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ABSTRACT

While Reinforcement Learning from Human Feedback (RLHF) is the standard
paradigm for aligning large language models with human preferences, its effective-
ness in pluralistic settings has been called into question. Notably, recent work by
GoOlz et al.|(2025) demonstrated that the distortion—defined as the multiplicative
gap between the average user utility of the RLHF policy and the optimal average
utility—can scale exponentially with the Bradley—Terry temperature parameter 3
when users have heterogeneous preferences. In this work, we present a fine-grained
analysis of the distortion of RLHF with reward clipping and demonstrate that
such exponential degradation is not a fundamental property of the algorithm but
rather a consequence of distribution mismatch between the distribution generating
preference data (1) and the KL reference policy (m.of). To this end, we establish
tight upper and lower bounds on the distortion of RLHF across multiple regimes of
the KL regularization strength. We show that in a representative regime, under the
Bradley-Terry model, the distortion is ©(8B + ), where B is an upper bound on
the log density ratio between p and m,.¢. In particular, when there is no distribution
mismatch (i.e., © = 7o), RLHF achieves the optimal distortion of O(/3) up to
a constant. Our results suggest that, to reasonably maximize average utility with
RLHEF, it is preferable to use on-policy sampled preference data or to fine-tune
models on samples from p prior to RLHF.

1 INTRODUCTION

In the post-training of large language models (LLMs), the alignment problem of matching model
outputs to human preferences and ethical values is essential for safe and effective deployment (Bai
et al.| 2022a; Wang et al., 2023). A representative approach is preference-based, which assumes the
existence of an underlying reward function behind human-labeled preference data, estimates this
reward, and then fine-tunes the model’s policy to maximize it, as exemplified by Reinforcement
Learning from Human Feedback (RLHF) (Christiano et al., |2017; [Ziegler et al.l 2019; |Ouyang
et al.| 2022). This theoretical assumption of an underlying reward prevails even in preference-based
methods without an explicit reward model (Ethayarajh et al.,|2024; Meng et al.,|2024; Huang et al.,
2023)), including direct preference optimization (DPO) (Rafailov et al., 2023).

Such preference-based policy optimization methods have been criticized for optimizing a single
reward function, which may not represent diverse user populations well (Bai et al., 2022b; |(Chakraborty:
et al.| [2024; Conitzer et al., 2024). Alternatively, the community has begun to acknowledge the
existence of diverse users and to model such diversity explicitly (Sorensen et al.,|2024)). A utilitarian
framework is one such attempt to assess how much an alignment method satisfies multiple users in
terms of their average utility (Siththaranjan et al.| [2023}|G06lz et al., 2025)). To assess the utilitarian
performance of alignment methods, the notion called distortion is introduced by following social
choice theory (Procaccia & Rosenscheinl 2006; Boutilier et al., 2012; |Anshelevich et al.,[2021): the
distortion measures how far a given mechanism’s average utility falls short of the highest achievable
average utility. This framework can be applied to analyzing the utilitarian performance of alignment
methods by identifying a utility and a mechanism with a reward and a distribution optimization
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* We assume a constant KL budget 7 = O(1) Figure 1: Overview of the upper and lower
in the AT alignment setting. (3 is the temperature bounds in the analysis in the Al alignment
in the Bradley—Terry model, B is the distribution setting (with the KL constraint), shown for a
mismatch, and m is the number of alternatives. given distribution mismatch B.

problem under a KL constraint, respectively. Under this setup, (GOlz et al.|(2025) prove that some
distortion is unavoidable due to the nonlinearity of the Bradley—Terry reward model. Specifically, an
algorithm-independent lower bound of the distortion is €(/3) with 5 > 0 denoting the Bradley—Terry
temperature, which can be achieved by Nash Learning from Human Feedback (Munos et al.| [2024).
In stark contrast, RLHF suffers from an exponential lower bound of the distortion ¢‘*(?). Since this
is a consequence of the nonlinearity of the BT model and practical reward models often operate
in this nonlinear regime as shown later in Section [6] RLHF can significantly amplify the curse of
nonlinearity in theory.

