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ABSTRACT

We present an algorithm guaranteeing dynamic regret bounds for online om-
niprediction with long term constraints. The goal in this recently introduced
problem is for a learner to generate a sequence of predictions which are broadcast
to a collection of downstream decision makers. Each decision maker has their
own utility function, as well as a vector of constraint functions, each mapping their
actions and an adversarially selected state to reward or constraint violation terms.
The downstream decision makers select actions “as if”” the state predictions are cor-
rect, and the goal of the learner is to produce predictions such that all downstream
decision makers choose actions that give them worst-case utility guarantees while
minimizing worst-case constraint violation. Within this framework, we give the
first algorithm that obtains simultaneous dynamic regret guarantees for all of the
agents — where regret for each agent is measured against a potentially changing
sequence of actions across rounds of interaction, while also ensuring vanishing
constraint violation for each agent. Our results do not require the agents them-
selves to maintain any state — they only solve one-round constrained optimization
problems defined by the prediction made at that round.

1 INTRODUCTION

In the problem of learning with long term constraints, there is a decision maker with an action space
A and an adversary with an outcome space ). The learner has a utility function v : A x Y — [0, 1],
and a vector-valued constraint function ¢ : A x Y — [~1,1]%. Inrounds t = 1,...,T, a learner
chooses actions a; € A and an adversary chooses outcomes y; € ). The learner then obtains utility
u(ag, yt), and suffers a marginal constraint increment ¢(a¢, y¢). The goal of the learner is to satisfy
all of the constraints marginally (up to a vanishing regret term) — i.e. to guarantee that for all
sequences of outcomes:

. T
CCv(1:T)= m]axztzl ci(ag, y) < o(T),

while simultaneously guaranteeing some notion of regret to the best action in some benchmark
class. It has been known since Mannor et al.| (2009) that in adversarial settings it is not possible to
compete against the best fixed action in hindsight that satisfies the constraints marginally. Instead,
the standard benchmark in this literature is the set of actions that in hindsight satisfy the realized
constraints every round:

Af.p={ae A:cj(a,y) <Oforeveryt e [T]and j € [J]}.

The corresponding standard goal in this literature (see e.g. [Sun et al.|(2017));|Castiglioni et al.|(2022);
Qiu et al.| (2023);|Sinha & Vaze|(2024)) is to minimize external regret with respect to this benchmark:
T
Regey (1 : T) = max (u(a,yt) — ulae, yr)) < o(T).
a€AS. t=1
A more ambitious goal, studied by a sub-thread of this literature, is to compete with a changing
benchmark sequence of actions, so long as the benchmark sequence does not change too quickly
(Chen et al.,[2017; 2018 |Chen & Giannakis, 2018;|Cao & Liul, [2019; Vaze, [2022} [Liu et al.| 2022a;
Lekeufack & Jordan, [2024). This is called a dynamic regret benchmark. For continuous action
spaces, there are a variety of ways to measure “change”, but we state here a version for discrete



Under review as a conference paper at ICLR 2026

categorical action spaces, which is the focus of our paper. First we define a richer benchmark that
allows for changing sequences of benchmark actions that satisfy the constraints at each round.

APD = (G e AT : ¢;(d@y,y) <O forevery t € [T] and j € [J]}.
For a given sequence of actions @ € A‘ifinp, we write A(d) = |[{t : d; # dy1}| for the number of
times the action changes in the benchmark sequence. The goal is to obtain diminishing dynamic

regret:
T

max _(w(@, ye) — ulat, yr)) — Regexy—ayn (@) < 0.
geAdn, —t=1

Here we want the “dynamic regret bound” Regy; gy (@) to be o(T') for all @ such that A(@) < o(T).

Dynamic regret bounds are a very natural objective to strive for. The reason that we study a sequential
adversarial environment is that we expect the environment to change (in potentially unpredictable
ways) over time. In such environments, we naturally expect the optimal decision to also change
over time, and in the constrained optimization setup, we might worry that the static benchmark
AS§.p is empty, even if there are feasible actions at every time step. Hence, the literature on
online learning with long term constraints studying external regret generally make a rather strong
assumption regarding the existence of a single action that satisfies all of the constraints across all
rounds. Dynamic regret bounds, on the other hand, overcome this concern for slowly changing
environments, by allowing for changes within the benchmark sequence while only requiring local
feasibility — that the action we compare to on each round satisfies the constraints of that specific
round (and not across all rounds of the interaction).

While the literature on online learning with long term constraints generally couples the problem
of predicting outcomes y; and choosing actions a; by focusing on algorithms for a single decision
maker, Bechavod et al| (2025) recently introduced the omniprediction variant of this problem.
Omniprediction (c.f. (Gopalan et al.|(2022)) is a framework that decouples prediction from decision
making by modeling a “predict-as-a-service” setting. In this framework, a single, centralized
forecaster produces predictions that can be simultaneously consumed by many downstream decision
makers who have different utilities, while providing guarantees for all the decision makers.

Bechavod et al.| (2025) introduced the problem of “omniprediction with long term constraints”,
which extends the omniprediction framework to the setting where downstream decision makers also
have different constraint functions. This is motivated by many real-world systems. For example,
consider an energy management system where predictions about electricity prices are broadcast.
These predictions are consumed by diverse agents: residential users may defer appliance usage to
low-cost periods, manufacturers may have strict production quotas and budget constraints. Bechavod:
et al.[(2025) showed how to make predictions that simultaneously guarantee all such decision makers
worst-case regret and constraint violation bounds with respect to the benchmark class A, but
their algorithm does not extend to give dynamic regret bounds. In this work we show how to make
predictions in a way that gives dynamic regret bounds (in fact stronger dynamic swap regret bounds)
simultaneously for many downstream decision makers.

A detailed discussion of additional related work is deferred to Appendix

1.1 Our REsuLTS

Better Subsequence Regret Bounds Previous work on online omniprediction with long term con-
straints gave regret bounds that held not just marginally over the whole sequence, but simultaneously
on an arbitrarily specified collection of subsequences of it. In principle dynamic regret bounds can
be extracted from subsequence regret bounds like this, by taking the set of subsequences to be the
set of all &~ T2 contiguous intervals in {1, ...,7"}. Unfortunately the bounds obtained by Bechavod
et al.| (2025)) depend linearly on the number of specified subsequences, which does not yield nontriv-
ial dynamic regret bounds. Our main contribution is a new algorithm giving regret and constraint
violation guarantees on arbitrary subsequences, with a dependence on the number of subsequences
scaling only logarithmically. Dynamic regret bounds fall out as a special case.

Stronger Notions of Regret In fact, since our subsequence regret bounds are stronger swap regret
bounds, the dynamic regret bounds we obtain are stronger than those that have been previously
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studied in the literature on learning with long term constraints: we give bounds on what we call
dynamic swap regret. Our new benchmark allows each decision maker to compete with a sequence
of actions that results from applying a swap function remapping the decision maker’s realized actions
to alternatives. We allow the swap function itself to change with time. The traditional notion of
dynamic regret is the special case in which these swap functions are constant valued.

Easier Implementation for Downstream Agents Finally, Bechavod et al.| (2025) obtained their
results by requiring downstream agents to map predictions to actions using an elimination-based
algorithm, which required all agents to actively maintain state — the set of actions that had not
yet violated any of their constraints. Our algorithm allows downstream decision makers to map
predictions to actions in an entirely stateless way: they simply evaluate both their constraint function
and objective function as if our predictions were correct, and take the action that solves the resulting
one-round constrained optimization problem.

2 MODEL AND PRELIMINARIES

The model largely follows the framework for online omniprediction with long-term constraints
introduced in|Bechavod et al.[(2025). Let X" denote the feature space and )’ denote the outcome/label
space. Throughout, we consider ) = [0, 1]%. We consider a set of agents A/ with an arbitrary discrete
action space A. Each agent is equipped with a tuple (u, ¢y, - . ., ¢s), which includes a utility function
u:Ax)Y —[0,1] and J constraint functions {c; : A x Y — [—1, 1]}je[J]ﬂ We also sometimes
write the constraint functions as a single vector valued function ¢ = (¢1,...,cy). Since agents are
uniquely defined by their corresponding tuples, we treat agents and their tuples interchangeably. We
make the following assumptions on the utility and constraint functions.

Assumption 1. We assume that for every agent (u,c) € N and action a € A, the utility function
u(a, -) and constraint functions c;(a, ) are linear and Lipschitz-continuous in y. Specifically, for
any f € {u,c1,...,cs}, werequire f(a,kiyi +kaya) = k1 f(a,y1) +kaf(a,y2) forall ki, ks € R
and y1,y2 € Y. Furthermore, we assume there exist universal constants Ly and L¢ such that for all
Y1,Y2 € y |u(a7y1) - u(a,y2)| < LUHyl - y2||00 and |Cj(a7y1) - Cj(a7y2)| < LC”yl - yQHOO

While the assumptions on u are standard in the omniprediction literature (Bechavod et al., [2025), we
extend these assumptions to the constraint functions c. This will enable the purely prediction-based
decision rule we introduce later, where agents select actions that are predicted to be feasible without
needing to track historical constraint violations as was required in Bechavod et al.| (2025).

Remark 1. For simplicity we assume that the utility functions and constraint functions are linear in
y, but we can equally well handle the case in which the utility functions are affine in y, as we can
augment the label space with an additional coordinate that takes constant value 1. This preserves the
convexity of the label space and allows for arbitrary constant offsets in the utility/constraint of each
action. Assuming linear/affine utility functions is only more general than the standard assumption
that decision makers are risk neutral in the sense that in the face of randomness, decision makers act
to maximize their expected utility. If Y represents the set of probability distributions over outcomes,
any risk neutral decision maker has a linear utility function by linearity of expectation.

