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Abstract

Large language models are increasingly trained in continual or open-ended settings, where the total
training horizon is not known in advance. Despite this, most existing pretraining recipes are not
anytime: they rely on horizon-dependent learning rate schedules and extensive tuning under a fixed
compute budget. In this work, we provide a theoretical analysis demonstrating the existence of
anytime learning schedules for overparameterized linear regression, and we highlight the central
role of weight averaging—also known as model merging—in achieving the minimax convergence
rates of stochastic gradient descent. We show that these anytime schedules polynomially decay
with time, with the decay rate determined by the source and capacity conditions of the problem.
Empirically, we evaluate 150M and 300M parameter language models trained at 1-32x Chinchilla
scale, comparing constant learning rates with weight averaging and 1/+/¢ schedules with weight
averaging against a well-tuned cosine schedule. Across the full training range, the anytime sched-
ules achieve comparable final loss to cosine decay. Taken together, our results suggest that weight
averaging combined with simple, horizon-free step sizes offers a practical and effective anytime
alternative to cosine learning rate schedules for large language model pretraining.

1. Introduction

Anytime learning rate schedules such as 1/t” for v < 1 have been studied in the literature [22],
however unless weight averaging is used these schedules generally do not achieve minimax opti-
mal rates for SGD in linear regression [39, 53, 56]. In this work we investigate, theoretically and
empirically, how 1/¢7, constant learning rate and WSD compare to cosine decay in long training
runs, and which of these schedules provides a viable anytime, or almost-anytime, alternative to co-
sine annealing. Concretely, we require two properties from an anytime scheduler: (i) the schedule
should not depend on the planned number of training steps, and (ii) for any intermediate duration
T, it should be competitive with a well-tuned cosine schedule run for " steps—i.e., it should track
the cosine envelope that these tuned cosine schedules define across checkpoints in a long run.
Figure 1 highlights why this is a nontrivial requirement: cosine schedules tuned for a single
terminal horizon are far from optimal when evaluated at intermediate checkpoints. Put differently,
standard training recipes without knowing the stopping time do not yield an anytime procedure,
because the choice of horizon implicitly determines the entire trajectory of losses. To the best of
our knowledge, this envelope perspective has not been explicitly studied or used as an evaluation
target in prior work. This motivates the central question of this paper: when can a horizon-free (or
nearly horizon-free) training procedure match—or even improve upon—the cosine envelope across
training time? Our goal is to propose alternatives that are competitive with a single cosine run at
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a fixed endpoint, and to characterize (theoretically and empirically) when matching the envelope
is achievable. We show that simple anytime schedules such as constant or 1/¢” with appropriate
averaging, can closely follow the envelope over long runs.

1.1. Main Contributions

We first state an informal version of our main
theoretical result:

Theorem [Informal version of Theorem 1] For
an SGD process run on N samples, a poly-
nomially decaying learning rate of the form
ne = 1/t7 with tail averaging matches the
rates of well-tuned SGD with averaging, where
0 < v < 1 and the exponent ~ depends on the
spectral properties of the data.

This result shows that an anytime learning-
rate schedule can achieve the same rate as well-
tuned SGD. In contrast, Zhang et al. [68] show
that while a constant learning rate with weight
averaging can also attain these rates, for cer-
tain source and capacity exponents the learning
rate must be scaled as a function of the train-
ing horizon (i.e., it depends on the end time)
to achieve minimax rates, and is therefore not
an anytime scheme. Guided by our theoretical
analysis, we empirically compare three anytime
schemes—1/ \/t, WSD, and a constant learn-
ing rate with weight averaging—against cosine
decay. We train 150M- and 300M-parameter
models at power-of-two multiples of the Chin-
chilla compute budget: from 1x to 32x for
150M, and from 1x to 16x for 300M. For co-
sine decay, each model is trained separately at
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Cosine schedules do
not transfer across horizons. The co-
sine envelope (red) is formed by inde-
pendently tuning a horizon-aware co-
sine schedule for each terminal com-
pute budget (1x-32x Chinchilla) and
taking the best validation loss at that
horizon. Gray curves show the same
cosine schedule evaluated at intermedi-
ate checkpoints when tuned for a sin-
gle fixed terminal budget. An analo-
gous plot for the 300M model appears
in Figure 9 (Appendix D).

each compute budget, whereas the anytime methods are trained once at the largest Chinchilla multi-
ple and evaluated at intermediate checkpoints, as shown in Figure 2. Across all intermediate points,
including very long training regimes, the anytime methods closely match cosine annealing, paying
only a negligible performance hit near the start and end of training.

2. Empirical Findings

Empirically, we can see from Figure 2 that anytime schedules such as 1/+/f with tail averaging, and
constant learning rate with tail averaging can provide anytime alterantives to cosine in a horizon
independent manner. We also compare with WSD, a commonly used alternative to cosine. To
reiterate, we implement WSD following Hu et al. [28], Team et al. [59], doing warmup for 40% of
the 1x Chinchilla duration of the respective training run, followed by a constant learning rate until
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90% of the run, then implementing a linear decay over the last 10% of the run, decaying the learning
rate to 10% of its original value. In practice, we have saved at 90% of each intermediate point for
the constant learning rate experiments, then decayed from each, to ensure a fair comparison. We
emphasize that WSD is not strictly horizon-free, as it relies on checkpointing and a subsequent
decision of when to initiate the decay stage. It is important to note that a cosine run tuned for a
long duration will far underperform at smaller compute budgets - we ellaborate upon this point in
Figure 9 (Appendix D). To further our understanding, we provide a theoretical analysis of WSD
in Section 3 in the power law linear regression setting, showing that it achieves a similar rate as a
constant learning rate with stochastic weight averaging [68]. We provide large batch ablations in
Appendix A. We provide further experimental details in Section F.
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Figure 2: Validation loss for 150M (top) and 300M (bottom) models. Left: cosine decay versus
constant LR, WSD, and /«/(t + «) schedules with weight averaging across Chinchilla
multiples. Cosine baselines are tuned separately at each horizon, while anytime schedules
use a single long run. Red stars show the cosine envelope. Right: loss relative to the
cosine envelope, with negative values better than cosine.

