribution). At each step, the agent takes a decision, and obtains
a reward from the corresponding reward distribution. The goal of the agent is to compute a policy,
i.e. a distribution over the decisions, that maximises a certain utility metric (e.g. accumulated
rewards [ACBFO02], probability of identifying the best arm [KCG16] etc.) over time.

In this paper, we focus on the pure exploration problem of MABs, where the agent interacts by
sequentially realising a sequence of policies (or experiments) with the goal of answering a query
as correctly as possible. A well-studied pure exploration problem is Best-Arm Identification (BAI),
where the agent aims to identify the arm with the highest expected reward [EDMMO02a, BMS09, IN14,
KCG16]. BAI has been increasingly applied for hyper-parameter tuning [LJD*17], communication
networks [LPJ22], influenza mitigation [LVR™19], finding the optimal dose of a drug [AKR21a] etc.
However, real-world scenarios often involve constraints on the arms that must be satisfied [CBJD24].

Example 1 (Optimal treatment plan [KCJ23, CGS22a]). We want to identify the optimal treatment of
a patient with rheumatoid arthritis, when the first and second-line of treatments have failed [KCJ23].
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There is large variability in the choice of next treatment, and several drugs are a priori considered
to be equally good but might not work equally well together [KCJ23]. Let us assume that we have
K drugs for efficacies and side-effects are unknown. We assume that efficacy of each drug comes
from a reward distribution with unknown mean p, and also d side-effects (e.g. drop in heart- and
liver-function scores) are due to unknown drug-specific constraints A ,. The constraint A, represent
scores that are deemed to be unsafe, and thus, we want A < 0. Thus, given a treatment plan m
of mixing the drugs, the mean efficacy is {p, 7), and the extent of side-effects is Am. These scores
and the efficacyserves can be measured after each application of a drug, with the stochasticity due to
inter-patient variability. Additionally, changing a treatment has additional human involvement and
cost, which is better to be minimised. We aim to reliably find the most effective drug cocktail 7* with
minimum number of interactions with patients, while retaining the side-effects in the safe zone.

Pure exploration under constraints. In recent years, real-life applications like above naturally
motivated study of pure exploration under a set of known and unknown constraints [KSS18, WWJ21,
LZYL23, WZZ23, CBJD24]. Specifically, we aim to find the optimal policy that maximises the
expected rewards over the set of arms and also satisfies the true constraints. The agent, at each step
t, selects an action according to a chosen policy observes associated reward and the cost incurred
with respect to the constraints. The agent uses the feedbacks to update the estimates of the expected
rewards and constraints. Using these estimates, the agent chooses the next policy and action till
the optimal policy satisfying constraints is identified with confidence 1 — §. This is known as the
fixed-confidence setting of pure exploration [WWIJ21, CBJD24], while there is also fixed-budget
setting which is of independent interest [KSS18, LZYL23, FN22]. Existing literature has studied
either the general linear constraints when they are known [WWJ21, CBJD24, CWM22a], or very
specific type of unknown constraints, e.g. safety [WWIJ21], knapsack [LZYL23], fairness [WZZ23],
preferences [LTHK22] etc. Here, we study the pure exploration problem in the fixed-confidence
setting subject to unknown linear constraints on the policy, which generalises all these settings
(Section 2). Further discussions on related works is in Appendix B.1.

Recently, [CBJD23] show if the constraints are known, i.e the feasible set is deterministic, a bandit
instance may become harder or easier depending on the geometry of the constraints. They state that
studying similar phenomenon for unknown constraints as an open problem as the feasible policy
space is not deterministic anymore. As we have to construct an estimate of the feasible policy set, we
have to simultaneously control concentration of the means of the unknown reward distributions, and
those of the feasible sets, simultaneously. This leads us to two questions

* How does the hardness of the pure exploration under unknown constraints change if the constraints
are estimated sequentially?

* How can we design a generic algorithmic scheme to track both the constraints and the optimal
policy with sample- and computational-efficiency?

Our contributions address these questions as follows:

1. Lagrangian relaxation of the lower bound. The minimum number of samples required to conduct
pure exploration with fixed confidence and the corresponding interactive policy are expressed through
lower bound, which is an optimisation problem under known constraints. For unknown constraints,
we propose a novel Lagrangian relaxation of this optimisation problem in the lower bound (Sec. 3).
At every step, we use pessimistic estimates of the constraints, while the Lagrangian multipliers
help us to track the interaction between the objective function and the structure of the estimated
constraints. We use multiple results from convex analysis to show that the Lagrangian relaxation
with pessimistic constraints preserves all the continuity properties of the lower bound under known
constraints. Additionally, it satisfies strong duality to yield a unique optimal policy for interactions,
and also bounds on the Lagrangian multipliers at every step. Further, we characterise the Lagrangian
lower bound for Gaussian rewards, which connects with the lower bound for known constraints.

2. A generic algorithm design. Now, we leverage this Lagrangian lower bound with pessimistic
estimates of constraints to propose two algorithms, namely LATS (Lagrangian Track and Stop) and
LAGEX (Lagrangian Gamified EXplorer). First, we develop a new stopping rule for the unknown
constraint setting as we have to ensure that both the mean estimates and pessimistic estimates of
constraints concentrate close to their true values before reliably recommend an optimal policy using
them. Then, we extend the Track-and-Stop [GK16] and gamified explorer [DKM19b] approaches for
the Lagrangian lower bound to design LATS and LAGEX, respectively (Sec. 4).



3. Upper bound on sample complexities. We provide upper bounds on sample complexities of
LATS and LAGEX (Sec. 3). This requires proving a novel concentration of the constraints, and also
consequent concentration of optimal policies under constraints. We show that due to constraint LATS
achieve an upper bound, which is (1 4 s) times the upper bound of TS under known constraints. s
is the shadow price of the true constraint and quantifies its stability under perturbation. In contrast,
LAGEX leads to an upper bound that has only an additive s factor with the known constraint lower
bound. This suggests that LAGEX should be more sample-efficient than LATS. Our experimental
results (Sec. 5) across multiple settings validate that LAGEX requires the least samples among
competing algorithms and it can exactly follow the hardness due to constraints across environments.

2 Pure exploration under unknown constraints

Notation. z, x, X, adn X denote a scalar, a vector, a matrix, and a set respectively. For a positive
semi-definite matrix A and vector z, ||z[|3 = (z, Az). Also, in R%, we include 0. [K] refers to
{1,..., K}. Supp(P) denotes the support of a distribution P. A is the simplex over [K].

Problem formulation. We work with a MAB instance with X € N arms. Each arm a € [K] has a
reward distribution P, with unknown means p, € R. The agent, at each time step ¢ € N, chooses an
action A; € [K], and observes a stochastic reward R; ~ Pj,. A feasible policy w € A satisfies
A < 0 with respect to the set of d linear constraints A € R?<K1

If we have known A, the agent would have access to the non-empty and compact set of feasible
policies F £ {7 € Ak : A < 0} and the agent would aim to identify the optimal feasible policy,
i.e. the one yielding the highest expected reward while maintaining the constraints,

7% £ arg max pln. e))
wEF

In our setting, we do not have access to the true set of constraints. At any time ¢ € N, we rather

produce A, as an estimate of A. Then, the agent has access to an estimated feasible set FA {m €
Ak : Am < 0} and can identify the optimal feasible policy to be wj{_ £ arg max__z ulm.

Using the estimated constraints, we want to design an algorithm that finally recommends policy that
is (1 — §)-correct and (1 — 0)-feasible.

Definition 1 ((1 — ¢)-correct and (1 — §)-feasible recommended policy). For ¢ € [0,1), a policy
recommended by a pure exploration algorithm is (1 — §)-correct and (1 — §)-feasible if PI“[TI';:_ #+

%] < 0 and Prl[Am% > 0] < 4.

For the algorithm to yield correct and feasible recommendations at any time it stops, we want such an
estimate of A that F is a superset of F. Otherwise, we cannot ensure that the true optimal and feasible
policy 7% € F, i.e. the set where we are searching for the recommended policy. Additionally, we
might hit a degenerate case where 7% might not exist. To ensure these properties, in Section 3,
we design pessimistic estimates of A and use them further. This property echoes the spirit of the

optimistic-pessimistic algorithms designed for regret-minimisation setting of bandits under unknown
constraints [PGBJ20, MAAT?20, LLSY21].

Goal. In addition to recommending a (1 — d)-correct and (1 — J)-feasible policy, we want to use
minimum number of interactions to identify it. For this, pure exploration algorithms use a stopping
rule which stops at a random stopping time 75. Here, we aim to design an algorithm that recommends
a (1 — d)-correct and (1 — §)-feasible policy while keeping E[75] as small as possible.

Motivation: Extension of multiple prior problems. First, we clarify our motivation by showing
how different interesting problems are special cases of our setting.

a. Thresholding Bandits. Thresholding bandits [AKR21a] are motivated from the safe dose finding
problem, where one wants to identify the highest dose of a drug below a known safety level. This
has also motivated the safe arm identification problem [WWIJ21]. Our setting generalises it further
to detect the optimal combination of doses of a set of drugs yielding highest efficacy while staying
below the safety threshold. Formally, we want to identify 70* = arg max pu” 7, such that I < I6.
Additionally, we allow different different thresholds for different drugs.

'We assume that simplex constraints are augmented in A for ease of notation.



b. Optimal policy under knapsack. Bandits under knapsack constraints are studied both in
BAI [LZYL23, TTCRJ12, LSY21] and regret minimisation literature [BKS18, AD16, ISSS22,
ADL16, SS18]. Detecting an optimal arm might have additional resource constraints than the number
of required samples. This led to study of BAI with knapsacks under fixed-budget setting [LZYL23].
But as in regret-minimisation [SS18], one might finally want a policy that maximises utility and
satisfies knapsack constraints. For example, we want to manage caches where the recommended
memory allocation should satisfy a certain resource budget but can violate them during exploration.
Formally, 7% = argmax, .., i, m, where Ca = {Am.; < c}.

c. BAI with fairness across sub-populations. BAI with fairness constraints on sub-populations
(BAICS) [WZZ23] aims to select an arm that must be fair across all the I sub-populations rather than
the whole population as in standard BAI. Let us think of a problem where there are [ sub-groups of
patients and we have K number of drugs to administer with reward means pt;,. Then we are looking
for a combination of drugs rather than a single drug to administer as 77* = arg maX . . uT', such

that ]13; o™ =1,Vm € [l]. Hence, our setting solve the BAICS as a special case.

3 Lagrangian Relaxation of the Lower Bound and its Properties

Now, we discuss the Lagrangian relaxation of the lower bound and its properties that are necessary to
ensure design of a correct and feasible pure exploration algorithm under unknown constraints. We
require two structural assumptions to establish our approach.

Assumption 1 (Structural assumptions on means, policy, and constraints). (a) The mean vector
belongs to a bounded subset D of R¥. (b) There exists a unique optimal feasibly policy (Equation (1)).
(c) For the true constraint A, there exists a non-zero slack vector T', such that maxrea, (—Aw) =T

The unique optimal and feasible policy assumption is used following [CBJD23] to ensure that solution
of Equation (1) is an extreme point of the polytope F. The assumption on slack is analogous of
using the assumption of existence of a safe-arm [PGBJ20], or existence of Slater’s condition for the
constraint optimisation problem [LLSY21]. Standing on these assumptions, we further prove that

™ is an extreme point in the polytope F.

*

f

*

is unique, i.e S

3.1 Information acquisition and estimates of constraints

The agent acquires new information at every step ¢ € N by sampling an action A; ~ w;. w; € Ak
is called the allocation policy, and is used for interaction at step ¢. This yields a noisy reward
R, € R and cost vector A; € R%. We remind that in MAB, due to independence of arms, we can
represent the a-th arm as the a-th basis of RX. Thus, using the observations obtained till ¢, we

estimate the mean vector as f1, = X, * (Zt_ll Ry Ay ). Here, ¥y & 22:1 AgA] is the Gram matrix

s=

or the design matrix at time ¢. Similarly, the estimate of the ¢-th row of the constraint matrix is
Ai =S (Z’;_l AZVASAS) But we observe that using A, to define the feasible policy set does

not ensure that for any ¢, it is a superset of F.

Thus, we define a confidence ellipsoid around A, that always includes A with probability 1 — &, and
further allows us to define a pessimistic estimate of A. Formally, the confidence ellipsoid for each

row i € [d] of A’ is
Co & {A e RUF[||A" — Ajll, < f(t,8)¥i € [d]} @

Here, f(5,t) 2 1+ \/ % log % + i log detX; is a monotonically non-decreasing function of ¢.

Lemma 1 (Pessimistic estimate of constraints). If we use the pessimistic estimate of A from the
confidence ellipsoid C; to define the feasible policy set at time t as

ﬁté{weAK:AIrlleircl A'm <0}, (3)

we observe that F C f"t forallt € N.

In Figure 1, we visualise this result using the numerical values obtained from our algorithms. We
observe that as we acquire more samples, our estimated feasible policy set F; — F.

Remark. Our design principle of the estimators echos the spirit of the optimistic-pessimistic
algorithms from the regret-minimisation under constraints literature [PGBJ20, LLSY21, CGS22b,



PGB24], which has led to successful and efficient algorithms. The idea there is also to use a
pessimistic constraint so that we can always find the ‘true’ optimal policy in it. Similarly, here having
a pessimistic choice of A results in a bigger alternative set for p than the alternative set we get using
A, and a bigger feasible policy set that always includes the true optimal policy.

3.2 Lagrangian relaxation of the lower bound with estimated constraints

When we have a bandit instance with mean vector p and a constraint matrix A, we try to find the most
confusing instance of p, so that we can minimise the KL-divergence between these two instances
to make sure we have gathered enough statistical evidence to rule out all the confusing instances.
Extending the BAI lower bound of [GK16, CBJD24] prove that if A is known, expected stopping
time of any (1 — §)-correct and always-feasible algorithm satisfies

1
E >T In — 4
[75] > f()n24§ “)
Here, the reciprocal of the characteristic time is defined by an optimisation problem over the set of
alternative instances Az (p {/\ €D :maxpcr Ar > )\Tﬂ'
T7'(p) 2 sup inf Zwa (g Aa) 2w Td (N . 5)

WEF AEAF H)

A r(p), aka the Alt-set, is the set of all bandit instances that have mean vectors in a bounded subset
D € R¥ but a different optimal policy than that of p € D.

