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Abstract

We consider the problem of constructing small
coresets for k-MEDIAN in Euclidean spaces.
Given a large set of data points P C R, a
coreset is a much smaller set S C R<, so that
the k-MEDIAN costs of any k centers w.r.t. P
and S are close. Existing literature mainly fo-
cuses on the high-dimension case and there has
been a great success in obtaining dimension-
independent bounds, whereas the case for small
d is largely unexplored. Considering many appli-
cations of Euclidean clustering algorithms are in
small dimensions and the lack of systematic stud-
ies in the current literature, this paper investigates
coresets for k.-MEDIAN in small dimensions. For
small d, a natural question is whether existing
near-optimal dimension-independent bounds can
be significantly improved. We provide affirma-
tive answers to this question for a range of pa-
rameters. Moreover, new lower bound results are
also proved, which are the highest for small d. In
particular, we completely settle the coreset size
bound for 1-d k-MEDIAN (up to log factors). In-
terestingly, our results imply a strong separation
between 1-d 1-MEDIAN and 1-d 2-MEDIAN. As
far as we know, this is the first such separation
between £ = 1 and k£ = 2 in any dimension.

1. Introduction

Processing huge datasets is always computationally chal-
lenging. In this paper, we consider the coreset paradigm,
which is an effective data-reduction tool to alleviate the
computation burden on big data. Roughly speaking, given
a large dataset, the goal is to construct a much smaller
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dataset, called coreset, so that vital properties of the orig-
inal dataset are preserved. Coresets for various problems
have been extensively studied (Har-Peled & Mazumdar,
2004; Feldman & Langberg, 2011; Feldman et al., 2013;
Cohen-Addad et al., 2022; Braverman et al., 2022). In this
paper, we investigate coreset construction for k-MEDIAN
in Euclidean spaces.

Coreset construction for Euclidean k-MEDIAN has been
studied for nearly two decades (Har-Peled & Mazumdar,
2004; Feldman & Langberg, 2011; Huang et al., 2018;
Cohen-Addad et al., 2021; 2022). For this particular prob-
lem, an e-coreset is a (weighted) point set in the same Eu-
clidean space that satisfies: given any set of k centers, the
k-MEDIAN costs of the centers w.r.t. the original point set
and the coreset are within a factor of 1 4 ¢. The most im-
portant task in theoretical research here is to characterize
the minimum size of e-coresets. Recently, there has been
great progress in closing the gap between upper and lower
bounds in high-dimensional spaces. However, researches
on the coreset size in small dimensional spaces are rare.
There are still large gaps between upper and lower bounds
even for 1-d 1-MEDIAN.

Clustering in small dimensional Euclidean spaces is of
both theoretical and practical importance. In practice,
many applications involve clustering points in small di-
mensional spaces. A typical example is clustering objects
in R? or R? based on their spatial coordinates (Wheeler,
2007; Fonseca-Rodriguez et al., 2021). Another example
is spectral clustering for graph and social network analy-
sis (Von Luxburg, 2007; Kunegis et al., 2010; Zhang et al.,
2014; Narantsatsralt & Kang, 2017). In spectral cluster-
ing, nodes are first embedded into a small dimensional Eu-
clidean space using spectral methods and then Euclidean
clustering algorithms are applied in the embedding space.
Even the simplest 1-d k-MEDIAN has numerous practical
applications (Arnaboldi et al., 2012; Jeske et al., 2013;
Pennacchioli et al., 2014).

On the theory side, existing techniques for coresets in high
dimensions may not be sufficient to obtain optimal core-
sets in small dimensions. For example, much smaller size
is achievable in R! by using geometric methods, while
the sampling methods for strong coresets in high dimen-
sion (Langberg & Schulman, 2010; Cohen-Addad et al.,
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2021; Huang et al., 2022) seem not viable to obtain such
bounds in low dimensions. This suggests that optimal core-
set construction in small dimensions may require new tech-
niques, which provides a partial explanation of why 1-d 1-
MEDIAN is still open after two decades of research. That
being said, the coreset problem for clustering in small di-
mensional spaces is of great theoretical interest and practi-
cal value. Yet it is largely unexplored in the literature. This
paper aims to fill the gap and study the following question:

Question 1. What is the tight coreset size for Euclidean
k-MEDIAN problem in R? for small d?

1.1. Problem Definitions and Previous Results

Euclidean k-MEDIAN. In the Euclidean k-MEDIAN
problem, we are given a dataset P C R4 (d > 1)ofn
points and an integer £ > 1; and the goal is to find a k-
center set C' C R? that minimizes the objective function

= dp,C) =) _mind(p,c), (1)

pEP pEP

cost(P,C)

where d(p, ¢) represents the Euclidean distance between p
and c. It has many application domains including approx-
imation algorithms, unsupervised learning, and computa-
tional geometry (Lloyd, 1982; Tan et al., 2006; Arthur &
Vassilvitskii, 2007; Coates & Ng, 2012).

Coresets. Let C denote the collection of all k-center sets,
ie.,C:={CC R . |C| = k}.
Definition 1.1 (e-Coreset for Euclidean

k-MEDIAN (Har-Peled & Mazumdar, 2004)). Given
a dataset P C R? of n points, an integer k > 1 and
e € (0,1), an e-coreset for Euclidean k-MEDIAN is a
subset S C P with weight w : S — R, such that

> w(p)-d(p,C) € (1 £¢) - cost(P,C).

peES

vC e,

For Euclidean k-MEDIAN, the best known upper bound on
e-coreset size is O(min { k:f, = }) (Huang et al., 2022;

Cohen-Addad et al., 2022) and Q(?) is the best exist-
ing lower bound (Cohen-Addad et al., 2022). The upper
bound is dimension-independent, since using dimension-
ality reduction techniques such as Johnson-Lindenstrauss
transform, the dimension can be reduced to é(s%) Thus,

most previous work essentially only focus on d = C:)(g%),
whereas the case for d < 5% is largely unexplored. The
lower bound requires d = Q(E%), as the hard instance for
the lower bound is an orthonormal basis of size (Z;). For
constant k£ and large enough d, the upper and lower bounds

match up to a polylog factor.

On the contrary, for d < @(5%), tight coreset sizes for k-
MEDIAN are far from well-understood, even when k = 1.

Specifically, for constant d, the current best upper bound
is O(%, &) (Feldman & Langberg, 2011; Cohen-Addad
et al., 2022), and the best lower bound is Q( -) (Baker
et al., 2020). Thus, there is a still large gap between the
upper and lower bounds for small d. Perhaps surprisingly,
this is the case even for d = 1: Har-Peled & Kushal (2005)
present a coreset of size O(f) in R while the best known
lower bound is Q(\%)

1.2. Our Results

We provide a complete characterization of the coreset size
(up to a logarithm factor) for d = 1 and partially answer
Question 1 for 1 < d < ©(Z;). Our results are summarized
in Table 1.

For d = 1, we construct coresets with size O( f) for
1-MEDIAN (Theorem 2.1) and prove that the coreset size
lower bound is (%) for k& > 2 (Theorem 2.10). Previ-
ous work has shown coresets with size O(g) exist for k-
MEDIAN (Har-Peled & Kushal, 2005) in 1-d, and thus our
lower bound nearly matches this upper bound. On the other
hand, it was proved that the coreset size of 1-MEDIAN in
1-d is Q( =) (Baker et al., 2020), which shows our upper
bound result for 1-MEDIAN is nearly tight.

For d > 1, we provide a discrepancy-based method that
constructs deterministic coresets of size O( ) for 1-
MEDIAN (Theorem 3.2). Our result 1mpr0ves over the
existing O( ) upper bound (Cohen-Addad et al., 2021)
for 1 < d < ©(Z%) and matches the Q(Z) lower
bound (Cohen- Addad et al., 2022) for d = @(E%) We
further prove a lower bound of Q(kd) for k-MEDIAN in
R? (Theorem D.3). Combining with our 1-d lower bound
Q(f), this improves over the existing Q(% + d) lower
bound (Baker et al., 2020; Cohen-Addad et al., 2022).

1.3. Technical Overview

We first discuss the 1-d £-MEDIAN problem and show that
the framework of (Har-Peled & Kushal, 2005) is optimal
with significant improvement for £ = 1. Then we briefly
summarize our approaches for 2 < d < g2

The Bucket-Partitioning Framework for 1-d k-
MEDIAN in (Har-Peled & Kushal, 2005). Our main
results in 1-d are based on the classic bucket-partitioning
framework, developed in (Har-Peled & Kushal, 2005),
which we briefly review now. They greedily partition a
dataset P C R into O(ke~!) consecutive buckets B’s and
collect the mean point u(B) together with weight |B| as
their coreset .S. Their construction requires that the cumu-
lative error §(B) = > [p — p(B)| < e - OPT/k holds
for every bucket B, where OPT is the optimal k-MEDIAN
cost of P. Their important geometric observation is that
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Table 1. Comparison of coreset sizes for k-MEDIAN in R?. We use following abbreviations: [1] for (Har-Peled & Kushal, 2005), [2] for
(Feldman & Langberg, 2011), [3] for (Baker et al., 2020), [4] for (Cohen-Addad et al., 2021), [5] for (Cohen-Addad et al., 2022) and [6]
for (Huang et al., 2022). The symbol 1 represents that the results can be generalized to (k, z)-CLUSTERING (Definition 3.1).

Paremeters d, k Best Known Upper Bound Best Known Lower Bound Our Results
Q=1 k=1 O] Qe 1?) 3] O(c~'/?) (Thm. 2.1)
k>1 O(ke™ 1) 1] Q(ke"17%) [3] Q(ke~T) (Thm. 2.10)
_ (-2 —1/2 3 —1\f
l<d<o@E? [F=1] O=2) 4 O(=12) 3] O(Vde~1)T (Thm. 3.2)
k>1| O(min {g kK }) 2.5, 6] Q(ke=1/2) [3] Q(kd + ke~1)! (Thm. D.3)
d=Q(?) k>1 O(min {ﬁ k;‘;“‘ }) (5, 6] Q(ke=2) [5] /

the induced error |cost(B, C) — |B| - d(u(B), C')| of every
bucket B is at most §(B), and even is 0 when all points
in B assign to the same center. Consequently, only O(k)
buckets induce a non-zero error for every center set C and
the total induced error is at most € - OPT, which concludes
that S is a coreset of size O(ke™1).

