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ABSTRACT

Stochastic Gradient Descent (SGD) plays a key role in training deep learning mod-
els, yet its ability to implicitly regularize and enhance generalization remains an
open theoretical question. We apply Large Deviation Theory (LDT) to analyze why
SGD selects models with strong generalization properties. We show that the gener-
alization error jointly depends on the level of concentration of its empirical loss
around its expected value and the abnormality of the random deviations stemming
from the stochastic nature of the training data observation process. Our analysis
reveals that SGD gradients are inherently biased toward models exhibiting more
concentrated losses and less abnormal and smaller random deviations. These theo-
retical insights are empirically validated using deep convolutional neural networks,
confirming that mini-batch training acts as a natural regularizer by preventing
convergence to models with high generalization errors.

1 INTRODUCTION

Stochastic Gradient Descent (SGD) has become a crucial tool in modern deep learning, driving the
training of models that power today’s Al applications (Bottou, 2010). In addition to being an efficient
optimization algorithm, SGD plays a vital role in shaping the generalization performance of models,
particularly in overparameterized systems where many solutions can perfectly fit the training data
(Zhang et al., 2017). Remarkably, SGD exhibits an implicit bias toward solutions that generalize well
to unseen data, an intriguing phenomenon that has captured the attention of researchers.

A key reason for this implicit bias is the inherent noise from the stochastic nature of gradient updates
in SGD (Neyshabur et al., 2015b; Zou et al., 2021). This noise directs the optimization process
toward flat minima —solutions that are less sensitive to data perturbations— resulting in models with
robust generalization (Keskar et al., 2016). Researchers have linked this behavior to a preference for
simpler, lower-complexity solutions, indicating that SGD’s stochasticity acts as an implicit regularizer
(Neyshabur et al., 2015b; Hardt et al., 2016; Zou et al., 2021; Tian et al., 2023). Recent studies show
that, even in simple models like linear regression, SGD’s implicit regularization can outperform
explicit methods like ridge regression, especially in overparameterized settings (Zou et al., 2021).
These insights underscore the importance of algorithmic regularization in deep learning, yet there is
still a pressing need for new perspectives and explanations to unravel the relationship between SGD,
noise, and generalization. The exact nature of this phenomenon remains one of the most compelling
open questions in theoretical machine learning (Ghorbani et al., 2019).

We present a novel theoretical analysis of SGD’s implicit bias using principles from Large Deviation
Theory (LDT) (Ellis, 2006; Touchette, 2009). We introduce a new decomposition of the generalization
error based on the rate function, showing that it depends on the concentration of empirical loss around
its expected value and the magnitude of random deviations from the stochastic training data. This
decomposition breaks the gradient of the training loss into three terms: (i) biases the algorithm
toward models with lower expected loss, (ii) favors less concentrated empirical losses, and (iii)
promotes models with larger random deviations. We show that small mini-batches prevent SGD from
converging to models with large generalization error.

These findings provide a new perspective on SGD and suggest ways to improve optimization.
Specifically, we show that SGD does not need to follow every mini-batch’s gradients to achieve low
generalization error. By discarding mini-batches that contribute little information, we can achieve
more efficient solutions with better generalization, paving the way for enhanced performance in SGD.
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2 PRELIMINARIES

In this work, we build on the idea that the empirical loss of each model in a given class behaves
as a random variable with a distinct mean and varying concentration around that mean. A dataset
induces a realization of this random variable. Formally, let D represent a training dataset of size
n > 0, generated i.i.d. from an unknown distribution »(y, ). The model class is parameterized by
0 € O, and for each model 8, its loss function ¢(y, x, 0) is assumed to be positive. The expected loss
is L(0) = E,[((y,x, 0)], while the empirical loss on dataset D is L(D,0) = L 3" ((y,, x;,0).
The empirical loss L(D, @) behaves as a random variable L, (0), as it is derived from the randomly
sampled dataset D ~ v". The realized value of L, (0) when the dataset D is observed is denoted as
L(D, 0). Each model’s empirical loss L,,(0) has mean equal to L(8), but the degree of concentration
around this mean varies. Figure 1 (left) illustrates this with histograms for three InceptionV3 models
(Szegedy et al., 2016), using datasets of size n = 50, produced using methods from Masegosa and
Ortega (2024). The histograms show that concentration varies: the Initial model (using Kaiming or
He initialization (He et al., 2015)) is highly concentrated around its mean L(0) = In 10, while the
£5-regularized model also has greater concentration compared to the Standard model.

EmpiriAcal risk minimization seeks to find a model € that minimizes the realized empirical loss,
ming L(D, ). The main challenge is to choose models whose empirical loss is close to the expected
loss L(8), ensuring a small generalization error, defined as the difference between L (D, @) and L(8).
This work demonstrates that generalization error is influenced by two key factors: (i) the level of
concentration of the random variable L,,(0); a small empirical loss L(D, 6) could result from a
model with a high expected loss L(8) but poor concentration, which is undesirable since such models
generalize poorly. It could also come from a model with a well-concentrated L, (0) and a lower mean
L(0), the desired outcome. (ii) the level of abnormality of the generalization error, which refers to
the possibility that a small empirical loss may be due to an unlikely, abnormal occurrence from the
left tail of L., (@), irrespective of the concentration level.

In order to mathematically formalize these two factors, we use the so-called rate function, the central
function in LDT, which is denoted by Zg(a) : R — R, and it is defined as the Legendre transform of
the cumulant generating function, denoted by Jg(\) : R — R, In this work, we introduced a signed
version of the rate function and consider the cumulant generating function of the model’s centered
loss. These two functions are defined as

Jo(A) =InE, [e/\(L(e)*e(y’m’e))} and Zg(a) = sign(a) -sup Aa — Jg(A), (1
AER

where Zg(a) is a signed rate function to make it invertible in R. The rate Zy(a) and the cummulant
Jo () are well defined, positive and strictly monotonic real-valued functions, satisfying Zg(0) = 0
and Jg(0) = 0 (Rockafellar, 1970).

The relevance of the rate function is consequence of Chernoft’s bound, which upper-bounds how
likely is to observe an empirical loss L(D, 0) that largely deviates from the expected loss L(8).

Theorem 1 (Chernoff (1952)). For any fixed @ € © and n > 0, it satisfies
Va >0, Pp,(L(6) - L(D,#) > a) < e~ MZe(a)l

7 2
Ya <0, Ppey(L(0) — L(D,8) <a) <emTol@l 2

On the other hand, Cramér’s Theorem (Cramér, 1938) states that Chernoff’s bound is exponentially
tight for large n. Formally, this statement is written as follows,

Theorem 2 (Cramér (1938); Ellis (2000)). For any fixed 8 € © and any a > 0, it satisfies

lim —=InPpoyn (L(6) — L(D,6) > a) = |Zg(a)|.

n—oo N

The same result holds for the left tail, Pp.,» (L(0) — L(D,6) < a) with a < 0. In LDT, the above
asymptotic result is stated by saying the Chernoff’s bound is exponentially tight for large n. Formally,
there exists a function o(n, a) such that lim,,_, ~0(n,a) = 0, verifying

Va >0, Ppu,n(L(0)— L(D,0) > a) = e "Fol@ltolna)  o=niZo(a)] 3)
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Figure 1: Visualization of the distribution IA/,L(B) (left), the rate function Zg(a) (center), and the
abnormality «(D, ) (right) for three InceptionV3 models trained on CIFAR-10. The models
considered include a standard SGD-trained model, a ¢>-regularized model, and the initial model
before training. In the right panel, the Exponential of n is displayed twice to illustrate Theorem 4.

where < denotes asymptotic equality (Ellis, 2006). The expression above demonstrates that the exact
value of Pp,n (L(@) — L(D, 0) > a) is determined by the rate function, along with an additional
sub-exponential term that becomes negligible for sufficiently large n. Therefore, for large n, the
rate function effectively captures the level of concentration of the empirical loss L,,(8) around its
expected value L(8), because it defines the survival function of the random variable L(8) — L(D, 6)
with D ~ v™. As a result, models with larger rate functions are less likely to exhibit large differences
between their expected and its realized empirical losses. This relationship within the context of
machine learning has been recently examined by Masegosa and Ortega (2024).