Now, given an estimate f} of the feasible policies at any ¢ > 0 (Eq. (3)), the corresponding Alt-set is

Az(p) £ {X €D: max M > AT } (6)
7T€.Ff

Since the estimated feasible policy set Fis superset of the original feasible policy set F, we observe
that Ax(p) € A z(p). Enabled by these definitions, we are ready define to Lagrangian relaxation of
the lower bound. Specifically, we observe that

T (p) £ inf  w'd(p,A
RS L S

< inf f w'dpA+U'T
= B 20\l @ N
< inf min sup inf wTd(u,)\)flTA'w @)

lERT AEC: 7 AEA 2 (1)

Equation (7) deﬁnes the Lagrangian relaxation of the characteristic time under unknown constraints,
i.e. denoted by T ( ). For non-negative Lagrange multipliers I € R?, the first inequality is true due

to the existence of a slack for the true constraints A. The second inequality is due to the pessimistic
choice of the estimated constraint. Equation (7) shows that the Lagrangian relaxation of the T’z ()

always serves as a lower bound of the characteristic time T* (p) for known constraints [CBJD23],
and thus, leads to a valid lower bound to 0pt1mlse for the cxpected stopping time E[7s]. For brevity,

we denote A’ achieving the minimum as A, and omit ¢ from F; if it is true for any t € N.
The Lagrangian relaxation leads to a natural question:
Does the dual of the optimization problem for T;l () yield the same solution as the primal one?

Theorem 1 (Strong Duality and Range of Lagrange Multipliers). For a bounded sequence of {l;}+cn,
strong-duality holds for the optimisation problem stated in Equation (7), i.e.

inf min su nf w'd(p,A\)—1TAw
lerd A’eC 61;)_—)\6 Az (p) (H )

= f wdp-ITAw. 8
81611; gnelgAelAnF w® (1, A) w ®)

Here, L= {l € R |0 < |||, < %T}Zl(ﬂ)}, where v = minie[Ld}{—Aiw*}, i.e. the minimum
slack for pessimistic constraints w.r.t. the optimal allocation.



t=60 t =200 t =266

(0,1,0) (0,1,0) (0.1,0)

(1,0,0) (:)'6’(;0.4)(0,0,1) (1.0.0) (0550045 ©01) (100  (051,0,049001

: Policy under
/ Preference direction Mean vector = [3,2,4] @ True optimal O estimated

policy .
constraints

Figure 1: Convergence of the feasible set and optimal policy.

Hereafter, we use the RHS of Eq. (8) as T}T_l (p). Theorem 1 provides us a hypercube to search the
minimising Lagrangian multipliers, and thus, turns into a linear programming problem.

Connections with Lagrangian-based methods in bandits. In regret minimisation literature Lagrangian-
based optimistic-pessimistic methods [TPRL20, SSF23] are usually used to not only devise a no-regret
learner but to control and get a sub-linear constraint violation guarantees [LLSY21, BCC24]. Our
proposed algorithm LAGEX is a prime example where the "self-boundedness"” of the dual variables
results in better constraint violation guarantees (Figure 7 and 6). It would be interesting to see how
LAGEX performs in regret minimisation setting.

Inner optimisation problem. Now, we peel the layers of the optimisation problem in Eq. (8). For
known constraints, [CBJD23] has leveraged results from convex analysis [BV04] to show that the
most confusing instance for p lie in the boundary of the normal cone A 7 ()¢ (solid cone in Figure 2)
spanned by the active constraints A for w%. Az is a sub-matrix of A consisting at least K
linearly independent rows. Specifically, they show that D(w, g, F) £ infaca (uyw'd (1, ) =

minﬂ"él/]:(ﬂ'}) minA:)\T(ﬂ';_-fTrl):O w'd (l"‘a )‘)

In our setting, we are estimating both the mean vectors and the constraints. Hence, the normal cone
is also estimated at every step. Let A,,} be the sub-matrix spanned by the active constraints for
71';:_. Since we are working with the pessimistic estimate of A, the vector space spanned by the
linearly independent rows of A+ is a subset of the vector space spanned by those of A,,;. Since
the estimated Alt-set A 2 () is always a superset of the true Alt-set A #(g), the normal cone around
77*]:_ is always a subset of the true normal cone 7’-. We illustrate them in Figure 2. We now extend
the projection lemma for known constraints to the Lagrangian formulation with unknown constraints.

Proposition 1 (Projection Lemma for Unknown Constraints). For any w € F and pn € D, the
following projection lemma holds for the Lagrangian relaxation,

D(w,u, F) =min  min min w'd(p,\) —1TAw. )
lel 1\'/61/]»_.(71'}) AtAT(ﬂ'*}A_fﬂ'/):O
This reduces the inner minimisation problem to a less intensive discrete optimisation, where we only
have to search over the neighbouring vertices of the optimal policy in F for a solution. Now, a natural
question arises around this formulation:

Can we continuously track the lower bound defined by projection lemma for unknown constraints?

Theorem 2. For a sequence {]}t}teN and {j\t}teN, we show that (a) limy_,o F; — F, (b) X* is

unique, and (c) lim;_, oo Ay — X*. Thus, for any w € F and p, lim;_, o, D(w, p, ]:') — D(w, pu, F)
where X" is such that for any X* € argminyex , ) wld (p, N).



Outer optimisation problem. As the convergence of -
\

Fy, we are left with the outer optimisation problem in  Normal %

Equation (8). Since it is a linear problem in w, we can ngfs‘iemgic -
use a linear programming method which would lead to  estimate of

one of the vertices of 7. But to be sure of an exis- A / True Normal
tence of a solution at each ¢ € N, we try and derive Expanding\\ 2 “;'é?ugr
some well-behavedness properties of the optimal alloca- . girection / constraint set
tion w* (). First, we observe that our estimates of the over time A
mean vector converge to p as t — oo. Hence, we also get /\

lim; 00 D(w, f1,, F) — D(w, pu, F). Now, we ensure N
well-behavedness and existence of an optimal allocation A

forallt > 0. Figure 2: Evolution of the normal cone.

Theorem 3. (Existence of unique optimal allocation) For any p € D, the optimization problem
max_ s w'm has a unique solution if w*(u) satisfies the conditions: 1. Both the sets F and
w*(p) are closed and convex. 2. Y € D and w € F, the function lim;_, o D(w, fu,, F) is
continuous. 3. Reciprocal of the characteristic time function lim;_, T}T_l (p) is continuous V' € D.
4. p €D : p— w*(u) is upper hemi-continuous.

Characterising the lower bound for Gaussians. Since we can derive explicit form of the optimisa-
tion problem for Gaussian reward distributions, we characterise it further to relate our lower bound
with the lower bound for known constraints.

Theorem 4. Let {P,},c(x] be Gaussian distributions with equal variance o2 >0

* 7112
||7T_7:- - ||MHT

—1TAw

T-'(p) = maxmin  min
F weF lel 77’61/}1(7\';:_) 202”71'*]:_ — ﬂ-/H%iag(l/wa)

where Diag(1/w,) is a K-dimensional diagonal matrix with a-th diagonal entry 1/w,.

Corollary 1 gives explicit upper and lower bound on characteristic bound for Gaussian rewards. It
also shows explicit connection to the lower bounds under known constraints. Finally, it tells that the
hardness of the pure exploration under constraints depends inversely on the condition number of the
estimated and true constraints, which quantify their invertibility.

* 12
a =% ‘”HMMT

Corollary 1. Let d2 £ N be the norm of the projection of p on the policy gap (7% — ).
The characteristic time T z(p) satisfies two bounds. (a) # <Tx(p) < 02:21( , where

Cunknown £ minﬂ.,eyﬁ(ﬂ.;) dgr’ and Cknown = minﬂ.uey}_(ﬂ}) dgr”' (b) T]}(I,L) > H

jl 2 2
Kknownt":2m

unknown

H is the sum of squares of gaps. Kinown and Kunknown are condition numbers of A and A.

Connection to existing lower bounds. (a) Pure exploration under known constraints. The upper and
lower bounds on characteristic time coincides with the existing lower bound under known constraints,
i.e. when Cynknown = 0. (b) BAI without constraints. In BAI, we consider only deterministic policies
p! (i —ma)
[7%—mall2
p* is the mean of the best arm. Then, the ‘known’ term in the denominator is the minimum squared
sub-optimality gap and matches the BAI bound [CBJD24]. But the ‘unknown’ term in the lower
bound is due to the unknown constraints. The term is the squared sub-optimality gap under the
estimated feasible set . Thus, our upper bound on characteristic time matches that of BAI [KCG16],
while the lower bound has an added term due to the extra cost of exploring under unknown constraints.
(c) Safe linear BAIL. [WWJ21] stated a lower bound in for BAI under safety constraints but when the
reward generation has a linear structure, and while the rewards and constraints are jointly generated
for an arm. This is a bit different setting. Similar to our lower bound, they also show an added cost
for constraints which is not directly comparable.

4 LATS and LAGEX: Algorithm design and analysis

Now, we propose two algorithms to conduct pure exploration with the Lagrangian relaxation of the
lower bound, and derive upper bounds on their sample complexities.

playing an arm. Thus, dr, = = pu* — u,, i.e. the sub-optimality gap for arm a. Here,



Assumption 2 (Distributional assumptions on rewards and constraints). We require two distributional
assumptions on rewards and constraints. (i) Reward distributions {Pa}fz1 are sub-Gaussian one
parameter exponential family with mean vector pu € D. (ii) Each constraint follows a sub-Gaussian
K -parameter exponential family parameterised by A" for i € [d).

These assumptions are standard in bandits under constraints [CBJD23, DK19, PGBJ20, PGB24].
Algorithm design. Any algorithm in pure exploration setting comprises of three main components.

Component 1 : Stopping rule. Stopping rule of an exploring algorithm decides when to stop
sampling. While exploring, once we gather enough statistical information about the parameters in
the system, the test statistic crosses the stopping threshold with the chosen confidence level § and
exploration stops to recommend the best policy.

Theorem 5. The Chernoff stopping rule to ensure (1 — §)-correctness and (1 — §)-feasibility is

K
inf Nad(fr, ;s Xa) > B(E,8) A [(Ap — A)wi]loo < p(t,0),
Aeiﬁtm; 2B iy Aa) > B, 6) A [[(Ar — A)w|| p(t, o)

where 3(t,8) = 35y log(1 +log Not) + SoT (%), and p(t, 0) is defined in Lemma 4.

First, we need to check the Chernoff condition under the estimated alternative set as we do not
know the true one. Secondly, it seems we also need to ensure that the constraint matrix has also
concentrated around the true matrix. Though we show that to stop the algorithm we only need to
ensure (1 — §)-correctness. This phenomenon is stated formally in Lemma 2.

Lemma 2. If the recommended policy is (1 — §)-correct then it is (1 — §)-feasible.

Thus, while implementing Algorithm 1 and 2 we just need to check the first condition to stop sampling.
Algorithm 1 LATS - LAgrangian Track and Algorithm 2 LAGEX - LAgrangian Game EXplorer

Stop 1: Input and Initialisation as same as LATS
I: Input : Time Horizon T, Confidence 2: Play each arm once to set u; and A,
level § > 0 R 3: while g(t,6) > D(wy, fu,, Fi,1}) | |[(Ay —
2: Initialization : Ay = 04« k., f1g = Ok, A)w;|los > pl(t,8) do ~» Proposition 1)
Yo = Alk, o R 4: Optimal allocation w; ~~ Using AdaGrad
3: Play each arm once to set 1 and A;. via Theorem 4
4: while S(t,0) > D(ws, iy, Fi 5 | 5 Optimize Lagrange Multiplier:
I(As — A)wiloo > pl(t, 6) do ~ Propo- l; € argminge o, D(wi, f1;, Ft)
sition 1) 6: Compute confusing instance : \; ~~ Via
5: Optimal Policy: wy c Proposition 1 plugging in wy, I}
argmax__ z D(w, fu, ) 7: Confidence intervals: for all a € [K]
6: Optimize Lagrange Multiplier : [@t,as Bt.a] + {€ - Naid(pt,a,€) < g(t)}
I} € argmingep, D(w}, fuy, Fr) Uy = max {%7 d(at,a, Ata), d(Beas Ava) b
7: C-Tracking: Play ay e 8 Update loss for regret minimizer:
argming, ey g Nai — Yooy Wi s Hwi) = (wi, Uy) = 1} A
8: Feedback : Observe reward r; and 9: C-Tracking : Play a; €
cost A,,, and update 3,1, f1,,, and arg min, ey x) Nat — S Wa s
A 10: Feedback : Observe reward 7, and cost A, ,
9: end while and update 31, f1,,; and A
10: Recommended policy: 11: end while
T T AIgmax, .z il 12: Recommended: 7’ = argmax, . aln

Component 2: Recommendation rule. Once the stopping rule is fired, the agent recommends a
policy based on the current estimate of fi, according the rule TI';:_T& = argmax, .z ol

Component 3: Sampling strategy. We present two novel sampling algorithms: LATS and LAGEX.



a. LATS. The algorithm LATS (Algorithm 1) uses a Track and Stop strategy adapted to the unknown
constraint setting. We use markers in the algorithm which are novel approaches used to handle
the challenge of estimating the feasible space per step. The algorithm first warms up the parameter
estimates by playing each arm once. Then until the test statistic jumps the threshold, first in line
5, it calculates the optimal policy under the estimated feasible space at the current step solving
the Lagrangian relaxed optimization problem in Proposition 1 by plugging in the best choice of
Lagrangian multiplier optimized in previous step. Using this current optimal policy we optimize the
Lagrangian multiplier maintaining the bounds of it’s 1-norm stated in Theorem 1. It uses C-tracking
[GK16] to track the action taken per step. At line 9 and 10, we basically observe the instantaneous
reward and cost feedback and update the parameter estimates based on them.