3. Theoretical Analysis

Setup and notation. Throughout the theory section of the manuscript, we study linear regression
on Gaussian data over IV total samples and batch size 1, with independent additive noise in the
samples. We use the notation f < g to say there exists some positive constant ¢ such that for any x
in the domain we have f(x) < cg(x). We also denote f ~ g if f(z) < g(x) < f(x) for all x. Note



ANYTIME PRETRAINING

that we will also absorb log factors in the < notation, stating where we do so. We also denote the
induced norm || w||3 = w' Aw. For a diagonal matrix we define its restriction to entries between
iand j where 0 < i < j < oo as A;;; = diag();, ..., A;). We denote the independent covariates
as {(x;,¥i)}L, where each x € R? and y € R such that x ~ A/(0, H) and y|x ~ N (x w*,0?)
where w* is the minimizer and o2 is the variance of the additive noise. We take the convention that
Amax = A1 and eigenvalues are sorted in nonincreasing order. We define the risk under the mean
squared error loss to be: R(w) = SEx,(x'w — y)?. We denote the learning rate at time ¢ by 1,
and in general 1, := n - f(¢t, N) for some function f of the current time ¢ and optionally the end
time [V, and for a constant base learning rate 7 € (0, 1) that does not depend on N. We also denote
W st T = % Zf;f_l w; to be the average of the last T iterates starting from step s. Without loss
of generality, we will always consider wy = 0. The main proof technique used to establish the rates
is based on the bias-variance decomposition of the risk [31, 33, 43, 64, 65, 69]. All the proofs are
deferred to Appendix C and we provide synthetic regression plots in E.

3.1. Main results

The main assumption used in deriving our risk rate states that at any time ¢, the risk of the SGD
training process is at most a constant factor larger than the noise. Formally, this means the following:

Assumption 1 There exists a constant ¢ > 1 such that for any time t > 0 we have R(w;) < co>.

Assumption 1 is a mild assumption, since in general we expect a scheduler to only start decaying
the learning rate once the risk is variance dominated. We now state the main result regarding the
excess risk rate of SGD with 1, = 1/t7. We state Theorem 1 using s = ©(NN) in order to simplify
notation, but we provide the general bound in the proof.

Theorem 1 Let A = diag(\;)i>1 be the eigenvalues of H and learning rate n, = n/t" for v €
(0,1) and some constant n < 1/Tr(H) independent of N. Under assumption 1, we have:

k*o?
niN

+ o2 Z (NN + N, N77)
k>k*

_ 1
ER(W) = 0% S o [ A + 19 A +

for k* := max {k D YA nloNg% } where < absorbs absolute constant and log factors.

Following Jain et al. [31], we have one contribution to the rate coming from the mean SGD process
fitting the data and approaching the minimizer w* termed bias, and another term coming from the
additive and sampling noise, known as variance. In Corollary 2, we will specialize the covariance
spectrum to a power law setting, using source and capacity exponents [11, 13,41, 50], and compute
the optimal choice of gamma as a function of the source and capacity.

Corollary 2 Consider the setting of Theorem 1. We call a,b > 1 capacity and source exponents
such that \; = i~ and EX;(w})? = i=b. Then, we have that the optimal choice for vy is v* =
max {1 - 0} Moreover, for v = v* we have:

where < absorbs absolute constant and log factors
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From Corollary 2 we see that the optimal v* depends on the spectral properties of the data, with
the necessary condition that ¢ < b. We can interpret b as quantifying how the signal in the target
vector w* is spread in the eigenvectors of the data covariance H, with higher b values meaning
that most of the signal is located in the top few directions of H. If b > a, the rate established
achieves the infinite dimensional minimax optimal rate established by Zhang et al. [67]. Intuitively,
for b > a > 1, the effective dimension of the space is low, and we are close to the strongly-convex
case, and we see that the optimal scheduler would be 1/t with averaging, in line with existing
literature [18, 39, 53, 56]. Conversely, for b < a, most of the signal is in the tail direction and
thus a large learning rate is needed in order to fully decay the bias. Matching this intuition, from
Corollary 2 we see that a constant learning rate with averaging would be the optimal scheduler,
recovering the results of Zhang et al. [68], Zou et al. [69].

WSD. WSD learning rate schedules have shown great promise empirically, being adopted by
frontier labs [59]. Recall that the WSD schedule, as introduced by Hu et al. [28], consists of a
warmup stage, a constant learning rate stage and a decay over the last 10% of the training run.

Theorem 3 Consider to = pN for some constant p € (0, 1). Assume a power law spectrum on H,
with capacity exponent a € (1,2) and source exponent b > 1 (defined as in Corollary 2). Consider
the two-phase learning rate schedule:

Ui 1<t <+,
= n(l—fngo) to<t< N

for constant n < 1/Tr(H) independent of N. Under Assumption 1, we have the excess risk bound:

1 b_1 1 1—1
9 < 1 a a 9 1 a
R(wy) —0” < <N> +o <N>

where < absorbs absolute constant and log factors.

In particular, if b > a, the variance term dominates, since most of the signal is contained in the
top eigendirections, thus we can fit the bias in a finite number of steps. If b < a, then bias term
dominates with most of the signal being contained in the bottom eigendirections and requiring a
larger learning rate in order to fit them. For b = a, both terms decay with exponent 1 — 1/b (up to
logarithmic factors), which matches the rate obtained in Corollary 2.

4. Discussion and Conclusions

We study horizon-free learning-rate schedules for LLM pretraining, focusing on constant and 1/+/¢
step sizes combined with weight averaging. Empirically, these anytime schedules closely match
well-tuned cosine baselines across 150M and 300M models over long Chinchilla-scale training hori-
zons. Theoretically, we show that polynomially decaying step sizes with averaging achieve optimal
rates for linear regression under power-law spectra, with the optimal decay exponent determined by
source and capacity conditions. We also analyze WSD, showing that it has comparable asymptotic
behavior in the same quadratic setting, although it remains only nearly anytime because it requires
choosing a decay point. Overall, our results suggest that simple horizon-free schedules with av-
eraging are a practical alternative to horizon-dependent cosine decay for continual or open-ended
pretraining.
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Appendix A. Large Batch Ablations
A.1. Large Batch Setting

We repeat the experiments from Figure 2 in a very large-batch regime (batch size 4096), well beyond
the critical batch size (CBS). This regime is not our main focus since operating past the critical batch
size (CBS) is generally inefficient (increasing the batch size does not reduce the serial runtime
further) [68]. We therefore treat the large-batch setting as an ablation, in order to understand the
limits of the quadratic model view.

