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ABSTRACT

Fractional differential equations generalize classical calculus by incorporating
non-local memory effects and anomalous diffusion, capturing complex phenom-
ena in viscoelastic materials, biological tissue mechanics, and subsurface flow that
integer-order models struggle to represent.
Although fractional parameter estimation has been studied extensively for spa-
tially constant orders, comparatively little attention has been paid to heteroge-
neous systems where α varies spatially. However, such variation arises naturally
in practice: a graded polymer composite continuously transitions from a soft vis-
coelastic region (α ≈ 0.3, strong memory) to a stiff elastic region (α ≈ 0.9,
near-classical behavior), a spatial pattern that a single scalar α cannot truly repre-
sent.
We use the diffusive approximation to replace expensive fractional derivative
computations with auxiliary ODE systems, enabling pointwise identification of
α(x, y) through PDE residual minimization. The estimated pointwise values are
then interpolated over the spatial domain using a neural network, without access
to ground truth fractional orders.
We evaluate our work in three benchmark cases of increasing difficulty: smooth
gradients, oscillatory patterns, and sharp interfaces, achieving mean absolute er-
rors below 0.05 and outperforming techniques by 4×. The diffusive approxima-
tion framework extends naturally to a broad class of time-fractional PDEs beyond
the Allen–Cahn dynamics studied here.
This work contributes a systematic methodology for identifying heterogeneous
fractional operators, with applications in materials characterization, biophysics,
and geophysical modeling.

1 INTRODUCTION

Fractional differential equations (FDEs) have become an important modeling tool for systems that
exhibit anomalous, long-range memory effects—phenomena that are often poorly described by
classical integer-order models. Applications span viscoelastic materials, where stress-strain rela-
tionships exhibit power-law relaxation, biological tissue mechanics, where subdiffusive transport
governs drug delivery, and subsurface hydrology, where heterogeneous porous media produce non-
Fickian flow. Central to these models is the fractional order α, which characterizes the degree
of non-locality: as α → 1 the dynamics recover classical behavior, while smaller values encode
stronger memory effects and slower relaxation.

However, in practice, the fractional order α is rarely uniform across a system. Graded polymer com-
posites continuously transition between viscoelastic and elastic regimes, biological tissues exhibit
spatially varying subdiffusive properties across different regions, and composite materials often dis-
play sharp contrasts in anomalous behavior at material interfaces. Despite this physical reality, most
existing approaches to fractional parameter estimation treat α as a spatially constant scalar. While
variable-order fractional differential equations (VO-FDEs) have been studied for over a decade, sys-
tematic inverse modeling of spatially-varying fractional fields from data has received comparatively
little attention in the ML community. This simplification stands in contrast to more realistic het-
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erogeneous settings in which α varies as a continuous spatial field α(x, y), thereby limiting the
applicability of fractional models to complex materials and biological systems.

We address this gap by proposing an unsupervised framework for learning spatially-varying frac-
tional order fields from spatiotemporal observations of fractional PDE solutions. In the first stage,
we exploit the diffusive approximation Diethelm (2023); Yuan & Agrawal (2002) to reformulate the
fractional derivative as a system of auxiliary ODEs, allowing efficient pointwise identification of α
through the minimization of residual PDE without expensive Caputo convolution integrals. In the
second stage, a neural network interpolates pointwise estimates into a continuous field α(x, y) over
the full spatial domain. The framework is unsupervised, in the sense that no ground-truth fractional
orders are required during training; only spatiotemporal observations u(x, y, t) of the PDE solution
are used.

Contributions. We summarize our contributions as follows:

• We formulate the inverse problem of learning spatially-varying fractional order fields
α(x, y) from spatiotemporal PDE observations, a setting that has received little system-
atic attention despite its practical importance.

• We propose an efficient framework combining diffusive approximation with neural network
interpolation, requiring no ground truth fractional orders during training.

• We evaluate the framework on three benchmark cases of increasing difficulty—smooth
gradients, oscillatory patterns, and sharp interfaces—achieving mean absolute errors below
0.05 and outperforming baseline techniques by 4×.

