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ABSTRACT

In many real-world applications of regression, conditional probability estimation,
and uncertainty quantification, exploiting symmetries rooted in physics or geome-
try can dramatically improve generalization and sample efficiency. While geomet-
ric deep learning has made significant empirical advances by incorporating group-
theoretic structure, less attention has been given to statistical learning guarantees.
In this paper, we introduce an equivariant representation learning framework that
simultaneously addresses regression, conditional probability estimation, and un-
certainty quantification while providing first-of-its-kind non-asymptotic statisti-
cal learning guarantees. Grounded in operator and group representation theory,
our framework approximates the spectral decomposition of the conditional ex-
pectation operator, building representations that are both equivariant and disen-
tangled along independent symmetry quotient groups. Empirical evaluations on
synthetic datasets and real-world robotics applications confirm the potential of our
approach, matching or outperforming existing equivariant baselines in regression
while additionally providing well-calibrated parametric uncertainty estimates.'

1 INTRODUCTION

A central problem in machine learning is modeling conditional probabilities—understanding how
the distribution of a target variable y changes with an observed variable x. This underpins robust
reasoning under uncertainty in critical applications such as medicine, finance, robotics, and physics
(Izbicki, 2025; Smith, 2013; Wasserman, 2007). However, estimating conditional distributions re-
mains challenging in high-dimensional settings without strong inductive biases (Scott, 1991; Nagler
and Czado, 2016; Izbicki and B. Lee, 2017).

Symmetry priors, in the form of principled assumptions about invariance or equivariance in the
underlying data-generating process, offer a compelling way to reduce sample complexity and im-
prove generalization (Kashinath et al., 2021; Wang, 2021; Bronstein et al., 2021; Elesedy, 2023).
These priors naturally arise in inference tasks in chemistry and particle physics (Dresselhaus et al.,
2007), set-&-graph structured data (Bronstein et al., 2021), computer graphics (Mitra et al., 2013;
Kovar et al., 2002), and dynamical systems with group-invariant/equivariant laws of motion, which
are ubiquitous in fields like physics (Dresselhaus et al., 2007), fluid dynamics (Olver, 1993), and
robotics (Ordofiez-Apraez et al.; Zhu et al., 2022).

Over the past few years, Geometric Deep Learning (GDL) has produced a rich ecosystem of archi-
tectures that encode symmetries, achieving strong empirical performance across various supervised
(Bronstein et al., 2021; Weiler et al., 2023; van der Pol et al., 2020) and unsupervised tasks (Dan-
govski et al.; Keurti et al., 2023; Wang et al., 2024a). However, the field remains focused on appli-
cation specific designs and architectural innovation, with limited understanding of how symmetry
priors can be leveraged to learn representations with provable generalization guarantees.

In this work, we take a different route: rather than proposing new architectures or solving specific in-
ference tasks, we ask how to systematically learn symmetry-aware representations that best capture
conditional structure in the data. Specifically, how should equivariant networks be trained so that
their learned features reveal conditional distributions, and how does the quality of these representa-
tions affect performance in downstream tasks such as regression and uncertainty quantification?

' All experiments and examples are provided in the open-access repository symm_rep_learn


https://anonymous.4open.science/r/symm_rep_learn-2B3A/README.md
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Figure 1: Left: Test set sample efficiency for G-equivariant regression (MSE vs. training samples)
when predicting the G-equivariant linear and angular momentum of a quadruped robot’s center of
mass (CoM) from noisy joint positions and velocities. Right: Uncertainty quantification via G-
equivariant prediction of 90% confidence intervals (CI, light-red area) for the robot’s instantaneous
work U, and kinetic energy 7} during locomotion over rough terrain for our method (eNCP) and
competitors. The figure shows a trajectory with a strong initial disturbance, where blue markers
denote samples within the predicted CI and red markers denote those outside. Note that only eNCP
is able to predict well-calibrated CI intervals that cover both the disturbance and recovery phases.

To answer these questions, we bridge two fields rarely studied together: spectral contrastive learning
(Zou et al., 2013), a self-supervised approach that learns deep representations of data via operator-
theoretic modeling of conditional expectations (Tsai et al., 2021; Kostic et al., 2024a), and GDL
(Bronstein et al., 2021), which enforces symmetry priors as architectural constraints in Neural Net-
works (NNs). Our approach shows how symmetry constraints shape the representation space and en-
hance generalization, opening new avenues for cross-fertilization between these fields. Concretely,
we demonstrate that our method outperforms GDL techniques on regression tasks while providing
reliable uncertainty quantification on a challenging robot locomotion task (see Fig. 1).

Contributions (1) Methodological framework: We introduce Equivariant Neural Conditional
Probability (eNCP), the first framework to combine equivariant neural networks with operator-
theoretic estimation of conditional distributions. (2) Task-agnostic representation learning: We show
that any G-equivariant architecture can be used to learn disentangled, symmetry-respecting repre-
sentations that generalize across diverse downstream inference tasks. (3) Learning guarantees: By
linking the representation quality directly to sample complexity, we provide the first non-asymptotic
statistical learning guarantees for equivariant conditional models, including regression and uncer-
tainty quantification. (4) Empirical results: On both synthetic and real-world robotics tasks, eNCP
consistently outperforms baselines, including contrastive methods Neural Conditional Probability
(NCP) (Kostic et al., 2024a) and current equivariant models. In particular, eNCP achieves state-of-
the-art performance in the challenging task of contact force inference in quadruped locomotion.

Paper structure Sec. 2 reviews modeling conditional probabilities with linear operators and NCP.
Sec. 3 formally presents the symmetry priors we consider. Sec. 4 introduces our eNCP learning
framework. Sec. 5 outlines our theoretical learning guarantees. Sec. 6 showcases experiments on
synthetic and real-world data. Furthermore, because the paper involves complex notation from
probability, operator theory, and group theory, the appendices include a glossary of notation (Sec. A)
as well as detailed expositions on representation theory (Sec. I), symmetric function spaces (Sec. J),
and equivariant linear operators (Sec. K). Finally, Sec. C offers an in-depth discussion of related
work, contrasting our framework with the literature across these rich fields.

2 BACKGROUND

We briefly review the operator-theoretic framework for modeling conditional probabilities, which
underpins both NCP and our proposed eNCP method. We denote a random variable by x, its real-
izations by « € X, its probability distribution by P(x), and measure by Py. Expectations are written
as Ex[f(x)] = [, f(x) Px(dz). The same notation applies to other random variables such as y.

Operator-theoretic modeling of conditional probabilities Kostic et al. (2024a) proposed to
model conditional probabilities by approximating the conditional expectation operator (Baker,



Under review as a conference paper at ICLR 2026

NCP ﬁs(w y) =1p(z >n;y<y)+¢o( )TEMI’B( ) eNCP | ro(z,y) =1 (x)lp, (y) + i 05 (x) T Ey 4y (y)
Po(x) Eg:= @ LEg Po(y) Niso=3
= ‘a“v 5
2
~§ y
g x i

ST )
& &
o N

411.-_. e s
% a%as-

d>T UJ N\ en - .
3 my=1
o ° N -.-7}7 =3

i Linear ! —— N, -4
. ace \, ace my=4

B Non-linear .... \\ ....

Figure 2: Left: NCP’s bilinear NN architecture. Right: eNCP’s G-equivariant bilinear NN ar-
chitecture, featuring ¢¢ and 1pg as G-equivariant NNs and Ejy as a G-equivariant block-diagonal
matrix. Each block is equivariant to a quotient group G*) C G and is constrained to have singular
spaces of dimension at least dy—the minimal dimension for a representation of the action of G*.

Post-training

1973; Song et al., 2009; Ryu et al., 2024), Eyx: £2 — L2, a linear integral operator acting on
the Hilbert spaces £2 := £} (X,R) and £2 := 62 . (Y, R) of square-integrable functions of the
random variables x and y, respectively. The action of this operator on any function h € £ returns
the function’s conditional expectation:

[Eywh](@) = Elh(y)x=a] = /y h(y) Py e (dylz) = /y h(y) Peslinde) _ / h(y)s(@, )Py (dy), (1)
where Py, is the conditional probability measure, and (x,y): % is the Pointwise

Mutual Dependency (PMD) (Sugiyama et al., 2012) kernel defining E, ., obtained as the Radon-
Nikodym derivative of the joint measure to the product of marginal measures (see Fig. 3 and Sec. H).

The conditional expectation operator is significant because it provides an infinite-dimensional linear
model—in a nonlinear representation space—for computing conditional probabilities and expecta-
tions. To see this, note that for any € X and any measurable set B C ) we have that:

P(y € B|x=x) := /y]l]B(y)Py|x(dy\:c):[Ey‘x]lB](:c), and Ely|x=zx] := [Eyxy](x). 2)

Therefore, to estimate conditional probabilities and expectations, NCP seeks the best finite-
dimensional approximation of Ey .. As we explain next, this gives rise to a representation learning
problem (Oord et al., 2018), in which the optimal representations of x and y are given by the top
left and right singular functions of E, |, (Kostic et al., 2024b; Ryu et al., 2024).

Spectral representation learning  The problem of approximating the conditional expectation
operator Eyx as a rank-r operator Eg with matrix representation Ey € R"*" is defined as

arg min ||Ey—Eollfis = ExEy (k(x,y) — ro(x,¥))%, st ExEyko(x,y)=1and rank(Eq) < r. (3)
0
The optimal solution, denoted E,, is the r-truncated Singular Value Decomposition (SVD) of Eyx
(Eckart and Young, 1936; Weidmann, 2012), namely
[Exfl(m) = 32210 (f, vi) p, ui(), with  oiui(e)=[Eyxvi](x), Vi € [r], “)

where (o, u;,v;) denotes the ™ singular value and left/right singular functions of Eyix, with
(co=1,up=1p,,vo=1 py) being the constant functions supported on Py and P, (Baker, 1973).

Consequently, NCP parameterizes Eg by a bilinear model xg(x,y) = 1 + ¢g(x) " Eg1pg(y), com-
posed of two encoder NNs ¢pg: X — R" and 1g: Y — R” that aim to approximate the span of the
top r (non-constant) left and right singular functions of E, .. See Fig. 2-left.

As k is generally unavailable analytically, (3) is solved via the regularized contrastive low-rank
(cLoRa) loss:

Ly(8) = —2Exyrio(x,y) +ExEyro(x,y)” + 27 (|[Expe (x)| = + [|Ey e (y)l|7

®)
+ |Cov(e) — L[ + [|Cov(tpe) — I|%),
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Figure 3: Example of symmetric random variables (x,y) ~ X x YV C R x R, whose marginals
P(x) and P(y); joint P(x,y); and conditional P(y|x) distributions are invariant to reflections of the
data: g, 0y * = —x and g, >y y = —y, where g, denotes the reflection element of the reflection
symmetry group Cy := {e, g.|g2 = e}. Consequently, the PMD r(x,y) is Ca-invariant.

where the first two regularization terms center the learned representations, ensuring that
ExEyro(x,y)~1 (Kostic et al., 2024a), while the last two enforce approximate orthonormality
of the learned bases in 79 := span(¢g) C £2 and F& := span(tpg) C £2 (Izbicki and B. Lee,
2017). A key property of NCP is that the learned representations enables reliable regression and
conditional probability estimation—and thus uncertainty quantification—via (2) (see Tab. 3).

3 PROBLEM FORMULATION

This paper tackles the problem of estimating the conditional expectation E[y|x = -], and, more gen-
erally, conditional distribution P(y|x), for random variables x € X and y € ), under the assumption
that?> P(y|x) and P(x) are G-invariant under symmetry transformations of the data (see Fig. 3), i.e:

Ply[x)=P(gby ylgpx x),  P(x) =P(gpr x), VgeG, (©)

where G denotes a finite symmetry group (Thm. I.1) acting on the data spaces X and ) via the
group actions, »>y: G X X = X, andpy: G x Y = YV, withg sy © € X and g vy, y € Y denoting
linear, invertible transformations of « and y defined by g € G (see Fig. 3 and Def. 1.2).

These priors imply the G-invariance of the joint distribution P(x, y) and of y’s marginal distribution
P(y), as well as the G-equivariance of conditional expectations (see Fig. 3-middle and Thm. D.1):

g >y Ely|x=z|=E[y|x=gpr x] VgeG,xzeX. 7

Note that (7) implies the G-equivariance of the regression function « — E[y|x = x]. Therefore, the
symmetry priors (6) are satisfied whenever we approximate an equivariant/invariant function—that
is, in virtually all applications of GDL (Bronstein et al., 2021).

The above symmetry priors represent a strong inductive bias for the conditional expectation operator
(2), as they lead the PMD kernel defining the operator to be G-invariant (see Fig. 3-right):

K(x,y) =k(gbr 2, 9>y y) VgeGxeX,yc). @®)

In Sec. 4, we extend the NCP framework (Kostic et al., 2024a) by leveraging (8) to incorporate
symmetry priors. This enables efficient estimation of G-invariant conditional probabilities (6) and
G-equivariant regression (7) using GDL architectures, via (2), with strong learning guarantees.

4 ENCP METHOD FOR EQUIVARIANT REPRESENTATION LEARNING

In this section, we show how to incorporate the symmetry priors (6) into NCP’s representation learn-
ing framework. First, we analyze the symmetry constraints on the infinite-dimensional conditional
expectation operator and prove that, for symmetric random variables x and y, the optimal solution

*Throughout, with some abuse of notation we denote by P(x) and P(y|x) both the probability and condi-
tional probability, respectively, as well as the corresponding densities, when they exist.
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of (3) yields G-equivariant representations ¢g and g and approximates the operator with a G-
equivariant matrix Eg. Then, we explain how to embed these structural constraints into the bilinear
neural network architecture of NCP using any type of equivariant NNs.

Symmetric function spaces The assumption of G-invariance of the marginal probabilities (Sec. 3)
implies that the function spaces £2 and £2 are symmetric Hilbert spaces of G-equivariant functions,
as these inherit unitary group actions v.:: G X L5 — L3 and v G X L] — £ defined via the
push-forward of symmetry transformations of the data spaces (see details in Sec. J and in Fig. 16):

gre f()i=flg 'vx) €L, gpp h()i=h(g '>y:) €L, VgeEG. )

A fundamental property of G-symmetric Hilbert spaces is their orthogonal decomposition into

. P H .2 mL 2(k) 2_ml 2(k)
niso < |G| subspaces referred to as isotypic subspaces: L2=®;; 1] £x and £2=®;, C1mie0] £

(see Thm. 1.16). Where each £2* and £3" denote the spaces of G*-equivariant functions of x and
y, with G® := G /N, being a quotient subgroup, generated by a normal subgroup N,, defined by
the kernel of the group’s k™ irreducible representation (see Subsec. 1.2). This standard result from
harmonic analysis (Mackey, 1980) enables us to express any G-equivariant function as a sum of its
projections onto the isotypic subspaces:

Tiso Miso

ad +Z fF® h(:)=h"™(- +th) ), st fPer2® nMer2® vk € [nige),  (10)

where f* and h*) denote the G*)-equivariant components of f and h. Moreover, by convention,

we associate the first subspace (k = 1) with the space of G-invariant functions, i.e., GM :Gi“V:{e}
(see Thm. J.4 in the Appendix).

Equivariant conditional expectation operator The G-invariance of the PMD kernel (8), implies
that Ey|, is a G-equivariant linear operator (see Thm. K.1). This means that Eyx commutes with
the group action on the function spaces, and consequently, can be decomposed (disentangled) into a
direct sum of operators acting on the corresponding isotypic subspaces (see details in Sec. K):

Miso

gre Evkhl()=Eyxlgpes hI() <= [Ewhl()=) [ERVI() Vhers g€, (1D
k=1

where each E(yk‘i( : £3% — £2% models the conditional expectation for G*)-equivariant functions.

Equivariant disentangled representation learning The G-equivariant structure of E |, and its
disentanglement (11) into isotypic components suggests that computing the conditional expecta-
tion of a G-equivariant function is equivalent to summing the conditional expectations of its G-
equivariant components for all k¥ € [njs]. Therefore, the loss function of problem (3), where Eyix
is approximated in finite dimensional spaces 72 and F 3, decouples into njs, independent (disentan-
gled) components:

arg min IEyn—Ealliis = Xr [IEy—Eg lfis = ExEy 31, (5% (x, y) =y’ (%, ¥))?,

s.t. ExEyro(x,y)=1, and ke(gbx x,g>y y)=ke(x,y), Vg€G,(z,y) € X x ).

12)

Importantly, to satisfy the G-invariance constraint on xg, the truncated operator Eq: .F;’—>]-'g must
act on symmetric finite-dimensional Hilbert spaces that are stable under G, i.e., g 2 f € F3 9 and
gop h € ]-'f, forall f € 72 and h € ]-‘0 and have a G-equivariant matrix representation Fy (see
Thm. K.2). Thus, as in the inﬁnite-dimensmnal case, these ﬁnlte dimensional spaces decompose into
Njso isotypic subspaces F§= @, 79*) and 7= 69"“" %", Accordingly, the truncated operator
matrix decomposes block-diagonally into nj, blocks, i.e., Eg = @Z‘;‘“lEék), where each k-th block
needs to be a G*)-equivariant matrix approximating the restriction of the conditional expectation

operator on its corresponding isotypic subspace (Salova et al., 2019; Ordofiez-Apraez et al., 2024),
see the upper block of Fig. 2-right.

Moreover, analogous to (4), the optimal truncation of E . 18 its truncated SVD (Weidmann, 2012).
However, the G*)-equivariance of each disentangled component imposes specific structure on the
SVD, since any symmetry-transformed singular function remains within the same singular space
(Ordofiez-Apraez et al., 2024). Consequently, each singular space must have at least dimension
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dr—the smallest real-vector-space dimension in which G* can be faithfully represented, as de-
picted in Fig. 2-right and formalized in Thm. K.3.

To solve G-equivariant regression and estimate G-invariant conditional probabilities via (12), we
propose the disentangled bilinear NN setup in Fig. 2-right. This approach supports any GDL G-
equivariant backbone (CNN, GNN, Transformer), adapting to diverse data modalities and tasks. Our
framework can handle continuous compact groups via group discretization, and non-compact groups
by selecting appropriate backbones, as it is done with G-steerable CNNs for image processing with
rotation/reflection and translation equivariance (Cesa et al., 2022).

Our equivariant and disentangled bilinear NN architecture directly models the isotypic decomposi-
tion of Eyx. We use two G-equivariant encoder NNs, ¢pg : X — R" and g : J — R", param-

eterized to expose the isotypic subspaces, i.e., Pg(-) = [PpI(:)T,..., <;5§""“’)(~)T]T and Yg(-) =

[y ()T, .., énis°)(~)T]T. Here, each component qbg) : X — R"™ and 1/)(9k) : Y — R" spawns
the approximated isotypic subspace of G¥-equivariant functions, i.e., F2* := span(¢y’) C £2"
and 79" := span(tpy’) C £3". Further, the truncated operator’s matrix is parameterized in block-

diagonal form Ey = EBZ“;’lE,(f), with each block an 7y x7;, G*)-equivariant matrix 3. The corre-
sponding approximated PMD kernel is given by:

ro(x,y) = Lp, (x)Lr, (y) + 3 kg (2,y), rg (@ y) = ¢y (@) Efpy(y),  (13)
where 1p_(x)1 p, (y) arises since the first singular functions of Ey, are constant, see (4).

This parameterization inherently preserves the symmetry constraints of each operator’s singular
functions, which we leverage in both theory and practice (see Sec. E and Subsec. K.2 for details).

Disentangled training loss Having introduced the equivariance constraints on the truncated op-
erator matrix, we decompose the contrastive loss (5) to reflect the separability of the optimization
arising from the operator’s isotypic decomposition (11):
L£:(0):=323, (—2Exy kg (x,¥) + ExEyrg’ (x,y)° 721 (0)) + 2y (I[Ex 6" (x) |7+ Eyvog™ (v)17)-
(14)
This decomposes learning G-equivariant representations of x and y into learning nis, less con-
strained G™)-equivariant representations for distinct quotient groups of G. Such representations are
known in the literature as disentangled representations (Higgins et al., 2018) (see Thm. 1.18).

Moreover, we improve the estimates of the regularization terms in (5) by leveraging our symmetry
priors to: (i) tighten the centering regularization (14) given that functions in 7\ and F{) are centered
by construction for k # inv (see Thm. L.4)—and (ii) exploit the orthogonality between isotypic
subspaces (10) to independently regularize orthonormality for each isotypic subspace (see example
in Fig. 9), leading to better covariance estimates (Shah and Chandrasekaran, 2012):

Q(0):=3232 | Cov(¢™) — Iy || +[|Cov(3p™) — I ||%- (15)
Given a batch {(x,,y,)}"_; and their corresponding embeddings {(¢pg(x,,), ¥e(yn))} 2, the

n=1>
empirical unregularized loss is estimated via U-statistics, yielding an unbiased estimate with an

effective sample size of N 2 (Wang et al., 2022b; Tsai et al., 2020).

Lo(0) =2 ke [%Zne[w]“g)(wm Yn)+ RNTT) Lac(N] 2obe N\ {a} kg (@a, yb)Q]- (16)

Similarly, we use U-statistics to obtain unbiased estimates for orthonormal regularization in (15),
achieving an effective sample size of dj, N2 per isotypic subspace (see Subsec. F.2). Consequently,
standard NN optimization methods can be employed to learn equivariant representations via the
approximate model of Ey|,, enabling downstream inference tasks described in the next section.

5 INFERENCE AND LEARNING GUARANTEES

Once training is complete, the learned G-invariant PMD from (13) can be used, via (2), for G-
equivariant regression and G-invariant conditional probability estimation. These estimates are ob-
tained using a NN architecture composed of ¢g, Fy, and a final linear layer that delivers the basis
expansion coefficients of the target variable in the y representation space fz = span(1pg). For a
summary of the estimates and their learning guarantees refer to Tab. 1.