Theorem 6. Let s be the shadow price s = % of the slack I'. For any oo > 1, the expected stopping
time of LATS satisfies lim;_, % < aTr(p)(1+s).

b. LAGEX. Historically, algorithms base on track and stop mechanism seems to fail in case of
larger problems where efficient optimization becomes a challenge due to the use of a max-min
oracle per step (Line 5, Algorithm 2). To improve on this we land on the two-player zero sum game
approach introduced in [DKM19b]. The second algorithm 2 we introduce in this work also starts by
playing each arm once to initially start the estimation of the parameter in the system. Then it uses a
allocation player (We have used AdaGrad) to optimize the allocation w; in line 5 against the most
confusing instance w.r.t current estimate of fi, optimized by a instance player which minimizes

Zle Wa,td(flg 1) Na) — l;TAtwt W.I.t A € Az (p) by plugging in the chosen allocation, estimated

feasible set A; and the optimized Lagrangian multiplier I;. Since our search space in closed and
convex, the allocation player enjoys sub-linear regret of order O(+/tlogt), whereas the instance
player computes the best confusing instance using the Lagrangian formulation of the weighted
projection lemma stated in Proposition 1. Then, in line 11, Adagrad loss function is updated with a
loss by introducing optimism as U; defined in line 10 with an extra term that is novel in the literature
to track the unknown constraint set. LAGEX also uses C-tracking similar to LATS to track the actions
taken per step. Then it goes on to observe the instantaneous reward and cost to update the estimates
for the next optimization step.

Theorem 7. The expected sample complexity of LAGEX satisfies limg_,¢ % < Tr(p) + 2s.

Implications. Theorem 6 and 7 show both LATS and LAGEX are asymptotically stable. Also, for
LATS, the effect of the unknown constraints in the form of shadow price arises in a multiplicative
way, whereas for LAGEX, it is additive. Thus, LAGEX should show a lower sample complexity than
LATS, which is later validated in the experiments.

5 Experimental analysis

Now, we experimentally evaluate performances of LAGEX and LAGTS across environments and
against baseline algorithms. Code available in this Link.

Setup. We run the algorithms on a 64-bit 13th Gen Intel® Core™ i7-1370P x 20 proces-
sor machine with 32GB ram. We evaluate using a set of environments with mean vectors
[1.5,1.0, p5,0.4,0.3,0.2,0.1]. We impose two linear constraints w; + 7o + 75 < 0.5 and
w4 + ™5 < 0.5. We conduct two experiments to validate universality and efficiency of LAGEX and
LATS. We set § = 0.01 for all the experiments.

Experiment 1: Universality. We vary 5 from 0.5 to 2.5. For each environment, we plot the
corresponding BAI lower bounds (in red) and lower bounds under constraints (in blue) in Figure 3.
We observe that the constraint problem gets easier with increasing p5. In contrast, the BAI problem
changes non-monotonically. BAI problem gets harder when g1 is around 1.5 as the suboptimality
gap gets very small. But the constraint problem stays easier than BAI. In Figure 3, we also plot the
median sample complexity of LAGEX across these environments over 500 runs. We observe that
LAGEX grows parallel to the lower bound under constraints and can track it across environments.

Experiment 2: Efficiency against existing algorithms. We compare LAGEX and LATS with the
two algorithms under known constraints, i.e. CTnS and CGE [CBJD23]. Also, to understand the
utility of Lagrangian relaxation, we implement versions of CTnS and CGE with estimated constraints.
In these variants, we solve the constrained optimisation problems without Lagrangian relaxation but
with estimated constraints. We also compare with PTnS (Projected Track and Stop), a variant of
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algOrltth over 500 runs for hard env. algorithms over 500 runs for easy env.

TnS, where the algorithm solves a standard BAI problem and projects the allocation to the estimated
feasible space. We run all these algorithms in two environment: (i) hard with g5 = 0.5 and (ii) easy
with pg = 1.3. We call the first environment hard as it is harder than BAI and similarly, the second
environment easy. We plot three quantiles of the sample complexities of these algorithms over 500
runs in Figure 4 and 5. We observe that (i) among the algorithms with unknown constraints incur
the least sample complexity, and (ii) we pay a minimal cost than the known constraint Lagrangian
algorithms in hard env whereas the price of estimating constraints is prominent in easy env.

6 Conclusion and Future Works

We study the problem of pure exploration under unknown linear constraints. This problem requires
tracking both mean vectors and constraints to recommend a correct and feasible policy. We encompass
this effect with a Lagrangian relaxation of the lower bound for known constraints. We further design
an pessimistic estimate of constraints to ensure identification of the optimal feasible policy. These
tools allows us to propose two algorithms LATS and LAGEX. We prove their sample complexity
upper bounds, and conduct numerical experiments to find that LAGEX is the most efficient among
baselines. In reality, constraints can be non-linear. Our concentration bounds are tailored for linearity.
It would be interesting to extend our Lagrangian-based technique to nonlinear constraints.
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A Notations

Notation | Definition
Ag K-simplex
T Time Horizon
K Number of Arms
A True constraint set
d Number of constraints
F True feasible set w.r.t A, F = {A € RV*K . Aqr <0}
A, Pessimistic estimate of constraint set at time t, A; = A — f(¢,9)| |wt\|2;1
]:'t Estimated feasible set w.r.t pessimistic estimate A at time t,, F = {A; € RN*K . Ay < 0}
A The action set of K possible choices
wy Policy chosen at time t
a; Action at time t among K possible actions
Number of Constraints
r Slack
o? Variance of the reward distribution (Gaussian) of arms
T Time Horizon
T, Ct Reward and cost observed at time t
0 Chosen confidence level
I The Lagrangian multiplier at time t
¥ The covariance matrix (Gram matrix) at round t
Ar) Set of alternative (confusing) instances for bandit instance g
Az éu) Estimated set of alternative (confusing) instances for bandit instance
vr(Ty) Neighbourhood set around 7%
l/]:-(ﬂ';:_) Nelghbourhooq set around 7’
Ts Stopping time
s True optimal policy w.r.t actual constraint set A
71'}:_ Optimal Policy for the estimated feasible set
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B Additional discussion on problem setting

B.1 Extended related work

Historical pioneering works. Literature on bandits has come a long way since the problem of
optimal sequential sampling started with the works of [BB62] and [Pau64] with the assumption of
the populations being normally distributed. To talk about pure exploration setting, [EDMMO02b],
[BMS10] should be mentioned as the first ones who worked in this specific setting for stochastic
bandits.

Existing work on adapting known constraints. In Multi-armed bandit literature, people often
introduce constraints as a notion of safety where they impose known constraints on the chosen arm or
on the exploration process. [WWJ21] considers pure strategy (only one co-ordinate as chosen action)
and imposes a safety threshold on the linear cost feedback of the chosen arm. On the other hand, the
setting considered in [CBJD23] is closer as it tracks an optimal policy w.r.t to a known set of known
constraints. On the other hand, [LLSY21] (Improvement over [PGBJ20] in MAB setting) generalized
the known constraint regret minimization setting by assuming existence of a set of general constraints.
Our work captures the hardness of not knowing the constraint set while tracking the lower bound
and also in sample complexity upper bounds of Algorithm 1 and 2. Our work also introduce shadow
price as a novel term in pure exploration literature which characterises the extra cost that arises due
to tracking the unknown constraints.

Learning unknown constraints. [LTHK22] considers constrained linear best-arm identification arm
are vectors with known rewards and a single unknown constraint (representing preferences) on the
actions. Works on adapting to unknown constraints is discussed in the related work section of the
main paper.

Transductive Linear Bandit. In this setting [FJJR19] [CWM™22b] studies this setting with unknown
linear constraints where we have to find the best safe arm in a finite set Z different than actual arm
set A. Our setting generalises the setting in the sense that the finite feasible set Z is not static, rather
we track Z; per time step ¢ € N and explore within that set to find the optimal allocation. At the
end of exploration after hitting the stopping criterion at 75 the agent recommends the optimal policy
inside the set Z,.

Regret Minimization with Unknown constraints. In bandit literature, constraints are often in-
troduced in the setting to study regret minimization. [MAAT?20] studies regret minimization using
Linear Thompson Sampling (LTS) imposing known safety constraints on the chosen action. [AAT19]
studies contextual bandits under unknown and unobserved linear constraint, whereas [KGAYR17]
[PGBJ20] studies UCB based algorithms for regret minimization for linear bandits which assumes
existence of a safe action space in case of unknown anytime linear constraint. In line with these,
recent works [HTA24] [PGB24] [SCBC23] improved on regret guarantees and the first one relaxed
the assumption of existence of a pessimistic safe space. [CGS22a] introduces doubly-optimistic
setting to study safe linear bandit(SLB). [LLSY?21] generalised the setting of [PGBJ20] not only
relaxing the condition of having a safe action but also considered a set of general constraints and
also captured the notion of both anytime and end-of-time constraints which we also see in [CBJD23].
[LLSY21] also shows the trade-off between maximising reward or minimizing regret and constraint
violation using Lyapunov drift. In this work we do not focus on regret guaranties but finding the
optimal policy with sample complexity as least as possible while tracking and satisfying a set of
unknown linear constraints.

BAI with Fairness Constraint. Considering fairness constraint in our setting can be an interesting
application to our setting. Recently [WZZ23] studied Best Arm Identification with fairness Con-
straints on Subpopulations (BAICS), where they have discussed the trade-off in the standard BAI
complexity if there are finite number of subpopulations are given and the best chosen arm must
perform well (not too bad) on all those subpopulations. Another important line of work [WBSJ21]
[SJ19] explores regret analysis of BAI with positive merit-based exposure of fairness constraints
where the chosen policy has to satisfy some fairness constraint across all its indices. Our setting
comes as a direct application to these settings. Further discussion in Section B.2.

BAI with Knapsack constraint. While the existing literature on bandit with knapsack [BKS18]
[AD16] [ISSS22], [AD14] [ADL16] [SS18] [Ma] focused on mainly regret minimization, our setting
aligns more as a special case of the Optimal Arm identification with Knapsack setting in [LZYL23,
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TTCRIJ12, LSY21]. Though we aim to find the best policy rather than a specific arm in the constraint
space. Our setting should be considered as a special case of these settings. Further discussion in
Section B.2.

Algorithms on Pure exploration. Algorithm 1 is an extension of the Track and Stop(TnS) strategy
from [GK16], while the motivation for Algorithm 2 comes from the Gamified Explorer strategy
from [DKM19b] where the lower bound is treated as a zero-sum game between the allocation and
the instance player. We refer to [GK21b],[GK16],[KCG16],[DK19], [BV04],[JMKK21] etc for
important concentration inequalities, tracking lemmas.

Dose-finding and Thresholding Bandits. Another special case of our setting is Dose-finding or
Thresholding bandits in structured MAB literature [CLK ™ 14] generalized the problem, then a line
of work [AKR21b] [GMRM18] [CMC21] aims to find the maximum safe dose for a specific drug
in early stages of clinical trials. In some sense our setting generalizes this setting. If we have to
administer more than drugs to a patient, our setting generalises to track the best possible proportion in
which the drugs should be administered with maximum efficacy. Further discussions in Section B.2.

B.2 Motivations: Reductions to and generalisations of existing settings

Before delving into the details of the lower bounds and algorithms, we first clarify our motivation by
showing how different setups studied in literature and their variations are special case of our setting.

Thresholding Bandits. Our setting encompasses the thresholding bandit problem [AKR21a]. Thresh-
olding bandit is motivated from the safe dose finding problem in clinical trials, where one wants to
identify the highest dose of a drug that is below a known safety level. This has also motivated the
studies on safe arm identification [WWJ21]. Our setting generalises it further to detect the dose of the
drug with highest efficacy while it is still below the safety level. We can formulate it as identifying
m* = argmax u” 7, such that I < I6. Rather, generalising the classical thresholding bandits,
our formulation can further model the safe doses for the optimal cocktail of drugs, and 6 can have
different values across drugs, i.e we can consider different thresholds for different drugs.

Optimal policy under Knapsack. Bandits under knapsack constraints have been studied both in best-
arm identification [LZYL23, TTCRJ12, LSY?21] and regret minimisation [BKS18, AD16, ISSS22,
ADI14, ADL16, SS18, Ma] literature. BAI under knapsacks is motivated by the fact that detecting an
optimal arm might have additional resource constraints in addition to the number of required samples.
This has led to study of BAI with knapsacks only under fixed-budget settings [LZYL23]. But as in
regret-minimisation literature [SS18, Ma], one might want to recommend a policy that maximises
utility while satisfying knapsack constraints. For example, we want to manage caches where the
recommended memory allocation should satisfy a certain resource budget. Thus, the recommended
policy has to satisfy w% = argmax, ¢, - 7, where Ca £ {Am,; < c}. Naturally, this is a
special case of our problem setting.

Feasible arm selection. We look at the pure exploration problem of feasible arm selection studied by
[KSS18]. Here, we think of a problem of workers having a multi-dimension vector representation
where each index denotes the accuracy of that worker being able to identify a specific class label in
a classification task in hand. The problem turns to be a feasible arm selection from a simple BAI
problem when we impose a feasibility constraint that for example, the chosen worker should show
more than 90% accuracy across all labels. We can generalise this setting in the sense that we are
now not looking for a specific worker, rather we want to make a team of workers that has the highest
utility. The recommended policy at time t € N, maxyzea,_, 7 7 such that 7w > 7 where 7 is the
desired threshold level. The generalisation of the setting pitch in as thresholds of 7 can have different
values corresponding to different workers.

BAI with fairness across sub-populations. The Best Arm Identification with fairness Constraints
on Sub-population (BAICS) studied in [WZZ23] aims on selecting an arm that must be fair across
all sub-populations rather than the whole population in standard BAI setting. Let, there are [ sub-
populations and p, are the means corresponding to the a-th arm. Finding only the optimal arm
Kpar = argmaxgc[] sy, may not be enough because it may not perform equally good for all
the [ sub-populations. Then the arm should belong to a set C := {k € [K]|p;, ,, > 0,m € [I]}
where the observation for arm k and population m comes from N (fix,m, 1) It ensures that the
chosen arm does not perform foo bad for any sub-population. Let us think of a problem where
there are [ sub-groups of patients and we have K number of drugs to administer with reward means
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tk, k € [K]. We are looking for a combination of drugs rather than a single drug to administer as
T = argmax, ca . T such that ]lz; >o™ = 1,Vm € [l]. Thus, BAICS is a special case of ours.