We take the role of an online/sequential forecaster producing predictions that will be consumed by
agents. We consider the following repeated interaction between a forecaster, agents, and an adversary.
In every round ¢ € [T1]:

(1) The adversary selects a feature vector x; € X and a distribution over outcomes Y; € AY;

(2) The forecaster observes the feature x;, produces a distribution over predictions m; € AY, from
which a prediction p; € ) is sampled;

(3) Each agent chooses an action a; as a function of the prediction p; and the history;

(4) The adversary reveals an outcome y; ~ Y;, and the agent obtains utility u(a¢,y;) and the
constraint loss vector {c;(as, y:)}jel)-

'Sometimes online adversarial learning problems are described by an adversary choosing a different utility
and/or constraint function at each step. This is equivalent to having a fixed state-dependent utility func-
tion/constraint functions, and having an adversary choose state.
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Remark 2. Our framework makes no assumptions about the relationship between the feature x;
and the outcome distribution Y;. Our algorithm is designed to provide guarantees whether x is
highly informative or completely uninformative about Y;. Furthermore, if one has access to a class
of predictive models that predict the outcomes using the features, our framework can be configured
to incorporate them and produce predictions that perform at least as well as the best model in that
class. We discuss this extension in Appendix|[F]

We will focus on performance over a collection of subsequences S, where each subsequence S € S
is a subset of [T']. These subsequences need not be fixed in advance but can be defined dynamically.
A subsequence S € S is generally characterized by an indicator function hg : [T] x X — {0, 1}.
For any round ¢ € [T, the round is part of the subsequence S if and only if hg(t,2;) = 1. This
flexible definition allows subsequences to be based on the round index ¢, the feature z;, or both.

Agents aim to maximize their cumulative utilities over every subsequence in S: g u(a¢, ys)
while minimizing their cumulative constraint violation (CCV) over every subsequence in S:
CCV(S) := max cjla < o(|S)).
(5) jel] £tes i (a, ye) < o(|S])
We treat utility maximization as an objective and cumulative constraint violation as a requirement:
CCV(S) must be sublinear in the length of the subsequence, |S]|.

We measure performance against different benchmark classes. The fundamental building block for
our benchmark classes is the set of actions that are feasible at a specific round ¢ € [T'] with a margin
of A > 0:

©r—f{aeA:cjla,y) < —\ forevery j € [J]}.

The margin A parameterizes the difficulty of the benchmarks; a smaller A yields a larger and thus more
competitive set of actionﬂ ‘We note that this margin can be set independently for each subsequence
S € S, and our final results will be achieved by choosing its value as a function of the subsequence
length |S|.

Remark 3. |Bechavod et al.| (2025) also considered the benchmark actions that satisfy the con-
straints in expectation, i.e., A]f‘[c]’/\ = {a e A:Ey,y,ci(a,y)] < =X foreveryj € [J]}. This
benchmark class can be more challenging to compete with than Af’)‘, since a single bad outcome
¢j(a,yr) > 0 does not immediately disqualify an action. Consequently, |Bechavod et al.| (2025)

proposed different algorithms to handle the two benchmark classes. In contrast, our approach is

],

general enough to handle .A]f[ Jjust as it does Af’A. For clarity, we focus on Af’)‘ in the main text

and defer the discussion of why our method applies to A]EE[C] * 1o Appendix

In the literature on learning with long-term constraints, a standard benchmark is the set of actions
that are feasible at every round. We generalize this to our multi-subsequence framework by requiring
this condition to hold throughout a given subsequence S € S:

AN = Nies A5 = {a € A: ¢j(a,y;) < — foreveryt € Sand j € [J]}.

Competing with the best fixed action from this class in hindsight leads to the notion of constrained
external regret.

Definition 1 (Constrained External Regret over Subsequence S). Fix an agent with a utility function
u: AxY — [0,1] and a constraint function c : A x Y — [—1,1]”. Fix a subsequence S C [T.
For a sequence of actions a1, ...,ar and outcomes y1,...,Yyr, the agent’s constrained external
regret over the subsequence S is:

Regeyi (U, €, A, S) = max

ag A tES (u(a,ye) — ular, yr)) -

We will also compete with a more demanding benchmark based on action modification rules. For the
benchmark class A%, an action modification rule is any function ¢ : 4 — AEJ’\ that consistently

2 Assuming the existence of such a strongly feasible action is known in the literature on learning with long
term constraints as Slater’s condition (Neely & Yul [2017; |Chen et al., 2017} |Cao & Liu, 2019; Yu & Neely,
2020; (Castiglioni et al. [2022)). We later additionally give bounds that hold without making this assumption.
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maps an agent’s actions to alternatives within the benchmark class. Competing with the best such
rule in hindsight leads to the notion of constrained swap regret. This is a stronger notion than
constrained external regret, as constrained external regret can be viewed as a special case where the
action modification rule is restricted to being a constant function.

Definition 2 (Constrained Swap Regret over Subsequence S). Fix an agent with a utility function
u: AxY — [0,1] and a constraint function c : A x Y — [—1,1]7. Fix a subsequence S C [T.
For a sequence of actions ay, . . . ,ap and outcomes y1, . . ., yr, the agent’s constrained swap regret
over the subsequence S is:

Regovap (10,4, 8) = max D os (Wldlar), ye) — ular,ue).

When S is the set of all contiguous intervals, S = {[t1,t2] : 1 < t; < to < T}, we refer to the
resulting instantiations of Definitions(T|and[2]as constrained external adaptive regret and constrained
swap adaptive regret, respectively.

While adaptive regret provides a powerful guarantee over all contiguous intervals, a different but
related goal is to measure performance against a dynamic benchmark path that changes over time,
known as dynamic regret. We now introduce the external and swap versions of this guarantee under
our framework with long-term constraints.

The benchmarks for constrained external dynamic regret are changing sequences of benchmark
actions that satisfy the constraints (with a fixed margin of \) at each round:

. T
Ay =TI, AP ={@e A™: ¢j(@,y) < —Morevery t € [T] and j € [J]}.

The complexity of any such benchmark sequence @ € /fi{\p is measured by the number of times the
action changes: A(@) = [{t € [T — 1] : d; # d+1}]-

Definition 3 (Constrained External Dynamic Regret). Fix an agent with a utility functionu : AXY —
[0,1] and a constraint function ¢ : A x Y — [~1,1]7. For a sequence of actions a1, ...,ar and
outcomes 1, . . . , yr, the agent’s constrained external dynamic regret against a benchmark sequence
of actions @ € A7 is:

T
Regex—ayn(u, @) = Z (w(@t, ye) — ulae, yr)) -

t=1
The goal is to guarantee that Rege_qyy,(u, @) is o(T) for any benchmark sequence d that is (1)
dynamically feasible, d € A'T;‘,, and (2) has a sublinear number of changes, A(@) = o(T).

Next, we define the more powerful swap-based counterpart. The benchmarks for constrained swap
dynamic regret are changing sequences of action modification rules (E € (AT, The complexity of
any such benchmark sequence is likewise measured by the number of times the action modification
rule changes: A(¢) = |{t € [T — 1] : ¢; # dr41}|. A sequence with A(¢) changes partitions the
time horizon [1, 7] into A(¢) + 1 contiguous intervals, on each of which the rule is fixed. We only

compete with sequences where, for each interval of constancy, the fixed action modification rule
maps to the set of actions that are feasible throughout that entire interval.

Definition 4 (Constrained Swap Dynamic Regret). Fix an agent with a utility functionu : A XY —
[0, 1] and a constraint function ¢ : A x Y — [~1,1]7. For a sequence of actions a1, ...,ar and
outcomes Y1, . . ., Y1, the agent’s constrained swap dynamic regret against a benchmark sequence of
action modification rules ¢ € (A*)7 is:

- T

Reguwap—ayan(t:®) = > (w(@ilar), 1) = uar, 1))

The goal is to guarantee that Regga., —ayn (U, @) is o(T) for any benchmark sequence ¢ that satisfies
two properties: (1) It is piecewise feasible. Let the sequence have change points that partition [1, T
into intervals Iy, ..., I A The action modification rule on each interval Iy, is the constant rule

Y A— AZA. (2) It has a sublinear number of changes, A(¢) = o(T).
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Any dynamic benchmark sequence (either @ or (E) with A changes naturally partitions the time
horizon [1, 7] into A + 1 contiguous intervals based on its change points. Within each of these
intervals, the benchmark is fixed. Since an adaptive regret guarantee ensures low regret over all
possible intervals, it also ensures low regret over this specific partition. The total dynamic regret can
therefore be bounded by summing the regret bounds over these A + 1 intervals, hence a low adaptive
regret bound implies a low dynamic regret bound.

We will first focus on the strictly feasible benchmark classes with a margin of A = Q(1/v/T),

and obtain O(\/T) regret and O(ﬁ) cumulative constraint violation; We will then apply similar
techniques to handle the nominally feasible benchmark classes with zero margin (A = 0), and obtain

O(T?/3) regret and O(T?/3) cumulative constraint violation.

We note that all benchmark classes discussed are agent-specific as they depend on agents’ constraint
functions. All guarantees we provide will be stated under the assumption that the corresponding
benchmark class is non-empty.

3  PrOPOSED APPROACH AND MAIN GUARANTEES

3.1 A PureLy PrebicTiON-BASED DECISION RULE

We propose a stateless decision rule for the agents that is purely based on the forecaster’s predictions.
At each round ¢ € [T'], each agent acts as if the prediction p, were accurate, and chooses the action
that offers the highest predicted utility among all actions predicted to be feasible. We say that agents
play constrained best responses to the predictions.

