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Abstract. In online retailing, the seller aims to offer assortment of items with maximized
revenue. We introduce a new online learning problem called dynamic assortment selection
with positioning (DAP) that additionally learns the optimal positioning within the assort-
ment. Specifically, the customers make purchases based on the item attractiveness as the
product of the position effect and unknown preference parameter through a multinomial
logit choice model. We first demonstrate that any assortment-only algorithm that neglects
Area of Review: Machine Learning and Data position effects results in linear regrets. To address this gap, we propose the truncated lin-
Science ear regression upper confidence bound (TLR-UCB) policy. TLR-UCB utilizes a novel geo-
metric linear bandit-type feedback structure for UCB construction under random and
adaptive position effects. In addition, TLR-UCB conducts well-designed truncations before
applying linear regression to handle conditional geometric responses. In theory, we estab-
lish a regret upper bound of O(T"/?) for TLR-UCB, matching our derived Q(T'/?) lower
bound. Moreover, we develop an explore-in-TLR-UCB (EI-TLR) policy to tackle unknown
position effects. It first conducts a joint learning procedure to estimate unknown prefer-
ences and position effects, and then implements a generalized TLR-UCB procedure driven
by estimated position effects. Extensive experiments demonstrate the superior perfor-
mance of TLR-UCB and EI-TLR over other benchmark policies.
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1. Introduction selection problem, which falls into the category of an

In both brick-and-mortar and online retailing, sellers
strive to provide customers with an optimal assortment
of products. Various approaches exist for modeling
customer preferences and understanding how these
preferences, in conjunction with the offered assort-
ment, impact customers’ choices (Rusmevichientong
et al. 2010, Aouad et al. 2021). One popular approach is
to use probabilistic models, where customers’ purchas-
ing probabilities are expressed as functions of the
assortment of products and their preference para-
meters. The multinomial logit (MNL) model, an exam-
ple that relies on the preference parameters, is derived
from the random utility theory and has been widely
adopted and studied (Agrawal et al. 2019, Wang et al.
2022, Ke et al. 2023, Shen et al. 2023). However, in
many scenarios, these customer preferences are not
known in advance, leading to the dynamic assortment

224

online learning problem (Zhalechian et al. 2022). In
this problem, the seller aims to maximize revenue within
a finite selling horizon through sequential assortment
decisions and learning customer preferences. To achieve
this, an effective dynamic assortment selection policy
must strike a balance between exploring customer pre-
ferences and exploiting acquired knowledge.

Many studies have focused on designing policies for
the dynamic assortment optimization problem (Caro
and Gallien 2007, Rusmevichientong et al. 2010, Sauré
and Zeevi 2013, Agrawal et al. 2017, 2019, Aznag et al.
2021, Chen et al. 2021a, Foussoul et al. 2023, Li et al.
2025). However, little attention has been given to the
product presentation within the assortment, which is
an important aspect in practice. The arrangement of
products within the assortment can significantly impact
customers’ purchasing behaviors, making it a valuable
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second-level decision-making process. Considering these
second-level effects can lead to better decisions and
improved revenues.

One significant second-level effect is the position
effect, commonly observed in real-world applications
(Craswell et al. 2008, Chen et al. 2023). For example,
users often pay more attention to the initial products
displayed on the Amazon website, and online adver-
tisements placed in different positions yield varying
boosting effects. The position bias has recently received
attention in the recommendation and ranking litera-
ture. Cascading bandits (Kveton et al. 2015, Li et al.
2016, Cheung et al. 2019), for instance, address the
online decision-making problem of recommending a
list of K items that maximize user clicks. They employ a
position-aware cascade model, where users examine
the list from the first item to the last and choose the first
appealing item. In the static offline assortment selection
problem, Abeliuk et al. (2016) determines the optimal
assortment and positioning assuming known prefer-
ence parameters and position effects. However, in real-
world applications, customer preferences are typically
unknown in advance, requiring the seller to learn these
parameters through sequential customer interactions.
To the best of our knowledge, none of the existing liter-
ature on dynamic assortment selection has explored
the position effect.

Motivated from this, we introduce a new online
learning problem called dynamic assortment selection
with positioning (DAP). In DAP, the seller must deter-
mine both the product assortment and their positioning
at each time period. To model the customers” purchas-
ing probabilities based on assortment and positioning
decisions, we employ a debiased multinomial logit
(debiased MNL) model to effectively incorporate posi-
tion effects. This model assigns customers’ purchasing
probabilities of products proportional to their attrac-
tion, calculated as the product’s preference parameter
multiplied by the position’s boosting effect. Conse-
quently, different positionings of the same assortment
may result in varying purchasing probabilities. There-
fore, optimal decisions require careful consideration of
both the assortment and the positioning to maximize
revenues.

In our proposed DAP problem, the presence of posi-
tion effects renders any assortment-only algorithm that
neglects these effects to incur linear regret (Lemma 1).
Hence, it is crucial to develop efficient policies that
can effectively handle these additional position effects
and yield improved regret bounds. Unlike the classic
dynamic assortment selection problem (Agrawal et al.
2019), a significant challenge arises from the random
and adaptive position effects induced by an adaptive
policy. The upper confidence bound (UCB) construc-
tion approach employed in Agrawal et al. (2019) is not
applicable when faced with such random and adaptive

position effects. One potential solution to address this
challenge while still utilizing the UCB algorithm pro-
posed in Agrawal et al. (2019) is to treat the product
and position pairs as new products. However, this
approach necessitates the development of new static
assortment algorithms that are challenging to solve
exactly. Moreover, this approach fails to leverage the
multiplication modeling of the overall attraction. See
Remark 2 for details. Thus, there is a great need to
explore novel techniques in constructing UCBs for
unknown preference parameters in the presence of
both random and adaptive position effects.

To address the DAP problem with known position
effects, we propose a new truncated linear regression
upper confidence bound (TLR-UCB) policy. TLR-UCB
operates in epochs of random lengths, where an
assortment and positioning is repeatedly offered until
a no-purchase outcome occurs and ends the epoch.
Within each epoch, we select the optimal assortment
and positioning based on the upper confidence bounds
constructed for the items’ preference parameters, using
historical purchase data. As the original techniques in
Agrawal et al. (2019) no longer works, one key aspect
and novelty of TLR-UCB is the construction of these
upper confidence bounds. To handle random and
adaptive position effects, TLR-UCB adopts an idea
from linear contextual bandits (Abbasi-Yadkori et al.
2011). Specifically, for each item, the numbers of pur-
chases and corresponding position effects across the
epochs are treated as the response variables and pre-
dictor variables. Then a further challenge arises as the
number of purchases in DAP follows a conditional
geometric distribution rather than a sub-Gaussian one,
commonly considered in bandit algorithms (Lattimore
and Szepesvari 2020). Consequently, deriving concen-
tration inequalities for the linear regression estimate
and constructing the upper confidence bounds require
additional techniques. To overcome this issue, we trun-
cate the response variable before applying linear regres-
sion. This allows us to derive concentration inequalities
for the truncated linear regression estimate around the
preference parameter. The truncation parameter sequence
is carefully designed to balance the variance and bias
terms for geometric tails, enabling effective estimation
and variance control.

In theory, we establish an O(T'/?) regret upper
bound for our proposed TLR-UCB policy (Theorem 1).
We show that the position effects, numbers of pur-
chases, and associated filtration form a novel geometric
linear bandit-type feedback structure. By leveraging
this structure, we derive a general concentration result
for the truncated linear regression estimate (Proposi-
tion 1). This helps us establish the validity of our
constructed UCBs for the preference parameters
(Proposition 2). Notably, we extend the preference
vector in traditional dynamic assortment selection to
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a preference matrix that captures the attraction of each
product placed at different positions. Our analysis
reveals an interesting structural dominance property
(Lemma 3), indicating that the optimal assortment and
positioning with respect to an entrywise greater prefer-
ence matrix yields a higher revenue. This property
effectively controls revenue loss, leading to the remark-
able O(T'/?) regret achieved by our TLR-UCB policy, a
significant improvement over the linear regrets of exist-
ing assortment-only algorithms (Lemma 1). To summa-
rize, three major technical novelties jointly contribute to
deriving the regret upper bound.

1. UCB construction under geometric linear bandit-
type feedback structure. The adaptive positioning deci-
sions and position effects lead to nonidentically distrib-
uted and nonindependent geometric random variables,
and hence a significantly different probabilistic environ-
ment compared with Agrawal et al. (2019). Thus, we
propose geometric linear bandit-type feedback structure
under which concentrations are derived for truncated
linear regression estimates for UCB construction.

2. Logarithmic truncations for geometric tails. Dif-
ferent from no truncation in Abbasi-Yadkori et al. (2011)
for sub-Gaussian tails and polynomial truncations in
Bubeck et al. (2013), Medina and Yang (2016) for heavy
tails, we implement a carefully designed logarithmic
truncation to optimally balance the bias and variance in
our concentration derivation under geometric tails.

3. Structural dominance for preference matrices.
With the introduction of position effects, we are faced
with the preference matrix v*(6")" instead of the vector
v*. Thus, we develop a new structural dominance
property to bound the difference between the optimal
revenues with respect to the true preference matrix
v*(0")", and a valid UCB matrix that dominates v*(6*)"
entrywise.

Moreover, we establish an Q(T'/?) regret lower
bound for the DAP problem (Theorem 2), and hence
the optimality of TLR-UCB in terms of regret rates up
to logarithmic terms. Additionally, through extensive
simulations and real data analysis, we validate the
superior performance of TLR-UCB over two bench-
mark algorithms that also use known position effects.

Finally, we propose an explore-in-TLR-UCB (EI-
TLR) policy to tackle the case of unknown position
effects. The EI-TLR policy involves two stages. In the
first stage, it conducts an exploration phase and uses a
newly developed joint learning procedure to derive esti-
mates for unknown preferences and position effects. In
the second stage, it uses the estimated position effects to
drive a generalized TLR-UCB procedure for further
preference learning. The joint learning procedure relies
on minimizing a newly developed loss function moti-
vated from the distribution of the purchase data. More-
over, to compute the joint estimate for unknown
preferences and position effects, we develop an alternate

minimization (AM) algorithm with convergence guar-
antees. Importantly, we prove the existence and consis-
tency of the joint estimate used by the EI-TLR policy.
The proofs for the existence, consistency, and AM algo-
rithm’s convergence are challenging due to the noncon-
vexity of our adopted loss function and the noncompact
minimization domain. On the other hand, the general-
ized TLR-UCB procedure implemented in the second
stage is established as an extension of TLR-UCB. More
specifically, the generalized TLR-UCB procedure takes
the estimated position effects as an input to replace the
role of true position effects in TLR-UCB. In addition, it
incorporates extra purchase data from the exploration
phase to accelerate its preference learning. Extensive
numerical studies are conducted to evaluate the practi-
cal performance of EI-TLR. Specifically, we show the
superiority of EI-TLR over two benchmark policies that
ignore position effects, thus demonstrating the impor-
tance of taking into account position effects even if they
are unknown. Furthermore, in Section 6, we illustrate
through simulations the error rates of the joint estimate
used in EI-TLR and a sublinear pattern of EI-TLR’s
cumulative regrets over horizon lengths.

