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ABSTRACT

Bilevel optimization, addressing challenges in hierarchical learning tasks, has
gained significant interest in machine learning. The practical implementation of
the gradient descent method to bilevel optimization encounters computational
hurdles, notably the computation of the exact lower-level solution and the inverse
Hessian of the lower-level objective. Although these two aspects are inherently
connected, existing methods typically handle them separately by solving the lower-
level problem and a linear system for the inverse Hessian-vector product. In this
paper, we introduce a general framework to address these computational challenges
in a coordinated manner. Specifically, we leverage quasi-Newton algorithms to
accelerate the resolution of the lower-level problem while efficiently approximating
the inverse Hessian-vector product. Furthermore, by exploiting the superlinear
convergence properties of BFGS, we establish the non-asymptotic convergence
analysis of the BFGS adaptation within our framework. Numerical experiments
demonstrate the comparable or superior performance of the proposed algorithms
in real-world learning tasks, including hyperparameter optimization, data hyper-
cleaning, and few-shot meta-learning.

1 INTRODUCTIONS

Bilevel optimization (BLO), which addresses challenges in hierarchical decision process, has gained
significant interest in many real-world applications. Typical applications in machine learning include
meta-learning (Franceschi et al., 2018; Rajeswaran et al., 2019), hyperparameter optimization (Pe-
dregosa, 2016; Franceschi et al., 2017; Okuno et al., 2021), adversarial learning (Goodfellow et al.,
2014; Pfau & Vinyals, 2016), neural architecture search (Chen et al., 2019; Elsken et al., 2020), and
reinforcement learning (Yang et al., 2019; Hong et al., 2023). In this study, we revisit the following
BLO problem:

min
x∈Rm

Φ(x) := F (x, y∗(x)) s.t. y∗(x) = argmin
y∈Rn

f(x, y), (1)

in which the upper-level (UL) objective function F : Rm × Rn → R is generally nonconvex, while
the lower-level (LL) objective function f : Rm × Rn → R is strongly convex with respect to (w.r.t.)
the LL variable y ∈ Rn.

The gradient of Φ(x), known as hypergradient, is crucial not only for applying gradient descent but
also for developing accelerated gradient-based methods for BLO problems. Therefore, a fundamental
question in solving BLO problems is how to efficiently estimate the hypergradient. Assuming that
f is continuously twice differentiable, and by applying the chain rule and utilizing the first-order
optimality condition ∇yf(x, y

∗(x)) = 0 of the LL optimization problem (Ghadimi & Wang, 2018),
the hypergradient is given by

∇Φ(x) = ∇xF (x, y
∗(x))− [∇2

xyf(x, y
∗(x))]T [∇2

yyf(x, y
∗(x))]−1∇yF (x, y

∗(x)). (2)

*Correspondence to Jin Zhang (zhangj9@sustech.edu.cn)
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Two main challenges in estimating the hypergradient are: (C1) evaluating the LL solution y∗(x); (C2)
estimating the Jacobian-inverse Hessian-vector product [∇2

xyf(x, y)]
T [∇2

yyf(x, y)]
−1∇yF (x, y),

once a good proxy y for the LL solution y∗(x) is obtained.

For (C1), the common approach is to perform a few additional gradient descent steps for the LL
problem on the current estimate yk, using it as a proxy for the LL solution. For (C2), two main
approaches have been proposed in the literature. The first is to estimate the inverse Hessian using
the (truncated) Neumann series (Ghadimi & Wang, 2018; Ji et al., 2021). The second approach is to
compute the inverse Hessian-vector product [∇2

yyf(x, y)]
−1∇yF (x, y) by solving the linear system

[∇2
yyf(x, y)]z = ∇yF (x, y) for z, and then calculating [∇2

xyf(x, y)]
T z (Pedregosa, 2016; Arbel &

Mairal, 2022; Dagréou et al., 2022). Clearly, the hypergradient approximation error depends on the
errors in both (C1) and (C2). Most existing methods handle (C1) and (C2) separately, using different
techniques.