Reducing the Number of Buckets for 1-d 1-MEDIAN
via Adaptive Cumulative Errors. In the case of £k = 1
where there is only one center ¢ € R, we improve the re-
sult in (Har-Peled & Kushal, 2005) (Theorem 2.1) through
the following observation: cost(P,¢) can be much larger
than OPT when center c is close to either of the endpoints
of P, and consequently, can allow a larger induced error of
coreset than -OPT. This observation motivates us to adap-
tively select cumulative errors for different buckets accord-
ing to their locations. Inspired by this motivation, our al-
gorithm (Algorithm 1) first partitions dataset P into blocks
B; according to clustering cost, i.e., cost(P, ¢) ~ 2¢ - OPT
for all ¢ € B;, and then further partition each block B;
into buckets B; ; with a carefully selected cumulative error
bound 6(B; ;) < ¢ - 2¢ . OPT. Intuitively, our selection of
cumulative errors is proportional to the minimum cluster-
ing cost of buckets, which results in a coreset.

For the coreset size, we first observe that there are only
O(loge™1) non-empty blocks B; (Lemma 2.8) since we
can “safely ignore” the leftmost and the rightmost en points
and the remaining points p € P satisfy cost(P,p) <
¢~ 'OPT. The most technical part is that we show the
number m of buckets in each B; is at most O(¢~/?)
(Lemma 2.9), which results in our improved coreset size
O(e~1/2). The basic idea is surprisingly simple: the clus-
tering cost of a bucket is proportional to its distance to cen-
ter ¢, and hence, the clustering cost of m consecutive buck-
ets is proportional to m? instead of m. According to this
idea, we find that m? - 0(B; ;) < 2t . OPT for every B;,
which implies a desired bound m = O(c~1/?) by our se-
lection of §(B; ;) ~ ¢ - 2¢ - OPT.

Hardness Result for 1-d 2-MEDIAN: Cumulative Error
is Unavoidable. We take k£ = 2 as an example here and
show the tightness of the O(¢~1) bound by (Har-Peled &
Mazumdar, 2004). The extension to & > 2 is standard via
an idea of (Baker et al., 2020).

We construct the following worst-case instance P C R
of size e~1: We construct m = e~! consecutive buckets
Bi, Bs, ..., B, such that the length of buckets exponen-
tially increases while the number of points in buckets expo-
nentially decreases. We fix a center at the leftmost point of
P (assuming to be 0 w. 1. 0. g.) and move the other center
c along the axis. Such dataset P satisfies the following:

* the clustering cost is stable: for all ¢, fp(c) :=
cost(P, {0,c}) ~ =1 up to a constant factor;

* the cumulative error for every bucket B; is 6(B;) ~ 1;

* for every B;, cost(B;, {0, c}) is a quadratic function
that first decreases and then increases as ¢ moves from
left to right within B;, and the gap between the maxi-
mum and the minimum values is (5 (B;)).

Suppose S C P is of size o(c~!). Then there must exist
a bucket B such that S N B = (). We find that function
fs(e) := cost(S, {0, c}) is an affine linear function when
c is located within B; (Lemma 2.12). Consequently, the
maximum induced error max ¢, | fp(c)— fs(c)| is at least
Q(4(B;)) since the estimation error of an affine linear func-
tion fg to a quadratic function fp is up to certain “cumu-
lative curvature” of fp (Lemma 2.11), which is Q(6(B;))
due to our construction. Hence, S is not a coreset since
fp(c) ~ e~ ! always holds.

We remind the readers that the above cost function fp is
actually a piecewise quadratic function with O(s~1) pieces
instead of a quadratic one, which ensures the stability of
fp. This is the main difference from £ = 1, which leads
to a gap of e~'/2 on the coreset size between & = 1 and
k = 2. As far as we know, this is the first such separation
in any dimension.
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Our Approaches when 2 < d < 72, For 1-MEDIAN,
our upper bound result (Theorem 3.2) combines a recent
hierarchical decomposition coreset framework in (Braver-
man et al., 2022), that reduces the instance to a hierarchi-
cal ring structure (Theorem A.2), and the discrepancy ap-
proaches (Theorem A.4) developed by (Karnin & Liberty,
2019). The main idea is to extend the analytic analysis
of (Karnin & Liberty, 2019) to handle multiplicative errors
in a scalable way.

For k-MEDIAN, our lower bound result (Theorem D.3)
extends recently developed approaches in (Cohen-Addad
et al., 2022). Their hard instance is an orthonormal basis in
R?, the size of which is at most d, and hence cannot obtain
a lower bound higher than Q(d). We improve the results
by embedding ©(k) copies of their hard instance in RY,
each of which lies in a different affine subspace. We ar-
gue that the errors from all subspaces add up. However, the
error analysis from (Cohen-Addad et al., 2022) cannot be
directly used; we need to overcome several technical chal-
lenges. For instance, points in the coreset are not necessary
in any affine subspace, so the error in each subspace is not
a corollary of their result. Moreover, errors from different
subspaces may cancel each other.

1.4. Other Related Work

Coresets for Clustering in Metric Spaces Recent
works (Cohen-Addad et al., 2022; Cohen-Addad et al.,
2022; Huang et al, 2023a) show that Euclidean
(k, z)-CLUSTERING admits e-coresets of size O(ke™2 -
min{e?,k=72}) and a nearly tight bound O(c~2) is
known when & = 1 (Cohen-Addad et al., 2021). Apart
from the Euclidean metric, the research community also
studies coresets for clustering in general metric spaces a
lot. For example, Feldman & Langberg (2011) construct
coresets of size O(k:a‘Q log n) for general discrete metric.
Baker et al. (2020) show that the previous log n factor is un-
avoidable. There are also works on other specific metrics
spaces: doubling metrics (Huang et al., 2018) and graphs
with shortest path metrics (Baker et al., 2020; Braverman
et al., 2021; Cohen-Addad et al., 2021), to name a few.

Coresets for Variants of Clustering Coresets for vari-
ants of clustering problems are also of great interest. For
example, Braverman et al. (2022) construct coresets of size
O(k3~0) for capacitated k-MEDIAN, which is improved
to O(k®c~5) by (Huang et al., 2023a). Other important
variants of clustering include ordered clustering (Braver-
man et al., 2019), robust clustering (Huang et al., 2023b),
and time-series clustering (Huang et al., 2021).

2. Tight Coreset Sizes for 1-d k-MEDIAN
2.1. Near Optimal Coreset for 1-d 1-MEDIAN

We have the following theorem.

Theorem 2.1 (Improved Coreset for one-dimensional
1-MEDIAN). There is a polynomial time algorithm, such
that given an input data set P C R, it outputs an -coreset
of P for 1-MEDIAN with size O(¢™2).

Remark 2.2 (Discussion of our coreset result). We note
that there are fast algorithms for 1-MEDIAN and 1-d k-
MEDIAN (Cohen et al., 2016, Grgnlund et al., 2018) and
PTAS for general k-MEDIAN (Har-Peled & Kushal, 2005).
Even with these algorithms, coresets are also of great
importance because coreset constructions have numerous
uses beyond computing the optimal solution of a problem.
For example, one can answer any query by computing on
the coreset rather than computing on the full dataset, which
greatly reduces the time complexity of answering queries.
Furthermore, for any problem that admits a coreset con-
struction, we can convert an arbitrary offline algorithm to
a simultaneously parallel and streaming algorithm via a
black-box reduction (Munteanu & Schwiegelshohn, 2018).
Moreover, a small coreset can automatically accelerate a
PTAS by replacing the original dataset with the coreset
and running the PTAS on the coreset (Har-Peled & Kushal,
2005).

In the case of d = 1, the black-box reduction converts
any off-line algorithm to a single-pass streaming algorithm
with only O(m polylog(n)) spaces, where n is the stream
length and m is the coreset size. Specifically, for the 1-d
1-MEDIAN problem (computing the median) our paper im-
mediately provides an e-approximated streaming algorithm
with O(e =/ ?polylog(n)) spaces. Furthermore, as a core-
set maintains the answer to all queries, we can compute the
sum of the distance to a set of centers in time independent
of the point numbers.

Useful Notations and Facts. Throughout this section,
weuse P = {p1, - ,pn} CRwithp; <ps < < pp.
Letc* = p|z |, we have the following simple observations
for cost(P, ¢).

Observation 2.3. cost(P,c) is a convex piecewise affine
linear function of ¢ and OPT = cost(P, ¢*) is the optimal
1-MEDIAN cost on P.

The following notions, proposed by (Har-Peled & Mazum-
dar, 2004), are useful for our coreset construction.

Definition 2.4 (Bucket). A bucket B is a continuous subset
{pi,Pi41---,0r} of Pforsomel <1 <r<n.

Definition 2.5 (Mean and cumulative error (Har-Peled
& Kushal, 2005)). Given a bucket B = {py,...,p} for
some 1 <1 < r <n, denote N(B) :=r—1+1 1o be
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the number of points within B and L(B) := p, — p; to be
the length of B. We define the mean of B to be u(B) =

ﬁ Zpe g D, and define the cumulative error of B to be

0(B) i= Xpep [P = n(B)]-

Note that (B) € [py, pr] always holds, which implies the
following fact.

Fact 2.6. 6(B) < N(B) - L(B).

The following lemma shows that for each bucket B, the
coreset error on B is no more than §(B).

Lemma 2.7 (Cumulative error controls core-
set error (Har-Peled & Kushal, 2005)). Let
B = {p,...,pr} C Pforl <1l < r < nbea

bucket and c € R be a center. We have

1. if ¢ € (pi,pr), |cost(B,c) — N(B)d(u(B),c)| <

o(B);

2. ife ¢ (pr.p,). eost(B, ) — N(B)d(u(B), c)| = 0.