3We chose square matrices for notational convenience. Dimensions for y and x spaces need not match
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Task f(z) == Eyly|x=x] ~ fo(x) \ PlyeB|x € A] ~ Poly € B|x € A]
~ ~ @ T &
Estimate Ey[y]+¢o(x) T EoEy[ve(y) @ y] ‘ ]Ey[ThB]JrEX[HA(X>®¢9<’?E)1[£?E)’]’[HB(y)@)we(y)]
< In(ni/s < Py €B] T In (7 /8)
Guarantees || f— fg||£z VVar[lyll (59—1—( ) 1+2a> ‘ |P— ]P’9| FxeCo ] (Sg-l—(dmN)ﬁ)

Table 1: Statistical guarantees for eNCP. The error bounds are shaped by (i) the structure of the
symmetry group G—the number of isotypic subspaces nis and their minimum singular space di-
mensions d;s, = E”“" d (see Fig. 2), which enlarge the effective sample size—, (ii) the quality
of the learned representations £ = [|[Eyx — Egllop < /£~(0) — L, (), and (iii) the operator’s
singular-value decay rate o > 0. Note that G >y A := Ugeg g >y A denotes the group orbit of A.

Both estimates are derived from the general problem of vector-valued regression of a target function
z: X — Z defined by the conditional expectation of an observable h € £}, (Y, Z), that s, z(z) :=

Ey[h(y)|x = x| = [Eyxh](x), where Z is a symmetry-endowed vector space. Using the learned
model, we estimate z by
[Eych](2) ~ Zo(x) = By [h(y)] + do(x) " Eo Ey[va(y) @ h(y)], (17)

where IEy [1e(y) ® h(y)] represents the basis expansion coefficients of h in the learned basis of
J—';’ C £2. Here, Ex: £2 — Rand Ey : £2 — R are the G-invariant empirical expectations defined

by: Ex[f(%)] = gty Lgee Zoner £(9 a0 @n) and By [2(y)] = 15ty Sgee Soney hg 5y Yn)-

Hence, our method learns representations of x and y that transform nonlinear regression of ob-
servables into linear regression in the learned representation space. For example, assuming y has
bounded variance and setting h(y) = y, we recover the standard (G-equivariant) regression so-
lution (see Tab. 1-left). Equally important, by letting h = 1z—the indicator of a measurable set
B C Y—the model estimates conditional probabilities (see Tab. 1-right), thereby supporting both
regression and uncertainty quantification (e.g., conditional quantiles, covariance; see Sec. 6 and
(Kostic et al., 2024b)). The following learning bounds cover this general setting.

Theorem 5.1. Let the symmetry priors in (6) hold, Eyx be a (1/c)-Schatten-class G-equivariant
conditional expectation operator, as in (11), and Eg be a truncated approximation, defined as in (13)
and trained via (14), with rank r and parameters 0 € ©. Then, given an appropriate truncation
dimension r =< (N /dm)l/ +209° the following results hold for any G-equivariant/invariant h €
L3 (Y, Z), measurable set A C X, and G' < G; with probability at least 1 — § w.r.t. an iid draw of

Dy = {(Xnv}’n) ~ ny}quvzl-'

- In (i /s)
||Z — ZGHL‘,2 (X, Z) Var[||h( )”Z] (59 + m) and (188)
1+ (€= Ve () Var[TR)TT] (e s)
2(A) — Zo(A)]12 S (5 = ). sb)
|G'|P(x € A) (digoN) TH22
Where £} = ||Eyx—Eg||op denotes representation learning error (12), r = >, dmy, defines the

representation space dimension, with (dy, my) denoting dimension and multiplicity of the group’s
irreducible representation of type k, and d;s, := Zzi’;’l di > niso (see Fig. 2).

Proof. G-invariance of Py and P, allows us to control both bias (Thm. M.2) and variance (M.3) of
Zg. A simple balancing of r yields the final bound on the error. O

We conclude by highlighting key theoretical and practical implications of Thm. 5.1.

As point-wise guarantees are essential in several applications we present (18b), which offers learning
bound when considering conditioning on measurable sets A C X, leading to the estimate z(A) :=
Ey[h(y)|x € A] = Ex[Zo(2)]/Ex[L4(x)]. In this context, symmetry exploitation becomes crucial in
allev1at1ng the bottlenecks of rare event estimation. To capture this effect, we introduce the symmetry
index of the set A w.r.t Py, which quantifies the degree of symmetry in A and shapes (18b):

168 = g

> BxehngeiMfppcen),  where yg(A)€[0,1] VAC X, (19)
9€G\{e}
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Observe that g (A) = 1 if A is G-invariant (e.g., the vertical and horizontal reflection planes in
Fig. 3), while 7 (A) = 0if A is a G-asymmetric set, thatis, if gox ANA =@ forallg € G (e.g.,
any set disjoint from the reflection planes in Fig. 3). In particular, the effective rarity of x € A is
captured by g/ (A), yielding a maximal gain of |G|P[x € A] > P[x € A] when A is asymmetric.

Equivariant disentangled representations boost the effective sample size to N < njolN < disolN <
|G|N, providing not only the expected nis, gain from disentanglement but also a remarkable
diso = Y_p=, dj; boost (see Fig. 2-right)—achieved by exploiting structural constrains of the sin-
gular spaces associated with the group’s irreducible representations present in the chosen represen-
tation space. Furthermore, note that when no symmetry prior exist, that is, when G = {e} and
|G| = niso=diso = 1, our framework recovers the baseline results of (Kostic et al., 2024b).

Lastly, note that the parameter o quantifies the problem regularity via the rate of decay of the oper-
ator’s singular values, ), ail/ “ < oo, with special cases including finite-rank operators (o = 00),
compact operators (o = 0), trace class operators (o = 1), and Hilbert-Schmidt operators (o = 1/2,
equivalent to k € L3, , p. (X xY); see Sec. M). Hence, our results cover learning rates ranging from

~1/2

arbitrarily slow (as o — 0) to fast rates [diso V] as o — oo.

6 EXPERIMENTS

We present three experiments evaluating our method in (i) approximating the conditional expectation
operator and the use of the learned operator for (ii) G-equivariant regression and (iii) symmetry-
aware uncertainty quantification. For additional experiments, evidence, and details refer to Sec. G.

Conditional expectation operator learning This experiment directly quantifies the Mean Squared
Error (MSE) of approximating Eyx, i.6., fmse := ExEy (k(X,y) — kg(x,y))?. To achieve this, we
extend the Conditional Gaussian Mixture Model (cGMM) of Gilardi et al. (2002) to parametrically
construct symmetric vector-valued random variables x € X and y € ) that satisfy the symmetry
priors in (6) for arbitrary finite symmetry groups (see example in Fig. 3). CGMM possess an ana-
Iytical PMD ratio s, enabling direct estimation of x e, usually impossible for real-world datasets.

The results in Fig. 4 compare our eNCP against NCP (Kostic et al., 2024b), baseline Density Ratio
Fitting (DRF) (Tsai et al., 2020), and our Invariant Density Ratio Fitting (iDRF) adaptation. Note
that baselines approximate « as a single NN, mg"‘c: X x Y — RT, via contrastive loss (5)—without
enforcing separable form (13)—and hence cannot be used for regression or conditional probability
estimation. We evaluate across cGMMs with diverse symmetry groups and (x,y) dimensionality.
In all cases, eNCP exhibits superior performance and sample efficiency versus iDRF and symmetry-
agnostic models (NCP, DRF), which struggle to approximate ratio G-invariance (see Fig. 5). Results
highlight the capacity of eNCP and NCP to approximate the conditional expectation operator and
underscore the importance of exploiting symmetry for improved approximation.

G-Equivariant regression To test our model’s potential for performing G-equivariant regression,
we address the robot’s Center of Mass (CoM) momenta regression task of (Ordofez-Apraez et al.).
The goal is to predict a quadruped robot’s CoM linear I € R? and angular momenta k € R3
given the noisy observations of the robot’s generalized positions ¢ € R'? and velocity coordinates
g € R2 e, [lT, k"] = hcom(q + €q,d + €4) (see details in Subsec. G.2 and Fig. 6 ). We
compare eNCP against NCP and two baselines—a standard Multi-Layer Perceptron (MLP) and an

C=Cy X =Y =1 G =Co X =¥ =6 G =D, || =Y =12 G =T, [X|=[¥ =3 Model
102 —— ENCP
102 — NCP
10° 0 IDRF
— DRF
103 —
\____\ 10t 1014 T y - -
— \101 7 \/\\/

10° 104 104 10° 10* 10° 10*
No. training samples No. training samples No. training samples No. training samples

2 Kmse

=

Figure 4: Sample efficiency plots comparing the test set PMD MSE fimge = ExEy (k(x,y) —
ke (x,y))? versus the number of training samples, in log scales. Each plot corresponds to a sym-
metric cGMM with distinct symmetry groups and (x,y) dimensionality. The tested groups are the
cyclic groups C, and Cg, the Dihedral group Dg (order 12), and the Icosahedral group I;, (order 60).
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Equivariant MLP (eMLP)—all with equivalent architectural footprint. Where NCP and eNCP are
trained using (5) and (14), respectively, while MLP and eMLP are trained using standard MSE.

The results in Fig. 1 demonstrate that our eNCP model outperforms all other baselines in both per-
formance and sample complexity. Consistent with (Kostic et al., 2024b), the NCP model shows
poorer sample complexity than MLP and eMLP due to its indirect approach to regression, via ap-
proximation of Ey.. However, by incorporating symmetry priors eNCP to mitigate this limitation.

Symmetry aware uncertainty quantification Finally, we demonstrate the practical impact of our
approach on a core robotics problem: providing robust uncertainty quantification for unavailable yet
crucial state observables for robot control and state estimation (Bledt et al., 2018; Maravgakis et al.,
2023). Specifically, we use proprioceptive sensor readings to provide 90% confidence intervals for
the robot’s Ground Reaction Forces (GRF) 7t € R!2, the instantaneous work exerted or subtracted
to the robot U(q, g, ) € R, and the kinetic energy T'(q, q) € R, while the robot traverses rough
terrain (see Subsubsec. G.4.1). Reliable probabilistic estimates of these quantities are of crucial
relevance for optimal control (Bledt et al., 2018), contact detection (Maravgakis et al., 2023), state
estimation (Nistico et al., 2025), and system identification (Gautier, 1997).

This task tests our model’s ability to learn conditional
distributions from high-dimensional data, considering
that for the eNCP and NCP models, quantile estima-  €NCP | 99.5+£0.1%  95.0+0.4%
tion is done by regressing the Conditional Cumulative =~ NCP 99.5+0.0%  56.940.3%
Distribution Function (CCDF) for each dimension of = €CQR 84.240.7% 6.7£1.2%
y = [y1,...] and then applying a linear search to ex- ~CQR | 80.5£3.7%  8.5+£0.9%
tract quantiles (see Figs. 8 and 13). This is achieved by
discretizing the range of each y, into N}, bins and es- Table 2: ~ Relaxed coverage, see (28),
timating Py, € Ajn|x = -) i= [Eyplla, . ](-) for all and Coverage, see (27), for the test-set
n € [Ny] (see Sec. 5), where A, ,, consists of the first n confidence intervals in quadruped loco-
bins. In practice, this means regressing || x N, con- mqrtlon unc_grtalnty estimation of y =
ditional probabilities corresponding to sets of varying [Terts U, T Target coverage is: 90%.
sizes in a single forward pass. By contrast, the baseline

Conditional Quantile Regression (CQR) (Feldman et al., 2023) and its equivariant adaptation Equiv-
ariant CQR (eCQR) directly regress quantiles for a fixed coverage level (i.e., the probability that an
event lies within the predicted confidence interval) and need retraining for different coverage values.

The results in Tab. 2, Fig. 1 (for U and T') and in Fig. 14 (for T4¢) show eNCP as the only model
capable of providing robust uncertainty quantification, as it is the only model with an empirical
coverage on the test set close to the desired value, rendering other models unreliable for practical
applications. This underscores eNCP’s potential for conditional probability estimation.

| r-Coverage ©  Coverage

7 CONCLUSIONS

We introduce a novel framework for equivariant representation learning that enables estimation of
equivariant regression and conditional probabilities with statistical learning guarantees. Our ap-
proach builds on a recent contrastive representation learning method that approximates the spectral
decomposition of the conditional expectation operator. By incorporating symmetry priors, we im-
pose additional structural constraints that further decompose the conditional expectation operator
and enhance the effective sample size. We demonstrate the benefits of our approach through both
theoretical learning bounds and empirical experiments. Notably, we provide the first theoretical
learning guarantees for equivariant regression using neural network features, thereby bridging spec-
tral representation learning and geometric deep learning.

Limitations and future work A potential limitation of our method is its reliance on fully specified
symmetry priors. In practice, symmetries may only be partially known or subject to misspecification.
As such, promising directions for future work include extending our framework to accommodate
partial or uncertain symmetry information, exhibit robustness to symmetry violations, or statistically
test for the presence of symmetry in data.
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Reproducibility statement Detailed experimental setup is provided in Sec. G, and all experiments
and plots are reproducible using the code available at the (anonymous) repository: symm_rep_learn

LLM use Large language models were used to polish writting and grammar. Furthemore, agen-
tic LLMs were used during coding to help via autocompletion, automatic generation of unit tests,
debugging, and code refactoring.
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The supplementary material is organized as follows.

* Sec. A summarizes the notations used, while Sec. B provides a glossary.

 Sec. C offers a detailed discussion of related work on contrastive learning, equivariant repre-
sentations, and statistical learning theory with symmetry priors.

* Sec. D-Sec. G detail our methodological contributions. In particular, Sec. E and Sec. F explain
how our method leverages equivariant neural networks, and Sec. G complements Sec. 6 with
additional experimental details and studies.

* We provide self-contained sections with unified notation covering essential preliminaries: group
theory (Sec. I), representation theory in function spaces (Sec. J), equivariant linear operators
(Sec. K), and the symmetries of covariance operators central to our work (Sec. L).

* Finally, Sec. M presents our theoretical contributions, summarized in Theorem Thm. 5.1. We
first establish approximation error bounds using operator theory and equivariant representations,
then combine group theory with concentration inequalities to derive estimation error bounds
that fully expose the benefits of symmetry priors.
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A  SYMBOLS AND NOTATION

x1 D x2

A®B

4,3

Nk ke

£2:= L} (X,R)

<faf/>Px

G

9,91, Ya
go x

Px

Numbers and Arrays
A scalar, or scalar function x(-)
A vector, or vector-valued function x(-)

Direct sum (stacking) of vectors, such that €1 @ x5 := [ 3} ]
A matrix
Direct sum of matrices, such that A ® B := [§ 9]

A linear operator
Identity matrix
The Kronecker function, equal to 1 when ¢ = j, and 0 when i # j

Sets, Vector Spaces, and Function Spaces

A vector or Hilbert space

An irreducible G-stable space (Thm. 1.6)

The set of real and complex numbers

Direct sum of vector spaces X and ), suchthatifx € X andy € ),
thenz Gye XY

The space of square-integrable functions on &. That is
{F | [y [f(@)]*Px (dw)<oo f X—HR}
Inner product {f, f’ =/ f Py (dx)

Group and Representation theory
A symmetry group
A symmetry group element
The (left) group action of g on x defined by g > @ := px(g)X
A representation of the group G on the vector space X, defined for
a chosen basis of X’
An irreducible representation (Thm. 1.8) of the group G
Dimensionality of the irreducible representation p;, (see Fig. 2)
Multiplicity of the irreducible representation p, in a given larger
representation (see Fig. 2)
Number of distinct irreps present in a given larger representation.
Representation of the group element g on the vector space X’
Direct sum of group representations, such that px(g) ® py(g) =

[P)((g) }
Py(9)
The group orbit of x, defined as Gz := {gv x| g € G}

The symmetry index of a set A C X w.r.t. probability distribution
on X and group elements G’ C G

Direct product of groups G, and G,

Unitary group on the vector space X

General Linear group on the vector space X, a.k.a the space of in-
vertible matrices in RI¥1* ||

Cyclic group of order n

Klein four-group

Probability Theory
Random vector x € X has distribution P(x)
A probability measure on the space X’
Expectation of f(x) with respect to Px
Variance of f(x) with respect to Py, define as Ey (f(x) — Ex f(x))?
Covariance of f(x) and h(y) with respect to the joint distribution

Pyy, defined as Exy (f(x) — Ex.f(x))(h(y) — Eyh(y))
Gaussian distribution over  with mean g and covariance X
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B ACRONYMS

CCDF Conditional Cumulative Distribution Function.

¢GMM Conditional Gaussian Mixture Model (Gilardi et al., 2002): A parametric model for bench-
mark conditional density estimation datasets. Generates random variables x and y of arbi-
trary dimensions with varying mutual information. Enables analytical computation of the
PMD density ratio (see Sec. 2), unavailable in real-world datasets, allowing direct quan-
tification of approximation error for the conditional expectation operator Ey|, and its PMD
density ratio .

cLoRa Contrastive Low-Rank loss from (Kostic et al., 2024b; Ryu et al., 2024) for operator and
representation learning. Used in density-ratio fitting (Sugiyama et al., 2012), representation
learning (Wang et al., 2022b; HaoChen et al., 2021), and mutual information estimation
(Tsai et al., 2020) .

CoM Center of Mass.

CQR Conditional Quantile Regression (Feldman et al., 2023): A multivariate neural network ap-
proach for regressing upper and lower quantiles at a specified miscoverage level a using
pinball loss. Confidence intervals are typically calibrated post-training via conformal pre-
diction, but calibration is omitted here for fair model comparison .

DoF degree of freedom.

DRF Density Ratio Fitting (Tsai et al., 2020): A density ratio NN architecture that parameterizes
the approximated PMD kg : X x) — R, as asingle NN. Consequently, this model cannot
be used for downstream conditional probability estimation and regression—it is limited to
estimating the mutual information between x and y (Tsai et al., 2020) .

eCQR Version of eCQR where the upper and lower parametric quantile functions are parameterized
by G-equivariant NNs .

eMLP Equivariant MLP.

eNCP Equivariant Neural Conditional Probability: Our proposed model integrating the symmetry
priors Eq. (6) into the NCP deep representation learning algorithm .

GDL Geometric Deep Learning: A field of machine learning that incorporates geometric priors
into deep learning models (Bronstein et al., 2021).

GRF Ground Reaction Forces.

iDRF Invariant Density Ratio Fitting: This is a G-invariant adaptation of the DRF model (Tsai
et al., 2020) that parameterizes the approximated PMD kg as a G-invariant NN .

MLP Multi-Layer Perceptron.
MSE Mean Squared Error.

NCP Neural Conditional Probability: A deep representation learning framework (Kostic et al.,
2024b) for conditional probability estimation and regression with statistical guarantees via
operator theory (Baker, 1973). This framework is symmetry-agnostic .

NN Neural Network.

PMD Pointwise Mutual Dependency Tsai et al. (2020): A pointwise dependency measure between

random variables x and y, defined as x(z, y) = % = exp (Ml(z, y)) .
x ()X Ly (Y

SVD Singular Value Decomposition.
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C RELATED WORK

C.1 CONTRASTIVE REPRESENTATION LEARNING

Contrastive representation learning obtains high-dimensional representations from unlabeled data
by contrasting positive and negative sample pairs via a noise contrastive loss (similar to Eq. (5))
(Le-Khac et al., 2020; Waida et al., 2023; Bao et al., 2022). Most works in this field aim to learn
representations in a self-supervised fashion that transfer well to downstream classification tasks
Johnson et al. (2022); Cole et al. (2022); Tosh et al. (2021); Oord et al. (2018); Tsai et al. (2021);
HaoChen et al. (2021). In contrast, our approach targets representations that effectively transfer to
(equivariant) regression and uncertainty quantification, as in Kostic et al. (2024a). Given a dataset
D = {(x,yn)}_, from a target (stochastic) function y = f(x), we treat positive pairs as drawn
from the joint distribution (x,y) ~ P(x,y) and negative pairs as drawn from the product of the
marginals (x,y) ~ P(x)P(y). In this setting, our contrastive loss aims to learn representations that

approximate the PMD ratio x(x,y) = %, Kostic et al. (2024a) or equivalently, the pointwise

mutual information In(k(x, y)) (Oord et al., 2018; Lin et al., 2024; Henaff, 2020; Ozair et al., 2019).
Crucially, our work is the first study this problem when there is prior knowledge of the invariance of
% under the action of a compact symmetry group, which occurs in most applications of GDL.

Linear transferability The goal of contrastive representation learning is to acquire representa-
tions that transfer to diverse downstream inference tasks Bengio et al. (2013); Waida et al. (2023).
While empirical studies demonstrate that contrastive learning can outperform supervised methods
Cole et al. (2022); Oord et al. (2018); Henaff (2020), theoretical works aim to establish linear sepa-
rability/transferability guarantees (HaoChen et al., 2022) #. That is, showing that linear functionals
of the (frozen) learned representations suffice for regression/classification inference.

In the context of classification, Waida et al. (2023); Bao et al. (2022); Johnson et al. (2022) show
that contrastive learning losses serve as surrogates for standard supervised classification losses (e.g.,
the cross-entropy). Where the gap between the surrogate and supervised loss diminishes with the
number of negative samples Bao et al. (2022) (N2 for the loss in Eq. (16)). To provide these transfer-
ability guarantees, these work assume X = )/, so that the PMD ratio x becomes a positive definite
kernel. Consequently, kernel method guarantees can be transferred to the classification task, even
when the representations are parameterized by NNs (Johnson et al., 2022; Bao et al., 2022; HaoChen
etal., 2022).

