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ABSTRACT

We study the Schrödinger bridge problem when the endpoint distributions are
available only through samples. Classical computational approaches estimate
Schrödinger potentials via Sinkhorn iterations on empirical measures and then
construct a time-inhomogeneous drift by differentiating a kernel-smoothed dual
solution. In contrast, we propose a learning-theoretic route: we rewrite the
Schrödinger system in terms of a single positive transformed potential that sat-
isfies a nonlinear fixed-point equation and estimate this potential by empirical
risk minimization over a function class. We establish uniform concentration of the
empirical risk around its population counterpart under sub-Gaussian assumptions
on the reference kernel and terminal density. We plug the learned potential into a
stochastic control representation of the bridge to generate samples. We illustrate
performance of the suggested approach with numerical experiments.

1 INTRODUCTION

The Schrödinger bridge problem (SBP) provides a principled way to interpolate between two
probability distributions by selecting, among all stochastic processes matching prescribed end-
point marginals, the one that is closest to a reference dynamics in relative entropy. Formally, let
(Xt)t∈[0,T ] be a Markov process on Rd with reference law Q on path space and transition densi-
ties (qt)t∈(0,T ] with respect to the Lebesgue measure, so that Q

(
XT ∈ [y, y + dy)

∣∣X0 = x
)
=

qT (x, y) dy. We are given two probability densities ρ0 and ρT on Rd and consider the class

P(ρ0, ρT ) :=
{
P ≪ Q

∣∣∣P ◦X−1
0 = ρ0 dx, P ◦X−1

T = ρT dx
}
.

The (dynamic) SBP consists in finding the probability measure P ⋆ ∈ P(ρ0, ρT ) which is closest to
Q in the sense of relative entropy:

P ⋆ ∈ arg min
P∈P(ρ0,ρT )

H(P ∥Q), H(P ∥Q) :=
∫

log

(
dP

dQ

)
dP. (1)

It is a classical result (see, e.g., Chen et al. (2016)) that the minimizerP ⋆ exists under mild conditions
and has a Schrödinger factorization of the form

dP ⋆

dQ
(X) = ν0(X0) νT (XT ), (2)

for some nonnegative measurable functions (Schrödinger potentials) ν0, νT : Rd → (0,∞). Taking
time–0 and time–T marginals in (2) yields the system

ρ0(x) = ν0(x)

∫
Rd

qT (x, z) νT (z) dz, (3)

ρT (y) = νT (y)

∫
Rd

qT (x, y) ν0(x) dx. (4)
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The corresponding “static” Schrödinger bridge problem is the entropy minimization over couplings
of (X0, XT ):

π⋆ ∈ arg min
π∈Π(ρ0,ρT )

H
(
π ∥πref

)
, πref(dx, dy) = ρ0(x) qT (x, y) dx dy, (5)

where Π(ρ0, ρT ) denotes the set of probability measures on Rd×Rd with marginals ρ0 and ρT . The
optimizer π⋆ can be written as

π⋆(dx, dy) = ν0(x) qT (x, y) νT (y) dx dy, (6)

and the potentials (ν0, νT ) solve (3)–(4). In the case qT (x) is the transition density of the SDE
dXt = σdWt with some σ > 0, (6) coincides with the solution of the entropy-regularized opti-
mal transport (EOT). From a computational standpoint, EOT is often solved by Sinkhorn iterations
on empirical measures, yielding discrete approximations of the Schrödinger potentials. Building
on this viewpoint, recent works plug these (discrete) potentials into a stochastic control represen-
tation of the bridge, producing a drift field after additional smoothing and differentiation. While
effective in moderate dimensions, this pipeline raises two conceptual challenges from a learning
perspective. First, the potential is estimated only on the support of the empirical samples, and must
be extended off-sample (e.g. via kernel smoothing) to yield a continuous drift. Second, the over-
all error blends optimization error (finite Sinkhorn iterations), statistical error (finite samples), and
discretization/smoothing error, which complicates generalization analysis.

In this paper, we propose to estimate Schrödinger potentials directly in a functional form as a learn-
ing problem. We rewrite the Schrödinger system in terms of a single positive transformed potential
g⋆ that satisfies a nonlinear fixed-point equation

g⋆ = C[g⋆], (7)

for a nonlinear integral operator C depending on ρ0, ρT , and qT (see Section 2 for the details). When
only samples are available,

X1, . . . , XN ∼ ρ0, Y1, . . . , YM ∼ ρT ,

we form an empirical operator ĈN,M by replacing expectations with empirical averages. Rather
than enforcing the fixed point through iterative proportional fitting (Sinkhorn), we estimate g⋆ by
minimizing an empirical residual loss over a hypothesis class G of positive functions (e.g. neural
networks):

ĝN,M ∈ argmin
g∈G

1

M

M∑
j=1

ℓ
(
g(Yj), ĈN,M [g](Yj)

)
, (8)

where ℓ is minimized at equality (e.g. squared loss). The resulting objective can be optimized using
stochastic-gradient methods. Crucially, in contrast to Sinkhorn-type algorithms, which implicitly
produce potentials only at sampled locations and require interpolation or smoothing to obtain con-
tinuous objects, the learned estimator is continuous by construction. This is essential in downstream
tasks such as: computing drift fields for Schrödinger bridges, simulating controlled diffusions and
sensitivity analysis and gradient-based control. Moreover, a key benefit of the functional-learning
viewpoint is that it naturally accommodates sparse representations of the Schrödinger potential g.
Depending on the choice of hypothesis class, one may obtain: sparse basis expansions (e.g. wavelets,
Fourier features, or kernel dictionaries), low-rank representations induced by bottleneck neural net-
works and implicit sparsity through regularization. Such sparsity can lead to faster evaluation of the
potential and its gradients. In translation-invariant settings, sparsity can be particularly effective, as
the potential often exhibits low-frequency structure or localized features that can be captured with a
small number of active components.

Once a potential (or log-potential) is learned, we use the stochastic control representation of the
Schrödinger bridge; see (Dai Pra, 1991). Let h(t, x) denote the time-evolved Schrödinger potential
given by

h(t, x) =

∫
νT (y) qT−t(x, y) dy.

Then the transition density of the process (X⋆
t )t∈(0,T ] with the law P ⋆ is given by

qh(y, T |x, t) = qT−t(x, y)h(T, y)

h(x, t)
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In the case of diffusion processes dXt = bdt + σdWt this corresponds to the change of drift of
basic process (Xt)t∈(0,T ] by a∇ log h where a = σσ⊤. This yields a practical sampler: starting
from x0 ∼ ρ0, we simulate an SDE with the learned drift (e.g. via Euler–Maruyama) to obtain
approximate bridge samples at intermediate times and at time T .

Contributions Our key contributions could be summarized as follows:

• We reformulate the Schrödinger system as a single nonlinear fixed-point equation for a
transformed potential g⋆, and propose an ERM estimator based on minimizing the empir-
ical fixed-point residual over some class of transformed potentials G. This gives a flexible
framework for the study of the empirical Schrödinger problem.

• When the reference kernel Q is Gaussian, we show that the population fixed point g⋆ admits
a rapidly converging Hermite function expansion. We derive an explicit L2 approximation
bound for the degree-n Hermite function projector and combine it with the uniform con-
centration bound for the empirical risk to obtain an end-to-end risk guarantee with near-
parametric dependence on sample size up to polylog factors.

• We numerically illustrate the performance of the method on (i) two-dimensional Swiss roll
to S-curve example, (ii) Gaussian mixture transport under train–test shift, and (iii) single-
cell population interpolation. We demonstrate performance that are comparable or improve
on existing baselines.

1.1 RELATED WORK

The SBP originates in Schrödinger’s 1932 work Schrödinger (1932) on the most likely stochastic
evolution between two prescribed marginals under a reference dynamics. Modern treatments em-
phasize its connections to reciprocal processes, large deviations, and optimal transport; see, e.g., the
survey of Leonard (2014) for background and further references. A stochastic control viewpoint on
SBP (and related reciprocal diffusions) appears in Dai Pra (1991), and computational perspectives
exploiting projective/Hilbert-metric structure were developed in, e.g., Chen et al. (2016).

Entropy-regularized optimal transport and Sinkhorn The static SBP coincides with EOT,
which has become a central tool in computational OT due to its stability and algorithmic efficiency.
EOT can be solved in the dual by the Sinkhorn algorithm (iterative proportional fitting / matrix
scaling), popularized in ML by Cuturi (2013) and rooted in earlier matrix-scaling results such as
Franklin & Lorenz (1989); see also Peyré & Cuturi (2019) for a comprehensive overview. Recent
theoretical work has sharpened our understanding of Sinkhorn’s contraction and convergence prop-
erties beyond classical bounded/compact settings and has provided non-asymptotic bounds for the
iterates and their gradients; see, e.g., Conforti et al. (2023); Greco et al. (2023).

Estimating Schrödinger bridges from samples In the statistical setting where ρ0 and ρT are
only accessible through samples, a standard approach is to solve EOT between empirical measures
(via Sinkhorn) to obtain discrete approximations of the Schrödinger potentials and then construct a
sampler for the dynamic bridge. A representative recent instance is SinkhornBridge of Pooladian &
Niles-Weed (2024), which plugs (approximate) dual solutions into a stochastic control representa-
tion to produce a time-inhomogeneous drift. Our approach differs at the estimation stage: instead
of computing discrete potentials by Sinkhorn iterations on empirical measures and subsequently
extending/smoothing them, we estimate a continuous potential by ERM over a function class (e.g.
neural networks). This viewpoint is tailored to learning-theoretic analysis (uniform concentration,
approximation error) and yields a potential that generalizes off-sample by construction.