Algorithm for Theorem 2.1. Our algorithm is summa-
rized in Algorithm 1. We improve the framework in (Har-
Peled & Kushal, 2005), which partitions P into multiple
buckets so that the cumulative errors in different buckets
are the same and collects their means as a coreset. Our
main idea is to carefully select an adaptive cumulative error
for different buckets. In Lines 2-3, we take the leftmost en
points and the rightmost en points, and add their weighted
means to our coreset S. In Lines 4 (and 7), we divide the
remaining points into disjoint blocks B; (B}) such that for
every p € B;, cost(P,p) ~ 2¢ - OPT, and then greedily
divide each B; into disjoint buckets B; ; with a cumulative
error roughly ¢ - 2¢ - OPT in Line 5. We remind the readers
that the cumulative error in (Har-Peled & Kushal, 2005) is
always ¢ - OPT.

We define function fp : R — Rx¢ such that fp(c) =
cost(P, c¢) for every ¢ € R and define fs : R — Rxg
such that fs(c) = cost(S, ¢) for every ¢ € R. By Observa-
tion 2.3, fp(c) is decreasing on (—o0, ¢*] and increasing on
[¢*,00). As a result, each B;(B]) consists of consecutive
points in P. The following lemma shows that the number
of blocks B;(B}) is O(log 1).

Lemma 2.8 (Number of blocks). There are at most
O(log(1)) non-empty blocks B; or B..

Proof: We prove Algorithm 1 divides {pr.41,...,p 2}
into at most O(log(2)) non-empty blocks B;. Argument
for {pLng, ..., PR} is entirely symmetric.

If B; is non-empty for some 7 > 0, we must have fp(p) >
2¢. OPT for p € B;. We also have p > py, since p € B; C
{pr+1,---,p 2} Since fp is convex, we have 2°-OPT <

Algorithm 1 Coreset1d(P, )

Input: Dataset P = {py,---
pn,and e € (0,1).
Output: An e-coreset S of P for 1-d 1-MEDIAN

1: SetS «+ 0.

2: Set L + |en| and R < n — |en]. Set B_ +
{p1,...,pL} and By < {pr+1,...,pn}-

3: Add p(B-) with weight N(B_) and p(By) with
weight N (B ) into S.

4: Divide {pr41, ... ’pL%J} into disjoint blocks {B; }i>0
where B; = {p € {pL+1a-~-pL%j} : 20.0PT <
cost(P,p) < 2¢t1 . OPT}.

5: For each non-empty block B; (¢ > 0), consider the
points within B; from left to right and group them into
buckets {B; ;};>0 in a greedy way: each bucket B; ;
is a maximal set with (B, ;) < e - 2" - OPT.

6: For every bucket B;;, add u(B;;) with weight
N(Bi,j) into S.

7: Symmetrically divide {pL%Hlv ...,pr} into disjoint
buckets {B;;}ij>0 and add p(B;;) with weight
N(Bj ;) into S for every bucket B; ;.

8: Return S.

,Pn} C Rwithp; < -+ <

fp(p) < fp(pr). If we show that fp(pr) < (1+¢71)-
OPT = (1 +¢&71) - fp(c*) then we have 2¢ < (1 +¢&71)
thus i < O(log(1)).

To prove fp(pr) < (1 +¢&71) - fp(c*), we use triangle
inequality to obtain that

n
Z lpi — prl
i=1

n

< D (pi =+ e —prl)

i=1

= fe(¢) +n-|c" —pl.

fe(pr) =

Moreover, we note that by the choice of py, |¢* — pr| <
I ZiL:1 lc* —pil < % Thus we have,

L
fr(c*)

En

fr(pr) < fr(c) +n- =L +e) fr(eh).

O

We next give a key lemma that we use to obtain an im-
proved coreset size.

Lemma 2.9 (Number of buckets). Each non-empty block
B; or B! is divided into O(s~'/?) buckets.

Proof: We prove that each block B; -
{pr+1,...,p|2)} is divided into at most O(e~'/?)
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buckets B; ;. Argument for B; C {p|z 41,
entirely symmetric.

PR} 18

Suppose B; = {py,, .., pr, } and we divide B; into ¢ buck-
ets {B; ; };;(1). Since each B; ; is the maximal bucket with
5(31‘7]‘) < e- 2. OPT, we have 5(B1'72j U Bi,2j+1) >
€-2'- OPT for 27 + 1 < t. Denote Bi,gj U Bi’QjJrl by Cj
for j € {0,...,[52]}, we have

42ZOPT > fP(pli)+fP(pTi)
> Z(p_plz +|p_pn)
pEB,;
= N(Bi)(pr, — p1,)
%2 =2
> () NEC))- (Y L(Cy)
j=1 Jj=1
152 . )
> (Y NOELEC)H) @

Y

(]
=
S

SIS

by Fact 2.6

> (L% )2.¢.2". OPT.

Here (2) is from Cauchy-Schwarz inequality. So we have
(|52])% - 2" - OPT < 4-2'. OPT, which implies
t<O(e2). 0

Now we are ready to prove Theorem 2.1.

Proof: [of Theorem 2.1] We first verify that the set S is
an O(g)-coreset. Our goal is to prove that for every ¢ € R,
fs(c) € (1£e)-fp(c). We prove this for any ¢ € (—oo, ¢*].
The argument for ¢ € (¢*, +00) is entirely symmetric.

For any ¢ € (—o0, ¢*], we have
fr(e) = fs(c) = cost(B,c) = N(B) - d(u(B), c)
B

where B takes over all buckets. We then separately analyze
the ¢ € (—o0, py] case and the ¢ € (pr, ¢*] case.

When ¢ € (—oo,pr], we note that fp(pr) =
fs(pr)(Lemma 2.7). By elementary calculus, both dfsic(c)
and ¥519) are within [—n, —(1 — 2¢)n]; hence differ by

at most a multiplicative factor of 1 4+ . Thus, |fp(c) —
fs(e)l <O(e) - fr(o).

When ¢ € (pr,c*], there is at most one bucket B =
{pi,...,pr} such that ¢ € (p;,p,) since these buckets
are disjoint. If such a bucket B does not exist, we have
fr(c) = fs(c). Now suppose such a bucket B exists.

Since ¢ > pr, we have B C B; for some block B;. Thus,
by Lemma 2.7 and the construction of buckets:

|fp(c) — fs(c)| < 6(B) <e-2"-OPT.

We have fp(p;) > 2°- OPT and fp(p,) > 2¢- OPT.
Since fp is convex (thus decreasing on (—oo, ¢*|) and ¢ €
(p1,pr), we also have fp(c) > 2¢ - OPT. This implies
[fp(e) = fs(e)] < e fr(e).

It remains to show that the size of S, which is the total
number of buckets, is 0(5*1/ 2). However, by Lemma 2.8,
there are O(log(1/¢)) blocks, and by Lemma 2.9, each
block contains O(s~'/2) buckets. Thus, there are at most
O(e~1/2) buckets. O

2.2. Tight Lower Bound on Coreset Size for 1-d
k-MEDIAN when k > 2

In this subsection, we prove that the size lower bound of e-
coreset for k-MEDIAN problem in R! is ©(£). This lower
bound matches the upper bound in (Har-Peled & Kushal,
2005).

Theorem 2.10 (Coreset lower bound for 1-d £-MEDIAN
when k& > 2). For a given integer k > 2 and ¢ € (0,1),
there exists a dataset P C R such that any e-coreset S must
have size |S| > Q(ke™1).

For ease of exposition, we only prove the lower bound
for 2-MEDIAN here. The generalization to k-MEDIAN is
straightforward and can be found in Appendix B.

We first prove a technical lemma, which shows that a
quadratic function cannot be approximated well by an
affine linear function in a long enough interval. We note
that similar technical lemmas appear in coresets lower
bound of other related clustering problems (Braverman
etal., 2019) (Baker et al., 2020). The lemma in (Braverman
et al., 2019) shows that the function /x cannot be approx-
imated well by an affine linear function while our lemma
is about approximating a quadratic function. The lemma
in (Baker et al., 2020) shows that a quadratic function can-
not be approximated well by an affine linear function on a
bounded interval, a situation slightly different from ours.

Lemma 2.11 (Quadratic function cannot be approxi-
mated well by affine linear functions). Let [a, b] be an in-
terval, f(c) be a quadratic function on interval [a,b], o >
0 and 3 > 0 be two constants, and 0 < ¢ < ég be a non-
negative real number. If | f(c)| < aand (b—a)?f"(c) > 8
for all ¢ € [a,b], then there is no affine linear function g
such that |g(c) — f(c)| < ef(c) forall ¢ € [a,b).

Proof: Assume there is an affine linear function g(c) that
satisfies |g(c) — f(c)| < ef(c) forall ¢ € [a, b]. We denote
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the error function by r(¢) = f(c¢) — g(c), which has two
properties. First, its loo norm [|7foc = sup.ejq4 [7(c)| <
ea. Second, it is quadratic and satisfies 7/ (c) = f"(c),
thus (b — a)?r"(c) > B forall ¢ € [a, b].

Define L = b — a. By the mean value theorem, there is a
point ¢y /4 € [a, “F2] such that |/ (c; /4)| = ‘%m[ (%rb) —
r(a)]| € +|7||cc- Similarly there is a point c5,4 € [52, b]
such that |r'(c3/4)] < %[7lo. Since r is a quadratlc
function, its derivative is monotonic and |r’/ (“+b)| <
max(|r'(c1/4)|, [ (c3/4)]) < +|7||oc- Thus we have

r(b>—r<“§”>=/f

-L, a+b //

L4
~S 5l ||oo+§<b afr'(e)

> -2 —B.
> 5a+85

On the other hand r(b) — r(22) < 2||r[| < 2ea. We
have 2ecx > —2ecx + %B. Thus € > sig O

For any dataset P, with a slight abuse of notations, we
denote the cost function for 2-MEDIAN with one query
point fixed in 0 by fp(c) = cost(P, {0, c}). The following
lemma shows that fp(c) is a piecewise affine linear func-
tion and all the transition points are P U {2p | p € P}.