1.1. Related Work

Our work is closely related to the two fields of dynamic
assortment selection without positioning and static
assortment selection with position bias. In the follow-
ing, we provide a brief review of these fields and high-
light their differences from our work.

1.1.1. Dynamic Assortment Selection Without Posi-
tioning. Online learning algorithms for dynamic assort-
ment selection have gained significant interest in recent
research. In this problem, the customers’ preferences
for products are initially unknown and must be learned
through a balance of exploration and exploitation to
maximize overall revenue. The pioneering work by
Caro and Gallien (2007) addressed this problem for
independent demands across products, leading to fur-
ther investigations on the capacitated dynamic assort-
ment selection problem under the MNL model. Various
policies, including ETC (Rusmevichientong et al. 2010,
Sauré and Zeevi 2013), UCB (Agrawal et al. 2019), and
Thompson sampling (Agrawal et al. 2017), have been
developed to balance exploration and exploitation in
online decision making for the classic MNL model.
Additionally, researchers have explored extensions to
other models, such as the uncapacitated MNL model
(Chen et al. 2021a), the nested logit model (Chen
et al. 2021b), and the joint dynamic pricing and
assortment (Miao and Chao 2021). However, none of
these approaches consider position effects. In contrast,
our adopted customer choice model is a debiased MNL
model that incorporates position effects. It is worth not-
ing that the exploration procedure in existing dynamic
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assortment selection approaches is not applicable
when facing the random and adaptive position effects
present in our DAP problem, necessitating the devel-
opment of new approaches.

1.1.2. Static Assortment Selection with Position Bias.
Several studies have examined the impact of position
bias in static assortment selection problems (Abeliuk
et al. 2016, Gallego et al. 2020, Aouad and Segev 2021,
Feldman and Segev 2022). Among these works, Abe-
liuk et al. (2016) proposed a position-aware MNL
model, whereas Gallego et al. (2020) and Aouad and
Segev (2021) explored product framing and display
with position bias across different pages or vertically
differentiated locations. In Feldman and Segev (2022),
the authors considered sequential offerings of assort-
ments. In these static assortment selection problems, all
parameters are known, and there is no random feedback
from customers to learn from. Consequently, these pro-
blems primarily focus on optimization without the need
for a learning procedure. In contrast, our dynamic
assortment selection with positioning problem requires
simultaneous learning of unknown parameters and opti-
mization of overall revenue within a finite sell-
ing horizon.

2. Problem Formulation

In this section, we introduce the mathematical formu-
lations of our proposed DAP problem. The problem
involves selecting from a set of N products and plac-
ing them in K available positions. Each product i€
[N]={1,...,N} is associated with an unknown prefer-
ence parameter v;, representing its level of attraction
to customers. We assume that all preference para-
meters fall within a known upper bound vy, that is,
v; €[0,vp], Vi € [N]. In addition, each position j € [K] =
{1,...,K} is characterized by a position effect 9; €(0,1]
that quantifies how a product’s attraction would scale
if placed at that position. Without loss of generality,
we assume 1> 0] > 0, >---> 0y >0 and define 0, =
max;e[] 9]*- and 07 ;. = minjx 9; as the maximum and
minimum position effect.

The seller and customers interact through the fol-
lowing mechanism in a finite time horizon [T]={1,
2,...,T}. At each time period 1<t<T, a new cus-
tomer arrives and the seller makes a bilevel decision
on both a product assortment S;C{1,...,N} with
|Si| <K, and an injective positioning function o;:
S —{1,...,K} that assigns a position to each product
in S¢. Upon viewing the displayed products and their
respective positions {i,0(i)}cs,, the customer is faced
with the decision of choosing a product from the set
Sy, or alternatively, choosing not to make a purchase.
The seller, in turn, observes the customer’s decision
and utilizes this feedback to inform their future
assortment and positioning strategies.

Now we introduce the probabilistic model of the
customer purchasing decisions. Given an assortment
S and a positioning function o, the overall attraction
of a product i € S is 6;,v;, that is, the multiplication of
its original preference parameter v; and the position
effect 0, of its allocated position a(i). Denote the pur-
chased product as ¢, where the decision not to make a
purchase is encoded as c = 0. Based on the overall attrac-
tions {0;;v}}ies, we adopt a position-aware debiased
MNL model to determine the purchasing probabilities.
Specifically, the probability of purchasing product i €
{0} U [N]is

O5)vi
1+> 0
jes

1
1+ 050
jes

ifies,

P(c=i|S,0) = $iz0

0 otherwise.

Under the MNL model of the classical dynamic assort-
ment selection problem (Rusmevichientong et al.
2010, Agrawal et al. 2019), there are no position effects
and the purchasing probability of product i € S given
an assortment decision S is modeled as v}/(1+
> jesVi)- As a result, our adopted position-aware

debiased MNL model reduces to the classical one
when all position effects are equal to one. The distin-
guishing factor in our position-aware approach is that
the position effect directly influences the overall attrac-
tion, which in turn determines the customer’s purchas-
ing probabilities.

Denote 7; as the collected revenue when product i €
[N] is sold. Then by the purchasing probabilities
under our adopted position-aware MNL model, the
expected revenue for any assortment S and position-
ing o is given by R(S,0,v",60) =), sriP(c =i|S,0) =
> iesi0pm i /(1 + ZieSGZU)U;), where v = (v],...,04)"
denotes the true preference vector and 6" = (0;,...,0%)"
denotes the true position effect vector. The optimal
assortment and positioning decision with respect to the
true preference vector v* and position effect vector 6" is
denoted as (S°,0") = arg max s|<k,o R(S,0,v",0°). The
seller’s decision (S;, 0;) at any time period f may incur a
revenue loss with respect to the optimal revenue
R(S*,0",v",0). To evaluate the performance of any
DAP policy 7, we define its expected cumulative regret
Reg (T) as

T
Er (Z (R(S*,0",v",0°) — R(St,01,0", e*))) :
t=1

This regret criterion Reg (T) captures the total reve-
nue loss in the horizon [T] with respect to an optimal
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policy that always offers the best decision (S*,0%).
Here E(-) denotes the expectation with respect to the
probability measure induced by the policy 7. Our aim
is to design a policy 7 to minimize the regret and
equivalently maximize the expected revenue.

2.1. Linear Regret for Assortment-Only
Algorithms

In this section, we emphasize the significance of incor-
porating position effects into dynamic assortment selec-
tion. Although various algorithms have been proposed
for the classical dynamic assortment selection problem
(Rusmevichientong et al. 2010; Sauré and Zeevi 2013;
Agrawal et al. 2017, 2019), none of these algorithms
considers the impact of position effects or provides
positioning decisions. We introduce the following defi-
nition to encompass algorithms that account for such
considerations.

Definition 1. An algorithm is assortment-only if it
only offers assortment decisions.

In the DAP problem, each time period requires a
bilevel decision that involves both assortment and
positioning. Consequently, an algorithm focused solely
on assortment decisions can only be utilized if accom-
panied by a positioning function. In such cases, a fair
and natural approach is to employ uniformly random
positioning across all possibilities. This choice is rea-
sonable since assortment-only algorithms lack aware-
ness of position effects, and from their perspective, all
positions are considered equal. However, it has been
discovered that any assortment-only algorithm, when
applied to the nondegenerate DAP problem, can lead
to a linear regret, as demonstrated by Lemma 1. Before
proceeding, we introduce the definition of the nonde-
generate DAP setting as follows.

Definition 2. A DAP problem instance {v*, 0", r} is
nondegenerate if the position effects {0;};cx are not
all identical.

Lemma 1. Consider a nondegenerate DAP problem instance
{v*, 0, r}. Assume K > 3 positions and the K lines { fi(A) =
U; (ri — A) }ies do mot intersect at a single point for any assort-
ment S with |S| = K. Then any assortment-only algorithm
with random positioning incurs a linear regret under this
problem instance.

Remark 1. The conditions in Lemma 1 are mild. The
first condition of K> 3 positions only eliminates the
cases with two positions. The second assumption is a
concise and reasonable condition to ensure that there
is no assortment that generates identical revenue for
any positioning. This condition is easily met because
it is rare for three or more lines to intersect at a single
point. Consequently, Lemma 1 establishes a linear

regret of assortment-only algorithms for a wide range
of settings.

Lemma 1 implies that the assortment-only algo-
rithms would perform poorly when position effects
exist. Therefore, it is important to develop policies
that well adapt to position effects and achieve sub-
linear regrets.

3. Proposed Policy

In this section, we present our TLR-UCB policy designed
to address the DAP problem with known position effects
0. To provide a clearer understanding, we begin by out-
lining the algorithm for TLR-UCB, which is depicted in
Algorithm 1. Subsequently, we introduce the essential
UCB construction procedure in Algorithm 2 as a sepa-
rate component.

3.1. TLR-UCB: Algorithm Outline

Algorithm 1 illustrates the primary structure of the
TLR-UCB policy. In the following paragraphs, we
will provide a comprehensive explanation of each
component.

Algorithm 1 (TLR-UCB)

1: Input: Truncation parameter sequence {a =108, 1 /,,)
(k)}en+; regularization parameter A € R™; horizon
length T’

2: Initialization: Time period t=1; Epoch (=1;
Offered times T;(0) = 0, Vi € [N]

3: For{=1,2,...,do

4: If£<L2[N/K]do (Decision of (S,d,): initiali-

zation epochs)

5: Set the assortment S, = {([(£ — 1)K +i — 1] mod

N) +1]i € [K]}, and the positioning
6: G¢:5¢,— [K] such that &/ [([(6—1)K+i—1]
mod N) +1] =i, Vie [K].