In the quadratic regime, SGD can be written as GD plus a batch-noise term,

Or1 — 0~ (I —nH)(0: — 0%) + n&,

where E[¢§;] = 0 and Cov(&;) o« 1/B. Thus, moving to very large batches suppresses gradient
noise, making learning rate decay less necessary for controlling the variance term. Figure 3 confirms
this behavior. With B = 4096, a constant learning rate with averaging substantially outperforms
cosine for all horizons beyond 1x Chinchilla, and the learning rate that is near-optimal for long runs
remains near-optimal throughout training (unlike the CBS setting in Figure 2, which requires trading
off short and long run performance). Note that the difference between constant with averaging and
WSD decreases with N. We think this is due to a higher order effect caused by the deterministic
edge of stability as studied in Damian et al. [16], where gradient descent is unable to learn features
in the top subspace. However, we leave the precise study of this phenomenon to future work. The
1/+/t schedule remains competitive and improves over cosine, but underperforms constant, which
is again consistent with unnecessary decay in this regime.

% Cosine === Const. + Avg. WSsD 1Vt B Const. + Avg. WSD 1Vt
3.67° 0.06
*" —
g 3.4 . 0.04
= Z 0.02¢"
£32 Tk AN
5 > | 0.00
£3.0 jhe SV % —~0.02 ] L
it L TR * \1 [] [ ]
2.8 : -0.04
1010 1010
Tokens Tokens

Figure 3: For a 150M-parameter model trained with batch size 4096, we compare cosine decay to
constant learning rate with averaging, a y/«/(t + «) schedule with averaging, and WSD
across end times ranging from 1x to 16x Chinchilla compute. Left: Validation loss
versus training compute for each schedule. Right: Loss improvement over cosine at each
compute multiple, where a negative value is an improvement over cosine. A per-duration
optimal hyperparameter version of this plot is in Figure 5 (Appendix D).
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Appendix B. Related Work

Finite dimensional SGD analysis. There is a wide body of literature studying risk bounds in
stochastic gradient descent, both in the finite dimensional regime - data covariance has finite rank,
and in the infinite dimensional/nonparametric setup. Bach and Moulines [6], Polyak and Juditsky
[51] introduced averaged SGD as an algorithm to achieve improved SGD convergence rates. Dé-
fossez and Bach [19] analyzed constant learning rate with averaged iterates in the strongly convex
case, providing rates for the bias and variance terms, with similar proofs being shown in Dieuleveut
and Bach [20], Jain et al. [31]. This analysis has been extended to minibatch gradient descent [33]
and streaming algorithms [21]. When the horizon is known in advance, Jain et al. [34] have shown
that a carefully designed step size sequence can be minimax optimal for last iterate SGD, building
up on previous work by Harvey et al. [26], Shamir and Zhang [56]. Ge et al. [22] have shown that
geometrically decaying step sizes are only log condition number suboptimal. Pan et al. [49] have
shown that a more nuanced step size design can remove this suboptimality.

Nonparameteric Least Squares. Recent work by Zhang et al. [67] have shown that for power law
spectra and under certain conditions on source and capacity exponents, averaging can be minimax
optimal. Other schedules have been analyzed in a similar way [43, 64, 65, 69]. From a statistical
physics point of view, Bordelon and Pehlevan [10] have established precise asymptotics for SGD
in the overparameterized regime, with a similar analysis being done by Atanasov et al. [4, 5] using
tools from random matrix theory. More recently, [68] have proposed a critical batch size scaling
in pretraining, by choosing the batch size that balances the bias and variance rates in the quadratic
analysis.

Learning rate scheduling and averaging in practice. These analyses have given rise to several
new algorithms with practical impact in neural network training. Defazio et al. [17] have analyzed
the linear decay schedule and have proposed further refinements for this schedule using the gradient
norms. Linearly decaying to zero has been studied empirically by Bergsma et al. [8], achieving
competitive performance to cosine annealing. Defazio et al. [18] have proposed a schedule-free op-
timizer, which takes advantage of tail averaging to remove the need for learning rate scheduling and
an improved variant of momentum [32], as shown by Morwani et al. [46]. Higele et al. [25] have
shown that using stochastic weight averaging removes the need for learning rate scheduling, being
comparable empirically to cosine annealing. It has been empirically observed that averaging can
also lead to flatter minima and improved generalization performance on multiple image tasks [30].
More recently, stochastic weight averaging has obtained impressive results in the AlgoPerf compe-
tition [15, 38], across multiple downstream tasks [1]. Weight averaging has also been commonly
applied in image generation and diffusion [37, 58, 66]. Other variants of weight EMA have been
used in practice [3, 36, 40, 45, 55, 63].

Continual learning and anytime training. There is a growing body of literature studying contin-
ual learning and pretraining. Generally, continual learning refers to training a model on a sequence
of (possibly orthogonal) tasks, ensuring that the model does not forget any of them [2, 14, 35, 42,
54, 60, 61]. Anytime training [12, 24, 29] refers to training a model optimally without having access
to the total amount of steps i.e. the training horizon. While the two themes appear separate, we be-
lieve they are closely related, as anytime pretraining is a necessary stepping stone towards continual
learning. A possible technique for anytime pretraining involves re-warming and re-decaying the
learning rate after each stage of training [29], which has been explored by Belloni et al. [7], Wen
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et al. [62] in the context of Warmup-Stable-Decay (WSD) [28] schedules. WSD has been introduced
by Hu et al. [28] and has been used since in training recent frontier models [59].