Lemma 2.12 (The function fp(c) is piecewise affine lin-
ear). Let P C R be a weighted dataset. The function
fp(c) is a piecewise affine linear function. All the transi-
tion points between two affine pieces are PU{2p | p € P}.

Proof: We denote the weight of point p by w(p) and de-
note the midpoint between any point ¢ and 0 by mid = 2.
Now assume ¢ > 0 and both ¢ and % are not in the dataset
P. The clustering cost of a single point p is

w(p)p for p € [0, mid],
cost(p, {0,¢}) = ¢ w(p)(c — p) forp € [mid, ¢],
w(p)(p—c) forp € [c, +00).

If ¢ changes to ¢ + dc we have

cost(p, {0, ¢+ dc}) — cost(p, {0, c})
0 for p € [0, mid],

=Jqw(p)de  forp € [mid + 3dc,

—w(p)de forp € [c+ dc, +00).

Assume |dc| is small enough, then there are no data points
in [mid, mid + £dc] and [, ¢ 4 dc]. We have

fr(c+de) — fp(c)
= Z w(p)de — Z w(p)de,
p€ PN[mid,c] pEPN[c,+00)
thus
fele)="> wp)— D,  wp)
p€ PN[mid,c] pEPN[c,+00)

Consider ¢ moves in R from left to right, the derivative
[p(c) changes only when c or mid = § pass a data point
in P. The same conclusion also holds for ¢ < 0 by a
symmetric argument. This is exactly what we want. ]

Proof: [2-MEDIAN case of Theorem 2.10] We first con-
struct the dataset P. The dataset P is a union of % disjoint

intervals {Ii}i%:l. Denote the left endpoint and right end-
point of I; by [; and r; respectively. We recursively define
I, =r;_yfori>2,r,=1;+4" 1 fori>1,and l; = 0.
Thus 7; = l;4+1 = 5 (4" — 1). The weight of points is spec-
ified by a measure A on P. The measure is absolutely con-
tinuous with respect to Lebesgue measure m such that its
density on the ith interval is $2 = ({%)*~!. We denote the
density on the ith interval by p; and the density at point p
by (p). Note that P is a hard case with an infinite number
of points. We can derive hard cases with a finite number of
points by discretizing P, see the end of this proof.

The cost function fp(c) has following two features:

1. the function value fp(c) € [0, 2] for any c € R,

2. the function is quadratlc on the interval [I; + £(r; —
I;), 7] and satisfies [2 (r; — 1;)]? f15(c) = 2 for each i.

We show how to prove theorem 2.10 from these features
and defer verification of these features later. Note that fea-
ture 2 does not contradict lemma 2.12 since the dataset con-
tains infinite points.

Assume that S is an 355-coreset of P. We prove |S| > 5
by contradiction. If | S| < -, then there is an interval I; =
[l;,7;] such that (I;, 7;) NS = & by the pigeonhole’s princi-
ple. Consider function fs(c) on interval [l; + 3 (r; —;), r4).
When ¢ € [l; + £(r; — I;), ], we have £ € [I;,7;]. Thus
both c and § do not pass points in .S when ¢ moves from
li+3(ri—l;) tor;. By lemma 2.12, function fg(c) is afﬁne
11near on interval [I; + %(r; — I;),7;]. Since S is an 355-

coreset of P, we have |f5( )—fp(c)| < 355 fp(c) oninter-
val [l; + §(r; — I;), 7). However, by applying lemma 2.11

to fp(c) and fg(c) oninterval 14 3 (r;—1;), ;] witha = 2
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and 3 = £, we obtain that 555 > 55 X 5 X This

isa contradlctlon.

£ >
2 300

wiN

1
32

We now verify the two features of fp(c). We verify fea-
ture 1 by direct computations. For any point ¢, the function
satisfies

0 < fp(c) < cost(P,{0,0}) = /Ppu(p)dp

1

e

< 1. .
<D AL <> (Z)H x 2 x 471
i=1 ]

=1
2

- .

To verify feature 2, we compute the first order derivative by
computing the change of the function value fp(c + dc) —
fp(c) up to the first order term when c¢ increases an in-
finitesimal number dc. The unweighted clustering cost of a
single point p is

D for p € [0, mid],
cost(p, {0,¢}) = ¢ c—p forp € [mid, ],

p—c forpé€ lc,+00).

As cincreases to c+dc, the clustering cost of a single point
changes

cost(p, {0, ¢ 4 dc}) — cost(p, {0, c})]

)
0 for p € [0, mid],
O(dc) for p € [mid, mid + 3dc],
= de for p € [mid + %dc7 d,
O(dc) forp € [c,c+ dc],
[

—dc  forp € [c+dc,+00).

The cumulative clustering cost changes

fp(c+dc) = fp(c)

+oo
:/0 cost(p, {0, ¢+ dc}) — cost(p, {0, c})dA

mid mid+1dc c
= / 0dA + / O(de)dA + / ded
0 mid mid+%dc

c+dc “+o0
+/ O(dc)d/\Jr/ —dedA
c c+dc

=\([mid, c])dc — A([e, +00))dc + O(dc)?.

Thus the first order derivative fp(c) = A([5,c]) —
A([e, +00)) and the second order derivative
d c
p(e) = 7 (A5, ) = Alle, +00))),
=2u(c) — u(3)

For ¢ € [l; + £(r; — I;), 7], the two points ¢ and § both
lie in interval [l;,7;]. We have u(c) = p(§5) = p; and

146 ) = 34;. Thus the function fp(c) is quadratic on
[li + 5(ri = 1), i) and [3(r; — 1)]* fE(c) = 3.

The only remaining part is constructing hard cases with a fi-
nite number of points from P. We construct P,, from P for
each n by creating a bucket B; of ( )i~1n equally spaced
points in each interval I; and assigning weight % to every
point. We show that P, is a hard case for n large enough.
‘We assume that each P,, has a 300s-coreset of size less than
é and prove that it leads to a contradiction. The key is the
following proposition: lim,, 4 || fp, — fPllcc = 0.

To see this, denote the poiqt I + (1/45%171(” — ;) by
pij for j € {0,...,(1/4)""'n — 1}. We have I, =

1/4)i"1p Uaiety,
1% i pij41) and B; = U
center ¢ € R, we have

D;,j. For any

o=

(lll
4

cost([pi,j—1,pi,5), {0, c})

fr(c) —

i=1 j=1

)1,

o=
H

o

cost(pi j—1,{0,c}).
=1 j=1

Since /\([pi7j_1,pi7j)) = l/n = w(pi,j_l), we have

|cost([pi j—1,Pi ), 10, c}) — cost(p; j—1,{0,c})
l Ty — li
n (1/4)=1n’

Thus we have

L) :
T, — lz

1 1
<22 L )

i=1

1
% Zig:l(ri -

The proposition then follows from lim,,, o
l;)=0.

Now, for each P,,, denote its 300ec-coreset of size less
than 4—18 by S,,. By the definition of coreset, we have
sup,[|fp, () — fs,(c)] — 300efp, (c)] < 0. Using
the proposition we have limsup,,_, . sup.[|fp(c) —
fs.(e)] — 300efp(c)] < 0. Take a large enough n, we
have |fp(c) — fs, (¢)] < 301lefp(c) for any c and S, is a
3016 coreset of P. However, the set S,, contains less than
4 points, which is impossible since we have proved that
any 300e-coreset of P contains at least 5 pomts This
leads to a contradiction. ]
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3. Improve Coreset Sizes when 2 < d < £72

In this section, we consider the case of constant d, 2 <
d < ¢72, and provide several improved coreset bounds
for a general problem of Euclidean k-MEDIAN, called Eu-
clidean (k, z)-CLUSTERING. The only difference from k-
MEDIAN is that the goal is to find a k-center set C C R¢
that minimizes the objective function

cost,(P,C) := Z d*(p,C) = Z 1;%13 d?(p,c), (3)
peP

peP

where d* represents the z-th power of the Euclidean dis-
tance. The coreset notion is as follows.

Definition 3.1 (e-Coreset for Euclidean
(k, z)-CLUSTERING (Har-Peled & Mazumdar, 2004)).
Given a dataset P C R of n points, an integer k > 1,
constant z > 1 and ¢ € (0, 1), an e-coreset for Euclidean
(k,z)-CLUSTERING is a subset S C P with weight
w: S = R, such that

VC e C, Zw(p) -d*(p,C) € (1x¢) - cost.(P,C).

peS

3.1. Improved Coreset Size in R? when k& = 1

We prove the following main theorem for £ = 1 whose
center is a point ¢ € R%.

Theorem 3.2 (Coreset for Euclidean
(1,2)-CLUSTERING). Let integer d > 1, constant
z > lande € (0,1). There exists a randomized polyno-
mial time algorithm that given a dataset P C RY, outputs
an e-coreset for Euclidean (1, z)-CLUSTERING of size at
most 29 \/de~ log e,

The proof can be found in Appendix A. The above theorem
is powerful and leads to the following results for z = O(1).

1. By dimension reduction as in (Huang & Vishnoi,
2020; Cohen-Addad et al., 2021; 2022), we can as-
sume d = O(s~2?loge~1). Consequently, our coreset
size is upper bounded by O(£~2), which matches the
nearly tight bound in (Cohen-Addad et al., 2022).

2. For d = O(1), our coreset size is O(¢~1), which
is the first known result in small dimensional space.
Specifically, the prior known coreset size in R? is
O(e~3/2) (Braverman et al., 2022), and our result im-
proves it by a factor of £ ~1/2,

3. All results previously stated in Remark 2.2 hold. We
can still convert an off-line algorithm to a stream-
ing algorithm in a black-box manner. We can also
answer any query in time independent of the point

numbers. We further emphasize that a small core-
set can automatically accelerate a PTAS. Suppose the
time complexity of the PTAS is O(f(n)g(e)), re-
placing the original dataset with our coreset imme-
diately improves the time complexity of the PTAS
to O(f(O(v/de~1))g(e)). The time required for the
coreset construction is usually negligible compared to
the running time of the PTAS.