7.  Else (Decision of (S, G): postinitialization
epochs)
Fori=1,2,...,Ndo (UCB construction)

Apply the UCB Construction Algorithm 2
with inputs {{0; k }rerme—1)),

10: {éi,k}ke[m[,l)],{ak}keN+,)\,T}; obtain its out-
put 075
11: End for
12: Set the assortment and positioning (S,d/) =
arg max,s|<k,o R(S,0,0YF, 0),
13: where 0P = (0P, WY, .. o{P )"
14:  End if

15:  Repeat (Epoch-based offering)

16: Offer assortment and positioning (S¢,60).
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17: Observe the customer purchasing decision ¢; €
{0} U S,.
18: Update E, =&, U {t}, t=t+1.
19:  Until¢, =0
20:  Compute the number of purchases of product i
as 2’5,'/[ = Zte& ]l{c,:i}/ VieS,.
21:  Update Ti(£)=Ti(¢—1)+1, Vie S, and Ti(€) =
T(t—1), VieS,.
22:  Denote ;1) = i, 05 70) = 0 VieS,.
(Reindexing)

bty
23: End for

3.1.1. Input (Line 1). The TLR-UCB policy takes two
inputs. The first input is a sequence of truncation para-
meters, denoted as {aj}ien+. These truncation para-
meters are utilized to construct an estimate of v} that
acts as a baseline term in the UCB construction in Algo-
rithm 2. Throughout the paper, we use the choice
ap =108 ;4 ,,)(k), which is carefully designed to ensure

a valid and tight UCB, leading to an optimal O(T%/?)
regret for TLR-UCB. Further details regarding the trun-
cation design can be found in Section 3.2 and after the
key concentration Proposition 1. The second input is a
regularization parameter A € R*, which is utilized in the
ridge regression to estimate ;.

3.1.2. Initialization (Line 2). The TLR-UCB algorithm
operates in epochs, with the current time period and
epoch denoted as t and ¢ respectively. Initially, we set
t=1 and ¢ =1. Furthermore, we denote T;({) as the
number of epochs, up to epoch ¢, in which product 7 is
offered. Namely, T;(¢) = | 7:(¢)|, where T;({) ={t <(:
i€ 8.}, and T;(0) is initialized as zero. At the end of
each epoch ¢, TLR-UCB updates the value of T;(¢)
from T;(¢ — 1) based on whether product i is offered in
epoch ¢, as indicated in line 18 of the algorithm.

3.1.3. Decision of (S, ) (Lines 3-11). At the begin-
ning of epoch ¢, a combination of assortment and
positioning (S¢,6¢) are determined. The initialization
and postinitialization epochs entail two distinct
decision-making approaches for assortment and posi-
tioning decisions.

e Decision of (S¢,d¢): initialization epochs (Lines 4
and 5). TLR-UCB includes L =[N/K] initialization
epochs. During these initial L epochs, the assortment
and positioning (S¢, &) are determined using a rolling
approach, as depicted in line 5 of the algorithm. This
rolling approach ensures that each product obtains pur-
chase data during the initialization epochs, which pre-
vents any singularities from occurring during the
subsequent estimation stage.

e Decision of (S;,d¢): postinitialization epochs
(Lines 6-10). For postinitialization epochs £ > L + 1, we

employ a novel UCB construction to determine (Sg, ar).
In lines 7 and 8 of the algorithm, we utilize the UCB
construction from Algorithm 2 for each product i
individually, resulting in upper confidence bounds
{075P Yiep) for the preference parameters {v]}icn)-
Subsequently, in line 10, (Sg,()g) is determined as
arg maxs|<k, o R(S,0,0Y?, 6'), representing the optimal
assortment and positioning based on the constructed
UCBs for the preference parameters. Although Algo-
rithm 1 does not delve into the details of constructing
upper confidence bounds for the preference parameters,
the key UCB construction procedure is outlined in Algo-
rithm 2, where novel concepts are introduced. It is
important to note that the UCB construction method
described in Agrawal et al. (2019) is no longer applicable
due to the presence of position effects and adaptive posi-
tioning decisions in previous epochs. Additional details
on this important step are provided in Section 3.2.

3.1.4. Epoch-Based Offering and Reindexing (Lines
12-19). After obtaining the assortment and position-
ing (S¢,G¢), in lines 12-16 of the algorithm, we repeat-
edly offer this assortment and positioning until a
no-purchase outcome occurs. Subsequently, we pro-
cess the observed purchasing decisions made by custo-
mers throughout the epoch. Specifically, we can obtain
the number of purchases 9, ; for each product i € S;, as
indicated in line 17. To facilitate UCB constructions and
theoretical derivations, we reindex 9;, based on the
offering times T;({) of product i up to epoch ¢. This is
done in line 19, where we deno:ce 010 = 0i,¢ and
the corresponding position effect 0, 1) = 0;,;- Thus,
{0,k Yeerno) @A {0,k iero) Tepresent the T;(£) numbers
of purchases and corresponding position effects of prod-
uct 7 in the first £ epochs. They serve as the relevant data
for product i that can be utilized in the UCB construction
of its preference parameter v; in the subsequent epoch,
as illustrated in line 8.

3.2. TLR-UCB: Key Step of UCB Construction

In this section, we present the crucial step of a novel
UCB construction method outlined in Algorithm 2. It
comprises two major steps: a truncation step and a
UCB construction step.

Firstly, we establish that the number of purchases

;¢ in line 17 of Algorithm 1 follows a conditional geo-
metric distribution. This observation serves as a moti-
vation for the truncation step, which is conducted to
facilitate the subsequent UCB construction.
Lemma 2. Fori€ S, 0; ¢ follows a geometric distribution
of Geo(1/(1+ 6;,,)v;)) conditional on (S¢,00). Namely,
P(1,c=KkISe,00) = (1=1/(1+0; o))" (1/(1+ 0, 07)for
any k € N* U {0}.
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The observation in Lemma 2 aligns with our intui-
tion, as a higher overall attraction 6 v} corresponds
to a larger expected number of purchases 9;,. Next
we formalize the probabilistic environment. Let F, =
0(S1,01,{0i1}ieg,s- - Se,06,{0i e}ies,, Sev1,0¢1) be the
sigma-field that encompasses the assortment and posi-
tioning decisions up to the (£ + 1)th epoch, as well as
the summarized purchase data {0; (},.5, up to the {th

epoch. Based on Lemma 2, we find that 9; , follows
a conditional geometric distribution of Geo(1/(1+
0,,»0;)) given Fr 1. Let epoch 7;; denote the kth
epoch in which product i is offered, that is, 7; , = min{¢:
Ti(() =k}. We define the product-specific filtration
{Gik-1}k1 by Gik-1 = Fr, 1. It is important to note that
the event {7, , — 1 = {}, indicating that epoch ¢ + 1 is the
kth epoch in which product i is offered, is fully deter-
mined by F,. Hence, 7;x — 1 is a stopping time and we
validate that {G; y_1};>; form a filtration. According to
the definition of the reindexed numbers of purchases
{0ik}tkeryy and  corresponding  position  effects
{0; ktkernoy for the product i, as indicated in line 19 of

Algorithm 1, we obtain that 9, =9; ., ~ Geo(1/(1+
05, k(i)v;‘)) =Geo(1/(1+ éilkvj)) conditional on G; 1 =
Fr,,—1, and additionally 01 = 0. () €F 1= ik

and 9, =0, € Fr,, ©Fr 1= Gike

Algorithm 2 (UCB Construction for TLR-UCB)

1: Input: {f}i,k}ke[ﬂ({_l)],{éi,k}ke[];(g_l)], that is, numbers
of purchases and corresponding position effects of
product i in the first £ — 1 epochs; truncation param-
eter sequence {ay = log ;. /VO)(k)}keN* ; regularization
parameter A € R*; horizon length T

2: Truncate the number of purchases {0;i}ierrir—1)
toward {@ }berpe—1)), that is,

Otk = i3, <o) + WL 531 500}
3: Compute an estimate of v; as 7 r,_1)= (Zz;(ffl)

~ . (F—1) =2
0ik0ik)/ (A + Z]'T;(f ;).

4: Construct the upper confidence bound of v; as

2logT R N e
—)\/2 log(NT)+log (1+f) +T+\/)_\v0

UCB _ = I\\g(1+%
Vi1 = Ui T(e-1)

Ornin V(=)
5: Output: vggcfl, that is, constructed upper confidence
bound of v}

Now we are ready to introduce Algorithm 2 with
the inputs inherited from line 8 of Algorithm 1. The
goal of Algorithm 2 is to construct the UCB for v;. The
algorithm proceeds by first building an estimate for v}
using the provided inputs, and then establishing con-
centration bounds for this estimate around v;. A key

observation is that 0; x follows a conditional geometric
distribution of Geo(1/(1 + 0, ,v;)) conditional on G; y_1,

and E(D;x|Gir1) = é,', «v;. Therefore, a standard esti-
mate for ] can be obtained by performing linear regres-
sion with the responses {0;i}i<p) and predictors
{0 k<o) However, because {0;  }i<r () follow a condi-
tional geometric distribution rather than a conditional
sub-Gaussian distribution, deriving concentration
bounds for this standard estimate becomes challenging,
which in turn limits a provable UCB construction for v;.
To overcome the issue of the geometric tail, we employ
the concept of truncation before applying linear regres-
sion. Specifically, we define the truncation parameter
sequence as {ay =log,, /VO)(k)}keN+ and truncate the

nonnegative number of purchases 9;; toward ay, as
shown in line 2 of Algorithm 2.

Using these truncated responses, we can formulate
a truncated linear regression problem to obtain the
estimate 0; ,_1) in line 3. Unlike the standard esti-
mate, we can derive concentration bounds for this trun-
cated linear regression estimate around v;. Our approach
involves first establishing concentration bounds for this
estimate around its expectation (variance term) and then
controlling the difference between its expectation and v;
(bias term). It is worth noting that the choice of the
truncation parameter sequence {ax =108, ) (k) }rent

is carefully designed to balance the variance and bias
terms for geometric tails. More detailed explanations
regarding the truncation parameters and the rigorous
implementation of this approach are provided in the dis-
cussion of Proposition 1 in Section 4.1.1. Finally, based
on the derived concentration bounds, we can add a
bonus term to the truncated linear regression estimate,
resulting in the construction of the UCB for v} as stated
in line 4 of Algorithm 2. In Section 4.1.1, we will establish
the validity of this constructed UCB and demonstrate
that it leads to an optimal regret rate for TLR-UCB.