Fairness of exposure in bandits. [WBSJ21] introduced positive merit based exposure of fairness

constraints [SJ19] in stochastic bandits standing against the winner-takes-all allocation strategy that

are historically studied. The chosen allocation in this setting should satisfy the fairness constraint
r _ 7":/

a

fuy) — fei)?
[WBSJ21] studied this setting in regret analysis, this setting in BAI setting is a direct application
of our setting as we are looking for an optimal policy w* = arg max pu” 7 such that 7w* satisfies

A?(“)ﬂ' = 0 where Af(u) is of order w x K and Af(“) is expressed as,

Va' € [K] where f(.) transform reward of an arm to a positive merit. Though

by ifaK - Ya-1)(a—2)<j<aK - la(a—1)andi=a,
(Apu)is =4 75y faK —3la—1)(e-2)<j<aK - jala—1l)anda<i< K,
0 otherwise.
For example, when K = 3, Ay = [ =725 01: 0, 7 =51 [ 0. =)
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C Strong duality and the Lagrangian multiplier: Proof of Theorem 1

Theorem 1. For a bounded sequence of {l; }+en, strong-duality holds for the optimisation problem
stated in Equation (7) i.e.

inf min su inf w'd(p,A)—1TAw=supmin inf w'd(p ) —1TAw. 10
ler? A’eCwEE}AeAﬁ(u) (1, A) weg LEL AEA (1) (1 A) (10)

Here, L2 {l € R |0 < |||, < lTffl(ﬂ)}, where v £ minie[Ld}{—Aiw*}, i.e. the minimum

=
slack for pessimistic constraints w.r.t. the optimal allocation.

Proof. This proof involves three steps. In the first step we prove convexity and other properties of
the sets involved in the main optimisation problem 8. Then in the next step we show that Slater’s
sufficient conditions hold for 7 as a consequence of these properties. Once we prove the unique
optimality of 7 we state bounds on the L1-norm of the Lagrangian multiplier. We conclude by
establishing strong duality and proving the statement of the theorem.

Step 1: Properties of perturbed feasible set and alt-set. Let us first check the properties of F,

A 2 (p) and vz (7% ). For that, let us remind the definitions of these sets. The estimated feasible set is

defined as F £ {ﬂ' €Ak :Am < 0}. The set of alternative (confusing) instances for the optimal
policy ﬂ'} is A (p) = {)\ €D:max_ 7 A > )\TTF}}. For 7’ being a neighbour of 71';:_ orin

other words, an extreme point in F, we decompose the alternative set as the union of half-spaces as,

A= Y {A;AT(w;—w/)w}

‘A'leuj_-(ﬂ';:_)

We should note, 7" shares at least (K — 1) active constraints with 7'(‘}. It is clear that F is bounded

and convex in 7. Since, convex combination of any two extreme point 7}, 7, in the neighbourhood

of the optimal policy vz () also shares K — 1 active constraints with 7, so vz(7’;) is convex in

.

Let, 7} and 7/, are two policies in the neighbourhood of 7v*, such that for any alternative instance X\,
AT (7} — 7}) > 0 Above equation implies that the policy 7/ is closer to the optimal policy in the
neighbourhood that the policy 7,

Therefore, any convex combination of these neighbourhood policy, A” (7% — (ax) + (1 — a)7})) =
AT (7x — 7h) — aA™ (7)) — w)) < c. Therefore, the set Ax(p)is also bounded and convex in 7
Also, since we are working with pessimistic estimate of A, the set / will always be non-empty,
because we will find at least one A which is non-singular and it’s inverse exists.

Step 2: Slater’s condition. From step 1 of this proof we have the following properties

1. Fis non-empty, bounded and convex in 7.

2. The perturbed neighbourhood v (%) is convex for any 7’ € vz(7%)

3. A z(p) is also bounded and convex in 7r.

Leveraging these three results we claim that there exists a #* that uniquely solve the optimisation
problem in Equation (8) and satisfy the constraints with strict inequality. As a consequence of this
we claim Slater’s sufficient conditions hold.

Step 3: Bound on the Lagrangian multiplier. Here, we try to bound the L-1 norm of the Lagrangian
multiplier. Since, ||{||; cannot be less than 0, then we already have a lower bound.

Now we refer to lemma 5 for the upper bound. An immediate implication of this result is that for

any dual optimal solution p*, we have ||p*||; < % (f(Z) — ¢*). Since Slater’s conditions hold in our

case for 7, we can write that the optimal solution of the Lagrangian dual,
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Og ||lt||1 Sf D(wtvu’m t)iD(Tr 7“t7-;t) S ;D(wtap’t,Jtvlt—l):;T]}l(”’)
~———

not tractable

2

where, v 2 min {—A‘w*

7= min { }

Where, 7* is the pure-exploration solution. We can replace the dual function with primal
D(wy, fry, Fi,lf_1) because it is always upper bounded by the dual function, so we don’t have
to explicitly calculate the dual function. Though it is not tractable anyway due to not knowing the
pure exploration solution.

Step 4: Establishing strong duality. Therefore the domain of the Lagrangian multiplier is also
bounded and convex. So again we say that [ uniquely minimises Equation 8. We define £ £
{leR|0< U < %T;l(ﬂ)}, where v £ min;e(;,q{—A’w*} Then according to Heine-

Borel’s theorem (Theorem 9) we can say that these sets are compact as well. We can then conclude
that Strong duality holds which means that it perfectly make sense of solving the Lagrangian dual
formulation of the primal optimisation problem because there is no duality gap. We later on will
consider this formulation as two player zero sum game. Due to strong duality we claim that the agent

wile playing this game, Nash equilibrium will be eventually established.

Now that everything is put into place we can conclude with the very statement of the theorem that
due to strong duality the following holds

inf min sup inf w'd(u,A) —1"Aw=supmin inf w'd(u ) —ITAw.

[eRi A/GCwEJ:—AEA]j-(p,) weF leL XeAx(p)
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D Lagrangian Relaxation of Projection Lemma: Proof of Theorem 2

Theorem 2. For a sequence {]:'t}teN and {Xt}teN, we show that (a) im0 F; — F, (b) X" is

unique, and (c) lim;_, oo Ay — X*. Thus, for any w € F and p, lim;_, o D(w, p, F) — D(w, pu, F)
where X" is such that for any A € D : infxep () w?d (11, A) > wTd(p, X¥).

Proof. Here, we prove the three parts of the theorem consecutively.

Statement (a): Convergence of the limit lim;_, . F.To begin with the proof of the first statement
of Theorem 2 we leverage the results stated in Theorem 10. Let (A) = {7T €Ak :Am < O} and

the set function A — H (A) NC where C = Fisa non-empty compact (proven in Section C subset

of Ag Then the set H(A) N C can be written as

H(A)ﬁC’z{rEﬁ:Aﬂ'SO}

To apply Theorem 10, {A"', r € N}, must be a convergent sequence of affine function. It is evident

that A" for any r € N is an affine function since A is linear in A and the induced pessimism works
as a translation. Then we can proceed to the next part of the proof of statement 1 where we prove that

{A”}TeN is a convergent sequence of functions. For ease of notation we will denote A, for the t-th
element of the sequence {A"} ¢y fort € N.

The definition of the confidence radius for any constraint ¢ € [d] follows from the Definition 2
as f(6,t) = 1+ \/% log % + %log detX;. It is evident from the definition that f(¢,0) is a non-
decreasing function w.r.t time and it grows with order of at least O(v/logt)

We have from the definition of the confidence set, for all ¢ € [d]
P (A} - f(t9)lwrlly < AT < AL+ F(E ) wrlly 1) 21—
t,0)||we |- Al — Al t,0)||ws||s—
P(_f( Merllopr _ Aj—af _ (0] t|2t1> Sl

(A} T o(A) T a(A))
P<_WSZSJM> 1
o(AY) o(A})

® <f(t’5)||fd_t|2"_l> >S9 4
a(At)

Dl (1-9)
o(A}) 2

— ft.0) o = oA (1-5)

Ai-A'
o(AD)

limy 00 f(t, 5)”""t”2;1 — 0since (A1) = O(y/ lngt) Leveraging CLT at this point we say

where Z 2

and ®(.) is the cumulative distribution function of A/(0,1) distribution.

Al L Al vie[d)
Then by Slutsky’s theorem [SIu25], we conclude A? — f(¢, 8)||w;| |E;1 4, At Vi e [d].

It implies that {AT}TGN is a convergent sequence of function for A. Now, we use Theorem 10 and
get the following properties of the feasible set.

1. HA)NC C lim, o HA")NC
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2. lim,_,o H(A”) N C is a closed convex superset of H(A) N C.

3. H ( ) N C has non-empty interior because of the feasibility condition and no component in
Ais identically O.

lim HA")NC =H(A)nC

r—>00

4. Even if the set ( ) N C has empty interior or some component if Ais identically zero, by
the last statement of the Theorem 10 we can say for any closed convex set Q of H(A)NC
we can design the function { A"} in such a way that lim,_, ., H(A") N C includes Q.

As the convergence of A, is guaranteed now asymptotically, we can guaranty convergence of the
following limit lim;_, o, F¢ — F.

Statement (b) : Proof of Uniqueness of \* Here, we try to prove if there exists a confusing instance
A" € A £(p) which uniquely minimises the the function D(.) defined as

) A s : T _gTQ
D(w,u,f)—llg[f:AelAnﬁfww d(p,A) -1 Aw

We can observe that only the leading quantity on the R.H.S associated with the KL is dependent on
. So, in this proof we will only show that A* minimizes the KL divergence uniquely and since
the KL is linearly dependent on the expression, proving this will be enough to ensure uniqueness of A*.

Now, from the properties of KL we know that d(g, A) is convex on the pair (p, A). But it is also
strictly convex on X if supp(A) C supp(u) which is true in our case, since u, A € D C RF,

Let us assume there are two local minima A; and A5, with the condition,
d(p, A1) < d(p, A2)
Then, we can write from the property of strict convexity, for some {h : 0 < h < 1},
d(p, hAr + (1 — h)A2) < hd(p, A1) + (1 — h)d(w, A2)
Now, from the assumed condition on A; and X3, we can write —
d(p, A1) < d(p, A2)
= hd(p, A1) < hd(p, A2) , since h > 0
= hd(p, A1) + (1 = h)d(p, A2) < hd(p, A2) + (1 — h)d(p, A2)
= hd(p, A1) + (1 = h)d(p, A2) < d(p, A2)

Putting this result in the strict convexity condition we get
d(p‘a hXi + (1 - h)>‘2) < d(tu’7 >‘2)
which is a contradiction.

Thus, we can conclude that for a strictly convex function f(x) with supp(x) being convex as well, the
set of minimisers is either empty or singleton. Then, we can say A* uniquely minimizes the KL, or

say D(w, , F ). Let us now once again remind the definition of perturbed alt-set A = () = {)\ eD:

max,_ .z A — 7% %) > 0}. Let us denote vz () as the neighbourhood of 7% Any 7' € Fis

%)
f

called a neighbour of 71- , if it is an extreme point of F and shares (K-1) active constramts with 7% pe
Then, we can decompose the perturbed alt-set as A 2 (u) = (.- evp(nt, {/\ AT (m%—7') < 0},
which is a union of half-spaces for each neighbour. From this decomposmon we can observe that 7r}_

is not the optimal policy for A, i.e, {I7" € Ax(p) : )\T(ﬂ'*ﬁ — 7’) < 0}. Then, it follows similar
argument in [CBJD23] to argue that the most confusing instance w.r.t p lies in the boundary of the
normal cone, which lands us to Proposition 1.

For any w € Fand p € D, the following projection lemma holds for the Lagrangian relaxation,

D(w,p, F) =min  min min w'd(p,\) —1TAw. (11)
leL Tr/EV]:-(‘I\';:_) A:AT(‘r\';:_—Tr/)zo
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Statement (c): Convergence of the sequence {Xn}neN. In known constraint setting the agent has
access to F. That means there is the actual sequence {\,, }en for which A,, — A* as n — oo since

D(w, p, F) is convex and continuous on A #(w). But in this setting we try to estimate F as F, at
each time step n € N. So there exists the {\, } ,en such that A, € Az (u) and we have to ensure

it converges to the unique optimal A™ i.e \* € Ax(p) C limy, 00 Az (1) implies {An} = A" as
n — 0o

We use the fundamental theorem of limit to carry out this proof with the help of properties of the sets
F and A. The properties we have already proven for these sets are

1. F, for any n € N is a superset of F due to the pessimistic choice of A.

2. ]:'n is a non-empty compact subset of Ay and lim,, . ]:'n = F.

3. Az (p)is aclosed convex set and it also is a superset of the real alt-set A 7(p).
Leveraging these properties we claim that for any p € D, limy, 0o Az (p) = A z(p). Since we have
already proven uniqueness of A in statement 2, we say An uniquely minimises A 2 (p). Now from

the (¢, §)-definition of limits we say if Az (p) is an e-cover of A z(u) for € > 0, then A=A <6

for & > 0 sufficiently small. It implies for a sequence of {/\An}neN we claim lim,, _, o j\n =\ie
the sequence convergence. Therefore we conclude by the statement itself

{Xn}nEN — }\*
Hence, proved. O
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E Characterization of the unique optimal policy: Proof of Theorem 3

Theorem 3. For any p € D, the optimization problem max___» wT'm has a unique solution if w* ()
satisfies the following conditions:

1. Both the sets F and w*(p) are closed and convex.

2. Y € Dand w € F, the function limy_, o D(w, f1,, F) is continuous.

3. Reciprocal of the characteristic time function lim;_, o T; ! (p) is continuous ¥V € D.
4. w €D : p — w*(w) is upper hemi-continuous.

Proof. The theorem has four statements as the sufficient condition for the existence of unique optimal
policy. So naturally we will dictate the proof structure in four steps and prove the statements one by
one.

Statement 1: Convexity of feasible space and optimal set function. Let us first analyse the
properties of F. For any two member of wi,wy € F satisfying Aw; < 0and Aw, < 0, their
convex combination for any « € [0, 1],

A (aw; + (1 — a)ws) = cAw; + (1 — a)Aw, <0

Therefore we can say F is convex because it is closed under convex operation. We claim F is also
closed since

1. The complement of F, F¢ 2 {r € Ag : Am > 0} is an open set.

2. we have already proven the limit of F to be F which is always contained by F.

The elements in the domain of optimal allocation set function must be included in F. So compactness
of w*(p) is a direct consequence of compactness of F.