We conjecture that our coreset size is almost tight, i.e.,
there exists a coreset lower bound (v/de ') for constant
2 < d < €72, which leaves as an interesting open problem.

3.2. Improved Coreset Lower Bound in R? when & > 2

We present a lower bound for the coreset size in small di-
mensional spaces.

Theorem 3.3 (Coreset lower bound in small dimensional
spaces). Given an integer k > 1, constant z > 1 and a
real number ¢ € (0, 1), for any integer d < ﬁ, there
is a dataset P C R such that its e-coreset for (k, z)-
CLUSTERING must contain at least % points.

When d = ©(Z;), Theorem 3.3 gives the well known lower
bound E% When d < @(8%), the theorem is non-trivial.

4. Conclusion

This work studies coresets for k-MEDIAN problem in small
dimensional Euclidean spaces. We give tight size bounds
for k-MEDIAN in R and show that the framework in (Har-
Peled & Kushal, 2005), with significant improvement, is
optimal. For d > 2, we improve existing coreset upper
bounds for 1-MEDIAN and prove new lower bounds.

Our work leaves several interesting problems for future re-
search. One of which is to close the gap between upper
bounds and lower bounds for d > 2. Another one is to
generalize our results to (k, z)-CLUSTERING for general
z. Note that the generalization is non-trivial even for d = 1
since the cost function is piece-wise linear for k-MEDIAN
while piece-wise polynomial of order z for general (k, z)-
CLUSTERING.
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A. Proof of Theorem 3.2
A.1. Useful Notations and Facts

For preparation, we first propose a notion of mixed coreset (Definition A.1), and then introduce some known discrepancy
results.

Reduction to mixed coreset. Let B(a,r) denote the fo-ball in R that centers at a € R? with radius > 0. Specifically,
B(0,1) is the unit ball centered at the original point.

Definition A.1 (Mixed coreset for Euclidean (1, z)-CLUSTERING). Given a dataset P C B(0,1) and ¢ € (0,1), an
e-mixed-coreset for Euclidean (1, z)-CLUSTERING is a subset S C P with weight w : S — R, such that V¢ € R4,

S w(p) - d*(p,c) € cost. (P, ) + emax {1, ¢} - |P]. @)
peS

Actually, prior work (Cohen-Addad et al., 2021; 2022; Braverman et al., 2022) usually consider the following form: Ve €
R4,
> w(p) - d*(pc) € (1 £¢) - cost.(P,c) £ &|P)|. (5)
pES

Compared to Definition 1.1, the above inequality allows both a multiplicative error € - cost . (P, ¢) and an additional additive
error £| P|. Note that for a small r = O(1), the additive error ¢| P| dominates the total error; while for a large r > (1), the
multiplicative error € - cost, (P, ¢) = €||c||2 - | P| dominates the total error. Hence, it is not hard to check that Inequality (5)
is an equivalent form of Inequality (4) (up to an 2°(*)_scale). This is also the reason that we call Definition A.1 mixed
coreset. We have the following useful reduction.

Theorem A.2 (Reduction from coreset to mixed coreset (Braverman et al., 2022)). Let e € (0, 1). Suppose there exists
a polynomial time algorithm A that constructs an e-mixed coreset for Euclidean (1, z)-CLUSTERING of size I'. Then there
exists a polynomial time algorithm A’ that constructs an e-coreset for Euclidean (1, z)-CLUSTERING of size O(T' loge™1).

Thus, it suffices to prove that an e-mixed coreset is of size 20()\/de=1, which implies Theorem 3.2.

Class discrepancy. For preparation, we introduce the notion of class discrepancy introduced by (Karnin & Liberty,
2019). The idea of combining discrepancy and coreset construction has been studied in the literature, specifically for kernel
density estimation (Phillips & Tai, 2018a;b; Karnin & Liberty, 2019; Tai, 2022). We propose the following definition.

Definition A.3 (Class discrepancy (Karnin & Liberty, 2019)). Let m > 1 be an integer. Let f : X,C - Rand P C X
with |P| = m. The class discrepancy of of P w.r.t. (f,C) is

C . C
DD = g, DF (1.0

1

= min max — Za - f(p, o).
oe{-11}7 ecC m | v fp.0)

Moreover, we define DS,f“’C) (f) == maxpcx.pj=m DEDC) (f) to be the class discrepancy w.rt. (f,X,C).

Here, X is the instance space and C is the parameter space. Specifically, for Euclidean (1, z)-CLUSTERING, we let
X,C C R% and f be the Euclidean distance. The class discrepancy D,(ﬁv ©) (f) measures the capacity of C. Intuitively, if

the capacity of C is large and leads to a complicated geometric structure of vector (f(p, ¢))pep forc € C, DiYO (f) tends
to be large.

Useful discrepancy results. For a vector p € R and integer [ > 1, let p®' present the [-dimensional tensor obtained
from the outer product of p with itself | times. For a [-dimensional tensor X with d' entries, we consider the measure
[ X7, := max,ega.q=1 (X, ¢®")|. Next, we provide some known results about the class discrepancy.

12
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Theorem A.4 (An upper bound for class discrepancy (restatement of Theorem 18 of Karnin & Liberty (2019))). Let
X = B(0,1) inR% Let f : R — R be analytic satisfying that for any integer | > 1, %(xﬂ < v, CU! for some constant
71,C > 0. Let C = B(0, 5) and m > 1 be an integer. The class discrepancy w.rt. (f = f({(p,c)), X,C) is at most
fo’c)(f) < vom \/&/mfor some constant v > 0.

- Moreover, for any dataset P C X of size m, there exists a randomized polynomial time algorithm that constructs
oe{-1, l}P satisfying that for any integer | > 1, we have

1S 0y 5%, = O/ dilog? D).

peP
This o satisfies Dl(f) (f,0) < yoy1vd/m.

Note that the above theorem is a constructive result instead of an existential result in Theorem 18 of (Karnin & Liberty,
2019). This is because Theorem 18 of (Karnin & Liberty, 2019) applies the existential version of Banaszczyk’s theo-
rem (Banaszczyk, 1998), which has been proven to be constructive recently (Bansal et al., 2019). Also, note that the
construction of ¢ only depends on P and does not depend on the selection of C. This observation is important for the
construction of mixed coresets via discrepancy.

A.2. Proof of Theorem 3.2

We are ready to prove Theorem 3.2. The main lemma is as follows.

Lemma A.5 (Class discrepancy for Euclidean (1, z)-CLUSTERING). Ler m > 1 be an integer. Let f = d* and
X = B(0,1). For a given dataset P C X of size m, there exists a vector o € {—1, 1}P such that for any v > 0,

D;B(O’T))(f, o) < 2°® max {1,r}* - Vd/m.

The above lemma indicates that the class discrepancy for Euclidean (1, z)-CLUSTERING linearly depends on the radius r
of the parameter space C. Note that the lemma finds a vector o that satisfies all levels of parameter spaces C = B(0,r)
simultaneously. This requirement is slightly different from Definition A.3 that considers a fixed parameter space. Observe
that the term max {1, r} is similar to max {1, ||c||2} in Definition A.1, which is the key of reduction from Lemma A.5 to
Theorem 3.2. The proof idea is similar to that of Fact 6 of (Karnin & Liberty, 2019).

Proof: [of Theorem 3.2] Let P C B(0, 1) be a dataset of size n and A = 20(*)\/de~!. By the same argument as in Fact
6 of (Karnin & Liberty, 2019), we can iteratively applying Lemma A.5 to construct a subset S C P of size m = O(A)

together with weights w(p) = 167 forp € S and a vector o € {-1, 1}5, and (S, o) satisfies that for any ¢ € RY,

Z w(p) - d(p, c) — cost (P, c)

peES
n- ngB((]’||c‘|2))(f7 o)

<
< emax{l,|c|z2} - n.

This implies that S is an O(¢)-mixed coreset for Euclidean (1, z)-CLUSTERING of size at most A = 29(*)\/ds~1, which
completes the proof of Theorem 3.2. (]

It remains to prove Lemma A.5.

Proof: [of Lemma A.5] Let P C B(0,1) be a dataset of size m. We first construct a vector o € {—1,1}" by the
following way:

1. For each p € P, construct a point ¢(p) = (% |3, %2p, 1) € R4+2,

13
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2. By Theorem A.4, construct o € {—1, 1}P such that for any integer [ > 1,

1> 0p - ¢(0)* 7, = O(\/ (d+ 2)llog?1).

peEP
Let ¢(P) be the collection of all ¢(p)s. Note that ||¢(p)||2 < 1 by construction, which implies that ¢(P) C B(0,1) C
R*2_ In the following, we show that ¢ satisfies Lemma A.S.

Fix 7 > 1 and let C = B(0,r). We construct another dataset P’ = {p’ = £ : p € P}. Forany ¢ € C = B(0,r), we let
=+ € B(0, i) By definition, we have for any p € X and ¢ € C,

ZUP b)) = (4;32 Z op- f0, )],

peEP p'EP’

which implies that
c P B(0,%
DE(f,0) = (4r)*- Dp " (f.0).

Thus, it suffices to prove that

Dg(o’z))(f, o) < 2°EVd/m, (6)
which implies the lemma. The proof idea of Inequality (6) is similar to that of Theorem 22 of (Karnin & Liberty, 2019).!
Foreach p’ € P’ and ¢’ € B(0, 1), let :(c') = (5, ——c ,2||¢'||2) € R4+2 and we can rewrite f(p/,c’) as follows:

F' ) =" =115 = (), ().
We note that ¢(p) € B(0,1) and ¢(c’) € B(0,1) since ¢ € B(0,1). Construct another function g : P x B(0, 1) as
follows: for each p € P and ¢ € B(0, 1),

1. If forany p’ € P, (p',¢) > 0, let g(p, ¢) = g({p, c)) = ({p, ))*/?;

2. Otherwise, let g(p, c) = 0.

We have |% ()] < 29! for any integer [ > 1. By the construction of o and Theorem A.4, we have that
D(B(07§))(g7 o) < ZO(Z)\/g/m,

1 1
which implies Inequality (6) since D(E,;(O"*))(f, o) < D;i(;))’ 3))(9, o) due to the fact that 1(c’) € B(0, 3).