SBP in generative modeling and data-to-data translation A growing body of work connects
SBP to modern generative modeling via controlled diffusions and score-based methods. Examples
include diffusion Schrödinger bridges and their applications to generative modeling (De Bortoli
et al., 2021), learning-based SB variants such as neural Lagrangian Schrödinger bridges (Koshizuka
& Sato, 2022), and Schrödinger bridge matching objectives (Shi et al., 2023). Related computa-
tionally efficient alternatives include LightSB (Korotin et al., 2024), LightSB-OU (Puchkin et al.,
2026). In applications to biological time interpolation and dynamical modeling, SB/OT ideas also
appear in, e.g., TrajectoryNet (Tong et al., 2020) and subsequent simulation-free or matching-based
formulations (Tong et al., 2023b), as well as minibatch OT-based training objectives (Tong et al.,
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2023a). Continuous normalizing-flow baselines are often trained with stabilizing regularization and
architectural constraints; see, e.g., Finlay et al. (2020).

Notations Given l, u : Rd → R the bracket [l, u] is defined as the collection of all functions
f : Rd → R for which l(x) ≤ f(x) ≤ u(x) for all x ∈ Rd. For a class F of functions f : Rd → R
define its bracketing number as follows:

N[](F , ∥ · ∥∞, δ) := inf
{
m ∈ N : ∃(lj , uj)mj=1 s.t. ∥uj − lj∥∞ ≤ δ, G ⊆

m⋃
j=1

[lj , uj ]
}
.

For f : Rd → R define its Fourier transform by f̂(ω) :=
∫
Rd f(x)e

−iω·x dx. For K ⊂ Rd we
use notation ∥f∥L∞(K) := supx∈K |f(x)|. For a probability measure µ on (Rd,B(Rd)) we write
∥f∥Lp(µ) := {

∫
Rd |f(x)|pµ(dx)∥1/p. We also define clipping by clip(f, a, b) = f if a ≤ f ≤ b, a

if f < a and b if f > b.

2 ESTIMATOR BASED ON THE EMPIRICAL RISK MINIMIZATION

First we recast (3), (4) in terms of a single transformed potential and obtain a nonlinear fixed–point
problem. Define

g⋆(y) :=
ρT (y)

νT (y)
, (9)

that is, νT (y) = ρT (y)/g
⋆(y). From (3) we obtain

ν0(x) =
ρ0(x)∫

qT (x, z) νT (z) dz

=
ρ0(x)∫

qT (x, z)
ρT (z)

g⋆(z)
dz

. (10)

For each x ∈ Rd and g : Rd → (0,∞) define

Dg(x) :=

∫
Rd

qT (x, z)
ρT (z)

g(z)
dz. (11)

Substituting (10) and (9) into (4) gives

ρT (y) =
ρT (y)

g⋆(y)

∫
Rd

qT (x, y)ρ0(x)

Dg⋆(x)
dx.

Cancelling the common factor ρT (y) on both sides and multiplying by g⋆(y), we obtain the nonlin-
ear fixed–point equation

g⋆(y) = C[g⋆](y) with C[g](y) :=
∫
Rd

qT (x, y)ρ0(x)

Dg(x)
dx . (12)

So the (static) Schrödinger bridge problem can be equivalently formulated as the problem of finding
a positive function g⋆ solving the nonlinear fixed–point equation g⋆ = C[g⋆]. Once a fixed point
g⋆ is found, the Schrödinger potentials are recovered via νT (y) = ρT (y)/g

⋆(y) and (10), and the
optimal Markov process P ⋆ is obtained by tilting the reference process Q according to (2).

In many applications the marginal densities ρ0 and ρT are not available explicitly. Instead, we
observe independent samples

X1, . . . , XN ∼ ρ0, Y1, . . . , YM ∼ ρT ,

and seek to recover the fixed point g⋆ solving g⋆ = C[g⋆]. This gives rise to a statistical version of
the Schrödinger bridge problem. Define the empirical measures

ρ̂N0 :=
1

N

N∑
i=1

δXi
, ρ̂MT :=

1

M

M∑
j=1

δYj
.

4



Published as a paper at the 2nd DeLTa Workshop, ICLR 2026

Replacing ρT by its empirical counterparts in (11) we obtain

D̂(x) :=
1

M

M∑
k=1

qT (x, Yk)
1

g(Yk)
.

In Lemma 4 we show thatD ≥ Dg(x) ≥ D for all x ∈ supp(ρ0). But we can’t prove the same lower
bound for D̂(x). We introduce a clipping operator T[a,b] of the form T[a,b][f ](x) = clip(f, a, b).
Replacing ρ0 and ρT by their empirical counterparts in (12) yields the empirical nonlinear operator

ĈN,M [g](y) :=
1

N

N∑
i=1

qT (Xi, y)

T[D,D][D̂](Xi)
. (13)

The fixed–point condition g⋆ = C[g⋆] is approximated by enforcing

g(Yj) ≈ ĈN,M [g](Yj), j = 1, . . . ,M.

To estimate g, we recast this system as an ERM problem. Let ℓ : (0,∞) × (0,∞) → [0,∞) be a
loss function minimized at equality, e.g. ℓ(u, v) = 1

2 (u− v)
2. The empirical risk is defined by

R̂N,M (g) :=
1

M

M∑
j=1

ℓ
(
g(Yj), ĈN,M [g](Yj)

)
. (14)

The statistical Schrödinger bridge estimator is then given by

ĝN,M ∈ argmin
g∈G
R̂N,M (g), (15)

where G is an admissible class of positive functions or parametric models (e.g. neural networks). In
the next section, we study the behavior of R̂N,M (g) under a set of realistic assumptions that allow
us to apply tools from empirical process theory.

3 MAIN RESULTS

We state the main assumptions used throughout the paper. We start from the assumptions on the
kernel Q and densities ρ0, ρT .

(Q) There exist constants c−, c+ > 0 and a−, a+ > 0 such that

c− exp(−a−∥x− y∥2) ≤ qT (x, y) ≤ c+ exp(−a+∥x− y∥2), ∀x, y ∈ Rd.

Moreover, qT is globally Lipschitz with constant Lq.
(R0) There exist x0 ∈ Rd and two positive real numbers r0, R0 such that B(x0, r0) ⊆

supp(ρ0) ⊆ B(x0, R0). Moreover, there is a constant ρ0,− > 0 such that

ρ0(x) ≥ ρ0,−, ∀x ∈ B(x0, r0).

(RT) There exist constants 0 < c−T ≤ c
+
T <∞ and b−T , b

+
T > 0 such that

c−T exp(−b−T ∥y∥
2) ≤ ρT (y) ≤ c+T exp(−b+T ∥y∥

2), ∀y ∈ Rd.

The nondegeneracy condition in (R0) prevents the normalization factors from becoming arbitrarily
small on supp(ρ0) and is used to obtain uniform bounds for Dg(x) and two-sided bound for the
fixed point g⋆. Note that we don’t assume that ρT is compactly supported. Instead, we assume
two-sided sub-Gaussian behavior. We now impose additional assumptions on the loss.

(L) The loss ℓ : (0,∞)×(0,∞)→ R is locally bounded and jointly Lipschitz, i.e. for anyK >
0 there exist constants Bℓ = Bℓ(K), Lℓ = Lℓ(K) > 0 such that for all (u, v), (u′, v′) ∈
(0,K)2,

|ℓ(u, v)| ≤ Bℓ, |ℓ(u, v)− ℓ(u′, v′)| ≤ Lℓ

(
|u− u′|+ |v − v′|

)
.

Finally, we impose assumptions on the hypothesis class.
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(G) Assume that the class G satisfies the following assumptions: there exist constants c−G , c
+
G >

0 and aG > 0 such that for all g ∈ G,

c−G e
−aG∥y∥2

≤ g(y) ≤ c+G , ∀y ∈ Rd . (16)

Note that (G) enforces that all candidates g ∈ G are uniformly bounded above and, criti-
cally, bounded below by a Gaussian. The lower bound prevents instabilities caused by the ratio
qT (x, z)/g(z) in the normalizer Dg and yields a manageable envelope for empirical-process ar-
guments. Below we additionally assume that b+T > 4aG which ensures that these envelopes are
square-integrable under ρT .
Theorem 1. Suppose that the assumptions (Q), (R0), (RT), (L), (G) hold with b+T > 4aG and
K = c+G (1 + (c+/D). Then we have for all N,M ≥ 1,

E[R(ĝN,M )] ≤ inf
g∈G
R(g) + 2E

[
sup
g∈G

∣∣R̂N,M (g)−R(g)
∣∣] (17)

and

E
[
sup
g∈G

∣∣R̂N,M (g)−R(g)
∣∣] ≤ C1

(√
log log(N)

N
+

1√
M

)∫ C2

0

√
logN[]

(
G, ∥ · ∥∞,

ε

C3

)
dε ,

where C1, C2 and C3 are positive constants depending on constants from the assumptions (Q), (R0),
(RT), (L) and (G).

Proof. The detailed proof is contained in Section B.1.

3.1 APPROXIMATION ERROR

In this section, we show that by choosing an appropriate function class G, we can achieve a small
value of E[R(ĝN,M )]. For simplicity, we assume that the transition kernel is Gaussian. Recall (12)
that the function g⋆ has the following form

g⋆(y) =

∫
Rd

w(x) q(y − x) dx

with w(x) = ρ0(x)/Dg⋆(x), that is, it represents a convolution of compactly supported function
with the Gaussian kernel. In this case, the class of Hermite polynomials is a natural candidate for
the class of functionsG. We have brought to the appendix the main results concerning Hermite poly-
nomials, in particular estimates of Hermite coefficients of g⋆. We also note that g⋆ is not uniquely
determined since the potentials ν0 and νT are determined up to a multiplicative constant. We assume
that ∫

1

g⋆(y)
ρT (y)dy =

∫
νT (y)dy = 1. (18)

More precisely, assume the following condition.

(QGauss) The reference kernel is Gaussian:

qT (z) = (2πT )−d/2 exp

(
−∥z∥

2

2T

)
, z ∈ Rd.

The following theorem provides a bound for E[R(ĝN,M )].

Theorem 2. Assume conditions (QGauss), (R0), (RT) with b+T > 4/T , (L) and (18). Then there
exists a class G such that (G) is satisfied and

E[R(ĝN,M )] ≲
(
N−1/2 +M−1/2

)
logd/2 (max{M,N}) ,

where ≲ stands for inequality up to constants independent of M and d and double logarithmic
factors.