Figure 1 (center) presents the rate functions for the three previously discussed InceptionV3 (Szegedy
et al., 2016) neural networks, estimated using the procedures outlined in Masegosa and Ortega
(2024). The rate functions clearly reflect the varying levels of concentration in the empirical losses,
as depicted by the histograms in Figure 1 (left). The Initial model exhibits a prominent rate function,
while the Standard model has a smaller rate function compared to the ¢2-regularized model.

3 THE IMPLICIT BIAS OF GRADIENT DESCENT (GD)

In this section, we introduce a novel decomposition of a model’s generalization error, formalize
the concept of abnormality in the generalization error, and demonstrate how (full-batch) Gradient
Descent (GD) is biased toward finding models with poorly concentrated empirical losses and whose
realized empirical loss deviates abnormally from the expected loss.

DECOMPOSING THE EMPIRICAL LOSS

The following result presents a novel decomposition of the empirical loss in terms of the expected loss
L(8), the inverse of the (signed) rate function, denoted Z, ' (s), and a function a: D x © — R. As
argued in the next section, a(D, 0) measures the degree of abnormality of the observed generalization
error, L(0) — L(D, 6), for the model 6.

Proposition 3. For any D ~ v™ and any 8 € O, we have that
L(D,6) = L(6) — I, (a(D.0)) . @
where a : D x © — R is defined as a(D, 8) := Tg(L(0) — L(D, 9)).

Although the above decomposition is technically simple, it effectively breaks down the empirical loss
into three distinct components with highly meaningful interpretations. The first component is the
expected loss, denoted as L(8). The second component, a composite term, measures the deviation
of the observed empirical loss from its expected value, often referred to as the generalization error.
Within this term, the function Z, ' (s) defines the level of concentration of L,,(8) around its expected
value. As shown in Section 2, models with a high rate function exhibit greater concentration. Conse-
quently, models with a smaller inverse rate function Z, 1 (s) are more concentrated too. Actually, a
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second-order Taylor expansion Z, ! (s) around s = 0 shows how this quantity is closely related to
the standard-deviation of the loss of a model, denoted by 0(9):

T, " (s) ~ sign(s)\/2|s|0(0), where o(8) := /E,[({(y,x,0) — L(6))?]. 5)

Finally, it is important to note that both () and Z, ' (s) are deterministic; all the randomness in
ﬁ(D, 0) arises from the abnormality value a(D, 0). As we will show in the next section, the value of
a(D, 0) represents the degree of abnormality in the magnitude of the generalization error. (D, 6)
will be higher when the observed L (D, @) comes from the tails of L,,(0) and small otherwise. Since
I, (s) increases monotonically with s (Rockafellar, 1970), a larger a(D, 8) value leads to a greater
difference between L(8) and L(D, 8).

THE ABNORMALITY OF THE GENERALIZATION ERROR

In this work, we propose that a(D, ), as defined in Proposition 3, serves as a measure of the degree
of abnormality in an observed generalization error. A large difference between ﬁ(D 6) and L(6) can
be considered highly unlikely or abnormal if the model’s empirical loss L, (9) is tightly concentrated
around its mean (@), indicating that L(D, ) is sampled from the tails of L, (). Conversely, the
same difference between L(D, 0) and L(0) may not be abnormal for a model whose empirical loss
ﬁn(0) is poorly concentrated.

Using the approximation of Equation (5), we can derive the following approximation for «(D, 0):
(D, 8) ~ sign(L(6) — L(D, )0 (8) *(L(8) — L(D,8))*. ©)

From this approximation we can start to understand why large «(D, @) values corresponds to
situations where L(D, 6) is abnormally distant from its mean L(8). In general, according to Theorem
2, (D, @) asymptotically equals the (normalized) log-probability of observing a generalization error
higher or equal than L(6) — L(D, 6) as:

a(D,0) < —11nPs_,.(L(0) — L(S,0) > L(0) — L(D,0)) . (7)

Intuitively, given a fixed dataset D, the abnormality rate (D, 0) measures the log-probability of
observing, for another dataset S, a larger generalization error than the one observed with D. Using
it to compare two models @ and €', if (D, 0) > «(D, "), observing, for another dataset S ~ ", a
generalization error higher or equal than the one observed with D is more unlikely for @ than for ',
We then say that the observed generalization error for D was more abnormal under 0 than under 6'.

The following result shows how (D, 0), as a random variable over D ~ v™, is highly related to an
exponential distribution of parameter n:

Theorem 4. Forany 6 € ©, n > 0and D ~ v, the cumulative of distribution of (D, 0) satisfies

Vs >0 Ppeyn(a(D,0) >s) <e "l and VYs<0 Ppuyn(a(D,8) <s) <e "l
®)

and both inequalities are asymptotically tight,
Vs >0 Ppun(a(D,0)>s)=<e ™ and Vs<0 Ppon(a(D,0)<s)=e ™. (9

The result given by Equation (8) shows that the tails of the distribution of a/(D, ) are always thinner
than those of an exponential distribution with rate n, denoted as Exp(n). Crucially, this always
happens regardless of the model or the data-generating distribution. This insight allows us to
accurately quantify the degree of abnormality in the generalization error of a model by positioning the
corresponding (D, €) value within the tail of an exponential distribution. For example, in a dataset
of size 50 000, when (D, 8) > 50000 000 In 551 L ~ 0.0001, the probability of randomly observing
such an event is less than 1%. This is a universal cut-off, because it is applicable for any model and
for any data-generating distribution.

The second result, presented in Equation (9), shows that for large datasets, a(D, 0) closely approx-
imates a zero-centered double-exponential distribution, or Laplace distribution, regardless of the
model or the data-generating distribution. This indicates that for large datasets, the stochasticity
associated with L(D, 0) can be effectively represented by a Laplace distribution, independently of
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Figure 2: Evolution of training and test loss (left), loss variance (center), and abnormality rate (right)
for InceptionV3 models trained with varying batch sizes. ¢5 regularization is applied to the model
trained with a larger batch size. In the right panel, a(By, 8;) is depicted with a shadowed color to
emphasize its proximity to a(D, 8).

the model family or the underlying data-generating process. Figure 1 (right) illustrates this point with
surprising accuracy. The figure shows how the empirical distribution of (D, 6) for three very differ-
ent InceptionV3 models trained on Cifar10, where D ~ 50, closely resembles a double—expongntial
or Laplace distribution, even with such as a small n value. As conclusion, the distribution of L,,(0)
for large n values can be expressed as:

L(D,0) ~ L(8) — T, (s), s ~ Laplace(0,n) . (10)

The above equation resembles the reparametrization of a Gaussian distribution, particularly when
considering the approximation given in Equation (5). This perspective highlights a novel asymptotic
approximation of the generalization error offered by Large Deviation Theory (LDT) (Ellis, 2006),
that, at first, differs from the one provided by the Central Limit Theorem.

THE IMPLICIT BIAS OF GRADIENT DESCENT (GD)

Proposition 3 sheds light on the different trade-offs involved in the minimization of the empirical
loss. This result can be used to decompose the gradient of L(D, ) in three different terms at each
iteration ¢ of the optimization process followed by GD. More precisely:

VoL(D,8,) = VoL(6;) = VoI, (5)jseap.6,) — ViZlo, (8)acap.on VoD, 8:) .  (11)

|s=a

To simplify the analysis, and without any loss of generality, we will assume through the rest of
the paper that L(0;) > L(D, 6,), because this is always the case in GD after very few iterations.
According to Proposition 3 and the above decomposition of the gradient, when GD minimizes the
empirical loss L(D, 8) involves the minimization/maximization of the following terms:

1. Vo L(0:) points towards models with small expected loss L(8).
2. VoI, ! (s) points towards models with poorly concentrated L, (6).

3. —=Vea(D, ;) points towards models with abnormal generalization errors.