Considerably fewer works have studied contrastive representation learning in the context of down-
stream regression tasks (Yerxa et al., 2024; Kostic et al., 2024a). Crucially, Kostic et al. (2024a)
show that a contrastive learning loss serves as surrogate to the MSE regression loss (A summary of
this method appears in Sec. 2 and in Tab. 3). While, to the best of our knowledge, (Yerxa et al.,
2024) is the only work empirically studying contrastive learning for regression in the presence of
symmetries.

Task f(@) :=Eyly|x=x] ~ fo(z) | PlyeB|x € A] ~ Poly € Bjx € A]
: = = Ex[14 () @9 ()] " EgEy [15(y) 10 ()]
Estimate By [y]+ o () EoBy [1o(y ‘ By [15]+ I E
r n T In
Guarantees Il f— fe”Lz Sv/Varllyll 5 ! Wé) ‘ |P— Po I< P&EE (€9+N1(1£i )

Table 3: Statistical learning guarantees of NCP (Kostic et al., 2024a) for regression and conditional
probability estimation. The bounds are shaped by the quality of the learned representations £, =

x — Egl|op < — L (%) (see (5)), the sample size N, and the decay rate of E,x singular-
Eyix — Eollop < /L£+(0) — L (x) (see (5)), th le size IV, and the d f Eyx singul
values o > 0, which quantifies the difficulty of the problem.

C.2 EQUIVARIANT REPRESENTATION LEARNING

Equivariant contrastive representation learning Dangovski et al. (2022); Wang et al. (2024b) aims to
learn representations that are equivariant—instead of invariant—to data transformations. For exam-
ple, Marchetti et al. (2023); Gupta et al. (2023); Lin et al. (2024) provide empirical evidence that

4 Also refeered to as linear evaluation protocol (Chen et al., 2020)

19



Under review as a conference paper at ICLR 2026

representations of 3D scenes, images, and human body poses that are equivariant to translations, ro-
tations, or reflections yield improved performance in classification tasks. Additionally, Yerxa et al.
(2024) show that rotation- and reflection-aware image representations enhance the regression of neu-
ral responses in the macaque inferior temporal cortex, while also providing theoretical justification
that such equivariant representations mirror the known structure of animal visual perception. By in-
troducing these transformations via data-augmentation of the training set, these methods inherently
enforce symmetries in the data distributions, which are the fundamental priors assumed in Sec. 3.

Disentangled representations In equivariant representation learning, disentangled representations
have been extensively studied (Wang et al., 2024a). Initially, (Bengio et al., 2013) defined disen-
tanglement as decomposing representations into components that capture distinct, independently
varying factors. Later, using group theory, Higgins et al. (2018) formalized that a representation
is disentangled if its space decomposes into orthogonal subspaces reflecting a symmetry group de-
composition, with each subspace influenced exclusively by one quotient group (see Thm. 1.18).
As discussed in Sec. I, this aligns with the isotypic decomposition of a Hilbert space (Mackey,
1980): H = @, H"'—known in dynamical systems (Golubitsky et al., 2012)—when the symme-
try group decomposes as G = []**; G. Orthogonality between subspaces follows from Schur’s
orthogonality relations via Cartan’s and Peter-Weyl’s theorems (Cartan, 1952). This symmetric
structure is the cause of the achitectural constraints imposed in the eNCP architecture Fig. 2.

Several empirical works have explored disentanglement in representation learning. For instance,
Keurti et al. (2023) proposed an autoencoder-based method to learn disentangled equivariant rep-
resentations by using loss regularization to enforce latent space equivariance and sparsity for sepa-
rating latent group actions. Unlike our approach, their method does not assume prior knowledge of
the symmetry group and relies entirely on loss regularization rather than architectural constraints.
Similarly, works such as (see e.g. Yang et al., 2023; Dangovski et al.) have investigated various sym-
metry priors in latent space by examining the emergence of disentangled structures and enforcing
algebraic constraints. Notably, in fields like molecular dynamics, physics, computer graphics, and
robotics, symmetry priors are intrinsic to the task or system (Ordofiez-Apraez et al.; Lin et al., 2024;
Marchetti et al., 2023), making them natural assumptions. In a similar spirit to our work, Marchetti
et al. (2023) leverage the known SO5; symmetries of the 3D world to learn SO5-disentangled equiv-
ariant representations using contrastive learning, thereby demonstrating the empirical advantages of
symmetry-aware, disentangled representations for object classification.

C.3 SYMMETRY-AWARE STATISTICAL LEARNING THEORY

Existing literature on symmetry-aware learning focuses on group-invariant regression via kernel
methods (Mroueh et al., 2015; Tahmasebi and Jegelka, 2023; Elesedy, 2021; Elesedy and Zaidi,
2021; Elesedy, 2023; Pal et al., 2017; Mei et al., 2021; Bietti et al., 2021; Donhauser et al., 2021).
Most of these methods cannot be directly transferred to modern GDL architectures.

In contrast, in deep learning and GDL, while many works offer a group-theoretical analysis and
empirical evidence of the benefits of incorporating symmetry priors (Kashinath et al., 2021; Wang
et al., 2020; 2022a; Brandstetter et al., 2022), none, to our knowledge, provide statistical learning
guarantees for equivariant regression. The only exception is (Behboodi et al., 2022), which derives
generalization bounds for a MLP architecture in the context of n-class classification task using a
margin loss. In contrast, our work provides statistical learning guarantees for equivariant regression
and symmetry-aware uncertainty quantification, both as corollaries of Thm. 5.1.

D SYMMETRY CONSTRAINTS ON CONDITIONAL EXPECTATIONS

Under the assumed symmetry priors in (6) the conditional expectation of y is a G-equivariant func-
tion/map. This property is depicted in Fig. 3-center and proved in the following proposition.

Proposition D.1 (G-equivariant conditional expectations). Let x € X andy € Y be two vector
valued random variables satisfying the symmetry priors of Eq. (6). Then, the conditional expectation
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of y given x is G-equivariant, since, for every g € G,x € X,
Elylx = gvx o] = g >y Ely|x = z]

= /yg Py Yy Py\x(dy|w)

/ P, |x( >y dy|$>
/ vix(dylg > ) (by Eq. (6))

Elylx = gvx x].

E G-EQUIVARIANT BILINEAR NN ARCHITECTURE

This section outlines how to construct a G-equivariant disentangled representation for the random
variables x and y using any type of G-equivariant NN architecture backbone, such as MLP, CNNs,
Transformers, and others.

Let fo : X — R" and hg : V — R” be two G-equivariant NNs, whose outputs will be interpreted
as the basis functions of the truncated symmetric function spaces Fx C £Z and Fy, C £2. Assume,

the group representations on Fy and Fy are constructed from multiplicities of the group’s regular

representation, pr, = ;/':“p’l‘ Preg and pr = @n/ ®! preg—as done usually in practice (Weiler et al.,

2023). Since for (most) finite groups, the decomposition of p., into irreps is known or can be
computed, we have access to the analytical change of basis Qx : Fx — Fx and Qy, : Fy +— Fy to
transition to the isotypic basis. Consequently, we can directly parameterize the representations of
the random variables in disentangled form as:

bo(-) = Qx (fo-) = Ex[fo(x)]), o(-) = Qy (he() — Ey[ho(y)). (20)
Given that during training these representations are not orthogonal, the truncated operator is parame-
terized as the trainable G-equivariant matrix Ey = @, E)) = D> e © " @ W (b), where B is

the endomorphism’s basis of the irreducible representation py,, \I/ : IB% — R% Xd* is a mapping from
the endomorphism’s basis to the endomorphism space, and @g") e Rmixmy represent the block’s
trainable parameters for each b € B, see details in Thm. 1.13.

Note that after training, the SVD of the learned operator can be computed by exploiting the con-
straints imposed by the operator’s G-equivariance (see Thm. K.4 and Fig. 2).

F SYMMETRY AWARE ORTHONORMALIZATION OF DISENTANGLED
REPRESENTATIONS

This section covers how to compute unbiased empirical estimates of the orthonormalization and
centering regularization terms in Eq. (14) in the presence of symmetries.

Let Eyx : £ — L be the conditional expectation operator and Eg : Fy +— Fy be its r-rank
approximation on the spaces Fyx = span({¢;}/_,) and Fy = span({;};_,). Denote by x(zx,y) :=

% and kg (2, y) = .7 1 [Eoli j0i(®)1;(y) = ¢(x) " Eptp(y) the kernel functions of

the full and restricted operator, respectively. Then we have that:

| Eyjx — Eollfis < —2(Ey x, Ea)ys + [IEalliis, (2la)

<=2 weyrole )PP dy) + [ wolw.) Pelde)Py(dy)
XY X XY

< —2/ ko (x,y)Pxy (dz, dy) +/ ke (x,y)’ Px(dx) Py (dy)
XXY XxY

< —2Fyyko(x,y) + ExEyro(x,y)>. (21b)

For the purpose of our representation learning problem, we consider the scenario in which the chosen
basis sets include the constant function, and all other basis functions are centered by construction.
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Thatis, Ir, = {1p.} U{: | (¢i, 1p,) = 0}y and [, = {1p, } U{¥; | (i, 1p,), = 0},
This results in the (r 4+ 1)-dimensional matrices:

Vi=[6d] Vy=[0&] (22)

where Cx = Cov(¢(x), ¢d(x)) € R™*", Cy = Cov(¥(y),¥(y)) € R™*" denote the matrix
forms of the truncated covariance operators Cx : Fyx — Fx and Cy : Fy — Fy (see Thm. L.5),
respectively. Then the orthonormality regularization of Eq. (5) becomes:

IV = I|[f = |Cx — L[l + 2[En ¢(x)|*  [|Vy — 1|l = ||Cy — L|[& +2|Er v (y)|*.  (23)

Since [|Ck|lf = tr(CZ,) involves products of covariance matrices, we compute its empirical
value using unbiased estimators. For generality, we present the unbiased estimator for the cross-
covariance.

Unbiased estimation of Frobenious norm of cross-covariance operators Since |Cxy||% =
tr(C’f(y) involves products of covariance matrices, we obtain unbiased estimates from finite sam-
ples by computing the metric using two independent sampling sets from Py, by:

||ny||1: =u(C Z[Ciy i = ZZ[ny i, [Cxylii

=1 j=1

= Z Z E (x,y)~ Py [De.i (%) Ve, (V) E(x! g/ )m Py [ (X )i (y)]

—E(xyx’ ')~ny[z¢cz wcz Z¢CJ "/JCJ ] (24)
=]E<xyx/ '>~ny[(¢¢( x) " te(y ))(d)( N epe(y))]
N2 Z Z oc(Tn) ¢C(ym))(¢C( ) Pe(yn)),

n=1m=1

where ¢.(x) = ¢(x) —Ep, ¢(x) denotes the centered basis functions, and ((z,y), (z’,y’)) ~ Pxy
indicates two independent sampling sets from Pyy used for the unbiased estimation of ||Cx||%..
The final equation then provides the unbiased empirical estimator computed on a dataset D =
{(2n,Yn) ~ Pxy}Y_; and any random permutation of it, denoted as D' = {(x},, y},) ~ Py }1_;.

F.1 UNBIASED ESTIMATION OF ORTHONORMAL REGULARIZATION

The regularization term for optimizing the loss (5) involves encouraging the basis sets to be or-
thonormal. The metric quantifying the orthogonality of the basis sets is defined by:
[V = I[i = |Cx — L[} + 2I[Ep p(x)[|* = tr(C%) — 2tr(Cx) + 1 + 2| Ep, p(x)|%,

(25)
IVy = Il[& = ICy — L[l + 2|[Er, ¢ (y)||* = tr(Cy) — 2tx(Cy) + 1 + 2| Er, 1p(y)|.

Hence given a dataset of samples D = {(z,,, yn) ~ Pxy}._;, and any random permutation of the
dataset order ' = {(!,,y/,) ~ Pxy }2_; we can derive unbiased empirical estimates of (25) as:

||Vx—1||§%E<xx/>~Px[(¢c( ) ¢e(x))? }—QEPX[ ) de(x)] + 7 + 2] Ep p(x)]*

o(x
NQlelqscmn Pe(x Z
o(y

2y v

¢)c mn ¢c mn)+r+2“*z¢ mn ;

2 \

IVy = Tl ~ Eqy iy, [(e(y) "be(y))? ]—2EPy[ ) e(y)] + 7 + 2] Ep, by )H2

e(yn) "/Jc yn)+7"+2||*z¢ Yn)|

LA
~ N2 Z Z(t/)c(yn)szc(ym

n=1m=1

(26)
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F.2 ORTHONORMAL REGULARIZATION OF SYMMETRIC HILBERT SPACES

Since the covariance operators Cy : £2 + £2 and Cy, : £2 > £2 are G-equivariant (see Thm. L.6),
their matrix representations in the isotypic basis are constrained to be block-diagonal, with each
block being composed of irrep endomorphisms (Thm. I.13). Hence (25) becomes:

IVae = Il = [|Cx — L [[7 + 2||Ep, (x)|*
=l @i G — L i +2|Ep ™ ()17,

Miso

=D ICY — LV + 2/ ¢™ ()|
k=1

Miso

= (ICY 17 - 20(CY) + 1) + 2B, ()|
k=1

= Z (I dooy @ b)|E — 20> 0 ® W (b)) +m> +2||Ep, ¢(x)]|*, by (42)
k=1 beB beB

nh()

=2||[Ep, ¢(x)||? +Z\|Z®<k ® We(b)|[7 — 2 (O )er(W (b)) + rx

= beB beB
=2||Ep, ¢(x)|? +Z\|Z@“‘ ® Ur(b)|[ — 2di D r(OF) + 75 by (39)
k=1 beB beB
:2\|pr¢<x)||2+ZZ\|@§,‘“>HQF|\% E = 2dk > x(©F) +7 by (39)
k=1 beB beB
= 2|[Ep, p(x)|? +de2|\@ NE —2d Y twr(OF) + 1, st (D) TR(D) | = I,
k=1 beB beB
= 2En¢()|” +di > (16417 — 200} ) + 7,
k=1 beB

Where the set of matrices {@éki) € R™mexmk Yy g define the free degrees of freedom of the covariance
operator (see Thm. 1.13), and {U(b)}»cp denote the basis of endomorphisms of the irreducible

representation py, (see (39)). Crucially, ||®§f) ||% features an unbiased U-statistic estimator as in (24).

G EXPERIMENTAL SETUP

In this section we provide details on the experimental setup. We first describe general design choices
and hyperparameters and then provide details for each experiment.

Sample efficiency experiments For both the conditional expectation operator approximation and
the G-equivariant regression experiments, we evaluate model performance by measuring sample ef-
ficiency/complexity. To do so, we partition the dataset D = {(z,,, y,,)}._; into training, validation,
and testing splits in proportions of 70%, 15%, and 15%, respectively. With fixed validation and
testing sets, we iteratively train the models on increasing portions of the training set and report the
test performance for each size.

For each training set size, we select the model checkpoint with the best validation loss to compute
the test performance. Thus, these experiments quantify the generalization error (or true risk) and its
evolution as a function of the training set size.

NNs architectures and hyperparameters To compare our equivariant representation learning
framework with other contrastive and supervised methods, all (inference) models share a similar
fixed architectural footprint. For the baseline models, the only hyperparameter tuned is the learning
rate, whereas for the NCP and eNCP models we additionally tune the regularization weight v in
Egs. (5) and (14). Further details for each experiment are provided in the corresponding sections
below.
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Figure 5: Sample efficiency plots comparing test set regression mean-square-error of the density
ratio k(x,y) = Pxy(® 4) /P, (x)P, (y) (log-scale) vs. the number of samples in the training set (log-
scale). Each plot represents a different symmetric GMM with varying symmetry groups G and
dimensionalities of the random variables |X’| and |)|. The groups tested are the cyclicg grups Co
and Cg, the Dihedral group Dg of order 12 and the Icosahedral group [}, of order 60.

Code reproducibility All experiments, plots and examples are provided in the open-access repos-
itory and python package symm_rep_learn.

G.1 CONDITIONAL EXPECTATION OPERATOR APPROXIMATION

In this experiment, we extend the conditional Gaussian Mixture Model (GMM) proposed by Gilardi
et al. (2002) to parametrically construct symmetric random variables taking values in arbitrary data
spaces X and ) and with arbitrary finite symmetry groups G. The GMM is defined by

Z = X@y ~ Z iN(Pz(g)ﬂz,c ) pZ(g)Zz,cpZ(g)T)7

g€eG c=1

where pz(g) := px(g) ® py(g) are arbitrary group representations of G and n is the number of
unique Gaussians with randomly sampled means fi,, := pyx @ py and block-diagonal covariances
Y, = Yx @ Xy. Since every Gaussian appears in group orbits, this symmetric GMM has G-
invariant marginal distributions and an analytical expression for the conditional expectation operator
kernel x(x,y) = Pxv (@) /P, (x)P, (y) (see 2D example in Fig. 3). Consequently, we can directly
estimate the approximation of the conditional expectation operator (Eq. (5)) as the mean squared

error between the true and learned density ratios, i.e., £mse := ExEy |k(X,y) — ko(X,y) 2.

To the best of our knowledge, this is the first synthetic experiment that directly estimates the trunca-
tion error of the conditional expectation operator in an inference task-agnostic setting, serving as a
benchmark for future work.

Fig. 4 compares sample efficiency using #myse, While Fig. 5 shows the error in the G-invariant of the
learned & ratio versus sample size, highlighting that symmetry-aware methods encode this property
as an architectural constraint, ensuring a strictly G-invariant learned ratio.

G.2 G-EQUIVARIANT REGRESSION OF ROBOT’S COM MOMENTA

In this experiment, we evaluate the quality of the learned representations using the contrastive loss
Egs. (5) and (14) alongside supervised learning baselines trained with the standard MSE loss. The
task is a G-equivariant benchmark in robotics presented in (Ordofiez-Apraez et al.), with the goal
of predicting a quadruped robot’s CoM linear I € R? and angular momenta k € R? from noisy
observations of the robot’s generalized positions ¢ € R'? and velocity coordinates ¢ € R*2. Conse-
quently, the random variables are defined as * = q+ ¢, D¢ +¢4 and y = LDk, where ¢, € R'? and
€4 € R'? are independent Gaussian noise terms that model sensor noise. The function computing
the CoM momenta from these proprioceptive observations is highly non-linear and G-equivariant
whenever G is a morphological symmetry group of the robot (see Fig. 6 and (Ordofiez-Apraez et al.)
for details).

The robot considered is the quadruped robot Solo (Fig. 6-right), which possesses a symmetry group
of order 8: G = K4 x Cs, as depicted in this animation showing 8 symmetric robot configurations
along with their corresponding linear and angular momenta vectors.
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Figure 6: Example of morphological finite symmetry in robotics. Left: A humanoid robot with
the reflectional symmetry group G = C,. Right: The quadruped robot Solo with the symmetry
group G = K, x Cy (only Ky is shown for clarity). The robot’s center of mass linear I € R?
and angular k € R® momentum are depicted as orange and green vectors, respectively, for each
symmetric configuration. Images adapted from Ordofiez-Apraez et al. with author approval.
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NN architectures We configure all models under consideration (eNCP, NCP, eMLP, and MLP) to
have an inference-time NN architecture with a similar footprint. In particular, the encoder network
for x in NCP and eNCP is designed similarly to the NN used in MLP/eMLP. The idea is to test
how a model with the same capacity performs on the downstream task of classification when trained
using either the representation learning loss or a supervised learning loss. The backbone of all
architectures is a standard multilayer perceptron consisting of three hidden layers, each with 512
units, followed by a final hidden layer containing 128 units. This final layer encodes the feature
vector 7 for the NCP and eNCP models. Crucially, since G-equivariance enforces weight sharing
in the NN architecture, the encoder NN for eNCP and eMLP comprises x8 fewer parameters than
their symmetry-agnostic counterparts.

G.3 UNCERTAINTY QUANTIFICATION VIA CONDITIONAL QUANTILE REGRESSION

The goal of these experiments benchmark is to learn the family of conditional distributions P(y |
x = -) for a bivariate random variable y = [y,,y;] € R? given a scalar covariate x € R. Once P(y |
x) is recovered, the practitioner can estimate conditional (1 — «)—confidence regions by regressing
the lower and upper conditional quantiles ¢, /2(X), ¢1—q/2(x) for any desired miscoverage level
a € (0,1). In particular, a 95% confidence region corresponds to o = 0.05, so the two quantiles of
interest are ¢g. 025 (x) and go.975(x). See Fig. 7 for a visual representation of the problem.

Conditional quantile regression models We compare the NCP and proposed eNCP models to a
standard baseline for parametric NN conditional quantile regression, namely CQR Feldman et al.
(2023), which uses two separate NN to predict lower and upper quantiles, trained with pinball loss.
Both models use MLP backbones with similar parameter counts, ensuring improvements are solely
due to loss functions.

Furthermore, CQR can only be trained for specific confidence intervals, requiring retraining for
different quantiles. In contrast, the NCP and eNCP models, trained using the deep representation
learning approach of Secs. 2 and 4, regress the CCDF of each dimension of y given x. Thus, they
can estimate conditional quantiles for any confidence interval via the quantile estimation algorithm
from the CCDF described in Kostic et al. (2024a) without retraining. See details in Fig. 8.

Marginal of Y = (Y_0, Y_1) Histogram of X X=1.9

250
200
150
0.5 A

100
0.0 1

50
-0.5 1

T T 0
-2 0 2 -4 -2 0 2 4

Figure 7: Synthetic uncertainty quantification experiment adapted from Feldman et al. (2023).
Task: predict 95% confidence intervals (black boxes) of y € R? given x € R. Left: Marginal P(y).
Middle: Marginal P(x). Right: Conditional distributions P(y|x = -) for different values.
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Evaluation metrics: coverage and setsize Let C;_,(x) C R denote a prediction set of nominal
level (1 — «) produced by a conditional quantile regression model for the response y € RY given
the covariate x € RP. In all experiments we assess two complementary metrics.

e Coverage. The conditional coverage of C;_,, is the probability that the true response is cap-
tured by the predicted region,

c1—a(x) :=P(y € Ci—a(x) | x), with the target ¢;_o(x) ~1—a Vx. 27

In practice we report the marginal coverage Ey [c1—qa(x)], estimated on a large held-out sample;
values above (resp. below) 1 — « indicate over- (resp. under-) coverage.