Proof. The detailed proof is contained in Section C.3.
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4 NUMERICS

In this section, we present an experimental analysis of the proposed algorithm and its comparison
with SinkhornBridge (Pooladian & Niles-Weed, 2024). This algorithm was chosen for comparison
because it is closest to ours in terms of its training procedure. However, because our algorithm
learns a continuous Schrödinger log-potential function rather than a discrete solution to the optimal
transport problem, we were able to demonstrate significant superiority across several generative
modelling and data-to-data translation tasks. In the following, the algorithm we proposed will be
referred to as ERM-Bridge for brevity. The formal description of the algorithm, the hyperparameter
values, and additional experimental details are provided in Appendix D.6.

Figure 1: Sample translation from Swiss-Roll to S-Curve and density map for ERM-Bridge at time
t ∈ [0, 0.25, 0.5, 0.75, 1].

Swiss-Roll to S-Curve Experiment We evaluate the validity of our algorithm on a classic two-
dimensional example. In this experiment, we examined the translation of the Swiss-Roll distribution
into an S-Curve and present the distribution at time t ∈ [0, 0.25, 0.5, 0.75, 1] for clarity, see Figure
1. The figure clearly shows that the algorithm reliably learns the distribution and the correct density
map (the density was approximated using KDE on a two-dimensional surface). It is also worth
noting that our algorithm demonstrated the best training and sampling time on this problem. The
results and hyperparameters are reported in Appendix D.6.

Figure 2: Plot of sliced Wasserstein distance
as a function of KL between the distribution
on the train and sampling for ERM-Bridge and
SinkhornBridge.

Table 1: The quality of intermediate dis-
tribution restoration for single-cell data for
various algorithms, including ERM-Bridge
and SinkhornBridge.

Solver W1 metric
OT-CFM (Tong et al., 2023a) 0.790± 0.068

[SF]2M-Exact (Tong et al., 2023b) 0.793± 0.066
ERM-Bridge 0.809± 0.030

LightSB-OU (Puchkin et al., 2026) 0.815± 0.016
SinkhornBridge (Pooladian & Niles-Weed, 2024) 0.818± 0.028

LightSB (Korotin et al., 2024) 0.823± 0.017
Reg. CNF (Finlay et al., 2020) 0.825± N/Aa

T. Net (Tong et al., 2020) 0.848± N/Aa

DSB (De Bortoli et al., 2021) 0.862± 0.023
I-CFM (Tong et al., 2023a) 0.872± 0.087

[SF]2M-Geo (Tong et al., 2023b) 0.879± 0.148
NLSB (Koshizuka & Sato, 2022) 0.970± N/Aa

[SF]2M-Sink (Tong et al., 2023b) 1.198± 0.342
SB-CFM (Tong et al., 2023a) 1.221± 0.380

DSBM (Shi et al., 2023) 1.775± 0.429

aThe authors did not report the standard de-
viation.

Evaluation on a Gaussian Mixture To further illustrate the importance of the network approx-
imated log-potential, we evaluated our algorithm on a Gaussian mixture problem. For this exper-
iment, we used mixtures of 25 Gaussians from a uniform grid with standard, identical covariance
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matrices. Transport quality was quantified with the sliced approximation of the Wasserstein distance
W1 as the metric, see Appendix D.2 for the definition of metrics.

In this experiment, both algorithms were trained on 3000 samples from a truncated normal dis-
tribution on [−10, 10], and sampled on starting points from a truncated normal distribution on
[−1, 1], [−2, 2], [−5, 5]. This experiment demonstrates how the algorithms considered behave when
the starting distributions in the training set and the sampling set may differ, see Figure 2. This
situation is quite typical for data-to-data transport, where both the starting and target distributions
are available only from samples, and it is impossible to ensure complete identity between the train-
ing and test sets. It is clearly seen that the continuous potential-like function learned by the neural
network in our algorithm behaves better than the discrete optimal transport SinkhornBridge. By
performing an equal amount of time and grid point iteration of hyperparameter search for both our
algorithm and SinkhornBridge, the baseline achieved W1 = 1.3115 for [−1, 1] case, while our
algorithm achieved W1 = 0.3818. The hyperparameter values are reported in Appendix D.6.

Evaluation on the Single Cell Data For a more comprehensive comparison with SinkhornBridge,
we conducted experiments on biological data (Tong et al., 2020). Following the original paper, we
formulated the problem as transporting the cell distribution at time ti−1 to time ti+1 for i ∈ {1, 2, 3}.
We use results for other methods from (Tong et al., 2023b), whose authors were the first to consider
this setup in (Tong et al., 2020). We then predicted the cell distribution at the intermediate time ti
and computed the Wasserstein distance W1 between the predicted distribution and the ground truth.
The results were averaged across all three setups (i = 1, 2, 3), see Table 1.

To ensure statistical robustness, we repeated the experiment five times. By performing an equal
amount of time and grid point iteration of hyperparameters for both our algorithm and Sinkhorn-
Bridge, the baseline achieved W1 = 0.818, while our algorithm achieved W1 = 0.809. The hyper-
parameter values are reported in Appendix D.6.

5 CONCLUSION

We studied the statistical problem of estimating Schrödinger bridge potentials from finite samples.
We rewrote the Schrödinger system as a single nonlinear fixed-point equation g = C[g] for a trans-
formed potential, and proposed an ERM estimator obtained by minimizing an empirical fixed-point
residual over a hypothesis class. This yields a continuous potential estimator by construction, and
naturally pairs with the stochastic-control representation of the Schrödinger bridge. Several direc-
tions remain for future work, including extensions beyond sub-Gaussian tail assumptions and bounds
on the error between gM,N and g⋆. The latter will require to study local behavior of derivative of
C[g] near g⋆ in the Hilbert metric (spectral gap condition).
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A PROPERTIES OF THE EMPIRICAL OPERATOR UNDER SUB-GAUSSIAN
ASSUMPTIONS

Proposition 3 (Two–sided Gaussian bounds for the fixed point). Assume (Q), (R0), (RT). Let g⋆ :
Rd → (0,∞) be measurable and satisfy

g⋆(y) = C[g⋆](y), y ∈ Rd, and
∫
Rd

1

g⋆(z)
ρT (z) dz = 1. (19)

Set a⋆− := 2a−, a
⋆
+ := a+

2 . Then there exist constants c⋆−, c
⋆
+ > 0 depending only on qT , ρ0, ρT (but

not on g⋆), such that

c⋆− exp(−a⋆−∥y∥2) ≤ g⋆(y) ≤ c⋆+ exp(−a⋆+∥y∥2), ∀y ∈ Rd. (20)

Remark 1. It is important to note that the behavior of the function g⋆ is determined only by the
conditions on the transition kernel q and densities ρ0, ρT .

Proof. For each x ∈ Rd define

Dg⋆(x) :=

∫
Rd

qT (x, z)
ρT (z)

g⋆(z)
dz.

Then the fixed–point equation can be written as

g⋆(y) =

∫
Rd

ρ0(x)

Dg⋆(x)
qT (x, y) dx.

We claim that there exist constants 0 < D⋆ ≤ D⋆
<∞, depending only on qT , ρ0, ρT , such that

D⋆ ≤ Dg⋆(x) ≤ D
⋆
, ∀x ∈ supp(ρ0). (21)

By (Q),
qT (x, z) ≤ c+ exp(−a+∥x− z∥2) ≤ c+,

hence, using the normalization in (19),

Dg⋆(x) =

∫
qT (x, z)

ρT (z)

g⋆(z)
dz ≤ c+

∫
ρT (z)

g⋆(z)
dz = c+. (22)

Thus we may take
D

⋆
:= c+. (23)

Define
m(x) :=

∫
Rd

qT (x, z) ρT (z) dz.

Using (Q), (RT) and the compactness of B(x0, R0), one checks that

m− ≤ m(x) ≤ m+, ∀x ∈ supp(ρ0)
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where m+ := c+, and

m− := c−c
−
T exp

(
− 2a−R

2
⋆

)( π

2a− + b−T

)d/2
with R⋆ := ∥x0∥+R0. Where we used that fact for any γ > 0,∫

Rd

exp(−γ∥z∥2) dz =
(
π

γ

)d/2

<∞, (24)

and
∥x− z∥2 ≤ 2∥x∥2 + 2∥z∥2 . (25)

For each such x, define a probability measure νx by

νx(dz) :=
qT (x, z) ρT (z)

m(x)
dz.

Then
Dg⋆(x) = m(x)Eνx

[ 1

g⋆(Z)

]
.

We now compare νx and ρT . The Radon–Nikodym derivative is

dνx
dρT

(z) =
qT (x, z)

m(x)
.

By the two–sided Gaussian bounds in (Q) and the bounds on m, there exist constants 0 < k− ≤
k+ <∞ such that

k− ≤
dνx
dρT

(z) ≤ k+, ∀x ∈ supp(ρ0), z ∈ Rd.

For any nonnegative measurable h we therefore have

k−

∫
h(z) ρT (z) dz ≤

∫
h(z)

dνx
dρT

(z) ρT (z) dz ≤ k+

∫
h(z) ρT (z) dz,

that is,
k− EρT

[h(Z)] ≤ Eνx
[h(Z)] ≤ k+ EρT

[h(Z)].

Apply this with h(z) = 1
g⋆(z) ≥ 0. Using the normalization in (19), we obtain

k− ≤ Eνx

[ 1

g⋆(Z)

]
≤ k+.

Consequently,

Dg⋆(x) = m(x)Eνx

[ 1

g⋆(Z)

]
≥ m− k− =: D⋆ > 0 (26)

for all x ∈ supp(ρ0). Together with the upper bound, this proves (21). Using the fixed–point
equation and (21),

g⋆(y) =

∫
supp(ρ0)

ρ0(x)

Dg⋆(x)
qT (x, y) dx ≤

1

D

∫
B(x0,R0)

ρ0(x) qT (x, y) dx.

By the upper Gaussian bound in (Q),

qT (x, y) ≤ c+ exp
(
−a+∥x− y∥2

)
.