Appendix C. Proofs of Section 3

Helper lemmas. Before beginning the main proofs, we state a few helper lemmas. Also note that
for the majority of the proofs, we will make heavy use of the inequality:

(1—2)" < exp(—tx) (1)
Lemmad4 Let0O<a<1land0 < j <. Then
TNi—g) ST =T S TN ).
Proof Define f(z) = 2!~ on [j,4]. By the mean value theorem, there exists ¢ € [4, 4] such that
i =g = )i - ).
Since f'(z) = (1 — @)z~ * and x~* is decreasing for @ > 0, we have
I-a)i® < file) = 1-a)j™™

Multiplying by (i — j) and absorbing the constant (1 — «) into the < notation yields the claim. B

Setup. Before proceeding to the proofs, we briefly restate the notation and setup from Section 3.
Let the independent and identically distributed covariates {(x;, y;)}:7i' ! where each x; and y are
x ~ N(0,H) and y = x " w* + ¢ for independent € ~ N (0, 02), where s is the step from which we
start the tail averaging. Define the risk to be R(w) = $Ex,((w,x) — y)? where the expectation
is over the joint (x,y) ~ D. Consider n; = n/t" for v < 1 for some constant 1/Tr(H) > n > 0.
Denote the eigendecomposition of H = QAQ" and let 3; = E[(w; — w*)(w; — w*) "] be the
covariance of the iterates. We also introduce M; = QX;Q" as the covariance of the iterates
rotated in the eigenbasis of the data, and m; = diag(M;) as its diagonal. Note that for A, B
matrices we have (A, B) = Tr(ATB). We also denote the induced norm ||w||% = w' Aw. For
a diagonal matrix we define its restriction to entries between ¢ and j where 0 < 7 < j < o0 as

Ai:j = diag()\i, ce ,)\j).

C.1. Proof of Theorem 1

Proof [Proof of Theorem 1] We begin with deriving the expression for the risk:

_ 1 _ 2
R(Ws:s+N) = §E[( <Ws:s+N - W*v X> - 6) } .
Expanding and using E[e] = 0,

X 1 = * 2 0-2
R(Ws:s+N) = §E[<Ws:s+N - W ’X> :| + 7
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s+N—1

Substituting Ws.s1 y = % Yo T Wy,
| SENClstN-1 2
R(V_Vs:s+N) = ﬁ Z Z E[XT(Wi — W*)(Wj — W*)TX] + ?
=S j=s
1 s+N—-1s+N-1 0_2
< e Z Z E[XT(WZ' —w)(w; — w*)Tx} +
i=s j=ti
To make progress, we invoke the tower rule:
E[(wj —w)(w; — w*)T} = E[E[Wj —w* | wy] (w; — w*)T} :
For SGD with stepsizes n, = nt~ 7,0 < v < 1,
J
Elwj —w" | wi] = ] (IT—nH)(w; —w")
t=i+1
J
= exp( -H Z 77t) (w; —w")
t=i+1
< exp( - i1*7)H> (w; —w") Lemma 4

Diagonalizing inside the inner product we finally obtain the expression for the excess risk:

0_2 1 s+N—-1s+N-1
R(Ws:s+N) — 5 < el Z Z <mz~, eXp( — 77(]'177 _ Z’l*’Y)A))\> (2)
i=s  j=i

To get an expression for the bias and variance iterates, denoted as m; and my respectively, we follow
the derivation from Meterez et al. [43]. At batch size 1, the SGD update is

Wit = Wi — X (X] Wy — ), e = x{ W+ e,
where ¢, is independent noise with E[e;] = 0 and E[e?] = 0. Subtracting w*,
wi —wi=(I— ntxtxz—)(wt — W) + nrerxy.
Taking the covariance of this term we obtain a recursion on ;:
i1 = E[(Wip1 — W) (Wi — w*) ']
=E [(I —pxx )2 (I — ntxxT)] + nfo’E[xx"].
Taking expectation yields:

Y1 =3 — e SH — pHYS, + 202HEH 4 92 Tr(HS))H + 1°0*H
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Rotating in the Q) basis and taking a diagonal operator through the whole equation we end up with
a recursion on my:

m; = (I—-2pA + A%+ )\)\T)mtq + 027]?)\
< (T—neA)? + co®nP A Assumption 1

For simplicity, we will absorb the constant ¢ into the noise scale o for the remainder of this proof.
Unrolling the recursion yields

mey = [H(I niA

i=1

A 3)

mo—i-z [H I—nSA)2

s=p+1

<exp{—ZAZm]mo—Hﬂanexp{—QA Z 773} @

s=p+1

Forny = nt™7 with 0 < v < 1,

m S exp| — 2nAtt “mg + no Z — exp[ At~ — plfﬁf)} A
p= 0

We therefore define the bias and variance iterates as

my 1 = exp[ — 2nAt' "7 ]my, (5)
t
1 _ _
TARREPEESY 5 D [ — oAt — pt | ©6)
=0
To obtain the rates, we independently bound each of these quantities after plugging them back in
Equation (2).
Bias bound. We begin with the bias:
s+N—-1s+N-1

A
biasii1 < Z mOk K Z Z exp[ N — 277/\;41'1*’7}

s+N— ls+N 1
< Z mg, k/\k

Z Z exp[ N — n)\kil_q
Ak
_ Z my, k

s+N— 15+N 1

Z Z exp| 77>\kj1_"’].