¢ Relaxed Coverage (r-Coverage). The conditional relaxed coverage of Cq_,, is defined as the
probability that each scalar component of the response lies within its corresponding predicted
confidence interval. Formally, if y = [y,,...,y,] and C;_,(x) has corresponding marginal

intervals Cgiza(x) fori € {1,...,d}, then

rc1—q(X) := ﬁ[?’(yi € C(lila(x) ‘X), (28)
i=1

with the target rcy_,(x) &~ 1 — « for all x. As with coverage, we report the marginal relaxed
coverage Ex[rcq o (x)].
¢ Set size. To quantify how informative the region is, we measure its size (volume) under the

Lebesgue measure \%:
Size_q(x) := vol(Ci_q(x)). (29)

Smaller sets correspond to sharper uncertainty estimates, provided the required coverage is
met. For multidimensional responses the volume is expressed in the natural units of R?; for
d = 1 it reduces to the interval length. As with coverage, we report the marginal expectation

]Ex[Sizel,a (x)] so that models can be compared fairly across the entire input distribution.

Data generation The data is generated from a conditional distribution P(y | x = -) for a bivariate
random variable y = [y,,y;] € R? given a scalar covariate x € R. Adapted from Feldman et al.
(2023), the covariate is sampled uniformly: x ~ Unif ([0.8, 4.0] U [—4.0, —0.8]), and the response

Pred CCDF y, given X =2.70 Pred CCDF y; given X =2.70
1.0

— CCDF,,
-=- CDF,,

0.8 4 0.8

0.6 1 0.6

0.4 1 0.4

0.2 4 0.2

0.0

-1.0 -0.5 0.0 0.5 1.0 -4 -2 0 2 4 -2 -1 0 1

Figure 8: Prediction of the 80% and 95% confidence intervals for the random variable y in ex-
periment Subsec. G.3 using the proposed eNCP model. The model estimates the CCDF by dis-
cretizing each dimension of y = [y,, y,] into 100 bins and computing the conditional probabilities
P(y; € Ay|x = ) := [Eyx1a,](-) for all n € [100] based on the learned conditional expectation
operator kg (x,y) (see Sec. 5). Here, A,, comprises the bins from the 0-th to the n-th. This yields the
estimated CCDF for y, (center) and y, (right) at x = 2.7. The CCDFs can then be used to estimate
upper and lower quantiles for any confidence interval (Kostic et al., 2024a). In practice, the eNCP
model regresses 2 x 100 variables in a single forward pass. Thus, the final layer of the conditional
quantile regression model is a linear layer of size r x (2 x 100), where r is the number of features
in the y representation (see Sec. 2). Note that the gray vertical lines in the CCDF plots indicate
the discretization bins, estimated using a ‘quantile_transformer‘, from sklearn (Pedregosa et al.,
2011), fitted on the marginal distribution of each dimension of y. This discretization procedure
ensures high-resolution bins in high-density regions of y and coarser bins in low-density regions,
while being able to cover the entire empirical support of y from the training set.
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Figure 9: Left: Learned basis functions from the NCP model fory = [y,, y,]. Right: Learned basis
functions from the eNCP model for y. The marginal distribution of y exhibits reflection symmetry

gr >y Y = [—Yo,y1) under G = C,. Incorporating this prior, the eNCP model decomposes its

latent space as Fy = F ;“’ @ F §2), with the first subspace capturing Cy-invariant functions and the

second capturing those that change sign under reflection. The orthogonality of these subspaces
allows independent optimization of the basis functions.

variable y is produced by a non-linear transformation of auxiliary latent variables (see Fig. 7):

Yo = S rcos ¢, z ~ Unif(—,7),
A lx| ¢ ~ Unif (0, 2),
y1=5(—cosz+1) + rsing + sinfx|,  r~ Unif(=0.1,0.1).

Here, 5 > 0 is a scaling constant. Both marginal distributions (see Fig. 7) and the conditional
probability distribution are invariant under the reflection symmetry group G = Co = {e, g, | gr o
gr = e}, actingony as g, >y y = [—yq,¥;] andon x as g, >y X = —X.

Results The experiment results are depicted in Fig. 10. Where the NCP and eNCP models outper-
form the baseline CQR model in terms of both coverage and set size. Furthermore, Fig. 9 illustrates
the basis functions learned by the NCP and eNCP models for the random variable y = [y,,y,].
In contrast to the standard NCP model, the eNCP model incorporates symmetry priors, enabling a
clean separation of its latent representation into two orthogonal subspaces: one corresponding to
Cq-invariant functions and the other to functions that change sign under reflection.

G.4 G-EQUIVARIANT SYNTHETIC REGRESSION WITH DIFFERENT NOISE TYPES.

This synthetic experiment demonstrates how the NCP and eNCP frame-

works can train a NNs for regression tasks under diverse noise condi- | Elylz] Fol
tions, particularly in applications where the conditional expectation (i.e., , v
regression) may be uninformative due to skewed and asymmetric condi- ‘

tional distributions (see Fig. 11). Crucially, in such settings, the learned | Elylz
representations from NCP and eNCP can be reused without retraining to : y
predict conditional quantiles at arbitrary coverage levels (see Eq. (27)), ! Elyle]

which is not possible with standard supervised MSE regression training. ‘ y

Data generation. The dataset is composed of a 1-dimensional samples Figure 11:  Conditional
x € Rand y € R drawn from a piecewise conditional distribution with ~distributions with uninfor-
three distinct regimes (see Fig. 12): mative expected values.

* Skewed distribution (|| < 1): This regime features a skewed conditional distribution with
an exponential tail, with heteroscedastic noise.

* Symmetric distribution (1 < |z| < 2): This regime has a symmetric conditional distribu-
tion, with heteroscedastic noise.
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Figure 10: Results of a synthetic uncertainty quantification experiment comparing CQR, NCP, and
eNCP models for predicting 95% confidence intervals of y € R? given x € R. Left and fourth
columns show conditional distributions P(y|x = -) for different conditioning values. Second-third
and fifth-sixth columns display CCDF predictions by eNCP and NCP models. While CQR directly
regresses quantiles and requires retraining for different confidence levels, NCP and eNCP estimate
the full CCDF, enabling adaptation to any confidence interval without retraining.

* Bimodal distribution (]| > 2): This regime exhibits a bimodal conditional distribution,
with heteroscedastic noise.

Formally the piecewise conditional distribution is defined as follows:
fe(T) + exps lz| <1,
Py | x) =4 fe(@) +on(lz)Z,  1<|z|<2,, fe() = gcos(3Fa) + §cos(Fa) + 1,
Sa(|z]) + op(|2)) 2", |z > 2,
Where f. is a deterministic function ey, ~ Exp(scale = sexp(|z])), Z,Z2" ~ N(0,1), S €
{—1,+41} is equiprobable. Furthemore Sexp, 0}, and oy, introduce heteroscedasticity (variance is
conditioned on values of x). The function is design such that the conditional distribution is G-
invariant under the relfection group G = C, acting as g, >y= —x and g, »,,= y. Consequently, the
target G-invariant function defined by the conditional expectation is given as (see Fig. 12):
fe(@) + Eleexp], 2] <1,
2(x) = Ely | x = 2] = { fe(), 1< |z <2,
0, |lz| > 2,

—

Training details The dataset is generated with N = 20.000 sample pairs. The baseline MLP,
NCP, and proposed eNCP share the same architecture backbone, a standard 3 layer deep MLP with
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Figure 12: Synthetic regression experiment featuring three distinct zones with different families of
conditional distributions for which the expected value is uninformative. Zone 1 (|z| < 1) exhibits a
exponential skewed distribution, Zone 2 (1 < |z| < 2) has symmetric, and Zone 3 (|z| > 2) features
a bimodal distributon. All zones are affected by heteroscedastic noise.

64 hidden neurons in each layer and ELU activations. The representation space dimension for NCP
and eNCP is set to 32 (and consequently the last hidden layer of MLP is also set to 32 dimensions).
Both contrastive models use orthogonality regularization 10~2, a momentum 0.995 for computing
the orthonormality statistics using exponential moving average estimates. All models are trained
with early stopping on the validation objective, choosing the checkoint with best validation loss to
compute the test performance.

After training, for both contrastive models, we fit two linear decoders from the learned representa-
tions to predict the conditonal expectation Zg, as described in (17), and to recover the CCDF with
200 support points for quantile extraction, as described in Fig. 8.

Results The results, shown in Fig. 12, illustrate how all models perform similarly in terms of
predicting the conditional expectation E[y | x]. However, the key advantage of the NCP and eNCP
relies in their capacity to model the conditional probability distribution, which enables uncertainty
quantification, shown here via prediction of conditional upper and lower quantiles with coverage of
90% and 70%. Note that recovering these quantiles is not possible when training the NN backbone
using standard MSE supervised training.

While both NCP and eNCP perform comparatively well and predict well calibrated confidence inter-
vals, the eNCP model achieves a perfect empirical coverage tracking for coverage levels from 10%
to 90%, as shown in Fig. 13 (middle). Furthermore, eNCP consistently predicts confidence intervals
of smaller size (bottom-middle), indicating accurate non-conservative estimates.

G.4.1 UNCERTAINTY QUANTIFICATION IN QUADRUPED LEGGED LOCOMOTION

We test how well conditional-quantile models can recover the conditional 95% confidence regions
of three physically meaningful observables produced by a simulated AlienGo quadruped walking
over rough terrain (see Fig. 1) under varying friction coefficients. The dataset was collected using
the Quadruped-PyMPC simulation framework and model predictive controller from Turrisi et al.
(2024).

The observables for which state-dependent uncertainty estimates are desired are y; =
[Uy, T, 78], with each component defined as follows:

* G-invariant Kinetic Energy. 7(q.¢) = 34" M(q) ¢ € R, where M(q) is the configuration-
dependent inertia matrix. Noise is introduced through sensor measurement errors on the robot’s
degree of freedom (DoF) position g € R'? and velocity ¢ € R'2.

* G-invariant Instantaneous Mechanical Work. U(q, ¢, 7) € R, representing the instantaneous
mechanical work exerted or absorbed by the robot. This quantity depends on the actuator torques
(typically measured with noisy, biased sensors) as well as the external forces (e.g. gravity, contact
forces) that are not reliably measurable due to unobserved terrain parameters.
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Figure 13: Top: Comparison of conditional expectation predictions E[y | x| and uncertainty

quantification via 90% and 70% confidence intervals for baseline MLP, NCP, and proposed eNCP
models. Middle: Empirical coverage (27) tracking and confidence intervals set size (29) for cov-
erage levels from 10% to 90%. Bottom: Example CCDFs predicted by NCP and eNCP on the
unimodal skewed distribution regime and the bimodal regime (see details in Fig. 8).

¢ G-equivariant Ground-Reaction Forces 7, € R'?, a fundamental quantity in quadruped con-
trol, whose reliable estimation and uncertainty quantification are critical for downstream tasks in
robotics (Nistico et al., 2025; Liu et al., 1994).

The observables of interest are predicted using a suit of onboard proprioceptive sensory signals
available at time ¢:

T [qta qta A, Uiy Uterrs Wty Wiers Gty ﬁt,feela thmdi|

Specifically, g; € R™ and ¢; € R"s are the joint positions and velocities, respectively; a; € R? is
the linear acceleration of the robot’s base frame measured by the IMU; v, € R? is the base linear
velocity, while v ¢ € R3 the command error base linear velocity; w; € R? and Weer € R? are
the base angular velocity and its command error; g; € R? is the gravity vector expressed in the
base frame; Py feer € R!? stacks the linear velocities of the four feet (three components each); and
7md ¢ R™ contains the commanded joint torques.

Hence we design the experiments to compare models of similar footprint in number of parameters,
while the loss used for training differs between the NCP and eNCP models w.r.t to the CQR and
eCQR models.

NN architectures We configure all models (eNCP, NCP, eCQR, and CQR) with similar inference-
time NN architectures. The backbone consists of three hidden layers with 512 units each, followed
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Validation Test

r-Coverage T Coverage 1 Set Size | r-Coverage T Coverage 1 Set Size |

eNCP  99.3+0.0%  94.140.4% 2.440.4x10'°  99.54+0.1%  95.0+0.4%  4.3+3.6x10°
NCP 96.4+0.0%  56.9+0.1% 3.9+4.5x10'°  99.5+0.0%  56.9+0.3% 2.6+1.4x10'°
eCQR  70.7+£0.6%  7.3+1.7%  3.742.6x10®  84.24+0.7%  6.7£1.2%  1.7+1.7x107
CQR 67.6+1.8%  7.6+0.4%  2.5+2.4x10° 80.5+3.7% = 8.5+0.9%  1.44+0.1x10%

Table 4: Validation and test metrics for 95% confidence intervals on quadruped robot observables
traversing rough terrain (see Subsubsec. G.4.1). Metrics: (i) relaxed coverage (r-Coverage) (28),
(i) coverage (27), and (iii) set size (29). Best results in blue. While eCQR and CQR produce
smaller confidence intervals, they fail to achieve expected 95% coverage on validation and test sets.
The eNCP model achieves best overall coverage for reliable uncertainty quantification. Importantly,
eNCP and NCP models can provide confidence intervals at any coverage level without retraining,
whereas CQR and eCQR require retraining for each new level.
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Figure 14: Prediction of 90% confidence intervals for ground-reaction forces Ty ¢ € R!2 of a
quadruped robot on rough terrain with varying friction. We compare eNCP, NCP, eCQR, and CQR
models. CIs are computed for each leg—front-right (FR), front-left (FL), hind-right (HR), and hind-
left—along z, y, and z axes. Forces outside the CI are highlighted in red, those within in blue.
Terrain variations cause significant variability in  and y components due to surface orientation and
friction differences, while z components are mainly influenced by local height changes affecting
contact timing and producing short-duration high-impact forces.

by a final 128-unit layer that encodes the feature vector r for NCP and eNCP models. Due to
G-equivariance weight sharing, eNCP and eCQR have x2 fewer trainbale parameters than their
symmetry-agnostic counterparts.

Results. Given sensory input x, the model predicts a set Cg95(x) C R satisfying P(y €

Co.95(x) | x) =~ 0.95, while minimizing its volume Ex [vol(Cg.95(x))]. High coverage implies
that the true G-invariant kinetic energy, instantaneous mechanical work, and G-equivariant 12-
dimensional ground-reaction forces lie within the predicted confidence set. Relaxed coverage (r-
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Coverage) quantifies the reliability of estimates on a per-dimension basis. Tab. 4 summarizes val-
idation and test results for all models, and Fig. 14 illustrates a trajectory of GRF with respective
90% confidence intervals. Both CQR and eCQR produce smaller confidence intervals but fail to
achieve desired coverage on the test set, implying unreliable confidence intervals requiring further
calibration through retraining or conformal calibration (Feldman et al., 2023). In contrast, the eNCP
model achieves desired coverage on the test set while producing larger confidence intervals, hence
yielding reliable uncertainty estimates.

H CONDITIONAL PROBABILITY MODELING VIA THE CONDITIONAL
EXPECTATION OPERATOR

This section introduces the modelling of conditional probabilities for two random variables via
the conditional expectation operator. Our goal is to understand conditional expectation from an
operator-theoretic perspective. We begin by describing the marginal, joint, and conditional proba-
bilities of the random variables within a measure-theoretic framework. This discussion extends the
exposition of Kostic et al. (2024b).

Given two random variables (x,y) taking values in the measure spaces (X,Xy,Px) and
(¥, Xy, Py), we have that the marginal probability of any set A € X and B € Xy are given
by

P(x € A) :/XILA(w)Px(dm):/APx(dm) and P(yGB):/yIL]B(y)Py(dy) :/BPy(dy), (30)

where 14 € £2 and 1g € £2 denote the characteristic functions of sets A and B, respectively.

Furthermore, under the reasonable assumption that the joint probability measure is absolutely con-
tinuous w.r.t to the product of the marginals Py, < Py x Py, we have that there exist a Radon-
Nikodym derivative £ : X x J — R such that Py (dx,dy) = k(x,y)Px(dx)Py(dy). Note
that « is a kernel function that pointwise deforms the product of the marginals to produce the joint
distribution Sugiyama et al. (2012) (see Fig. 3). This kernel function enable us to express the joint
probability by:

P(x €Ay c B)= /X A s(y) i, ) P () P ) = / K@ y)P(de)R (dy). G

Pyy (dx,dy)

Furthermore, given that P(yeB|xcA) = P(x€A,y€B) /p(x ¢ a), the conditional probability of any set
B € Xy given a value of the random variable x=x is given by:

P(yeBlx=)= /y 15 () Py e (dyl)= /y Ls(y)r(, y) Py (dy) = / w(@,y)Py(dy),  (32)

where Py |y : ¥y x X+ [0, 1] denotes the conditional probability measure. This is a well-defined
probability measure considering that:

P(x € A) :=P(x € A,y € V) :/A (/yfi(w,y)Py(dy)) Py(da) = / Py(dz).

A

EPy |« (dy|x=x)=1 VxcX

The operator perspective Every measurable function h € £2 can be approximated by sim-
ple functions—that is, as a combination of characteristic functions on measurable sets: h(-) =
> ien Billa, (+). Thus, Eq. (32) is a special case of the more general problem of approximating the
conditional expectation of any function h € £2 given x. This conditional expectation is captured by
the action of a linear integral operator:

Definition H.1 (Conditional expectation operator). Let (x,y) be two random variables defined
on the measure spaces (X,Xx,Px) and (Y,Xy, Py), respectively, and let £2 and L% denote
the corresponding spaces of square-integrable functions. The conditional expectation operator
Eyix : L3 — L3 is the linear integral operator—defined via the PMD Radon—Nikodym deriva-

tive k(x,y) = Pev(dx, dy)/p, (dx) Py(dy) —which acts on any function h € L% by computing its
conditional expectation:

ey (dYy,x
By h)(@)=El(y)x=a]:= /y h(y) Py (dy|)— /y hly) i) / hy)r(@,y) Py (dy).
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From a learning perspective, approximating the conditional expectation operator sufficiently well for
arelevant set of functions in £2 implies that we can approximate the conditional probability measure
of any set A € ¥y. This enables both regression and uncertainty quantification applications with a
single model (see Eq. (2)).

I BACKGROUND ON GROUP AND REPRESENTATION THEORY

Group actions and representations This section provides a concise overview of the fundamental
concepts in group and representation theory, which are used to define the symmetries of the random
variables we consider in this work. For a comprehensive background on these topics in finite-
dimensional vector spaces, see Weiler et al. (2023); for the infinite-dimensional case, consult Knapp
(1986). These concepts will be referenced as needed in the main text. To begin, we define a group
as an abstract mathematical object.

Definition L.1 (Group). A group is a set G, endowed with a binary composition operator defined

as:
(0): GxG — G
(91.92) — 91092, (332)
such that the following axioms hold:
Associativity: (g1 0g2)ogs=g10(92093), Vg1,92,93 €G, (33b)
Identity: Je € G suchthateog=g=goe, VgeG, (33¢)
Inverses: ¥ g€ G, g7 €Gsuchthatgog ' =e=g 'og. (33d)

We are primarily interested in symmetry groups, i.e., groups of transformations acting on a set
X. Each transformation is a bijection that leaves a fundamental property of the element of the set
invariant. For example, if X’ represents states of a dynamical system, the invariant property is the
state energy (see Fig. 6); if X’ is a data space, the preserved quantity is typically the probability
density/distribution (see Fig. 3).

Definition I.2 (Group action on a set (Weiler et al., 2023)). Let X be a set endowed with symmetry
group G. The (left) group action of the group G on the set X is a map:

G): GxX — X

(g,¢) — gowx (342)

that is compatible with the group composition and identity element e € G, in the sense that:
Identity: e> x = x, VeeX (34b)
Associativity: (g1 0 g2) > x = g1 > (g2 > @), Vg, € G Vel (34¢)

For our practical purposes, we focus on symmetry transformations acting on sets with a vector space
structure. In most cases, the group action on a vector space is linear, which allows us to express
symmetry transformations as (orthogonal) matrix-vector operations, once a basis for the space is
chosen.

Definition I.3 (Linear group representation). Let X be a vector space endowed with symmetry group
G. A linear representation of G on X is a map, denoted by py, between symmetry transformation
and invertible linear maps on X (i.e., elements of the general linear group GL(X)):

pr: G — GL(X)

35
g — px(9), (352)
such that the following properties hold:
composition : px(g1 © g2) = px(g1)px(92), V1,92 €G, (35b)
inversion : px(g~ ") = px(g)~", VgeG. (35¢)
identity : px(g o0 g~") = px(e) =1, (35d)

Whenever the vector space is of finite dimension n < oo, linear maps admit a matrix form px(g) €
R™ "™ once a basis set Ly for the vector space X is chosen. In this case, Eqs. (35b) to (35d) show
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how the composition and inversion of symmetry transformations translate to matrix multiplication
and inversion, respectively. Moreover, pxy allows to express a (linear) group action (Def. 1.2) as a
matrix-vector multiplication:

(35¢)

We will often study linear maps that preserve a vector space’s symmetry structure by commuting
with the group action. These maps are known as endomorphisms and include all change of basis
and affine transformations that do not break the symmetry.

Definition 1.4 (Endomorphism). Let X be a vector space endowed with symmetry group G, with
the group action vy: G X X +— X. A linear map A : X — X is said to be an endomorphism if it
commutes with the group action, such that:

xX—* x
pr(9)A=Apy(g), VgeG JA lA
X

We will denote the space of all endomorphisms of X as Endg(X), such that any A € Endg(X)
satisfies the above commutation property.