Definition 5 (Constrained Best Response). Fix a utility v : A x Y — [0,1], J constraints {c; :
AxY —[-1, 1]}]-6[‘;], and a prediction p € Y. The constrained best response to p according to u
and {c;} jc| ), denoted as CBR"(p), is the solution to the constrained optimization problem:

maximize u(a,p;)
acA
subjectto  cj(a,p;) <0 forevery j € [J]

The agent can obtain CBR"°(p;) in two steps:

(1) The agent first discards actions that are infeasible according to the prediction.
For each constraint j € [J], the set of actions predicted to violate that constraint is denoted as:

-~

.Afj’inf ={a € A:cj(a,p) > 0}.
The agent discards actions that are predicted to violate any of the J constraints, i.e.,
A\c,inf 1. A\cj,inf _ A:3i J ) 0
t Ujeg)As {a€ A:3j €[J],¢i(a,pr) > 0}.
The retained actions that are predicted to be feasible are denoted as

A5 = {a € A:Vj € [J],¢i(a,pr) <0}

(2) The agent then chooses an action from the retained action set .Zf’fea that maximizes the utility
function according to the prediction, i.e.,

a; = arg max u(a, pt).
aeﬁc,fea
t

If none of the actions are predicted to be feasible, i.e., .Z?’fea = (), the agent can choose any arbitrary
action from A. As we will formally prove, our predictions ensure this special case rarely occurs, and
hence its influence on the cumulative constraint violation and regret is negligible.
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3.2 ConbIrTioNALLY UNBIASED PREDICTIONS

To ensure that our predictions are trustworthy so that treating them as the truth is a sensible choice
for the agents, we need the predictions to be unbiased — not only marginally, but also conditionally
on various subsequences. Notably, we define the following notions of conditional unbiasedness. The
first is a “‘constrained” variant of decision calibration as defined in Noarov et al.|(2023)), which itself
is a strengthening of an earlier notion of decision calibration due to|Zhao et al.[(2021)

Definition 6 (N, S, «)-Decision Calibration). Let S be a collection of subsequences. Let N be
a set of agents, where each agent is equipped with a utility function u : A x Y — [0,1] and J
constraint functions {c; : AxY — [=1,1]}e15. We say that a sequence of predictions p, . . ., pr

is (N, S, a)-decision calibrated with respect 1o a sequence of outcomes yi,...,yr if for every
SeS8 ac A and (u,c) € N:

Z; L[t € S,CBR"(p) = a] (pr — w1)|| < a(T"*%(a)),

oo

where T**%(a) = Z;l 1[t € S,CBR"*(p;) = a].

Decision calibration guarantees that forecasts are unbiased conditional on the decisions of the
downstream decision makers. Infeasibility calibration, defined next, requires that the predictions
be unbiased conditional on each action for each downstream decision maker being predicted to be
infeasible.

Definition 7 (N, S, 3)-Infeasibility Calibration). Let S be a collection of subsequences. Let N
be a set of agents, where each agent is equipped with a utility function u : A x Y — [0,1] and J
constraint functions {c; : Ax Y — [=1,1]} ;e We say that a sequence of predictions p, . . ., pr
is (N, S, B)-infeasibility calibrated with respect to a sequence of outcomes yi, . ..,y if for every
SeS acA (u,c)eN,andj e [J]:

T “c;,inf
Ztﬂl {te S,a e A7 ] (Pe — yt)

< B(T 5" (a)),

where TS (q) = 7T 1 [t €S,a¢€ ﬁf”inf].

Assumption 2. We assume that o, 3 : R — R are concave functions. This will be the case in all the
bounds we give; in general, this condition holds for any sublinear error bound T" for r < 1.

In the sections that follow, we will show how these two unbiasedness constraints lead to bounds on
the cumulative constraint violation and regret for all downstream decision makers.

We now address the algorithmic challenge of producing predictions that are decision calibrated and
infeasibility calibrated. Our approach builds upon the UnB1aSED-PREDICTION algorithm from|Noarov
et al.[(2023), which makes conditionally unbiased predictions in the online setting. We provide the
pseudocode in Algorithm T} for the formal guarantees and analysis, we refer readers to Appendix [D]
and the original work.

At a high level, the UNB1ASED-PREDICTION algorithm provides a general method for making predic-
tions p, that are unbiased with respect to a collection of “events” £. Formally, an event £ € £ is a
function that maps the feature x; and the prediction p; to a value F(z¢, p¢) in [0, 1]. The algorithm’s
goal is to ensure that for every event £ € &, the cumulative prediction bias conditioning on that

ZtT=1 E(Itapt)(pt - yt)

To achieve this, the algorithm reduces the problem to a zero-sum game between a learner and
an adversary. At each round, it computes an approximate minimax equilibrium of this game: the
learner chooses a distribution over predictions v; to minimize the weighted sum of conditional biases
(emphasizing events with large accumulated bias), while the adversary tries to maximize it.

event is small, i.e.,

’ is sublinear in 7.
oo

We ensure our two calibration properties by instantiating this algorithm with a specific collection of
events. This collection is the union of all events required by Definition[6|and Definition[7} namely all

events of the form 1 [t € S,CBR*“(p;) = a] and 1 [t € S,ac€ ﬁ?’“‘f]. We refer to this specific

instantiation of UNBIASED-PREDICTION as DECISION-INFEASIBILITY-CALIBRATION. Our guarantees
will inherit directly from the guarantees of UNBIASED-PREDICTION.
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Algorithm 1: UNBIASED-PREDICTION

fort=1to 1 do
Observe x;;
Define the distribution ¢; € A[2d|&|] suchthat for E € £,i € [d], 0 € {£1},

t—1

Ei,o ﬁ
4P o exp (2 S

Output the solution to the minmax problem:

. Ei,o i i
: < argminmax [E [ qp" o Emy,pe) - (pr — ]
(0 w;geAy VeY pomit, ZEJ’U t (@i, pe) - (P — yi) | 5

By, ps) (5 — yf;>1> :

Ps~Ps

end

Our guarantees will hold with high probability 1 — §. To simplify the notation in our bounds, we
will define ¢ = dJ|A||N||S|T/5. Our bounds will depend only logarithmically on it (i.e., as In(¢)).

Theorem 1. Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function uw : A x Y — [0,1] and J constraint functions {c; : A x Y —
[—1,1]} 15 There is an instantiation of Unsiasep-PrepicTion (Noarov et al.| | 2023) —which we
call Decision-INFEASIBILITY-CALIBRATION— producing predictions py, ...,pr € Y satisfying that for
any sequence of outcomes y1, ..., yr € Y, with probability at least 1 — §, for any (u,c) € N, j € [J],
a€A and S € S:

5 1t 5 com00) el

<0 (ln(g) S 4 4 /In(¢) -T“’Cﬁ(a)) )

oo

szl 1 [t € S,a€ ﬁgj’inf} (pe — ye)

<0 (1(Q) 181+ Q) 750 )

oo
3.3 THEORETICAL GUARANTEES

We begin our analysis with a preliminary lemma. Recall that if the set of predicted feasible actions
is empty, the agent plays an arbitrary action. The following lemma uses the infeasibility calibration

guarantee to show that for any benchmark action a € AS*, the number of rounds where it is
incorrectly predicted to violate a specific constraint ¢; is small. As a result, the number of rounds on
which no action is predicted to be feasible is small.

First, we establish some notation for simplicity. Let gg(x) = z/8(x). For the specific form of 3
provided by the guarantee in Theorem g is monotone for z > 0. We define its inverse function

as fg = gﬂ_l.

Lemma 1. Suppose the benchmark class Ag’/\ is non-empty. Ifthe sequence of predictionspy, . .. ,pr
is (N, S, B)-infeasibility calibrated, then for any agent (u, c) € N, subsequence S € S, benchmark

action a € A, and constraint j € [J), the number of rounds TS (a) within S on which a is
predicted to violate the j-th constraint is bounded by:

T (q) < fg(Le/N)

Consequently, the number of rounds within S on which no actions are predicted to be feasible is
bounded by:

Ht € g Ao _ @}] < Jfs(Le/N).

In particular, plugging in the guarantee from Theorem [I] yields the following concrete form of
f8(Lc /), which holds with probability at least 1 — §:

falLe/N) =0 ((ch'/ ; ﬁf) (0)).
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3.3.1 BouNDING THE CUMULATIVE CONSTRAINT VIOLATION

We now show that the conditional unbiasedness of our predictions guarantees all agents can satisfy
the long-term constraints over any subsequences in S. On a high level, this is because (by definition),
downstream agents only play actions that we predict to be feasible. On the other hand, our predictions
are guaranteed to be unbiased on the subsequence of days on which the downstream agents play each
action, and so by linearity of the constraint functions, their cumulative constraint violation cannot be
much larger than their predicted cumulative constraint violation (which is non-positive).

Theorem 2. Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0,1] and J constraint functions {c; : A x Y —
[=1,1]} 0. Suppose each agent plays constrained best responses to p; to choose action a.
Suppose the benchmark class .Ag)‘ is non-empty. If the sequence of predictions pi,...,pr is

(N, S, a)-decision calibrated and (N, S, B)-infeasibility calibrated, then the cumulative constraint
violation of any agent over any subsequence S € S is bounded by:

CCV(S) < LelAla(|S]/]A]) + J fs(Le/A)-

In particular, plugging in the guarantee from Theorem[l] yields the following bound, which holds
with probability at least 1 — §:

JLc|S|V*  JLZ
cov(s) <0 ((etis + evATS + 22 1 28 ().

We note that this guarantee holds simultaneously for all choice of A (as long as the corresponding
benchmark class Ag”\ is non-empty). By setting A = |S |~1/4 for each subsequence S € S, we
arrive at the following concrete bound for the cumulative constraint violation.

Corollary 1. Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0,1] and J constraint functions {c; : A x Y —
[—1,1]}c1s)- Suppose each agent plays constrained best responses to p; to compete with actions

—1/4
from the benchmark class Ag,ISI over each subsequence S € S. The sequence of predictions
D1, - ., pr produced by DEcision-INFEASIBILITY-CALIBRATION guarantees that with probability at least

1 — 9, the cumulative constraint violation of any agent over any subsequence S € S is bounded by:

CCV(8) < O ((LelAlISIY* + Lev/JATST + I(Le + L3)VIST) Q) ) -

Remark 4. Our analysis can be extended to the standard benchmark with zero margin (A = 0).
This requires relaxing the agent’s decision rule to allow for a small tolerance in predicted feasibility
(i.e., choosing from actions where c;(a,p;) < n). A similar analysis reveals a trade-off, yielding a

bound of roughly 0(1 /n?+n|S|). Optimizing n results in cumulative constraint violation and regret
bounds of O(T?/3). We defer the full results to Appendix@

3.4 BOUNDING THE REGRET

Next we show that decision calibration and infeasibility calibration imply no constrained swap regret,
and hence no constrained external regret. At a high level, decision calibrated predictions allow
agents to accurately assess (on average) the utilities of their chosen actions and the counterfactual
actions produced by any action modification rule. Because agents choose optimally based on these
accurate utility estimates, their decisions are competitive against any alternative action as long as the
alternative action is also predicted to be feasible. Infeasibility calibrated predictions guarantee that
the alternative action must be predicted to be feasible at almost every round.