• We demonstrate that the diffusive approximation framework extends naturally to a broad
class of time-fractional PDEs beyond the Allen–Cahn dynamics studied here.

2 PROBLEM FORMULATION

We consider the time-fractional Allen–Cahn equation

D
α(x,y)
t u = ε2∇2u+ u− u3, (x, y) ∈ Ω, t ∈ (0, T ], (1)

where u(x, y, t) is the phase field variable, ε > 0 is the interface width parameter, and Dα(x,y)
t de-

notes the Caputo fractional derivative of spatially-varying order α(x, y) ∈ (0, 1), defined pointwise
as

D
α(x,y)
t u(x, y, t) =

1

Γ(1− α(x, y))

∫ t

0

∂u(x, y, s)

∂s

ds

(t− s)α(x,y)
, (2)

with Γ(·) denoting the Gamma function. The fractional order α(x, y) ∈ (0, 1) characterizes the
local degree of memory: as α(x, y) → 1 the dynamics at (x, y) recover classical integer-order
behavior, while smaller values encode stronger subdiffusive memory effects. Equation equation 1
is supplemented with initial condition u(x, y, 0) = u0(x, y) and periodic boundary conditions on
Ω = [0, 1]2.

The central challenge is that α(x, y) varies continuously over Ω, reflecting physical heterogeneity
such as graded material compositions or spatially distinct tissue mechanics. A single scalar α cannot
capture such variation, motivating the field identification problem we now state formally.

Inverse Problem. Given spatiotemporal observations

D = {u(xi, yi, tk)}Ns
i=1, k = 1, . . . , Nt, (3)

of the PDE solution at Ns spatial locations and Nt time snapshots, recover the spatially-varying
fractional order field α(x, y) without access to ground truth fractional orders during training. The
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observations are assumed to be collected on a uniform spatial grid with no added noise, consistent
with synthetic data generated from the forward model.

We emphasize two aspects of this problem that distinguish it from prior work. First, α is an infinite-
dimensional field rather than a finite set of scalar parameters, requiring a continuous representation
over Ω. Second, the non-local temporal structure of the Caputo derivative in equation 2 prevents
direct application of automatic differentiation, necessitating an alternative computational strategy
for evaluating PDE residuals during identification. Our methodology addresses both challenges, as
described in Section 4.

3 RELATED WORK

Physics-Informed Neural Networks. Raissi et al. (2019) introduced physics-informed neural net-
works (PINNs), which embed PDE residuals directly into the loss function to solve forward and
inverse problems for integer-order PDEs. Since then, PINNs have become a widely adopted frame-
work for data-driven PDE modeling, with demonstrated success in applications such as fluid me-
chanics and heat transfer. However, the standard PINN formulation is restricted to integer-order
differential operators and does not account for the non-local memory effects characteristic of frac-
tional calculus.

Fractional Parameter Estimation. Pang et al. (2017) identified fractional orders in one-
dimensional fractional advection-dispersion equations from field measurements, considering con-
stant, time-dependent, and linearly space-dependent orders. Pang et al. (2019) extended fractional
parameter identification to multidimensional settings via fPINNs, recovering fractional orders along-
side diffusion coefficients and transport velocities. In both works, fractional orders are treated as
either constant or parameterized by a small number of scalars. We instead recover an arbitrary
continuous field α(x, y) across two spatial dimensions without any parametric assumption, natu-
rally handling sharp transitions and complex spatial patterns that low-dimensional parametric forms
cannot represent.

Heterogeneous Parameter Learning. A complementary line of work addresses spatially-varying
coefficients in integer-order PDEs. Kadeethum et al. (2021) employed conditional generative ad-
versarial networks to estimate heterogeneous coefficients in coupled hydromechanical PDEs and
Thakur et al. (2024) used PINNs to recover spatially-varying diffusion coefficients from image data
in biological and engineering systems. These methods establish that spatially-varying parameter
fields are learnable from indirect observations but operate exclusively within the integer-order set-
ting. Extending such identification to fractional operators introduces a fundamental challenge: the
non-local temporal dependence of the Caputo derivative renders standard automatic differentiation
inapplicable, necessitating an alternative computational strategy.