A notable exception is the recent breakthrough by (Ramzi et al., 2022), which introduces a novel
approach (named SHINE), specifically designed for deep equilibrium models (DEQs) (Bai et al.,
2019; 2020) and BLO problems where the UL objective function does not explicitly depend on the
UL variable, i.e., F (x, y) = L(y). The novelty of SHINE lies in its approach to addressing (C1) and
(C2) closely. The main idea is to use quasi-Newton (qN) matrices from the LL solution process to
efficiently approximate the inverse Hessian in the direction needed for the hypergradient computation.
SHINE provides three methods for approximating the hypergradient by incorporating a technique
OPA with Broyden’s method and BFGS. Note that in the OPA method from Ramzi et al. (2022), the
qN matrices derived from the LL resolution are influenced by additional updates. This can potentially
lead to incorrect inversion, as noted in Ramzi et al. (2022). To mitigate this issue, they employ a
fallback strategy. In theory, SHINE demonstrates asymptotic convergence to the hypergradient under
various conditions but does not guarantee convergence of the algorithmic iterates.

Therefore, inspired by SHINE, our focus is on improving hypergradient approximation and reducing
barriers to solving BLO problems. In particular, our main research question is: Can we develop a
method to enhance hypergradient approximation for solving the bilevel optimization problem in (1)
with a guaranteed convergence rate?

1.1 MAIN CONTRIBUTIONS

Our response to this question is affirmative, and our main contributions are summarized below.

• qNBO, a new algorithmic framework utilizing quasi-Newton techniques, is proposed for
solving the BLO problem (1). Unlike SHINE, qNBO includes a subroutine that applies
quasi-Newton recursion schemes specifically tailored for the direction ∇yF (x, y), avoiding
incorrect inversion.

• We validate the effectiveness and efficiency of qNBO with two practical algorithms: qNBO
(BFGS) and qNBO (SR1), corresponding to two prominent quasi-Newton methods. The
numerical results demonstrate qNBO’s comparable or superior performance compared to its
closest competitors, SHINE (Ramzi et al., 2022) and PZOBO (Sow et al., 2022b), as well as
other BLO algorithms, including two popular fully first-order methods: BOME (Liu et al.,
2022) and F2SA (Kwon et al., 2023).

• By leveraging the superlinear convergence rates of BFGS, we analyze the non-asymptotic
convergence of BFGS adaptation within our framework, qNBO.

1.2 ADDITIONAL RELATED WORK

Quasi-Newton methods. Because of the low computation cost per iteration and fast convergence
rate, quasi-Newton (qN) methods has been extensively studied (Nocedal & Wright, 2006). The
most common qN methods are the Broyden-Fletcher-Goldfarb-Shanno (BFGS) (Broyden, 1970b;a;
Fletcher, 1970; Goldfarb, 1970; Shanno, 1970), its low-memory extension L-BFGS (Liu & Nocedal,
1989), and the symmetric rank one method (SR1) (Davidon, 1991; Broyden, 1967). For BLO
problems, Pedregosa (2016) first uses L-BFGS to solve the LL problem to a certain tolerance. Then a
conjugate-gradient method is applied to solve the linear system [∇2

yyf(x, y)]z = ∇yF (x, y) through
matrix-vector products. Finally, [∇2

xyf(x, y)]
T z is calculated.
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Hypergradient approximation methods. Various bilevel methods have been proposed recently
to approximate the inverse Hessian or omit some second-order derivative computations in the
hypergradient. For example, FOMAML (Finn et al., 2017; Nichol et al., 2018) skips calculating all
second-order derivatives. DARTS (Liu et al., 2018) solves the LL problem with just one gradient
descent step. The Jacobian-Free method (JFB) (Fung et al., 2022) approximates the inverse Hessian
with the identity. Giovannelli et al. (2021) proposes practical low-rank bilevel methods (BSG1
and BSG-N-FD) that use �rst-order approximations for second-order derivatives through a �nite-
difference scheme or rank-1 approximations. Recently, several zeroth-order methods have been
proposed to approximate the full hypergradient, such as ES-MAML (Song et al., 2019) and HOZOG
(Gu et al., 2021). Another zeroth-order method, PZOBO (Sow et al., 2022b), approximates only part
of the hypergradient by comparing two optimization paths.