Using

∥x− y∥2 ≥ 1

2
∥y∥2 − ∥x∥2 ≥ 1

2
∥y∥2 −R2

⋆,

we obtain
qT (x, y) ≤ c+ exp(a+R

2
⋆) exp

(
−a+

2
∥y∥2

)
, x ∈ B(x0, R0).

11
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Therefore

g⋆(y) ≤ c+ exp(a+R
2
⋆)

D⋆

∫
supp(ρ0)

ρ0(x) dx exp
(
−a+

2
∥y∥2

)
.

Since ρ0 is a probability density,
∫
supp(ρ0)

ρ0(x) dx = 1, and we may set

c⋆+ :=
c+ exp(a+R

2
⋆)

D⋆ , a⋆+ :=
a+
2
,

to obtain
g⋆(y) ≤ c⋆+ exp(−a⋆+∥y∥2), ∀y ∈ Rd.

Using again the fixed–point equation and (21),

g⋆(y) =

∫
supp(ρ0)

ρ0(x)

Dg⋆(x)
qT (x, y) dx ≥

1

D
⋆

∫
supp(ρ0)

ρ0(x) qT (x, y) dx.

By (R0),

g⋆(y) ≥ ρ0,−

D
⋆

∫
B(x0,r0)

qT (x, y) dx.

Using the lower Gaussian bound in (Q),

qT (x, y) ≥ c− exp
(
−a−∥x− y∥2

)
,

and ∥x∥ ≤ ∥x0∥+ r0 for x ∈ B(x0, r0), we have

∥x− y∥ ≤ ∥x∥+ ∥y∥ ≤ ∥x0∥+ r0 + ∥y∥

and therefore
∥x− y∥2 ≤ (∥x0∥+ r0 + ∥y∥)2 ≤ 2r2⋆ + 2∥y∥2,

where r⋆ = ∥x0∥+ r0. Thus,

qT (x, y) ≥ c− exp
(
−a− (2r2⋆ + 2∥y∥2)

)
, x ∈ B(x0, r0).

It follows that∫
B(x0,r0)

qT (x, y) dx ≥ c− exp(−2a−r2⋆) exp(−2a−∥y∥2)λd(B(x0, r0)),

where λd(B(x0, r0)) is the Lebesgue measure of B(x0, r0). Therefore

g⋆(y) ≥ ρ0,− c− λ
d(B(x0, r0)) exp(−2a−r2⋆)

D
⋆ exp(−2a−∥y∥2).

Setting

c⋆− :=
ρ0,− c− λ

d(B(x0, r0)) exp(−2a−r2⋆)
D

⋆ , a⋆− := 2a−,

we obtain
g⋆(y) ≥ c⋆− exp(−a⋆−∥y∥2), ∀y ∈ Rd.

Combining the upper and lower bounds completes the proof of (20).

B UNIFORM CONCENTRATION OF THE EMPIRICAL RISK

Lemma 4. Suppose that the assumptions (Q), (R0), (RT) and (G) hold. Assume additionally that
b+T > 2aG . Then there exist constants D,D,LD,∞, LC,∞ > 0 such that

D ≤ Dg(x) ≤ D, x ∈ B(x0, R0), g ∈ G; (27)
∥Dg −Dh∥L∞(B(x0,R0)) ≤ LD,∞∥g − h∥∞; (28)

∥C[g]− C[h]∥∞ ≤ LC,∞ ∥g − h∥L∞(Rd); (29)

∥C[g]∥∞ ≤ (c+/D) ∥g∥L∞(Rd) . (30)

Note that D,D do not depend on the class G.
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Proof. The proof of (27) repeats the proof of Proposition 3. We make necessary changes. First, we
replace (22) by

Dg(x) =

∫
qT (x, z)

ρT (z)

g(z)
dz ≤ c+c+T (c

−
G )

−1

∫
exp
(
−
(
b+T − aG

)
∥z∥2

)
dz

= c+c
+
T (c

−
G )

−1

(
π

b+T − aG

)d/2

=: D .

Recall the proof of (26). Note that

EρT
[1/g] ≥ (c+G )

−1 ,

and we can take D := m− k−(c
+
G )

−1. We prove (28). By definition,

Dg(x)−Dh(x) =

∫
Rd

qT (x, z) ρT (z)
( 1

g(z)
− 1

h(z)

)
dz.

Using ∣∣∣∣ 1

g(z)
− 1

h(z)

∣∣∣∣ = |g(z)− h(z)|g(z)h(z)
≤ ∥g − h∥∞ ·

1

g(z)h(z)

and the lower bound in (G) (applied to both g and h), we obtain for all z,
1

g(z)h(z)
≤ (c−G )

−2 exp(2aG∥z∥2).

Hence

|Dg(x)−Dh(x)| ≤ ∥g − h∥∞ (c−G )
−2

∫
Rd

qT (x, z) ρT (z) exp(2aG∥z∥2)dz. (31)

We now bound the integral uniformly in x ∈ B(x0, R0). By (Q) and the inequality

∥x− z∥2 ≥ 1

2
∥z∥2 − ∥x∥2,

we have, for all x ∈ B(x0, R0),

qT (x, z) ≤ c+ exp(−a+∥x− z∥2) ≤ c+ exp(a+R
2
⋆) exp

(
−a+

2
∥z∥2

)
with R⋆ := ∥x0∥+R0. Combining this with (RT) yields

qT (x, z) ρT (z) exp(2aG∥z∥2) ≤ c+c+T exp(a+R
2
⋆) exp

(
−
(
b+T − 2aG +

a+
2

)
∥z∥2

)
.

By (24), uniformly for x ∈ B(x0, R0),

|Dg(x)−Dh(x)| ≤ LD,∞∥g − h∥∞ ,

where

LD,∞ := (c−G )
−2c+c

+
T exp(a+R

2
⋆)

(
π

b+T − 2aG + a+/2

)d/2

. (32)

This proves (28). For each y ∈ Rd,

C[g](y)− C[h](y) =
∫
supp(ρ0)

ρ0(x) qT (x, y)

(
1

Dg(x)
− 1

Dh(x)

)
dx.

By (27) and (28) we get

|C[g](y)− C[h](y)| ≤ LD,∞∥g − h∥∞
D2

∫
supp(ρ0)

ρ0(x) qT (x, y) dx

≤ LC,∞∥g − h∥∞,
where

LC,∞ = LD,∞c+ . (33)

This proves (29).
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B.1 PROOF OF THEOREM 1

Define an intermediate risk that uses the empirical average in Yj but the population operator C[g]:

R̃M (g) :=
1

M

M∑
j=1

ℓ
(
g(Yj), C[g](Yj)

)
.

Then
R̂N,M (g)−R(g) =

(
R̂N,M (g)− R̃M (g)

)︸ ︷︷ ︸
(I)

+
(
R̃M (g)−R(g)

)︸ ︷︷ ︸
(II)

.

Taking supremum over g ∈ G and expectations yields

E sup
g∈G

∣∣R̂N,M (g)−R(g)
∣∣ ≤ T1 + T2,

where
T1 := E sup

g∈G

∣∣R̂N,M (g)− R̃M (g)
∣∣, T2 := E sup

g∈G

∣∣R̃M (g)−R(g)
∣∣.

For fixed g, R̃M (g) is the empirical average of the i.i.d. variables

fg(Yj) := ℓ
(
g(Yj), C[g](Yj)

)
, j = 1, . . . ,M.

Let F :=
{
fg : g ∈ G

}
. By Lemma 4,

|C[g](y)− C[g′](y)| ≤ LC,∞∥g − g′∥L∞(Rd), |C[g](y)| ≤ (c+/D)∥g∥L∞(Rd).

By (L) and boundedness of any g ∈ G,

|fg(y)− fg′(y)| ≤ Lℓ

(
|g(y)− g′(y)|+ |C[g](y)− C[g′](y)|

)
with Lℓ = Lℓ

(
c+G (1 + (c+/D)

)
. Combining with (G) and (RT), we obtain that F has envelope F

with ∥F∥∞ ≤ Bℓ = Bℓ((1 + (c+/D)) c+G )). Theorem 3.5.13 in Giné & Nickl (2016) implies

T2 ≲
1√
M

∫ 8∥F∥∞

0

√
log(2N[](F , L2(ρT ), ε)) dε

≲
1√
M

∫ 8Bℓ

0

√
log(2N[](G, L2(ρT ), ε/Lℓ)) dε. (34)

We now bound
T1 = E sup

g∈G

∣∣R̂N,M (g)− R̃M (g)
∣∣.

By the Lipschitz property (L), for each g,

∣∣R̂N,M (g)− R̃M (g)
∣∣ =

∣∣∣∣∣∣ 1M
M∑
j=1

(
ℓ
(
g(Yj), ĈN,M [g](Yj)

)
− ℓ
(
g(Yj), C[g](Yj)

))∣∣∣∣∣∣
≤ Lℓ

M

M∑
j=1

∣∣ĈN,M [g](Yj)− C[g](Yj)
∣∣.

Taking supremum over g ∈ G and expectations,

T1 ≤ Lℓ E

sup
g∈G

1

M

M∑
j=1

∣∣ĈN,M [g](Yj)− C[g](Yj)
∣∣ .

Fix a large compact set K ⊂ Rd (to be defined later) and consider

E
[
sup
g∈G

sup
y∈K

∣∣ĈN,M [g](y)− C[g](y)
∣∣] .
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By Lemma 4,
0 < D ≤ Dg(x) ≤ D <∞, x ∈ B(x0, R0), g ∈ G. (35)

Define

C̃N [g](y) :=
1

N

N∑
i=1

qT (Xi, y)

Dg(Xi)
.

Then, for each (g, y),

ĈN,M [g](y)− C[g](y) =
(
ĈN,M [g](y)− C̃N [g](y)

)︸ ︷︷ ︸
(A)

+
(
C̃N [g](y)− C[g](y)

)︸ ︷︷ ︸
(B)

.

Thus,
sup
g∈G

sup
y∈Rd

∣∣ĈN,M [g](y)− C[g](y)
∣∣ ≤ sup

g∈G
sup
y∈K
|(A)|+ sup

g∈G
sup
y∈K
|(B)|.