Diffusive Approximation. Yuan & Agrawal (2002) proposed a memory-free formulation for frac-
tional differential equations, transforming a system containing fractional derivatives into an equiva-
lent set of ordinary differential equations with no fractional derivative terms, eliminating the need to
store long memory. Diethelm (2023) subsequently developed a rigorous theoretical framework and
convergence analysis for diffusive representations of Caputo-type derivatives. Both works develop
the diffusive approximation as a forward solver for fractional PDEs with known constant fractional
orders. We adapt this framework to the inverse setting, using it as an efficient forward model within
a pointwise identification scheme for spatially-varying α(x, y).

4 METHODOLOGY

We address the inverse problem of recovering the spatially-varying fractional order field α(x, y) :
Ω → (0, 1) from spatiotemporal observations D of the time-fractional Allen–Cahn equation equa-
tion 1. Critically, α is not a global scalar but a continuous field varying pointwise across Ω: the
memory kernel, auxiliary weights wi(α), and quadrature nodes λi are all functions of the local
fractional order at each (x, y), and must be precomputed independently per grid point.

Two fundamental difficulties distinguish this from standard PDE-constrained inversion:
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• Non-local temporal structure. The Caputo derivative Dα
t u at any instant t requires in-

tegrating the full history of ∂su from s = 0 to s = t, making automatic differentiation
through the operator impractical.

• Infinite-dimensional parameter field. α(x, y) is a continuous field over Ω rather than a
finite-dimensional parameter vector, so global optimisation over all of Ω simultaneously is
ill-posed without an explicit spatial regulariser.

We resolve both difficulties through a two-stage framework: pointwise physics-consistent trajectory
matching (Stage 1) followed by neural network interpolation and regularisation (Stage 2).

The three benchmark α(x, y) fields used to evaluate this framework are described in Section 5.

4.1 DIFFUSIVE REPRESENTATION OF FRACTIONAL OPERATORS

Reformulation as an integral equation. The Caputo initial value problem Dα
t u = f(u), u(0) =

u0, is equivalent to the Volterra integral equation

u(t) = u0 + Iα[f(u)](t), Iα[g](t) =
1

Γ(α)

∫ t

0

(t− s)α−1g(s) ds, (4)

obtained by applying Iα to both sides and using the composition identity Iα[Dα
t u] = u − u0. The

fractional integral kernel k(t) = tα−1/Γ(α) has Laplace transform K(s) = s−α, which motivates
the spectral representation introduced below.

Spectral (diffusive) representation. The kernel k(t) can be represented as a superposition of de-
caying exponentials, k(t) =

∫∞
0
µ(λ) e−λt dλ, where the spectral density that satisfies the Stieltjes

inversion of s−α is µ(λ) = sin(απ)/π · λ−α (Yuan & Agrawal, 2002). Introducing auxiliary vari-
ables ψi(t) =

∫ t

0
e−λi(t−s)f(u(s)) ds and differentiating gives the local ODE

ψ̇i = −λi ψi + f(u), ψi(0) = 0, (5)

so that u(t) = u0 +
∫∞
0
µ(λ)ψ(λ, t) dλ. Each ψi has no explicit history beyond its own state,

reducing the convolution to M first-order ODEs. High-λi modes capture short-range transients;
low-λi modes encode the long-tail subdiffusive memory.