Overall, we complete the proof. |

B. Coreset Lower Bound for General £-MEDIAN in R

We prove the general case of Theorem 2.10 here.

Proof: [the general case of Theorem 2.10]

We first construct the hard instance P. Let P; denote the hard instance we have constructed in the proof of Theorem 2.10.

We take a large enough constant L > 0, take P, = (¢ — 1)L + Pi, and take P = Ui%:lPZ-. Here (i — 1)L + P, means
{(i—1)L +plp € P1}.

'Note that the proof of Theorem 22 of (Karnin & Liberty, 2019) is actually incorrect. Applying Theorem 18 of (Karnin & Liberty,
2019) may lead to an upper bound ||G||2 < 1, which makes R in Theorem 22 of (Karnin & Liberty, 2019) not exist.

14
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The dataset P is a unification of g copies of P;. These copies are far from each other. Thus k-MEDIAN problem on P can
be decomposed to 2-MEDIAN problem on each copy. We prove the k-MEDIAN lower bound by applying the argument for
the 2-MEDIAN lower bound on every single copy and combining them together.

We denote P, = U ; 1115, where Iy ; is the j-th interval we constructed in the proof of the 2-MEDIAN case of Theo-

rem 2.10. We denote I; ; = (i — 1)L + I ;, denote the left endpoint and right endpoint of I; ; by I; ; and r; ; respectively.
1
We have P; = U?:11i7j.

Now, assume that S'is an coreset of P such that |S| < ;. We prove that there must be a contradiction. Since |S| <

300 457
there must be at least half of ¢ such that ([; ;,,7; ;) NS = @ for some 7;. We assume that these indexes are 1,2, ..., %,

without loss of generality. We define a parametrized query family as Q(t) = U; 3 * 1 Qi(t), where t € [3,1] and

{lix} otherwise.

Qi(t) = {{li,blim +t(rig, —lig),rig} fori < g

Consider cost(P, Q(t)), a function of ¢. Since L is large enough, we have cost(P, Q(t)) = Z%: t(
computation we have done in the proof of the 2-MEDIAN case of Theorem 2.10 implies that cost(P;
7 and

2

(1= 2 ot (P, Qu(1)) = {

4 C_k
3 forzgz,

0 otherwise.

Thus we have cost(P, Q(t)) < f nd (1 — 7)2 d’ scost(P, Q(t)) = g.

It’s easy to see that cost(S, Q(t)) is affine linear since (I;;,,7;,;,) NS = @ fori < %. Since S is an 300 coreset, we have
|cost (S, Q(t)) — cost(P, Q(t))| < sggcost(P, Q(t)). By Lemma 2.11, we must have 355 > o =& > 2= which leads to

a contradiction. O

C. Proof of Theorem 3.3 for .-MEANS

Theorem C.1 (Restatement of Theorem 3.3). Given an integer k > 1, constant z > 1 and a real number ¢ € (0, 1), for
any integer d < there is a dataset P C Rt such that its e-coreset for (k, z)-CLUSTERING must contain at least

1354 points.

_1
1002’

We first prove Theorem C.1 for z = 2, and then show how to extend to general z > 1 in Section E

Proof: [of Theorem C.1 for z = 2] We work on R%*+! instead of working on R? for technical reasons. We will construct
k d-dimensional affine subspaces in R%*1, each of them is far away from others. Then we consider the standard basis in
each subspace and show that a coreset of the data set must contain at least 2(kd) points.

Denote the standard basis in R*1 by ey, ..., e4. For each j € [k], we consider the data set P; = jLeg + {e1,e2,...,eq}
where L is a positive number large enough. We take the full data set P as P = Uj¢c ;. Each P; lies in a d-dimensional
affine subspace jLey + span (eq,...,eq). These affine subspaces are far away from each other since L is large enough,

and this seperation property assures that we can analyze these affine subspaces independently.

Denote the coreset of P as C. For each j € [k], denote C; £ 0Cn P;. If jLeg + e; € C;, we denote ¢ € C; for the
sake of convenience, we also denote its coreset weight as w;. Denote v; = Ziecj wie; — Z?zl ei, we consider the query

Q={q,...,qc} where g; e ”:ﬁ + jLeg.

Note that each p € P; has g; as its closet query point since L is large enough, thus cost(P, Q) = Zle cost(P;, Q) =

Z?:l cost(Pj,g;) and cost(C,Q) = Z;‘f:l cost(Cj,q;). We compute cost(P,Q) and cost(C, Q) by computing
cost(P}, ¢;) and cost(Cj, g;)

15
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We compute cost(P;}, ¢;) first, that is

d

cost(Pj, q;) = Z |jLeo +e; — g;|* = Z lle; — H2 =2d— 22 <el, B |>
Yj

i=1

Similarly we have cost(C}, q;) =23 ;cc, Wi = 2 e0, Wi <€i, ‘%>
J

Combining them all, we have

cost(P, Q) — cost(C, Q) = 2kd — 22 Z w; + 22 < Z w;e; — Zez, >

j=1ieC; j=1 \ieCj
= 2kd— 222w1+22||v3|\
j=14ieCjy

The coreset property implies that |cost(P, Q) — cost(C, Q)| < ecost(P, Q) < 4ekd, thus we have

2kd — 22 > wi+ 22 v < 4ekd. (7)

j=14eC;

Taking Q = {Leg, 2Leq,3Leq, ..., kLey}, we have cost(P,Q) = kd and cost(C, Q) = Z]K:1 ZiEC7 w, the coreset
property then gives that |kd — Zjil D ic c, w;| < ekd. Substitute this inequality to inequality 7, we get

k
> Il < 3ekd. ®)
j=1
For each j € [k], we have that [jv;|| = ||} ;cc, wiei — ZZ €l = 112 5gc, €ill = V/IPj] = |Cj]. Substitute this
inequality to inequality 8, we have
k
> \/IPi| = 1Cj| < 3ekd. ©)

j=1

Our goal is to show that \C | > kd = , we prove it by contradiction. We will show that if |C| > 15| P| then the
dimension d is larger than - i 512 , Wthh contradlcts to the assumption on d.

Assume that |C| < 5| P| = -5 kd, then for at least half of P; we have |C;| < £|P;| and thus |P;| — |C;| > £|P;| = 1d.
Summing over these P; we have Zf VP =1C)] = £, /4d = k/ Ld. By inequality 9 we have ky/1d < 3ckd, thus

E* < d. This leads to a contradiction. O

Remark C.2. The proof assumes that the coreset is a subset of the original data set, and the proof holds for coreset with

offset.

D. Generalized lower bound for £-MEANS clustering with general S.

The lower bound proved above relies on the assumption that the coreset .S is a subset of the original dataset. Next we
generalize the result by allowing arbitrary S in R4+,

D.1. Preparation

Additional notation Let e, - - - , eq be the standard basis vectors of R4+, and Hy,--- , Hy, /2 be k/2 d-dimensional
affine subspaces, where H; := jLey + span{eq, ..., eq} for a sufficiently large constant L. For any p € R+, we use p
to denote the d-dimensional vector p1.4 (i.e., discard the O-th coordinate of p).
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Hard instance The hard instance is the same as in Section C, except that now there are & /2 affine subspaces and in each
affine subspace H;, we only put d/2 points, which are jLeo + €1, ,jLeg + eq/2. Similarly, we use P; to denote the
data points in H; (j = 1,--- , k/2) and let P be the union of all P;. Thus, |P| = kd/4. In our proof, we always put two
centers in each H; for large enough L, all p € P; must be assigned to centers in H;.

We will use the following two technical lemmas from (Cohen-Addad et al., 2022).

Lemma D.1. Forany k > 1, let {cy,--- ,cy} be arbitrary k unit vectors in R, we have

/2

k
Zr@ni{l lles — col|* > d — \/dk /2.
=1

Lemma D.2. Let S be a set of points in R? of size t and w : S — R be their weights. There exist 2 unit vectors vy, va,
such that

2> es W(p)llpl\.

ZW(p)g}ngwaQ <> wp)(lpll* +1) - 7

peES SEP

D.2. Proof of the Lower Bound

Next, we present the lower bound result and its proof.

Theorem D.3 (Same coreset lower bound when S can be arbitrary). Given an integer k, a real number ¢ € (0, 1), and
integer d < ﬁ, let P C R be the point set described above. For any S C Rt if it is a e-coreset of P, then we
must have |S| = Q(dk).

Proof: Note that points in S might not be in any H;. We first map each point p € S to an index j, € [k/2] such that H;
is the nearest subspace of p. The mapping is quite simple:

Jp = arg min |pg— jL|,
b je[m]' |

where py is the O-th coordinate of p. Let A, = py — j, L, which is the distance of p to the closest affine subspace. Let
S; == {p € S :j, =j} be the set of points in P, whose closest affine subspace is H;. Define I := {j € [k/2] : |S;| <
d/4}. Consider any k-center set C' such that H; (| C' # (). Then cost(P, C') < 0.1L for sufficiently large L. On the other
hand, cost(S,C) > 3 s A7. Since S is a coreset, A} < L for all p € S. * Therefore each p € S must be very close to
its closest affine subspace; in particular, we can assume that p must be assigned to some center in Hj, (if there exists one).

In the proof follows, we consider three different set of k centers C, C and C5 and compare the costs cost(P, C;) and
cost (S, C;) for i = 1,2, 3. In each C;, there are two centers in each H ;- As we have discussed above, for large enough L,
the total cost for both P and S can be decomposed into the sum of costs over all affine subspaces.