There is another line of research for BLO problems, which does not explicitly use the hypergradient
in (2), see,e.g., Liu et al. (2023); Sow et al. (2022a); Shen & Chen (2023); Liu et al. (2022); Kwon
et al. (2023; 2024). These algorithms �rst use the value function of the lower-level problem to
transform the bilevel problem into a single-level problem. Then, they apply the penalty function
method or other techniques to solve the reformulated problem. For instance, BOME (Liu et al., 2022)
is a novel and fast gradient-based method that uses a modi�ed dynamic barrier gradient descent on
the value-function reformulation.F2SA (Kwon et al., 2023) is a fully �rst-order method developed
from a value function-based penalty formulation. It can be implemented in a single-loop manner.
Additionally, it is shown in Kwon et al. (2023) that the update direction ofF2SA has a global
O(1=� )-approximability of the exact hypergradient, where� is the penalty parameter.

2 PROPOSED FRAMEWORK

In this section, we introduce a general framework, qNBO, to enhance hypergradient approximation.
It addresses the computational challenges (C1) and (C2) using quasi-Newton techniques. We begin
by rewriting the hypergradient as:

r �( x) = r x F (x; y � (x)) � [r 2
xy f (x; y � (x))]T u� (x; y � (x)) ;

whereu� (x; y) := [ r 2
yy f (x; y)] � 1r y F (x; y). As in Arbel & Mairal (2022) and Dagréou et al.

(2022), the proposed algorithms introduce an additional variableuk alongsidexk andyk . Naturally,
qNBO consists of three components. The details of qNBO are presented in Algorithm 1.

Algorithm 1 qNBO : quasi-Newton Meets Bilevel Optimization

Input: x0; y0; initial matrix H0; stepsize� > 0; iterates numbersK; f Qk gK � 1
k=0

for k = 0 ; 1; : : : ; K � 1 do
1. yk+1  A (xk ; yk ) # updateyk+1 by a subroutineA
2. if Qk = 1 :

uk+1  C qN
�
r y F (xk ; yk+1 ); H0; f st ; gt gT � 1

t =0

�
# sharef st ; gt gT � 1

t =0 with A(xk ; yk )
else:

uk+1  B (xk ; yk+1 ; H0; r y F (xk ; yk+1 ); Qk ) # improveuk+1 by a subroutineB
3. xk+1  xk � �

�
r x F (xk ; yk+1 ) � [r 2

xy f (xk ; yk+1 )]T uk+1
�

end for

Part 1: qNBO updatesyk towardsy� (xk ) using a qN-based subroutineA(xk ; yk ) in Algorithm 2,
starting fromyk . The key is a quasi-Newton recursion schemeCqN , which computes the matrix-vector
productHd by performing a sequence of inner products and vector summations involvingd and
the pairsf si ; gi gt � 1

i =0 . HereH represents the inverse Hessian approximation of the LL objective,
d = r y f (x; y t ), si = yi +1 � yi , andgi = r y f (x; y i +1 ) � r y f (x; y i ) in this subroutine. Two
prominent quasi-Newton recursion schemes are provided in Appendix B.

Part 2: To updateuk+1 , we provide two options:Qk = 1 or Qk > 1. In the case ofQk = 1 , qNBO
updatesuk+1 similarly to SHINE. The pairsf si ; gi gT � 1

i =0 from A(xk ; yk ) are shared to approximate
the inverse Hessian in the directionr y F (xk ; yk+1 ). Unfortunately, incorrect inversion may occur
because the pairsf si ; gi gT � 1

i =0 in A (xk ; yk ) are designed to satisfy the secant equationH t +1 gt = st .
To address this issue, qNBO adds a subroutineB in Algorithm 3, which uses quasi-Newton recursion

3



Published as a conference paper at ICLR 2025

schemes for the directionr y F (xk ; yk+1 ) whenQk > 1. The price to pay is that the pairsf si ; gi g in
A cannot be shared withB, increasing the computational cost. Thus, choosing betweenQk = 1 and
Qk > 1 involves a trade-off between performance and computational cost.