For fixed (g, y) define

ϕg,y(x) :=
qT (x, y)

Dg(x)
.

Then

C̃N [g](y) =
1

N

N∑
i=1

ϕg,y(Xi), C[g](y) = EX∼ρ0
[ϕg,y(X)].

By (35) and the upper Gaussian bound on qT in (Q), together with compactness of B(x0, R0), there
exists F∞ <∞ (take F∞ = c+/D) such that

|ϕg,y(x)| ≤ F∞, x ∈ B(x0, R0), y ∈ Rd, g ∈ G.

Fix g, h ∈ G and x ∈ B(x0, R0). By Lemma 4,

|Dg(x)−Dh(x)| ≤ LD,∞∥g − h∥∞ .

Hence, the map (g, y) 7→ ϕg,y(x) is Lipschitz on G×K with respect to ∥·∥∞ in g and the Euclidean
norm in y. For the y–dependence this follows from smoothness (or Lipschitz continuity) of qT and
boundedness of 1/Dg(x) on B(x0, R0). Thus, for all x ∈ B(x0, R0), g, h ∈ G, and y, y′ ∈ K,

|ϕg,y(x)− ϕh,y′(x)| ≤ Lg ∥g − h∥L∞(Rd) + Ly ∥y − y′∥, (36)

where
Lg :=

c+ LD,∞

D2 , Ly :=
Lq

D
. (37)

Let
ΦK :=

{
x 7→ ϕg,y(x) : g ∈ G, y ∈ K

}
.

Note that

logN[]

(
ΦK , L

2(ρ0), ε
)
≤ logN[]

(
G, ∥ · ∥∞,

ε

2Lg

)
+ Cd log

(Ly diam(K)

ε

)
, (38)

where Cd ≤ d is a dimensional constant (coming from covering K in Euclidean norm). Then it
follows from Theorem 3.5.13 in Giné & Nickl (2016),

sup
g∈G

sup
y∈Rd

|(B)| ≲ 1√
N

∫ 8F∞

0

√
logN[]

(
G, ∥ · ∥∞,

ε

2Lg

)
dε

+
1√
N

√
log
(Ly diam(K)

F∞

)
. (39)

Furthermore, for a fixed (g, y),

(A) =
1

N

N∑
i=1

qT (Xi, y)

(
1

D̂g(Xi)
− 1

Dg(Xi)

)
.
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By (35), u 7→ 1/u is Lipschitz on [D,D] with constant LD := D
2
/D2, so∣∣∣∣∣ 1

T[D,D][D̂g](Xi)
− 1

Dg(Xi)

∣∣∣∣∣ ≤ LD

∣∣D̂g(Xi)−Dg(Xi)
∣∣.

By (Q) we have
qT (x, y) ≤ c+ for all x, y ∈ Rd.

Hence, for all Xi ∈ B(x0, R0) and all y ∈ Rd,

qT (Xi, y) ≤ c+.

Thus,

sup
y∈K
|(A)| ≤ c+LD

N

N∑
i=1

∣∣D̂g(Xi)−Dg(Xi)
∣∣.

Taking supremum over g ∈ G and expectations,

E
[
sup
g∈G

sup
y∈K
|(A)|

]
≤ c+LD E

[
sup
g∈G

1

N

N∑
i=1

∣∣D̂g(Xi)−Dg(Xi)
∣∣] .

Now for each fixed x and g,

Dg(x) = EZ∼ρT

[
ψg(x, Z)

]
, D̂g(x) =

1

M

M∑
k=1

ψg(x, Yk),

with
ψg(x, z) := qT (x, z)

1

g(z)
.

Let
Ψ :=

{
(x, z) 7→ ψg(x, z) : x ∈ B(x0, R0), g ∈ G

}
.

Due to (G),
g(z) ≥ c−G e

−aG∥z∥2

, ∀z ∈ Rd,

and we have for all x ∈ B(x0, R0) and all g ∈ G,

ψg(x, z) ≤ F (z) :=
c+

c−G
eaG∥z∥2

.

Since ρT satisfies the Gaussian upper bound (RT) with b+T > 2aG , we get F ∈ L2(ρT ) and

∥F∥L2(ρT ) ≤
c+

c−G

√
c+T

( π

bT − 2aG

)d/4
.

Theorem 3.5.13 in Giné & Nickl (2016) gives

E
[

sup
x∈B(x0,R0)

sup
g∈G

∣∣D̂g(x)−Dg(x)
∣∣] ≲ 1√

M

∫ 8∥F∥L2(ρT )

0

√
log(2N[](Ψ, L2(ρT ), ε)) dε. (40)

Fix x ∈ B(x0, R0) and z ∈ Rd. Write

ψg(x, z)− ψh(x, z) = qT (x, z)
( 1

g(z)
− 1

h(z)

)
.

We have
1

g(z)
≤ 1

c−G
eaG∥z∥2

,
1

h(z)
≤ 1

c−G
eaG∥z∥2

.

Hence, using |1/u− 1/v| = |u− v|/(uv),∣∣∣ 1

g(z)
− 1

h(z)

∣∣∣ ≤ |g(z)− h(z)|
(c−G )

2
e2aG∥z∥2

.

16
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Multiplying by |qT (x, z)| ≤ c+ gives

|ψg(x, z)− ψh(x, z)| ≤
c+

(c−G )
2
e2aG∥z∥2

∥g − h∥∞.

Taking L2(ρT ) norms yields

∥ψg(x, ·)− ψh(x, ·)∥L2(ρT ) ≤
c+

(c−G )
2

(∫
e4aG∥z∥2

ρT (z) dz
)1/2

∥g − h∥∞.

Hence,
∥ψg(x, ·)− ψh(x, ·)∥L2(ρT ) ≤

c+

(c−G )
2
Mρ ∥g − h∥∞

and as a result we have ,

logN[]

(
Ψ, L2(ρT ), ε

)
≤ logN[]

(
G, ∥ · ∥∞,

ε

Cg

)
+ d log

(C R0

ε

)
,

where Cg := c+
(c−G )2

Mρ. We choose K = B(0, R) with R > R0. Fix g ∈ G and y ∈ Rd with

∥y∥ ≥ R. For any x ∈ B(0, R0), we have

∥x− y∥ ≥ ∥y∥ − ∥x∥ ≥ R−R0,

hence by the kernel upper bound

qT (x, y) ≤ c+ exp
(
−a+∥x− y∥2

)
≤ c+ exp

(
−a+(R−R0)

2
)
.

Using Dg(x) ≥ D and that ρ0 is a probability density,

|C[g](y)| =
∣∣∣ ∫

B(0,R0)

ρ0(x)
qT (x, y)

Dg(x)
dx
∣∣∣ ≤ 1

D

∫
B(0,R0)

ρ0(x) qT (x, y) dx

≤ 1

D
sup

x∈B(0,R0)

qT (x, y) ≤
c+
D

exp
(
−a+(R−R0)

2
)
.

Furthermore, using T[D,D][D̂g](Xi) ≥ D and Xi ∈ B(0, R0),

|ĈN,M [g](y)| ≤ 1

N

N∑
i=1

qT (Xi, y)

T[D,D][D̂g](Xi)
≤ 1

D
sup

x∈B(0,R0)

qT (x, y) ≤
c+
D

exp
(
−a+(R−R0)

2
)
.

Therefore, for all g ∈ G and all ∥y∥ ≥ R,∣∣ĈN,M [g](y)− C[g](y)
∣∣ ≤ |ĈN,M [g](y)|+ |C[g](y)| ≤ 2c+

D
exp
(
−a+(R−R0)

2
)
.

Then for every R > R0,

E

[
sup
g∈G

sup
y ̸∈B(0,R)

∣∣ĈN,M [g](y)− C[g](y)
∣∣] ≤ 2c+

D
exp
(
−a+(R−R0)

2
)
. (41)

C APPROXIMATION ERROR

Lemma 5. Suppose that the assumptions (Q), (R0), (RT) and (G) hold. Assume additionally that
b+T > 4aG . Then there exists constant LC,2 > 0 such that

∥C[g]− C[h]∥L2(ρT ) ≤ LC,2 ∥g − h∥L2(ρT ). (42)

Proof. Similarly to (31),

|Dg(x)−Dh(x)| ≤ (c−G )
−2

∫
qT (x, z) ρT (z) exp(2aG∥z∥2) |g(z)− h(z)| dz.

17
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Apply Cauchy–Schwarz w.r.t. ρT (z) dz:

|Dg(x)−Dh(x)| ≤ (c−G )
−2
(∫

q2T (x, z) exp(4aG∥z∥2) ρT (z) dz
)1/2
∥g − h∥L2(ρT ).

Taking the supremum over x ∈ B(x0, R0) yields

∥Dg −Dh∥L∞(B(x0,R0)) ≤ LD,2 ∥g − h∥L2(ρT ), (43)

for some constant LD,2 <∞ provided

sup
x∈B(x0,R0)

∫
q2T (x, z)e

4aG∥z∥2

ρT (z) dz

is finite. We now check this finiteness under (Q) and the upper tail in (RT). By (Q),

q2T (x, z) ≤ c2+ exp(−2a+∥x− z∥2) ≤ c2+ exp(2a+R
2
⋆) exp(−a+∥z∥2),

We obtain

q2T (x, z)e
4aG∥z∥2

≤ c2+ exp(2a+R
2
⋆) exp

(
−
(
a+ − 4aG + b+T

)
∥z∥2

)
.

This is integrable if a+ + b+T − 4aG > 0. Hence LD,2 <∞ and (43) holds. By (43) it holds that

|C[g](y)− C[h](y)| ≤ LD,2

D2 ∥g − h∥L2(ρT )

∫
K0

ρ0(x) qT (x, y) dx︸ ︷︷ ︸
=:m0(y)

.

Now take L2(ρT ) norms in y:

∥C[g]− C[h]∥L2(ρT ) ≤
LD,2

D2 ∥m0∥L2(ρT ) ∥g − h∥L2(ρT ).