For each j € I, the corresponding centers in H; are the same across C, Cy, Cs. Let ¢; be any point in H; such that
cj — jLeg has unit norm and is orthogonal to ey, - - -, €4/2; in other words, ||¢;|| = 1 and the first d/2 coordinates of ¢; = 1
are all zero. Specifically, we set ¢; = jLeg + €4/241 and the two centers in H; are two copies of ¢; for j € I.

We first consider the following k centers denoted by C';. As we have specified the centers for j € I, we only describe
the centers for each j € I. Since by definition, |S;| < d/4, we can find a vector ¢; € R4+ in Hj such that ¢; — jLeg
has unit norm and is orthogonal to e1,--- , e/ and all vectors in S;. Let C; be the set of k points with each point in
{e1,-+ ,ep /2} copied twice. We evaluate the cost of C'; with respect to P and .S.

_ kd

Lemma D.4. For C constructed above, we have cost(P,Cy) = "5 and

cost(S,Cy) = Zw(p)(AfJ +pII*+1) - 22 Z w(p)(p — jLeo, jLeg — ¢j).

peES jEI PES;

*Here we do not allow offsets to simplify the proof, but our technique can be extended to handle offsets.
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Proof: Since e; is orthogonal to ¢; — jLeg and ¢; — jLeg has unit norm for all ¢, j, it follows that

k/2 d/2 k/2 d/2
cost(P, C1) Z Z mln ljLeo +e; —c||? = Z Z |iLeo + e; — ¢
j=1i=1° j=11i=1
k/2 d/2
ZZ lleall® + lle; — jLeoll* = 2(ei, ¢ — jLeo))
kd
_ ra 10
- (10)
On the other hand, the cost of C' w.r.t. S is
> min w(p)|lp - =Y wplp— ¢l = D wp)llp - jLeo + jLeo — ¢
peS pES; PES;
=Y w(p) (Ip — jLeol* + 1 — 2{p — jLeo, jLey — ¢;))
PES;
= > wp)(AF +[11° +1) — 2w(p){p — jLeo, jLeo — cj). (11)
PES;
Recall p € R is py.4. For j € I, the inner product is 0, and thus the total cost w.r.t. S is
cost(5,C1) = S w(p) (A2 + |52 +1) — 23" 37 w(p)ip — jLeo, jLeo — c5),
pes jel PES;
which finishes the proof. U

Eor notational convenience, we define 1= 23 . 7 Zpesj w(p)(p — jLeo, jLey — ¢;). Since S is an e-coreset of P, we
ave

dk/2 = edk/2 <Y w(p)(AL+ (P[> + 1) — & < dk/2 + edk/2. (12)
peS

Next we consider a different set of k centers denoted by C». By Lemma D.2, there exists unit vectors fu{, vg € R< such that

. _ 22 pes, w)lIpll
> wp)(min |5 —vp|* + A7) < > wp)(IB]* + 1+ A7) - —= : (13)
=12 /1S;]
pESj pESj J
Applying this to all j € I and get corresponding 1)1‘, | for all j € I. Let Cy = {ul,u3, - ulf/2 k/z} be a set of k
centers in R4*! defined as follows: if j € I, u) 7 is v W1th an additional Oth coordinate with value 7L, making them lie in
Hj; for j € I, we use the same centers as in C, i.e., W) = ul = cj.
Lemma D.5. For C5 constructed above, we have
cost(P, Cs) > > — —Vd|I| and
2> pes, )Pl
cost(S, C2) < Y w(p)(Ip]* +1+ A7) = 3~ —
peS jeI ‘Sj|
Proof: By (13),
k/2
— : 2 2 2 2
cost(S,Co) =D > wlp) minflp—cf* =3 > wp) min(lp— 7"+ A7)+ 3 > w)lp -l
Jj=1peSs; J€I peS; jEI PES;
23 pes, w)lIpll
<Y wE) Bl +1+47) =Y = & -
peS jel |S
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By Lemma D.1 (with k = 2), we have

/2

> min [le; — ][> > d - Vd.
| £=1,2

It follows that

k/2 d/2 d/2 d/2
cost(P, Cs) ZZ mln lliLeo +e; —c||* = ZZ mm ||eZ—vj||2+ZZ||jLeo+ei—c||2
j=11i= 1° jeI i=1 jel i=1
> — — V|1,
where in the inequality, we also used the orthogonality between e; and ¢; — j Leg. ]

Since S is an e-coreset of P, we have

\/g_ % \[ _ w 112 AQ . QZpESj w(p)Hﬁ” — K,
= <( —Vd)(1-¢) < pezs @Ipl" +1+ A7) JXE; N

which implies

> 23 s, wp)lIl| < S W) +1+ A2) - dk —2[I|Vd —ckd
jerl \/‘Si peES 2
_ dk+tedk dk— 2|I|vd — ekd
=2
= [I|Vd + kd.

by (12)

By definition, |S;| < d/4, so

2> pes, w@)|pl 23 pes, w@)|pl
jze; v/ 2; V155 7

and it follows that

> jer Zpesj w(p)||p]| < \I|V/d + ekd
Vd - 4

(14)

Finally we consider a third set of k£ centers C3. Similarly, there are two centers per group. We set m be a power of
21in [d/2,d]. Let hy,--+ , hy, be the m-dimensional Hadamard basis vectors. So all h;’s are {— \% \lﬁ} vectors and

hy = ( ymo
the end. For each hy construct a set of k centers as follows. For each j € I, we still use two copies of ¢;. For j € I, the
Oth coordinate of the two centers is j L, then we concatenate hy and —h, respectively to the first and the second centers.

- \/») We slightly abuse notation and treat each hy as a d-dimensional vector by concatenating zeros in

Lemma D.6. Suppose C5 is constructed based on hy. Then for all £ € [m], we have

I
cost(P,C3) = %d - f}% and

cost(S,C3) = z:w(p)(H]b'H2 +1+ Ag) - 22 Z (w(p)p, hy) — k.

peS j€EI peS;
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Proof: For j € I, the cost of the two centers w.r.t. P; is

/2 /2 /2 ) J
2 _ —
cost(P;j, Z mln |el—s hell ;(2—23211_1??:_1(}1@,61‘» —;(2— ﬁ) =d-— o=

For j € I, the cost w.r.t. P; is d by (10). Thus, the total cost over all subspaces is

cost(P, Cy) = (d — \/Ci>|f|+<’C |1> ";dil/'%.

On the other hand, for j € I, the cost w.r.t. S; is

Zw(p)(ﬁif min 5 —s-hell®) = D ()(||p||2+1+A2—2 max }(ﬁ,s~h4>)

peES; ==L+ pES,; ={-1,+1
=" wE)(I51? + 1+ A2 — 2(5, k).
PES;

Here hj = s? - hy, where s? = argmax,—(_1 41}(p,s - he). For j € I, the cost w.r.t. S is > pes, w(p)(A2 + [Ip)* +
1) — 2(p — jLeo, jLeg — ¢;)) by (11). Thus, the total cost w.r.t. S is

cost(S,C3) = 2:111(]))(H15||2 +1+ Ag) - 22 Z (w(p)p, W) — k.

peS j€I peS;

This finishes the proof.

Corollary D.7. Let S be a e-coreset of P, and I = {j : |S;| < d/4}. Then

3wl = d|I| — ekdvd gkdf

JjE€I peS;

Proof: Since S is an e-coreset, we have by Lemma D.6

237 3wl ) = S wi)(lal? + 1+ a2) - — (- Ay

j€EI peS; peS Vqﬁ
kd  d|I| ekd

> wE)(PI® +1+ A7) —r = 5+ —— = =
e 2 ym 2
dk —edk  kd  d|I] ekd
> T T T T by (12
> 5 2+\/7n 5 y (12)

_ a1

ekd.
T ym

Note that the above inequality holds for all £ € [m)], then

2222 (p)p, V) > d|I|\/m — ckdm.

(=1 jelI peS;

By the Cauchy-Schwartz inequality,

SO S k) = 3 S w3 < 35 wi) th“ VS Y wi)ll

=1 jel peS; j€I peS; j€I peS; jE€I peS;

~
Il
—_
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Therefore, we have

R d|1| —;kdm . d|I| _ekd\/&_

2
j€I peS;

Combining the above corollary with (14), we have

fm—ekd [I|v/d + ekd

Il < 3¢kVd.
5 1 — |I| < 3ekVd

By the assumption d < —L—, it holds that |I| < 3% or |I| > £ — 35 = £ Moreover, since |S;| > ¢ foreach j € I, we
y p 1002 10 2710 5 j 1 J
have [S| > 4. & = kd, O

E. Proof of Theorem 3.3 for general » > 1

Using similar ideas from (Cohen-Addad et al., 2022), our proof of the lower bound for z = 2 can be extended to arbitrary z.
First, we provide two lemmas analogous to Lemma D.1 and D.2 for general z > 1. Their proofs can be found in Appendix
A in (Cohen-Addad et al., 2022).

Lemma E.1. For any even number k > 1, let {c1,--- ,ci} be arbitrary k unit vectors in R? such that for each i there
exist some j satisfying c; = —c;. We have

d/2 Ted
Zmln”ez—ceHz 22/2_1d—QZ/QmaX{l,z/Q}H?.