Choose

E* = max{k‘ Ak logN}

~

which defines the split between head and tail eigenvalues.
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s+N—-1s5+N—-1

Lk mo k/\k 11—
bias; [ < > Z exp[ — nAj' 7]
k<k* =S
. s+N— 1s+N 1 1y
0, J
TS el () o]
k<k* i=s

s+N—-1 s+N—1

DI DD I
J=1

k<k* i=s

mo A
X

k<k*

AN

For the tail eigenvalues, we upper bound the exponential by 1, yielding

b1ast+1°°< E mo A
k>k*

Setting wy = 0, we have the final bias bound:

1
biasi1 S WA + WA ™

Variance bound. We now turn our attention to bounding the variance. Following a similar proce-
dure as before, we have:

7702/\2 s+N—-1s+N—-1 i
variance; i 5 £ Z [—2pAk (i = p" ) — ARG =)
k i=s j=

92 s+N—-1s+N—-1 1

7702>\k 1—
<Z > X Z [~ = pt )]
i=s ) O
25+N ls-‘iN lpi

= k Z Z Z 2 exp 77)\]{(]-1*’7_,L'lf"/_i_ilf’y_plf'y)]
i=s j=i p= O
=2 "%
k

2)\2 s+N—-1s+N—-1 i 1
£y Z oxp [=nhi (5177 =i ] Y s exp [T = p' )]
i=s p=0 p
Now we can handle the last sum. We split it at /2 and handle each sum independently. We
begin with the first half:
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i/2 i/2
- 1— o~
e exp [—nAp(i' 7 = p' )] S Z o exp [—nAki 7 (i — p)) Lemma 4
p=0 p=0
i/2
1 1
sew () 3o
p=0 p

) iy <1/2
<exp <—2n/\ki1_“’> -qlogi y=1/2
1 v>1/2
Now we look at the second half. We have:

7 %

1
> o OXP [=nAe (i = p' )] i P exp (=i’ 7) ) exp (nAki~7p)
p=i/2 p=1/2

i 1
< _|1-— — Al
<o (g )

Now that we have obtained the bounds for the sum over p, remains to bound the sum over j:
s+N—1 s+N—-1

Z exp [~ (j T —iT)] S Z exp [—nAkj 7 (j — )] Lemma 4
Jj=t j=i
s+N—-1
S Y exp[-nhi(s+ N) (G — i)

i

J

=

(]

exp [—n)\k(s + N)_Vq]

_|_ o

S (e o)

Assembling everything together we end up with:

N
—~

' _ 7702)\% s+N—1s+N—1 N i - -
variancesy] S N2 Z Z exp[—n k (] —1 )] ZO ﬁ exp [—77 k (Z —-p )]
p=

k 1=s Jj=t
212 s+N-—1
no°A; (s+ N)Y N 1 . 4
< 2 (- A _- 7) s

i 1
= (1—exp( =it ) ) |-
i (1w ()

i oy <1/2
si(y) = qlogi y=1/2
1 y>1/2
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Recall the cutoff

E* = max{k‘ Ak logN}

~

We split the sum over k into head and tail components.

Variance head. For & < k* and all 7 > s, we have
nARE Y > nAgs' 7 > log N,

so the exponential term in the p-sum decays rapidly. Consequently, the sum over p is dominated by
its second half, yielding the bound

1

7

1 - 1—
> feXp[—nAw T-p ) S
p:op27 ( ) Ak

Moreover, 1 — exp [—n)\kﬁ} < 1. Thus, we get:

2A2S+N 1 oy

1k no (s+N)” i
varlanceH_l ~ Z Z . T
<k Ak Ak

s+N—-1

22 8+N ZZ

k<k*
Using 325N =177 < N5, we conclude

2
Lk g s + N)Y7
variance; < (]\77) k*
n s

Variance tail. For k£ > k*, we upper bound all exponentials by 1 and use 1 — e™® < zx with
T = n)\kﬁ. Starting from the assembled bound,

+ZN: ! s+N (1 — exp [—”Akﬁp

1Y

[eXp (=LA ™) si(v) + T [1—exp (—énml”)}],

S
) nOQAQ
variances; 1 <

k

we obtain, for & > k*,

2,2 s+N— l -
) " o >\ (s —|— N)Y 77
varlancef‘;'lOO S 77 Z (ﬁ)\k (s+]\]]\f)7> [81(7) + )\}

k>k* 1k

Z 7702>\2 S% ! [ 1_7]

k>k* A

s+N-1 s+N—1 1
o> (A 3w S ) 4
k>k* i=s i=s
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Bounding the remaining sums as & 357V i77 < sV and £ S5V s (y) < 51 (fory = 4
this incurs an additional log s factor), we conclude

varianceff_?_zlOo < o2 Z (77)\% ST N, 3_7) 8)
k>k*

Combining the 2 bounds we get the final variance bound:

. o (s + N)?
variancesi 1 S TN
s

02> (A s 2 4 AsT7) ©)
k>k*

C.2. Proof of Corollary 1

Proof [Proof of Corollary 2] Recall that we call a, b > 1 capacity and source exponents such that:

Ni~i® EX(w))? < i™°

From Theorem 1 we know that for s = ©(N), for k* := max {k AR > ;]‘ﬁ],\g } the bias and

variance decay rates are:

1
biasi S 1 W A + 19 A,
o2k*
niN

variances;; <

+02 > (AN 4 A NT)
k>k*

In order to compute the optimal «*, we have to balance out the rates. First note that in the bias, the
bias tail dominates:

1 1 b
I A = ST E S 1S WAy
k<k*

For the variance term, we can see that the variance head is the dominating term. By definition, we
have A\, <~ k~% with ¢ > 1. Then:

Z )\k: 5 (k*)l_a, Z )\2 k* 1— 2(1
k>k* k>k*

Moreover, by definition of k* we have \» ~ (k*)7% = nN%,V where the ~ notation absorbs

constants and log factors. Thus, for the 2 terms in the variance tail, we have:

2 y N < 9 . Qk* 1y L < UQk*
N- Nk ( N1V (k)
> M SANTEY T =T (N ) S T
k>k*
21.% 21.%
2 aArl—2 2 9 -2y pay1—2a _ O K < 1~/ 1% —a)2 o'k
N~ E Ao < N~ (k = — (nN" (L <
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Thus, we can now balance the 2 rates:

o2k
niN

~ (1WA o

We now compute each side as a function of k* and then solve for v*. By the source and capacity
assumption,

W lapne = D M(wp)® = Y K = (k)
K>k k>k*

Thus balancing bias and variance gives

271.% N
(:7]’\“[ ~ (k) = )Y sl — k=N
g

where = absorbs constants (including 7, 2) and logarithmic factors.
On the other hand, by definition of k* and \; =~ k%,

1

e *x — p(l=v)/a
an—’Y — k' ~ N .