Statement 2: Continuity of limit. We have already proven in Section D that lim;_, o, F — F. Also

by convexity of KL and CLT we claim fi; — p as t — oo and since w is linear in D(w, i, F) it will
converge to w*(u) as t — 0o, also due to convergence of [i;. Then we can say that the limiting value

is same as the value if we plug in the limits in D i.e lim;_,o, D(w, jir, Fi) = D(w* (), i1, F). So

we ensure the continuity of lim;_, oo D(w, ft;, F).

Statement 3: Continuity of limit of inverse sampling complexity. This statement directly follows

from the statement 2. Due to convexity of KL-divergence and convergence of F, the limiting value
exists and it is equal to the inverse of characteristic time with the limiting value.

Statement 4: Upper hemi-continuity of optimal allocation function. We refer to [MCP14]

(see Lemma 12) for this proof. We denote Q(A’) £ lim 7, » maxgea, { Zle wad (p,A) —

ITA"w

AVw < 0,w, > 0Vi € [K]} = w(p) where A” € R¥*K js the rank-1 update of A’

which is a sub-matrix of A with K number of active constraints. We define limiting set as

~ K ~
Q*(A") = {w : lim Zwad (u,A) = Q(A")

F—=F a—1

A'w <0,w, > 0Vi € [K]} =w"(u)

As a direct consequence of Lemma 12 we get the following results

1. The function w* (1) is continuous in (RE*K) x RK

2. w*(u) is upper-hemicontinuous on (RE*K) x REK

Leveraging these four sufficient statements ensure that there exist unique solution for the optimization
problem max_ » uT'm Yy € Di.e the image set of the set-valued function w*(.) is singleton. [J

26



F Lagrangian Lower Bound for Gaussians: Proof of Theorem 4

Theorem 4. Let { P, } ,c(x) be Gaussian distributions with equal variance o* > 0, and Diag(1/w,)
be a K-dimensional diagonal matrix with a-th diagonal entry 1/w,. Then, we get

el .
T]_T_l(u) =maxmin min - ! a TR pel TAw .
weF lel 77’61/}:(71';__) 20 ||7T]:_ — T HDiag(l/wa)

Proof. We start the proof by the definition of D(w, p, F) as per Equation (9)

D(w, p, F) = min _ min {Zwa Bos A lTAw}

LeL XeAx(p)
=min min min wad(p,, —1TAw } ~» via Proposition 1
LEL m/ vz (ms) AAT (mh, —7/)=0 {Z (ka2 } P
(12)
The Lagrangian formulation of D(w, u, F ) is written as
K
. T
‘ﬂwdaf%—%%wéyg {E:wa (Ho, Aa) — 1 Aw—vggkﬂm}
A *
where v, = (7% — 7')a.
We assume both the instances p and X follow Gaussian distribution with same variance o2.
Then, we can rewrite the Lagrangian putting the value of the KL as —
L F) = min mi i ~1"A A 13
(w, p, F) jmin wip | min {}:um w — v;; va} (13)
Differentiating the Lagrangian w.r.t A, and equating it to 0, we get
Va, LA, w,p) =0
a - }\a
o, ~ @allta—Ad)
o
YV, 0°
or, Aa = K, +
Then putting back the value of A, in Equation 13 we get
K 252 K
A . . . 2% T A
= 24— " Aw - a 14
N Rt i B

Again differentiating the Lagrangian w.r.t v and equating it to 0, we get

K K o
ViL(w,p, F) =0 = —Zuava —’yz Z—va =0
= a=1 a

T
ptu
Za:l Za Ug
Putting the value of v in Equation 14, we get —

T,\2 .
L(w,p,F)=min min & —1TAw
L mevy(ny) | 202 08 | 2a
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=min min {1 “LT(W} _ 71-’)}2 — lTAw}

leL nievz(ny) | 202 Hﬂ';— - 7l'/||12Z>iag(1/wa)

Therefore inverse characteristic time for Lagrangian relaxation with unknown constraints satisfies,

1 s —w'|]? _
T-'(p) = maxmin  min ) ! L T ”““T —1TAw
F weF 1eL weve(my) | 207 7% — (1D 01w
O
F.1 Bounds on Sample complexity: Proof of Corollary 1 Part (a)
Corollary 1. Part (a) Let d2. = % be the norm of the projection of p on the policy gap
(7% — ). Then, the characteristic time T'z(p) satisfies m < Tx(p) < %,

A .
where Cunknown = Wiz ey, (x4 dﬂ_, and Cynown = mm,\.ueyf(ﬂ.f) dﬂ.//

Proof. Here, we derive explicit expression for gaussian characterisation of the lower and upper bound
on the characteristic time. We start the proof with the difference in sample complexity between
unknown and known constraint setting

: T (T e [
D(w,p, F) —D(w,p,F) =min  min P AT — —1TAw
leL m'evz(ny) | 20 ||7Tﬁ -7 HDiag(l/ua)

1 = —="15,

_ ' (15)
71'“6’/}'(7"_7:) 20—2 ||7T_7~' ' HDlag(l/wa)

Let us remind, due to pessimistic choice of A, F C F. o nisa neighbour of 71';_ if it is an
extreme point in the polytope F and shares (K-1) active constraints with w*ﬁ. Then 7% and ="

lies in the interior of F i.e, they can be expressed as a convex combination of 7% and 7. Let,
<t <17y = tlﬂ'} +(1—t)m’and 30 < ¢, < 1:7w" = tgﬂ';:_ + (1 — to)7’ Then,
(m% — ') =ty(7% — «') and (7" — 7') = ta(nw’. — 7’). Then,

" 7T/)H2Diag(l/wa)

7% — 7 Biag(1/ew,) = (7 — ') = (0
< 2{||7"*f — 7 | Biag (1w T 17" — Tr,”l%iag(l/wa)}
= 2{t] + 5} 7% — 7' Diag(1/we)

Putting the above inequality in Equation 15, we get —
D(w, u, F) = D(w, p, F)

1 s —w'|)? _
<min min { | vl ”””T —lTAw}

leL mevg(nmt) 202 ||7T*f - 7r/||]23iag(1/wa)
2082 + B}t — 7|20 — |5 — 72,0
2{t% +t }Hﬂ- S ﬂ-/”Dlag (1/wq)

1
<—2 min  min
20% leL n'ev; (71'* )7r”€u}-(7r

¥)

—ITAw| @6

Now, we have already proven in Lemma 6 that (—ITAw) < D(w,pu,F)y where, ¥
l(A—A)w|loo++ max;ei, v T Also
v ’ ’

s —

e = (@5 — ') — (7" = a")},0r
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>2

7 = 2 = " — w'>||i,ﬁ}

{
= Q{zﬁnw; — |2 — t3ll(7% — ﬂ’)lli,n}
(t

=2(t] — ) |7 — 7|}

Therefore Equation 16 gives us

(1+¢)D(w, u, F)

1 212+ 12} — 22 —12) 7y — |2
<D(w,pu,F)+ 5  min min i+ 2}2 21 2) " £ T
20° wievp(ms) wcvr(ny) 2{t{ + 13} ||7"}*- -7 HDiag(l/ua)
213 7% — =%

=D(w,p, F)+ (17)

min min
20% = Crp(nly) m'cvr(n) ) {7 + 13} |7 — = ”Dlag (1/wa)

Now to get the lower bound on characteristic time in unknown constraint setting, we take maximum
over w in Equation 17,

1 1 22 7% — |2,
T u) < ——— Tz (u) + — max min il
F ( ) (1 + 77[}) { 7 ( ) 20’2 w 1r’€y]_.(‘rr* )7r”€y}-(1rf) {t2 + 2 } ||7T}_— — 7T/H2Diag(1/ua)
1 ar — 7|2
<T7'(p)+ = 5 max  min I P (18)

02w wevp(ny) |TE T HDlag(l/wa)
To get the lower bound on characteristic time we minimize ||7% — 7’ H2Diag(1 Jw,) With the simplex

constraint Zle wq = 1 for each and every neighbour in vz(7%) and vz (). the lagrangian

formulation gives us the solution, w, = #}f—liﬂh Therefore, ||7% — 71"||2Diag(1 Jwa) =
7% — 7'||3 > ||w% — 7'||3, since Va € [1, K] : ||[7% — 7’|, < 1.Then, putting the value of w, in

Equation 18, B

1 7% —='|?
T ) <T7Y(pw)+ —= m _ =
F ( ) F ( ) 0.2 7\"61/_7"_—(7";:.) Hﬂ}_ﬂ./”g
For ease of comparison, we follow the same notation used in [CBJD23] and define forany w € Ax_1,
d2 = % which is the squared distance between p and the hyper-plane (7% — ) = 0.

Therefore, using [CBJD23, Corollary 1], we get

_ 1 . .
T]:_l([.l/) S ﬁ ( min dg‘.// + 2 min di./)

7' evE(my) 7'r’€u];-(7'r]:_)

Therefore lower bound on the characteristic time is given by,

2 2
() = ; 2 - ; 2
Mz ey p(ns) dz, +2 mlnﬂ./eyﬁ(,\-}) dz.,

Now, let us find an upper bound on the characteristic time. We have already shown that,
2 2 2 2 : T 2
7% — «"|%,r = 20t — t3)[|7% — @7, ,r. which also implies ||z} — 7r”||Diag(1/wa) >

217 — t%)”ﬂ'} - 7TI||2Diag(1/wa)'

Using this result in Equation 15,
D(wv H, ]t—) - D(w7 22 ‘F)

R B A 7% — || i 7% — a2,
7202 | weva(my) 7% = WD /w,) vt 206 — )7 ”’””Dwg (1/wa)
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1 Ay i) )

— min min

202 { w vz (mh) w Evr () 2(t2 — t§)||7rjf — 7"'H2Diag(1/wa)
We have already shown, ||7% — 7r”||%iag(1/wa) < 2(t2 + t%)”ﬂ'} - 7T/||%)iag(1/wa)' Therefore
7% — "2 ,r < 2(t] +83)[|7% — @'||2 ,». Consequently Equation 19 gives,

D(w,p, F) = D(w, p, F)
1 2t2_t2 71.*_7.‘./2 —2t2+t2 7T*A—7T/2
i AT w20 B -
20 T EV]_-(TF* )T evE(Ty) 2(t —t )||7T . — Tr ||Dlag (1/wa)

1 213 7% — |2
= min min (222> *J:IQ'WT >0
20 ﬂ/EV}:(ﬂ'}__) T evr(my) t2 — tl ||7T]:_ — T HDiag(l/ua)

1
-1 -1 ; 2
= T (p) 2Tz (p) = 202[{{ min dﬂ,/}

T evE(my)

Therefore, upper bound on the characteristic time is given by,
202K

Millyr ey p (s d?

T(p) <

!

A .
Let, Cunknown = Milz ey (nt,) d2, and Cypown = Mgy () d2,, and the result follows. [

F.2 Impact of unknown linear constraints: Proof of Corollary 1 Part (b)

==l

Corollary 1. Part (b) Let d2 £ HT;% be the norm of the projection of p on the policy gap
F

I3

(7% — ). Then, the characteristic time Tz (p) satisfies T(p) > ———2,——. H is the sum

- K’known+2"£unknown

of squares of gaps. Kxnown and Kunknown are condition numbers of A and A.

Proof. We dictate this proof in total four steps. The first step mainly deals with a sub-matrix A’'of
A with K number if of active constraints where it will be shown that we can get any neighbouring
policy of w*ﬁ just by a rank-1 update of A’ which means we just one of the constraints inactive for
77}. Using this result we will find an upper bound in the next step on the deviation between 7% and

any of it’s neighbouring policy sharing K — 1 number of active constraints. Once we find the upper
bound on this deviation, in the third step we give a new expression for the characteristic time and we

conclude the fourth step by reducing a new lower bound characterised the condition number of A’

and A, where A is the sub-matrix of the actual constraint matrix A with at least & number of active
constraints.

Step 1 : Optimal policy to neighbouring policy via rank-1 update. We have the pessimistic
estimate of A as A, which gives us the perturbed feasible space F. Let, A’ be a sub-matrix of A such
that it consists of K linearly independent rows of A active at 7r . We can then say 7r € Null(A’ ),

where, Null(A’) is the null space of A’. Now for some nelghbour of w, w' € vp(m f) belongs to

the null space of some A”, where this A” can be expressed as a rank-1 update of A’. Specifically,
A" = A’ + er(a”,. —a',)T. Here, a’, is the column corresponding to the r-th constraint of A’. We
just want to replace this column with a new column a”,., so we set e,. as a vector which has 1 at the
r-th position and 0 everywhere else.

Step 2: Bounding distance between neighbor and optimal policy. From Equation 18, we have —

1 (" (7% —w'))?
T4 p) < T7Y(p)+ — min 2———F —_~ (20)
7 ) <Tr (p) 20% wevp(ny) | - |3

So, it becomes evident that we need to get an upper bound on the quantity Hﬂ'*]__ — 7/||. Let us start
with,

Al(n' — 7%

R * A/
%) = A'm’ since, 7’z € Null(A')
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A / 1" \T /
:{A +e(a', —a"}) }71'
— eT<a/T _ a//T)Tﬂ_/

/ / . " A
=eya’, 7™ ,since a”, € column space of A

= (' —7%) = A'_l(era'TT)ﬂ"

We denote £ £ o) 7’ as it is the slack for the new r-th row/constraint. We also define o, (A’) and
Tmax(A’) be respectively the minimum and maximum singular value of A’. Also, let Kunknown =
‘;““_”‘7((2)) be the minimum condition number for A’.

Then by property of singular value of a matrix,
it follows —
1 ~,—1 . ~,—1 ~,—1 ~,—1
————— =omm(A’ )< min |JA" || <JJA" e | < max [[A" o
Omin(A’) vifvfl2=1 vi||v]|2=1
~ -1 1
S Umax(A, ) - =1

Umax(A/)
SR Y .
Umin(A/) UmaX<A/)

Step 3 : A new expression for Characteristic time. Plugging in the above obtained bound on
[|[77% — 7'||2 in the expression of inverse of characteristic time in Theorem 4, we get a new expression
for the characteristic time.

~ 1 T
0wy 1 A ed R
2 * |2 2, ~,—1
20 Hﬂ']:- 7T||Diag(1/ua) 20 ||Al (e""a/z)ﬂ/HQDiag(l/wa)
~,—1
LA el

2, x,—1
207 A en |13t o

1 (ATA e,

2 < -1
20 | A/ er||2Diag(1/wa)

where A is the vector of sub-optimality gaps of arms, i.e A, = pu* — p,,. Then, the new expression
for the inverse of characteristic time is as follows,

~ -1
1 ATA’ 2 ~
T;l(p):ma)gmin min ) ~(71 cr) —1TAw
wer 1L mes ) | 27 A e llbiagr

(21
Step 4 : New expression for the lower bound.