Finally, ∥m0∥L2(ρT ) < ∞ under (Q),(R0),(RT) since m0(y) is sub-Gaussian in y (a compactly
supported mixture of sub-Gaussian kernels) and ρT has sub-Gaussian tails. Therefore (42) holds
with

LC,2 :=
LD,2

D2 ∥m0∥L2(ρT ) <∞.

Corollary 5.1. Let g⋆ ∈ G be a fixed point of C, i.e. g⋆ = C[g⋆]. Then under assumptions of
Lemma 5, it holds for all g ∈ G,∣∣R(g)−R(g⋆)∣∣ ≤ Lℓ

(
1 + LC,2

)
∥g − g⋆∥L2(ρT ). (44)

Proof. Using (L) and the fixed point property C[g⋆] = g⋆, we have almost surely (with Y ∼ ρT )∣∣∣ℓ(g(Y ), C[g](Y )
)
− ℓ
(
g⋆(Y ), g⋆(Y )

)∣∣∣ ≤ Lℓ

(
|g(Y )− g⋆(Y )|+ |C[g](Y )− g⋆(Y )|

)
.

Taking expectations and applying Cauchy–Schwarz gives∣∣R(g)−R(g⋆)∣∣ ≤ Lℓ

(
∥g − g⋆∥L2(ρT ) + ∥C[g]− g⋆∥L2(ρT )

)
.

Since g⋆ = C[g⋆],

∥C[g]− g⋆∥L2(ρT ) = ∥C[g]− C[g⋆]∥L2(ρT ) ≤ LC,2 ∥g − g⋆∥L2(ρT )

by Lemma 5. Combining these inequalities yields (44).
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C.1 BARGMANN TRANSFORM

For f ∈ L2(Rd), the (Segal-)Bargmann transform is defined by

(Bf)(z) := π−d/4

∫
Rd

exp
(
− 1

2 |y|
2 +
√
2 z · y − 1

2 z · z
)
f(y) dy, z ∈ Cd,

where z · y =
∑d

j=1 zjyj and z · z =
∑d

j=1 z
2
j . The map B is unitary from L2(Rd) onto the Fock

space F2(Cd) of entire functions. Define the Hermite polynomials by

Hen(x) := (−1)nex
2 dn

dxn

(
e−x2

)
, n ∈ N0.

Then the corresponding L2(R)–normalized Hermite functions are

ψn(x) :=
1

2n/2π1/4
√
n!

Hen(x) e
−x2/2, x ∈ R, n ∈ N0. (45)

A direct computation (using the generating function of Hermite polynomials) shows that for all
n ∈ N0,

(Bψn)(z) =
zn√
n!
, z ∈ C.

Indeed, by definition,

(Bψ0)(z) = π−1/4

∫
R
e−

1
2y

2+
√
2zy− 1

2 z
2

π−1/4e−y2/2 dy = π−1/2

∫
R
e−y2+

√
2zy− 1

2 z
2

dy.

Complete the square:
−y2 +

√
2zy = −

(
y − z√

2

)2
+ 1

2z
2,

hence
−y2 +

√
2zy − 1

2z
2 = −

(
y − z√

2

)2
.

Therefore,

(Bψ0)(z) = π−1/2

∫
R
e
−(y− z√

2
)2
dy = π−1/2

∫
R
e−u2

du = 1.

Let f ∈ S(R) (Schwartz) so that all integrations by parts are justified. Write

K(y, z) := exp
(
− 1

2y
2 +
√
2zy − 1

2z
2
)
.

Then

(B(a∗f))(z) = π−1/4

∫
R
K(y, z)

1√
2

(
y − d

dy

)
f(y) dy =

1√
2
π−1/4

(
I1 − I2

)
,

where
I1 :=

∫
R
K(y, z) y f(y) dy, I2 :=

∫
R
K(y, z) f ′(y) dy

and
a∗ :=

1√
2

(
y − d

dy

)
.

Integrate by parts in I2 (boundary terms vanish sinceK(·, z) has Gaussian decay and f is Schwartz):

I2 = −
∫
R
∂yK(y, z) f(y) dy.

Compute ∂yK:
∂yK(y, z) = (−y +

√
2z)K(y, z).

Hence

I2 = −
∫
R
(−y +

√
2z)K(y, z) f(y) dy =

∫
R
y K(y, z) f(y) dy −

√
2z

∫
R
K(y, z) f(y) dy.
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Therefore,

I1 − I2 =
√
2z

∫
R
K(y, z) f(y) dy,

and so
(B(a∗f))(z) = 1√

2
π−1/4 ·

√
2z

∫
R
K(y, z) f(y) dy = z (Bf)(z).

Thus we have shown

B ◦ a∗ = (multiplication by z) ◦ B on S(R). (46)

By the definition of ψn we have ψn := 1√
n
a∗ψn−1, n ≥ 1 and (46) implies

(Bψn)(z) =
1√
n
(B(a∗ψn−1))(z) =

1√
n
z (Bψn−1)(z).

Starting from (Bψ0)(z) = 1, we obtain recursively

(Bψn)(z) =
zn√
n!
, n ∈ N0.

This identity reflects the fact that the Bargmann transform diagonalizes the harmonic oscillator:
Hermite functions are mapped to monomials. The d–dimensional Hermite functions factorize as

ψα(x) =

d∏
j=1

ψαj
(xj), α = (α1, . . . , αd) ∈ Nd

0.

Likewise, the Bargmann kernel factorizes coordinatewise:

e−
1
2 |y|

2+
√
2 z·y− 1

2 z·z =

d∏
j=1

e−
1
2y

2
j+

√
2 zjyj− 1

2 z
2
j .

Applying Fubini’s theorem and the one–dimensional identity yields

(Bψα)(z) =

d∏
j=1

(Bψαj
)(zj) =

d∏
j=1

z
αj

j√
αj !

=
zα√
α!
, (47)

where zα =
∏d

j=1 z
αj

j and α! =
∏d

j=1 αj !. Since {ψα}α∈Nd
0

is an orthonormal basis of L2(Rd),
every f ∈ L2(Rd) admits the Hermite expansion

f =
∑
α∈Nd

0

⟨f, ψα⟩ψα (in L2(Rd)).

Because B is unitary, we may apply it termwise:

Bf =
∑
α∈Nd

0

⟨f, ψα⟩ Bψα.

Using (47), we obtain the power–series representation

(Bf)(z) =
∑
α∈Nd

0

⟨f, ψα⟩
zα√
α!
, z ∈ Cd.

Thus, the Bargmann transform converts the Hermite expansion of f into the Taylor expansion of the
entire function Bf . In this correspondence,

⟨f, ψα⟩ =
∂α(Bf)(0)√

α!
,

which explains why bounds on the growth of Bf immediately yield decay estimates for Hermite
coefficients.
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C.2 APPROXIMATION BY HERMITE POLYNOMIALS

Since we are interested in the case T = 1 we omit T from the notation of q. Then

q(z) := (2π)−d/2 exp
(
− ∥z∥

2

2

)
.

Proposition 6. Let d ≥ 1 let w : Rd → [0,∞) be compactly supported with

supp(w) ⊆ {x ∈ Rd : ∥x∥ ≤ R}, M0 :=

∫
Rd

w(x) dx <∞.

Define

g⋆(y) := (w ∗ q)(y) =
∫
Rd

w(x) q(x− y) dx.

Let {ψα}α∈Nd
0

be the d-dimensional tensor-product Hermite basis orthonormal in L2(Rd) and de-
fine the Hermite coefficients

cα := ⟨g⋆, ψα⟩L2(Rd), α ∈ Nd
0.

Then for every multi-index α ∈ Nd
0 with m := |α| ≥ 1,

|cα| ≤ Cdm
1/4
(e1/2β√

m

)m
, Cd = π−d/42−d/2M0, β := R

√
d

2
. (48)

Equivalently,
|cα| ≤ Cdm

1/4 exp
(
− m

2
logm+m log(e1/2β)

)
. (49)

In particular, if m ≥ (e1/2β)2 = eβ2, then log(e1/2β) ≤ 1
2 logm and

|cα| ≤ Cdm
1/4 exp

(
− m

4
logm

)
. (50)

Remark 2. Consider the Gaussian kernel with variance T > 1,

qT (x− y) = (2πT )−d/2 exp
(
− |x− y|

2

2T

)
, g⋆ = w ∗ qT .

Although the unscaled Bargmann transform of g⋆ exhibits Gaussian (quadratic) growth in the com-
plex variable z, this can be compensated by a suitable scaling of the Hermite basis. More precisely,
let λ ∈ (0, 1) be chosen such that

λ2 =
1

T
, equivalently λ = T−1/2.

If one expands g⋆ in the scaled Hermite basis

ψ(1/λ)
α (x) = λd/2

d∏
j=1

ψαj
(λxj), α ∈ Nd

0,

and considers the associated scaled Bargmann transform, then the quadratic term in the exponential
prefactor of the Bargmann representation is exactly neutralized by the scaling. As a result, the
Bargmann transform of g⋆ in the scaled variables obeys a linear–exponential growth bound of the
form

sup
maxj |zj |≤r

∣∣(Bg⋆)(z)∣∣ ≤ Cd,T exp
(
bd,T r

)
, r > 0,

with constants Cd,T , bd,T > 0 depending only on d, T , and the support radius of w, but not on r.
In particular, under this proper choice of the scaling parameter λ, the Bargmann transform exhibits
the same linear-exponential growth as in the critical case T = 1, and the resulting scaled Hermite
coefficients decay super-geometrically in the total degree |α|. This observation explains why the
scaling λ = T−1/2 is natural and optimal for extending the T = 1 coefficient estimates to general
variances T > 1.
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Proof. The Bargmann transform maps Hermite functions to normalized monomials:

(Bψα)(z) =
zα√
α!
, α ∈ Nd

0,

and therefore, for g⋆ ∈ L2(Rd),

(Bg⋆)(z) =
∑
α∈Nd

0

cα
zα√
α!
, z ∈ Cd.