Part 3: After computingyk+1 anduk+1 , qNBO updatesxk+1 by

xk+1 = xk � � k
�
r x F (xk ; yk+1 ) � [r 2

xy f (xk ; yk+1 )]T uk+1
�

;

where� k is a stepsize, and~r �( xk ) := r x F (xk ; yk+1 )� [r 2
xy f (xk ; yk+1 )]T uk+1 is a hypergradient

approximation. This update rule forxk is commonly used in gradient-based algorithms, , such as
those in Arbel & Mairal (2022) and Dagréou et al. (2022).

Algorithm 2 A(x; y0): gradient descent steps + qN steps for the LL problem

Input: x; y0; initial matrix H0; stepsizes�; 
 > 0; iterates numbersP; T
1. for j = 0 ; 1; 2; : : : ; P � 1

yj +1  yj � � r y f (x; y j )
end for

2. y0  yP

for t = 0 ; : : : ; T � 1
yt +1  yt � 
d t ,
wheredt  C qN

�
r y f (x; y t ); H0; f si ; gi gt � 1

i =0

�
(t � 1), d0  H0r y f (x; y0)

st  yt +1 � yt ; gt  r y f (x; y t +1 ) � r y f (x; y t )
end for

ReturnyT , f st ; gt gT � 1
t =0 .

Algorithm 3 B(x; y; H 0; d; Q)
Input: x; y; initial matrix H0; vectord; stepsize� i > 0; iterates numberQ

1. u0  H0d, ~s0  � 0u0 and~g0  r y f (x; y + ~s0) � r y f (x; y)
2. for i = 1 ; 2; : : : ; Q � 1

ui  C qN
�
d; H0; f ~sj ; ~gj gi � 1

j =0

�

~si  � i ui ; ~gi  r y f (x; y + ~si ) � r y f (x; y)
end for

ReturnuQ� 1.

Two practical qNBO algorithms: qNBO (BFGS) and qNBO (SR1). We describe two prominent
quasi-Newton recursion schemes,CqN , for computing the inverse Hessian approximation-vector
productH t d. These schemes involve a sequence of inner products and vector summations with
d and pairsf si ; gi gt � 1

i =0 . One is the BFGS two-loop recursion scheme, outlined in Algorithm 4,
corresponding to the BFGS updating formula (Broyden, 1970b;a; Fletcher, 1970; Goldfarb, 1970;
Shanno, 1970):

H t +1 =
�
I � � t st gT

t

�
H t

�
I � � t gt sT

t

�
+ � t st sT

t ; � t =
1

gT
t st

: (3)

The second algorithm is presented in Algorithm 5, which corresponds to the symmetric-rank-one
(SR1) updating formula (Davidon, 1991; Broyden, 1967):

H t +1 = H t +
(st � H t gt )(st � H t gt )T

(st � H t gt )T gt
: (4)

Implementation and improvement. Several details and enhancements are needed for an ef�cient
implementation of qNBO.

First, the purpose of including a few gradient descent steps in subroutineA is to bring the iterators
closer to a neighborhood of the LL solution, enabling superlinear convergence in subsequent quasi-
Newton steps. A warm-start fory0 is effective becausey� (xk+1 ) remains close toy� (xk ) when
xk+1 is nearxk . This is guaranteed by the Lipschitz continuity ofy� (x). In practice, we conjecture
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that a few initial gradient descent steps are suf�cient, although they are necessary for the theoretical
analysis.

Second, becausef (x; y) exhibits strong convexityw.r.t. y in our context, the curvature condition
sT

t gt > 0, required for BFGS, is consistently satis�ed. This allows the use of a �xed step size,
eliminating the need for time-consuming line searches. Furthermore, as the solution approaches a
region conducive to superlinear convergence, employing a few quasi-Newton steps is suf�cient to
achieve a satisfactory solution.