Remark 2 (Difference from the UCB Construction in
Agrawal et al. (2019)). The TLR-UCB policy we propose

takes a fundamentally different approach in construct-
ing the UCBs for preference parameters compared
with the UCB policy introduced in Agrawal et al.
(2019), which we refer to as A-UCB hereafter. The dis-
tinctions arise due to the positioning decision and
position effects introduced in the DAP problem. Spe-
cifically, in DAP, the conditional distributions of num-
bers of purchases for each product varies with its
positions. Hence, the UCB construction in A-UCB,
which uses the arithmetic average of numbers of pur-
chases and leverages concentrations for independent
and identically distributed geometric random vari-
ables, no longer works. Moreover, for an adaptive
UCB-based algorithm, the positioning decision o, at
epoch ¢ depends on the random historical purchase
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data in the past epochs. Thus o, is indeed random and
adaptive, resulting in random and adaptive position
effects 0, ;) for i € S. Therefore, a direct extension of
A-UCB that uses the average of numbers of purchases
scaled by the position effects, that is, 1/Ti(€) X
> et (0)0i,7/ 05,5, would introduce random and depen-
dent denominators. In contrast, in the original dynamic

assortment problem (Agrawal et al. 2019), all position
effects degenerate to one and hence the estimate degen-
erates to 1/Ti(€) X >_ .7, 0i,/1. Such an intrinsic dif-
ference greatly increases the difficulty of concentration
derivation for the extension of A-UCB. Therefore, to
tackle random and adaptive position effects, we pro-
pose the geometric linear bandit-type feedback struc-
ture. Then we derive concentrations for truncated
linear regression estimates under this structure in
Proposition 1, which further enables the UCB construc-
tion in Proposition 2. In addition, we apply the truncat-
ing techniques to handle non-sub-Gaussian geometric
tails. This also differs from the approach in A-UCB,
which uses moment generating functions and conduct
Chernoff bounding.

4. Theory

In this section, we present a comprehensive regret analy-
sis for our proposed TLR-UCB policy. Firstly, we estab-
lish an upper bound on the regret of TLR-UCB, showing
that it achieves an O(T"/?) regret. This result demon-
strates the effectiveness of TLR-UCB in policy learning
for the DAP problem. Additionally, we derive a lower
bound of Q(T'/2) on the regret for the DAP problem. By
combining these results, we establish the optimality of
TLR-UCB in term of the regret bound as its regret
matches the lower bound up to a logarithm term.

4.1. Regret Upper Bound
Before presenting the regret upper bound, we first
state the required assumptions.

Assumption 1. The revenue r; € [0,1] for any product
ie[N].

Assumption 2. There exists a known vy > 0 such that the
preference parameter is v; € (0,v9], Vi€ [N].

Assumption 3. The position effect 6; € (0,1] for any posi-
tion j € [K].

Assumption 1 assumes a finite bound 1 on the reven-
ues, which is a common assumption in the dynamic
assortment literature (Agrawal et al. 2017, 2019; Chen
et al. 2021b). Assumption 2 relaxes the common require-
ment, as seen in Agrawal et al. (2017, 2019), Aznag et al.
(2021), and Foussoul et al. (2023), that the preference
parameters are less than or equal to one. Instead, we
assume a known upper bound for all preference para-
meters and use it as an input for our UCB construction
subroutine (Algorithm 2) and hence TLR-UCB policy

(Algorithm 1). Lastly, Assumption 3 assumes that posi-
tion effects are bounded by one. Note that for both
Assumptions 1 and 3, the upper bounds do not need to
be exactly one, and boundedness would be enough.
More detailed discussions on effects of vy in Assump-
tion 2, and the boundedness of {v;};cn and {6} k) in
Assumptions 1 and 3 are presented in Section D of the
Online Appendix. With these assumptions in place, we
can now state our main result, Theorem 1, on regret
upper bound for TLR-UCB.

Theorem 1. Suppose Assumptions 1-3 hold and NT > 2, the
regret of TLR-UCB satisfies Reg (T) < 2O (w

m = Onin 10g(1+%)

4 orlin x/Xvo) VKNT + (vp + 1)(N + 2K).

Theorem 1 proves that our proposed TLR-UCB pol-
icy achieves an O(T'/?) regret on the DAP problem.
This represents a significant improvement over the
linear regret O(T) of assortment-only algorithms.
Importantly, the theorem takes into account the influ-
ence of position effects {0;},x) through the two
margins 0, and 0} . Specifically, a larger value of
0 ax/ Omin leads to a larger upper bound on the regret.
This observation is intuitive because in this case the
position effects play a more significant role in deter-
mining the overall preference. This difference in the
regret bound highlights a clear distinction between
our approach, which considers position effects, and
existing dynamic assortment selection methods that
ignore position effects. It is worth noting that the
regret may depend not only on {6;.,,,6;,,} but on
all position effects {6;},[x)- The precise dependency
structure of the regret on the position effects can be
intricate and is a subject for future research.

Because of the distinct problem formulations and UCB
constructions, the proof of Theorem 1 differs significantly
from existing dynamic assortment selection approaches
(Agrawal et al. 2017, 2019; Chen et al. 2021b). It relies on
two key properties: valid UCB construction (Section
4.1.1) and structural dominance (Section 4.1.2). The full
details of the proof are provided in Online Appendix
A2, with the outline presented first.

e Valid UCB construction: With high probability,
the constructed {vs"},cy serve as valid upper confi-
dence bounds for {; };¢n;-

e Structural dominance: Consider two pairs of
preferences and position effects (v1,0;) and (vy, 65).
Let (S1,01) = arg max|s|<k,o R(S,0,v1,01) and (S,,02) =
arg maxs|<k,o R(S, 0,72, 0,) be optimal assortment and
positioning decisions with respect to them. If the pref-
erence matrix v10] is entrywise greater than or equal
to, that is, dominates, v,0,, then R(Si,01,7v1,60;) >
R(Sz, 02,02, 02).

To establish the validity of our TLR-UCB construc-
tion (Proposition 2), we first prove a newly derived con-
centration result for the geometric linear bandit-type
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feedback structure (Proposition 1), which is also of inde-
pendent interest. Furthermore, we extend the prefer-
ence vector in traditional dynamic assortment selection
to a two-dimensional preference matrix that captures
the attraction of each product placed at different posi-
tions, and then prove a new structural dominance
lemma (Lemma 3), which indicates that selecting the
optimal assortment and positioning decision with
respect to larger preference matrix elements leads to
higher revenue. By utilizing this property, the optimal
revenue with respect to valid UCBs can be utilized as
an appropriate intermediate term to control the regret.
A detailed proof of the theorem is presented in Section
A of the Online Appendix.

4.1.1. Valid UCB Construction. In this part, we first
derive a valid confidence region for a general sce-
nario. Then we apply the result on UCB construction
in our proposed TLR-UCB policy.

In our UCB construction for the preference parame-
ter v; of product i, an adaptive sequence {9; i }ren+ 1S
utilized. In addition, there exists an associated filtra-
tion {G;k_1}ren+ such that E(;x|G;x_1) = 0;xv;, Oy €
Gi k-1, and 9, x € G; . Given this dependency structure,
one key observation arises that {0;}ren+ can be
viewed as linear bandit-type feedbacks with unknown
one-dimensional linear parameter v; and action vec-
tors {0 khen+- In fact, {0; khrent, {0 khken {Gi i hreny fit
into a geometric linear bandit-type feedback structure
with a formal definition in the following.

Definition 3 (Geometric Linear Bandit-Type Feedback
Structure). An R%-valued stochastic process {x:},cy:,
a real-valued stochastic process {y:},n+, a filtration
{Fi}ien, and a vector peR? form a geometric linear
bandit-type feedback structure if y;|F,_1 ~Geo(1l/
(1+xm),x; € Fi_1and y; € F; forany t € N*.

A significant distinction between this general feed-
back structure and the classic linear bandit structure
is the presence of conditional geometric feedback
instead of conditional sub-Gaussian feedback. Because
of the absence of sub-Gaussian properties, the conven-
tional method of constructing confidence regions for
linear bandit feedback (Abbasi-Yadkori et al. 2011)
cannot be applied. This method relies on deriving
and utilizing the concentration of regression estimates
around the unknown linear parameter. However, in a
geometric linear bandit-type feedback structure, the
geometric tails make it challenging to establish concen-
tration for the standard regression estimate. To address
this challenge, we employ the truncation approach
used in heavy-tailed linear bandits (Medina and Yang
2016). By utilizing truncated linear responses in regres-
sion estimates, we can derive concentrations around
their conditional expectations. Furthermore, we are

able to control the biases introduced by truncation, that
is, the discrepancies between the conditional expecta-
tions and the unknown linear parameter. In light of the
geometric linear bandit-type feedback structure, we
develop Proposition 1 to construct confidence regions
that account for these properties.

Proposition 1. Suppose {x;}ieny, { i Hient» {F t ey, 1 form
a geometric linear bandit—type feedback structure with dimen-
sion d, that is, m,x; € RY, and there exists a constant v > 0

such that x[ p€[0,v], Vt e N*. For any t e N*, let a; =
log,,1,,(t) =log t/log(1+1/v) and , = min{y;, a:} be a
truncation of y;. Denote X; = [x1, . ..,xt],f(, =(Jq.-- .,]}t)T,
and Vi=AI +3°L_ xx] = AL+ X, X[, where A >0 is a

t 4
constant. Let i, =V XY, bea ridge regression estimate of
W by using the truncated values { ¥ }se[. For any 6 >0 and
TeN*, we have P(||f, — pllv, <2logT/log(1+1/v) X

\/2108(1/6) + log(det(V,)/A) + (v + 1)/ V6 + A2 ],
Ve [T 216, where |, — pllv, = /( — ) Vii, — p).

In Proposition 1, we utilize truncated linear responses
to construct an estimate fi, for the unknown linear
parameter p. The difference || fi; — p|lv, can be decom-
posed into a variance term and a bias term, as formal-
ized in the proof of Proposition 1. The variance term
captures the difference between fi and its conditional
expectation, while the bias term represents the discrep-
ancy between this conditional expectation and u. By
employing truncation, we eliminate the geometric tail
from the variance term, allowing us to bound it with
high probability using theorem 1 in Abbasi-Yadkori
et al. (2011), which is specifically designed for sub-
Gaussian feedback. On the other hand, the bias term
arises from the truncation process and can be bounded
by analyzing the truncated geometric tails. Achieving
a tight confidence region requires finding a balance
between these two terms to minimize the overall upper
bound rate. This necessitates a careful design of the
truncation parameter sequence. For our case with geo-
metric tails, we employ a novel logarithmic truncation
parameter sequence to strike an optimal balance. It is
important to note that in heavy-tailed linear bandits
(Medina and Yang 2016), the truncation parameter
sequence needs to be polynomial, and of a higher order,
to further reduce the bias term. This is because of the
heavier tail distribution considered in those scenarios,
which differs from the geometric tails in our context.