Theorem 3. Let S be a collection of subsequences. Let \ : N — (0,00) be a margin function.
Let N be a set of agents, where each agent is equipped with a utility function u : A x Y — [0,1]
and J constraint functions {c; : A x Y — [=1,1]},c1s). Suppose each agent plays constrained
best responses to p, to compete with actions from the benchmark class Ag’/\ over each subsequence
S € 8. If the sequence of predictions p1, . ..,pr is (N, S, a)-decision calibrated and (N, S, 3)-
infeasibility calibrated, then the constrained swap regret of any agent over any subsequence S € S
is bounded by:

Regyyap (U, €, A, 5) < 2Ly | Ala(|S|/|A]) + J|Alfa(Le/N).
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In particular, plugging in the guarantee from Theorem [I] yields the following bound, which holds
with probability at least 1 — §:

L 1/4 L]]:Q
Regswapm,c,x,a<0((LM|A|S|1/4+LM AT 4 Ll AISEE C'““')ln@)).

A A2

By setting A\ = |S|~1/* for each subsequence S € S, we arrive at the following concrete bound for
the constrained swap regret.

Corollary 2. Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function u : A x Y — [0,1] and J constraint functions {c; : A x Y —
[—1,1]} 15 Suppose each agent plays constrained best responses to p; to choose action a;. The

sequence of predictions py, . . . , pr produced by DEcisION-INFEASIBILITY-CALIBRATION guarantees that

—1/4
with probability at least 1 — 6, the constrained swap regret against the benchmark class Ag’lsl

of any agent over any subsequence S € S is bounded by:

Reguyap (s ¢, 15174, 9) < O ((LulAlISI* + Lo/JATIST + I (Le + L2)LANVIST) In(0))
Remark 5. One could alternatively set a fixed margin of A = T2 This choice creates a larger
and more competitive benchmark class. The resulting regret bound would then be O(\/T ).

A powerful implication is that we achieve low constrained swap adaptive regret by instantiating our
framework with the collection of all contiguous intervals, S = {[t1,t2] : 1 <3 <ts <T}.

Corollary 3. Let N be a set of agents, where each agent is equipped with a utility function u :
A x Y = [0,1] and J constraint functions {c; : A x Y — [=1,1]};cs). Suppose each agent plays
constrained best responses to p; to choose action a;. Let \(|S|) = |S|~'/* be the margin function.
The sequence of predictions py, . . . , pr produced by DEcIsioN-INFEASIBILITY-CALIBRATION guarantees
that with probability at least 1 — 0, the constrained swap adaptive regret of any agent is bounded by:

Reguwap—adapt (4 ¢ A) < O ((Lul ATV + Ly JAIT + J(Le + LR)ANVT ) n(Q) ) -

Corollary [3| provides a guarantee over all contiguous intervals, and we use it as a building block
to establish dynamic regret bounds. A dynamic benchmark with A changes partitions the entire
time horizon into A + 1 intervals. By summing our per-subsequence regret bound over this specific
partition, we obtain the following dynamic regret guarantee.

Corollary 4. Let N be a set of agents, where each agent is equipped with a utility function u :
A x Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]};c[s. Suppose each agent
plays constrained best responses to p; to choose action ay. The sequence of predictions p, . ..,pr
produced by DecisioN-INFEASIBILITY-CALIBRATION guarantees that with probability at least 1 — 0, the
constrained swap dynamic regret of any agent against any piecewise feasible sequence of action

modification rule (5 € (AT is bounded by:

-, -,

Reguvay.don(1.6) < O ( (LuA|TiA<¢>i L JAITA@) + T(Le + L2)|A m@) 1n<<>) .

A benchmark sequence ¢ is piecewise feasible if on each interval of constancy Iy, the corresponding
A 74

rule 1, maps to the set of actions that are feasible over that entire interval, i.e., Yy : A — A?k

This bound explicitly characterizes the dependence of the regret on the time horizon 7' and the

complexity of the comparator sequence, denoted by the number of switches A(&) In the stationary
regime where A($) = 0, we recover the standard O (v/T') rate for static regret; in the dynamic regime
where A(¢) = o(T), the bound ensures sublinear regret. Crucially, this guarantee is parameter-free:

the algorithm does not need to know the value of A(¢) in advance. This is achieved by instantiating
our framework with the collection of all contiguous intervals.

Since external regret is a special case of swap regret, our bounds apply directly to the external
versions of these guarantees as well.

10
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A ApbpITIONAL RELATED WORK

The study of online learning with long-term constraints was initiated by Mannor et al.|(2009), who
established a foundational impossibility result. They demonstrated that learners cannot achieve
sublinear external regret when benchmarked against the set of actions that satisfy the constraints
marginally, i.e., on average over the entire time horizon. In response to this limitation, subsequent
work pivoted to a more stringent benchmark: actions that fulfill the constraints on every single round
(e.g.,|Sun et al.| (2017); |Guo et al.| (2022); |Anderson et al. (2022); |Y1 et al.[(2023); |Sinha & Vaze
(2024); [Lekeufack & Jordan| (2024))). These papers generally study the problem within the online
convex optimization framework, rather than for a finite number of actions. Within this body of work,
Sinha & Vaze (2024) achieved the fastest known rates without additional structural assumptions,
with both regret and cumulative constraint violation scaling as O(\/T) For the experts setting,

13



Under review as a conference paper at ICLR 2026

Lekeufack & Jordan| (2024) proposed an algorithm where both metrics scale as O(+/T In(d)), with
d representing the number of experts and regret measured against the set of expert probability
distributions that satisfy the constraints in expectation.

This literature has also studied dynamic regret benchmarks (Chen et al.| (2017; [2018); (Chen &
Giannakis| (2018)); |(Cao & Liul (2019); |Vaze| (2022)); ILiu et al. (2022b)); |Lekeufack & Jordan|(2024)),
where regret is measured against a slowly changing sequence of actions, one for every round in the
interaction. We introduce the stronger notion of dynamic swap regret.

Some papers in this literature (e.g. |[Neely & Yul (2017); [Chen et al.| (2017); |[Cao & Liu| (2019);
Yu & Neely| (2020); [Castiglioni et al.| (2022)) assume Slater’s condition holds — the existence of a
benchmark action that satisfies all of the constraints with constant margin (or a sequence of strongly
feasible actions, in the dynamic benchmark case), which is an assumption we sometimes make in
this work as well. Note that we also provide bounds that hold without this assumption.

Omniprediction was introduced by |Gopalan et al.| (2022) within the batch (distributional) learning
setting. In its standard formulation, omniprediction considers a binary label space ) = {0,1}, a
continuous action space of real-valued predictions .4 = [0, 1], and decision-makers who optimize
a loss function ¢ : [0,1] x {0,1} — R, such as squared or absolute error. A key initial finding
was that multicalibration (c.f. |[Hébert-Johnson et al. (2018)) is a sufficient condition for achieving
omniprediction. Subsequent work (Gopalan et al.,2023aib) studied both weaker and stronger notions
of calibration and the corresponding omniprediction guarantees they provide.

Omniprediction was later extended to the online adversarial setting by |Garg et al.| (2024), who
provided oracle-efficient algorithms, with subsequent work establishing optimal regret bounds (Oko-
roafor et al., 2025;|Dwork et al.,2025). While the bulk of this literature focuses on binary outcomes,
a notable exception is|Gopalan et al.|(2024), which investigates vector-valued outcomes for decision-
makers with convex loss functions. The problem of omniprediction with constraints has been
explored in (Globus-Harris et al.l 2023; |Hu et al.l 2023). Consistent with the broader literature,
these works operate in the batch setting with binary outcomes and continuous actions, focusing on
constraints motivated by group fairness in machine learning classification tasks.

A parallel line of work has emerged on making sequential predictions for downstream agents Klein-
berg et al.|(2023)); Noarov et al.[(2023)); Roth & Shi|(2024); Hu & Wu|(2024). This literature considers
adversarially chosen outcomes from a space ) and downstream agents who possess arbitrary discrete
action spaces and seek to optimize their own losses. Several of these papers move beyond the binary
setting Noarov et al.| (2023); [Roth & Shi| (2024), addressing scenarios—similar to our own—where
loss functions are linear in the high-dimensional state y € [0,1]¢ to be predicted. The primary
objective is to provide worst-case, diminishing regret guarantees for all such agents. Motivated by
competitive environments, a subset of this work Noarov et al.|(2023); [Roth & Shi|(2024); |Hu & Wu
(2024) provides guarantees for diminishing swap regret at near-optimal rates.

Recognizing that traditional calibration is unobtainable at O(+/T) rates in the online adversarial
setting (Q1ao & Valiant,[2021;Dagan et al.,2024), this literature has employed alternative techniques.
Methods such as “U-calibration” (Kleinberg et al.,2023)) and extensions of decision calibration|{Zhao
et al.| (2021); [Noarov et al.| (2023); [Roth & Shi (2024) circumvent these known lower bounds
while still being powerful enough to ensure downstream agents incur no (swap) regret. A unifying
perspective on these two research areas is offered by |Lu et al.|(2025). Our own model and techniques
are primarily derived from this “prediction for downstream regret” literature, adopting its features
of arbitrary action spaces, high-dimensional outcomes, and swap regret guarantees in an online
adversarial context.

Finally, our work is a direct follow up to [Bechavod et al.| (2025) who introduced the problem of
“omniprediction with long term constraints”. Like Bechavod et al.|(2025)), we give an algorithm that
can guarantee an arbitrary collection of decision makers diminishing regret bounds on an arbitrarily
specified collection of subsequences. Our main technical contribution is an exponentially improved
dependence (in both the regret and constraint violation terms) on the number of such subsequences
— the algorithm of Bechavod et al.|(2025)) depends linearly on this, whereas our bounds depend only
logarithmically on this parameter. This is crucial in order to give dynamic regret bounds, which fall
out of guaranteeing diminishing (swap) regret on all contiguious subsequences, of which there are
Q(T?). This would yield trivial bounds using the algorithm of Bechavod et al.| (2025), whereas it
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costs only an additional logarithmic term in our regret bounds relative to what we could guarantee
for a static benchmark.