Third, in experiments, the initial matrixH0 is chosen as a scalar multiple of the identity matrix. This
simpli�cation ensures that the recursion algorithms, Algorithms 4 and 5, involve only vector inner
products, signi�cantly reducing computational costs. In Algorithm 3, the parameter� i is typically set
to either1 or kui k in most cases.

Fourth, qNBO is a �exible framework that can integrate other quasi-Newton methods, such as limited
memory BFGS (L-BFGS) (Liu & Nocedal, 1989). It also supports a “non-loop" implementation of
L-BFGS by representing quasi-Newton matrices in outer-product form (Byrd et al., 1994).

Finally, qNBO consists of three parts, with the �rst two utilizing quasi-Newton recursion schemes.
A stochastic adaptation involves replacing these schemes with stochastic methods (e.g., K-BFGS
(Goldfarb et al., 2020), Stochastic Block BFGS(Gower et al., 2016)) and using stochastic gradients in
Part 3, aligning with Dagréou et al. (2022). Key challenges in implementing the stochastic adaptation
include constructing effective unbiased or biased estimators in Part 3 using techniques like variance
reduction and momentum, and analyzing the convergence rate and complexity of the proposed
stochastic algorithms in a bilevel setting that leverages noisy second-order information. Addressing
these theoretical issues may require breakthroughs beyond the scope of this work.

3 THEORETICAL ANALYSIS

In this section, we analyze the non-asymptotic convergence of the qNBO algorithm, as outlined in
Algorithm 1, under standard assumptions commonly used in BLO literature (Ghadimi & Wang, 2018;
Ji et al., 2021; Chen et al., 2022; Dagréou et al., 2022; Ji et al., 2022).

3.1 ASSUMPTIONS

Assumption 3.1. Assume that the UL objective functionF satis�es the following properties:

(i) For all x, the gradientsr x F (x; y) and r y F (x; y) are Lipschitz continuousw.r.t. y, with
Lipschitz constantsL F x andL F y , respectively.

(ii) For all y, r y F (x; y) is Lipschitz continuousw.r.t. x, with a Lipschitz constant�L F y .

(iii) There exists a constantCF y such thatkr y F (x; y)k � CF y for all x; y.

Assumption 3.2. Assume that the LL objective functionf has the following properties:

(i) For all x andy, f is continuously twice differentiable in(x; y).

(ii) For all x, f (x; y) is strongly convexw.r.t. y with parameter� > 0. Moreover,r y f (x; y) and
r 2

yy f (x; y) are Lipschitz continuousw.r.t. y with parameterL andL f yy , respectively.

(iii) For all x, r 2
xy f (x; y) is Lipschitz continuousw.r.t. y with constantL f xy .

(iv) For all x; y, we havekr 2
xy f (x; y)k � M f xy for some constantM f xy .

(v) For all y, r 2
xy f (x; y) andr 2

yy f (x; y) are Lipschitz continuousw.r.t. x with constants�L f xy and
�L f yy , respectively.

Assumption 3.3. There exists� 2 R such thatinf x �( x) � � .
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3.2 CONVERGENCE RESULTS

The evolving nature of inverse Hessian approximations through updating formulas in qNBO sig-
ni�cantly complicates the analysis of non-asymptotic convergence. Additionally, various update
formulas present different challenges, similar to studying the convergence rates of quasi-Newton
methods. In this section, we focus on the non-asymptotic convergence of qNBO (BFGS), leveraging
the superlinear convergence rates of BFGS. Some results can also be extended to qNBO (SR1).
Comprehensive proofs of these results are provided in Appendix D.

Let L � be the Lipschitz constant ofr � given in Lemma D.12. We �rst present the convergence
results of qNBO (BFGS) for solving the bilevel problem (1), where the LL objective function is
quadratic.

Theorem 3.4(quadratic case). Suppose thatf in (1) takes the following quadratic form:

f (x; y) =
1
2

yT Ay � yT x; (5)

where�I � A � LI . Assume that Assumption 3.1 and 3.3 hold. SetQk = k + 1 andH0 = LI .