In our proposed TLR-UCB policy, the upper confi-
dence bounds for the preference parameters are
constructed based on the truncated linear regression

. — T(t-1) 7 - Ti(t-1) 12
estimates 7 7,¢_1) = (X1 0;x0:,0)/(A + Zj:(l '0;,)

in line 3 of Algorithm 2. By observing that {0, i }ren+,
{9 kHeen and the associated filtration {G; x } e+ form the
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geometric linear bandit-type feedback structure, we
develop Proposition 1 for concentration results on
generic truncated linear regression estimates under a
geometric linear bandit-type feedback structure. There-
fore, we can apply Proposition 1 to derive the concentra-
tion for the specific truncated linear regression estimate
0;7(c-1)- This further leads to Proposition 2, which
demonstrates that our UCB construction in Algorithm 2
is valid. Denote L = n]jng{zgzl |E:| = T} as the number
of epochs in the finite horizon [T].

Proposition 2. Under the TLR-UCB policy, with
probability at least 1—+, for any epoch € that
satisfies L<{<L—1 and ZE[N], v; <vps® <op +2-

(2log T/log(1 + 1/1/0)\/2 log(NT) +log(1 + Ti(f)(Q;ax)2/A)
+ (o + 1)1t/ V6 + VAV) / (Ol v/ Ti(0)).

4.1.2. Structural Dominance. In TLR-UCB, (S,,d/) =
arg max|s|<k o R(S,0,09F, €') is repeatedly offered in
epoch ¢. The difference R(S*,0",v", 6") — R(S¢,6¢,0%,0°)
plays a key role in the regret analysis. To utilize the

fact that (S¢,d¢) is optimal with respect to (vY<F, 6),

we consider an intermediate term R(S[,O"g,’vé; 1,0)

This term turns out to dominate R(S*,0*,v*, 6°) when
oYP truly upper bounds v*. Specifically, this claim
is implied by the structural dominance Lemma 3
that leverages the entrywise dominance relationship
between vYB(6)" and v*(6")". With the introduction
of position effects in the DAP problem, the notion of
preference vector v* in typical dynamic assortment
selection problems is extended to an overall prefer-
ence matrix *(6°)". The (i, k)th element of this overall
preference matrix represents the attraction of a prod-
uct i when placed on position j. It captures the overall
preferences of customers for different combinations of
products and positions. In fact, we developed a more
general result in Lemma 3 that goes beyond the scope
of rank 1 preference matrices like v*(6")". This lemma
provides insights into the relationship between overall
preference matrices and revenue optimization, allow-
ing for a broader understanding of how different ele-
ments of the preference matrix impact the revenue.

Lemma 3 (Structural Dominance Lemma). Let M*,M €
RN*K be N x K matrices with nonnegative entries. Denote
Ro((S,0),M) = 3 icstiMi o)/ (1 + 3 jesMj (). Further de-
note (S*,0") = arg max|s|<x , Ro((S,0),M") and (S,5)=
arg max,sj<k,, Ro((S,0),M). Suppose Ml] >M; >0 for
any (i,j) € [N]x [K], then we have RO((S,G),M) >
Ro((S*,0%),M").

Lemma 3 suggests that if M upper bounds M in all
entries, the optimal revenue for M, given by Ro((S,5),

M), also upper bounds the optimal revenue Ry((S*,0%),
M) for M". By setting M =v,60] and M" =v,0,, we
obtain our previously claimed structural dominance
property that if v10; dominates v,0,, then R(S;,01,
v1,01) = Ro((S1,01),0107) > Ro((S2,02),020, ) = R(S5, 02,
v3,0,). Here (S1,01)=argmax|s|<k sR(S,0,v1,01)=
arg max|s|<k,o Ro((S,0),010] ) and (S, 0») = arg maxs| <« o
R(S,0, v3,0,) = arg maxs|<k,o Ro((S,0),v20; ).

By the structural dominance property, we obtain
R(S¢, 60,09, 0% > R(S*,0%,v",0") when Y upper
bounds v*. This enables us to bound the difference
R(S*,0",v",0) — R(S,0¢,0",0°) by R(S¢,d¢,09F,07) —
R(S¢,6¢,0%, 6°).

4.2. Regret Lower Bound
Theorem 2 establishes the regret lower bound for the
DAP problem.

Theorem 2. Consider the DAP problem with K < N /4 and
vo=1. Let V={v"eRN:v €(0,10]}, R={reR":r; €
(0,1]}. There exists a universal constant C such that

1nf sup Reg (T)>CO,, min{VNT,T}.
v'elV,reR

The lower bound in Theorem 2 contains two com-
ponents. First, when the time horizon is relatively
short, such that T <N, a simple policy that selects a
fixed assortment without considering any information
can achieve a regret of ©(T) and matches the optimal
rate implied by Theorem 2. In the more common and
interesting scenario where N <T, the lower bound

is Q(VNT). This lower bound demonstrates the inher-
ent difficulty of the DAP problem and signifies that
achieving a regret lower than VNT is not feasible.
Note that the regret upper bound of our TLR-UCB

policy is O(VNKT), as demonstrated in Theorem 1.
This confirms the optimality of our TLR-UCB policy
in terms of the horizon length T and number of pro-
ducts N. However, there is a gap of VK between our
proved regret upper and lower bounds. In practice,
the gap of VK is quite minor because the number of
positions, especially those that could catch customer’s
attention, is far less than the number of products N
and the horizon length T. In addition, the number of
positions K is usually fixed, not like N and T, which
can increase naturally as new products arrive and
new sales reason begins.

To prove the lower bound in Theorem 2, we con-
struct a set of problem instances that render no policy
capable of performing well on all of them. Compared
with the lower bound proof in Chen and Wang (2018)
for the dynamic assortment selection problem without
position effects, our proof of Theorem 2 is similar in
several high-level ideas and points. However, our
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proof differs significantly in detailed approaches to
achieve these ideas and points due to the presence of
position effects and the additional positioning deci-
sion in the DAP problem. A complete presentation of
the proof is given in Online Appendix A.3, starting
with an outline.

5. Extension to Unknown Position Effects
In our TLR-UCB policy, we assume known position
effects 6. The assumption is reasonable, for example,
in online retailing or advertising scenarios where posi-
tions are fixed and historical information for position
effects is available. However, there are certain cases in
which the position effects are unknown. In these sce-
narios, the joint learning of unknown position effects
and unknown preferences is necessary and should be
integrated into the goal of revenue maximization.

In this section, we investigate this interesting and
important case of unknown position effects in the
DAP problem. Note that the reverse scaling of the pre-
ferences v* and position effects 6" leads to exactly the
same problem instance. Thus, to resolve the identifia-
bility issue under unknown position effects, we force
07 = 1. In the following, we first propose a joint learn-
ing procedure of preferences v* and position effects
0. It consists of a newly defined loss function and an
AM algorithm with convergence guarantees. Then we
propose the EI-TLR policy, which first conducts the
joint learning and then implements a new generalized
TLR-UCB procedure using estimated position effects.
Finally, we establish theoretical guarantees for EI-TLR.
Extensive simulation studies and the real data analysis
for EI-TLR are conducted in Sections 6 and 7 to evalu-
ate its practical performance.

5.1. Joint Learning of Preferences and Position
Effects
In the scenario of unknown position effects, the trun-
cated linear regression estimate and the related UCB
construction for the case of known position effects no
longer apply. Thus, new estimation techniques need
to be developed to jointly learn the unknown prefer-
ences and position effects. In the following, we first
illustrate a potential type of purchase data we may
encounter. Then we motivate a new loss function for
the joint estimation by specifying how purchase data
depend on unknown preferences and position effects.
Finally, to compute the estimate which is defined as
the minimizer of the loss function, we propose an AM
algorithm and prove its convergence to the estimate.
Suppose we are faced with the purchase data gener-
ated from pure explorations in Jy epochs. In each
epoch ¢ <]y, we repeatedly offer the assortment and
positioning (S¢,0¢), which satisfies |S;| =K, until a
no-purchase outcome occurs. At the end of each epoch

¢, we compute 9 = Zte& Li=o1 0y VK € [K], that is,
the number of purchases of proéuct o, (k) at position
k € [K].

To learn preferences and position effects from the
above type of purchase data, our first step is to specify
how preferences and position effects are involved in
the distribution of the purchase data. For any subset
H C [K], define O,y = > ;cy0¢ k as the sum of numbers
of purchases for products at positions in H. By Lemma
S5 in Section B of the Online Appendix, which is
indeed an extension of Lemma 2, 9,y follows a geo-
metric distribution Geo(1/(1+ Zkevazl w0%)- Thus,

we have 9, ~Geo(1/(1+ 7" 1 00) and hence E(d. ) =
t

v;,l(k)Gz, Vk € [K]. Upon this observation, Vie [N],
4

k € [K], we can aggregate, across the [y epochs, a set of
purchase data {3, x} {e<hoio; (=i with the same expecta-
tion of v;0}.

Now, we define Q as an N X K matrix whose (i, k)th
element is (3, 1{o7"(k) = i} - 6. 0) /(XL 1{o; (k) = i}),
that is, the average of the above set of purchase data.
Because (Y1, 1{o; (k) = i} - 0., ) /(S0 1{0 (k) = i})
is a surrogate for v;0;, the matrix Q serves as an
approximation for Q" = v*(0")". This motivates us to
design a loss function

L@6:;Q)=> (Qi-v)+> > (Q—u6p
i€[N]

i€[N] ke[K]\{1}

Note that here we use 0 =(6,,..., Ox)" € RX! because
the first element of the true position effects 6" satisfies
07 =1 due to the identifiability issue as illustrated
before and does not need to be estimated. In addition,
to align with such 6, we denote 6", = (6,,...,0%) as
the part of 6" that needs estimation. This loss function
enjoys a key property that the true preferences and
position effects (v*,0",) turn out to be the unique

minimizer of L(v,0;Q"). Therefore, as Q serves as
an approximation for Q°, minimizing over L(v, ; Q)
leads to a reasonable estimate for the true preferences
and position effects (v*, 6" ;).

In Section B of the Online Appendix, we demon-
strate in Lemma S6 the existence of the minimizer.
Specifically, as long as the input matrix Q has all posi-
tive entries, a minimizer (¢,0) for the loss function
L(v, 8; Q) exists in the region of (R* U {OHNT Note
that each entry of Q is an average of numbers of pur-
chases, and hence the above condition is easily satis-
fied with a high probability. Thus, we can use (v, 0)
as a joint estimate for the true preferences and posi-
tion effects (v*, 6" ;). Note that because of the noncom-
pact minimization domain and nonconvexity of the
loss function, the proof for the existence of a mini-
mizer involves several challenges. For instance, we
need to eliminate the case that a divergent sequence
{(vn, 0,)},en+ to infinity has loss function values
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approaching inf, ¢ L(v, 6; Q), that is, the infimum of
the loss function.