So far, we have studied symmetric vector spaces X endowed with a group action v, which can be
represented in matrix form via a group representation py once a basis for X is chosen. However,
while the choice of basis alters the group representation py, the underlying group action », remains
invariant. This observation leads us to the concept of equivalent group representations.

Definition 1.5 (Equivalent group representations). Let X be a vector space endowed with symmetry
group G, and let p'y, and py be two group representations of G on X. They are said to be equivalent,
denoted by p', ~ py, if there exists an invertible change of basis Q € Endg (X) such that

Pv(9) = Qpx(9)Q™"', VgeG. (36)

Equivalent representations arise when the same group action (>) : G x X — X is expressed in dif-
ferent coordinate frames or bases. For instance, let Ay and By be two bases for X = span(Ay) =
span(Bx), and let Q% : X — X denote the change of basis from Ay to By, so that z® = Q% z*
for all * € X. Then the group action admits equivalent representations, p‘}} ~ p%, since

gv B = QB(g> zt), Vg € G,
92" = Qi (ph(9)z*) = (QErk(9)QE )", (37)
Pi(9) = QLri(9)QL .

To reveal the modular structure of symmetric vector spaces, we often change bases to decompose
them into subspaces stable under the action of the group G, termed G-stable subspaces. This de-
composition mirrors how a symmetry group can be broken down into products and direct products
of smaller groups and is essential for analyzing and simplifying group representations. We introduce
the following definition.

Definition 1.6 (G-stable and irreducible subspaces). Let X’ be a vector space endowed with a group
action () of the symmetry group G. A subspace X' C X is said to be G-stable if the action of any
group element on any vector in the subspace remains within the subspace, that is,

grrxe X', VeecX' CX VgeG.

If the only G-stable subspaces of X are {0} and X itself, then X is a irreducible G-stable space.
We will denote irreducible G-stable spaces with an over bar, e.g., V.

Building blocks of symmetric vector spaces A recurrent theme in this work and in geometric
deep learning is to study and process symmetric vector spaces by decomposing them in terms of ir-
reducible G-stable spaces. This process directly corresponds to the decomposition of the associated
group representation py into smaller representations acting on these G-stable subspaces.
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Definition 1.7 (Decomposable representation). Let X' be a vector space with a group action (>)
defined by the representation py in a chosen basis Ay. The representation is decomposable if it is
equivalent to a direct sum of two lower-dimensional representations, px ~ px, ® px, where X
and Xy are G-stable subspaces of X. Equivalently, there exists a change of basis Q% : X — X
such that

B_ [ex, 0] _ B B—1 B._ B B _ [px (o)} B, _ [2iex
Px = [ 0 p&} =QupxQy ,and gvx” :=py(g)T” = |:pX2(g)m]g:|7 where Q x = [I]EEXQ
Hence, the representation’s decomposition px ~ px, ® px, corresponds to decomposing the vector
space into G-stable subspaces, X = X1 & Xo.

When iteratively applying the decomposition process, we eventually reach representations that can-
not be further decomposed. These are known as irreducible representations, or irreps, and they serve
as the fundamental building blocks for all representations of a compact symmetry group G. From
a vector space perspective, the irreducible G-stable subspaces (Thm. 1.6) associated with these ir-
reps are the elementary subspaces that comprise any symmetric vector space, analogous to how
one-dimensional subspaces are the fundamental components of standard vector spaces.

Definition L.8 (Irreducible representation). Let X’ be a vector space endowed with a group action
(v) of a symmetry group G. A representation px of G on X is said to be irreducible if it cannot be
decomposed into smaller representations acting on proper G-stable subspaces (Thm. 1.6). That is,
the only G-stable subspaces X' C X are X' = {0} and X' = X itself.

To differentiate irreps from decomposable representations we will denote the formers and their as-

sociated irreducible G-stable spaces with an over bar: py : G — GL(V).

Crucially, any compact symmetry group G has a unique set of countably many irreps, denoted by
{Pr}ke[1,ny]» Where k denotes the irrep type and nis, < |G| denotes the number of unique irreps
of G. A fundamental property of these irreps is that any two non-equivalent irreps act on vector
spaces that are mutually orthogonal. This implies that whenever we decompose symmetric vector
spaces into their irreducible subspaces we are inherently decomposing the space into orthogonal
G-stable subspaces, which will greatly simplify numerical and theoretical analyses. Formally, these
orthogonality relations are a consequence of Schur’s lemma, which we state below in its original
form for the case of complex irreps and discuss its adaptation to real irreps.

Lemma 1.9 (Schur’s Lemma for unitary (complex) representations (Knapp, 1986, Prop 1.5)). Con-
sider two complex Hilbert spaces, H and H', endowed with the (complex) irreducible unitary rep-
resentations ¢ : G — U(H) and ¢’ : G — U(H'), respectively. Let T : H — H' be a linear
map commuting with the group actions, such that T € Homog (H,H'). Then, if the irreducible
representations are not equivalent, i.e., ¢ ~ @', then T is the trivial (or zero) map. Conversely, if
@ ~ @, then T is a constant multiple of an isomorphism. Denoting I as the identity operator; this
can be expressed as:

=@ = 0y =Th|VheH (382)
¢~¢ = T=aU,acCU - UT=1 (38b)
¢=9¢ — T=ol, acC (38¢)

The most common interpretation of Schur’s lemma is that whenever the irreps are equivalent,
@ ~ ¢, their associated spaces are isomorphic, H ~ H’ and T is an element of the endomor-
phism space EndS (), with 7 ~ H ~ ' (see Thm. 1.4). Consequently, (38b) implies that the

endomorphism space is one-dimensional, i.e., dim(End§ (H)) = 1, with a € C denoting the only
degree of freedom, and (38c) denotes the scenario in which the basis sets for the two spaces are
identical.

However, this result holds only for complex irreducible representations and requires adaptation
for the case of real irreducible representations. The main difference stems from the fact that if
p : G — GL(V) is a real irrep, then the space of (real) endomorphisms, Endg (1), is no longer
one-dimensional, but rather it can be 1, 2, or 4 dimensional, depending on whether Endg (V) is
isomorphic to the real algebra (R = span{1}), complex algebra (C = span{1,i | i> = —1}), or
quaternionic algebra (H = span{l,i,j,k | i> = j?> = k? = —1}), respectively. Denoting by

¥ : K — Endg (V) the isomorphism of basis elements of K € {R, C,H} with the basis elements
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A=a¥(1)+b¥(i) ©O o

(o] _

Figure 15: Example of an endomorphism acting on a Cg-stable irreducible 2D space. The irre-
ducible representation is of complex type, with endomorphism space Endc, (R?) ~ C = span{1, i},
comprising all transformations that uniformly scale and rotate/reflect the plane.

of Endg (V), we can summarize the basis sets of the three cases as follows (see Cesa et al. (2022,
Appendix C) for details):

. I,
V(i) = [I(:l 0 }}
I, 00 00 -1, O
v - |§E8 e [EEEE] ]
00 01, I, 0 0
H ~ Endg (V) = span 0-I, 0 0 0 0 0 -I
I, 0 0 0 _|lo o 1, o
\I’(J:lo o o I, 7Q(k)_[0—17l0 0]
0 0 —I, 0 I, 0 0 ©

While this result might appear complex, its interpretation is straightforward: given a G-stable ir-
reducible space V), the space of linear maps from the space to itself that preserve the symmetry
structure consists of linear transformations that scale all dimensions of V uniformly, and possibly
rotate or reflect the space. Algebraically, this implies that any element of the algebra has a unique
singular space, with a single singular value determined by the element’s coefficients in the basis of
(39). We summarize this result in the following proposition.

Proposition 1.10 (A real endomorphism has a single singular space). Let G be a compact symmetry

group, (p,V) be an irreducible representation and its associated G-stable space, and let Endg (V)
denote the space endomorphism algebra. Then every A € Endg (V) admits an SVD

A=U~I, V',

where v € R is the single singular value, repeated with multiplicity d = |p| = |Vi|. The right
singular basis V' can, without loss of generality, be taken as the canonical orthonormal basis of V,
while the left singular basis is then U = y~' AV, which is an orthogonal rotation/reflection of V.

(R) Real case. Any A € Endg (V) is of the form
A=a¥(1)=aly, a € R.

Hence d
AT A =d?1y, o(A) = {|a\} :

(C) Complex case. Every element can be written as
A=a¥(1)+bV(i)= [ 2], abeR
Using (i) = —U(i) and V(i) T (i) = I,
ATA= (@ +¥) L,  o(A) = {Va@+1?}"
(H) Quaternionic case. Each element admits the expansion
A=a¥(1)+bP0GE)+cV(j)+dT(k), a,b,c,d € R,
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where W(i), VU (j), V(k) are the quaternionic structure matrices from (39), satisfying
U(a)" = —¥(a), ¥(a)? = —1, and V() " ¥(a) = I, with the usual anti-commutation
rules. Consequently,

ATA= (@ +V+E+d) L, oA ={V2+02++d2} "

As an intuitive low-dimensional example, we can consider the case of a 2D rotational irrep of the
cyclic group Cs. The dimension of the irreducible G-stable subspace is ||barvsV| = 2, and the

irreducible representation is of complex type, p : C5 — GIL(V), with Endg (V) ~ C = span{1,i}
denoting the space of all rotations/reflections and uniform scaling of the plane, see Fig. 15.

I.1 MAPS BETWEEN SYMMETRIC VECTOR SPACES

We will frequently study and use linear and non-linear maps between symmetric vector spaces. Our
focus is on maps that preserve entirely or partially the group structure of the vector spaces. These
types of maps can be classified as G-equivariant, G-invariant maps:

Definition 1.11 (G-equivariant and G-invariant maps). Let X’ and ) be two vector spaces endowed
with the same symmetry group G, with the respective group actions vx and »y. Amap f : X — Y
is said to be G-equivariant if it commutes with the group action, such that:
X X
Dy y=ghb = > \4 X G.
gryy=gvy f(x)=flgpxx), VEEX g€ — l
Yy

X

y

A specific case of G-equivariant maps are the G-invariant ones, which are maps that commute with
the group action and have trivial output group actions vy, such that py(g) = I for all g € G. That
is:

py(9)1 (@) = f(px(g)e) .

by

X

X
y=gvy f(x) = flgrrx), VxeX,geC. \J{f
y = py(9)f(x) = f(px(g9)x) = ! b (40b)
Py

Structure of G-equivariant linear maps

Definition 1.12 (Homomorphism and Isomorphism). Let X and Y be two vector spaces endowed
with the same symmetry group G, with the respective group actions vy: G x X — X and vy:
G x Y — Y. The spaces are said to be G-homomorphic if there exists a linear map A : X — Y
that commutes with the group action, such that g vy, (Ax) = A(g vy x) for all x € X. They are
said to be G-isomorphic if the linear map is invertible. Graphically, X and Y are G-homomorphic
or G-isomorphic if the following diagrams commute:

XY X  AcHomoc(X,y) or XY x  Aclog(X,Y). @
JA lA AI/H(A Alﬂ/A
"y Py
y y y Yy
—_———
Homomorphism Isomorphism

Here, Homog (X,)) denotes the space of G-equivariant linear maps between X and Y, and
Isoi (X, )) denotes the space of G-equivariant invertible linear maps between X and ).

Proposition 1.13 (Structure of G-homomorphisms / interwiners / G-equivariant linear maps). Let
G be a compact group and A € Homog (X,)) be a G-equivariant linear map between two (real)
G-symmetric vector spaces X and Y, with isotypic decompostions:

iso iso my, k iso iso my, k
X =@y XY = @i @ XY and Y =@y VY = ey 07 V)Y
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where nis, denotes the number of isotypic subspaces, and mj and mj denote the multiplicities of
the irreducible representation py : G — GL(Vy) in X and Y, respectively. Each X;k) and y;’” is

isometrically isomorphic to V), (see Thm. 1.16). Hence, in the isotypic bases, the map A decomposes
block-diagonally into niy, blocks corresponding to homomorphisms between isotypic subspaces of
the same type, that is:

A= @Zi;“lA“‘") where A" € Homog (X®), Y.

Furthermore, the map A" decomposes into m§, x m}. blocks of endomorphisms of the irreducible
subspace V. That is:

alh - Al

AW = where Aif; € Endg (Vy),Vi € [1,m}],j € [1,m§].
Alyy ALY
Kk’ kR

Consequently, depending of the type of irreducible representation K € {R,C,H}, each sub-block
is constrained to be in the span of the corresponding basis elements in Eq. (39). Consequenly, if we
denote by B the basis set of K, we have that the map A" can be expressed in tensor product form
as:

AW = Z OF @ Uy(b), where O € R™X™i Wy : B — Endg (Vi) (42)
beB
With [©)]; ; = <A5k;7 U, (b)) denoting the basis expansion coefficient of the i-th, j-th endomor-

phism sub-block with the basis element Uy (D).

1.2 ISOTYPIC DECOMPOSITION AND DISENTANGLED REPRESENTATIONS

We now have all the necessary tools to decompose symmetric vector spaces into their fundamental
building blocks: irreducible G-stable subspaces (Thm. 1.6). This decomposition forms the theoreti-
cal foundation for disentangled representations, a concept introduced by Higgins et al. (2018) in the
context of group theory and generalized here within the framework of representation theory.

By Maschke’s theorem (Knapp, 1986), we have that irreducible representations are the fundamen-
tal building blocks of the representations of a compact symmetry group G, given that any group
representation py : G — GIL(X) can be decomposed into a direct sum of irreducible representa-
tions, px ~ @I ,px, where each py, is isomorphic to one of the group’s nis, < |G| irreducible
representations (Thms. 1.7 and 1.8).

This decomposition will play a crucial role in facilitating numerical and theoretical analysis of op-
erations on symmetric vector spaces. Therefore, we will frequenlt choose a convenient basis of
the symmetric vector space which readily exposes this decomposition, termed isotypic basis. For
the sake of generality we consider below the more general case of (finite and infinite dimensional)
separable Hilbert spaces, which will enable us to extend this results to function spaces.

Definition 1.14 (Isotypic Basis). Let py : G — U(H) be a unitary group representation of a
compact group G on a separable Hilbert Space H. The representation is said to be defined in an
isotypic basis if it is defined by a direct sum of irreducible representations grouped by their type,
that is, if:

pr = D= D% pr, 43)

where {p),: G — U(?-_lk)}Z“:"l are the niso < |G| irreducible representations of G, and my, < o0 is
the multiplicity (i.e., number of copies) of the irrep type k in the representation py,.

Remark 1.15. Note that multiple isotypic bases exist for a given representation py,, as both the irrep
ordering and each irrep’s multiplicity ordering can be arbitrarily permuted.

The utility of an isotypic basis stems from Schur’s orthogonality relations (Thm. 1.9), which ensure
that any symmetric vector space decomposes into at most njs, orthogonal subspaces.

Theorem 1.16 (Isotypic decomposition of symmetric Hilbert spaces (Knapp, 1986)). Let G be
a compact group and H a separable Hilbert space with a unitary group representation py :
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G — U(H). Then we can identify ni, < |G| irreducible representations p;, : G — U(Hy)
that allow us to decompose H into a sum of orthogonal subspaces, denoted isotypic subspaces:
H= @%Skﬁnm H"® where each HV = D, HY is the sum of at most my, < oo countably many
subspaces isometrically isomorphic to Hy.

Remark 1.17. Note that the isotypic decomposition process can be simply interpreted as a change
of basis to any isotypic basis (Thm. 1.14) of the space.

Disentangled representations The concept of isotypic decomposition is intricately linked to the
idea of disentangled representations, introduced by Higgins et al. (2018) in the representation learn-
ing literature, restated below for completeness.

Definition 1.18 (Disentangled representation (Higgins et al. (2018))). A vector representation is
called a disentangled representation with respect to a particular decomposition of a symmetry group
into subgroups, if it decomposes into independent subspaces, where each subspace is affected by the
action of a single subgroup, and the actions of all other subgroups leave the subspace unaffected.

Note that the independent subspaces of Thm. 1.18 refer to the orthogonal isotypic subspaces
{H®W}. | each of which is acted upon by a unique quotient group® defined by the kernel of the
irrep acting on that isotypic subspace:

G" = G/Ni, where Ny :=ker(p) ={9€G|p(g) =14} (44)
Where each G*) is a well defined group of cosets generated by the normal subgroup Ny,. In practice,

each G is isomorphic to the effective (matrix) group encoded by each irreducible representation

J  REPRESENTATION THEORY OF SYMMETRIC FUNCTION SPACES

In this section, we study symmetry group actions on infinite-dimensional function spaces and specify
the conditions needed to approximate these spaces in finite dimensions. Specifically, given a set X
with a compact symmetry group G acting via (») (Def. 1.2), the space of scalar-valued functions
on X, F ={f]| f: X — R}, becomes a symmetric function space. The action of a symmetry
transformation on a function is defined as:

Definition J.1 (Group action on a function space). Let X be a set endowed with the symmetry group
G, and let F be the space of scalar-valued functions on X. The (left) action of G on a function

f € F is defined as the composition of f with the inverse of the group element g~ :

Gr): GXF — F
(9./) — lger fll@):=[fog (@) =flg7 v ) VaeX
In other words, the point-wise evaluation of f on a ¢~ '-transformed set X is equivalent to the
evaluation of the transformed function g >r f € F on the original set X (see simple examples
in Fig. 16). Any function space that is stable under the group action Eq. (45a) is refereed to as
a symmetric function space. Note that this action is compatible with the group composition and
identity element e € G, such that the following properties hold:

Identity: evr f(-) = f(), (45b)
Associativity: (g2 0 g1) b fI(-) = [92 >7 [g1 >7 fII(), V41,92 €G. (45¢)

Remark J.2. From an algebraic perspective, the inversion ¢~! (contragredient representation)
emerges to ensure that the associativity property of the group action (Eq. (45c)) holds:

[(92 0 1) b7 fl(®) = [g2 b7 91 7 fll(x), VaeX
fllgzog) ' o) =[gior fllgs ' > x) = flor' > (95" b))
fllgzoq) v a)=f((grog) ' > ).

(45a)

In the context of this work, we will study the scenario where the function space JF is a separable
Hilbert space and the group action of G on F is unitary, i.e., it preserves the inner product of the
function space. This setup is crucial to enable us to approximate F and the group action on F in
finite dimensions.

5The original definition of disentangled representations refers to subgroups, but in general the quotient grup
G need not be a subgroup of G.
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J.1 UNITARY GROUP REPRESENTATION ON FUNCTION SPACES

Assume our symmetric set X’ is endowed with a measure space structure (X', Xy, Py ), where Py :
Y x +— R is the space measure. Then, consider a function space with a separable Hilbert space
structure F := £}, X, R, and inner product (f1, fa) p_ = [, f1() f2(x) Px(dzx) for all f1, fo € F.
Then, the action »» of the group G on the function space F is termed unitary if it preserves the inner
product of the function space:

(fi,fo)p, =(g>r fr,g>F f2)p, VY f1,f2€F,g€G

/X f1 (@) f2 () P (da) = /X (907 11)(@)(g b7 fo)() Pu(d)

= [ A e ont e @)Pe) 0

- /  h(@h(@)Pdob d).

That is, the group action is unitary if Py is a G-invariant measure Py (g > dx) = Px(dx), ¥V g €
G,dx C X. Note that an G-invariant measure (and inner product) exists whenever G is finite,
because for any measure 7 : X — R, we can use the group-average trick to obtain one, given by
Py(X) = Syeen(g > X).5

The importance of the Hilbert space structure is that it enables the definition of a unitary group
representation. Unitary representations have a well-studied modular structure that allows their de-
composition (Thm. 1.16) into G-stable subspaces (Thm. 1.6), which is crucial for approximating
symmetric function spaces using a finite set of basis elements. Let Ir = {¢; | ¢; € £2};en be an
orthogonal basis for the function space F = span(Ir), so that any function f € F can be repre-
sented by its basis expansion coefficients o = [(¢;) p_flien, since fo(x) = >,y (D4, ) p_di(T).
In this basis, the group action of G on F defines a unitary group representation mapping group
elements to unitary linear integral operators on F, which can be expressed in matrix form.

®Such a G-invariant measure exists for any (finite or continuous) compact group. See discussion.