Let � := L=� , tb := 4nln� , ct := 2 t
T
2

b , and ! := c1(1 + 1
" )c2

t � 3( 1
T )T , wherec1 is a positive

constant given in Theorem D.19. We can choose positive parameters� , " andT such that� :=
c2

t � 3( 1
T )T

�
(1 + ") + (1 + 1

" )� 2c1
�

< 1 and�L � + !� 2
�

1
2 + �L �

�
1

1� � � 1
4 . Then the iterates

xk generated by qNBO (BFGS) satisfy:

1
K

K � 1X

k=0

kr �( xk )k2 �
4(�( x0) � inf x �( x))

�K
+

3� 0

K (1 � � )
+

18nLC 2
F y

lnK

� 3K
; (6)

with the initial error � 0 = 3c2
t � 3( 1

T )T c2ky�
0 � y0k2, wherec2 is a constant.

Remark3.5. For the quadratic case, quasi-Newton methods achieve global superlinear convergence
(Ye et al., 2023; Rodomanov & Nesterov, 2022; 2021b), allowingP = 0 in Algorithm 2.
Remark3.6. The convergence rate of qNBO (SR1) for the quadratic case is similar to that in Theorem
3.4. However, for the general case, the qNBO (SR1) algorithm lacks convergence guarantees without
speci�c corrections used to achieve numerical stability, as noted in Ye et al. (2023).

Next, we explore the case where the LL objective function in (1) takes a general form. While the
convergence rate of qNBO (BFGS) resembles that of the previous quadratic case, it is much more
challenging. The speci�c convergence rate for this general case is detailed in the following theorem.

Theorem 3.7(general case). Suppose that Assumptions 3.1, 3.2 and 3.3 hold. SetQk = k + 1 .
Choose the parameters� andP such that(1 � �� )P kyk � y�

k k � 1
300

p
� , and assumeH0 satis�es:

kr 2
yy f (xk ; y� (xk )) � 1=2

�
H � 1

0 � r 2
yy f (xk ; y� (xk ))

�
r 2

yy f (xk ; y� (xk )) � 1=2kF � 1
7 . De�ne � :=

� ( 1
T )T (1 � �� )P

�
(1 + ") + (1 + 1

" )� 2c3
�

and! := c3(1 + 1
" )� ( 1

T )T (1 � �� )P , with a constant
c3 given in Theorem D.24. We can choose positive parameters� , " and T such that� < 1 and
�L � + !� 2

�
1
2 + �L �

�
1

1� � � 1
4 . Then the iteratesxk generated by qNBO (BFGS) satisfy:

1
K

K � 1X

k=0

kr �( xk )k2 �
4(�( x0) � inf x �( x))

�K
+

3� 0

K (1 � � )
+

18nLM 2
f xy

C2
F y

lnK

� 3 ~�K
; (7)

where� 0 = 3 � ( 1
T )T (1 � �� )P c4ky�

0 � y0k2 is the initial error with constantc4. The constant~� is
related to the property off , as given in (29).

The proof sketch of Theorem 3.7 can be found in Appendix D.2. The complete version of the
parameter speci�cations and the proofs of Theorems 3.4 and 3.7 are provided in Appendices D.3 and
D.4, respectively.

Discussion on convergence rate and complexity.ChooseT = �(ln � ) and the step size� =
�( � � 3) such that� < 1 and�L � + !� 2

�
1
2 + �L �

�
1

1� � � 1
4 . Under the same setting as Theorem

3.7, we have1
K

P K � 1
k=0 kr �( xk )k2 = O

�
� 3

K + � 3 ln K
K

�
. To achieve an� -stationary point, it is

required thatK = ~O(� 3� � 1), resulting in a gradient complexity ofGc(f; � ) = ~O(� 6� � 2) and
Gc(F; � ) = ~O(� 3� � 1), as well as a Jacobian-vector product complexity ofJV (� ) = ~O(� 3� � 1).
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The details for ensuring� < 1 and �L � + !� 2
�

1
2 + �L �

�
1

1� � � 1
4 , as well as the speci�c

complexity analysis, can be found in Appendix E.