Now we propose an algorithm to compute the joint
estimate (,0). Namely, we need to compute a mini-
mizer for a specific family of loss functions L(v, 6; Q)
without a closed form. A first challenge for this opti-
mization problem arises from the nonconvexity of
L(v,0;Q) in (v, 0). This avoids us from applying the
fruitful methods for convex optimization (Boyd and
Vandenberghe 2004). Nevertheless, by exploring the
biconvex structure of L(v, 6; Q), we find that by fixing
v # 0 (or 0), the loss function would be quadratic and
convex in the other variable 0 (or v). Thus, it would be
straightforward to minimize L(v, 8; Q) over 0 (or v) for
fixed v (or ). Specifically, these two marginal minimi-

zations admit the forms of Hy(v) £argming L(v, 0 Q)=
((Zz 1 Ql 201)/(21 1 1 (Zz 1 Ql kUi )/(Zz 1 l

OON Qixo))/ (N, 2) and H»(6) £ argmin, L(v, 6; Q)
((Qu1+ 3ok QUi /(1 + 5, 67), -, (Qit + Yo, Qi) /

(14 3255 6), -, (Qu1 + Yo Quaf)/ (1 + 3, 67). Such
a property motivates Algorithm 3.

Algorithm 3 (AM)

: Input: Q = {Q; ki kefr) € RV X
Initialization: vV € (R+)N
Compute 8V = H;(vV) = argming L(vV, 6; Q).
Forn=2,3,..., do
Compute 0" = Hy(0" V) = argmin, L(v, 8" Y; Q).
Compute 8" = H;(v'") = argming L(v", 6; Q).
End for

As shown in Algorithm 3, the AM algorithm takes

a matrix Q € R¥*X as the input and initializes a vV

€ (R+)N . Then it conducts an AM procedure that alter-
nately applies Hq(-) and Hy(-) to minimize L(v, 6; Q)
over 0 (or v) for fixed v (or 0). With an initialization
v e (R*)Y, this procedure generates a well-defined
infinite sequence of (v, 8"), _+. Proposition 3 proves
that the AM sequence (v, 0"), .+ converges to the
minimizer of L(v,0;Q), that is, the joint estimate for
preferences and position effects. Thus, our proposed
Algorithm 3 is a valid computation method.

Proposition 3. Let {(v", 0(”))}HGN+ be the infinite sequence
generated by Algorithm 3 with the input Q € (R*)N** and
initialization vV € N*. If there exists a unique stationary
point of L(v,0;Q) within the region (R* U {0})N*51,
then the sequence {(™, 0(”))},16N+ converges to the unique
minimizer (v,0) of L(v,0;Q) within the region (R* U
(oYK,

The proof for Proposition 3 is faced with several chal-
lenges. Firstly, the alternate minimization type of algo-
rithms are not guaranteed to converge. Its convergence

property must depend on the loss functions, whereas
our adopted L(v,0;Q) is nonconvex and has a quite
specific form. In fact, Algorithm 3 may not converge if
there exist zero entries in Q. Secondly, the two marginal
minimization functions Hi(-) and H»(:), although with
closed forms, are rather complicated and hence difficult
to analyze. Thirdly, the minimization is conducted on a
noncompact set, which avoids the application of many
convergence results developed on a compact set. Note
that the AM sequence is not easily guaranteed to be
bounded, because the v;0; terms in L(v, 8; Q) make
near-minimal values of L(v, 0; Q) possible for large v
or 0.

To overcome the above difficulties and prove Prop-
osition 3, an essential step is to prove that the AM
sequence {(v",8")}, .+ is indeed bounded. Note that
o) = Hy(Hy(v™)). Therefore, to prove the bounded-
ness, we fully exploit the algebraic structures of the
marginal minimization functions H;(-) and Hx(:). Spe-
cifically, we find that the inner product (v, H»(H1(v)))
of v and Hy(H;(v)), that is, the “next” v, can be formu-
lated as a weighted average of (v,v) and (v, p), where
p denotes the first column of Q. Note that this weighted
average argument also enjoys a geometric significance
that we further exploit. By inequalities such as Cauchy-
Schwarz, we establish critical relationships between
(H2(H1(v), H2(H1(v))) and (v,v). Then we further uti-
lize this relationship between two consecutive elements
in the AM sequence to derive its boundedness.

5.2. EI-TLR Algorithm

In this part, we propose the EI-TLR policy to tackle
unknown position effects in DAP. The EI-TLR policy
first applies the joint learning procedure established
above through an exploration phase. It then imple-
ments a generalized TLR-UCB procedure, which is
driven by the estimated position effects for preference
learning, and incorporates the exploration phase data
for acceleration. In the following, we present EI-TLR
in Algorithm 4 and provide comprehensive introduc-
tions for its components. For a clearer presentation,
detailed steps of the generalized TLR-UCB procedure
used in Algorithm 4 are presented in Algorithm 5.

Algorithm 4 (EI-TLR)

1: Input: Minimum number of exploration epochs [y =
Jo(T); assortment and positioning sequence {(Sg,
0¢)}een; truncation parameter sequence {ay =
108141 /1) () }ier regularization parameter A € R™;
horizon length T

2: Initialization: Time period t = 1, epoch ¢ =1; mean-
purchase matrix Q = Oy xx € (R* U {0})"*X, number-
of-epoch matrix O € NV*K

3: While £ < Jyor Ji € [N],k € [K] s.t. Q; x =0 do

(Exploration phase)
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4: Implement epoch-based offering with (S, o¢).

5: Fork=1,2,...,Kdo (Update data matrices)
Compute O¢,k = ) jce, L=y k) that is, num-
ber of purchases of product o,!(k) at posi-
tion k.

7: Update Q-1 x = (Ot 1 * Qo i,k + 0,k)/
Oy, 10+ 1) = (g o (k) = 0 ()} - 0 )/
(Xter Ho (k) = o7 (R))).

8: Update Oagl(k),k = Oagl(k),k +1= Z’i:l 1{0’;1
(k) = o, ()}

9:  End for

10:  Denote ﬁ;}é’ =2 tee, Lio=iy, Vi€ S¢. (Prepare pur-
chase data for generalized TLR-UCB procedure)

11:  =0+1.

12: End while

13:  Apply the AM Algorithm 3 to compute
(Joint estimation)

(0, é) € arg mlgl L(v,0;Q) N (R+ U {O})N+K—1’

where L(v, 0;Q) = > (Qi1 — ;) + D ie[N] D_ke[KI\{1}
(Qik — vi)’.

14: Denote | = £ — 1 as the actual number of epochs in
the exploration phase.

15: Implement the generalized TLR-UCB procedure in
Algorithm 5 with inputs

16: {8,{S¢.00.49; tYies, beet 1, @k ter, A, T}

5.2.1. Input (Line 1). The EI-TLR policy takes the hori-
zon length T as an input. In addition, it specifies a
minimum number of epochs Jy = Jo(T) for the explora-
tion phase. The third input is a sequence of assortment
and positioning pairs {(S¢,0¢)}zen+, in which the (th
pair would be repeatedly offered in the {th epoch of
the exploration phase.

To guarantee the consistency of the joint estimates
for preference parameters and position effects, we
would require the number of epochs Jo(T) — +oo as
the horizon length T — +co. In addition, the sequence
{(S¢,0¢)}een+ has to place any product i € [N] at any
position k € [K] for infinite epochs £ € N*. A standard
choice would be a periodic-type sequence.

5.2.2. Initialization (Line 2). Besides the time period
t=1 and the epoch £ =1, EI-TLR also initializes two
N X K matrices Q and O to accumulate the purchase
data for the joint learning procedure. Specifically,
the (i, k)th entry of O € NN*K records the number of
epochs that place product i on position k, whereas the
(i, k)th entry of Q € NV*X records the average number
of purchases for product i over all epochs that place it

on position k. We call O the number-of-epoch matrix
and Q the mean-purchase matrix.

Under the joint learning procedure developed in
Section 5.1, the mean-purchase matrix Q is the key
data input for the loss function L(v, 0; Q) to jointly
estimate preferences and position effects.

5.2.3. Exploration Phase (Lines 3-12). The EI-TLR
policy conducts an exploration phase to generate the
purchase data required for the joint learning proce-
dure. In each epoch ¢, EI-TLR implements the same
epoch-based offering strategy as in TLR-UCB (line 4),
that s, (S¢, 0¢) is repeatedly offered until a no-purchase
outcome occurs. In lines 5-9, we pack the purchase
data into {0yt }xe[x], Where O denotes the number of
purchases of product o,'(k) at position k. Then we
update the two data matrices Q and O accordingly.

By the ending criteria in line 3, EI-TLR may con-
tinue explore after Jy epochs to avoid zero entries in
the mean-purchase matrix Q. Therefore, the actual
number of epochs in the exploration phase, denoted
as |, may exceed Jy. Such a design is to ensure the fol-
lowing two properties.

o Existence: the joint estimate for preference para-
meters and position effects, which is defined as the
minimizer of the loss function with Q as an input (line
13), does exist;

o Convergence: the AM Algorithm 3, which is applied
in line 13, does converge.

Moreover, in line 10, we pack the purchase data into
a more regular and better shape to incorporate them
into the followed generalized TLR-UCB procedure.

5.2.4. Joint Estimate and Its Computation (Line 13).
Under unknown position effects, the joint estimation
for unknown preferences and position effects is a key
challenge. To tackle this challenge, we apply the joint
learning procedure established in Section 5.1. Specifi-
cally, the joint estimate (,0) is defined as the mini-
mizer of the loss function L(v,0;Q), in which the
input Q is the mean-purchase matrix constructed
from the exploration phase. Furthermore, to compute
the estimate, we use Algorithm 3 developed in Sec-
tion 5.1.

By the ending criteria of the exploration phase, all
entries of the mean-matrix Q are positive. Therefore,
by Lemma S6 in Section B of the Online Appendix, the
minimizer and joint estimate (3, @) exists and thus is
well defined in EI-TLR. Moreover, under conditions
in Proposition 3, our adopted AM algorithm con-
verges to the joint estimate (9, é), and thus its compu-
tation is feasible.