B OwmitTED PROOFS

B.1 Proor oF LEmmal[ll

On any round ¢ where action a is predicted to violate the j-th constraint, we have:
Cj (G’?pt) >0
Since a is in the benchmark class Ag”\, we have:
Cj (CL, yf) S *)\

Combining these two facts gives ¢;(a, p;) — ¢;(a, y¢) > A. Summing this difference over all rounds
in S where a is predicted to violate the j-th constraint, we get:

Z [t € S,a€ AC”mf] (¢j(a,pe) — cjla, ys)) > AT (q)

The left-hand side can be bounded using the properties of our predictions. By linearity and L-
Lipschitzness of the constraint function, and by (N, S, 8)-infeasibility calibration, we have that:

XT: 1 [t €5,ac€ ch,mf] (cjla,pt) = cj(a,ye))

t=1
( Zpt [t €5,a€ AC]’me — ¢ (a,iyﬂl {t € S,a€e ﬁff’i“fD
t=1 —1
< Lc Zpt [teSaeAcf”‘f} Zyt [teSaeA“”“f}
t=1 =1 .

< LeB(T 5 (a)

Combining these inequalities gives the first part of the lemma:

AT Ci ,S,inf(a) < Lcﬁ(TCj ,S,inf(a))
For the concrete bound, we substitute the explicit form for 8 from Theorem

dJ|A[N||S|T dJA[NISIT
AWK | g, TAINIST fﬁ(Lc/M)

)\fﬁ(Lc/A) = LcO (hl

Solving for fz(L¢/A) yields the stated form:

(LcS|1/41n(dJ|A|J\f||S|T/5) L21n(dJ|A||N|S|T/5))

fﬁ(LC/A):O 2\ 2

Fix any arbitrary benchmark action a € A‘;A. Ifonround ¢ € S, no action is predicted to be feasible,
then it must be that a is predicted to be infeasible. Hence, there must exist at least one constraint that
a is predicted to violate. As a result, we have:

Ht €§: Ao = @}] <[{teS:3jelJ]eilap) >0}
< Z] cJ,Smf
B(LC//\)
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B.2 ProoF oF THEOREM[2]

Fix any j € [J]. We will bound the cumulative violation against the j-th constraint, i.e.,
> 1es ¢j(ae, yi). The final result follows by taking the maximum over all j € [J].

We use the triangle inequality to decompose the sum:

ch(at,yt) < ch(at,yt) - ch(atypt)

tes tes tes

+ ch(at,pt)

tes

We bound each of the two terms on the right-hand side separately.

For the first term, we partition the sum based on the action played and use the linearity of the
constraint functions to derive that:

ch(atvyt) - ch(atapt)

S>> eilay)tlar =a = > > ej(ap)lfar = af

tes tes acAtesS acAtesS

= Z ¢ (a, Zyt]l[at = a}) — Z ¢; (a, Zpt]l[at = a]) ‘
a€A tes a€A tes

< Z ¢ (a, Zyt]l[at = a}) —¢j (a, Zpt]l[at = a])‘
acA tes tes

< Z Le Zytl[at =al - Zpt]l[at = al
acA tes tes

<Y Lea(T*5(a))
acA

where the first inequality follows from the triangle inequality, the second inequality follows from L-
Lipschitzness of ¢;, the third inequality follows from (N, S, «)-decision calibration. By concavity

of a and the fact that 3, , T“%%(a) = Y ,ca>1o, L[t € S,CBR"(p;) = a] = S|, this
expression is at most:

Le|Ala(]S]/]Al)-

For the second term, ), _ ¢ ¢;(as, pt), we decompose the sum based on whether the predicted feasible

set AS™ is empty on round ¢. By the agent’s decision rule, on any round where AS™ £ (), the
chosen action a; satisfies c; (at,pt) < 0. On rounds where the set is empty, the violation is at most
1. The sum is therefore bounded by the number of “empty set” rounds:

ch(anpt) = Z cjlag, pr) + Z cj(at,pr)

res teS: AP 20 tes: A5t =
PR EED DI
s T es Ty

=HteS:ﬁf’fea=(DH

By Lemmall] this expression is at most:

IN

Jf3(Le/N)

Combining the two bounds gives the result stated in the theorem.

B.3 PROOF OF THEOREM

To prove the theorem, first note that for any subsequence S € S and action modification rule
¢ A— AE, we can decompose the regret against ¢ into three parts as:

Z (u(e(at), yr) — ular, ye))

tes
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= Z (u(d(ar), yi) — u(@(ar), pe)) + Z ¢(ar), pt) — ulat,pe)) + Z (at,pt) — ulag, yr))

tes tes tesS

We first bound the first and third part, i.e., the difference in utility under our predictions p; and the
outcomes y; for both the chosen actions and the swapped-in actions. We show this in the next two
lemmas using decision calibration.

Lemma 2. [f the sequence of predictions p1, ..., pr is (N, S, «)-decision calibrated, then for any
(u,e) e Nand S € S:

Z(u(at,pt) — ulat, yt))

tesS

< LulAla(|S|/]A])-

Proof. Using the linearity of u, we can write:

Z(U(anpt) —u(ag, yr) |

> Z [t €S, a; = a](u(a,pt) —u(a,yt))‘

tes acAt=1
T T
= Z (u <a,2]l[t €S a = a]pt> —u <a,Z]l[t €S,a, = a]yt>>’
acA t=1 t=1
T T
< Z u < Z [t €S, a :a]pt> —u (a,Z]l[te S, ay :a]yt>‘
acA t=1 t=1
T
< ZL Z [t €S ar=allpr —ye)
ac A t=1 00
< Ly Y o(T"*%(a)).
acA

where the first inequality follows from the triangle inequality, the second inequality follows from
Ly-Lipschitzness of u, and the third inequality follows from (N, S, «)-decision calibration. By

concavity of a and the fact that 3, , T%%%(a) = Y, e S1_, 1]t € S,a; = a] = |S|, this
expression is at most:

Lu|Alee(|S]/1A])-
O
Lemma 3. If the sequence of predictions p1, ..., pr is (N, S, «)-decision calibrated, then for any
(u,c) e Nand S € S:
> ((d(ar), pr) = uld(ar), ve)| < LulAla(|S|/|A)).
tesS
Proof. Using the linearity of u, we can write:
T
Z(u(¢(at)7pt) - u(¢(at)7yt))‘ = Z Z ]]'[t € S7 ay = a](u(qﬁ(a),pt) - u(¢(a),yt))‘
tesS acAt=1
T
—Z<u< ,Z]ltGSat—a]p>u< ,Z]ltGSat—a] >>|
acA t=1 t=1
T T
§Z u(qS(a),Z]l[teS,at:a]p)—u( ,Z]ltESat—a] )‘
acA t=1 t=1
T
< Z Ly Z 1t € S,ar = af(pt — yt)
acA t=1 50
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<y Y a(T"5(a))
acA
< Lyl Ala([S]/|Al)

where the first inequality follows from the triangle inequality, the second inequality follows from
Ly-Lipschitzness of u, the third inequality follows from (N, S, «)-decision calibration, and the
fourth inequality follows from concavity of a. O

Regarding the second part in our decomposition of the regret against ¢, we further decompose it into
two components based on whether the swapped-in action is predicted to be feasible:

> (w(@(ar), pe) — ular, pr)) = > (u(¢(ar), pt) — ular, pe))

tes teS:p(as) e AS e

+ > (ulé(ar), pr) — u(ar, pr))

tES:tb(at)EA\f’inf
The first component is non-positive. This is because on these rounds, a; is chosen to maximize
predicted utility over the predicted feasible set, which includes ¢ (a;), so u(d(ar), pr) < u(ag, pe)-

For the second component, the utility difference is at most 1, so the sum is bounded by the number of
rounds within S on which the swapped-in action ¢(a.) is predicted to be infeasible. We can bound

this count by the sum of the number of rounds where each single benchmark action a € AZJA 1s
predicted to be infeasible.

Z (u(@(ar), pr) — ular,pr)) < Z 1 [¢(at) c A\g,inf}

tES:qﬁ(at)EEf’mf tes

Z Z 1 [(b(at) =a,a€ A\g,inf}

aeAg‘A tes

> Yufae i

aEAg”\ tes

> D15 € ) eilapr) > 0]

aEAg‘A tes

J
Z ZZ [cj(a,p) > 0]

acAG t€S J=

Z Z TC ,S,inf(a)

aeAs? =1

IN

IN

By Lemmal[l] this expression is at most:
JIA|fs(Le/A)

We can now complete the proof of Theorem[3] For any subsequence S € S and action modification
rule ¢ : A — A%, we can decompose the regret against ¢ into three parts as:

Z (u(o(ar), yr) — ular, ye))

tes

= Z (w(o(ar), ) — u(é(ar), pe)) + Z u(ay, p)) + Z u(at, pr) — ulas, yt))

tes tes tes
By Lemmas[2|and 3] the first and third part are both bounded by Ly,|.A|a(|S|/|A]).
As shown in our preceding analysis, the second part is bounded by J|A|fz(Lc/A).

Combining the bounds for all three parts, we arrive at the final inequality.
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B.4 Proor orF COROLLARY

Suppose the sequence 5 have change points that partion [1,77] into intervals I, ..., I A" The
action modification rule on each interval Iy is the constant rule ¢ : A — A%’:‘.
By Theorem 3] for any interval I, the regret against v, over I, is bounded by:

max{Ij}

Z (w(n(ar), ye) — ulas, ye))
t=min{I;}
< 0 ( (Tl Al + o TATE] + ZEAEE L TEAN v sy )

Summing over all the intervals, we have:

T
Z(u(i/)k(at), ye) — ulae, ye))

t=1

A($) max{I;}

=5 Y (u@nlan), y) — ular,w)

k=0 t=min{I}}

A(9) 1/4 2
JL I JL
<Y o ((LU|A|Ik1/4+Lm/|A||fk| 1 T AL C'A) 1n<dJ|A|N||S|T/6>)
k=0

A A2

We note that A can be set independently for each interval I;.. By setting A = |I,| /%, we arrive at
the following bound:

A($)

>~ O (LAl + Lu T + I (Le + LAV n(dJ[AINS|T/6) )
k=0

By concavity of the functions f;(x) = 2*/* and fo(x) = 2'/? and the fact that ZkA:(ﬁ) |Ix| =T,
this expression is at most:

-,

0 ((LMIAT”“A(&')B/”‘ L JAITAW@) + J(Le + 13)| Ay TA( >) 1n<dJ|A|w|8|T/6>)

C ANALYSIS FOR THE ZERO-MARGIN BENCHMARK

C.1 A DecisioN RULE wiTH FEASIBILITY TOLERANCE

In this section, we obtain guarantees for the standard benchmark Ag’o with zero margin A = 0. For
this purpose, we modify the agent’s decision rule. We introduce a relaxed rule that allows for a small,
positive tolerance in predicted feasibility 7 > 0. An action is now considered feasible by the agent
if its predicted constraint violation is less than or equal to this tolerance.