Theoretical comparisons.Our analysis provides a non-asymptotic convergence rate, superior to
that of SHINE (Ramzi et al., 2022). It is established in Ji et al. (2022) that the fastest deterministic
convergence rate,1K

P K � 1
k=0 kr �( xk )k2 = O( 1

K ), is achievable. In comparison, BOME (Liu et al.,
2022) reaches a convergence rate ofO(K � 1=4), F2SA (Kwon et al., 2023) attainsO( ln K

K 2= 3 ), and
SABA (Dagréou et al., 2022) achievesO( 1

K ). To achieve an� -stationary point, the matrix-vector
complexity for qNBO is ~O(� 3� � 1), primarily due to the[r 2

xy f (x; y)]T u calculations. It is worth
noting that the number of Jacobian-vector products and Hessian-vector products for AID-BIO (Ji et al.,
2021) are of the ordersO(� 3� � 1) andO(� 3:5� � 1), respectively. Although the gradient complexity
Gc(f; � ) for qNBO is higher than that in AID-BIO (Ji et al., 2021), the computation of gradients is
generally less complex than performing matrix-vector operations.

4 NUMERICAL EXPERIMENT

In this section, we conduct numerical experiments to evaluate the performance of the qNBO algo-
rithms in solving bilevel optimization problems. We �rst validate the theoretical convergence through
experiments on a toy example, followed by an assessment of ef�ciency by comparing qNBO with its
closest competitor, SHINE (Ramzi et al., 2022), as well as other bilevel optimization (BLO) algo-
rithms such as AID-BIO (Ji et al. (2021) with CG method), AID-TN (Ji et al. (2021) with Truncated
Neumann method), AMIGO (Arbel & Mairal (2022) with CG method), SABA (Dagréou et al.,
2022) and BSG1 (Giovannelli et al., 2021). Additionally, we compare qNBO with two widely used
fully �rst-order algorithms, BOME (Liu et al., 2022) andF2SA (Kwon et al., 2023), in real-world
applications including hyperparameter optimization and data hyper-cleaning. Finally, we explore
qNBO's applicability to complex machine learning tasks by exclusively comparing it with PZOBO
(Sow et al., 2022b) in a meta-learning experiment, where PZOBO is regarded as the leading algorithm
for few-shot meta-learning. Details of all experimental speci�cations are provided in Appendix C.
Additionally, we perform an ablation study in Appendix C.5.

4.1 TOY EXAMPLE

In this section, we consider a quadratic bilevel problem where both the UL and LL objective functions
are quadratic. Givenz0 2 Rn and the symmetric positive de�nite matrixA 2 Rn � n , the problem is
formulated as follows:

min
x 2 Rn

1
2

kx � z0k2 +
1
2

y� (x)T Ay � (x) s:t : y� (x) = arg min
y2 Rn

1
2

yT Ay � xT y: (8)

In the experiment, the vectorz0 and the matrixA are randomly generated, withn = 1000. The
hypergradient is given byr �( x) = ( A � 1 + I )x � z0, which yields the unique solution(x � ; y� ) =�
(A � 1 + I ) � 1z0; A � 1(A � 1 + I ) � 1z0

�
. To evaluate the performance of various methods in solving

this problem, we analyze the hypergradient estimation errors and the distances between the iterates
(xk ; yk ) and the optimal solution(x � ; y� ). The results, shown in Figure 1(a), indicate that AID-BIO,
AMIGO-CG and qNBO (SR1) achieve smaller hypergradient errors and produce iterates closer to
the optimal solutions compared to other methods. Furthermore, we analyze the impact of parameter
f Qk gK � 1

k=0 in Algorithm 1 on the performance of qNBO (BFGS). As depicted in Figure 1(d) shows
that the hypergradientr �( xk ) generally decreases asQk increases, withf Qk gK � 1

k=0 = f k + 1gK � 1
k=0

performing the best, thereby supporting the claims of Theorem 3.4.