(9240 o5 2](x)
e SO

SR

9120
*

gi120 > T
°

~ .
g240 > T g240 > T

Figure 16: Left: Diagram of the group action s on functions f(z) = 22 + c and fo(z) = 23

defined on the domain X := R endowed with the reflectional symmetry group G := Co = {e, g5},
with the reflection action acting on the domain by g; » £ = —z and on the function space F :=
{f1f: X—=R}bylger fl(x) = f(g vx ) = f(—x). Hence we have that f; is a G-invariant
function, g5 > fi(r) = fi(x) and f a G-equivariant function g5 > fa(r) = —a3. Center:
Diagram representing the action v on the (arbitrarily chosen) function f(xz) = N(xz;c1,2) +
N (z; c2,1) defined over the symmetric domain X = R? with the cyclic symmetry group G =
Cs = {e, 9120, 9240} and group action g » * = px(g)x = Ryx, where R, is a rotation matrix
in 2D. Here, g129 >x f is equivalent to evaluating f on a domain rotated by —120°. The same
holds for go49 o7 f. Note that the z-offsets are Aadded for visualization purposes. Right: Diagram
representing the action » on the function z € F, defined to be a member of the finite-dimensional
symmetric function space F := span(I ﬁ), constructed from a basis set composed of the group orbit
of the (arbitrarily chosen) function f € F, that is Iz := Gf = {f, 9120 vx f,9240 v+ f}. This
function space is G-stable by construction, since GI 7= I 7 Note that the z-offsets are added for

visualization purposes.
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Definition J.3 (Unitary group representation on a function space). Let F = £} X, R be a separable
Hilbert space of scalar-valued functions on a set X endowed with the symmetry group G. Let 1 r be
an orthogonal basis set spanning F. Then, the group action of G on F (Thm. J.1) defines a unitary
group representation mapping group elements to unitary linear integral operators on F:

710D e st pr(9)” = prlg™): @7

Each unitary operator pr(g) : F — JF admits an infinite-dimensional matrix representation with
entries [pr(9)]i,; == ( firger fj> p,» which characterize how the group action transforms the cho-
sen basis functions. Consequently, once the group representation for a chosen basis set is defined,
the group action on a function f, € F can be expressed as an (infinite-dimensional) matrix trans-
formation of its basis expansion coefficients c, given by:

957 fal() =Y (fogvr fa)p fi() = (Z (fisavr 1) p, Fi Fp, )ﬁ(-). 48)
iEN ieN \jeN T
Example J.4 (Isotypic decomposition of symmetric function space). Let (X', X, Py) be a symmet-
ric 2D measure space with domain X' ~ R? and cyclic symmetry group G := C3 = {e, 9120, 9240}
acting on the 2D plane by 120° rotations (Fig. 17). Define the finite-dimensional function space
Fx C £2 with basis Ir, = {¢,g120 > ¢, 9240 > ¢}, Where ¢ € Fy is an arbitrary measurable
function (Fig. 17-1eft). In this basis, the group action »x_ for any function z, € Fy is given by the
regular representation pr, = Py, acting on the coefficient vector a € R? (Fig. 6-right).

Is, ifg=e
> T 40 9107 oo
[9>7, 2a]() = Z (b3, g Pr, Za>Px¢i(') = (pre(g)@) {9120”)(')} Pree(9) = Too "MgT g0
i1 92400 ¢() (1)8(1) o —
ot M9 T 920
(49)

The group C3 possesses two types of (real-valued) irreducible representations, n;, = 2: the trivial
irreducible representation pj,, and a 2D rotation representation px/,, defined by:

0°, ifg=e
pn(g) =T,¥ g€ Cs, and pus(g) = [g;’jg; —ngggﬁ)], st.0=1{120° ifg=gi20  (50)
2400 lfg = g240

Applying the appropriate change of basis, we decompose the regular representation into a direct
sum of the group’s irreducible representations: pr; = Q(Pinv ﬁZWﬁS)Q_l, where @ transitions
from the regular basis to the isotypic basis of 7. Since Cj is abelian, @ corresponds to the linear
map defining the Fourier transform.

By Thm. 1.16, this results in the orthogonal decomposition of the finite-dimensional function space

into two orthogonal subspaces; F, = F"V ¢t ,((2), where F™ denotes the 1-dimensional subspace

of G-invariant functions (G(®) = {e}), and ]:,((2) is the 2-dimensional subspace with group actions

defined by the 2D irreducible representation pex/, (G™M = C3). We can construct the basis set in the
isotypic basis given:

iso 0) “2;") 1VE 1VE 1/v3
I7, = Q| o12000() | = | () st.Q = |26 —1/v6 —1/v6 (51)

g240>¢(+) u(22)(,) 0 1/v2 —1/v2

The new basis functions in the isotypic basis are depicted in Fig. 17-right, and elucidate that the
symmetry constraints on this 3-dimensional function space, result in m = 2 unique functions, each
associated with a unique irreducible representation.

Assuming Py is a G-invariant probability measure, we compute the expected value of each ba-
sis function. In the regular basis, functions related by a symmetry transformation share the same
expected value, i.e., Ex¢p = Exg v ¢ for all g € Cs. In the isotypic basis, functions lacking a
G-invariant component (i.e., u§2), ugz)) are centered: Exu?) = Exug) = 0. In our example this
constraint becomes clear from the nature of the change of basis Q. Eq. (51).
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(9240 v7, ¢i](x)

®
9240 > T

Figure 17: Visualization of the basis functions in the finite-dimensional symmetric function space
Fx from Thm. J.4. Left: Depiction of the basis functions in the regular basis I, = {¢, g120 >
®,9240 > ¢}, generated by the action of the cyclic group C3 on an arbitrary function ¢ € F,.

Right: Depiction of the basis functions in the isotypic basis ]I‘}‘i ={u ,u§2), ugz)}, obtained via

the change of basis matrix Q. The first basis function ™ corresponds to the G-invariant subspace

F and is visually invariant under the action of C3 on X'. The other two basis functions u§2), uéz)

are constrained to span a G-stable subspace of £2, denoted by F. ,((2) that transform according to the
irreducible representation p«;,. Meaning for any function f € F. ,(3), the group action g »»_ f can be

computed by a linear transformation of its basis expansion coefficients.

inv

K G-EQUIVARIANT LINEAR INTEGRAL OPERATORS

This section gives an overview of G-equivariant linear integral operators between symmetric func-
tion spaces. We define these operators, discuss their properties, and specify conditions under which
they commute with group actions. In Subsec. K.1 we examine their infinite-dimensional matrix form
and the resulting algebraic constraints from G-equivariance. In Subsec. K.2 we then show how to
exploit these constraints in a finite-rank approximation.

Let G be a compact group acting on two measure spaces (X, Xy, Px) and (), Xy, Py) via the
group actions vy and >y (see Def. 1.2). Assume that the measures Px and P, are G-invariant, i.e.,
Py(g vy B) = Px(B) and Py(g vy A) = Py(A) forallg € G, B € Ly, and A € Xy (see
Thm. L11).

Let£5 = {f : X = R | |fllp, < +oo} and L5 ={h:Y — R | |h]lp, < 400} be the
Hilbert spaces of square-integrable functions with respect to Py and Py, respectively. Since X’ and
Y have a G-action, the spaces £2 and £2 inherit group actions defined by [g > f](x) = f(g™" by
x), [gep hl(y) =h(g™" vy y), forall f € £2 and h € £2 (see Thm. J.1).

We consider linear integral operators T : £2 +— £? defined by

h(y) = [Tf](y) = / (@, y) f (@) Pe(dz), (52)

X

where k : X x ) — R s the kernel function of T. In this work we focus on those operators whose
kernels are G-invariant such operators are called G-equivariant.

Definition K.1 (G-equivariant linear intergral operators). Let (X, Xy, Px) and (¥, Xy, Py ) be two
measure spaces endowed with group actions vy and >y, and G-invariant measures Py and Py for
a given compact symmetry group G. Let T : £2 +— L2 be a linear integral operator between the
spaces of square-integrable functions defined on the two measure spaces. The operator T is said to
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be G-equivariant if it commutes with the group action, thatis¥V f € £2,g € Gandy € Y:
(Tl bez fl(y) = [ >e [TF)(y) (53a)

[ re st v Ptan) = v ([ i) o))

/X k(gbx x,y)f(x) Px(g by dx) = / k(x, g7 " >y y) f(x) Pe(dz) s.Lgbxy X=X

x
[ wgox @) (@) Putdm) = [ n(a.g™ oy 9)1(@) Puldn) st Pulg v d) = Pu(d)
x x
k(gby x,y) = /<;(ac,gf1 by y) < k(gpbx x,g>y y) = k(x,y). (53b)

Notice that the G-equivariance of the operator T is linked to the G-invariance of its kernel function,
which is required to satisfy Eq. (53b).

Multiple approaches exist to parameterize and approximate linear integral operators with finite re-
sources (Kovachki et al., 2023, sec. 4). Here, we assume that both the input and output function
spaces are separable Hilbert spaces, so that the operator can be represented as an infinite-dimensional
matrix once appropriate basis sets are chosen. Its finite-dimensional (truncated or finite-rank) ap-
proximation is then obtained by selecting a finite number of basis functions in each space.

K.1 INFINITE-DIMENSIONAL MATRIX FORM OF THE OPERATOR

Since £ and £5 are Hilbert spaces with inner products (-,-)p, and (-,-) 5 respectively, we can
choose orthogonal bases for both spaces: Iz = {#; | ¢; € L3 }ien and I = {5 | ¥; € L2}jen.

This choice allows any function f € £2 and h € £2 to be represented by their infinite-dimensional
coefficient vectors @ = [(¢;, f) p_|ien and B = Whv h) p, ljen, so that:

f( Z @i, f z = T¢(m) h( 7hﬁ Z w]v ) ﬁ 1/’( )

(54)
Here, o ¢(x) and BT 1) (y) represent the function as the dot product of its expansion coefficients
with the basis evaluations ¢(x) = [¢;(x)];en and ¥ (y) = [0, (y)]jen. This notation is useful when
we later select a finite number of basis functions to form a finite-dimensional approximation of T.

With the chosen bases, the action of a linear integral operator T : £2 — £2 on any f € L2 is
determined by its action on the basis functions:

Thw) = [ w(ew) (S aiou@) Peldn) =3 o [ wlww) di(@)Pelde) = 3 o T ol(y

i€N 1eN 1eN
(55)
Since [T¢;] € 2, each [T ¢;](y) can be expanded using the output basis as [T ¢;](y) =
> jen (U5, T o) P ¥;(y). Thus, the operator T can be represented by the infinite-dimensional ma-

trix T' with entries T;; = (1;, T gbj> . Therefore, the action of T on any f, € £2 is given by the
matrix—vector product 3 =T ¢, i.e.,

Trad@) =D _a; [Tosly) =D a; > (i, Toy)p, vi(y)

JEN jEN €N

_ZZTZJQJ¢Z )= (T ) P(y)

i€N jeN

(56)

Eq. (56) shows that knowing the action of T on the bases I,z and ]Iﬁi determines its action on

any function in £2. In the sections that follow, we describe how symmetry constrains this action
by requiring the bases to be G-stable and by imposing G-equivariance on 7', thereby introducing
exploitable algebraic constraints for improved finite-rank approximations.

K.1.1 G-EQUIVARIANT MATRIX FORM OF THE OPERATOR

Whenever the function spaces carry a symmetry group G, the group action on their bases [2 and
Iz2 is defined by the unitary representations p.; : G — U()£3 and p,; : G — U()£5 (see Thm. 1.3).
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As in Eq. (56), these representations can be expressed in (infinite-dimensional) matrix form so that
the group action is given by a matrix-vector product:

[gve fal() = (pu(g)a) (), Vfa €L geG
952 hel(-) = (pez(9)B) (), VhaerigeG

Since the operator T is G-equivariant by construction (Eq. (53a)), the matrix form T’ of the operator
must also be G-equivariant with respect to the group representations p.: and p,::

[Tlg bez fall(y) = [g e [Tfall(y) Vfa€L59€GyeY
(Tpe(9)e) P (y) = (pez(9)Tax) "h(y)  s.t. Egs. (56) and (57) (58)
Tpe(9) = pez(9)T
With bases I,z and ]Iﬁi for £2 and £2, the kernel (Thm. K.1) can be written as s(x,y) =

>ijen Tij () ¥i(y). Hence, the G-invariance condition (Eg. (53b)) on the kernel directly im-
plies that the matrix 7" is G-equivariant, as stated in the following proposition:

(57)

Proposition K.2 (G-invariant kernel implies G-equivariant matrix form). Let T : £ — L2 be a
G-equivariant operator between symmetric function spaces endowed with the group actions v and
vp2 Of a compact symmetry group G. Let p: and p,: be the group representation of the on the
input/output function spaces on the chosen basis sets 1,2 and Hﬁi. Then the G-invariance of the
operator’s kernel function (Eq. (53b)) implies that the matrix form of the operator, in the chosen
basis sets, is G-equivariant w.r.t the group representations p.: and p: (Eq. (58)).

Proof. The proof follows by choosing appropriate G-stable basis sets {¢;} C £2 and {1;} C £2,
so that for all g € G we have g . ¢; = ¢y,.; and g bp2 Yj = thg,j With g » 4, g > j € N. This basis
sets the G-invariance of the kernel translates into algebraic constraints on the matrix form T'.

k(w y): k(g er g oy y) VgGG zeX,ye)

ZZT,J¢’ ZZTJ g e ¢il(x)[g >y ¥l (y ZZT,J¢9N )53 (Y) 59)

€N jeN 1eN jeN €N jeN

That is, the kernel is G-equivariant if the operator’s matrix satisfies T; ; = Ty,;, 4.5 for all g €
G, i,j € N. This condition exactly characterizes the G-equivariance of the matrix form.

T, = <wi7T¢j>Py = <1/J9‘>ivT¢9>j>Py =Tyeigoj Vg€ G,i,j €N
= (g i, Tlgoe ¢j]>py
(60)
= (9> ¥i,9 0 [Te5])p, s.t. Eq. (53a)
= (Wi, Téj)p, =Ti; s.t. Eq. (46)

K.1.2 BLOCK-DIAGONAL STRUCTURE OF THE OPERATOR MATRIX FORM

According to Thm. 1.16, a Hilbert space with a compact symmetry group G decomposes into njs,
orthogonal subspaces—one for each irreducible representation type—yielding an orthogonal de-
composition of the operator’s input and output spaces:

L3 @l<k<nm £39, and L3 = @fgkgnmﬁi‘“, (61)
where £3" and £3" denote the k-th isotypic subspaces of £2 and £2, respectively. Such that any

function in these spaces can be decomposed into a sum of its projections onto the isotypic subspaces:

Tiso Miso

x)=> ), hy)=>_ hYy) with [ e " ey (62)
k=1 k=1

The orthogonal decomposition of the function spaces implies there exist unitary operators A : £2 —
£2 and B : £2 — £2 (with matrix forms A and B), that describe a change of basis from the

. . . . SO SO __ " ; — ;
canonical basis to an isotypic basis, I 2= = Uy T2 = Allz2 and H Upe I o0 = BI[%, where
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the group’s representations decompose into a direct sum of representations per isotypic subspace
(see Thm. L.5):

P () i= Apu()A” = @[, pe () and pX() = Bpu()B™ = @12 pse (). (63)

Then, denoting the matrix form of T in the isotypic basis by T° = B*T A, the G-equivariance
of T results in the matrix form of the operator in the isotypic basis being block-diagonal, with each
block being G-equivariant with respect to the group representations on the isotypic subspaces:

T = pi (9T P (g™ ")
= B, pe (9)T™ B prao(g™) s.t. Eqs. (58) and (63)

| ) (64)
TY = pp(g)Tpa(g7"), Vh=1,...,nw T =@T" =

" (i)

Each T™ represents the matrix form of the operator T®) : £2* s £2" in the isotypic basis, acting
on the isotypic subspaces of type & in the input and output spaces. This shows that G-equivariant
operators preserve the structure of isotypic subspaces without mixing functions from different types.

This property is crucial for the finite-rank approximation of the operator T, as it reduces the problem
to approximating lower-rank operators T® : £3% s £3® for k € [1,nis). Moreover, the block
diagonal structure of T"° allows us to rewrite Eq. (56) in the isotypic basis in terms of the action of
each T™ on the projection f*) of the function onto the k™ isotypic subspace, see (62), such that:

Miso Miso

[Thal() =Y [T (y) = > (@Ya) 9" (). () = WP Oljen,V o)) € Tzo. (65
k=1 k=1

%‘j = Uﬁi’lﬂw’ the expansion coefficient vector &« = @, ™ is formed
from the projections of f onto each isotypic subspace: a®) = [(¢{")] f) p.lien. The block-diagonal

7 0

In the isotypic basis I

structure of T"° is only one of the algebraic constraints imposed on the matrix form of T by the G-
equivariance condition. The next section describes the further structural constraints on each block.

K.1.3 STRUCTURE OF OPERATORS BETWEEN ISOTYPIC SUBSPACES

In this section, we shift the focus from the input and output function spaces, £2 and £2; and the
operator T : £2 +— £2, to their individual isotypic subspaces, £3" and £3" for k € [1,ns,), and the
operators T® : £2 s £20 (Bq. (61)).

Recall from Thm. 1.16, that each isotypic subspace possesses unitary group representations that

decompose into direct sums of (infinitely many) multiplicities of the irreducible representation of
type k; that is:

peo(9) ~ @pzapr(g)  and  pre(g) ~ Bp=1pr(g)- (66)
This implies that each isotypic subspace further decomposes into (infinitely many) finite-
dimensional G-stable subspaces: £3" := @52, £257 and L3V := @p2, £2"7. Each subspace L2

(and similarly £3*7) has finite dimension d < oo and its elements transform according to the
irreducible representation py. of the group G.

The modular structure of the isotypic subspaces results in a similar structure of T*) as it decomposes
into G-equivariant maps between the multiplicities of finite-dimensional, irreducible, G-stable sub-
spaces TEL; s L3 27 for 4, j € N, such that, in such basis the infinite-dimensional matrix form

of T® can be expressed as:
k) (ke
71(,) 71(%

T(k) = Tz(ki S.t. T,L(f,,) S End@ (T}k)yv Z:j S N7 (67)

Where each T;? is constrained to be an (real) endomorphism of the vector space Vj, associated to
the irreducible representation p : G — U(Vy).
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In practical terms, this implies that each operator T*) is constructed from a combination of infinitetly
many elements of the endomorphism space Endg (V) (Thm. L.4). Crucially, for compact symmetry
groups and real irreducible representations, the space of endomorphisms is 1, 2 or 4 dimensional,
and possess an analytical basis set, defined by the map ¥y, : K — Endg (Vy), where K € {R, C, H}
denotes the basis algebra associated to the irreducible representation p;. (see details in Thm. 1.13).

Such a constraint implies that each Ti(kj) can be expressed as a linear combination of endomor-

phism basis elements: T}") = 37, . o, ; ¥ (b). Since every element of the endormorphism basis
{Ux(b)}pek is a finite-dimensional orthogonal matrix, this structure can be interpreted as a con-
straint on the dimensionality of the singular spaces of the operator T**) to be of dimension larger
than dy, = |py|, as summarized in the following proposition:

Proposition K.3 (Minimum dimensionality of singular space of G-equivariant operators between
isotypic subspaces). Let T® : 220 s £2% be a G-equivariant operator between isotypic subspaces
£2% and £2% of type k. Then, the minimum dimension of a singular space of the operator is dj,.

Proof. The proof follows naturally from Thm. I.10, which characterizes the singular spaces of each
irrep endomorphism. O

K.2 FINITE-RANK APPROXIMATION OF G-EQUIVARIANT OPERATORS

In practical applications, infinite-dimensional operators are approximated by finite-dimensional ones
to enable computation. For any linear integral operator T : £ + £2, the optimal rank-r approxi-
mation in the Hilbert-Schmidt norm is obtained by truncating its SVD to the top 7 singular values
and associated left/right singular functions. Let {0}, be the singular values of T in decreas-
ing order and let {u;}2, C £2, {v;}$2,; C L2 be the corresponding singular functions satisfying
(v, Tuy;) p, = 0i foreach i € N and (vs, Tuy) p, = 0 wheni # j. The best rank-r approximation
of T is then given by (Eckart and Young, 1936):

Tof =Y oilu, flpvi, V€L = kzy) D> cw@uily). (68
i=1 i=1

Since the left and right singular functions form orthonormal bases for £2 and £, a rank-r approxima-
tion reduces these infinite-dimensional spaces to the r-dimensional subspaces 7, = span({u;}i_;)

and Fy = span({v; }T_;).
When £ and £ are symmetric function spaces with group actions ».. and >z Of a compact group

G, and T is G-equivariant, the finite-rank approximation T, : Fyx — F, must satisfy that for
all f € Fx, h € Fy,and g € G, both g vz f € Fxand g oz h € Fy. This ensures that

gop [Trf] =Trlges f] (see Sec.J).
1 2(k)

Moreover, since £ and £5 decompose orthogonally into isotypic subspaces, L3 = Bi<j<p,, Lx
and £2 = @icyc,, L3, the operator T is completely determined by the njs, operators T®) :
£2% — 29 (see Subsubsec. K.1.2). Thus, the G-equivariance of T,. depends on that of each finite-
rank operator T4 : 7 — F¥, which requires the approximated subspaces 7{) and 7 to be
G-stable. For simplicity, we assume |F{| = |F{)| = ry, although this equality need not hold in
general.

Constraints on the dimensionality of truncation FEach approximation of an isotypic subspace
£2" (and similarly £3") is G-stable if the group representation is defined using a truncated multi-
plicity m; < oo for the k™ irreducible representation, i.e. Pro ~ @?jl pr and pao ~ EB;”:"’l Pk
Consequently, the dimension of the approximated subspaces is multiple of the irreducible represen-
tation’s dimension: rp = di my (see Subsubsec. K.1.3).

Spectral decomposition Given the block-diagonal structure of the operator T in the isotypic basis
(Eq. (64)), the truncated SVD of T reduces to performing the truncated SVD of each per-isotypic
operator T®. Let F C £2 and Fy, C £2 be the G-stable finite-dimensional approximations of the
input/output spaces of T, endowed with group representations pr, = @™ pre = B2 B pr
and pr, = @, pro = By, @,% pi. Here, my, € N denotes the multiplicity of the irreducible
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representation of type k, and di := |py| is its dimension. Then, the structural constraints on the
SVD of the restriction of T to these spaces are summarized in the following theorem:

Theorem K.4 (Isotypic-spectral basis). Let T be a G-equivariant operator and let T, : Fy — Fy
be its G-equivariant restriction in finite dimensions. Then, the singular value decomposition of the
restricted operator matrix representation T, reduces to:

iso J tiso J T iso J T
T. = @ T = @ WIS MY = @ UL (BY ® I,) VY

Where 1, denotes the identity matrix in dy-dimensions and > denotes the infinite-dimensional
diagonal matrix singular values per irreducible G-stable subspace.