Formally, we say that an action « is predicted to 7-violate the j-th constraint if ¢;(a,p;) > 7. An
action a is predicted to be n-infeasible if a is predicted to n-violate any constraint, and is predicted
to be n-feasible otherwise. This leads to a relaxed version of the constrained best response.

Definition 8 (-Constrained Best Response). Fix a utility u : A x Y — [0,1], J constraints
{¢j : Ax Y — [=1,1]}jers), a prediction p € Y, and a tolerance 1 > 0. The n-constrained best
response to p according to w and {c; } je[.y), denoted as CBR*(p), is the solution to the constrained
optimization problem:
maximize u(a,p;)
acA
subjectto  cj(a,p) < n foreveryj € [J]
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The agent can obtain CBR;“(p;) in two steps:

(1) The agent first discards actions that are n-infeasible according to the prediction.
For each constraint j € [J], the set of actions predicted to 7-violate that constraint is denoted as:

At e A ¢j(a,pr) > n}.
The agent discards actions that are predicted to n-violate any of the .J constraints, i.e.,
“c,n—inf ~cjm—inf .
AP = Ujen A7 = {a € A 3j € [J],¢i(ape) > n}
The retained actions that are predicted to be n-feasible are denoted as

A7I = {a € A:Vj € [J)¢j(a,pe) <}

-~

(2) The agent then chooses an action from the retained action set Ay
function according to the prediction, i.e.,

M=fea that maximizes the utility

a; = argmax u(a,p;).
ag At

If none of the actions are predicted to be feasible, i.e., Atc’nffea = (), the agent can choose any
arbitrary action from A. Our predictions ensure this special case rarely occurs, and hence its
influence on the cumulative constraint violation and regret is negligible.

C.2 ConbiTioNALLY UNBIASED PREDICTIONS

As in our main analysis, the guarantees for the relaxed decision rule rely on the predictions being
conditionally unbiased. The definitions for decision calibration and infeasibility calibration are
analogous to those in the main text, modified to account for the feasibility tolerance 7.

Definition 9 (N, S, 7, a)-Decision Calibration). Let S be a collection of subsequences. Let N
be a set of agents, where each agent is equipped with a utility function u : A x Y — [0,1] and J
constraint functions {c; : AxY — [=1,1]} ;1. Letn > 0 be the feasibility tolerance. We say that
a sequence of predictions py, . .., pr is (N, 8,1, a)-decision calibrated with respect to a sequence
of outcomes y1, . .., yr if forevery S € S, a € A, and (u,c) € N

T
> 1[te S, CBRY (py) = a] (pr — ur)

t=1

< a(T"*57(a)

where T“’C’S’n(a) = Zle 1 [t €5, CBRz’C(pt) - a].

Definition 10 (N, S, 7, 8)-Infeasibility Calibration). Let S be a collection of subsequences. Let N
be a set of agents, where each agent is equipped with a utility function u : A x Y — [0,1] and J
constraint functions {c; : A x Y — [=1,1]};¢rs). Let n > 0 be the feasibility tolerance. We say
that a sequence of predictions p1,...,pr is (N, 8,n, B)-infeasibility calibrated with respect to a
sequence of outcomes y1, . ..,y if forevery S € S, a € A, (u,c) € N, and j € [J]:

< 6(T6j ,S,n—inf(a))

oo

T
Z 1 [t c 57 a < ./Zl\gjm_mf} (pt — yt)
t=1

where T¢-Sn=nf(q) = Zthl 1 [t €S,ac ﬁfj’nimf].

We will again instantiate UNBIASED-PREDICTION to make predictions that simultaneously achieve
decision calibration and infeasibility calibration; we will refer to this instantiation as DEcISION-
INFEASIBILITY-CALIBRATION-RELAXED.  Our guarantees will inherit from the guarantees of
UNBIASED-PREDICTION.

Theorem 4. Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0,1] and J constraint functions {c; : A x Y —
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[=1,1]}e1- Let m > 0 be the feasibility tolerance. There is an instantiation of UNBIASED-
Prepicrion (Noarov et al., [2023) —which we call DecisioN-INFEASIBILITY-CALIBRATION-RELAXED—
producing predictions p1, ...,pr € Y satisfying that for any sequence of outcomes yi,...,yr € Y,
with probability at least 1 — 6, for any (u,c¢) €N, j € [J],a € A and S € S:

T
> 1t e S,CBRYC(pi) = al (p — 1)

t=1

<0 (m(g) S+ \/ln(C) -Twcﬁm(@)

o

<0 (1) 1811+ n() - 750

T

1 [t € S,ac¢c ﬁfj’n_inf] (Pt — yt)
1

t oo

C.3 THEORETICAL GUARANTEES

Similarly to Lemmal[I] we use the infeasibility calibration guarantee to show that for any benchmark
action a € A%", the number of rounds where it is incorrectly predicted to n-violate a specific
constraint ¢; is small. As a result, the number of rounds on which no action is predicted to be
n-feasible is small.

Lemma 4. [f the sequence of predictions p1, . .. ,pr is (N, S, n, B)-infeasibility calibrated, then for

C’

any agent (u,c) € N, subsequence S € S, benchmark action a € SO, and constraint j € [J], the

number of rounds T 51~ (q) within S on which a is predicted to n-violate the j-th constraint is
bounded by:

7517 (a) < fa(Le /)

Consequently, the number of rounds within S on which no actions are predicted to be feasible is
bounded by:

Ht €8 AenTea — (Z)H < Jfs(Le/n)

In particular, plugging in the guarantee from Theorem H| yields the following concrete form of
fa(L¢/n), which holds with probability at least 1 — §:

fattepn =0 (B L))

Proof. The proof is similar to that of LemmalT]

On any round ¢ where action a is n-predicted to violate the j-th constraint, we have:
Cj (a’pt) >

Since a is in the benchmark class Ag’o, we have:
Cj (CL, yt) S 0

Combining these two facts gives ¢;(a, p;) — ¢j(a, y¢) > 1. Summing this difference over all rounds
in S where a is predicted to n-violate the j-th constraint, we get:

T
Z 1 [t €S,a¢€ ,Zl\fj’n_mf (cjla,pr) —cjla,ye)) > nTijsm—inf(a)

t=1

The left-hand side can be bounded using the properties of our predictions. By linearity and L-
Lipschitzness of the constraint function, and by (N, S, 7, 3)-infeasibility calibration, we have that:

T
Z 1 [t €5,a€ .Afj’nﬂnf (cjla,pt) = cjla,ye))

t=1
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£l T
- (a’ >opllieSac ﬁf"’"_me — ¢ (a, > ulltesae ﬁ?”"—me
t=1

t=1

T
c1e[Esresme i) St fresaedor]
t=1 t=1

< Lef(T 570 (a))

oo

Combining these inequalities gives the first part of the lemma:

nTc]-,S,n—inf(a) < LCB(ch,S,n—inf(a))

For the concrete bound, we substitute the explicit form for 5 from Theorem

dJ S|T dJ S|T
nmwdm:uﬁ<m““f”"SW%+¢m““f"-mwdm)

Solve for fg(L¢/n) yields the stated form:

Le|S|M* In(dJ|A|IN||S|T/6) n Lg hfl(dJIAIIJ\fISIT/<5)>
n n?

mwdm=0(

Fix any arbitrary benchmark action a € A‘;O. Ifonround ¢ € S, no action is predicted to be feasible,
then it must be that a is predicted to be infeasible. Hence, there must exist at least one constraint that
a is predicted to violate. As a result, we have:

Ht €5 Aomtea _ @}\ <|{teS:3j eI cij(ap) > n}l

J
< Z ch.,S,n—inf(a)
j=1

< Jfs(Le/n)

C.3.1 BouNDING THE CUMULATIVE CONSTRAINT VIOLATION

The bound on the cumulative constraint violation follows the same argument as in Theorem [2| The
key difference is that the agent’s relaxed decision rule, which tolerates violations up to 7 at each
round, introduces an additional error term 7|S|.

Theorem 5. Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0, 1] and J constraint functions {c; : A x Y —
[—1,1]} 1. Let n > 0 be the feasibility tolerance. Suppose each agent plays n-constrained best
responses to p; to compete with actions from the benchmark class Ag’o over each subsequence S €
S. If the sequence of predictions p, ... ,pr is (N,S,n, a)-decision calibrated and (N, S,n, B)-
infeasibility calibrated, then the cumulative constraint violation of any agent over any subsequence
S € S is bounded by:

CCV(S) < Le|Ale(|S|/IA]) + J f5(Le/n) +nlS|

In particular, plugging in the guarantee from Theorem [4| yields the following bound, which holds
with probability at least 1 — 0:

LolS|1/4 12
cev(s) < 0 ((Lel Al + Ley/ TS + TP 4 222

m@+nﬂ)

By setting p = |T'|7'/3

violation.

, we arrive at the following concrete bound for the cumulative constraint
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Corollary 5. Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0,1] and J constraint functions {c; : A x Y —
-1, 1}}3’6[J]' Let 7 > 0 be the feasibility tolerance. Suppose each agent plays n-constrained best
responses to p; to compete with actions from the benchmark class .Ag’o over each subsequence
S € S. The sequence of predictions p1, . .., pr produced by DEcisioN-INFEASIBILITY-CALIBRATION
guarantees that with probability at least 1 — §, the cumulative constraint violation of any agent over
any subsequence S € S is bounded by:

CCV(S) <0 ((LC|A||S|1/4 + Le/JA[[S] + J(Le + Lg)T2/3) 1n(<))

C.3.2 BOUNDING THE REGRET

The bound on the constrained swap regret follows the same argument as in Theorem 3]

Theorem 6. Let S be a collection of subsequences. Let A : N — (0, 00) be a margin function. Let
N be a set of agents, where each agent is equipped with a utility functionu : A x Y — [0,1] and J
constraint functions {c; : A x Y — [=1,1]};e1s). Let n > 0 be the feasibility tolerance. Suppose
each agent plays n-constrained best responses to p; to compete with actions from the benchmark
class Ag’o over each subsequence S € S. If the sequence of predictions p1,...,pr is (N, 8,1, a)-
decision calibrated and (N, S, n, 3)-infeasibility calibrated, then the constrained swap regret of any
agent over any subsequence S € S is bounded by:

Reggyap (4, €,0, ) < 2Ly | Ale(|S]/|Al) + J| Al f5(Le /1)

In particular, plugging in the guarantee from Theorem | yields the following bound, which holds
with probability at least 1 — 0:

JL S|4 JL2
Regswapw,qo,S)<0((LU|A|S|1/4+LW|A|S|+ C'“‘;” n ;J““)ln«))

By setting A\ = 7~1/3, we arrive at the following concrete bound for the constrained swap regret.