The third term in the decomposition is multiplied by VZ,, ! (S)|s:a( D,6,) which is a scalar. Since
L(6,) > I:(D, 6.), this term is always positive and does not influence the gradient’s direction.

These dynamics are clearly depicted in Figure 2, which illustrates the behavior of the gradient
descent optimizer with very large batches (batch size 5 000). In Figure 2 (left), we observe that
L(D, 0) decreases monotonically, while L(6) decreases during the first half of the iterations but then
begins to slightly increase in the latter half. Figure 2 (center) displays the evolution of the variance
of the model’s loss function, which is a proxy to measure the degree of concentration of L, (6;),
showing a consistent increase over time. Finally, Figure 2 (right) demonstrates the progression of the
abnormality rate (D, €), which steadily rises during the entire optimization process.

It is noteworthy to see how GD converges to models whose realized empirical loss ﬁ(D7 0) is
very abnormally far from the expected loss L(0). To get a sense of how much abnormal are these
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Figure 3: Cosine similarities between using the full dataset D and mini-batches B; of the three
gradient components of Equation (12); namely, train loss, inverse rate and abnormality rate. The same
InceptionV3 models of Figure 2 are considered. As shown, gradients of Z Y(af(-, 8y)) are perfectly

aligned using D or By, meaning that batch misalignment in Vg L(-, 8;) is governed by Voo (-, 6;).

deviations, we can use Theorem 4 and compute the probability of observing an «(D, ) value
of 0.7 when the dataset D has a size n = 50 000. This probability is equal to or smaller than
e =50 000:0.7 5 10=8 000 which represents an astronomically small probability. The occurrence of
this extremely unlikely event can only be explained by recognizing that gradient descent explores
a vast space of different realizations of (potentially independent) random variables L, (0), one for
each model in the model class. When we have a very large model class and explore the empirical loss
over a particular dataset D, we are really exploring the realizations of a very large number of random
variables. It is inevitable that, by chance, some of these realizations will deviate abnormally far from
their mean. This phenomenon is independent of the level of concentration of the random variable.
The following inequality shows how smaller model classes make (D, 8) takes smaller values.

Proposition 5. Let be © a finite model class with M models. Then, with h.p. 1 — § over D ~ v™,

1. M
P a(D,0) < —In— ) >1-9.
(Ig@ n 6)

4 THE IMPLICIT BIAS OF STOCHASTIC GRADIENT DESCENT (SGD)

Stochastic Gradient Descent (SGD) seeks to minimize I:(D7 0) by following the gradients of
fL(Bt, 0.), where B, represents the mini-batch processed by SGD at iteration ¢. When batch sizes
are large, the gradients of L(D, ) and L(B, 8,) are closely aligned. However, as the batch size
decreases, this alignment can deteriorate significantly. This effect is empirically illustrated by the
green dots of Figure 3, these green dots display the cosine similarity between ng/(Bt, 6;) and
Vgﬁ(D, 6;) computed for trained InceptionV3 models with different batch sizes. With large batch
sizes, the gradients of L(D, 8,) and L(By, 6,) are strongly aligned. However, for smaller batch sizes
(those typically used in machine learning), the misalignment is much higher.

This misalignment between the gradients of L(D, 8,) and L(By, 6,) is the effect of the so-called
gradient noise introduced by SGD (Keskar et al., 2017; Jastrzebski et al., 2017). This gradient noise
is known to be the key factor behind the superior generalization performance of models trained
with SGD compared to those trained with GD. Although both SGD and GD converge to neural
networks that minimize and interpolate the training data (i.e., L(D, 8) = 0), the minima found by
SGD typically result in better generalization error (Hochreiter and Schmidhuber, 1997). Figure 2
(left) illustrates this widely recognized effect in the literature.

In this section, we show how the misalignment between the gradients of L(D,6,) and L(By, ;)
can be clearly identified and understood using the decomposition of the empirical loss presented in
Equation (4). Similarly to the gradient decomposition shown in Equation (11), we can decompose
the gradient of L(B;, 0;) as follows,

Vgi(Bt, et) = V@L(et) - V@I&tl (S)‘S:a(Bt’gt) - VSI;tl (S)|5:a(Btg9t) V@a(Bt,Ht) . (12)

The first component of this decomposition, Vg L(8;), is independent of the batch B;, and thus
remains the same for both GD and SGD. As a result, any differences between the gradients in GD
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and SGD must stem from the other two components. However, we will argue that the second term
involving VeZ, ! is (nearly) perfectly aligned with the same second component of Vg L (D, 8) beside
of the use of mini-batches, concluding that the stochasticity in SGD is governed fully by the last term.

ON THE ALIGNMENT OF VQI;LI(S) IN GD AND SGD

Figure 3 shows that the cosine similarity between VoZy ' (s 5)|s=a(D,0,) @nd VoI (s 5)|s=a(B.,0,)
remains consistently close to 1 or —1 across all models encountered durlng the SGD optimization
process, irrespective of the batch size. In fact, this quantity goes to —1 only when L(6;) — L(DB:, 6;)
and L(0:) — L(D, 0;) have different signs, which usually never happens after a few optimization
steps, because, after few iterations, we always have that L(6,) > L(B,, 6,) and L(6,) > L(D, 6,),
as shown in Figure 2 (left).

We can theoretically explain why the inverse rate gradient of SGD in Equation (12) is perfectly align
with its full-batch version at the early stages of the training procedure (when the values of a(B;, ;)
are low) and at the final stages (when a(By, 0;) is large). Firstly, consider the first iterations of SGD,
when L(By, 6;) are still relatively close to L(6;). In that cases, a(B, ;) is close to 0, as illustrated
in Figure 2 (right), because lim,_,¢ Zg(a) = 0. In that regime using a second order approximation
around s = 0, as shown in Equation (5), we got that I ~ sign(s)+/2|s|o(0). The direction of
the gradient w.r.t. @ of such quantity does not depend on s, and hence, does not depend on B, through
s = a(By, 0). As aresult, using different mini-batches does not affect the direction of the gradient
of 7y ! (s) at the early stages of the training setup. The particular mini-batch only affects the norm of
this gradient. On the other hand, at the latter stages of the learning when Ii(Bt, 6;) = 0, by adapting
Proposition 3 for batches By, we have that Z, ' (a(B;, 0;)) ~ L(6,) and the same argument holds:
the different mini-batches does not affect d1rect10n of the gradient Vg7, L(s )‘S a(B;,0,)" These
approximations are shown in Figure A.6 for different batch sizes. They hold quite well for a large
part of the training process.

Our hypothesis to explain the perfect alignment observed in the middle phase of training is that
VeI, ' (s) can also be accurately approximated as the product of two functions, VeZ, ' (s) =
f(5,0)Veg(8), similar to what occurs in the early and late training stages. As a result, the abnor-
mality rate «(By, 0;) influences only the magnitude, not the direction, of the inverse rate’s gradient.
Although a exploration of this decoupled gradient approximation is beyond the scope of this work,
the following result demonstrates that, for linearized neural networks (a commonly used approxi-
mation valid in the infinite-width limit (Jacot et al., 2018)) and under certain assumptions about the
data-generating distribution, this gradient decoupling of the inverse rate indeed always holds.

Proposition 6 (Informal). In regression problems with mean squared error loss and under a model
linearization hypothesis with Gaussian feature vectors, the gradient of the inverse-rate function can
be expressed as VoI, ' (s) = f(s,0)Veo(0).

The conclusion of all these analyses is that both the first and second components of the stochastic
gradient Vo L(By, 8;) are perfectly aligned with the corresponding components of the full-batch
gradient Vg L(D, 0;). Therefore, the primary source of gradient noise in SGD arises from the
misalignment between the third components of the stochastic and full-batch gradients.