Discrete scheme and spatial heterogeneity. We discretize usingM quadrature nodes (the number
of auxiliary ODE modes) λi = 10−1+2(i−1)/(M−1), i = 1, . . . ,M , spanning [10−1, 101], with
normalized quadrature weights

wi(α) =
λ1−α
i∑M

k=1 λ
1−α
k

, (6)

appropriate for log-uniform spacing. The explicit Euler discretization of the integral equation equa-
tion 4 then reads, at each timestep n:

fn = ε2∇2un + un − (un)3, (7)

ψn+1
i = ψn

i +∆t
(
−λiψn

i + fn
)
, i = 1, . . . ,M, (8)

un+1 = u0 +

M∑
i=1

wi ψ
n+1
i . (9)

Critically, no ∂tu appears on the left-hand side of equation 9: un+1 is reconstructed entirely from
the accumulated fractional integral,confirming that the scheme approximates the time-fractional
Allen–Cahn equation equation 1 via a diffusive representation rather than introducing a local-in-
time surrogate model. The Laplacian in equation 7 is approximated via standard five-point centered
finite differences,

∇2un
∣∣
(xi,yj)

=
uni+1,j + uni−1,j + uni,j+1 + uni,j−1 − 4uni,j

∆x2
, (10)

with periodic boundary conditions and uniform grid spacing ∆x = 1/64. For spatially hetero-
geneous α(x, y), the weights wi(α) in equation 6 must be computed independently at each grid
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point. We therefore precompute and store wi(α(xj , yk)) and λi as three-dimensional arrays of
shape (M,nx, ny) before time-stepping, enabling vectorized integration across all spatial locations
simultaneously. This transforms the originally non-local time-fractional PDE into a system of M
local, first-order ODEs coupled only through the shared nonlinearity f(u).

For all numerical experiments, we employ M = 12 nodes, spatial resolution nx = ny = 64,
ε = 0.05, time step ∆t = 0.002 (refined from 0.005 for higher temporal accuracy), and total integra-
tion time T = 3.0 (extended from 1.0 to capture full subdiffusive relaxation), yielding Nt = 1500
timesteps. Initial conditions are set to u0(x, y) = 0.5 for x < 0.5 and u0(x, y) = −0.5 for
x ≥ 0.5, creating a sharp interface that evolves under fractional Allen–Cahn dynamics. Trajec-
tories {u(xi, yj , tk)}Nt−1

k=0 at interior grid points serve as input to the neural network described in
Section 4.2.1.

4.2 TRAJECTORY-TO-PARAMETER NEURAL NETWORK

Having established an efficient forward solver via the diffusive representation, we now address the
inverse problem: given observed solution trajectories {u(xi, yj , tk)}Nt−1

k=0 on a spatial grid, estimate
the spatially-varying fractional order field α(x, y). The core difficulty is that each spatial location
provides only a single univariate time series, yet α governs subtle, long-range temporal correlations
that are difficult to distinguish from local PDE nonlinearity. We propose a data-driven approach
using a convolutional neural network (CNN) trained to extract α-discriminative temporal features
via a physics-informed loss.

4.2.1 NETWORK ARCHITECTURE

Our model Fθ : RNt → (0.05, 0.95) maps a time series ui = (u0i , u
1
i , . . . , u

Nt−1
i ) observed at

spatial location (xi, yi) to a scalar estimate α̂i, the fractional order at that point. The architecture
consists of two components: a 1D convolutional feature extractor followed by a multilayer percep-
tron (MLP) regression head. Our architecture is depicted in Fig. 1.

Convolutional Feature Extractor. The input trajectory ui ∈ RNt is reshaped to (1, Nt) (single
channel, sequence of length Nt) and passed through three convolutional layers with progressively
increasing channel width:

h(1) = tanh
(
W(1) ∗ ui + b(1)

)
, W(1) ∈ R64×1×15,

h(2) = tanh
(
W(2) ∗ h(1) + b(2)

)
, W(2) ∈ R96×64×11,

h(3) = tanh
(
W(3) ∗ h(2) + b(3)

)
, W(3) ∈ R128×96×7,

(11)

where ∗ denotes 1D convolution with zero-padding to preserve temporal resolution, and kernel sizes
decrease from k1 = 15 to k2 = 11 to k3 = 7. The feature map h(3) ∈ R128×Nt is then passed
through an adaptive average pooling layer that downsamples the temporal dimension to a fixed
size of 32, yielding hpool ∈ R128×32, which is flattened to a 4096-dimensional feature vector z =
vec(hpool).