Corollary 6. Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0,1] and J constraint functions {c; : A x Y —
[—1,1]} 0. Let n > 0 be the feasibility tolerance. Suppose each agent plays n-constrained best
responses to p; to choose action a;. The sequence of predictions p1, . .., pr produced by DEcCISION-
INFEASIBILITY-CALIBRATION-RELAXED guarantees that with probability at least 1 — 0, the constrained
swap regret against the benchmark class .Ag’o of any agent over any subsequence S € S is bounded
by:

Regauap (1:€,0,8) < O ((LulAlISI* + Lu/JA[IST + J(Le + LR)AITY*) In(¢))

We then achieve low constrained swap adaptive regret by instantiating our framework with the
collection of all contiguous intervals, § = {[t1,t2] : 1 <t; <ty < T}

Corollary 7. Let N be a set of agents, where each agent is equipped with a utility function u :
A x Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]}jc15. Let n > 0 be the
feasibility tolerance. Suppose each agent plays n-constrained best responses to py to choose action ay.
The sequence of predictions p1, ..., pr produced by DEcisiON-INFEASIBILITY-CALIBRATION-RELAXED
guarantees that with probability at least 1 — 0, the constrained swap adaptive regret of any agent is
bounded by:

Regyap—adapt (4 €, 0) < O (((Lu + JLe + JL%)|A\T2/3) ln(C))

A dynamic benchmark with A changes partitions the entire time horizon into A + 1 intervals. By
summing our per-subsequence regret bound over this specific partition, we obtain the following
dynamic regret guarantee.

Corollary 8. Let N be a set of agents, where each agent is equipped with a utility function u :
A x Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]}jers. Let n > 0 be the
feasibility tolerance. Suppose each agent plays n-constrained best responses to p; to choose action a.
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The sequence of predictions p1, . ..,pr produced by DEecisioN-INFEASIBILITY-CALIBRATION-RELAXED
guarantees that with probability at least 1 — 0, the constrained swap dynamic regret of any agent
against any piecewise feasible sequence of action modification rule ¢ € (A*)T is bounded by:

-,

Reguwap—ayn (1 @) < O (((Le + TLe + JLRAITYAA(G) ) n(0) )

A benchmark sequence ¢ is piecewise feasible if on each interval of constancy Iy, the corresponding
rule 1y, maps to the set of actions that are feasible over that entire interval, i.e., 1y : A — .A?I’CO.

D UNBIASED PREDICTION ALGORITHM

In this section we present the UNB1ASED-PREDICTION algorithm of [Noarov et al.| (2023). We first
introduce several notations and concepts from|Noarov et al.|(2023). Let IT = {(z,p,y) € X xY x Y}
denote the set of possible realized triples at each round. An interaction over 7" rounds produces a
transcript 77 € II7. We write 75" as the prefix of the first ¢ — 1 triples in 77, for any t < T. An
event E € £ is a mapping from contexts and predictions to [0,1] ,i.e. E: X x Y — [0,1].

The UnB1asSED-PREDICTION algorithm makes predictions that are unbiased conditional on a collection
of events £. The algorithm’s conditional bias guarantee depends logarithmically on the number of
events:

Theorem 7. (Noarov et al.,|2023|) For a collection of events £ and convex prediction/outcome space
Y C [0,1]%, Algorithm|I|outputs, on any T-round transcript w7, a sequence of distributions over
predictions 1, ..., € AY such that forany E € E:

T T
<O | (D) + \ [ In(@lElT) - Y- E (B, p)

0o t=1

E [E(xe, pe)(pe — ye))

— pe~Pi

The algorithm can be implemented with per-round running time scaling polynomially in d and |E|.

Theorem([7]is stated as expected error bounds over randomized predictions ¢y € AY. In the following
Corollary [9] we state the guarantee based on realized predictions p; that are sampled from 1);, and
generalize it to our multi-subsequence framework. Our guarantees in Theorem|I|directly follow from
Corollary 9]

Corollary 9. Let S be a collection of subsequences. For a collection of events £ and convex
prediction/outcome space ) C [0,1]%, Algorithm |l| instantiated with the event collection {1[t €
S] - E}ses, ges outputs, on any T-round transcript wp, a sequence of predictions p1,...,pr € Y
satisfying that, with probability at least 1 — §:

Z E(z¢,pt)(pe — yt)

tesS tesS

< O | n(d|Els|T/6) - |S/* + \/ln(dfllslT/5) Y E(x,py)

&

, and

The algorithm can be implemented with per-round running time scaling polynomially in d,

|S].

Proof. Fix any m € [d], E € £, and S € S. Consider the sequence {E (¢, pt)(Ptm — Yt.m) —
Ep, . [E(2t, pt) (Dt.m — ytym)]}thl, where p; ,, and y; ., are the m-th coordinate of p; and v,
respectively. It is a sequence of martingale differences, since for any ¢ € [T):

]E |:E(xtapt)(pt,m - yt,m) - E’lﬁ [E(xtvpt)(pt,m - yt,m)] ‘ U(ﬂ-;taxt):| - O

pt~Yt

The subsequence of these terms corresponding to rounds ¢ € S, i.e., {E(x¢, pr)(Pe,m — Ye.m) —

Ep, ~u, [E(xt, pt)(Pt.m — Yt,m)] }re s, is also a martingale difference sequence, because the selection

rule is predictable with respect to the filtration o (75", x;).

By Freedman’s inequality (Lemma , we have that with probability at least 1 — m:

ZE(Itapt)(pt,m - yt,m) - Z E [E(mtapt)(pt,m - yt,m)}

tes tes P
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tes P~

<0 (J In(d|£][S|In(|S])/5) - > E

+ In(d[€]]S] 1n(IS)/5)>

<0 \/ln(d|5||8/5) : ZIE [(E(xt,pt)(pt,m —yim))’ | o(mst ,xt)} + In(d|€]|S|/9)

tes

<0 \/ln(dIEIISIH(ISI)/5) Y E[BE(z,pi) | o(r5",20)] + In(d|€]|S] In(|S]) /)

tes

where the second inequality follows from the fact that the conditional variance is less than or equal to
the conditional second moment, and the third inequality follows from the fact that E(x¢, p;) € [0, 1]
and |pt,m - yt,m‘ S [07 1]

Using the union bound over all m € [d], E € £, and S € S, we have that with probability at least
1—9,forany F € £andany S € S:

ZE(fEtapt)(Pt — ) — Z E [E(z,pe)(pe — yo)]

tes tes P

o0

<0 \/ln(d5|5|1n(|5)/5) Y E[E(ze,pt) | o(n7',20)] + In(d|E]|S] (| S])/6)

tesS

By applying Theorem[7|with the event collection {1[t € S]- E} scs, pes and combining its guarantee
with the deviation bound above, we derive that with probability at least 1 — J, for any E € £ and any
Seds:

Z E(ze, p) (e — y1)

tes oo
T
Z 1[t € S|E(z¢, pe)(pe — y1)]
1Pt~1bt -
+|D_ B(wnp) (e —y Z E E(z¢,pe)(pe — 3]
tes tes”

oo

<0 | m(e|s|T) + \/1n<d|8|S|T> > B (BGum)
tES t™~YPt

+0 \/ln(d|5|5|1n(5|)/5) Y E[E(zi,p1) | o(r5",24)] + In(d|€]|S] In(|S])/3)

tesS

< O(\/ln(d|€||S|T/6) : Zp @wt[E(xt,pt)]

tes”"

+ \/ln(d|8|S|T/6) . ZE [E(xt,pt) \ U(?T;t,xt)] + ln(d|5||ST/6)>.

tes

The next step is to bound the deviation of 3, ¢ FE(xsp;) from its expecta-
tion > ,cgEp,~y, [E(2s,p:)] and from its  conditional-expectation-based  version

YiesE[E(@,pi) | o(ngt,ay)] for any S € S and E € €. We will again apply a martin-
gale concentration inequality.

25
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Fix any F € £ and S € S. Consider the sequence {E(xs, pt) — Ep, oy, [E(2t,p1)] {1 and the
sequence {E(z¢,p;) — E [E(xi,p1) | o(m5", 24)] }{2,. Both of them are sequences of martingale
differences, since for any ¢ € [T7:

E|E(z,p) ~ E [Blap)]|olnz’,e)| =0

t

E [E(ze,p) —E [E(ze,p) | o(ngt, x)] [ o(n5t 2)] =0

The subsequence of these terms corresponding to rounds t € S, ie., {E(xsp:) —
Ep, . [E(z1, )| }ees and {E(z¢,p) — E [E(z4,pt) | o(75, 3¢)] bies, are also both martingale
difference sequences, because the selection rule is predictable with respect to the filtration o (75", 7).

By Azuma-Hoeftding inequality (Lemma , we have that with probability at least 1 — m:

> E(wup) =) E 1B p)] < 2¢/2In(4d|€[[S]/3) - |9]

bt

tesS tesS
> E(wi,p) — Y E[E(z,p) | ol 2)]| < 2¢/2In(4d|€][S[/5) -]S].
tes tes

Using the union bound over all £ € £ and S € S, we have that with probability at least 1 — §, for
any £ € Eandany S € S:

> E(wi,p) =Y, E [E(x,p)]

< 0 (Vin(dE[isI/2)-15])

tes tes Pt Y
> Blenp) = Y E[E(wp) | o(rita)]| < 0 (Vin(dE]ISI/8)-151)
tesS tesS

Finally, substituting the above concentration bound for }, ¢ F(w¢,p;) into our high-probability
guarantee yields the final result, with probability at least 1 — 9.