SGD PREVENTS HIGHLY ABNORMAL GENERALIZATION ERRORS

SGD promotes models with abnormal generalization errors due to Vga(D, ;) appearing in the
decomposition of Equation (12). Figure 3 shows how, under large batches, Vga(By, 6;) is almost
perfectly aligned with Vga(D, 6;), directing the optimizer towards models with abnormal gener-
alization errors (i.e., models with larger a(D, 8,) values) as shown in Figure 2 (right). However,
this figure also shows how SGD with small mini-batches leads to models with much less abnormal
generalization errors. In this case, Figure 3 (left) shows how the the gradients Vga(Bs, 0;) are highly
misaligned with Vga(D, ;). It is important to observe that, in the gradient decompositions of GD
and SGD given by Equations (11) and (12), the final term is multiplied by a gradient, which acts
as a scalar. Consequently, the cosine distance between these third components is equivalent to that
between the a(D, 6;) and «(By, 6¢)) components.
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Figure 4: Evolution on KL divergence from Theorem 7 (left), norm difference between training
loss and expected loss gradients (center) and cosine similarity between the gradients (right) of the
InceptionV3 models trained on Cifar10 for different batch sizes.

Let denote 8, an update of ; by following the gradient of o(B;, 6;) instead of a(D, 6;). That
is, 0 = 0; +yVea(DB,8;) for a step-size v > 0. The alignment between Vga(B;,6;) and
Vea(D, ;) determines the value of (D, 0;°). When 7 is small, we can use a Taylor approximation
of order 1 on a(D, 8;), centered at 8, to estimate o(D, 6,°),

a(D,8)) ~ a(D,8;) +yVea(D,8,) Voo (B, 8) .

Naming £ the angle between Voa(D, 8;) and Vga(B, 0;), that is, their cosine similarity, we can
rewrite the above equation as

a(D,0/) = a(D,6;) +[Vea(D,8,)|[[Voa(Bt, 8,)|| cos(B) .

As a result, if the two gradients are highly misaligned, cos(3) will take on small positive or even
negative values, as illustrated in Figure 3 (left). This leads to smaller increases or even decreases in
a(D, 8;). In contrast, as shown in Figure 3 (right), using larger batches results in cos(3) values that
are closer to 1, which facilitates a more straightforward increase in a(D, 6;).

Overall, we observe that the primary effect of gradient noise in SGD is to bias the optimizer toward
models with less abnormal generalization errors, which, according to Proposition 3, leads to models
with smaller generalization error. In the next section, we explore another consequence of this bias.

ON WHY SGD IS BIASED TOWARDS MODELS WITH LOWER GENERALIZATION ERROR

On average, SGD follows the gradients of ﬁ(D7 0), meaning Ep..p[VeL(B,0)] = Vgﬁ(D, 0),
where B ~ D represents the mini-batches sampled from the dataset D. In the next result, we
show that the similarity between the gradients of L(D, @) and L(8) improves for models whose
generalization error is less abnormal. The key result is that the gradient of L(D, @) can be represented
as an expectation over an alternative distribution -, where the KL divergence between -~y and the true
data distribution v increases with the abnormality a(D, 6). By keeping this abnormality low, the
gradients of L(D, 8) for the models visited by SGD are more similar to those of L(0), leading to
models with lower expected loss.

Theorem 7. Forany @ € ©, n > 0and D ~ V", there exists a distribution ~(y, ) that depends on
0 and (D, ), such that,

VoL(D,6) = VoE,[((y.z,0)] (13)
and KL (v | ) is monotonically increasing with «(D,0) and KL (v |~) = 0 if a(D,8) = 0.
Furthermore, if the loss function {(y, x, ) is M -Lipschitz with respect to (y,x). Then,

IVeZg ! (5)jsma(pioy |2 < M2 KL(v [ 7). (14)

Equation (13) suggests that the difference between the expected and empirical gradients is thus
governed by the difference between v and ~,

VL(0) = VoE,[((x,y,0))], VIL(D,8) = VeE,[l(z,y,0)].
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Figure 5: Evolution on train/test loss (upper left), variance (upper center), abnormality rate (upper
right), KL divergence from Theorem 7 (lower left), distance (lower center) and cosine similarity
(lower right) between training loss and expected loss gradients of the InceptionV3 models trained on
Cifar10 using batch size of 250 and the skipping procedure described in Section 4.

Following the procedures in Masegosa and Ortega (2024), KL (v | ) can be easily estimated using
Proposition 16 and the test set. Figure 4 (left) illustrates that SGD with smaller mini-batches tends to
explore models where this KL divergence is significantly reduced, which, as shown in Theorem 7,
results from the decreased level of abnormality a(D, 0) in the models visited by SGD. Consequently,
the gradients of L(D, 0) and L(@) should become more similar, as suggested by Theorem 7. The
experimental findings presented in Figure 4 (center and right) support this theoretical analysis.

Equation (14) in Theorem 7 shows how the KL (v | v) term also limits the norm of the second
component of the gradient of L(D, 0) in Equation (11), which also aligns with the idea that the
gradient of L(D, 0) become more similar to the gradient of L(@) according the decomposition given
in Equation (11). As a consequence, a smaller abnormality induces a smaller KL term and, in turn, a
gradient of the inverse rate with smaller norm. The consequence is that the optimizer is less biased
to models with a poorly concentrated loss. Figure A.7 (left) shows how the norm of this gradient is
(relatively) smaller for SGD with smaller mini-batches. And this would explain why SGD is also
biased towards models with more concentrated losses, as shown in Figure 2 (center).

DISCARDING HIGHLY ABNORMAL MINI-BATCHES

To further validate our results, we conducted an experiment in Figure 5 where we applied SGD
optimization but discarded batches with «(B;, 6;) values deemed large. We used Theorem 4
to determine when an «(By, 8,) value was considered large, discarding batches where «(By, 0)
exceeded a pre-specified quantile of the corresponding exponential distribution. The rationale is that
if a batch is highly abnormal (i.e., the probability of observing it is below 0.001, this threshold is
called skip size in Figure 5), the similarity between its gradient and the gradient of the expected loss
is likely to be poor, as the term KL (v | «y), which controls this similarity, would be large according to
Theorem 7. Therefore, in such cases, it’s more effective to skip the batch, avoid following its gradient,
wait for the next batch and repeats the procedure.

Figure 5 supports our theoretical analysis. The reduction in the level of abnormality leads to effects
analogous to those seen when reducing the batch size, as when transitioning from GD to SGD. This
corroborates the idea that by reducing the level of abnormality, we can biased the optimizer towards
models with smaller generalization error. This experiment should not be interpreted as a novel
training approach because to compute «( By, 0;), we are using the test set to approximate v.
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5 RELATED WORK

The generalization capabilities of Stochastic Gradient Descent (SGD) have been extensively studied,
with various theories proposed to explain why SGD often outperforms deterministic optimization
methods in terms of generalization. A prominent line of research attributes this phenomenon to the
tendency of SGD to converge to flat minima in the loss landscape. Hochreiter and Schmidhuber
(1997) first introduced the concept of flat minima, suggesting that solutions located in wide, flat
regions of the loss surface generalize better to unseen data. This idea has been further explored by
many other works (Keskar et al., 2016), who observed that small-batch SGD gravitates towards flatter
minima, while large-batch training tends to find sharp minima associated with poorer generalization.
Although our work focuses on the concentration properties of the empirical loss rather than the
geometry of the loss landscape, our main hypothesis is that the connection between these two lines of
research is that flatter minima correspond to models which are more concentrated and/or with less
abnormal generalization error.

Another perspective considers the implicit regularization effect of SGD. Neyshabur et al. (2015a)
proposed that SGD biases models towards solutions with smaller norms, aligning with capacity
control theories that relate model complexity to generalization. This implicit norm minimization
effect has been linked to the generalization performance of deep neural networks, as networks
with smaller weights are thought to be less prone to overfitting (Bartlett et al., 2017). The work
of Masegosa and Ortega (2024) would establish a link between these works and our work, as it
establishes that models with smaller norms exhibit greater concentration in their empirical losses.