In particular,

cα =
∂α(Bg⋆)(0)√

α!
. (51)

For r > 0 set the closed polydisk Dr := {z ∈ Cd : maxj |zj | ≤ r}. By the multivariate Cauchy
estimate,

|∂αF (0)| ≤ α! r−|α| sup
z∈Dr

|F (z)|, α ∈ Nd
0.

Apply this with F = Bg⋆ and combine with (51):

|cα| ≤
√
α! r−m sup

z∈Dr

|(Bg⋆)(z)|, m := |α|. (52)

Insert (60) (see Proposition 8) into (52):

|cα| ≤ C0

√
α! r−meβr, r > 0.

Minimize ϕ(r) := βr −m log r over r > 0. Since ϕ′(r) = β − m
r , the unique minimizer is

r∗ =
m

β
.

Hence
|cα| ≤ C0

√
α!
( β
m

)m
eβ(m/β) = C0

√
α!
(eβ
m

)m
. (53)

Since α! ≤ m! for m = |α|, we have
√
α! ≤

√
m!. By Stirling’s estimate there exists an absolute

constant C > 0 such that
√
m! ≤ Cm1/4

(m
e

)m/2

, m ≥ 1. (54)

Combining (53) and (54) yields

|cα| ≤ C C0m
1/4
(m
e

)m/2(eβ
m

)m
.

Simplify:(m
e

)m/2(eβ
m

)m
= mm/2e−m/2 · emβmm−m = em/2βmm−m/2 =

(e1/2β√
m

)m
.

Therefore

|cα| ≤ C C0m
1/4
(e1/2β√

m

)m
,

which is (48).

Proposition 7. Let d ≥ 1 and let {ψα}α∈Nd
0

be the d–dimensional Hermite basis in L2(Rd). Let
ΠF

n denote the L2(Rd)–orthogonal projector onto

span{ψα : |α| ≤ n}.
Under assumptions of Proposition 6 for every n ∈ N0 with n+ 1 > 2K2, one has

∥g⋆ −ΠF
n g

⋆∥L2(Rd) ≤ C̃d Cd (n+ 1)
d
2−

1
4

( K√
n+ 1

)n+1

(55)

where Cd is given in (48) and

C̃d =

(
1 + 2d−1/2 Γ(d+ 1/2)

(ln 2)d+1/2

)1/2

.
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Proof. By orthonormality of {ψα} and the definition of ΠF
n ,

∥g⋆ −ΠF
n g

⋆∥2L2(Rd) =
∑
|α|>n

|cα|2. (56)

Using (48) with m := |α| gives∑
|α|>n

|cα|2 ≤ C2
d

∑
|α|>n

m1/2
(K2

m

)m
.

Group by total degree m = |α| and let

Nd(m) := #{α ∈ Nd
0 : |α| = m} =

(
m+ d− 1

d− 1

)
.

Then ∑
|α|>n

|cα|2 ≤ C2
d

∞∑
m=n+1

Nd(m)m1/2
(K2

m

)m
. (57)

Using the standard estimate Nd(m) ≤ C̃dm
d−1, we obtain∑

|α|>n

|cα|2 ≤ C̃d C
2
d

∞∑
m=n+1

md− 1
2

(K2

m

)m
. (58)

Set

q :=
K2

n+ 1
∈ (0, 1).

For m ≥ n+ 1 we have K2

m ≤ q, hence (K2

m

)m
≤ qm.

Therefore,
∞∑

m=n+1

md− 1
2

(K2

m

)m
≤ qn+1(n+ 1)d−1/2

∞∑
k=0

(
1 +

k

n+ 1

)d−1/2

qk

≤ qn+1(n+ 1)d−1/2

(
1 + 2d−1/2 Γ(d+ 1/2)

(− ln q)d+1/2

)
Insert this into (58) and take square roots:

∥g⋆ −ΠF
n g

⋆∥2 ≤ C̃d Cd (n+ 1)
d
2−

1
4 q(n+1)/2.

Finally, q(n+1)/2 =
(

K√
n+1

)n+1

and 1− q = 1− K2

n+1 , which gives (55).

Proposition 8. Let assumptions of Proposition 6 hold. For every z ∈ Cd,

(Bg⋆)(z) = π−d/4 2−d/2

∫
Rd

w(x) exp
(
− |x|

2

4
+

1√
2
x · z

)
dx. (59)

Moreover for every r > 0,

sup
maxj |zj |≤r

|(Bg⋆)(z)| ≤ π−d/4 2−d/2M0 exp
( R√

2

√
d r
)
. (60)

Proof. By definition and Fubini,

(Bg⋆)(z) = π−d/4e−
1
2 z·z

∫
Rd

w(x) (2π)−d/2

∫
Rd

exp
(
− 1

2 |y|
2 +
√
2 z · y − 1

2 |x− y|
2
)
dy dx.
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Expand |x− y|2 = |x|2 − 2x · y + |y|2 to obtain

− 1
2 |y|

2 − 1
2 |x− y|

2 +
√
2 z · y = −|y|2 + (x+

√
2 z) · y − 1

2 |x|
2.

Complete the square:

−|y|2 + (x+
√
2z) · y = −

∣∣∣y − x+
√
2z

2

∣∣∣2 + |x+
√
2z|2

4
.

Therefore, ∫
Rd

exp
(
− |y|2 + (x+

√
2z) · y

)
dy = πd/2 exp

( |x+
√
2z|2

4

)
.

Hence

(2π)−d/2

∫
Rd

exp
(
− 1

2 |y|
2 +
√
2 z · y − 1

2 |x− y|
2
)
dy

= (2π)−d/2 πd/2 exp
(
− |x|

2

2
+
|x+

√
2z|2

4

)
= 2−d/2 exp

(
− |x|

2

4
+

1√
2
x · z + 1

2
z · z

)
,

where we used |x+
√
2z|2 = |x|2 + 2

√
2x · z + 2 z · z. Multiplying by the prefactor e−

1
2 z·z from

the Bargmann kernel cancels the quadratic term in z · z, yielding (59). From (59) and e−|x|2/4 ≤ 1,

|(Bg⋆)(z)| ≤ π−d/4 2−d/2

∫
Rd

|w(x)|
∣∣∣ exp( 1√

2
x·z
)∣∣∣ dx = π−d/4 2−d/2

∫
Rd

|w(x)| exp
( 1√

2
x·Re z

)
dx.

If supp(w) ⊆ {|x| ≤ R}, then x · Re z ≤ |x| |Re z| ≤ R |Re z|, and thus

|(Bg⋆)(z)| ≤ π−d/4 2−d/2M0 exp
( R√

2
|Re z|

)
.

On the polydisk maxj |zj | ≤ r we have |Re z| ≤ |z| ≤
√
d r, hence

sup
maxj |zj |≤r

|(Bg⋆)(z)| ≤ π−d/4 2−d/2M0 exp
( R√

2

√
d r
)
,

which is (60).

Lemma 9. Let FB = {fc(x) :=
∑

|α|≤n cαψα(x),
∑

|α|≤n |cα|2 ≤ B}. Then there exists some
absolute constant C > 0 such that

logN[](FB , ∥ · ∥∞, ε) ≤ p log
(
1 +

BC
√
p

ε

)
,

where p =
(
n+d
d

)
.

Proof. Denote the set of coefficients by C := {c = (cα, |α| ≤ n) ∈ Rp with
∑

|α|≤n |cα|2 ≤ B}.
Note that

N (C, ∥ · ∥2, ε) ≤
(
1 +

2B

ε

)p

,

Let fc, fc′ ∈ FB . Then

∥fc − fc′∥∞ ≤
√
p max
|α|≤n

∥ψα∥∞∥c− c′∥2 ≤ Cd√p∥c− c′∥2,

where C is some absolute constant. Hence,

N[](FB , ∥ · ∥∞, ε) ≤
(
1 +

4BC
√
p

ε

)p

24



Published as a paper at the 2nd DeLTa Workshop, ICLR 2026

Proposition 10. Let Hn be the physicists’ Hermite polynomials defined by the generating function
∞∑

n=0

Hn(x)
tn

n!
= e2xt−t2 , x, t ∈ R.

Define the (normalized) Hermite functions

ψn(x) :=
1

(2nn!
√
π)1/2

Hn(x) e
−x2/2, x ∈ R, n ∈ N0, (61)

and the creation operator

a∗ :=
1√
2

(
x− d

dx

)
.

Then for every n ≥ 1,

a∗ψn−1 =
√
nψn, equivalently ψn =

1√
n
a∗ψn−1. (62)

Proof. From the generating function, differentiate with respect to x:
∞∑

n=0

H ′
n(x)

tn

n!
= ∂x

(
e2xt−t2

)
= 2t e2xt−t2 = 2t

∞∑
n=0

Hn(x)
tn

n!
=

∞∑
n=1

2nHn−1(x)
tn

n!
.

Comparing coefficients of tn gives
H ′

n(x) = 2nHn−1(x), n ≥ 1. (63)
Next, differentiate the generating function with respect to t:

∞∑
n=0

Hn+1(x)
tn

n!
= ∂t

(
e2xt−t2

)
= (2x− 2t)e2xt−t2 = 2x

∞∑
n=0

Hn(x)
tn

n!
− 2

∞∑
n=0

Hn(x)
tn+1

n!
.

Rewrite the last term as
∑∞

n=0 2nHn−1(x)
tn

n! and compare coefficients:
Hn+1(x) = 2xHn(x)− 2nHn−1(x), n ≥ 1. (64)

Using the product rule,
d

dx

(
Hn−1(x)e

−x2/2
)
= H ′

n−1(x)e
−x2/2 − xHn−1(x)e

−x2/2.

Hence (
x− d

dx

)(
Hn−1e

−x2/2
)
= xHn−1e

−x2/2 −
(
H ′

n−1e
−x2/2 − xHn−1e

−x2/2
)

=
(
2xHn−1 −H ′

n−1

)
e−x2/2. (65)

Now use (63) with n− 1:
H ′

n−1(x) = 2(n− 1)Hn−2(x).
Insert this into (65) and apply (64) with index n− 1:

2xHn−1 −H ′
n−1 = 2xHn−1 − 2(n− 1)Hn−2 = Hn.