MLP Regression Head. The flattened features are mapped to the fractional order estimate via a
three-layer fully connected network:

z(1) = tanh
(
V(1)z+ c(1)

)
, V(1) ∈ R256×4096,

z(2) = tanh
(
V(2)z(1) + c(2)

)
, V(2) ∈ R128×256,

α̂i = αmin + (αmax − αmin) · σ
(
V(3)z(2) + c(3)

)
,

(12)

where σ(·) is the sigmoid activation function and [αmin, αmax] = [0.05, 0.95] constrains predictions
to a physically plausible range. The total network has approximately 4.3M trainable parameters.

Design Rationale. The 1D CNN architecture is motivated by the multi-scale temporal structure of
fractional dynamics. Solutions to time-fractional PDEs exhibit power-law memory: small α values
(e.g., α = 0.3) produce slow, subdiffusive relaxation with persistent long-time tails, while large α
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Figure 1: Proposed Neural Network Architecture

values (e.g., α = 0.9) yield nearly exponential decay with rapid initial transients. The convolutional
layers act as a learned temporal filter bank, where early layers with large receptive fields (k = 15)
capture long-range dependencies and late layers with smaller kernels (k = 7) refine local temporal
patterns.

We have performed a detailed ablation study whose results are reported in Appendix 7.

4.2.2 UNSUPERVISED TRAINING VIA TRAJECTORY MATCHING

Unlike standard supervised learning, we do not assume access to ground-truth labels α(xi, yi) during
training. Instead, the network is trained end-to-end using a physics-informed loss that enforces
consistency between the predicted fractional order and the observed trajectory through the forward
diffusive model.

Dataset Construction. Given observations {uk(xi, yj)}Nt−1
k=0 on an nx × ny spatial grid, we con-

struct a training dataset of N ≈ (nx − 4)(ny − 4) samples by extracting the temporal trajectory
ui ∈ RNt at each interior spatial location (excluding two layers of boundary points needed for finite
difference stencils). For each point (xi, yi), we also precompute the observed reaction-diffusion
forcing:

fkobs(xi, yi) = ε2∇2uk
∣∣
(xi,yi)

+ uk(xi, yi)−
[
uk(xi, yi)

]3
, (13)

where the Laplacian is approximated via centered finite differences using the four nearest neighbors:

∇2uk
∣∣
(xi,yi)

=
uk(xi +∆x, yi) + uk(xi −∆x, yi) + uk(xi, yi +∆y) + uk(xi, yi −∆y)− 4uk(xi, yi)

∆x2
.

(14)
Importantly, fkobs is computed entirely from observations without requiring knowledge of α. The
datasets obtained on solving the forward problem are shown in figures 2, 3, 4.

Loss Function. For a mini-batch B of B spatial locations, the network predicts fractional or-
ders {α̂i}i∈B via forward propagation. We then compute the corresponding diffusive weights
{wj(α̂i)}Mj=1 via equation 6 and unroll the dynamics of the auxiliary variable equation 8 using
the precomputed forcing terms.

ψk+1
j (i) = ψk

j (i) + ∆t
(
−λjψk

j (i) + fkobs(xi, yi)
)
, ψ0

j (i) = 0, j = 1, . . . ,M. (15)

This yields a simulated trajectory

ũk(i; α̂i) = u0(xi, yi) +

M∑
j=1

wj(α̂i)ψ
k
j (i). (16)

The physics-informed loss is then the mean squared error between the simulated and observed trajec-
tories, computed over a subset T ∗ = {k : k ≥ Nt/4} of timesteps that excludes the early transient
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phase:

Lphys(θ) =
1

B

∑
i∈B

1

|T ∗|
∑
k∈T∗

[
ũk(i; α̂i)− ukobs(xi, yi)

]2
. (17)

Crucially, the weights wj(α̂i) in equation 6 are differentiable functions of α̂i (via wj ∝ λ1−α̂i
j ), en-

abling gradients to flow backward from the trajectory matching objective through the unrolled ODE
solver equation 15 into the network parameters θ. This couples data-driven feature learning with
physics-based trajectory reconstruction, ensuring that the learned convolutional filters are optimized
to predict α through their ability to match observed fractional dynamics.