Works using concentration bounds to understand SGD build on the same conceptualization by treating
the empirical loss of each model as a random variable (Kawaguchi et al., 2017; Bartlett et al., 2017;
Neyshabur et al., 2017; Golowich et al., 2018; Liang et al., 2019). However, these works typically
rely on upper bounds, which are often known to be vacuous or overly loose in deep neural networks
(Nagarajan and Kolter, 2019; Gastpar et al., 2024). Moreover, they generally do not account for the
individual concentration properties of each model in the hypothesis space, potentially overlooking
critical nuances in how different models generalize (Casado et al., 2024). In contrast, our work
leverages a fundamental equality that directly decomposes the training loss into distinct components,
providing a more nuanced and detailed analysis that goes beyond the limitations of traditional
concentration bounds.

6 CONCLUSIONS AND LIMITATIONS

In this work, we have presented a novel theoretical analysis of Stochastic Gradient Descent (SGD)
using principles from Large Deviation Theory (LDT). Our findings reveal that the generalization
error in SGD can be decomposed into components influenced by the expected loss, the concentration
of the empirical loss, and the level of abnormal deviations from the expected value.

Our analysis reveals that the primary effect of gradient noise in SGD is to limit the exploration of
models where the empirical loss deviates substantially from the expected loss. We show that this
effect ensures that SGD tends to visit models where the empirical gradients closely align with the
expected gradients, resulting in a more effective reduction of the expected loss and, consequently,
leading to models with lower generalization error.

While this work offers valuable theoretical insights into the implicit regularization effects of SGD,
there are several limitations that need to be addressed. Firstly, although we introduced the concept of
SKIP-SGD, we did not provide a fully developed alternative to standard SGD. We believe, however,
that this approach could be transformed into a viable optimization technique by using an independent
validation dataset to compute a( By, 0;), potentially paving the way for entirely new variations of
SGD. Secondly, our empirical findings were limited to a specific set of models, and it is crucial to
validate these results across a broader range of architectures and tasks to ensure their generalizability.
Lastly, the role of explicit regularization methods, such as /5 regularization or the use of invariant
architectures, should be investigated within this framework to better understand how they interact
with and influence the implicit biases of SGD.

10



Under review as a conference paper at ICLR 2025

REFERENCES

Peter L Bartlett, Dylan J Foster, and Matus J Telgarsky. Spectrally-normalized margin bounds for
neural networks. In Advances in Neural Information Processing Systems, pages 6240-6249, 2017.

Léon Bottou. Large-scale machine learning with stochastic gradient descent. In Proceedings of
COMPSTAT 2010, pages 177-186. Springer, 2010.

Ioar Casado, Luis A Ortega, Andrés R Masegosa, and Aritz Pérez. Pac-bayes-chernoff bounds for
unbounded losses. arXiv preprint arXiv:2401.01148, 2024.

Herman Chernoff. A measure of asymptotic efficiency for tests of a hypothesis based on the sum of
observations. The Annals of Mathematical Statistics, pages 493-507, 1952.

Harald Cramér. Sur un nouveau théoreme-limite de la théorie des probabilités. Actual. Sci. Ind., 736:
5-23, 1938.

Richard S Ellis. Entropy, large deviations, and statistical mechanics, volume 1431. Taylor & Francis,
2006.

Michael Gastpar, Ido Nachum, Jonathan Shafer, and Thomas Weinberger. Fantastic generalization
measures are nowhere to be found. International Conference on Learning Representations, 2024.

Behrooz Ghorbani, Shankar Krishnan, and Yi Xiao. An investigation into neural net optimization via
hessian eigenvalue density. In International Conference on Machine Learning, pages 2232-2241,
2019.

Noah Golowich, Alexander Rakhlin, and Ohad Shamir. Size-independent sample complexity of
neural networks. In Conference On Learning Theory, pages 297-299. PMLR, 2018.

Moritz Hardt, Benjamin Recht, and Yoram Singer. Train faster, generalize better: Stability of
stochastic gradient descent. In International Conference on Machine Learning, pages 1225-1234,
2016.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Delving deep into rectifiers: Surpassing
human-level performance on imagenet classification. In Proceedings of the IEEE international
conference on computer vision, pages 1026—-1034, 2015.

Sepp Hochreiter and Jiirgen Schmidhuber. Flat minima. Neural Computation, 9(1):1-42, 1997.

Arthur Jacot, Franck Gabriel, and Clément Hongler. Neural tangent kernel: Convergence and
generalization in neural networks. Advances in neural information processing systems, 31, 2018.

Stanislaw Jastrzebski, Devansh Arpit, Nicolas Ballas, David Krueger, Yoshua Bengio, and Stephan
Mandt. Three factors influencing minima in sgd. arXiv preprint arXiv:1711.04623, 2017.

Kenji Kawaguchi, Leslie Pack Kaelbling, and Yoshua Bengio. Generalization in deep learning. arXiv
preprint arXiv:1710.05468, 2017.

Nitish Shirish Keskar, Dheevatsa Mudigere, Jorge Nocedal, Mikhail Smelyanskiy, and Ping Tak Peter
Tang. On large-batch training for deep learning: Generalization gap and sharp minima. arXiv
preprint arXiv:1609.04836, 2016.

Nitish Shirish Keskar, Dheeraj Mudigere, Jorge Nocedal, Mikhail Smelyanskiy, and Ping Tak Peter
Tang. On large-batch training for deep learning: Generalization gap and sharp minima. In 5th
International Conference on Learning Representations (ICLR), 2017.

Tengyuan Liang, Tomaso Poggio, Alexander Rakhlin, and James Stokes. Fisher-rao metric, geometry,
and complexity of neural networks. In The 22nd international conference on artificial intelligence
and statistics, pages 888-896. PMLR, 2019.

Andrés R Masegosa and Luis A Ortega. Pac-chernoff bounds: Understanding generalization in the
interpolation regime. arXiv preprint arXiv:2306.10947, 2024.

11



Under review as a conference paper at ICLR 2025

Vaishnavh Nagarajan and J Zico Kolter. Uniform convergence may be unable to explain generalization
in deep learning. Advances in Neural Information Processing Systems, 32, 2019.

Behnam Neyshabur, Ryota Tomioka, and Nathan Srebro. Norm-based capacity control in neural
networks. In Proceedings of the 28th International Conference on Learning Theory (COLT), pages
1376-1401. PMLR, 2015a.

Behnam Neyshabur, Ryota Tomioka, and Nathan Srebro. In search of the real inductive bias: On the
role of implicit regularization in deep learning. arXiv preprint arXiv:1412.6614, 2015b.

Behnam Neyshabur, Srinadh Bhojanapalli, David McAllester, and Nati Srebro. Exploring generaliza-
tion in deep learning. Advances in neural information processing systems, 30, 2017.

Ralph Tyrell Rockafellar. Convex Analysis. Princeton University Press, Princeton, 1970. ISBN
9781400873173. doi: doi:10.1515/9781400873173. URL https://doi.org/10.1515/
9781400873173.

Christian Szegedy, Vincent Vanhoucke, Sergey loffe, Jon Shlens, and Zbigniew Wojna. Rethinking
the inception architecture for computer vision. In Proceedings of the IEEE conference on computer
vision and pattern recognition, pages 2818-2826, 2016.

Yingjie Tian, Yuqi Zhang, and Haibin Zhang. Recent advances in stochastic gradient descent in deep
learning. Mathematics, 11(3):682, 2023.

Hugo Touchette. The large deviation approach to statistical mechanics. Physics Reports, 478(1-3):
1-69, 2009.

Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding
deep learning requires rethinking generalization. In Proceedings of the International Conference
on Learning Representations (ICLR), 2017.

Difan Zou, Jingfeng Wu, Vladimir Braverman, Quanquan Gu, Dean P Foster, and Sham Kakade.
The benefits of implicit regularization from sgd in least squares problems. In Advances in Neural
Information Processing Systems, 2021.