Therefore we have shown(
x− d

dx

)(
Hn−1(x)e

−x2/2
)
= Hn(x)e

−x2/2. (66)

Let
Nn := (2nn!

√
π)−1/2, so that ψn = NnHn e

−x2/2.
Using (66),

a∗ψn−1 =
1√
2

(
x− d

dx

)(
Nn−1Hn−1e

−x2/2
)
=
Nn−1√

2
Hn e

−x2/2.

It remains to compare Nn−1√
2

with
√
nNn:

Nn−1√
2

=
1√
2
(2n−1(n− 1)!

√
π)−1/2 = (2n(n− 1)!

√
π)−1/2,

and √
nNn =

√
n (2nn!

√
π)−1/2 = (2n(n− 1)!

√
π)−1/2.

Thus Nn−1√
2

=
√
nNn, and consequently

a∗ψn−1 =
√
nNnHn e

−x2/2 =
√
nψn,

which is (62).
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C.3 PROOF OF THEOREM 2

UsingR(g⋆) = 0 and Corollary 5.1 we get

inf
g∈G
R(g) ≤ Lℓ

(
1 + LC,2

)
inf
g∈G
∥g − g⋆∥L2(ρT ) . (67)

Let {ψ(λ)
α }α∈Nd

0
be the scaled Hermite basis with λ = T−1/2. Let Πn be the L2(Rd)–orthogonal

projector onto span{ψ(λ)
α : |α| ≤ n}. Define

G = Gn(B) :=

g =
∑
|α|≤n

cαψ
(λ)
α :

∑
|α|≤n

c2α ≤ B

 .

We choose B ≍ ndd. By Proposition 7, there exist some constant C > 0 such that for n ≥
C logmax(M,N), Πng

⋆ ∈ G, and

∥g⋆ −Πng
⋆∥L2(Rd) ≲

(
N−1/2 +M−1/2

)
logd/2 (max{M,N}) . (68)

Note that by Proposition 3, g⋆(y) ∈
[
c⋆−e

−a⋆
−∥y∥2

, c⋆+
]
:= I for all y by (20). We need to ensure

condition (16). Define the clipping operator Πclip : R→ R by

Πclip(t) := min
{
c⋆+,max

{
t, c⋆−e

−a⋆
−∥y∥2}}

.

Then for any f ∈ G, Πclip(f)(y) satisfies (16). For each fixed y, the map t 7→ Π(t) is the metric
projection onto the interval I , hence it is 1–Lipschitz. Applying this gives the pointwise contraction
for any y ∈ Rd,

|g⋆(y)−Πclip(Πng
⋆(y))| =

∣∣Πclip(g⋆(y))−Πclip(Πng
⋆(y))

∣∣ ≤ |g⋆(y)−Πng
⋆(y)|,

In particular, clipping can only decrease any L2(Rd)–error:

∥g⋆(y)−Πclip(Πng
⋆(y))∥L2(Rd) ≤ ∥g⋆(y)−Πng

⋆(y)∥L2(Rd) .

It follows from the last inequality, (67) and (68) that

inf
g∈G
R(g) ≲

(
N−1/2 +M−1/2

)
logd/2 (max{M,N}) .

Note that for chosen n, Lemma 9 and Proposition 6 imply that there exists some constant C ′ > 0
such that

logN[]

(
G, ∥ · ∥∞, ε

)
≲ logd/2 (max{M,N}) log(C ′/ε) .

Hence, we may conclude the statement by applying Theorem 1.

D FURTHER DETAILS OF NUMERICAL EXPERIMENTS

In this section, we elaborate on details of numerical experiments presented in Section 4. The section
is organized as follows. In Appendix D.1, we discuss general implementation details. Appendix
D.2 presents information about the metrics used and describes the algorithm. Appendix D.3 pro-
vides additional information about the Swiss-Roll to S-Curve two dimensional problem experiment.
Appendix D.4 provides additional details about the 25 Gaussian mixture Extrapolation experiment.
Appendix D.5 provides additional details about the biological data experiment. Finally, Appendix
D.6 presents all final hyperparameter values used for the experiments.

D.1 GENERAL IMPLEMENTATION DETAILS

In our experiments, we paid close attention to hyperparameter selection. Due to the algorithm’s
specifics, careful hyperparameter tuning is essential for stable training and generation. This was
accomplished by using Optuna (Akiba et al., 2019). We used 50 trial optimization for Optuna over
the sliced W1 metric in the 25 Gaussian experiment and 100 trial optimization for Optuna over the
sliced W1 metric for Single Cell data.

The calculations were fully performed on the Nvidia T4 GPU. For the SinkhornBridge algorithm,
we used the hyperparameter values provided in the official repository, as we were unable to conduct
extensive testing of the algorithm and select its hyperparameters ourselves.
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Figure 3: Comparison of training and sampling times for ERM-Bridge and SinkhornBridge on the
Swiss-Roll to S-Curve translation task. We used 2000 training points for both algorithms.

D.2 METRICS USED IN THE EXPERIMENTS

Sliced Wasserstein Distance was used as main metric since it provides quantitative, theoretically-
grounded measures of distribution similarity and has been widely adopted in research papers and
practical applications.

Sliced W1(X,Y ) =
1

N

N∑
n=1

W1

(
{⟨xi, θn⟩}Mi=1, {⟨yi, θn⟩}Mi=1

)
,

where {θn}Nn=1 are random projections uniformly distributed on Sd−1.

For the Sliced Wasserstein Distance, 100 random projections were used.

We also provide a description of the training algorithm for the proposed algorithm training 1 and
sampling 2. The pseudocode provided allows a reader to visually evaluate how our approach differs
from SinkhornBridge.

D.3 DETAILS OF EVALUATION ON THE SWISS-ROLL TO S-CURVE EXPERIMENT

In this experiment, we validated the algorithm’s performance and sampling results at various inter-
mediate time points on a common two dimensional problem in generative modelling. Optuna did
not perform hyperparameter optimization for this problem, as it is not complex and both algorithms
solve it well for any reasonable choice of training and sampling parameters.

We also compared the running time of our algorithm and SinkhornBridge on this problem, demon-
strating significant sampling speedup.

D.4 DETAILS OF EVALUATION ON THE GAUSSIAN MIXTURE

In this experiment, we aimed to clearly demonstrate the behavior of our proposed algorithm
and SinkhornBridge with explicit data bias in the sampling dataset relative to the train dataset.
To this end, we created a synthetic example using a uniform grid of 25 Gaussians in two-
dimensional space and a truncated Normal distribution of [−10, 10] in the train dataset and
[−1, 1], [−3, 3], [−5, 5], [−10, 10] in test.

The problems arising from the discrete nature of SinkhornBridge become apparent upon visual in-
spection of the plots. The value of the experiment is that similar problems demonstrated in the
synthetic example also arise with real data. For example, our algorithm demonstrated higher quality
on Single Cell data D.5, where both the initial and final distributions are only available as samples.
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D.5 DETAILS OF EVALUATION ON THE SINGLE CELL DATA

In this experiment, we aimed to demonstrate the performance of our algorithm on the data-to-data
translation task. The continuous log potential not only yielded the best metric value but was also
easier to optimize, requiring less sampling time.

The results for the LightSB model were taken from the paper (Korotin et al., 2024).

D.6 FINAL HYPERPARAMETER VALUES

Below are the final hyperparameter values for all experiments.

Swiss-Roll to S-Curve Experiment:

• Parameters for experiment: batch size = 1000, lr = 2 · 10−3, epochs = 1500, σ end =
0.5, loss scale = 1.0, hidden dim = 64.

Gaussian Mixture Experiment:

• Parameters for experiment: batch size = 64, lr = 5 · 10−4, epochs = 140, σ end =
0.9, loss scale = 0.11 hidden dim = 128.

Single Cell Experiment:

• Parameters for experiment: batch size = 2048, lr = 10−4, epochs = 141, σ end =
0.4216, loss scale = 196.5431, hidden dim = 2048.

Algorithm 1 Training of ERM-Bridge

1: Input: Datasets X ,Y , kernel bandwidth σ, learning rate η, batch size B, the number of itera-
tions Nsteps

2: Initialize: Neural network parameters θ for ϕθ
3:
4: for i from 1 to Nsteps do
5: Sample batches Xb ∼ X and Yb ∼ Y
6:
7: for y ∈ Yb do
8: V (y)← log ϕθ(y)
9: end for

10:
11: for x ∈ Xb do
12: term(y)← −∥x− y∥2/(2σ2)− V (y) for all y ∈ Yb
13: logD(x)← log

∑
y∈Yb

exp(term(y))
14: end for
15:
16: for y ∈ Yb do
17: term(x)← −∥y−x∥2

2σ2 − logD(x) for all x ∈ Xb

18: log(Cϕ)(y)← log
∑

x∈Xb
exp(term(x))

19: end for
20:
21: ∆(y)← V (y)− log(Cϕ)(y)

22: L(θ)← 1
|Yb|

∑
y∈Yb

(∆(y)−mean(∆))
2

23:
24: θ ← θ − η∇θL(θ)
25: end for
26: Output: Learned potential parameters θ∗

28



Published as a paper at the 2nd DeLTa Workshop, ICLR 2026

Algorithm 2 Sampling via Learned Continuous Drift

1: Input: Trained model ϕθ∗ , Initial sample x0, Reference target samples Yref , Total time T ,
Steps K

2: Initialize: x← x0, t← 0, ∆t← T/K
3:
4: for k = 0 to K − 1 do
5: Set noise level σt (e.g., via cosine schedule)
6: νt ← σ2

t (T − t)
7:
8: for j = 1 . . . |Yref | do
9: Lj ← −∥x−yj∥2

2νt
− log ϕθ∗(yj)

10: end for
11: h(x)← log

∑
j exp(Lj)

12: g ← ∇xh(x)
13: u(x, t)← σ2

t g
14:
15: Sample noise ξ ∼ N (0, I)

16: x← x+ u(x, t)∆t+ σt
√
∆t ξ

17: t← t+∆t
18: end for
19: Return: Transported sample xT
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