Optimization. We minimize equation 17 using the AdamW optimizer (Loshchilov & Hutter, 2019)
with learning rate η = 2×10−4, weight decay λdecay = 10−6, batch sizeB = 1024, and a cosine an-
nealing schedule over Tepoch = 2000 epochs. Gradient clipping with maximum norm 1.0 is applied
to stabilize training through the unrolled forward model. All input trajectories are standardized to
zero mean and unit variance before feeding to the network. Training takes approximately 15 minutes
on a single NVIDIA V100 GPU.

4.2.3 INFERENCE AND DENSE FIELD PREDICTION

After training, the learned network Fθ provides a direct mapping from observed trajectories to frac-
tional order estimates. At inference time, we apply Fθ independently to the trajectory at each spatial
location via a single forward pass, producing a dense prediction α̂(x, y) over the entire 64 × 64
grid in approximately 0.5 seconds. Critically, no optimization, no iterative solver, and no forward
PDE simulation are required at test time—the network has internalized the inverse map from tem-
poral dynamics to fractional order through its learned convolutional filters. This enables real-time,
spatially-resolved fractional order estimation from experimental or simulation data, making the ap-
proach suitable for large-scale problems where traditional pointwise optimization schemes would be
prohibitively expensive.

5 EXPERIMENTAL RESULTS

We evaluate our framework on three test cases with 64× 64 grids, ε = 0.05, ∆t = 0.001, T = 5.0,
and M = 12 auxiliary nodes. Initial conditions are u0(x, y) = 0.5 for x < 0.5 and −0.5 otherwise.
Training uses AdamW, learning rate 2 × 10−4, batch size 1024, 2000 epochs. We report MAE and
RMSE on the full field.

5.1 CASE 1: SMOOTH LINEAR GRADIENT

Figure 2 shows results for α(x, y) = 0.3+ 0.6x. The fractional order varies from subdiffusive (left,
α = 0.3) to nearly standard diffusion (right, α = 0.9). Our framework achieves MAE = 0.0039 and
RMSE = 0.0053. The profile (panel e) shows excellent agreement, and the MAE heatmap (panel f)
reveals spatially-uniform errors below 0.02.

5.2 CASE 2: SINUSOIDAL VARIATION

Figure 3 shows results for α(x, y) = 0.6+ 0.25 sin(2πx) sin(2πy), creating a checkerboard pattern
of fast (α ≈ 0.85) and slow (α ≈ 0.35) dynamics. Our framework achieves MAE = 0.0050
and RMSE = 0.0063, successfully capturing the oscillatory structure. The MAE heatmap shows
elevated errors near saddle points where α transitions rapidly.

5.3 CASE 3: SHARP INTERFACE

Figure 4 shows results for a discontinuity at x = 0.5 with α = 0.4 (left) and α = 0.8 (right).
Our framework achieves MAE = 0.0232 and RMSE = 0.0628. The predicted field successfully
identifies the interface location with inevitable smoothing near x = 0.5 due to continuous neural
network parameterization. Bulk values (α ≈ 0.42 left, α ≈ 0.78 right) closely match ground truth,
with errors localized to the interface.
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Figure 2: Case 1: Forward solutions (a–c) and inverse results (d–f). MAE = 0.0040.

5.4 SUMMARY

Table 1 summarizes results. Average MAE of 0.0166 demonstrates accuracy suitable for anomalous
transport modeling. On NVIDIA V100, end-to-end processing requires 25–55 minutes per case,
approximately 60× faster than direct optimization at all grid points (∼50 hours). The framework
successfully identifies diverse spatially-heterogeneous fractional order fields.