5.2.5. Generalized TLR-UCB Procedure (Lines 14 and
15 and Algorithm 5). With both estimated position
effects @ and packed purchase data of exploration
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phase {S;, 0, {737 ¢ties, Jeer) available, we are able to
implement the generalized TLR-UCB procedure detailed
in Algorithm 5. In the following, we elaborate on two
key features of the generalized TLR-UCB procedure that
differ from the original TLR-UCB policy in Algorithm 1,
with references to specific parts in Algorithm 5.

e The generalized TLR-UCB procedure is designed
for the case of unknown position effects. It uses the
input estimated position effects @ (line 1) to replace the
role of the true position effects 6" in TLR-UCB. Specifi-
cally, the position effects {éi,k}ke[j;([_nl used for UCB
construction (line 9) are constructed from the estimated
position effects 6, as shown in lines 5 and 15.

e Extra purchase data, as the algorithm’s input (line
1), can be incorporated into the generalized TLR-UCB
procedure. In fact, the input purchase data {S¢ o,
{v, ¢}ies, teepj) from the exploration phase formulate the
foundation of all data used in the generalized TLR-
UCB procedure. Namely, these extra data work as if
they are the purchase data from the very first | epochs,
ahead of all truly implemented epochs, and thus are
used for any UCB construction in the generalized TLR-
UCB.

Compared with TLR-UCB, the adoption of esti-
mated position effects in the generalized TLR-UCB
procedure may introduce bias and weaken its perfor-
mance, whereas the incorporation of extra purchase data
may accelerate the preference learning and improve its
performance. Interestingly, the generalized TLR-UCB
procedure in EI-TLR, although implemented after the
exploration phase, actually starts at the beginning of
the horizon in terms of the data used. In this sense, the
exploration phase can be viewed as a part of the general-
ized TLR-UCB procedure, which is why we call this
algorithm EI-TLR-UCB.

Algorithm 5 (Generalized TLR-UCB Procedure)
1: Input: Estimated position effects ; extra purchase

data {S;,00,{0; tties }ee )i
sequence {a =108, (K)}en+; regularization

truncation parameter

parameter A € R™; horizon length T
2: Initialization: Time period t=1, epoch (=1;
Offered times T;(0) = 0, Vi € [N]
3: For{=1,2,...,Jdo  (Incorporate extra purchase
data as the foundation in TLR-UCB)
4: Update T;(()=Ti(¢—1)+1, Vie S, and Ti({) =
Ti(¢—1), VieS,.
5:  Denote f)ilj;(g) = ZA)Z»,[, 91’,7;.(() = Gof(i), Vie§S,.

(Reindexing extra purchase data)

6: End for
7: For{=]+1,]J+2,..., do (TLR-UCB procedure

driven by estimated position effects 6)

Fori=1,2,...,Ndo (UCB construction)
Apply the UCB Construction Algorithm 2
with inputs {{0; k}rerne—1)), {0k kerme—1))/

10: {ax}ken+, A}; obtain its output vFE,.
11:  End for
12:  Set the assortment and positioning (S¢,0¢) =

arg maxs|<k,oR(S, 0, v[ B 0),

UCB = (pUCB, 5UCB UCB \T
(015 102, 0-1++ 9N 7-1) -

14: Implement epoch-based offerlng with (S, 0¢).

13:  where v;

15:  Compute the number of purchases of product i
as ?’)i,g = Zteé‘[]l{cr:i}’ VieS,.

16: Update T;,(0)=T({—1)+1, Vie S, and Ti(¢) =
Ti(t—1), Vie S,.

17: Denote 0; (¢ = s ¢, éi,T‘([) = éa,(z’)/ Vie S¢; update
(=0+1. (Reindexing)

18: End for

5.3. Consistency of the Joint Estimate in the
EI-TLR Policy

Following the exploration phase of EI-TLR, the esti-
mated position effects are used to drive the generalized
TLR-UCB procedure. Thus, the accuracy of estimated
position effects is crucial for reducing the regret from
the generalized TLR-UCB procedure. For this reason, it
is essential to investigate the consistency of the joint
estimate, that is, whether it converges to the true pre-
ferences and position effects as T — +oo.

Denote Q({) as the updated mean-purchase matrix
Q at the end of epoch ¢. To investigate the consistency,
we need to evaluate the mean-purchase matrix Q(J(T))
because it serves as an input for the loss function and
helps derive the joint estimate. In fact, Vi € [N], k € [K],
the (7, k)th entry of Q(Jo(T)), is the average of i.i.d. ran-
dom variables following the distribution of Geo(1/(1+
v;6;)). Therefore, as long as O(Jo(T));;, that is, the
number of these i.i.d. random variables, goes to infin-
ity Vie [N],ke[K] as T — +o0, Q(Jo(T)) would con-
verge to Q" in probability. In addition, Q(J(T)) would
also converge to Q" because J(T) would coincide with
Jo(T) with probability converging to one as
Jo(T) — +00. Note that (4, 6) minimizes L(v, 8; Q(J(T)))
and (v*, 0" ;) minimizes L(v, 6; Q*). Therefore, to evalu-
ate whether (3, é) could approach (v*, " ;), we develop
the following Proposition 4, which bounds the differ-
ence between (v*, 0 ;) and the minimizer of L(v, 6; Q)
when Q is close to Q".

Proposmon 4. Assume v € (R*)N, 0", € (R*)<"'. Denote
Q =0 (0)" € R)NK. Then, ‘v’e>0 there exists >0
such that VQGRNXK that satisfies [|Q — Q"||2 <0, we
have ||(9,0) — (v*, 0" ))||l2 <€ for any (v,0) € argmin, ¢
L(v, 6;Q).
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Proposition 4 resembles a continuity argument for
the mapping from Q to the minimizer of L(v, 6;Q). It
is in the same essence of the maximum theorem (Berge
1963) that concerns the continuity of maximizers of a
function with respect to its parameters. However, the
maximum theorem requires compact maximization
domains and concludes on upper hemicontinuity.
Thus, Proposition 4 displays significant differences. Its
proof is challenging and significantly exploits the
properties of the loss function. The proof is roughly
decomposed into two parts. The first part demon-
strates that L(v, 6; Q") can only approach L(v*, 6" ; Q")
when (v, 0) is close to (v*, 60" ,); the second part parti-
tions the noncompact minimization domain into two
parts D and D°. It then proves, for Q in a neighbor-
hood of Q°, the uniform incompetence of D in mini-
mizing L(v, 8;Q), and uniform closeness of the two
functions L(v, 6; Q) and L(v,0; Q") on D°. Combining
these two parts, we can conclude that for Q close to
Q’, only those (v,0) that are close to (v*, 6" ;) could
survive as candidates to minimize L(v, 6; Q).

By applying Proposition 4, we prove the consis-
tency of the joint estimate in Theorem 3.

Theorem 3. Let {(S¢,0¢)pen+} be an assortment and posi-
tioning sequence, and {O(€) € NN*K}, . be the number-
of-epoch matrices such that O(£); ; = Zizll{agl(k) =i} If
the number of exploration epochs Jo(T) satisfies limr_, o0
Jo(T) = +o0, and lim,_, e O(£); = +oo, Vi€ [N] k€ [K],
the estimated preferences and position effects (6,0) in the
EI-TLR policy is consistent.

By Theorem 3, for long enough horizon, the joint
estimate (d,0) can be as accurate as possible. Thus,
the bias introduced by using estimated position effects
in the generalized TLR-UCB procedure would vanish,
leading to low additional per-period regret compared
with an oracle version that adopts true position
effects. In addition, the conditions in Theorem 3 on
Jo(T) and the sequence {(S¢,0¢)sen+} are easy to fulfill.
For instance, Jo(T) =c-T* for any a €(0,1), and any
periodic choice of {(S¢,0¢)sen+} wWould suffice. Further-
more, in Section 6, we conduct extensive simulations on
EI-TLR and illustrate an estimation error rate around

Jo Y2 for the joint estimate and show sublinear regret
rates for EI-TLR.

Remark 3 (Challenges in Deriving Theoretical Error
Bounds). The consistency of joint estimates in the
EI-TLR policy helps control the additional per-period
regret in the generalized TLR-UCB procedure that
attributes to errors in its adopted estimated position
effects. Further deriving a regret upper bound for
EI-TLR requires a nonasymptotic error bound for the
joint estimate. This involves tackling several new chal-
lenges. Firstly, the observed numbers of purchases for
different products, which correspond to noisy matrix

elements, are dependent. Note that for any H C [K]
with |H| > 2, both the sum ), _; 97 x and the elements
{0¢ k}kerr follow geometric distributions by Lemma S5
in Section B of the Online Appendix. Therefore, it is
easy to illustrate that {{, i}rcy, which contributes to
different entries of Q, are dependent. Secondly, in
each epoch of the exploration phase, we are indeed
sampling a special group of entries {(i,0(i)) : i € S} to
estimate v*(6°)" when offering (S,0). Because there is
a one-to-one matching between the products and posi-
tions, the sampled entries are also dependent. Thirdly,
the noisy matrix elements are geometric and hence
not sub-Gaussian. This largely affects the probabilistic
derivations for error bounds. Fourthly, to develop
online learning algorithms, we need to establish more
refined entrywise error bounds instead of the Frobe-
nius norm.

6. Simulation Study

In this section, we perform numerical studies on syn-
thetic data sets to evaluate the practical performance
of our proposed TLR-UCB and EI-TLR policies. In
particular, we conduct two separate comparisons
under known and unknown position effects. More-
over, through simulations, we further investigate the
rates of estimation errors and cumulative regrets for
our proposed EI-TLR policy.

The first comparison is under known position effects,
including TLR-UCB and two benchmark policies
LR-UCB and A-UCB-V that also make use of known
position effects. In the following, we briefly introduce
linear regression upper confidence bound (LR-UCB)
and A-UCB variant (A-UCB-V). More details can be
found in Section E of the Online Appendix.

e LR-UCB, a variant of TLR-UCB, which avoids the
truncating steps and replaces the UCB bonus in TLR-
UCB with a standard one.

e A-UCB-V, a variant of the UCB algorithm in Agra-
wal et al. (2019), which leverages known position
effects in the preference estimation and static assort-
ment optimization.

The second comparison is under unknown position
effects, including EI-TLR and two assortment-only algo-
rithms S-ETC and A-UCB that ignore position effects.

e S-ETC, the ETC-type algorithm 3 in Sauré and
Zeevi (2013), which ignores position effects.

e A-UCB, the UCB algorithm in Agrawal et al
(2019), which ignores position effects.

Then, we introduce the three simulation settings.
From Examples 1-3, we gradually increase the num-
ber of products N and the number of positions K. In
addition, we also vary the position effects, preference
vectors, and revenue vectors.

e Example 1: N =3 products with K =2 positions;
Position effect vector 6°=(1,1/2)"; Preference vector
v*=(1/4,2/54/5)"; Revenue vector r = (4/5,3/4,1/2)".
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e Example 2: N =5 products with K =3 positions;
Position effect vector 6 = (1,1/2,1/3)"; Preference vec-
tor v*=(1,0.8,0.6,0.4,0.2)"; Revenue vector r= (0.4,
0.2,0.8,0.6,1)".

e Example 3: N =10 products with K =5 positions;
Position effect vector 0° = (1,1/2,1/3,1/4,1/5)"; Prefer-
ence vector v* =(1,0.9,0.8,0.7,0.6,0.5,0.4,0.3,0.2,0.1)";
Revenue vector r = (0.3,0.2,0.7,0.4,0.5,0.6,0.1,0.9,1,0.8) .