Thm. K.4 shows that symmetries force each isotypic subspace’s singular space to have dimension
at least dj, which is the minimum required for a faithful representation of G* (see Thm. L8).
Because in practice our goal is to approximate the top r singular spaces of T, this result precisely
characterizes the constraints imposed by G-equivariance on the optimal rank-r truncation’s spectral
basis and corresponding kernel function in Eq. (13), as summarized in the following corollary:

Corollary K.5 (Symmetry constraints on the spectral basis). Let T be a G-equivariant operator
and let T, : Fy — Fx be its G-equivariant restriction in r-dimensions. Then, the spectral basis of
T, is given by:

MNiso MNiso Tk
Z n(k) 2:1 Z:l ol z; U (v), (69)

where {u* 1}26[dk] and {v" }Ze[dk] are the left and right singular basis sets of the s™ singular space
of T®). Note that the truncated dimension is restricted by the dimensionality and multiplicities of
the individual irreducible representations r = ZZ“jl T = ZZ‘:I dpmep.

L RELEVANT G-EQUIVARIANT OPERATORS IN PROBABILITY THEORY

In this section we study the properties of expectations and covariances of functions of symmetric
random variables in the presence our assumed symmetry priors Eq. (6). In a nutshell, we characterize
how expectations of observables of symmetric random variables are invariant to the group action,
and that the covariance and cross-covariance matrices in these spaces are G-equivariant and hence
inherit rich structural constraints that can aid in empirical estimation.

Let (x,y) be two vector-valued random variables over the probability spaces (X, Xy, Px) and
(¥, Xy, Py), with £2 and £2 being the corresponding square-integrable function spaces and 1p, €
£z, Ip, € £3 the characteristic functions of sets with nonzero probability.

When £2 and £ are symmetric function spaces (see Sec J), denote their orthogonal isotypic de-
compositions by £2 = @ i and £2 := @y, 3" (cf. Thm. 1.16). Any function f € £2 or
h € £2 decomposes as f = Zni’ o and h = ZZ;"l h™ (see Eq. (62)). By convention, the first
isotypic subspace corresponds to the trivial group action. Thus, we write £2™ := £2! C £2 and
denote the G-invariant component of f by f™ := f(!) (and similarly for £2).

L.1 THE EXPECTATION OPERATOR

The expected value of a function f € F := £2 can be interpreted as the result of applying a linear
integral operator that projects each f € F to a constant function evaluating to the function’s expected
value Ep_f.

Definition L.1 (Expectation operator). Let F C L2 be a function space. The expectation oper-
ator Ex : F v F is a linear integral operator defined by a constant kernel function kg(x,x’') =
1p, (x)1p (x') forallx,x’ € X, such that this operator maps any function f to a constant function
that evaluates to the function’s expected value 1 p_(-)Ep,_f, that is:

w'):/Xk]E(cc,:c') z)p(dz) = 1p, (z /f p(dx) = 1p (" )Ep, f. (70)

Whenever F is a symmetric function space, the operator Ex commutes with the group action and is
G-invariant (Thm. 1.11):
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Proposition L.2 (G-invariant expectation operator). Let F be a symmetric function space with the
action v of a compact symmetry group G. Then, the expectation operator commutes with the group
action and is a G-invariant operator Ey : F — F™ C F:

Ex[gbr f] = gbr [Exf] and  Exf=Ex[gor fle 7™, VfeF,geG. (71)

Proof. The operator Ex commutes with the group action as its kernel function kg is constant and
therefore G-invariant (Thm. K.1). Furthermore since the image of the expectation operator are
constant functions, these functions belong to the subspace of G-invariant functions, 7. O

As an operator that commutes with the group action, the expectation operator decomposes into
Ex := @™, EY), where EY’ : F® — F® denotes the restriction of Ey to the isotypic subspace F*)
(Subsubsec. K.1.2). However, since the image of the operator lies in the subspace of G-invariant
functions, $(Ex) C Finv it follows that ng) = 0 for every k # inv. Consequently, we obtain the
following:
Corollary L.3 (Expectation of a function depends only on its G-invariant component). For any
function f € F, the expectation depends only on its G-invariant component:
MNiso
[Exf]1() =Y _[ELSYIC) = [EF™10) = 1B, f™. (72)
k=1
Corollary L.4 (Functions without a G-invariant component are centered). Any function f =
Y ops f®) € £2 without a G-invariant compoment, i.e., f™ = 0, is centered:
MNiso
ExfI() =) [EQfP)()=1,000, <=  E.f=0 Vfecit (13
k=2

To better comprehend these concepts we refer the reader to Thm. J.4.

L.2 THE CROSS-COVARIANCE OPERATOR

Given two vector-valued random variables (x = [X1,...,Xn],¥ = [¥1,.--,Y,,]) defined on the
measure spaces (X, Xy, Px) and (), Xy, P, ), a key statistic assessing the linear relationship be-
tween scalar components is the covariance:

Cov(xi,y;) = Ep,, [(xi — Ex[xi])(y; — Eyly;])] = Ep,, [xiy;] — Ex[x]Ey[y;].

For vector-valued random variables, the cross-covariance matrix Cov(x,y) € R™*™ is defined
entrywise by Cov(x,y);; := Cov(x;,y;). The cross-covariance operator is the extension of this
concept to the Hilbert spaces of functions £2 and £2.

Definition L.5 (Cross-covariance operator (Fukumizu et al., 2004)). Let Fx C L2 and £2 C L2
be two Hilbert spaces of functions defined on the random variables x and y, which take values
in the measure spaces (X,%x, Px) and (¥, Ly, Py), respectively. The cross-covariance operator
Cxy @ £2 + L2 is a linear integral operator defined by

(f; Cyh) p, = Cov(f, h) = Epg [f()M(Y)] - Ex[f()|Ey [h(y)], YV [feLi heLy. (74

Choosing separable basis sets for the two spaces, I,z = {;}ien and I = {t:}ien, the ma-
trix representation of the cross-covariance operator has entries [Cx ylij = (i, Cxy¥j)p =
Cov(¢;, 1), where the covariance is computed with respect to the joint measure Pyy and the
marginals Px and Py. Given a dataset of N samples from the joint distribution (x,y) ~ Pxy,
the empirical estimate of the matrix form of the cross-covariance operator is

éxy=%Zda(wn)w(ynf—Ex[cb(wnnﬁyw(yn)ﬂ o() = [p(View, () = W()ien.  (75)

Note that the adjoint of the operator is defined by C5, = Cyx : L3 + £5. In the case £ = L3,
the cross-covariance operator reduces to the covariance operator, and has an analog definition to
Thm. L.5.
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Covariance and cross-covariance operators of symmetric Hilbert spaces of functions When-
ever £2 and £2 are symmetric function spaces, and the joint probability measure is G-invaraint, the
cross-covariance operator Cy,, commute with the group action and is G-equivariant (Subsec. 1.1):

Proposition L.6 (G-equivariant cross-covariance operator). Let £2 C L2 and L2 C L2 be symmet-
ric Hilbert spaces of functions endowed with the group actions v.. and v of a compact symmetry
group G. Then, whenever the joint probability measure is G-invariant, i.e., Py (B, A) = Pxy (g >y
B,g vy A) forall g € G,B € Xx,A € Xy, the cross-covariance operator Cyy : L2 — L2
(Thm. L.5) commutes with the group actions and is a G-equivariant operator (Thm. K.1):

g [Cxyh] = Cxylg b2 B, VhecrlgeG. (76)

Proof. To proof that the operator is G-equivariant we must show its kernel function is G-invariant
(see Thm. K.1). The proof follows naturally in any regular basis of the input and output functions
spaces Iz = {¢i}ien and Iz = {4;}ien, in which the group action on basis functions acts by
permutations of basis functions, such that, g >z ¢; = ¢g.i € [z and g o2 ¥y = 1y, 5 € ]I,C;, where
gv 1,90 7 € N. Then we must show that that:

k(w y): k(g er g oy y) VgeG,zeX,yey
ZZ Cxyli,joi(x ZZ Cyyliilgbe di](x)]g >y vi](y) s.t. Thms. J.1 and L.5
1€N jeN 1€N jeN
D0 Covldi, ) i@ (y) = D > Cov(d, ) bgni (@)ges(y)-
1€N jeN 1€N jeN
(77)

Hence, the cross-covariance operator’s kernel function is G-invariant only if the covariance is G-
invariant:

COV((Z).“’Lbj):COV(g D2 ¢i7gl>y 11]]) ngG,i,jEN
Epyy [0i(x)05(y)] = Epygy [0i(g7 " ba x)05(g7 " by )] Euf =Eugv f

/ $i(x)1;(y) Pxy(dx,dy) = / bi(g™" b X)P;(g7 " by y) Pay(dx, dy)
X XY XY

:/X G Y) Pyl > dx g d)

= Cov(d)’h 1/)]) (78)

An equivalent result follows for covariance operators of symmetric Hilbert spaces.

M STATISTICAL LEARNING THEORY

This section provides the development and proofs of the statistical learning guarantees in Thm. 5.1
for regression and conditional probability estimation using our proposed model.

Recall that regression and conditional probabilities can be expressed in terms of the conditional
expectation operator Ey: £2 — £2 (see Egs. (1) and (2)). Given that the operator is compact
(Kostic et al., 2024b), it admits a singular value decomposition. Hence, the kernel function defining
the operator Eq. (1) can be expanded in terms of the operator spectral basis:
dPyy (z
KT, Y) = oiui(2)vs( (79)
9= 3P () Z

Where (0;);en denotes the operator’s singular values, and (ui)ieN and (v;);en denote the left and
right singular functions, which form complete orthonormal basis sets for £2 and £2, respectively.

Given that the operator’s first singular value is g = 1, associated with the constant functions
ug = Ly, vg = 1y, the conditional expectation operator can be defined as:
y|x Zazuz Vi, '>P = ]lX ]1377 Py + ZO-’LUL Uu Py - (80)
=1
Dyix
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Where Dy« denotes the deflated operator, excluding the first eigen triplet (og, uo,vo). Leveraging
the SVD of Ey ., we approximate the operator’s action for any h € £2 using a rank-r (1 < r < c0)
operator given by:

E[h(y)[x=] = [Eyxh]() +ZJZ v (Y)h(y)],

s.t. E[ul (x)] = E[v¢ (y)] = O,V i>1

K2

(81)

Where (uf)7_, and (v?)7_, denote parametrizations of the top-r left and right singular func-
tions. Given that the operator’s kernel Eq. (79) preserves the probability mass, that is
/ xxy K(®,Y)dPx(x)dPy(y) = 1, every non-constant singular function is constrained to be cen-
tered, as described in the r.h.s of Eq. (81).

In the context of symmetries, we note that Dy, admits a block-diagonal structure w.r.t. to isotypic
basis of associated £2 spaces. Indeed we have the following from Thm. K.4.

QiDyxQy = &=, QP DY QY = @y, [(UNSHVI) @ Iy, ]. (82)

yhx
Where the unitary operators Qx: £ — £7 and Qy: £2 — L2 change the basis to the isotypic
.. k k . ..
decompositions T2 = {6} }refnu), icimn), jelan] ad Tz = {8 eema], icfma], je(d,)> With 7 in-

dexing each irreducible G-stable subspace and j indexing the dimensions within that subspace (see
Subsec. K.2).

Further, by Thm. K.4, the SVD of Dy« forces each isotypic subspace to have dimension at least
dy, = py forevery k € [niso].

QDY QY = (UM @ I, ] [SY @ Iy, ] [VY @ I, )", k € [nio), (83)

ylx

where QX Qx M* and Q Q M* are orthogonal projectors on k-th isotypic subspace, and
Q;k( DY‘XQY = [Iniso ® U(k) ® Idk] [Iniso ® S(k) ® Idk] [Iniso ® V(k?) ® Idk] *' (84)

Further, observe that the singular values of Dy, are elements of positive diagonal operators S *),
denoted as (S¥); = a , while the left and right smgular functions are u ' ® e k and v ' ® e
respectively, for i € N, j € [di] and k € [niso], where e is j-th vector of standard basis of R?.

Given the constraints on the spectral basis of G-equivariant operators (see Thm. K.5), our represen-
tation learning procedure approach results in feature maps:

ue() _ Z [ezam ® e;" ® e?k] uggﬁ?)(.): X S R™™
k€niso],i€[m],j€[dk] 85)
wh= Y (e oen e () ¥ 5 R
k€[niso],i€[m],j€[dk]
which can further be separated into njs, orthogonal blocks ufgk) = Zie[m] jeld] d)?ff) and 11134) =
o) ’
Dicim]jeld] Yig 8
ug'= Y [er@elul() ad vy= Y [er@elV(). (386
i1€[m],j€[dg] i€[m],jE€[dk]
In addition, the singular value matrices have a tensor form Sg = dz’ag(Sél), e Sén‘”)), where
Sy = diag(c?®,... 08" @ I, and af(k) € [0,1] ,i € [m],k € [nisx]. Thus, we obtain the

operator Dg = Eg — 1 p, ® 1 p, in block form, Dg = @p.cpn;,,] Dy, where each Dy acts on the k-th
isotypic subspace as

D f1(x) 1= ug' ()" Sg’ Ey[vy' (¥) " (y)]. [ € L3, (87)
and hence

[Do f](x) := ug(x) " So Ey[va(y) f(y)], f€ L2 (88)
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Finally, we extend the definition of Dy to vector-valued observables h: ) — Z via basis expansions.
[Doh](x) := > uo(®)" So By [va(y)((h(y), 20) z20)], h € LAY, Z) (89)
¢

where (2;)ic[n ] is the orthonormal basis of Z.

By doing so, we ensure that Dy and, consequently, Eg are G-equivariant operators for both the scalar
map £2 — £2 and the vector-valued map £2(), Z) — £2(X, Z). Moreover, a direct consequence
of (89) is as follows.

Proposition M.1. Let with Z being a real Euclidean space endowed with symmetry group G, and
letBo: £ (Y, Z) = L3, (X, Z) be given by Eo f = Ey[f(y)]+Def. Then for every G-equivariant
Fery (Y, 2)andeveryx € X

[Eofl(g >x =) = Ey[f(¥)] + [Dofl(g >x =) = Ey[f(y)] + g >z [Defl(x) = g >z [Eafl(x).  (90)

Proof. Since Dy is G-equivaraint, for every g € G we have that
[Doh](97" > @) = [Dolh(g™" >y )](2) = Y ua(@) Se Ey[va(y)(h(g™ by ¥). zi) 2,

which, using g instead of g—! and the assumption that f is G-equivariant, implies
[Deh](gbx @)= (ue(®)" SoEy[ve(y)(g >z h(y), zi) £ 2]

IZ(UO(X)TSB Ey[ve(y)(h(y),9 ' bz 2i) ;) zi.

Thus, changing the basis to (¢~' >z 2;);c[n,] We obtain the result when Ey [h(y)] = 0. But since
Lx(gox ) = 1forevery x € X and g € G, the same holds for E,. O

Recall that for the effective latent dimension m the true latent dimension is constrained by the
dimensionality of the singular spaces, i.e., T = D jc(n] Th = Dkelny, MIK]dk. Further, given
a measurable set A C X and collection of group elements G' C G, let us define the following
symmetry index of a set A w.r.t. probability distribution of random variable x

1 ]P’[xegl>Aﬂg2.>A]
(A)= —i7—— 1
10 (&) IG'[(IG'] - 1) 2 , Px € A ’ oD
91,92€G
91792
which in the case when G’ is a subgroup of G simplifies as
1 Pxe AnNgs A
/ A == . 2
Ve (A) |G’|—1Z/ P[x € A] ©2)
geG
g#e

Observe that always vg/(A) € [0, 1], where extremes correspond to the cases g/ (A) = 1 when set
A is G’ invariant, and v/ (A) = 0 when A equals its coset w.r.t. G/, thatis g » AN A = {) for all
g € G’, meaning that the set is fully asymmetric w.r.t transformations g € G'.

We first generalize the approximation error bound in Lemma 1 from Kostic et al. (2024b) to the case
of vector valued functions in the presence of symmetries.

Theorem M.2 (Approximation error). Given a group of symmetries G, let X, Y and Z be Hilbert
spaces endowed with symmetry group G, and let Py, P, and Pyy be G-invariant probability distri-
butions on X, Y and X x Y. Then, for every h € £2(), Z) it holds that

[Ey[h(y) |x =] = Eﬂh”ﬁfjx(x,z) < (o7, +1+ || [Dyidr,. — Do) HhHgi(y,g) - 093)

Moreover, denoting

Eolf(y)|x € Al = Ey[f] + Ex[ﬂ%(;)fg{] )l

if h is either G'-invariant or G'-equivariant for some G' C G, then for every measurable set A

(94)

“f||£§(y,z> 1+(IG' = )vgr (A)
V/Fixen] Il

IE[h(y) |x € A]=Eo[h(y) |x € Alllz < (07,41 + [[[Dyx]r. —Dol|)
(95)
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Proof. Start by observing that
”E[h(Y) |X = } - Eﬂh”L%x(X,Z) < HDY\X - D0||L§,(y7g)_>£%,x(x7g) thﬁi(yz)
= HDy‘X - D0||£%3y(y)_)£?3x(_;y) ||h'H£32,(y,Z) y

where the equality holds since we extended operators Dy and Dg to vector valued setting as integral
operators with the same scalar kernel. Hence, (93) readily follows.

To prove (95), start with noting
Ex[14()[(Dyix — Do)h](x)]
Plx € A] '

Then, if h is G-equivariant, then, using that invariance of the probability distribution Py, G-
equivariance of Dyx and, due to Proposition M.1, of Dy, we have that for every g € G CG

Ex[14(x)[(Dyix — Do) h](x)] = Ex[14(g b X)[(Dyix — Do)h( 9 >x X)]
= Ex[llg-1, ,4(x) g >z [(Dyix — Do)h|(x)]
= Ex[1g-1, ,4(x)Pz(9) [(Dyx — Do) ] (x)].

E[h(y)|x € A] = Eolh(y)[x € A] =

Hence, averaging over G’ we obtain
E[h(y)[x € Al — Eo[h(y) |x € A] = Ex[H(x)z(x)],

where

H(E) = gy 2 Ly s (@el0) and 2(z) = [0y~ Do)h@)
geG’

Since due to Cauchy-Schwartz inequality we have
[ExMG)2(]I12 < Ex [HEOI 2)Ex 12I2] = 12122, (x 2y Ex [HE)IZ, 2]

2 . .
and HZ||£§°X(X=Z) < ||Dyx — De|| L2 (x.2) ||hH£§,(y7z)’ it remains to bound

LL(V,2)
Ex |[H(x) H2Z _, z- But, the group actions in the vector spaces are unitary, so using the G-invariance
of the distribution of x we obtain

2
2
Ex HH(X)”Z—>Z < Ex [‘G/UP)X c A Z ]l DXA }

1
=~ TP AP 2= Exlloteya@ly a(@)
g9,9'€G’
1
- m Z EX[]IQDXAﬂg’DXA(m)]
g9,9'€G’
_ 1 Z Px € goy ANg vy A
G PPRx € 4] Phx € A]
9,9'€G’
1 1+ (G =D ()
- Px € A |G| ’

which completes the proof of (95) for G’-equivariant functions. Finally, if f is G’-invariant, the
proof follows the same lines by replacing group actions (> ) by their respective group representation
pz (see Thm. 1.3) with identity. O

Next we analyze the errors when, instead of applying learned operators Eg, we apply their empirical
counterparts in inference tasks. To that end, we define now estimators of E[h(x)] and E[z(y)]
exploiting the G-invariance of the distributions of x and y. First, define the empirical G-invariant

distributions
x: |G|N ZZ ‘JDXL a y: |G|N ZZ gbyl

i=1 g€g =1 g€y
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Hence we can define the equivariant empirical mean of any function f € £2, h € £ as

ZngDXX’L ]Ey ZzthyYZ (96)

i=1 geG i=1 geG

This extends naturally to operator on a function space £2(), Z) where Z is endowed with an inner
product (-,-) = (-, -)z. If the distribution of y is G’-invariant, then for any h € £2(Y, Z), we use

the estimator IEy [A(y)] in (96) as an estimator of E[h(y)]:

ZZh 9>y ¥i)- 97)

i=1 geG

In this notation, we define our empirical estimators
[Egh](ﬂ?) ~ [/E\Bh]( )_ Z Z Z Ue(k z]< ]E [ Zj h]
kG[nN,] 1€[m] Je[dk]

and
Al .
Eolh(y)|x € Al~Es[h(y)|x € A]= + 3 Y Y o= R WY Y.
k€ [niso] i€[m] j€[dy] A]
and, by choosing h = 1,
Ta] ~
PlyeB |xeA]l ~ PolyeB | xeAl=Ey 1]+ > > > of 7Ey[v;‘”;@1ﬂg].
k€[nis] i€[m] j€lds] A

Direct consequence of the above construction which ensures that Py and Isy are G-invariant is the
following result.