Combining Equation 18 and the new expression in Equation 21, we get —
1 7% — |2
T7 () < Tr'(u) + —gmax min | ot ot
0% w wevp(my) 17 = D /w.)

_ 1
<Tr' () + =

I — |20

1m
0'2 W’EVJ:—(W;_) ||7'l'}_——7\'/H%
-1
1 ATAI 2
Tz'(p)+ min —27( — r)
mevg(mt) 20 | A/ €r||§

AQ max A’/
< Tz (p)+ _min —207(~)
™ eu}z(wj__) 20 Umin(A/)
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. 2 . . . .
For ease of comparing, we denote H £ QA%. Therefore, the new expression of characteristic time
satisfies,

2 2 1

K K
TA_l < min known + min unknown _ l€2 4 Iﬁ:2
F (u’) = 7r”€z/]:(1'r*}-) H ﬂ_,ey]}(ﬂ_;) H H ( known unknown)
A re A ~ ~
where, Kinown = ”‘“L((AA)) and Kunknown = %, A and A’ being the sub-matrix of A and A
Omin min

having Klinearly independent rows.
Consequently expected stopping time is then lower bounded by
H

Elrs] > K31 - 8)

2 2
Kknown + Kunknown
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G Sample Complexity upper bounds (Analysis of algorithms)

G.1 Stopping Criterion

Theorem 5. The Chernoff stopping rule to ensure (1 — §)-correctness and (1 — §)-feasibility is

K
inf Nawd(ftg 4, Aa) > B(t,6) A [(Ar — A)willoe < p(t,0),
AeAlJIT-lt(p,t)Z 4d(fg 1 Aa) > B(E,6) A[(As Jw|| p(t,d)

where 3(t,8) = 3Sylog(1 + log N,.1) + SoT (%) and p(t,9) is in Lemma 4.

Proof. We dictate the proof in 2 steps. In the first step, we prove that the stopping time 75 is finite.
Then, in next step, we give an explicit expression of the stopping threshold by upper bounding
probability of the bad event for stopping time 5.

Let us first go through some notations.
. . . K A T X
™ £ argmax__z fuf m, where f1, € arg millxen . (a,) Y a1 Nad(fry 45 Aa) — U Ay Ny .

Algorithm 1 and 2 stops at a finite 75 € N if the events infyea,(u){3t € N
S Nawd(fog s Aa)} > B(t,8) and {3t € Nt [|(A; — A)Ny||oo < tp(t, )} jointly occurs.
Step 1: Finiteness of the stopping time. A stopping time is finite if the parameters in the system
converges to their true values in finite time, in our case the means of arms and the constraint
matrix. Let us define A = {a € [K] : lim; o N, < oo} as a sampling rule i.e if an arm
belongs to this set A, it has been sampled finitely and otherwise the arm has been sampled enough

number of times so that the mean of that arm has converged to it’s true value and the column in
the constraint matrix corresponding to that arm as also converged. For arms ¢ € [K]anda €

A f,, — p, # p, and (A)as — (A")y # (A)a. When all parameters are concentrated
A = 0, wesay Va € [K] : f1, — m, and A — A. We also define the limit of this empirical
sampling rule as wo, = lim;_, N" =2tVYq € [K]. We then write the stopping condition in a new way
infen, (p){3t €N Yo N“d(ua’t,Aa) > 20D and (3t € N« [|(Ar—A) Y2 o < p(t,0)}.
By continuity properties and knowing §(¢,.) — loglogt and p(t,.) — 0 as t — oo, we claim
by taking taking asymptotic limits both sides infxea , (a,) Zle “2d(fby 1, Xa) > 0 and also

[(A¢ — A)Weo.alloo < 0. We get strict inequality for the both the cases by the virtue of construction
of the set A such that for arms a € A, w, # 0 and the KL-divergence is non-zero as A, # p since
AeA 7 (f1,). Also for the second strict inequality, since A, is the pessimistic estimate of A at time
t the condition will hold.

Step 2: Probability of bad event to Stopping threshold. Let w; is the allocation associated to V.
Then we define the bad event as

U 2 {,, # 7%)

= U {HteNiﬂ't+1:ﬂ'

TET
f Natd(fto 1 Aa) > B(£,8) A Aw, <0
{/\e/\li(mz o Aa) > B(E:0) “ }}
a
(C) U {atENiﬂ't+1:7T
T m#ETE

{ inf ZNatd flais Xa) > B(t,6) A |(Ar = A)wi]lo < P(t,5)} }

AEA £, (fry)
The argument (a) holds because

P{0 > Aw,} = P{-Aw; < (A — A)w,} < P{[ A1 > [[(Ay — A)well1 > [[(Ay — A)wi]loo}
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<P{| A1 < p(t, 0)}P{II(Ar — A)willoo < p(t, )}
= P{[[(Ar = A)wifloc < p(t,0)}
since the event {||Ayw,||1 < p(t,8)} is a sure event.

Therefore probability of this bad event

PU) < | P{HteN:mH—ﬂ/\ inf ZNatduat, a)}>5(t,5)}

7\'7511'5__ EA}} l"‘f)
IP’{EIt EN: iy =7 A (A — A)w oo > p(t,a)}

K
= P{3teN: inf Nasd(fty ;s Xa)} > B(t,6
2 { e 22 Nl )} > B )}

TETE

+ 3 P{BeN: (A - Al > plt.5)] )

TETS

The second cumulative probability can be bound using Lemma 4, i.e

3 IP{EIt EN: (A — A)wi|w > p(t,(g)} <

TETY

o~ | =

for the choice of p(t,d) given in Lemma 4. We work with the first term in R.H.S of Equation (22).

> IP’{EIteN: inf ZNatduat, a)}>ﬁ(t,5)}

TETY AEA Fi ()

K
=Y P{HtEN: inf inf ZNW (d(fro s Xa) = A(frg s N a))

AEA £ A/ A
wET € (I"’t) € F(Nt)

K
+ inf ZNatduat,)\’)>ﬁ(td)}

N EAF(fy)

K
gZP{EItGN inf ZNatduat,XKﬂ(tf?)}

AEA
P EAF (i)

The last inequality holds because

inf inf N, ats d(fu, ,Na)) <0
AGA}‘ () N EAF(Ht)Z t l’l' K ) (“ * ))

since under ; and the bad event we are assuming that the estimated alt-set is still bigger than the
actual alt-set. Soany A € Az (fr,) will have a bigger distance with the estimate of p than any

X' € Ar(fr,). We define I, = Supp(n%)ASupp(r) and also Sy £ maxy |I.|. We note that
0<5, <K.

We get from Lemma 9 in [KK21] with the notation of 7 (.) follows from Lemma 9

|7l']:- I—l
1 t
Z P{IteN: Z Nad(fug ¢, hg) > Z 3log(1 +1log Ny ) + |So|T 5 2
AT a€ly a€lr 0
<0<
S
where § is chosen to be —— ‘ 7 such that log % < log(%) < (K Ad)+log 5
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Also Y
by

3log(1 +log No i < 3Splog(l + log N, ;). Therefore the stopping threshold is given

ac€ly

So

In practice, we use Sy = K. O

K log 1
B(t,0) = 3Splog(1 +log Nat) + ST ((M)*‘)gé)

G.2 Proof of Lemma 2

Lemma 2. If the recommended policy is (1 — §)-correct then it is (1 — §)-feasible.

Proof. Let the recommended policy 7 is (1 — &)-correct. It means

P(r #7%) <0
= Pr A NATE <0)<$§
= P{A7n < Anh> VAT > Anr} NAn: <0) <4
= P(Ar <0V -T*" < Am) <§ ,where I'" is the slack value at stopping time
= P(Ar <0)<§

Hence (1 — d)-correctness automatically implies (1 — §)-feasibility. O

G.3 Upper Bound of LATS

Theorem 6. The sample complexity upper bound of LATS to yield a (1 — d)-correct optimal policy is

-

lim ——— < afl T

62% log(l/é) = Oé( +5) .F(lu’)a
where s is the shadow price of the true constraint A, Tr(u) is the characteristic time under the true
constraint (Equation (5)), and ¢ € (0, 1].

Proof. We will prove this theorem in 5 steps. In the first step, we define what is considered to be
the good event in our unknown constraint setting, then we go on bounding the probability of the
complement of this good event in step 2. Once the parameter concentrations are taken care of, we
show how we can lower bound the instantaneous complexity of the algorithm in step 3. In step 4, we
finally prove the upper bound on stopping time for both good and bad events. We conclude with the
asymptotic upper bound on stopping time i.e when 6 — 0 and € — 0 in step 5.

Step 1: Defining the good event. Given an € > 0, we define the good event G as,

T
Gr2 [ {llin = pllo <&@ AI(A] — AN)w|oo < ¢(e)Vw € F}
t=h(T)

where, {(¢) < max | su” (w5 — '), and ¢(e) £ max(1, €) for a given e > 0. The good event
T eEvy 773_

implies that the means and the constraints are well concentrated in an e-ball around their true values.

Thus, we have to now bound the extra cost of their correctness and the number of samples required to

reach the good events.

We also observe that ||/ — pllec < &(€) and [|[(Al — ADw|le < ¢(€) implies that

sup sup |Jw’ — w|| < € due to upper hemicontinuity of w*(p) (Theorem 3).
w'ewr (p') wew* (1)

Step 2: Samples to Achieve the Good Event. Now, let us bound the probability of complement of
the good event,

T

PG = Y (Pl — plle > €00} + P{II(Al - Al > 6(9)})

t=h(T)
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T T
< Y Pll - pllee > €@+ >0 P{II(AI - ADwlle > 6(e)}

t=h(T) t=h(T)
. T
< BT (— *) -
< exp(—-CT® )+ K Z ;
t=h(T)

The first inequality is due to the union bound. The second inequality is due to the Lemma 7 (Lemma
19 of [GK16]), which states that

T

> Pl ~ plle > ()} < BTexp (~CT)
t=h(T)

and also due to Lemma 4 that proves concentration bound of the constraint matrix over time.

Step 3: Tracking argument. Now, we state how concentrating on means and constraints leads to
good concentration on the allocations too. Since we use C-tracking, we can leverage the concentration
in allocation by [DKM19b, Lemma 17]. We use this lemma than D-tracking or the tracking argument
in [GK16, Lemma 7] because the optimal allocations might not be unique but the set w* () is convex
(Theorem 3).

Hence, there exists a T, such that under the good event and ¢ > max (7T, h(T')), we have,

(= 1) "7 < (= 1) 7%+ (= )T (75 — 75| < 4€(e)
< max pl(wy — ')
T evE(my)!

We have replaced the perturbed alt-set with the true alt-set because for ¢ > max(T¢, h(T)), we can
ensure the convergence of F almost surely i.e 7 %3 F

Step 3: Complexity of identification under good event and constraint. Now, we want to understand
how hard it is to hit the stopping rule even under the good event. First, we define
C.p= , ,inf D(p', W', F) — 1T Aw.
p|p —pf|oo <E(€)

w'i]w’ ~w|| o <3¢

A |(A=A)w|| oo <€)

Now leveraging Lemma 6, we obtain

(1+1) inf D(p W', F) > inf D(p W' F) — 1" Aw,
wi|lp —pllos <E(e) wi|ln —pllos <E(e)
whi|w’ ~wl|eo<3e Cw|w —w|es <3e
As[(A-A)wl|oo<o(e) A[(A-A)w||eo<o(e)

where definition of v follows from Lemma 6. It quantifies how the Lagrangian lower bound relates
with the Likelihood Ratio Test-based quantity in the stopping time.

Therefore by the C-tracking argument 10, we can state

R . tC -
D(fu,, Ny, F) > t inf Dy, W', F) > —=L . (23)
(g, Ni, F) Bl =] oo <E(€) ( ) 1+9

w't||w' —wl|oc <3e
A[(A-A)wl]ec<o(e)

Here, LHS is the quantity that we use to stop and yield a (1 — §)-correct policy.

Step 4: Bounding the stopping time with good and bad events. We denote 75 as the stopping time.
So we can write upper bound on this stopping time for both good and bad events as

T
min(T(Sv T) < max(\/f, ﬂ(Ta 5)) + Z Ir>r
t=T.

By the correctness of the stopping time, the event 7(8) > ¢ happens if D(ji,, Ny, F) < f(t, ) for
any t < T
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Now using the lower bound on D(fi,, Ny, F ) (Equation 23), we get

T X - o
Tt 3 WD, N F) < 4(4:0) < max(VT AT 8) + 32 1 (137 < BT0))
< max(VT, B(T, §)) + AT, 50)(1 +¢)
eF

Let us define a T5 2 inf{T € N : max(v/T, 3(T, 6)) + %(:rw) < T}. To find a lower bound on

Ty, we refer to [GK16]. Specifically, let us define 5(n) = {infT : T —max(V/T, B(T, 8)) > %}
for some 1 > 0. Therefore,

. . Co 7
Ts < B(n) + inf{T € N : Tm > B(T, 8)}

Thus, finally combining the results, we upper bound the stopping time as

E[rs] <Te+ T5 + Thaa -
Here, Thaa = Y oq BTexp (—CT'/®) + K((1) < oo is the sum of probability of the bad events
over time. ((.) denotes the Euler-Riemann Zeta function.

Step 5. Deriving the asymptotics. Now, we leverage the continuity properties of the Lagrangian
characteristic time under approximate constraint to show that we converge to traditional hardness
measures as € and J tends to zero.

First, we observe that for some v > 1

CEm] _a(+9p(+0)
P log(1/0) = C.5

Now, if also € — 0, by the Equation 4, we get A — A, and thus, F - F.

Thus, by continuity properties in Theorem 3 and Theorem 2, we get that

Ina‘XiE[l,N]F A Tax A
minie[l,N] r Cmin

D(F,.) = D(F,.) and ¢ — 5.
Here, s is the shadow price of the true constraint matrix, and quantifies the change in the constraint
values due to one unit change in the policy vector.

Hence, we conclude that

E[7s]

(}i_r%m <alr(p)(l+s).