6.1. Comparison Under Known Position Effects
In this part, we conduct the comparison among TLR-
UCB, LR-UCB, and A-UCB-V, all using known position
effects. For our proposed TLR-UCB policy, we use vy =
1 and A =1 under all three settings. We perform 500
replications and average the results for each method.

Figure 1 shows the cumulative regret curves of
TLR-UCB, LR-UCB, and A-UCB-V under Examples
1-3. As we can see, the performance of LR-UCB on all
three simulation settings are much worse than TLR-
UCB. This demonstrates the importance of the special
UCB bonus used in TLR-UCB. Namely, it is essential
to design a UCB bonus tailored to our truncated linear
regression estimate, so that we are able to tackle the
random and adaptive position effects, and the geo-
metric tails. On the other hand, A-UCB-V performs
worse than TLR-UCB on the first two simulation set-
tings in a horizon of length T=200,000. On the third
setting, because of its linearly increasing cumulative
regret, A-UCB-V is also gradually outperformed by
TLR-UCB in a longer horizon of length T =1,000,000.
The originally constructed UCB bonus is no longer
valid for the new preference estimates due to the scal-
ing of 9; , with random and adaptive position effects
05,(1)- This demonstrates the essence of our strategy in
using the truncated linear regression estimate and
constructing new UCB bonus by deriving its concen-
tration in TLR-UCB.

6.2. Comparison Under Unknown Position Effects
In this part, we conduct the comparison among EI-TLR,
S-ETC, and A-UCB. All three methods do not know the

position effects. However, our proposed EI-TLR policy
is aware of position effects and acts accordingly,
whereas S-ETC and A-UCB are not. For EI-TLR, we set
the minimum number of exploration epochs as Jo(T) =
[c-T?/3] with ¢=0.1. Note that such a choice of the
exploration phase is quite common in bandit algo-
rithms (Lattimore and Szepesvari 2020), and we fix the
same constant ¢ across Examples 1-3. In addition, the
sequence of assortment and positioning {(S¢,0¢)} en
satisfies S, = {([({ —1)+i—1] mod N)+1|i € [K]} and
oe[([(€—1)-k+i—1] mod N) +1] =i, Vie [K]. Lastly,
we use the same vg =1 and A =1 as TLR-UCB for all
three settings.

Figure 2 shows the cumulative regret curves of
EI-TLR, S-ETC, and A-UCB under Examples 1-3,
averaged over 500 replications. As we can see, EI-TLR
substantially outperforms the position-unaware algo-
rithms S-ETC and A-UCB. Such a significant advan-
tage is mainly attributed to the quite flat regret curves
and low per-period regrets in the latter part of the
generalized TLR-UCB procedure. This demonstrates
the benefits of preference learning in the generalized
TLR-UCB procedure, despite being driven by esti-
mated position effects. Moreover, the incorporation
of exploration phase data further reduces the regrets
from the generalized TLR-UCB procedure by acceler-
ating the preference learning and cutting off a portion
of the surging exploration costs at the beginning of
this procedure. In contrast, both S-ETC and A-UCB
display a clear linearly increasing pattern in their
cumulative regret curves. This matches our theoreti-
cal claims in Lemma 1 that the assortment-only algo-
rithms perform poorly under position effects.

6.3. Further Investigations on EI-TLR

For EI-TLR, we conduct two more experiments to
investigate the rate of estimation errors and cumula-
tive regrets respectively. Because of space limitations,
we only display the results for Example 1 in Figure 3.
Similar results for Examples 2 and 3 can be found in
Section E of the Online Appendix.

Figure 1. (Color online) Regret Comparison of Our Proposed TLR-UCB Policy with LR-UCB and A-UCB-V Under Known Posi-

tion Effects
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Figure 2. (Color online) Regret Comparison of Our Proposed EI-TLR Policy with S-ETC and A-UCB Under Unknown Position

Effects
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To illustrate how estimation errors vary with the
epoch number ]y, we design a set of 20 Jy’s ranging
from 1,000 to 20,000 in which the ith ], equals 1,000 X
20""Y/1 In the left and middle subplots of Figure 3,
we plot the logarithms of estimation errors log(||d —
v*||2) and log(||@ — 6", ||2) versus log(Jo), which dis-
play a strong linear trend. The linear regression fits
display a clear —1/2 slope, which demonstrates that
the estimation error rates are around J, 2 On the
other hand, to illustrate the regret rates, we design a
set of 20 horizon lengths T ranging from 200,000 to
2,000,000 in which the ith T equals 200,000 x 10¢V/19,
We set the same number of epochs Jo(T) and the
sequence of assortment and positioning {(S¢,0¢)}en+
as the regret comparison part. In the right subplot of
Figure 3, we show the regret rates by plotting the log-
arithmic cumulative regrets over logarithmic horizon
lengths. As we can see, the plot illustrates a clear sub-
linearity of cumulative regrets over horizon lengths
for our proposed EI-TLR policy.

7. Real Data Analysis

In this section, we present a numerical study using
the “UCI Car Evaluation Database” as our real data
set, which has also been explored in Agrawal et al.
(2019). It consists of N=1,728 cars, each accompanied
by consumer ratings and various other attributes.
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Specifically, each car is rated at one of the four levels:
unacceptable, acceptable, good, and very good. In
addition, each car has six categorical attributes: price,
maintenance costs, number of doors, passenger capac-
ity, luggage capacity, and safety perception. Their
detailed values are presented in Table 1.

To encode these categorical attributes, we convert
them into 21 new attributes with binary values by
adding dummy attributes. For example, “price very
high” and “price high” form into two different attri-
butes with values of one or zero. In addition, we add
an intercept for each car. Thus, each car is associated
with an attribute vector x; € {0, 1}22,1' €[1,728].

We next estimate the ground truth preference para-
meters for these cars. We assume the true preference
parameter v} of a car is modeled as the exponential of
a linear function of its attributes x;. Namely, there
exists a fixed linear parameter ¢ € R* such that v} =
¢*'¢, Vie[N]. Similar to Agrawal et al. (2019), we
assume a logistic probabilistic model on the consumer
ratings given the car’s preference parameter. Specifi-
cally, the consumer ratings of acceptable, good, and
very good are considered as intention to buy and
encoded as y; = 1. The consumer rating of unacceptable
is viewed as no intention to buy and encoded as
y; = 0. Then we have P(y; = 1|{,x;) = ¢ ¢ /(1 +¢¥'%), P(y; =
0] =1/(1 +e*%). Finally, we obtain the {,-regularized

Figure 3. (Color online) Rates of Estimation Errors and Cumulative Regrets for Our Proposed EI-TLR Policy in Example 1
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Table 1. Attribute Information of Cars for the UCI Car
Evaluation Database

Attribute Attribute values

Price Very high, high, medium, and low
Maintenance costs Very high, high, medium, and low
No. of doors Two, three, four, and more
Passenger capacity Two, four, and more
Luggage capacity Small, medium, and big
Safety perception Low, medium, and high

maximum likelihood estimate {5 as {yy g = arg ming —

CY (yilogP(y; = 114,:) + (1~ ylog P(y; = 0]£ %))+
111€l13, where the regularization constant C is set as 0.01.
We then use this estimate {y; to calculate the prefer-
ence parameter of each car by using the formula v; =
et Vie[N]. Similar to Agrawal et al. (2019), we
assume that the retailer can only display at most 100 cars
to the customer at each time period. Namely, there are
K =100 positions in our formulated DAP problem. We
consider the exponentially decaying position effects 0; =
27 2=D/KAD e [K]. Namely, we have the first and
maximal position effect 0] = 0}, =1, and the last and
minimal position effect 0y =0, =1 These position
effects together with the estimated preference para-
meters are used as the ground truth to compare the algo-
rithm performances.

Similar to simulation settings, we conduct compari-
sons for known and unknown position effects, respec-
tively. In the case of known position effects, we compare
our proposed TLR-UCB policy with LR-UCB and A-
UCB-V; under unknown position effects, we compare
our proposed EI-TLR policy with the assortment-only
algorithm A-UCB in Agrawal et al. (2019). We do not
include a comparison with S-ETC in Sauré and Zeevi
(2013) for two reasons. Firstly, S-ETC is computationally

intensive because it requires solving relatively large-scale
static optimization problems frequently throughout the
horizon. Secondly, S-ETC has comparable performance
to A-UCB in our simulation studies and is outperformed
by A-UCB on this car data set as reported in Agrawal
etal. (2019).

For TLR-UCB, similar to simulations, we specify the
inputs as vo = maxen; 0j and A =1. For EI-TLR, we
use similar inputs in the simulations as well. Namely, we
set the number of epochs Jo(T) = [c- T?/3]; the sequence
of assortment and positioning {(S¢,0¢)}en+ satisfies Sp =
{([(¢=1)+i—1]mod N) +1]i € [K]} and o/[([(£—-1)-
Kk +i—1] mod N) +1] =i, Vi€ [K]. In addition, we adopt
the same vy = max;n?j and A =1 as those used in
TLR-UCB.

In Figure 4, we plot the cumulative regrets for all
policies by averaging over 50 replications. Under both
known and unknown position effects, our proposed
TLR-UCB and EI-TLR policy outperform other bench-
mark policies. Additionally, we align the range of
regrets for these two plots to compare the performance
between TLR-UCB and EI-TLR. Despite being designed
for different cases, these two policies share similar
TLR-UCB elements and thus several interesting points
arise from their comparison. Firstly, as expected, TLR-
UCB accumulates lower regrets than EI-TLR as it
tackles an easier setting of known position effects. Sec-
ondly, the difference of per-period regrets in latter peri-
ods of these two policies is quite minor. Namely, when
sufficient preference learning is conducted, the addi-
tional per-period regret of the generalized TLR-UCB
procedure due to its utilization of estimated position
effects can be low. Thirdly, because of the incorpora-
tion of exploration phase data, the regret curve of the
generalized TLR-UCB procedure increases more slowly
at the beginning than that of TLR-UCB.

Figure 4. (Color online) Regret Comparison of Our Proposed TLR-UCB and EI-TLR Policy with LR-UCB, A-UCB-V, and

A-UCB on the UCI Car Evaluation Database
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