Mpr = (k)7 =
Equating the two expressions for k* yields
NI=N/a = N1/b — A= 1-— @
b
This choice is feasible iff b > a (so that v* € (0, 1)). In this case,

bias;; 1 ~ variance;i ~ (k:*)l_b ~ N—b-D/b

21



ANYTIME PRETRAINING

C.3. Proof of Theorem 3

To prove Theorem 3, we follow a similar approach as before, beginning with deriving the expression
for the risk for the last iterate case. Recall the setup from Appendix C.1. Following the derivation
of [43, 64, 64, 69], the last iterate risk is:

Rivwr) = SEl((wi - w) T+ o)
1 . *
= i]E[(Wt — whxix) (W — W¥) + €7
2

1 o

Using the same notation of A\ = diag(A) and m; = diag(IM,;), we end up with the formula for the
last iterate excess risk at time N:

R(wy) —o* = (\, my)
As in Appendix C.1, unrolling the recursion on my we get:
N t N
my < exp[— ZAZm]mO —I—JQanexp[— 2A Z 773})\
=1 p=0 s=p+1

with the corresponding bias and variance iterates:

N
my = exp[ — 2AZm}m0
i=1
t N
my = UQanexp[— 2A Z 173})\
p=0 s=p+1

Similarly, if we dot these quantities into A we obtain the bias and variance contributions to the
excess risk:

R(WN) —o’= <1’Ale, )\> + <ﬁN, )\)
and we will refer to these quantities as:

biasy = (mpy, \)

variancey = (my, \)

Recall the schedule from the statement of Theorem 3. The schedule we are analyzing:

n 1 <t <Ht,
T 4) to<t<N
forn < 1/Tr(H), and ¢ty = pN for some constant p € (0,1). Assume a power law spectrum on

H, with source capacity a € (1,2) and source exponent b > 1 (defined as in Corollary 2). We first
analyze the bias component.
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Bias bound. By definition,

N-1

1
biasy = 3 Z Ao exp( — 2 Z m).
k

i=1
Since Zf\:ll ni > Y21 n = nto = nN, we obtain

biasy < Z Armyg  exp(—cnApN).
k
where ¢ > 0 is absorbing all the constants inside the exponential. Define the cut-off:

log N
k* ::max{k:)\kz C;]gN }

Then in the bias head we have:

. Lk
blasN — Z Ay f
N k<k*

For the bias tail, we can upper bound the exponential by 1. Thus, the total bias bound is:

biasy < ﬁ Z Apmyg . + Z Ay f
k<k* k>k*

Now that we have finished bounding the bias we can proceed to bounding the variance.

Variance bound. From the unrolled variance iterate we have that,

o
variancey = > Z Y Z nz exp( —2X Z 773)-
k p=1 s=p+1

We split the inner sum indexed by p into the constant phase (p < tg) and the decay phase (p > tp):
variancey = variancepy const + variancey dec
Constant learning rate phase. For p < to we have 1, = 7 and

N-1 N-1
Z ns:n(tO_p)+ Z Ns

s=p+1 S_t0+1

s—1
o-nn 3 (1-372)

s=to+1
2 n(to —p) +nN
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Plugging back in the variance iterate we have:

to N-1

variancen const = Z )\2 Z n exp( — 2k Z 775)

s=p+1

Sty APem N Z exp( — 2nXi(to — p))
k

p=1
to—1

_ 0_2 Z /\Zn2efankN Z eanAkr (T‘ =to — p)'
k r=0

We can bound the inner sum by the series and we have:

to—1 1 1
DTNy eI = T2 <y
=0 >0 € 7k

where in the last step we have used the fact that nA; < 1 (under our condition that n < 1/Tr(H))
and that for z € [0,1] we have 1 — e~ > (1 — e~ !)x > z. Plugging back in and splitting the sum
over k at the same cutoff k* we have:
variancen const S 0277]\770/ Z Ne + 021 Z Ak
k<k* k>k*
Linear decay learning rate phase. Now we shift our focus to the decay phase of the variance
k%) which yields:

bound. For p > ¢y we have 1, = 7 (

)2
>
Z 775 ~ 77 N
s=p+1
Plugging back in we have:
N-1
variancey dec = —=- Z)\Q Z Ty exp( — 2 Z 775)
p=to+1 s=p+1
2 2 2 & u? u?
<n‘o i exp(—c )\k7> u=N-—p
N Z Z (N —1p)?2 N (N —to)
=n’c Z)\ Z exp(—cn)\kﬁ> M =N —tg

=1 JQZA%Sk
k

where ¢ > 0 is a constant and we have defined:

2

M2 U
S = Z jexp< — cnkk—>
ule M
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For the tail eigenvalues k£ > k* we upper bound the exponential by 1 and thus we have:

M 'LL2
Skokr S iz~ M
u=1

For the head eigenvalues k < k*, we upper bound the sum by the integral:
1 <y u? 1 ¢ M \3/2 —3/2 4 7—1/2,—3/2
Sk<ix S W/o U exp( — cn)\kM) du < W(@) =7 12pr-Y/ AL

Assembling everything, we end up with the variance bound:

variancey < aan*C/ Z M + 0?1 Z e + o2 | n' P2 Z Ai/z + ’M Z A7
k<k* k>k* k<k* k>k*

Power law spectrum. Finally, we specialize the Hessian spectrum to the power law setting with
capacity exponent a € (1,2) and source exponent b > 1, as well as fixing wy = 0. Note that in the
< notation we now absorb log factors and constant factors.

Under A\, = k~%, we have:

_ log N
k* a =
()= 5

k* = (nN)'/@

In the bias term, the tail dominates, and substituting the expression for k* yields:

b—1
biasy < N~ o .