12


https://doi.org/10.1515/9781400873173
https://doi.org/10.1515/9781400873173

Under review as a conference paper at ICLR 2025

Batch Size 250 Batch Size 500 Batch Size 5000
2 2 2
1 1 1
0 0 0
0 1000 2000 300 0 1000 2000 3000 0 1000 2000 300
Iterations Iterations Iterations
sign(a(By, 61))/2]a(By, 6,)]0(6)) L(6y) I, (a(By. 6y))

Figure A.6: Evolution of the inverse rate evaluated at «(By, 8¢). Two other functions are also shown,
one that perfectly fits the inverse rate at the early stages and another that perfectly fits for the latter
stages of the training procedure. The same InceptionV3 models of Figure 2 are considered.
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Figure A.7: Evolution of ||Vng):1(s)|3:a(D’gt) |l2 divided by || Vg L(0;)]|2 for different InceptionV3
models trained with different batch sizes and SGD-SKIP procedures. The same models that were
used in Figures 2 and 5 are considered here.

A EXPERIMENTAL DETAILS

The conducted experimentation can be found in the anonymous Github Repository https://
github.com/SGDAbnormality/SGDAbnormality.

B THEOREMS AND PROOFS

Proposition 3. For any D ~ v™ and any 8 € ©, we have that

L(D,0) = L(8) — I, * (a(D, 6)) . (15)
where o : D x © — R is defined as (D, 0) := T (L(0) — L(D, 6)).
Proof. This is a direct consequence of the fact that the (signed) rate function Zy(-) is a bijective
function. This in turn is a consequence of the fact that the non-signed rate function is strictly convex
and positive in R (Rockafellar, 1970). L]
Theorem 4. For any 8 € ®,n > 0 and D ~ v, the cumulative of distribution of «(D, ) satisfies

Vs >0 Ppyn (a(D,B) > s) <e ™l and Vs<0 Ppoyn (a(D,B) < s) < e~ "l ,
(16)
and both inequalities are asymptotically tight,

Vs> 0 Ppun(@(D.0)>s)=e "l and Vs <0 Ppo(a(D.6) < s)=e
(17)
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Proof. From Theorem 1 we got that

Va >0, Ppuyn(L(0)— L(D,0)>a) < e mo@l as)
Va <0, Ppu,n(L(8)— L(D,0) <a) <e "ol
As a result, for any value of s € R, taking a = Igl (s), we got
Vs >0, Ppa,n(L(0)—L(D,0) >Ty" (s)) < el (19)

s <0, Ppuyn (L(O) — L(D,6) < Tyt (s)) < e ™.

As Ty(+) is a strictly monotonic and increasing function, we an apply it at both sides of the inequality
inside the probability, giving as:

Vs >0, Ppu,n(Zo(L(0) — L(D,0)) > s) <e ",
Vs <0, Ppewn(Zo(L(6) — L(D,8)) < 5) < o—nlsl

The asymptotic inequalities can be obtained by applying the same reasoning to Equation (3), which
is a direct consequence of Cramér’s Theorem. [

(20)

Proposition 5. Let be © a finite model class with M models. Then, with h.p. 1 — § over D ~ v",

1. M
P (D,0) < —ln— ) >1-9.
(ell)a nné)

Proof. By AChernoff’s Theorem 1, for a given 8, we have, that for any a > 0, it verifies that
P(L(O) — L(D,0) > a) < e "ol Naming §' := e ™7%e(@)l < 1 and re-arranging terms,
a=1TIy" (—21nd’) > 0. This allows us to rewrite the first equation as
IP’(L(O) ~L(D,6) > T,  (21n L) ) <.
Using that the rate function Zg(-) is a bijection, we got that
P(IQ(L(G) ~L(D,0)) > L ;) < = P(a(D,@) > 1 ;) <.

Using an union bound over the set of M models,

0cO 6ce
As we have M different models, the r.h.s. can be rewritten as
P(Jamo)ztmy)<my.
0coO
By reparametrizing the above inequality with & = §M ~! we have
. 1. M
P(|J LO) - L(D,0)> ~m =) <.
U L) - L(D,6) = ~ ) <4
0co
Which verifies,
1-1@( U a(D,6) > lln%> >1-4.
~—n 9
6c®
Which is equivalent to,

1. M
P a(D,0) < —In— ) >1-96.
(GEl " )
O

Proposition 8. Ler A, B be open sets and f : A x B — R be a function on R. If we denote b}, the
maximum or the minimum over BB for a fixed a € A, i.e.,

b, = argmax f(a,b) or b, =argmin f(a,b) (21
b b

Then, we have that
vaf(av b;) = vaf(a'a b)|b:bj1 (22)

14



Under review as a conference paper at ICLR 2025

Proof. 1t is clear that, using the chain rule

vaf(aa b;) = vaf(a7 b)\b:ba + vbf(a7 b)b=b; vab; . (23)
However, given that b} is an optimal value, it verifies that V f(a,b)p=p: = 0 by definition of
maximum/minimum. As a result,
vaf(av b;) = vaf(av b)|b:b3 . (24
O
Proposition 9. For any model 0 € O, it verifies that
1
Vs >0 VeI,'(s)= = Vele(\), (25)
where \° is defined as,
Jo(N\) + s

A® = arg min (26)

A>0

Proof. Given that tha minimum in the refinition of the inverse rate function is reached, we can express
Z," (a) as follows,

Jo(\°
Igl (s) = %_ (27)
Then VgZ, ' (s) can be computed as
Jo(\°
Vo, (s) = v 2A) T8 As) e (28)
And, by Proposition 8, this gradient does not have to propagate through A°. Then, it simplifies to,
_ 1 s
VoTy' (5) = 15 Velo(X). (29)
which concludes the proof. O

Proposition 10. Under the setup where the loss function is
E(y,:]},@) = (y - fg($))2 )
with fg(x) linearized around 0:
fo(x) = fo,(®) + Vo fo,(x) " (6 — o),

and assuming that

Y= feo(w) + V.gfgo(a:)T(O* - 90) )
with Ve fo,(x) ~ N(0,X), the variance of the loss function {(y, x, 0) under the distribution v(y, )
is

Var, [((y, ,0)] = 2(L(0))" ,
where L(0) = (6% — )T X(0" — 0) is the expected loss.

Proof. From the given assumptions, the loss function simplifies to
Uy, z,0) = (Vofo,(z)' (6" —0))
Let 60 = 6™ — 0 and define the random variable
Z = Vofo,(x)06.
Since Vg fo, () ~ N(0,%), it follows that
Z~N(0,0%),

2

where
02 =60"%00 = L(6).

Therefore, the loss function can be expressed as

(y,x,0) = Z*.

15
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To find the variance of {(y, x, 8), we compute

Var, [(y, . 0)] = B, [(¢(y,,0))°] - (B, [€(y,,0)))"
First, compute the expected value:
E, [((y,@,0)] = E, [2%] = 0» = L(6).
Next, compute the fourth moment:
E, |(((y,2.0))°| =B, [2] .
Since Z is normally distributed with mean zero and variance o2, the fourth moment is
E, [Z2*] = 30".
Therefore, the variance is

Var, [((y, z,8)] = E, [2*] — (E, [2?])?

=30 — (0?)?
=30* — o*
= 20*
=2(L(0))* .
This completes the proof. O

Proposition 11. Consider a regression problem with the mean squared error loss function
Uy, 2,0) = (y — fo(x))” ,
where fg(x) is approximated by a first-order Taylor expansion around an initial parameter 0:
fo(®) ~ fo,(x) + Vo fo,(x) (6 — 0p).
Assume that the target variable y is given by
y = fo,(x) + Vo fo,(x) (8" —60),

for some parameter 6 € ©, and that the gradients Vg fo, () follow a multivariate normal distribu-
tion:

V9.]090 (m) ~ N(Oa E) :
Then, the cumulant generating function Jo(\) of the centered loss L(0) — £(y, x, 0) is given by

1
Jo(\) = AL(0) — 3 In(1+2AL(O)) ,
where L(0) = (6" — 6)TX(0* — 0).
Proof. We start by expressing the loss function using the linear approximation:

Uy, 2,0) = (y — fo(x))* = (Vofo,(x) (6" —0))
Define 60 = 8 — 6. Then,

2

2
e(y7 €, 0) = (v9f90 (w)—r(se) .
Since Vg fo, () ~ N (0, %), it follows that

7 = Vo fo,(x) 60 ~ N (o, 50@59) .