> E(xep)(pe — i)

tes

o0

<o \/1n<d|e||S|T/6> >~ (Bl + 0 (VIn(IENISI/3) - 18T) ) + In(d€]1SIT/9)

tesS

<0 [ m(digljs|/s) - |51/ + \/1n<d|6||S|T/6> > B

tesS

E HANDLING THE EXPECTED-CONSTRAINT BENCHMARK

In our main text, we focused on the realized-constraint benchmark AZ’A, where actions must satisfy
¢j(a,y:) < —Xin every round ¢ € S. Prior work Bechavod et al| (2025) also considered the

expected-constraint benchmark AE[CL/\, where actions need only satisfy E,, v, [cj(a,y:)] < —A.
In [Bechavod et al.| (2025), handling this benchmark was more involved and required a different
algorithm than the one used for the realized-constraint benchmark.

)

Here, we show that our approach is general enough to handle Ag[c] * with the same algorithm and
achieve the same asymptotic bounds. The core of our guarantees (e.g., Theorem [2| and Theorem
relies on Lemma [T which bounds the number of times a benchmark action is incorrectly predicted
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as infeasible. We now show how the proof of Lemma [I|can be adapted for the expected-constraint
benchmark.

Leta € Ag[c}’)‘ be a benchmark action from the expected-constraint class. The proof proceeds

analogously to that of Lemma [l On any round ¢ where action a is predicted to violate the j-th
constraint, we have c¢;(a,p;) > 0.

The next step of the original proof, however, no longer holds. We cannot claim c;(a,y;) <
— . Instead, for the expected-constraint benchmark, we only know that E,, .y, [c;(a,y:)] < —A.
Combining these two facts gives a different gap: ¢;(a,p;) — Ey,~v,[c;(a,y:)] > A. Summing this
difference over all rounds in S where « is predicted to violate the j-th constraint, we get:

T

1 [t €8,ac Afj’inf} (¢jla,p) — ]EY [cj(a,yt)]) > /\ch’s’inf(a).
=1 Yt~ I

To connect this to our calibration guarantee, we add and subtract ¢;(a, y;) inside the summation:

T
ATt () < Z 1 [t € S,a¢€ .Af“mf] (cj(a,pr) — cj(a, yi))

t=1

+Y tfte Sae &™) (elam) — E feiam).

=1 Y~

The first term on the right-hand side is bounded exactly as in the original proof of Lemma|l} By
linearity, Lc-Lipschitzness, and (N, S, 3)-infeasibility calibration, we have:

T
Soaftes,ae L™ (ela,m) - cjla,m) < LeBTSS (a).

t=1
The second term, Y, 1 [t € S,ae ﬁf”inf} (cj(a,y:)—Ey,~v,[cj(a, yt)]),is new. By the Azuma-

Hoeffding inequality (Lemma [5)) and a union bound over all .J|.4||S| possible events (accounted for
in our In(¢) term), we have with probability at least 1 — §:

yi~Ye

T
Sorlresae A" (oo m) — B e )

<o(yresm@mn).

Combining these bounds, we get:

)\ch’s’i“f(a) < LCB(Tijs’inf(a)) + 0 < chvs’inf(a) h’l(C)) .

Substituting the concrete form of 3(-) from Theorem I}

AT (@) < L0 (1n(@)- IS+ Q) To58(0) ) + 0 (/TS mc) ).

The new term is asymptotically absorbed by the O(+/In(() - T%-5f(q)) term already present in
the calibration guarantee. Thus, the inequality remains asymptotically unchanged:

XTESint () < O <ln<<>5|1/4 + 1n<<>TCj’S’“‘f<“)> '

Solving for T %"f(q) yields the same asymptotic bound as in Lemma Consequently, all
subsequent guarantees in Theorem [2]and Theorem [3]that depend on this term hold for the expected-
constraint benchmark with the same order of bounds.
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F AcHIEVING BEST-IN-CLASS PREDICTIVE PERFORMANCE

In Section[2] we noted that our framework can incorporate benchmark predictive models. This “best-
in-class” guarantee is a powerful feature of the underlying UNBIASED-PREDICTION algorithm from
Noarov et al.|(2023)), and it can be seamlessly added to our approach. The core idea is to augment
the collection of conditioning events used by our algorithm. In addition to the events required for
decision calibration (Deﬁnition@ and infeasibility calibration (Definition , we can add a new set
of events designed to compare our predictor p; against a benchmark class of predictors, Q.

Let Q be a collection of predictors. Each ¢ € Q is a model that maps the feature x; to a prediction
q(z¢) € Y of the outcome y;. Following |Noarov et al.| (2023), we can force our predictor to be “as
good as” ¢ by defining events based on the joint values of p; and g(x;). This is typically done by
discretizing the prediction space into a set of d-level sets (or bins). For each coordinate i € [d],
predictor ¢ € Q, and pair of bins (€, ), we define a new event:

EL(py) = 1pri € Qa, qae)i € ).
We then instantiate the UNB1ASED-PREDICTION algorithm (which we call DECISION-INFEASIBILITY-
CALIBRATION in our main text) with the union of our original calibration events and this new collection
of model-comparison events.

Running our algorithm on this final, larger set of events yields two guarantees simultaneously. First,
since our original calibration events are still included in the collection, all our guarantees for dynamic
regret and constraint violation continue to hold. The only change is that the In(¢) term in our bounds
will be slightly larger, as ¢ now depends on the size of this larger event collection, but this is only a
logarithmic increase. Second, as proven in Noarov et al.|(2023)), forcing unbiasedness on these new
events guarantees that our predictor p; achieves a cumulative loss measuring predictive accuracy that
is as low as the loss of the best predictor ¢ € Q, up to a sublinear o(T") term.

In summary, this “stacking” of event sets allows our single set of predictions p; to simultaneously
provide guarantees on downstream decisions (low regret and constraint violation) and on its own
predictive accuracy (no worse than the best benchmark model). For a formal proof of the best-in-class
guarantee, we refer the reader to|Noarov et al.|(2023).

G Azuma-HOEFFDING’S INEQUALITY

Lemma 5. Let 7y, ..., Z be a martingale difference sequence. |Z;| < M for all t. Then with
probability at least 1 — §:
T
D%
t=1

<M 2Tln§

H FrReepMAN’S INEQUALITY

The following lemma gives a standard form of Freedman’s inequality, which can be found in works
such as Tropp| (2011).

Lemma 6. Let (F;)!", be a filtration. Let Z1,...,Z, be a martingale difference sequence with
respect to (F;)!'. Z; < M foralli. Let V,, = Y| E[Z2|F;_1]. Then, for all T > 0 and v > 0,

P EnZ> V,<uv| <e /2
i = Ty Vn > > €X T s o
P\To M3

i=1

We derive the following convenient form that we use in our proofs.

Lemma 7. Ler (F;), be a filtration. Let Zy,...,Z, be a martingale difference sequence with
respect to (F;)"o. Z; < M forall i. LetV,, = > I | E[Z%|F;_1]. For any § € (0,1), with
probability at least 1 — §:

zn:Zi < 2\/Vn (In(1/6) + Cp.pr) + (;M + 3) (In(1/6) + Cpor)

where Cy, pr = 2In(In(nM?) + 1) + 21n(2).
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Proof. LetT = /2vIn(1/6) + 2M In(1/6), it satisfies that vfjﬁ/g > In(1/9), because:

72/2 — (v + M7/3)In(1/8) = vIn(1/8) + M2 In%(1/6) + /2vIn(1/9) - Mln (1/6)
—vlin(1/6) — 7M (\/W+ Mln(1/§)> In(1/6)
=+/2v1n(1/4) - Mln (1/6) ffM V201n(1/6) - In(1/6)

= §M~ \/m'ln(l/é)

>0

Applying Lemma@with this choice of 7, we derive that for any § € (0,1) and v > 0:
- 2
P (Z Z;i > \/2vIn(1/8) + SMIn(1/0), V, < v) <46
i=1

Let K = [logy(nM?)]. Let 6 = =52, and v, = 2" for k = 1,..., K. Instantiate the above
inequality with d;, and vy, we have for any k € [K]:

P(Ey) <

where E;, denotes the event:
- 2
E, = {Z Zi > \/2u, In(1/6;,) + S MIn(1/3), Vi, < vk}
i=1
Applying the union bound, we have:

P (U EBy) <

Therefore, with probability at least 1 — §, none of the events Fj occurs. We will prove that our
desired guarantee holds true conditional on this high-probability event N¥_, E¥.

For convenience, let vy = 0. Then {(vi_1,vx]}, forms a partition of (0,2%]. Since 0 < V,, <
nM? < 2K there must exist k € [1, K], such that v,_; < V,, < .

Since E}, does not happen, it must be that 3> | Z; < \/2v; In(1/6;,) + 2M In(1/6y,).
If k € [2, K], then vy = 2v,—1 < 2V,,. Hence, 71 Z; < \/4V, In(1/6x) + 2M In(1/6y).
If k = 1, then v, = 2% = 2. Hence, Y. | Z; < 2¢/In(1/6;) + 2M In(1/6;).

Therefore, conditional on the event ﬁleEg, which happens with probability at least 1 — 4, it always
holds true that:

> Zi < 2/ Vo In(1/61) + 2¢/In(1/6x) + %Mln(l/ék)

=1
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By definition of &, we have In(1/d;) = In -5 > In T > 0.49. Hence, \/In(1/6;) > 0.7. Then
we have:

Zn:Zi < 24/V,In(1/6) +3-0.7- v/In(1/6%) + %Mln(l/ék)
< 2/V In(1/0n) + <§M+3> In(1/35)

‘We note that
w2k
69

wk
=2In % +1n(1/9)

< QIn% +1n(1/6)

m(logy(nM?) + 1)
V6

< 2In(2In(nM?) +2) + In(1/6)

= Cp,p +1n(1/9)

In(1/6x) = In

<2In +1In(1/9)

Therefore, with probability at least 1 — 4:

zn: Z; < 2\/Vn (In(1/9) + Cpnar) + @M + 3) (In(1/8) + Cr.ar)

i=1

I Usk orF LARGE LANGUAGE MODELS

We used Gemini 2.5 Pro as a writing assistant. Its use was focused on improving language and
readability, including tasks such as correcting grammar, refining sentence structure, and ensuring
stylistic consistency.
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