4.2 HYPERPARAMETER OPTIMIZATION IN LOGISTIC REGRESSION

We perform hyperparameter optimization forl2-regularized logistic regression on the 20News (Lang,
1995) and Real-sim (Chang & Lin) datasets, formulated as a bilevel problem:

min
x 2 R

n 0
X

i =1

`(a0
i ; b0

i ; y� (x)) s:t : y� (x) = arg min
y2 Rn

nX

i =1

`(ai ; bi ; y) +
exp(x)

2
kyk2; (9)
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(a) (b)

(c) (d)

Figure 1: Numerical results on toy example. (d) Testing results on the impact of the parameter
f Qk gK � 1

k=0 in qNBO (BFGS).

Figure 2: Hyperparameter optimization experiments forl2-regularized logistic regression on two
datasets (Left:20News; Right: Real-sim).

where(ai ; bi ) 2 D train and(a0
i ; b0

i ) 2 D val are the training data and validation data respectively, and
`(ai ; bi ; y) := log

�
1 + exp

�
� bi ai

T y
��

. The LL variabley is the model's parameter, while the UL
variablex refers to the regularization hyperparameter.

The performance of different methods on the unseen datasetDtest is shown in Figure 2, where the
results over 10 runs are plotted for each method. Here AMIGO refers to the algorithm AMIGO in
Arbel & Mairal (2022) that employs gradient descent to solve the auxiliary quadratic problem. The
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results show that qNBO (BFGS) reaches its lowest loss faster than the other methods. Notably, the
performance of qNBO (SR1) on the 20News dataset was omitted due to its ineffectiveness in this
experiment, which resulted in oscillations. This issue arises from the numerical instability of SR1
when solving general functions without a correction strategy (Ye et al., 2023).

Figure 3: Data hyper-cleaning results on two datasets. (Left:MNIST ; Right: FashionMNIST).

4.3 DATA HYPER-CLEANING

This subsection focuses on data hyper-cleaning for the MNIST (Deng, 2012) and FashionMNIST
(Xiao et al., 2017) to enhance model accuracy, using a noisy training setDtrain := f ai ; bi gm

i =1 and a
clean validation setDval . The objective is to adjust the training data weights to improve performance
onDval . This task can be formalized as the bilevel problem:

min
x

`val (y� (x)) s:t : y� (x) = arg min
y

f ` train (x; y) + ckyk2g; (10)

where`val is the validation loss onDval and` train =
P m

i =1 � (x i )`(ai ; bi ; y) is a weighted training
loss with� (x) = Clip( x; [0; 1]) andx 2 Rm . In the experiment, both̀(ai ; bi ; y) and`val are the
cross entropy loss, withc = 0 :001.

Table 1: Comparison of results for hyper-cleaning. We compare the time and F1 score of various
algorithms in achieving speci�c test accuracies (91.50% for MNIST and 83.00% for FashionMNIST).
Bold font indicates thefastest timeto reach the target accuracy. If an algorithm fails to reach the
required test accuracy, the time is recorded up to the highest accuracy it achieves.

MNIST FashionMNIST
Method Time (s) Acc. (%) F1 score Time (s) Acc. (%) F1 score
qNBO (BFGS) 0.42 91.54 95.34 0.83 83.04 93.56
qNBO (SR1) 3.68 91.51 94.59 1.53 83.02 94.09
BOME 6.31 91.50 94.94 3.59 83.00 93.48
SABA 3.35 91.44 94.79 44.29 82.79 88.81
F2SA 8.06 91.46 93.31 8.72 82.98 86.55
SHINE-OPA 20.25 91.51 95.44 9.96 83.07 93.87
PZOBO 1.05 91.46 95.46 2.96 83.05 93.77

As shown in Figure 3, qNBO (BFGS) signi�cantly outperforms other methods, achieving lower test
loss and higher test accuracy more quickly. All results are averaged over 10 random trials. Table
1 illustrates that while qNBO, BOME, and SHINE-OPA are able to achieve the required accuracy,
qNBO (BFGS) does so in the shortest time. Notably, both F2SA and SABA fail to reach the target
accuracy on either dataset. For example, on the MNIST dataset, qNBO (BFGS) requires less than one-
tenth of the time taken by BOME, the second-fastest method. The exclusion of BSG1's performance
from this experiment is due to its ineffectiveness in addressing these data hyper-cleaning problems.
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