Let 02 = 60 £00, so Z ~ N(0,02).
The expected loss L(0) is
L(O)=E[l(y,x,0)] =E[2°] =0°.
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To find the variance of {(y, x, 8), we compute
Var, [((y, . 0)] = E, |(¢(y,2,0))°] - (B, [€(y,,0)))" .

Next, compute the fourth moment:
E, [(t(y,2,0)°] =E, [2] .
Since Z is normally distributed with mean zero and variance o2, the fourth moment is
E, [Z*] = 30*.
Therefore, the variance is

Var, [(y, x,0)] =E, [Zﬂ - (EV [ZQ])2

=30t — (0?)?

=30* — o?
= 20%
=2(L(6))" .

And the starndard deviation o(0) = /2L(8)
The centered loss is L(0) — {(y, x,0) = 0? — Z2.

The cumulant generating function Jg () is
Jo(\) = InE [eML(e)—ay,w,e))}
=IhE [e/\(az_zz)}

= Xo®+InE [e*AZﬂ .

Since Z is normally distributed with mean zero and variance o2, the moment generating function of

—Z%is .

E e | = ———.

{e ] V1+2\o?
Therefore,
1
Jo(A) = Ao® — FIn(1+ 2X0?)
1

= \L(O) — 3 In (14 2)\L(0)) ,

which completes the proof. O

Proposition 6. Consider a regression problem defined by the mean square error loss, £(y, z, 0) =
(y — fo(x))?, where fo(x) represents a regression model implemented by a neural network with
parameters 6. The neural network can be linearized through a first-order Taylor expansion around
the initial parameter configuration 8, given by:

fo(x) = fo,(x) + Vo fo,(x)" (6 — o).

Assume that, for a given input x, the corresponding target value y can be expressed as y =
fo, () + Vo fo, ()T (6" — 6) for some parameter 0* € ©. Additionally, assume that the feature
vectors Vg fg, () follow a multivariate Normal distribution, Vg fg,(x) ~ N(0,%). Under these
assumptions, the gradient of the inverse-rate function can be expressed as:

VoI, ' (s) = f(s,0)Veo(6),

where f(s, 0) is a real-valued function that increases monotonically with s.
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Proof. By Propositon 11, we have that

Jo(A) = AL() — %m (14 2)\L(B)) ,

By Proposition 9, )
VoI, (s) = 1= Vodo(N), (30)
where )
A* = arg min (W) +5 31)
A
In this case, we have that
1 w1 AV L(6) 1
— = — L@)— —-)=VL 11— ——
e VeleN) = 15 (A VoL(0) = 17 2>\*L(0)) v (0)( 1+ 2>\*L(0))
By Proposition 10,
Var, [((y.@.60)] = 2(L(8))" .
Rearrging, we have that
a(6)
L(6)=—=
(9) G
Finally, combining the above equalities, VoZ, ' (s) can be written as
1 1
Tyt (s) =0(0)—=(1 - —————
VoT,! (s) = of >ﬂ( - +2/\*L(0))
This proof the result defining f (s, 0) as:
1 1
0)=—(1———F—
1(5,0) \/5( 1+ 2)\*L(0))
where \* depends directly on s.
O

Proposition 12. For any 6 € ©, the inverse rate function Ty 1 (s) can be expressed as:
Z,' (5) = Vade(AF).
where \* is defined as:

. . S—I—Jg()\)
A —argn){f (/\ .

Proof. We are given that the inverse rate function Z, ! (s) is defined as:

T, (s) = inf <‘]9(AA)+5> )

To find the optimal value \* that minimizes this expression, we differentiate the objective function
with respect to A and set the derivative equal to zero:

0 (Jo(N)+sY\ _ 0
oA A e
First, compute the derivative:

d (Jg()\) +s) e — (Jp(N) + s)
N A - A2 '

18
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Setting this equal to zero gives the first-order optimality condition:

dJg
A—" = A .
N Jo(A) + s
At the optimal point A*, we obtain the relation:
dJg
N —= = Jo(\* .
|, o(N) +s

Thus, solving for I~1(s) in terms of A* and the gradient of Jo(\) with respect to )\, we have:
I7(s) = VaJa(\).

This concludes the proof. O
Proposition 13. For any 0 € O, it verifies that
dJg (A
oY) 1(0) ~ B[ty .0)]

where vy, is a tilted probability measure given by

e_ké(yvmvg)y(y’ SU)
E, [e—AZ(y,m,O)} ’

va(y,x) =

Proof. We begin with the definition of the cumulant generating function J(\) as
JA)=InZ(\),
where Z(\) = E, [e)‘(L(a)*Z(y’“”e))] is the moment generating function. To compute the gradient
of J()\) with respect to A, we apply the chain rule:
dJ 1 dzZ(\)

d\  Z(\) dx
Next, we differentiate Z(\) with respect to A:
Z
N g, [(1(6) -y, 2,0) O w0
Substituting this result into the expression for %, we get:
dJ 1
@l _ E, [ L(O) — ¢ 0 A(L(ﬂ%(wﬂ))} .
D = 700 [(10) ~ ty.2.0)c

We now introduce the tilted distribution vy (y, ), defined as
e)‘(L(e)ie(y)mxe))l/(y’aj) eiAE(yﬁBve)V(y?w)

I/,\(y7113) =

Z()\) B E, [e—/\f(y,:c,e)] ’
which allows us to rewrite the expectation as
dJ
T E., [L(6) — ¢(y,x,0)] .
Since L(6) is constant with respect to y and , this simplifies to
dJ
a = L(e) - ]EVA [E(ya €T, 0)] )
which completes the proof. O

Proposition 14. For any 8 € O, it verifies that
VoJo(A) = A(VeL(0) —E,, [Vol(y, z,0))).
where v, is a tilted probability measure given by

e MWw0)y(y )
E, [ \w20)]

vy, x) =
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Proof. To expand the gradient of Jg(A) with respect to 0, let’s start from the definition of Jg(\).
Recall that
Jo(\) = InE, [@(L(e)—e(y,w,e»] 7

where L(0) = E, [{(y, x, 0)] is the expected loss, and (y, ) ~ v. Taking the gradient with respect
to 6, we use the chain rule:

1 e,
Vodg(N) = EMPECORTET) Ve (Ey [BA(L(B) oy, o))D_

Now, let’s expand Vg (E, [eML(@)—Hy.z.0)]);
VoE, [BA(L(H)—e(y,m,e))} —-E, [vgeA(L(e)4(y,m,9))] .

Using the chain rule again on the exponential function, we have:
Ve MEO)—ty:2.0)) — ALO)=L(y.2.0) . \ (Vo L(0) — Vgl(y,,0)).

Therefore,
E, [eMNLO—tw.2.0) . \(VoL(0) — Vol(y,z,0))]

Vng(/\) = E, [(i)‘(L(e)_e(y’m’e))]

We can simplify this expression as
VoJo(A) = A(VeL(0) —E,, [Vel(y,z,0)]),
where v, is a tilted probability measure given by
eA(L(B)fﬁ(y’wﬂ)),/(y’ x) efkl(y,w,ﬂ),/(y, x)
(y,x) = E, [AEO)-(w2.0)] ~E, [ wa0)]
Thus, the gradient of Jg(\) with respect to @ is

VoJo(A) = A (VeL(0) —E,, [Velly,x,0)]).