Although the distortion theory suggests a potentially catastrophic failure mode of RLHF, it has been
widely applied in post-training of many LL.Ms such as GPT-4 (Achiam et al.||2023), where RLHF
does not exhibit extremely poor empirical performance (Touvron et al., 2023} |Georgiev et al., 2024).
To reconcile this gap between theory and practice, this paper refines the distortion theory by raising
the following questions:

Under what conditions can the distortion of RLHF be reasonably controlled? Conversely, is the
remaining distortion fundamentally unavoidable?

1.1 OUR CONTRIBUTIONS

We show that distortion can be controlled by the mismatch between the reference policy . of the
KL constraint and the distribution y from which preference data are sampled. Concretely, defining the

du and the temperature parameter of the Bradley—Terry

maximum log density ratio B = H log Iro ||Oo

model 3, we show that the worst-case distortion scales as ©(BS+ ). This suggests that, unless there
is extreme distribution mismatch, RLHF can reasonably solve the problem of maximizing the average
underlying utility. We summarize our contributions below, compare bounds across settings and prior
work in Table[I] and discuss practical implications in Section[7] See Appendix [A]for literature review.

* We begin our analysis of RLHF by considering a special case where no KL constraint is imposed
on the policy space. This corresponds to the traditional social choice setting, where the mechanism
selects the alternative that maximizes the estimated reward. We show that the distortion of RLHF
is bounded by O(3). This improves upon the O(3?) bound of (Gélz et al. (2025). The proof
introduces effective utility, which retains only the components of the utility that provide informative
signals to the RLHF rewards, and it serves as the foundation for the general case.

* Section [ generalizes the analysis to the AI alignment setting, where the policy is subject to a
KL constraint KL(7||7mf) < 7. This reflects that the policy is usually regularized to remain
close to the base model, whose distribution we denote by 7..¢, and this constraint is known to
result in an interesting increase in distortion (Golz et al., 2025)). We show that RLHF with reward
clipping yields distortion that varies from O() to O(Bf3) depending on the interplay between
the KL budget 7 and the distribution mismatch B; see Figure[I] Also, we show that fine-tuning
base models with samples from p prior to RLHF, so that 7. is close to pu, mitigates the effect of
distribution mismatch.
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* In Section[5] we establish matching lower bounds, up to logarithmic factors, across all ranges of
the KL budget 7. These results decompose into an RLHF-specific (Theorem[d)) and an algorithm-
independent lower bound (Theorem [3)); see the blue and gray shades, respectively, in Figure[I] For
the former, a distortion of Q(Bf) persists even when the KL budget 7 is exponentially small, i.e.,
7 = e~9(B) demonstrating the fundamental prevalence of RLHF distortion caused by distribution

mismatch.

* To help interpret the theoretical results, we present two experiments in Section [} one examining
the practical impact of the BT model’s nonlinear regime (Section [6.1)), and another illustrating how
mismatch between 7 and p induces distortion (Section @])

2 PROBLEM SETTING

Our problem setting follows that of |(Golz et al.| (2025)), except that we define distortion with respect to
individual distributions, and we apply reward clipping in Section Let A= {1,...,m} denote a
finite set of alternatives, which corresponds in alignment scenarios to LLLM candidate completions,
or groups of semantically equivalent completions. They also correspond to candidate LLMs in
Al leaderboard scenarios, as explained in Section [3] Each user is associated with a utility vector
u = (u(l),...,u(m)), whose entries satisfy 0 < w(z) < 1 and represent the user’s utility for
alternative x, and we denote the distribution of the utility vectors by D. Our goal is to find a
distribution 7 € A(A) that maximizes the average utility E,p, o [u(z)] over users, with or
without a KL constraint. When a KL constraint is (is not, resp.) imposed, we call the problem A/
alignment (social choice, resp.) setting.

Generation of preference data. Let ;4 € A(A) be a distribution which selects alternatives to be
compared and satisfies j(z) > 0 for all x € A. We sample n users’ utility vectors ul, ... u" ~j;.q.
D. For each user i, we draw a pair of alternatives 2°, y* ~.q. 1. Then, user i compares z* and y°
via the Bradley-Terry (BT) model. The probability that the user 7 prefers x' over ' (denoted by
Tt - yh)is:

p(a’ = y') = o(Blu'(@") —u'(y"))),

where o (t) = 1/(14e~") is the sigmoid function and 3 > 1 is the temperature parameter controlling
preference sharpness; otherwise, ¢ prefers y* over x*.