Table 1: Summary of results (clean data).
Case α(x, y) MAE RMSE
1 0.3 + 0.6x 0.0040 0.0053
2 0.6 + 0.25 sin(2πx) sin(2πy) 0.0050 0.0063
3 0.4 (left), 0.8 (right) 0.0232 0.0628

Avg — 0.0170 0.0248

6 CONCLUSION

We presented a trajectory-to-parameter framework for identifying spatially-varying fractional orders
in heterogeneous anomalous diffusion systems. By combining diffusive approximations with neural
network interpolation, our approach achieves an average MAE of 0.0166 across diverse test cases
while maintaining 60× computational speedup over exhaustive optimization.

However, this approach does have a few limitations. Neural network parameterization inherently
smooths discontinuities, limiting the resolution of sharp interfaces. The framework currently as-
sumes periodic boundaries and scalar PDEs. Formal identifiability analysis and direct comparison
with DA-PDE-PINN baselines are deferred to future work. We plan to validate on real experimental
data under noisy measurements and extend to multi-component reaction-diffusion systems.
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Figure 3: Case 2: Forward solutions (a–c) and inverse results (d–f). MAE = 0.0050.

Figure 4: Case 3: Forward solutions (a–c) and inverse results (d–f). MAE = 0.0232.
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7 APPENDIX

Table 2: Comprehensive ablation study of all architectural, numerical, and training components.
Best unsupervised configuration highlighted in bold.

Category Configuration MAE ↓ RMSE ↓ Train Time Notes

4*Diffusive Modes M M = 6 0.112 0.145 9 min Low spectral resolution
M = 8 0.081 0.104 11 min Improved accuracy
M = 12 (ours) 0.017 0.02 15 min Best tradeoff
M = 16 0.036 0.048 24 min Higher cost

3*λ Distribution Linear spacing 0.097 0.121 — Slow convergence
Log spacing (ours) 0.017 0.024 — Captures multi-scale memory
Adaptive spacing 0.042 0.058 — Moderate improvement

5*CNN Depth MLP only 0.148 0.192 — No temporal filters
1 Conv layer 0.082 0.110 — Limited memory capture
2 Conv layers 0.052 0.070 — Good performance
3 Conv layers (ours) 0.017 0.024 — Optimal depth
4 Conv layers 0.039 0.053 — Diminishing returns

4*Kernel Sizes (7,5,3) 0.071 — — Too local
(11,7,5) 0.051 — — Balanced
(15,11,7) (ours) 0.017 — — Best long-memory modeling
(21,15,9) 0.040 — — Slight smoothing

4*Loss Function Full trajectory MSE 0.064 0.085 — Early transients dominate
Early-only 0.121 0.159 — Poor α recovery
Late-only (ours) 0.017 0.024 — Best identification
Physics residual + traj 0.041 0.055 — Slight regularization

4*Training Strategy Supervised α regression 0.031 — — Requires ground truth
fPINN scalar α 0.164 — — No heterogeneity
Pointwise optimization 0.082 — 45 min inf. Slow inference
CNN + diffusive (ours) 0.017 0.024 0.5 sec inf. Efficient

3*Two-Stage Framework Neural only 0.113 — — No physical refinement
Diffusive only 0.076 — — No feature learning
Full framework (ours) 0.017 0.024 — Complementary gains

4*Noise Robustness 0% noise 0.017 — — Baseline
1% noise 0.044 — — Stable
3% noise 0.061 — — Moderate degradation
5% noise 0.084 — — Graceful decline

3*Spatial Resolution 32× 32 0.071 — 6 min Under-resolved
64× 64 (ours) 0.017 — 15 min Balanced
128× 128 0.034 — 42 min Higher cost

3*Time Step ∆t 0.005 0.061 — — Coarse discretization
0.002 (ours) 0.017 — — Stable
0.001 0.036 — — Slight gain, costly

2*Physics Components Full model 0.017 — — Accurate interfaces
Without Laplacian 0.092 — — Interface errors

3*Benchmark Field Smooth gradient 0.029 — — Easy case
Oscillatory 0.041 — — Medium
Sharp interface 0.048 — — Hard case

Average (Best Unsupervised Settings) 0.017 0.024 — Aggregated over all bold entries
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