Proposition 15. For any 0 € O, it verifies that
VeI ' (s) = VeL(8) —E,,. [Vel(y,,0)]
where \* := argminy %{90\)

Proof. Given that the inverse rate can be written as
Igl (S) = G9(87 )‘*(0))’

where
s+ Jo(N)

)\ )
. B . S+ J9(>\)
A (0) = arg min ——=—,
we want to compute the gradient VoZ, ' (s). Using the chain rule:
0Gog(s, A ON*(0) 0Ge(s, A
Coz1 () Dols N ON(0) Go(s )|
oA r=x-e) 90 06 A=A*(6)

Since A*(6) minimizes Gg (s, A), the derivative with respect to X is zero at A = A*(80).The expression
simplifies to:

Ge(s, )\) =

and

_ 0Go(s, A

VoI, (s) = 7";0 )

Since Gg(s,\) = %"O‘) differentiating with respect to 8 yields:

_ VoJo(X*(0))
A*(0)

,\:,\*(9).
VoT,* (s)

Using Proposition 14 we have that
VoZ,'(s)=VeL(0)—E,,. [Vel(y,,0)]
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Proposition 16. Let v)(y, x) be the tilted distribution defined as

N0y (y, 2)
E, [67/\Z(y,m,9)]

V)\(ya 113) =

Then, the cumulant generating function Jg(\) can be expressed as the Kullback-Leibler divergence

between v and vy :
Jo(A) = KL(v [|v) -

Proof. We start by computing the KL divergence KL(v || vy):
KL(v ||vy) = /u(y7w) In (1/(y,:c)) dy dx

VX (ya CC)

:/V(y,m)ln M dy dx

e=M(.2.0)(y x)
E, [e—/\[('y,m‘e)}

E, [e—AZ(y,w,B)]
=InE, [e*’\é(y’m’o)] + )\/V(y,w)é(y,xﬁ) dy dx

—InE, [ M@=0] 4 \L(g).

Recall that the cumulant generating function J(\) can be rewritten as:
J() = InE, [NEO-wz0)]
—In (e’\L(e)IE,, |:e—)\€(y,ac,0):|>

— AL(6) + InE, {e**“w#’)} .

Comparing the expressions for KL(v || vy) and J(\), we find that:
KL(v || v3) = AL(6) + InE, [e-Wwﬂ)} =J(N).

Therefore,
JA) =KL(v||va),

which completes the proof. O
Proposition 17. For any a’ > a > 0, it holds that
Jo(A\*(a')) > Jo(A*(a)) .

where
X (a) = argsup Aa — Jo(A),
A

Proof. Since Jg(\) is convex and differentiable, its derivative V5 Jg(\) exists and is monotonically
increasing. The Legendre transform relates A\*(a) and a via the derivative of J:

Viade(M(a)) =a.
Similarly, for o/,
Vade(A*(a')) =d’.
Given that a’ > a and V,J () is increasing, it follows that
Viado(\*(d')) =a' > a=VyJg(\(a)).

Therefore,
A (a') > X (a).
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Now, since J(\) is convex, it satisfies the property that for any A; < Ao,
Jo(A1) < Jo(A2).
Applying this property to A*(a) and \*(a’), we have
Jo(N\*(a")) > Jo(A\*(a)) .
This completes the proof. O
Proposition 18. Ler v)(y, x) be the tilted distribution defined as

N0y (y 7)
E, [67/\6(1/@,9)]

if the loss function {(y, x, 0) is M-Lipschitz with respect to (y, x), then,
IV6L(8) — By [Vol(y, 2, 0)]| < My/ZDr (0.

Proof. Let us rewrite the difference in expectations:

/Vgﬂ(y, z,0) (v(y,z) — vA(y, x)) dy dz

V)\(ya 113) =

1B [Vol(y, x,0)] — Eux-[Volly, z,0)]|| =

By applying Holder’s inequality, we can bound this by:

H [ Votty.2.0) iw2) 7)) dy s < [ 190800,2,0)1 oy, 2) — A, dy

Notice that the total variation distance between v and v\, defined as
1
drv(v,vA) = B} / v(y,r) — vA(y, )| dy dzx

The bound then becomes:
|1E.[Vel(y, z,0)] — Eux[Vel(y,z,0)]|| < sup [[Vel(y,z,0)| - 2drv (v,vA)

(y,@)

Pinsker’s inequality states that for two probability densities v and v,

1
dry (v, vA) <4/ §DKL(VHV)‘*)-

Chaining Pinsker’s inequality into the above bound gives:

1
1B [Vol(y, 2, 0)] — Enx[Vol(y, , 0)ll < sup [|Vel(y, z,0)l - 21/ 5 Drr(v][A).

(y,z)

The bound can be further simplified as:

1E,[Vel(y, z,0)] — ELA[Vel(y,z,0)]|| < sup [Vel(y,z,0)| - /2Dkr(v[[vA).

(y,x)

Finally, assuming that the loss function £(y, z;, @) is M-Lipchitz, we prove the inequality, because in
this case we have

sup ||Vel(y, =, 0)[ < M
(y,)
O

Proposition 19. Forany @ € ©, n > 0 and D ~ v™, there exists a distribution y(y, ) that depends
on 0 and o(D, ), such that,

VoL(D,0) = VoE,[((y, z,0)] (32)
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Proof. O

Theorem 7 For any @ € ®, n > 0 and D ~ v™, there exists a distribution v(y, «) that depends on 0
and (D, ), such that, R
VOL(D7 0) = VGE’Y [E(ya x, 0)] (33)

and KL (v | ) is monotonically increasing with a(D, ) and KL (v |v) = 0 if a(D,0) = 0.
Furthermore, if the loss function ¢(y, «, ) is M-Lipschitz with respect to (y, ). Then,

IVeZg " (5)jsca(p.o) l2 < MV/2KL (v [ 7). (34)

Proof. Part I: Let us start proving that
v9£(D7 9) = VG]E"/ [ﬂ(y, T, 0)]

From Proposition 12, we have that
Iyt (D, 9)) = Vade(\Y).

where \* is defined as:

\* = arg ir){f (a(D, 0);— Je(A)) .

From Proposition 13, we have that
Ty (a(D,8)) = Vade(\) = L(0) — Eyx- [((y, z,0)],
where v \* is a tilted probability measure given by

N0y, 2)
E, [efA*Z(y,w,G)]

v\*(y,x) =

From Proposition 3 we have that

L(D,6) = L(8) — I, " (a(D, 0)) .

Replacing the above terms,

L(D,) = L(6) - (L(6) — Eyx-[((y,z,6))) .
Simplifying, we arrive to .
L(D7 0) = ]EV)\* [E(y? Z, 0)]
where the titled distribution v A* is the distribution ~ referred in the statement of the theorem.

Part II: Here we will prove that KL (v | ) is monotonically increasing with «(D,8) and
KL (v |v)=0ifa(D,0)=0.

By Proposition 16, we have that
KL(v || vA") = Jo(A\Y).

And Proposition 17 states that any o’ > a, it holds that
Jo(N*(a)) = Jo(A*(a)) .

From here we deduce that if the level of abnormality for one data set D’ is higher than for other
dataset D, i..e, «(D’,0) > «(D, 0), then

Jo(A\" (D', 0))) = Jo(A (D, 8))) -

From where we can deduce that the KL(v || »A*) is monotonically increasing with the level of
abnormality.

Finally, we have that if «(D, 0) = 0, then KL(v || v\*) =0
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Since Jg(A) is convex and differentiable, its derivative V5 Jg () exists and is monotonically increas-
ing. The Legendre transform relates A\*(a) and a via the derivative of .J:

Viade(A\*(a)) =a.

Then, we deduce that
A*(0)=0

In consequence, when a(D, 8) = 0, vA* will be equal to v and the KL divergence between v and
vA* is equal to zero.

Part III: Here we prove that if the loss function ¢(y, «, ) is M-Lipschitz with respect to (y, x).
Then,
||V9:Z_071 (S)|s:a(D,0) ||2 < M+/2KL (V | 7) .

By Proposition 15, we have

VGIQ;I (S)|s:a(D,G) = VGL(H) - EV}* [Veg(.% Z, 0)]

By Proposition 18, and using that the loss function ¢(y, x, 8) is M-Lipschitz with respect to (y, x),

then,
VoL (0) — E,x<[Vol(y,x,0)]|| < M\/2Dkr(v|vA*).

By combining the last two inequalites, we finalize the proof.
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