~

For the variance, in the constant-phase tail term we have:
a—1
o?n Z Ne = o2n Z 0 < olnk*) < 0* N a
k>k* k>k*

For the other 2 terms we have the following bounds. Since Ai/ < k=2 and a /2 € (1/2,1),

we have s
Z /\k/ = Z L—a/2 < (k*)lfa/2'
k<k* k<k*

Therefore,

1—a/2
a

N
171/2M_1/2 Z A]1€/2 < 771/2]\,—1/2(k*)1—cz/2 _ 171/2N_1/2(1:g]\7)
k<k*

l1—a/2

b b (1og by 222
N-(a=D/a

N

Since \2 < k2% and 2a > 1, we have

Z )\i = Z k—2a S (k,*)l—Qa.

k>k* k>k*
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Therefore,
77]\7 1—2a
2 2 2 *\1—2a 2 a

M Mo <n°N (k = N( )

n k>§k* SN (k) TN (g N

_ n2+§72 Nlte—2 (log N) 2! < N—(a=1)/a
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Appendix D. Additional Figures
D.1. Figure 2 at optimal hyperparamters

We provide the losses of Figure 2 at the optimal hyperparameters for every intermediate point. Note
that this is not a single run - we plot the optimal loss (over our sweep) at each intermediate point
from 1x to 32 (and 16 x respectively for the 300M model) Chinchilla and interpolate between the

points.
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Figure 4: Top plots correspond to 150M parameter, and bottom plots correspond to 300M models.
At each intermediate point, we plot the best loss out of the whole hyperparameter sweep,
then we linearly interpolate between the points. Note that for long training durations,
constant with averaging and 1/+/¢ offers a substantial improvement over cosine decay.
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D.2. Figure 3 at optimal hyperparameters

We similarly provide the losses from the experiment in Figure 3 for the optimal hyperparameters at
each intermediate point.

Y% Cosine (best) [ Const. + Avg. (best) WSD (best) 1/Vt (best) B Const. + Avg. (best) WSD (best) 1/Vt (best)
3.6 ||
® @ 0.02
©
w34 S
S g 0.001
§3.2 * 2
— w
® 9 [ ]
b 2 —0.021 4
230 % s i
* £ =
2.8 * © _0.04
1010 1010
Tokens Tokens

Figure 5: (Left) Validation loss comparison between cosine decay, constant learning rate with aver-
aging, 1/+/t with averaging and WSD on 150M models trained on 1x to 16x Chinchilla
size datasets, at batch size 4096. (Right) The difference between the loss achieved by
each schedule and cosine at each multiple of Chinchilla, with negative values meaning
better than cosine. These traces are made by interpolating between the losses of the opti-
mal hyperparameter runs at each of the intermediate points from 1x to 16x Chinchilla.
Note that the longer the training run, the more similar the schedules become indicating
that at such large batch sizes learning rate decay is not needed.
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D.3. Additional o2 values for synthetic experiments

We report additional synthetic linear-regression experiments under power-law spectra at different
label-noise levels o using the parameterization used in the LLM experiments:

B o
= t+

and sweep over « to assess how this horizon-free family interpolates between effectively constant
and decaying step sizes. When « satisfies « = O(N), the factor \/«/(t + «) remains roughly
constant throughout the run, so the schedule behaves like a constant learning rate up to an O(1)
rescaling. Thus, after tuning, the method can match both the qualitative rate and the final loss of
constant learning rate with averaging in Figure 6 (¢2 = 0.001), Figure 8 (¢2 = 0.0001) and and
Figure 7 (02 = 0.01).

--M-- Const. + Avg. 1Vt WSD
a=11,b=11 a=15,b=15 a=19,b=19
o 10754 E Bm
B s
£ $-3 ] g "
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|
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Figure 6: Risk comparison between schedulers in SGD on linear regression. We plot the exact risk
recursion from Equation (4). The problem dimension is d = 100000 and we train for a
maximum of N = 50000 samples at batch size 1, with label noise 0> = 0.001. We plot
source exponents ¢ = 1.1, 1.5 and 1.9 on the columns, and the top row corresponds to
the capacity exponent b = a, and the bottom row corresponds to b = 2a. We sweep over
learning rates n/Tr(H) for n € {0.1,0.25,0.5,1.0,1.25,1.5,1.9}. For constant with av-
eraging and 1/+/t we average over the last fraction f € {1.0,0.5,0.25,0.125,0.0625}

of iterates. For 1/v/t we use the practical implementation of , / 4o and sweep over

a € {400,800, 1600, 3200, 6400, 12800, 25600}. For WSD, we fix intermediate points
during the run at 1000, 2000, 3000, 5000, 8000, 10000, 20000, 50000 samples and run un-
til a fraction p of each with constant learning rate, followed by a linear decay, where
p € {0.3,0.4,0.5,0.6,0.7,0.8,0.9}. For each run, hyperparameters are chosen such that
they are close to anytime optimal. We provide plots at other values of ¢ in Figures 7 and
8 (Appendix D).
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Figure 7: Same setup as Figure 6 using 0 = 0.01
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Figure 8: Same setup as Figure 6 using o2 = 0.0001
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D.4. Optimal cosine envelope

Figure 9 compares two ways of using cosine learning-rate schedules across token budgets from 1x
to 32x Chinchilla. First, we train separately tuned cosine baselines for each budget and connect the
best result at every horizon; this defines the optimal cosine envelope (red curve). Second, we tune
a cosine schedule for a long run (8, 16, or 32x) and evaluate it at earlier checkpoints along the
same training trajectory. Across both model sizes, these intermediate points lie substantially below
the optimal envelope, showing that a cosine schedule tuned for a long horizon does not transfer well
to shorter budgets.
Note that we plot again Figure 1 to aid in side by side comparison.