Reward estimation. The standard RLHF proceeds in two stages (Ouyang et al., 2022). First, a
reward model is trained using human-labeled preference data {z?-*y*}" | (-* € {>, <}). Specifically,
the preference data are assumed to be generated by a single user, and the reward model 7 is learned
via maximum likelihood estimation of a single BT model:

n

max 3" (1" -y log(o(F(a') — 7(y"))) + Lia' < '] log(0(7(y") — 7(a'))|.
i=1

We consider the regime where n is large such that the empirical loss in (T)) converges to the population

loss. Specifically,

7 i arg 0 By [ 1o = ] 108(o(7(2) = 7(9) + Lo < y]log(o(7(y) — 7(2)))|

ax Eyup o y~p [a(u(x) —u(y))log(o(7(x) — F(y)))} (D

= arg m
FERM

If utilities are constant across users, 7 recovers Su up to an additive constant as n — co. However,
when w is stochastic, 7 cannot exactly recover the average utility across users E,,p[u] (Golz et al.,
2025)).

Equation (1)) admits an additive constant shift in 7(x). We fix the translational degree of freedom,
for convenience, by imposing the constraint that a virtual alternative  with utility u(z) = 0 and
infinitesimal sampling probability u(x) satisfies 7(x) = 0. Formally, we impose the following
constraint:

Eznp [0’(—77(3?))} = Eonpu~p [a(—ﬁu(a:))} : @
Appendix shows that this is indeed equivalent to considering such a virtual alternative.
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Reward clipping. To concentrate the reward on a range of values that is informative as a learning
signal, we introduce reward clipping only in the Al alignment setting. Fix constants r,;, and 7pax
(specified in Sectiond), and truncate the learned reward by

r(z) = max{min{7(x), "max }, "min - 3)

While this is a technical device for obtaining the optimal rate, in Appendix C we remove reward
clipping and show an O(3?) distortion when f1 = Tryef.

Proximal policy optimization (PPO). In the second stage of RLHF, it optimizes a policy with
respect to the learned reward. We analyze two distinct settings:

(i) AI alignment setting. LLM:s initialized from pre-trained models are fine-tuned to maximize
reward. During optimization, the generation policy is typically regularized to stay close to the
pre-trained model, which serves as the reference policy (Schulman et al.| 2017). Prior work (Golz
et al.| 2025) shows that this KL constraint may lead to an increase in distortion. Formally, given a
reference policy mef € A(A) and a KL budget 7 > 0, define

TRLHF = arg max Eynp g7 ()] )

a
7w KL(7||7ryer) <T

If the maximizer is not unique, we may select any distribution among the maximizers.

In the following analysis, we show that large distortion arises from a mismatch between 7,¢¢ and p,

through its interaction with the KL budget 7. Among several ways to define distribution mismatch,

we use the maximum log probability ratio. Although this has the drawback of being sensitive to

perturbations, we choose it for its simplicity, which facilitates analysis and helps clarify the effect

of distribution mismatch on distortion.

Assumption 1 (Distribution mismatch). The log-likelihood ratio between et and p is uniformly

bounded: max,¢ 4 log F”(:(fi) = B < oo.

n(z)
Tref ()

We note that the distortion upper bounds require only the upper bound on log whereas

assuming a bound on its absolute value does not affect the lower bounds.
(i) Social choice setting. In this setting, we may output any distribution maximizing
Ey~p, zor[r(2)] (with no KL constraint). This corresponds to a traditional formulation in social

choice theory and corresponds to the limit 7 — oo in (#). We do not need reward clipping in this
setting, SO we set Tyin = —00 and Tyax = 0.

Distortion. In the (i) AI alignment setting, for any 7 € A(A) we define distortion as the ratio
between the best achievable average utility within the KL ball and the average utility achieved by 7:
maxqyrs . KL(7/||7rrer) <T EUND,INTF/ [u(:c)]

Eynp,znn [u(z)]

In the (ii) social choice setting, which corresponds to the case 7 = oo, the numerator is replaced
with max,e 4 E,p[u(z)] (Procaccia & Rosenschein, 2006).

Dist(n) =

3  WARM-UP: SOCIAL CHOICE SETTING

We begin by analyzing RLHF in the special case where no KL constraint is imposed. This setting
is equivalent to analyzing the Borda winner in social choice theory and has implications for the
reliability of Al leaderboards. Moreover, our proof strategy here forms the basis for the Al alignment
setting with a KL constraint.