G.4 Upper Bound for LAGEX

Theorem 7. The expected sample complexity of LAGEX satisfies limg_,¢ % < Tr(p) + 2s.

Proof. We will do this proof in two parts. In part (a) we will assume that the current recommended
policy is the correct policy and try to find an upper bound on the sample complexity of LAGEX. In
the next part (b) we break that assumption and try to get an upper bound on the number of steps the
recommended policy is not the correct policy.

Part (a) : Current recommended policy is correct. Proof structure of this part involves several
steps. We start with defining the good event where we introduce a new event associated with the
concentration event of the constraint set, then proceeding to prove concentration on that good event.
Third step starts with the stopping criterion explained in G.1. In step 4 we define LAGEX as an
approximate saddle point algorithm. The next step further transforms the stopping criterion with the
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help of allocation and instance player’s regret that play the zero-sum game. We conclude with the
asymptotic upper on the sample complexity characterised by the additive effect of the novel quantity
shadow price s.

Step 1: Defining the good event. We start the proof first by defining the good event as
Gy ={vt <TVa € [K]: Nowd(fog: o) < g(t) N[(A — A)wllo < p(t,6)}
where, g(t) = 3logt + loglogt and p(t, ¢) is defined in Lemma 3. The choice of g(t) is motivated

from [DKM19a] which originates from the negative branch of the Lambert’s W function. This
eventually helps us upper bounding the cumulative probability of the bad event.

Step 2: Concentrating to the good event We denote G¢ as the bad event where any one of the above
events does not occur. Cumulative probability of this bad event

T

T K
ZP (GY) = ZP <Z Na,sd(frg,s: q) > 9(5)>

T
+ Z}P’ (||(As —A)wlls > p(s,6)Vw € ﬁT)

We get the upper bound on 57, P (Za | Na,sd(ftg o 1) > g(s )) < ffi(gi( (t)+g%(t)logt) <
oo as a direct consequence of [DKM19a, Lemma 6]. The second cumulative probability is bounded
by ((1) using Lemma 4, which is finite.

In the next step, we work with the stopping criterion where we do not have access to F rather a bigger
feasible set F;.

Step 3: Working with the stopping criterion. The stopping criterion implies that
6<t5 ZNatd lllata )7
AeA 7, (
where the exact expression of 3(t, d) is defined in Theorem 5.
We use the C-tracking lemma (Lemma 8) to express the stopping in terms of allocations
B(t, 6 inf Wa,sd(fty 4 1+VHK 24)
(t.0) > A()ZZ n ) = (L4 VO

L-Lipschitz property of KL divergence gives

[d(p0: Ma) = d(frg 5 Xa)| < L\/@ (25)

Using this result in Equation (24) we get

MW
] >
&
“
;F>
s
W,
M“
Mx

a7sd(l~laa Aa) - L QUthg(t)

'
Il
=
IS}
Il
=
'
Il
—
S}
Il
—

a,sd(g,5; Aa) = Lr/20%Ktg(t)

M“
HMN

s=la
- 2L\/W K2+ 2V2Kt)
> Z Zwa,sdma,s, Aa) — O(y/tlogt)
the penultimate inequality yields from usi;:tl:e: Iliquation (25). Using this result in Equation (24)
B(t,6) > inf iwa,sd(ﬂa,t, Aa) — (1+ VHE — O(y/tlogt) (26)

AGA}-(ut)
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Step 4: LAGEX (Algorithm 2) as an optimistic saddle point algorithm We follow the definition
of approximate saddle point algorithm in [DKM19a]. LAGEX acts as an approximate saddle point
algorithm if

inf inf W ad(fy g5 Aa) — ITA,w; > max woUq s — Tt 27

where, Uy, = max { 4, maxeeja, . 5,1 d(&, AM)} and ¢ = RY + Y01 Yol wWasCass:
The quantities I2{” and C’a,s will be defined later on.

Step 5: Bounds cumulative regret of players Algorithm 2 at each step solves a two player zero-sum
game. First one is the allocation player who uses AdaGrad to maximize the inverse of characteristic
time function to find the optimal allocation. The regret of the AdaGrad player is defined at time ¢ € N
as

Allocation player’s regret.

Rf:maXZZw Uas Zzwas a,s

slal s=1a=1

We should note that AdaGrad enjoys regret of order Ry < O(1/Qt) where Q is an upper bound on
the losses such that Q > max, ye(u, . u.. 1d(T,Y).

A-player’s regret.

t K t K
RBa= 22 wasdlBos o) = a5 D wasd(fo M) <0
F

s=1a=1 s=1a=1
The last inequality holds because we take infimum over X in the perturbed alt-set. now let us prove
that LAGEX is a optimistic saddle point algorithm. We define C', 5 £ Uag,s — d(ﬂa,s, Aa,s)- From
the definition of regret of the )\-player we get

)\e}\nf Z Zwa s ﬂa 59 )

slal

>lleI]11Qf;l AE}\nf {Zzwas a,s Zzwascus+l Atwt}

s=1a=1 s=1a=1
Then we have from Equation (26) and Equation (27)

5(t75)>ller]11§f;i /\E}\nf {Zzwas a,s Zzwas a9+l Atwt} (28)

s=1a=1 s=1a=1

- (1+\[)K—O(\/tlog ) (29)
AelAnf(mZZwas 0.s Zwa 0.s (30)

s=1a=1 s=1a=1

- (1+\[)K—(9(\/tlog )—i—lTAtwt (31)
AG}\nf(M)ZZwas a,s Zzwas as_ 1+\/£)K (32)

s=1a=1 s=1a=1

— O(y/tlogt) — D(wy, fiy, ﬁt)wt (33)

where 1), is defined as Lemma 6. The penultimate inequality holds as we have replaced inf;¢ - I with
l; i.e the optimised Lagrangian multiplier at the last step. Whereas the last inequality follows from
Lemma 6. From the definition of the allocation player regret we have

t K
)\Er\nf ZZwas g s A >maXZZwa asz;”fZZwa,sCas

s la=1 s=1a=1 s=1a=1

T1
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which shows that LAGEX is a approximate saddle point algorithm with slack z; = Ry +
22:1 ZaK:l wa,sCas.

Now we have to ensure that 71 in the slack is bounded.

=)

t

t K K
H> > ]u\’]“’s + 2L/2024(t) KZ Z

K+4la=1~ &%

3 S wnCo < zzw“{

K+1a=1 K+1la=1

g(t) <K2 + 2K log ;() +2L04/202g(t)(K? + 2V2Kt)
< O(y/tlogt). (34)

The inequalities hold due to the good event G and L-Lipschitz property of KL

(0 A) — (it 30)| < Ly 2079

a,s

[0 29(s) g(s)
— sup  Ugs —d(§has) < max{QL 202
£€laa,s,Ba,s] Nas Nas

Now the stopping time expression changes to

B(t,8) > max (ZZwad B> Nass) — D(wt7ﬂt,f't)wt> — R¥ —O(y/tlogt) — (1 + VO K

weF

>maXZZw dlta» a,s _T_;—tl(ﬂt)flpt_R?’_O(\/tlogt)_(1+\/E)K

“)e]:a 1s=1

Step 6: Characteristic time Accumulating Equation (28) and Equation (34)

maxg E wad(fgs Aa,s) >t inf  max wad(tt,, A

weF s=1a=1 AEA]:-([J, (L)Effa 1
>tmax inf w o) =tTZ ()
ad(pg, A 7 M
UJE]:r A€A .T ¢

Then the sample complexity is upper bounded by

E< Ty, (1) (B(t0) + Ry + O(/Flogh) ) + v

Now asymptotically when F, — Fand 1y — s, the expression for the characteristic time is given by

t < Tr(p) (5@5, 5)+ R + O(\/t logt)) +s

Part (b) : Current recommended policy is wrong. To get on with the proof for this part we will use
similar argument as [CBJD23]. Though the argument was motivated by the work [DKM19b]. We
define the event

B, 2 {71'* * argmaxﬂtTﬂ}

weFy

i.e the current recommendation policy is not correct which implies that the mean estimate or the
constraint estimate has not been concentrated yet. If we define Chernoff’s information function as

40



ch(u,v) £ inf,ep(d(u, z) + d(v, x)). Therefore the current mean estimate will yield positive Cher-
noff’s information since it has not been converged yeti.e e > 0 : ch(f, ;, ) > €. Consequently
under the good event G defined earlier

Q)

a,t

Q

<e

=

since ch(f, 4, 1t,) < d(f1, 4, 1) Letattime s € N, 7’ be an extreme point in F, that is not the
optimal policy. But since it is an extreme point in F, that shares (K — 1) active constraints with w*ﬁ ,
it has to be an optimal policy w.rt A € Az (f,) : @' = argmax,_ 7 A+ m%. So we again
define the event B, as

B, & {)\ €Az (1) 7' = argrr}ax)\TTr # 71'}}
wEF
We again define n./(t) be the number of steps when w4 = 7', s € [t]. Therefore

K t K
. ~ . . N T%
€ = min > Wa,sd(f,s, Ha) > 10D /; * ,\lengs > > wa,od(fry g pa) — I Ay
T T
Fs

s=1,Bs; a=1 s=1l,ws=n'a=1
(35)
Now to break the RHS of the above inequality we go back to step 5 of the proof of part (a) where

we showed LAGEX is an approximate saddle point algorithm. In this case the slack will be z; =
Ry o+ Zzzl,m:w S Wa.sCha.s. Therefore we can write the RHS of Equation (35) as

t K
ooyl Y D wasd(ie fa) (36)

Tr/7£7'l';-__s s=1l,rs=n'a=1
t K t K
. T
> max min E E wa,sUqs — RY )~ E E Wa,5Cqs ' Aywy (37)
weF, LeL "
s s=1l,ws=n'a=1 s=1l,ws=m'a=1
T1 T2

We apply the same logic as in [CBJD23] and [DKM19b] that Ja’ € [K] for which U, > €. That
means the term T'1 grows at most linear with n. (t). From the proof of part (a) it is clear that the

term 72 = O ( N () log ng (t)) < O(v/tlogt) and the allocation player regret is bounded by

R, ) = O(/Qng(t)) < O(v/Qt). That means the number of times the event B; occurs is

upper bounded by O(1/tlogt). Now the extra term in Equation (36) appearing with term 7'1 and 7'2
induces same implication as part (a).

Then incorporating part (a) and (b) to get the upper bound on the expected stopping time asymptoti-
cally

E
Elrs] < T, (1) (8(t,8) + By + O (V/tlogt) ) + 20, = lim 10251] < Tr+2s.
B

G.5 Applications to existing problems

End-of-time Knapsack. We can model the BAI problem with end-of-time knapsack constraints as
discussed in Section B.2. In such a setting the shadow price comes out to be 5 < ¢ i.e the maximum
consumable resource. So if we were to implement LATS for this the asymptotic sample complexity
upper bound will translate to o1’z () (1 + ¢), the multiplicative part being the effect of the end of
time knapsack constraint. In case of LAGEX the unknown knapsack constraint will leave a additive
effect quantified by 2c. Recently people have deviated from only devising a no-regret learner in BwK
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rather people are interested to also give good sub-optimal guaranties on constraint violation as well.
We think algorithms like LAGEX will perform well if we translate this model to our setting since it
has shown not only good sample complexity but also better constraint violation guaranies as well.

Fair BAI across subpopulations. This problem is a direct consequence of our setting. The shadow
max;cg 7,
min;e g T
weight in the recommended policy. Similar to the knapsack scenario, here also this ratio will appear
as a extra cost of not knowing the fairness constraint in multiplicative way in case of LATS and gets

added to the sample complexity upper bound of LAGEX.

price in this setting s = > 1 i.e the ratio between maximum and minimum non-zero

Pure exploration with Fairness of exposure. We can think of a problem where we want to select a
pool of employees from different sub-sections of a whole population for a task. As we want to max-
imise the reward or utility of this selected group we also must also give fair exposure to all race or say
gender. As discussed earlier in Section B.2, a direct application of our algorithms LATS and LAGEX
to use them in the problem of pure exploration with unknown constraints on fairness of exposure.

1 1
. . . max; je(K\ 7~ s max, . .
The shadow price in such a setting would be § = — (‘17 ij> = minf?e[m((ul “J)) > 1.
mmi’jelk](zirj) i,je[K] (K= H;

Thresholding bandits. The problem of Thresholding bandit is motivated from the safe dose finding
problem in clinical trials, where one wants to identify the highest dose of a drug that is below a
known safety level. From the translated optimisation problem in Section B.2 we easily find out the
max;c[K] (7"—9)‘1‘
min;ex](7—0)*
because the constraint structure is very similar. Our setting generalises thresholding bandit problem
by giving the liberty of choosing different threshold levels for different support index of 7r. Similarly
to other settings this shadow price will come as a price of handling different unknown thresholds for
every arm as addition in case of LAGEX and as multiplication for LATS.

shadow price for this setting to be s = > 1. This shadow price is similar to ours

Feasible arm selection. Feasible arm selection problem is motivated by the spirit of recommending
an optimal arm which should satisfy a performance threshold. For example one might be interested to
find a combination of food among a plethora of options which maximises the nutrient intake, rather
the nutrient value of the food combination should exceed a threshold value. The structure of the

optimisation problem for such a setting is discussed in detail in Section B.2. Then the shadow price
comes out as § = ::{m > 1 where f € RS"PP(™) can be compared to a utility function. In our
setting we will not have access to the true utility function rather we have to track it per step. This
shadow price again get multiplied to the LATS sample complexity upper bound as a cost of not

knowing the true utility of the arms, whereas we see a additive cost incurred in case of LAGEX.
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H Constraint violations during exploration

H.1 Upper Bound on Constraint Violation

In a linear programming problem we say constraint is violated if the chosen allocation fails to satisfy
any of the true linear constraints. In other words when the event Aw,; > 0. We start with the
optimization problem relaxed with slack if the constraints were known,

max p’ 7
weF

such that, Aw + 1" <0

where, I is the slack. Cumulative violation of constraints can be expressed as,

t

V= max [A'w

! = i€[K] [ th
where, [z]1 = max{z,0}. Then, at any time step ¢ € [I], instantaneous viola-
tion is given by, v; = max;cpr) [A'w], . Since, A is feasible, we define the game

value as, 7 = maxgermaxeg)Aw < T and 7 = maxgyermaxer) Alw >

MINZ coe MAX,, ¢ 7 MAXe[K] Alw; = Aj'wy, holds because of pessimistic estimate of A.