m—— COSING ENV. == 32 X s ] X 8x 4x 2 x m— COSINE €NV, G X — 8 X
3.1
" 2.9

0w
s 528
=] =]
3829 3
g S5

2.8

150M 300M
1010 10t 26 1010 10
Tokens Tokens
(a) 150M (b) 300M

Figure 9: Comparison between the optimal cosine envelope and checkpoints from cosine schedules
tuned for longer budgets. The optimal envelope (red) is formed by independently tuning
a cosine decay for each training horizon (1x-32x Chinchilla) and taking the best vali-
dation value at that horizon. We also plot cosine schedules tuned for 8x, 16, and 32x
and evaluated at smaller budgets using intermediate checkpoints from the same run. The
gap to the envelope is substantial, indicating limited transfer from long-horizon cosine
tuning to shorter budgets. In the 150M experiment, checkpoints were not logged exactly
at 1 x-32x; we plot the closest recorded validation point.
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Appendix E. Synthetic Plots
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Figure 10: Risk comparison between schedulers in SGD on linear regression. We plot the

exact risk recursion from (4). The problem dimension is d = 500000 and
we train for a maximum of N = 50000 samples at batch size 1, with label
noise 02 = 0.01. We plot source exponents a = 1.1, 1.5 and 1.9 on the
columns, and the top row corresponds to the capacity exponent b = a, and
the bottom row corresponds to b = 2a. We sweep over learning rates n €
{0.0001, 0.0002, 0.0005, 0.0007, 0.001, 0.002, 0.005, 0.01, 0.02, 0.03, 0.05, 0.075,
0.1, 0.2, 0.3, 0.5, 0.8, 1.0}. For constant with averaging and 1/ﬂwe average over the
whole duration of the run and we only use the last iterate for WSD. For WSD, we fix in-
termediate points during the run at 1000, 2000, 3000, 5000, 8000, 10000, 20000, 50000
samples and run until a fraction p of each with constant learning rate, followed by a
linear decay, where p € {0.5,0.6,0.7,0.8,0.9}. For each run, hyperparameters are
chosen such that they are close to anytime optimal by minimizing the average loss over
intermediate points.
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Appendix F. Empirical Details

In this section, we describe how we compare our learning-rate schedules to cosine decay. We focus
on anytime schedulers, which are intended to operate without prior knowledge of the training hori-
zon. For each anytime schedule we report results from a single training run using a hyperparameter
setting chosen to track cosine performance across the entire training trajectory, rather than maximiz-
ing final-step performance. As a point of comparison, Appendix D includes additional loss curves
obtained by selecting the best hyperparameter setting separately for each training budget, spanning
1x to 32x Chinchilla tokens.

Architecture and Dataset. We pretrain 150M and 300M models based on the OLMo code-
base [23, 47, 48]. The architectural details are reported as depth, number of heads and width:
150M (12, 16, 1024), 300M (24, 16, 1024). The models are trained using AdamW with no
weight decay, fixing ¢ = 107® and momentum $; = 0.9, and we sweep over learning rate
n € {0.0001,0.0003,0.001,0.003,0.01} for 150M (and n € {0.0003,0.001,0.003} for 300M),
preconditioner 52 € {0.95,0.98,0.99} for 150M (and /35 € {0.95,0.99} for 300M). We train with-
out z-loss and with a sequence length I. = 1024. We train our models on the C4 dataset [52], and
we use the T5 tokenizer, and we do not repeat over the data, with all our runs being fully online.

Training and evaluation details. Following the Chinchilla [27] calculation of 20 tokens-per-
parameter (TPP), we take as 1 x Chinchilla for the 150M model to be 3.3 B tokens and 6.6 B tokens
for the 300M model. Unless specified otherwise, we train all our models at the critical batch size
for 1x Chinchilla, based on Zhang et al. [68], which is 256 for 150M and following the VN (for
N denoting the total data size scaling), we approximate at 512 the critical batch size for the 300M
model. We fix the warm-up duration to be 40% of the respective 1x Chinchilla number of tokens
for each of the models, for all training runs. For the 150M model, we train a cosine baseline at
each power-of-2 multiple of Chinchilla from 1 x — 32x. For the 11/ and constant with averaging
runs, we train directly for the 32x and compare with cosine at the intermediate points. Moreover,
we save checkpoints at 90% of each Chinchilla multiple for the constant learning rate run, and do
a linear decay from each of these points in order to implement the WSD schedule. We follow a
similar procedure for the 300M models, but due to computational constraints we stop at 16 .

Averaging. We evaluate using weight averaging based on EMA with parameter 7; i.e. Wyy1 =
(1 — 7,)w¢ + 140, for parameters 6;. We choose the schedule for 7, = 1/ 21/t such that the half
life of the EMA is equal to some fraction f of the current time ¢ (i.e. for half life h mean-
ing 7/ = 1/2 we want h = t/f). This schedule ensures that at time ¢, the EMA is aver-
aged over approximately the last 1/f iterates. For all runs, we maintain multiple EMAs for f €
{0.0,6.25,12.5,25.0,50.0, 100.0} where for f = 0.0 we refer to only using the last iterate, without
any averaging.

Choice of 7. We experimentally compare v = 0 (constant learning rate) and v = 1/2, meaning
1/ \/t, for which we provide the following explanation. Bjorck et al. [9], Mlodozeniec et al. [44] have
shown that the optimal learning rate in practice approximately scales proportionally to 1/ V/N. Inthe
quadratic regime, the bias along eigendirection ¢ contracts at a rate controlled by the cumulative step
size, roughly as exp( —Ni ) os<t 773). Consequently, the mean process continues to make substantial
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progress up to time N in all directions satisfying

1
=N
Zs:l 7]8

For 1, =~ 1/v/'N, we have Zévz 1 Ms ~ V/N. In order to ensure that an anytime scheme has the same
scaling at any time ¢, one reasonable option is to choose s = 1/4/s, since Zizl s~Y2 = \/t, thus
motivating the choice of v = 1/2. We believe that other schedules around this value might also
work [9, 57], but for all our experiments, we chose to keep 1/2. We formalize this bias—variance
decomposition and the resulting recursion in Appendix C, equation (4). Note that while theoretically
we establish guarantees for 1/+/%, these guarantees hold only up to constant factors. In order to

N
/\i 2775 Z 1, — )\z 2
s=1

account for these constants, in practice we parameterize our scheduler as 7, /7~ for a tunable

positive constant «, which we tune over o € {400, 800, 1600, 3200, 6400, 12800, 25600, 51200}.
While « does introduce a dependence on the total number of steps, and thus implicitly on the time
horizon, this dependency is weak, and we show in Figure 2 that we can find an « value that is
close to optimal across the cosine envelope from 1x to 32, and 16x for 150M and 300M models,
respectively. While this parameterization is not predicted by the quadratic analysis, we will refer to
this schedule as 1/+/t for the remainder of this manuscript in line with our theoretical predictions
and specify case by case which parameterization we are refering to.
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