Lemma E.2. Let S be a set of points in R? of size t and w : S — R be their weights. For arbitrary A, for each p, there
exist 2 unit vectors v1, vy satisfying v1 = —vs, such that

2 z
> wp) min (Il = vell? +42)7* < 3 wip)lpl* +1+ A7)/
peS B seP

23 pes w®)(Ipl* + 1+ A3 1p]|

—min{l, z/2} -

{1,2/2} 7
In this proof, the original point set PP and three sets of k-centers, namely C1, Co, Cs, are the same as for the case z = 2.
The difference is that now I = {j : [S;| < £} and when constructing C, we use Lemma E.2 in place of Lemma D.2.
Again, we compare the cost of P and S w.r.t. C1, Cy, C5 and get the following lemmas.

kd 2z/2

Lemma E.3. For C constructed above, we have cost(P,Cy) = and

cost(S,C1) = > Y wp)(A7 + B> + 12+ DD wp)lp — ¢l

j€I pes,; jel peS;

Proof: Since e; is orthogonal to ¢; — jLeg and ¢; — jLeg has unit norm for all ¢, j, it follows that

k/2 d/2 k/2 d/2
cost(P,Cy) = Zme |jLeo + e; — c||**/? = ZZH]LGOJH%*C [|2%/2
Jj=1i=1 j=1i=1
k/2 d/2
= 223 (el + ey = Leol” = 2fei e — jLew))
kd
= -22/2, (15)
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On the other hand, the cost of C; w.r.t. §j is

Z min w(p)llp — c|**2 =3 wp)llp - ¢;|1**2 = Y wp)llp — jLeo + jLeg — ¢ >/

pES; pES; PES;
. . . z/2
= 3" wp) (Ip - jLeoll® + 1 — 2(p — jLeo, jLeo — ;). (16)
PES;

For j € I, the inner product is 0, and thus the total cost w.r.t. S is

cost(S,C1) = > > wp) (A2 + B2+ D72+ >3 wip)llp — ¢,

j€I pes; jeI peS;

which finishes the proof. (]
For notational convenience, we define £ := 3,7 > cs. w(p)|[p — ¢;]|*. Since S is an e-coreset of P, we have

kd kd
z/2 _ z/2 2 2 z/2
=2 22y w) A+ Bl + D) k<

jEI peS;

22/2

kd
£ - g2/, (17)

Next we consider a different set of k centers denoted by Co. By Lemma E.2, there exists unit vectors v{, v% € R? satisfying
v! = —vJ such that

S wie)min (15712 +82) ") < 32 wm)(Ipl® + 1+ A2)72

pESj ’ PESJ'
: 23 pes, w) (BN +1 + A7)/ 1|3
—min{l, z/2} . (18)
vis|
Applying this to all j € [ and get corresponding vi, | for all j eI Let Cy = {ub,ui,- - u’f/2 k/Q} be a set of k&

centers in R%*! defined as follows: if j € I, uy is v, w1th an additional Oth coordinate with value 7L, making them lie in
Hj; for j € I, we use the same centers as in C1, i.e., u1 = ué = ¢j.

Lemma E.4. For Cy constructed above, we have

cost(P, Cy) > 2°/2 (k4d - max{l,z/2}\/g|f|> ; and

cost(S, Cy) < Z Z p)(IBl]* + 1+ AZ)*/?

j€I peS;
2 w(p)(|B]1* + 14+ AZ)=/271|p
Cin{12/2) Y 2 pes, w@)(IP] ») 21l

je[ V ‘S]|

Proof: By (18),

k/2
cost($,C) =Y > w(p) min [lp—c**/2 =3 > w p) pin (Ip = v [[* + A7) + »
j=1pesS; : jEI peS; -
< Z Z w(p)(||pl® + 1+ A2)*/2
Jel pESj

2 “w(p ﬁ2+1+A2z/2_1]5
in(t, 7y 2 S w017 2l

jer V |SJ|
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By Lemma E.1 (with & = 2), we have

/2
ZZIE}HQ le; — vi||* > 27/%71d — 2%/ max{1, 2/2}Vd.

It follows that

k/2 d/2 /2 /2
cost(P, Cs) ZZmln l7Leo +e; — c||* = ZZ mm ||et—v¢||2 Z/2+ZZH]L€0+€L—C |22/
Jj=11i=1 jer i=1" jerI i=1

kd

> (22/2‘1d — 27/2 max{1,z/2}\/a) || + |f|g L2%/2 = 2z/2 27/2 max {1, z/2}Vd|I|,

where in the inequality, we also used the orthogonality between e; and ¢; — ]Leg. ]

Since S is an e-coreset of P, we have

2/ (Cf_max{l,z/Q}uM—g‘f“) 2z/2(’“4 ~ max{1, 2/2}f|1|> (1-¢)

5112 2\z/2—1]|5
> w 3 23 es, wO)(I1BI° +1+A2)*/>~Hp
< Z ||p||2 + 1 A2)Z/2 mln{l 2/2} pES; ( )(” || p) H || .
Jel pes; JeI |Sj|

which implies

25 s w(p) (]2 + 1+ A2)=/2-1
min(1, /2y 3 2, 1017 2)/2-1| 5|

je[ \/|S]|
< 241y A2z gz (O 1 z/2}|1|Vd - Edk
> > wE) Bl +1+ A7) -~ max{l,z/2}|I| +th

j€I peS;

<%_22/z edeZ/z 92/2 (‘ik_max{l,z/QHHf—Eik) by (17)

5kd2z/2

= max{1, z/2}|I|Vd2*/? +
By definition, \S| < d/t?, so
Spes, w@)(IBI* + 1+ A2)7p]| pes, W) (B> + 1+ A3)*/2 7|

min{1, }Z N < min{l,g}z NER] )

jeI jer

and it follows that
2 2\z/2—1
Bl +1+ A% p 1,2/2}|I|V/d2/2 + kdoz/2
min{1, 7}2 >pes, wp) (1]l ) 1]l _ max{1,2/2}] |Vd27/? + <& .

< 19)

= Vd 2t
Finally we consider a third set of k£ centers C3. Similarly, there are two centers per group. We set m be a power of
21in [d/2,d]. Let hy,--- , hy, be the m-dimensional Hadamard basis vectors. So all h;’s are {— \/% %} vectors and
hy = (= N \/») We slightly abuse notation and treat each h, as a d-dimensional vector by concatenating zeros in

the end. For each hy construct a set of k centers as follows. For each j € I, we still use two copies of ¢;. For j € I, the
Oth coordinate of the two centers is j L, then we concatenate h, and —h, respectively to the first and the second centers.

Lemma E.5. Suppose Cs is constructed based on hy. Then for all £ € [m)], we have

cost(P, Cs) < 2°/2 (kd _ mm{l,z/2}> . and

4 2 vm
cost(S,C3) > > Y " wp)(|Ip]* + 1 + A2)? — 2max{1, }Z > wE) B BIP +1+A2)2 " + k.
JjEI peS; j€I peS;
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Proof: For j € I, the cost of the two centers w.r.t. P; is

d/2 d/2 d 9
cost (P, Z min_fei — s hel| = ;(2 -2 max (he,e))?/? = 52 ﬁ)zﬂ
§ g . 22/2 (1 _ mln{172/2}> .
2 vm

For j € I, the cost w.r.t. Pjis g - 22/2 by (15). Thus, the total cost over all subspaces is

d min{1, z/2} k kd  d|I| min{l,z/2}
3 <7.Z/2 I 2/2 _9z/2 (22 ZIEL A2/ 4) .
cost(P,C3) < 5 2 <1 Jm ) 7|+ ( |I|) L9%/2 =9 < 1 5 N

On the other hand, for j € I, the cost w.r.t. S is

> w)(d)+ _min 5= skl D72 = 3 w)(F 1 A -2 _max | (5s b))l

PES; ’ peS; ={-1,+1}
= >~ w) (P + 1+ A2 — 205, b))/

pES;
2 Z p)(IBII> + 1+ A2)2 — 2max{1, } Z )5, hEY([IB]12 + 1+ A2)5 1

pES; pES;

Here bl = sP - hy, where s? = arg max,_(_1 4+1}(D, s - he). For j € I, the total cost w.r.t. S; is k. Thus, the total cost
w.r.t. Sis

cost(S,C3) > > Y " w(p)(|Ip]* + 1+ A2)? — 2max{1, }Z > wp)E ) BIP + 1+ A2)2 " + k.
JEI peS; j€I peS;
This finishes the proof. O

Corollary E.6. Let S be a e-coreset of P, and I = {j : |S;| < d/4}. Then

I
2max{1, 2} S wp) (I + 1+ A2)F ) = 272 <d|2-min{17z/2}—€kiﬁ>'
je€l peS;
Proof: Since S is an e-coreset, we have by Lemma E.5
2mac{1, 2} 37 3 wp)E MBI + 1+ A2)F 1 > 30 S w) (Bl + 1+ ADF +
j€EI peS; jel pes
kd dI min{1, z/2}
22/2 Rl bl A S R 1
kd ekd kd d|I| mm{l 2/2} 5kd
> . Z/2 z/2 _ oz/2
= SRR A e by (17)
_gz2 | min{l z/2} skd oe/2

2 vm
Note that the above inequality holds for all £ € [m)], then

m

2 max{1, *}ZZ > wp) B (IBI1° + 1+ A2)5 " > 27/2. (

(=1 jeI peS;

LIV Z/Q}_akdm)
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By the Cauchy-Schwartz inequality,

m

DX wm@EEDUBIP + 1+ 2527 =D wp) B> ) (IAl° + 1+ A7)
=1

(=1 jeI peS; jEI peS;
< w1+ A2 S A2
j€I peS; =1
=vmY > wp)(lpl* + 1+ 2025
jel pesS;

Therefore, we have

|1
2max{1, }Z > wp)(IBII° + 1+ A2)2Hp| > 2772 - <|2| -min{1, z/2} —

JEI peS;

5kd2\/ﬁ>

> 9%/2. <d|2] -min{l, z/2} — 5kd2\/3> .

Combining the above corollary with (19), we have

min{l, z/2} __, \f| | 5kd (

max{1, z/2}|1|vd + %) 9%/2
2t

)

which implies that

min{1, (2/2)%} ~ max{l,2/2} min{1, (z/2)}ekd  ckVd
(4max{1,(z/2)} 2t )IS Tmax{L, (z/2)} | 4t

. _ 4max{1,(z/2)2}
Soif wesett = L.z 22 then

min{1, (z/2)%} min{1, (z/2)}ekvd < dekr/d

8 max{1, (2/2)}‘ = 2max{1, (z/2)} = min{1, z/2}
By the assumption d < % it holds that |I| < % or |[I| > & — 2—5]“ = 1% Moreover, since |S;| > 4 for each

jef,wehave|S|>t—2~§—%{§%?ﬁ;}.
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