Again, we define, imin(w) = arg min; ¢ A‘w Then,
ir‘rgl[a%] [Aiwt} = irg[alzg](Ai — A, + ng[a}?] Al

< max (A" = A5, lwel[5 -2 + max Ay

< f(t75)‘|wt|‘z:t—1 + {2{% Aiwt

Again, Inaxie[K] Aiwt S maXiE[K] Aiwt S r
Then, the instantaneous violation becomes,
vr < [f (¢ 0)[|wel |y + Ty
< £(t,6)llwell -1 +IT|
N————’
p(t,0)

Let stopping time is denoted by 75 < T following the expression from the Stopping criterion section.
Then, cumulative constraint violation is denoted by,

Vs = Z St

t<Ts
= p(t,0) +|T|
t<Ts
<2 37 D1{p(t,0) < [P} +2 3 plt. )L{IT] < p(t,8)}
t<7s t<T7s
t,0)2
< 275|T| + 2 Z (p(|£‘)’ where, 1(u < v) < %
t<rs
2log?(1 + L) 4 12dlog(1 + THL) (1 + log &
§2T5|F‘+6d og™(1+ d ) + 12dlog(1 + d )( +0g5)

T

The last inequality is a direct consequence of Lemma 3.
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Figgre 6: Constraint violation (media.n:I:std.) al-  Figure 7: Constraint violation (median=std.) of
gorithms over 500 runs for hard environment.  3]gorithms over 500 runs for easy environment.

H.2 Experimental results

In all the experiments we have taken § = 0.01. Here, we will also explain what the abbreviations used
in the plots. "CTnS-WLag" and "CGE-WLag" is basically the CTnS and CGE algorithm ([CBJD23])
under unknown constraints without Lagrangian relaxation. For the experiments in easy environment
are clipped at 3000 for better visualisation. For CGE we have used g(t) = log t. Each plot has been
generated over 500 random seeds.

Observation 2. LAGEX least violates constraints. We compare the constraint violation i.e the
number of times Aw; > 0, where A is the true constraint matrix.

Observations in Environment 1. From Fig. 6 we see that LAGEX shows least number of constraint
violation across all the algorithms compared, followed by LATS and CTnS without Lagrangian
relaxation shows the worst performance by having highest number of constraint violations. Though
performance of Uniform explorer in terms of constraint violation is at par with LAGEX and LATS.

Observations in Environment 2. From Fig. 7 we can say our proposed algorithms LATS and LAGEX
also better in terms of showing least number of constraint violations for the easy environment. An
interesting application of these algorithm would be to explore BAI with end-of-time Knapsack
constraint since LAGEX and LATS work "safer" than other algorithms in the unknown constraint
setting with better constraint violation guaranties.

H.3 Experiment on IMDB dataset

We evaluate our proposed algorithms Algorithm 1 and 2 with other algorithms using the publicly
available and often used IMDB 50K dataset [MDP™ 11]. For ease of comparison we use the same
bandit environment as [CBJD23] using 12 movies. We search for the optimal policy which allocates
weight at most 0.3 to action movies and at least 0.3 to family and drama movies. The true optimal
policy is [0.3,0.3,0,0,0.4,0,0,0,0,0,0,0]. We assume § = 0.1. We compare the same set of
algorithms as before.

Observations 1. LAGEX shows better sample complexity From figure 8 we can observe that the
LAGEX (Algorithm 2) performs better any other algorithm in the unknown constraint setting. The
algorithm LATS (Algorithm 1) performs also well on the IMDB environment but notably we cannot
distinguish it’s performance from the performance of the Uniform explorer as well. The diagram 8
also properly demonstrates the extra cost we had to pay due to not knowing the constraints in the
allocation on the different genres of movies.

Observation 2. LAGEX shows least constraint violation Interestingly not only LAGEX performs
as the most efficient algorithm among the all other algorithms in the unknown constraint setting but
also it shows least constraint violation. It means LAGEX performs as the most safe algorithm even
during exploration.
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I e-good policies under unknown linear constraints

Throughout this paper we have talked about converging to the optimal policy while tracking the
estimates of the unknown linear constraints and unknown means of the reward distributions of K
arm. One might not want to land on the exact optimal policy, rather may be interested in finding
an e-good policy i.e the recommended policy is in a e-ball of the actual true optimal policy. This
approach may get us to a much lower sample complexity lower bound [[GK21b],[MPK21], [GK21a],
[MJTN20]]. We can extend our proposed Algorithms 1 and 2 can be extended to this setting by

changing the definition of the set of alternative instances as A z(p) = {)\ eD: )\T(ﬂ';:_ —m) > e}

for a pre-specified alpha as an input in the algorithms. So we will say the recommended policy in
e-good for 7% after the stopping rule fires, if 77‘} has converged to 7% with concentration in means
and constraint matrix. But there are two main problem that appears. Since € > 0, the most confusing
instance for p will not lie on the boundary of the normal cone. So the projection lemma for lagrangian
formulation (Proposition 1) is no more sufficient. Also, the algorithm may start oscillating when the
allocation comes inside the epsilon ball of 11'} among near-optimal policies since convexity of w* ()
is no more ensured. To handle the first problem we can use the approximation error € as an added
pessimism in the system. That means we are interested in the optimization problem
T
na
such that A < eAl.

Then to build a new superset for the new feasible set we use pessimistic estimate of A i.e (Ae)m <
A7 < 0. We would also want to track the sequence {¢; }+cn and use it’s concentration properties to
find introduce new quantities in the lower bound that will capture the effect of the approximation.
For the second hurdle we can add the notion of sticky approach from [DK19] that can help the agent
stick to a specific e-good policy rather than oscillating.
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J Technical results and known tools in BAI and pure exploration

In this section, we will devise some technical lemma using the help of standard text on online linear
regression to ensure the convergence of unknown constraints. We specifically give the expression of
the radius of confidence ellipsoid mentioned in the main text in Equation 2. We then prove an upper
bound on the bad event i.e when the constraint matrix is not concentrated around the true matrix. We
also acknowledge some known theoretical results from BAI and pure exploration literature that are
used in this work.

J.1 Concentration lemma for constraints

Here, we want to get concentration on the deviation of the pessimistic estimate of the constraint matrix

from the actual one quantified by ||(A — A)w||o, it becomes very crucial to prove upper bounds on
sample complexity of our proposed algorithms. The following lemma ensures the concentration of
the constraint matrix.

Lemma 3. For the pessimistic estimate A of A, the following holds
1. [(A" = AY)w| < p(t, 8) where p(t,8) = f(t,0)]|wlls

2. ey lwsll3,o < 2dlog (1+ )

3.3y p(t,0) < /2t 2(t,6) log (1 + 12

Proof. The first result gives control on the deviations Aw — Aw for A € CA(9). Then Vi € [d]
(AT~ ANw| < |(Aj ~ ANw|[ <2 sup [[A] = Ay, [wlls— < f(t,0)]|w]pr < p(t,0)
AcCA(5)
here, we define p(t,8) = f(t,0)|w|x-1. The penultimate inequality follows from the definition of

the confidence set defined in Equation 2. Now we want to derive an explicit expression of this upper
bound. It is natural to use the concentration of the gram matrix ; over time. We refer to [AyPS11]
for the control over the behaviour of ¥; and we directly get the second as

: 14t
Z HwSH;,l < 2logdetY; 1 < 2dlog (1 + d)
t
s=1

Refer [AyPS11] for the context. Now we have to control the cumulative deviation because later
on when we define the bad event based on this concentration we will need to know the cumulative
behaviour of p(t, ¢).

Then for an arbitrary sequence of actions {ws }s¢[7]

t
ty p2(t,9) < \/2dtf2(t, 8)log (1 n 1d+t>

s=1

where, 20| p%(t,8) < 2dtf3(t, ) (1 + L4) using result 2 of this lemma. This holds because as
we have already stated { f(s,d)}scr) is a non-decreasing sequence of function and f(t, 9) is the

maximum possible value in the seti.e Y0_, f2(t,8) < tf2(t,0)
O

Now we proceed to state an upper bound on the cumulative probability of the bad event i.e the event
(Ar — A)wloe > [(Af — A')w| > p(t,6).
Lemma 4. The cumulative probability of the bad event till time t<T,

> P (A — A)wlloe > p(t,8)) < (1)

where ((.) is the Euler-Riemann zeta function.
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Proof. We already have stated in the main paper f(¢,0) = 1 + \/% log% + ilog det¥; <

1 + \/% log & + 41log (14 %) = f'(t,6) by Lemma 3 and we define
Pt.0) 2 ft0)|wlgr. T implies P@teﬁm@%waﬂm>ﬂ@ﬁ» <
P (Elt € MIA; — A)wloo > p(t,é)) < 4. Now if we replace log+ by u, we can write

P <E|t € [T],¥i € [d]]|Ai — Als, > 1+ \/% log K + % + 41log (1 + fl)> < exp(—u). We can

directly assign log ¢ as the simplest and natural choice for u, since > oo ; + = ((1), ((.) being the
Euler-Riemann zeta function. Though this integral is improper, it has a Cauchy principal value as
Euler-Mascheroni constant which means Y07, 1 ~ v = 0.577. So we assign u = log ¢

t t 1 00 1

}:PQyAt Ao > p(t,8)) < > o< 2;5 )~ 0.577

s=1
O

Lemma 5. Ler i > 0 be a vector, and consider the set Qp = {p > 0 | q(p) > q(p)}. Let
Slater condition hold. Then, the set Qp is bounded and, in particular, we have || p|j1 < ;(f(:f) —

q()),V € Qp where, v = mini<j<m {—9,(Z)} and T is a Slater vector. f{.) and q(.) respectively
denotes the primal and the dual function of the optimization problem.

Using the aforementioned lemmas we give a bound for the part in the inverse of the characteristic time
function that gets added for Lagrangian relaxation which eventually helps up landing on a unique
formulation of sample complexity upper bounds of our proposed algorithm.

Lemma 6. Foranyl € L and w € Ak
~1"Aw < D(p,w, F))

|[(A—A)w||oo +maxien, v (~Aw)
min; 1, Ny (—Aw)

where, ) =

Proof. Foranyl € £ and w € Ag we write
(—lITAw) =1"(-A+A - A)w
< [l I(A = A)wllos + 121 max (~A'w)
i1€[1,N]
< I A — Aw s T max 1")
It (G = Aol +

< D(w, , I T Al T maicin ) (ZAw)

min e vj(—Aw)
Plugging in the definition of ¢» mentioned in the statement of the lemma concludes the proof. O

J.2  Useful results from BAI and pure exploration literature

Lemma 7. (Lemma 19 in [GKI16]) There exists two constants B and C (depends on p and €), such
that—

T
. 1
> P{llis, — pllse > E(€)} < BT exp(—CT)
t=h(T)
Lemma 8. [GK16, Lemma 7] For allt > 1 andVa € [K|, C-Tracking ensures N,y > V't + K2 — K
and

t
ax |[Ngt — wes| <K K1+ vVt
max [Nos Z:,\ (1+ V1)
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Lemma 9. (Theorem 14 in [KK21]) Let § > 0, v be independent one-parameter exponential families
with mean p and S C [d]. Then we have,

1
P, |3t €N: Y Niadr (raia) > > 3In (1 +1n (Nt,a)) +1SIT <ln|é5)>] <5,

a€sS a€S

~ h™'(14z)+1n =2
Here, T : Rt — R is such that T (x) = 2hs > (W) with

Yu>1, h(u)=u—In(u) (38)
z exp (%) h=Yz) ifz>h? (#)
Vz e [l,e,Vz >0, h.(x)= h= () In(z) ) (39)
z(z — In(In(2))) else

Lemma 10. (Lemma 17 in [DK19]) Under the good event G, there exists a T, such that for T
where h(T') = T. C-tracking will satisfy

N, K? h(T
inf |2t — <3e,w>4—+3ﬁ
wew*(u) || t 0 €2 €
Lemma 11. (Theorem 2 in [DKM19b]) The sample complexity of GE is

Elr] < To(6) +

where
Ty(8) = max {t EN:t <T(p)e(t,6) +C, (1thA +RY 4 O(\/tlogt))}

where R) is the regret of the instance player, R the regret of the allocation player and Cy an
instance-dependent constant.

J.3 Useful definitions and theorems from literature on continuity of convex functions

Definition 2. (Definition of Upper Hemicontinuity) We say that a set-valued function C : © — w is
upper hemicontinuous at the point 0 € O if for any open set S C w with C(8) € S there exists a
neighborhood U around 6, such thatVx € U, C(x) is a subset of S.

Theorem 8. (Berge’s maximum theorem, [Ber63]) Let X and © be topological spaces. Let f :
X x © = R be a continuous function and let C' : © — X be a compact-valued correspondence
such that C(0) # @V0 € ©. If C' is continuous at 0 then f*(0) = sup,cc(g) f(x,0) is continuous

and C* = {x € C(0) : f(x,0) = f*(0)} is upper hemicontinuous.
Theorem 9. (Heine-Borel theorem, Eduard Heine and Emile Borel ) For a subset S in R", the
following two statements are equivalent

1. S is closed and bounded.

2. S is compact, means every open cover of S has a finite sub-cover.

Theorem 10. Let C be a closed convex set with nonempty (topological) interior. Let f and { "} be
affine functions from E™ to E™ with f™ — f. Then

(I1.1.2)lim, o (H (f7)NC) C H(f)NC
(11.1.3). lim (H (f")NC) is a closed convex subset of H(f) N C,

(IL1.4). If H(f) N C has nonempty interior and no component of f is identically zero, then
lim, oo (H(fM)NC=H(f)NC

Lemma 12. [MCP14, Lemma 13] Consider A € (RT)** ¢ € (RT)*, and T c (R+)"* x (RT)".
Define t = (A, ¢). Consider the function Q) and the set-valued map Q*

Q(t) = inf {cx | Az > 1,2 > 0}
z€RFK

T —r 00

Q) ={z:cx < Q)| Ax > 1,2 > 0}.

Assume that: Forallt € T, all rows and columns of A are non-identically 0 and min;c 7 ming, ¢ > 0.
Then, 1. Q is continuous on T, 2. Q* is upper-hemicontinuous on T .
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