Proposition M.3. Let Py and P, are G-invariant, and Dg from (88) is G-equivariant model, and
let z € L2(X,R) and h € 3, (y Z) be arbitrary. If for every k € [nso)

{ DY, — Dy’ y[v8 1y (¥)vg (1) () ']~ ImH } <&

ylx
D ul®) ] € R™ and v}’ 1y = =[v 0“)| o ]T € R™, and if

X[U(Bk)(l)(x)u(ek)(l)(x)—r] - Im‘ ,

holds with u’ W= [ul 1

g )] = Bl ) (0 )

<A
‘ Z(k') = ('LLg, Z)a
1 £2
w (k) (k) ) (k) (k) ©8)
v[ve' 1y @byl = Eylvg' () (y) @ by (Y)]H < Alvo. h)
Hh(k) = Vg, )
1 Cg

where 2 =3 11 2 jeldn] z;k) and b = 3 i 1D e dy] h(k) are isospectral decompositions,
then

~ 2
2
|Eon—Eon| s S By ty) By ]| + [1+ max &5 ] )% 2 [Ave, )
99)
Moreover, the empirical estimation error is upper bounded by
PN 2
[2(x)[Doh] ()] ~Ex[:[D) Bl | <
) (100)

(1+E0)* | A(u, 2) + A(ve, k) + Alug, 2)A(ve, k)| 2172 2 IRl72 2,
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Proof. First, observe that due to G-invariance of distribution Py, and G-equivaraince of Eg and Dg
we have that

Eoh = Ey[h(y)] + Y Dy’hl, (101)
k€ [niso]
and
Ex[2(x)[Eoh](x)] = Ex[z MV (x)|Ey RN (y)] + Y Ex[(x)[Dy’h"](x)]. (102)
k€ [niso)

In the same way, since the empirical distributions Px and P, are G-invariant, we have that

Eoh = Ey[nV] + Z DY R®, (103)
k€ [niso]
and
Ey[2[Eoh]] = Ex[zV]Ey R + Y Ey[W[D) h]), (104)
k€ [niso]
where R ~
[Dp’hV]() = ug ()" Sy Ey[vg’ @ A", (105)

Therefore, combining (101) and (103), we obtain that
[Eoh](@) — [Eah)(@) = (Ey[n"(y)] - @y[hm])h(w)

+ > (Ioy - By'r%)(@)),

k€ [niso]

which after taking the norm in £%, (X, Z), due to orthonormality of isotypic subspaces gives

2

|Eoh — Eolh] = [EsIn ) - By )
LE (X,2) v y z
2
+ |Dy'R"] ~ 1Bk .
ke%:] h L (x.2)

Now, observe that, since

D3R )() — (D5 k") (@) = ug (@) 5 (By[vg’ @ h") = Bylvg’ @ b))

. 2
applying the norm we have that H DY R®)] — DY h®)] equals

L} (X,2)

~ T A
(Bylvy @) ~Ey[vg @ k")) Sy (Exlug (@)ug (2)7]) Sy (By [vg’ © b~ By [vg @ b))
which using constraints within each isotypic block and

B[t () (@)1t ) ()] =

<[t @) (@) ]| L < (14 €9V T,
implies, due to (98), that

|D§ 'R — Dy R < dy (1+EY)) (0212

L3 (x,2)

" v e~ J 2
By 8 1y ) © RO By oy o RY)||

: 2
< di (14 £5) (07 [AGwo. P [,
Py ’

Therefore, bounding 6% < o\ + |0\ — 6%®| < 1 4 HD(;‘L - DY

and summing over isotypic

2
= D kg Hh(lm ‘

£} (v.z)

‘ RO
Tllch .2

. 2
components, since Hh||£%x(y72) = Zke[nm]’je[dk]

we complete the proof of (99).
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To show (100), we combine (102) and (104), and obtain that Ey [z(x)[Dgh](x)]—Ex [2[Deh]] can be
written as

3 Bl 092 O S5y 0 3 9~ 01T S By )|
ke[niso]

Adding and subtracting mixed terms we then obtain for each isotypic component,
dikEx [2(x)[DY ) (x)] — Ex[2][Dy’h]] can be expressed as
Ex{ug)u)(X)Z(lk)(x)]TS(k) <Ey [vg)(l)(y)®h(1k>(y)] —Ey ["’g‘)u)@h(lk)])

-
+ <Ex [ug)u) ()24 ()] —Ex [ug)lz(lk)]> SYE, ['Ué)k)u) (x)@h{" (y)]

)
+(xax[u;@(l)(xngkxxn—@x[uzzzm) s (Ey[v@(l)@)@ha@(yn—@y[vmmm),

and consequently bounded using (98) as

Ex[2(0) D3 h] ()] — Ex[2[D5 ]l | < duo?™ [A(uo,2) + A(vo, h)

Z(lk) h®

1

+ A(ue, 2) A(ve, h)]

L3 (%) ‘ L2,2)

Summing across isotypic components and bounding 019(“ as before, we complete the proof. O

First note that coupling (99) with (93) ensures that we can prove regression bound via concentration
result ensuring (98). To obtain similar result for set-wise regression, we set z = 1 and use (100) to
obtain the following.

Proposition M.4. Under the assumptions of Proposition M.3, let A(ug,15)A(vg,h) <
A(UQ, ILA) + A(’Ug, h) If

[Enc[14(%)] — Bxc[T 4] /Exc[L4(%)] < 74 (106)
and na < 1/2, then

~

[Eotnty)x € 4]~ Bolnty)ie < 4] < [[Byl] ~ By ln 2Pl g, 0.2)

Hz+ P[x € A] (107)
x (201 + 0) (Ao, 1) + Alwo, B)) + 1],

and for h = 1p

IPly € B|x € Al-Poly € B | x € 4]| < ||, [b]-E, [n]|

2 Ply € B]
Ex[h] | Plx € Al

(201 + €o)[A(uo, 1)+ A(vo, 13)]+12).
(108)

Proof. Leveraging the representations in (102) and (104) with z = 14, we get

= S Ex[14(x)[Dgh](x Ex[14[Dgh
Eolh(y)[x €A] — Eolh(y)[x€A] = Ey[h] — Ey[h] 4 Zx1eGyDohl0ol _ Ex[0:[Boh]

Exe[14]
= Ex[14(x)[Dgh](x)]—Ex[14[Dgh
Ey[h] — Ey[h]+Ex[14(x)[Dyxh](x)] (E[Ml(x)] - ﬁx[l]lA]) + ExllaColl eﬁ]i[ll)l} [1:[Dghl]
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By triangular inequality applied to the norm in Z, we get

HEH v)|x € A] — Eqlh (y)|x€A}HZ

~

Ex[14(x)[Dgh](x 1,[Dgh
< By (8] = By [Al]|_+IEAGODof N | mrrtay — s | + L2 COROMOIN B 821D
p [La()] By [la] Ex[14]

||Ex[L4(x) [Dgh] (x)]—Ex[L4[Dghl]|| .

< |[Ey 0] — By 1|+ B[ 0Deh](Oll 2 52y + RN 7
where we have used Condition (106) in the last line to get that
1 1 nA 2na

S U= m)PxcAl = Pxecal

Plx € A]  E,[1,]
From Proposition M.3 and Condition (106) we get that

o~ 2(1%—59) [A(ug,ﬂA)A(’vg,h)]
(x)[Doh] (x)] ~Ex[L4 (x) Dol |_< rier Ialzz, 1Rl cz, v.2)

Cauchy s Schwarz’s inequality again and ||Dg|| < 1 give

[ELaG)[Doh]()ll 2 < Lallcz Dol lIRllcz < 1Tallez IRlz = VPx € AlllRlc (o 2 -

Combining the last four displays give the first result. The second result follows immediately for
h = 15. O

Consequence of this result is that we can bound the error in probability as we can derive concentra-
tion inequalities on the terms in (98) and (106). Then an union bound gives the estimation result for
regression conditional on sets.

Next, we recall that Ey |, being (1/c)-Schatten class operator, implies:

Assumption M.S. Let there exist some constant ¢ > 0 such that for « > 0, any ¢« > 1 and any
k € [niso), we have aik) <ci™%

Further, for any h € £2(Y, Z), we define h(y) = h(y) — E[h(y)] and

0/ () 1= iy 3 ElR(Y). Blo oy y))L (109)

g€G’
g#e

In the following, we consider observables h satisfying the following condition (that is clearly satis-
fied for an indicator of a set of positive measure)

Assumption M.6. Let there exists an absolute constant Co > 1 such that (|G'| — 1)yg/(h) <
2
Efl[a(y)lIZ]-
Define

_ (5)._ 1_P[XEG>A] 10g251 \/W 1-P XGGDA]
E IO TPx e G Al PxcG-a]

Theorem M.7. Let Assumptions M.6 and M.5 be satisfied. Let Py and Py, are G-invariant, and Dg
from (88) is G-equivariant model, and let h € £2(Y, Z) and f € L2(X, Z) (with values in Z) be
subGaussian random variables. Assume in addition that the event A is anti-symmetric for G and
that my, = m for all k € [nis]. Assume that N > |G|. Then for any 6 € (0,1), it holds wp.all—4¢

lIF ”,CZ log(2ns0 !
[y 1x € 41 - Bulniylixeal], Sc, e (s + ezt ),

and

PIxEGs Al

Ply€B] log(2ni500 1)
IP(yeB | x€A) —Po(yeB | x€A)| Scp 1/ 2Bl (59 + Ny + G|77A> .
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Proof. This result follows immediately from Propositions M.3 and M.4 combined with Lemmas
M.9 and Lemma M.10. Set

A(’U,g, f) =C W \/ CO vV % 10g<2n150571)7
A(vg,h) :=C4/ 7maxkﬁ£7““j&,{mk} \/Co V % log(2nis00 1),

for some large enough absolute constant C' > 0.

Then an union bound based on Lemmas M.9 and M.10 guarantees that (107) is satisfied w.p.a.l.
1 — 6 (up to a rescaling of the constant C):

[Eolnty)be < 4]~ Eslty)lx € al[ | <

0= o B s )|

Next we use our bound on the representation bias in (95)

Hh‘|£i(x7z)
v/ P[x € A

) Hh||£2 2) 141G |=1)e (A)

IEy(y) |x € A] - Ealy(y) | x € Alllz < (07, 41 +€ ne®) - (110)
VP[x € A
Recall that £g = maxepn,,] {5 '}. Under Assumption M.5, we have | [Dyx]r,, — Deol| < Tm)'

In addition, (|G’| — 1)y¢ (A) < Cp under Assumption M.6.
Combining the last two display gives w.p.al1l —§

h
Iz

=) 1 € 4] - Boln()beeal| | Se, o222 (0 + gt + /% log(2mod ™).

Balancing the previous display w.r.t. dimension m, we get that m =< (d 2*N)1+z= 25 and the first
result follows.

The bound for the conditional probability follows by picking y = 1p. O

M.1 QUADRATIC ERROR REGRESSION BOUND

Our goal is to estimate the conditional expectation function
z(z) = E[h(y)[x=2z] = E[h(y)] + [Dyxh](z).
Our estimator is R R
Zo(-) = Ey[y] + [Doh](-).
Theorem M.8. Assume that'Y is a sub-Gaussian random vector. Let Assumption M.5 be satisfied.

Assume in addition that Eg < 1, my, = m for all k € [nis). Then for any 6 € (0,1) such that
N > (¢, Vc,)*mlog(ed 1 nio) )

12 = Zoll72 v ) S Tr(Cov(Y)) (5 + (Aol GIN) 55 1og2 (5 ' mi)) . (11D)

Discussion When the training of the NN is successful, we expect the statistical rate to dominate

the optimization error maxye ] {é‘g)} for large enough sample size N. For distribution containing
symmetry invariants with large isotopic components (1 is large), we observe that exploiting this in-
formation in the construction of the NCP operator yields a substantial improvement in the statistical
error rate as we go from a rate N~ #2a for standard NCP to (N m)~ 2 for eNCP.

Proof. Combining (99) with Lemma M.9 gives w.p.al. 1 — ¢

<1+ 59)3Tr(Cov(y)) log (2niso5_1)

[eov oo

L} (%) IGIN

log® (i),

< Tr(Cov(y)) gy
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provide that £y < 1. We derived in (93) an upper bound on the bias term

2 1
|Eyxly |x =] — EeyHEQPx(X,Z) < Tr(Cov(y)) <)2a + 53) : (112)

(disom

Balancing the two bounds in the last two displays w.r.t. m < (|G|disoc N )ﬁ, we get the result. ]

M.2 AUXILIARY RESULTS.

Consider the function space £2(), Z) where Z is endowed with an inner product (-, ) = (-,-)z. If

the distribution of y is G'-invariant, then for any h € £2(), Z), we use the estimator @y [h] in (96)
as an estimator of E[h(y)].

Lemma M.9. Assume that the distribution P, of y is G-invariant and let G' < G. Let there exists
a function h € £2(Y, Z) such that h(y) is subGaussian Then there exists an absolute constant
C > Osuchthatforany§ € (0,1), it holds w.p.a.l. 1 —

E G'|E[||h(y
B w02 o))+ 91 1o + SR

Assume in addition that there exists an absolute constant Co > 1 such that (|G| — 1)yg: (h) <
IE[||h(y)HQZ] Then for any 6 € (0,1), it holds w.p.a.l. 1 — 6

B[R]
G| N

Note that similar bounds hold valid for the G-invariant distribution Py and any function f €
£3 (X, Z) such that f(x) is subGaussian.

|&yln] BRG] <0 (14 o)+ S 1og s,

Proof. We note that

N
5 1 . 1 |
Eylh] —Elh(y)l = > _Z with Z;= @ > h(geyy,) —Ey [h(g>yy,)], Vi€ [N].
=1 geG’
Define
Z = |G,| Y hlgeyy) —Eylh(gryy)], (113)
geG’

and, for brevity, set ||z|| = ||z||; = \/(2,2)z for any z € Z. We apply Proposition M.12, to get
wpal. 1—¢6

2
- 42 1211, , 2
Byt = By ]| < 5\ Vary (121 + =5 tog 5.
Using the triangular inequality successively on ||-[| and |||, and the G'-invariance of Py,

|h(g >y Y)sz = HE(Y)HM for any g € G’, we get that
211, S NE,, -

We note next that ||h(y)|| is subGaussian. Consequently the well-known property of equivalence
W, < ER)|]. We derive
now a control on Vary (|| Z]|) < E[||Z||”]. Using the G’-invariance of Py, we get

of moments for subGaussian distributions gives [|Z]|,,, < |||y

Var(]|2])) < IV‘LG, I, b S (h(y)], by >y ¥) — Elh(y))
e
ry)|Y] (G| =1y (h
_IE[H}“(S")H] (&' |(é/)|%( ) < (14 C) H‘G, I (114
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Hence we get the result.
O

We focus now on a concentration bound for indicator functions z = 14 for any event A € X . We
define

Zp = EX[ILA} [X S A ‘G/| Z D/\.’A E[ﬂg’leA(X)])
geG’

Z IDXA [X € A (|(G/

geG’

> g alx )—P[XEA]. (115)

geG’

\G’I

Note that we always have |Z4| < 1 but this bound can be quite conservative as we could get a
much sharper bound for some events A. We denote by Y5/ oo (A) the smallest deterministic upper-

bound on (g7 3= e Lg-1,,4(x) (For instance when A is an antisymmetric event, then we have
6’ 00 (A) = 1/|G’|). Then we have

—Plx € Al < Zy < pr,00(A) — P[x € Al (116)
Define also
T x(A):=PxeA)(1-PxecA)+(|G|-1) (v (A) —PxcA)PxeA]l. (117)

Lemma M.10. Let the distribution of x be G'-invariant. Then for any A € Xy and any § € (0, 1),
it holds w.p.al. 1 —0

~ lo 261 Te x log 26—t
Bxl1a] — E[LAGO]| < 7600 () — Plx € AJ| 22 ) e
Assume in addition that g > AN A = 0 forall g € G'\ {e}. Then it holds w.p.a.l. 1 —
[Ex[14] — E[14(x)]] _ (1-PxcG Al 10g25 1 / 10g25 U [1-PxeG » A
E[14(x)] - Plx € G'» A] Plx € G' v A '

If the distribution of y is G'-invariant, then an identical result is immediately available for y by the
same proof argument.

Remark M.11. Using the standard empirical mean estimator that does not take advantage of G-
invariance, we obtain a concentration bound with a slower rate. For example, for an antisymmetric
event A, we would achieve, w.p.a.l. 1 — §, the following result:

[Ex[14] —E[14(x)]] _ [1—-P[x € A] log26~! log 20°1 [1-PlxeA]
B, (x)] = ( Plx € A] > T2 Plx € A]

Specifically, leveraging G'-invariance allows us to replace P[x € A] with P[x € G’ », A], which
represents the probability of the entire orbit of A under the action of G’. This becomes particularly
interesting when P[x € A] < P[x € G’ » A], especially in the case of rare events where P[x €
Al = 0.

Proof. Since Py is G'-invariant, we have E[1,-1,4(x)] = P[x € A] and Var(1,-1,,(x)) =
Var(14(x)) = P[x € A](1 — P[x € A]), for any g € G'. Hence

Ex[l4] — ZZ with Z; = |G,‘ > 1ga(xi) —E[lgo1,4(x:)], Vi € [N].
geG’

The Z;’s are i.i.d. copies of Z = Z,. In view of (116), we can apply Hoeffding’s inequality Bercu
et al. (2015, Theorem 2.16). We get for any § € (0,1) w.p.all — 4§

log2§—1

Bxl12] — B2 () < 707,00 ()1 <520

(118)
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We propose to prove another bound based on application of Bernstein’s inequality. We first prove an
improved bound on Var(Z) as compared to the standard empirical mean estimator which does not
exploit G-invariance. Indeed we have

Var(Z |G,|2 (Z Var(1 )+ > cov( otoa(x ),1<g,>1DA(x))>

g€G’ 9#9’
P(x e A)(1 —P(x €<A
( )(|G/| ( |G/|2 Z COV( *1|>A ) l(gl)—le(X)).
9#9’

Next, using again that Py is G-invariant, we get for any g, ¢’ € G’

COV(ﬂgle(X),ﬂ(g/)1DA(X)> = (119)
Pxeg'>ANn(¢)) ' v Al -Pxecg s APxc (¢) > A
=Pxcg v AN(y) > Al -Pxc AP (120)

Using again the invariance assumption, we note that
> Cov(Ly-1,a(x), L(gy-1,4(x)) =[G'|( D> PxeAnge Al)—|G|(IG'| - 1)P[x € A]?
g#g’ gEG/ ,g#e
Consequently by definition of 4/ (A) in (91) and (92), we get
> PxehAngs Al = (G| - 1)y (A)Px € A).
g€G’ ,gFe
Combining the last four displays, we get

P(x€A)(1—P(x€A))+(IG'|—1) (vor (A)—P[xeAlPlxea]  Tgr x(A)
Var(Z) = Ed BTEd

(121)

We note that for any p > 3

N
! _

3" E[(max(0, Z))"] < %max (0,v¢r 0o (A) — P[x € A])" > N Var(Z).

i=1

Then Bercu et al. (2015, Theorem 2.1) gives w.p.a.l. 1 — §

Ey[14] — E[14(x)] < max (0,767 00 (A) — P[x € ADlogj\c;fl D) 210g]571.

Applying the same reasoning to variables —Zy, ..., —Zy and an union bound gives gives w.p.a.l.
1—-26

[Ex[La] — E[14(0)]| < [7e7,00(A) — Plx € }log5 + 1/ Va log6 . (122)

Next, we note that when g > AN A = () forall g € G’ \ {e}, then y¢/ (A) =0 and Px € A] =
P[x € G' » A]/|G’|. Consequently we get

_ P[xeG/5A](1-P[xEG'>A]) Vo 00 (A)—P[x€A] 1 7
TG’ (A) = ‘G/| and P[XEA] = I[D[X c G/ N A} 1
Hence under the additional assumptions, dividing by E[14(x)] = P[x € A] gives w.p.a.l. 1 —2¢

|Ex[14] — E[14(x)]| 1 log 61 10g5 U [1-PxeG s A
Bl (x)] = (P[xe@m] > T2 \/ PxcG »A]

Replacing 0 by §/2 gives w.p.al. 1 — §

[Ex[14] — E[14(x)]] 1 log 261 \/W 1-PxeG s A
E[Ls(x)] < (]p[xe oA 1) 2 Pee A (2

O
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Proposition M.12. Let A;, i € [N] be i.i.d copies of a random variable A in a separable Hilbert
space with norm II]I- If there exist constants L > 0 and o > 0 such that for every m > 2,
E ||A||™ < $m!L™=202, then with probability at least 1 — §

42 2
A, —EA|l < o2+ —1 124
2% i 0g . (124)

Lemma M.13 ((Sub-Gaussian random variable) Lemma 5.5. in Vershynin (2011)). Let Z be a
random variable. Then, the following assertions are equivalent with parameters K; > 0 differing
from each other by at most an absolute constant factor.

1. Tails: P{|Z| > t} < exp(l —t?/K?) forallt > 0;
2. Moments: (E|Z|P)Y/P < Ky\/pforallp > 1;
3. Super-exponential moment: Eexp(Z?/K2) < 2.

A random variable Z satisfying any of the above assertions is called a sub-Gaussian random vari-
able. We will denote by K3 the sub-Gaussian norm.

Consequently, a sub-Gaussian random variable satisfies the following equivalence of moments prop-
erty. There exists an absolute constant ¢ > 0 such that for any m > 2,

(E|2™)™ < cKsy/m(E|2]2)"°

Lemma M.14. Assume that Y is sub-Gaussian with sub-Gaussian norm K. We set 03(Y) =
Var(||Y — E[y]|]). Then there exists an absolute constant C > 0 such that for any § € (0,1), it

holds wp.a.l. 1 — §
[y -] < 5y () + 7 og(267!).

Proof. Set Z := |ly — Ey|| and we recall that 0?(y) := Var(||ly — E[y]||). We check that the
moment condition,

1
EZ™ < §m!Lm_202(y)2, Vm > 2,
for some constant L > 0 to be specified.

The condition is obviously satisfied for m = 2. Next for any m > 3, the Cauchy-Schwarz inequality
and the equivalence of moment property give
1/2 1/2
EZ™ < (EZQ(m—Q)) (]EZ4)1/2 < 4K30’9(Y)2 (]EZQ(m—2)) )

Next, by homogeneity, rescaling Z to Z/K; we can assume that K; = 1 in Lemma M.13. We recall
that if Z is in addition non-negative random variable, then for every integer p > 1, we have

EW:/‘MZZQWHﬁS/'e Cprtat = (P)T(D).
o o 2 2

With p = 2(m — 2), we get that EZ? < e(m — 2)['(m — 2) = e(m — 2)! = em!/2. Using
again Lemma M.13, we can take L. = cK for some large enough absolute constant ¢ > 0. Then
Proposition M.12 gives the result.

O
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