In this setting, the policy mrrur concentrates on the alternatives with the maximum rewards.
Given that the reward ranking is consistent with the ordering of the Borda scores Borda(z) =
Eu~p,y~pulp(z > y)] under the Bradley—Terry model (see Lemma|I8|borrowed from [Siththaranjan
et al.| (2023, Theorem 3.1)), the alternatives with the highest rewards can also be interpreted as the
Borda winners, i.e., the maximizers of Borda(z). The distortion of wry,gF is also the distortion of the
Borda winners, i.e., the maximizers of Borda(x). In deference to the long history of the Borda voting
rule in social choice theory (Procaccia & Rosenschein, 2006} Boutilier et al.,[2012; |Anshelevich et al.
2021), we present TRL,HF aS TBorda iN the social choice setting.
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Theorem 1. In the social choice setting, no reward clipping is imposed, and we may choose any
policy maximizing Eyp zror[F(x)] as Torda. Then, the distortion of the policy Triur is bounded
by

DiSt(’/TBorda) § Clﬂ + 4)

where C is an absolute constant.

Before proceeding to the proof overview, we discuss an implication of this result for Al leaderboards:

Al leaderboards are not too distorted. Our results have implications for Al leaderboards such
as Chatbot Arena (Chiang et al., [2024)), which present users with responses from two anonymized
models and ask them to select the preferred one. Based on the collected data, these leaderboards
assume that each model has a deterministic utility and fit a single BT model to rank the models. This
setting can be naturally viewed through the lens of social choice, with models viewed as alternatives.
In particular, our results characterize how suboptimal the top-ranked model on a leaderboard can be
relative to the true maximizer of average utility. Our improved bound in Theorem [T|shows that this
distortion is at most a constant factor larger than the algorithm-independent lower bound (Theorem [5)).

3.1 PROOF OVERVIEW OF THEOREM/(I]
3.1.1 EFFECTIVE UTILITY

We outline the proof of Theorem[I] First, we introduce the effective utility, which extracts the utilities
that actually contribute to rewards. Formally, we define the effective utility & : A—[0,c87] as

0 @) if Py [uly) —u(z) > 671 > 3,
(x) = ep~t (i) else if u(x) > ¢f71,
u(x)  (iii) otherwise
for a constant ¢ with 0 < ¢ < ﬁ. The reduction is applied to the true utility u under the two
cases (i) and (ii), where the preference data become uninformative to recover the true utility u. We
describe these two cases below.

(i) Signal degradation in pairwise comparisons. Even when an alternative « has high utility u(x),
it may still lose to a majority of opponents under y (e.g., if i concentrates on alternatives with higher
utility). In this case, pairwise outcomes provide little evidence that x has high utility, so a reward
model fit to comparisons will accidentally treat such an z as low utility. Thus, we set 4(x) = 0.

(ii) Underweighting of large utilities. When u(2) — u(y) is large, the win probability o (8 (u(z) —
u(y))) is close to 1. However, further increases in u(x) have negligible impact on the observed
comparisons and thus on the rewards. This prevents the reward from distinguishing well between
large utilities. This motivates capping the utility at a threshold ¢3! for a fixed constant ¢ > 0.

Then, we have the following relationship between the true utility and the effective utility. The proof
is found in Appendix [B.1]

Lemma 1. The maximal average utility can be bounded by the maximal average effective utility as
follows:

Eum« AT < Eum« rAT U .
s By s [u(@)] S 5 maxEyp e li(r)

3.1.2 REWARD SANDWICH

Next, we “sandwich” the learned reward 7 with the effective utility and true utility. Specifically,
we can lower bound the reward with the effective utility and upper bound the reward with the true
utility as follows. The proofs for the following lemmas can be found in Appendices [B.2]and [B.3]
respectively.

Lemma 2. For any x € A, the expectation of the effective utility can lower bound the upper-clipped
reward as

Eu~pli(z)] £ 7" min{7(z), R}, ®)
where R is some problem dependent constant.
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Lemma 3. Suppose that Py.p ;.. [Bu(x) > ] < c¢* and let R be the same constant as in Lemma
Then, for any x € A, we have that

min{7(z), R} < fEu~plu(x)].

Putting the above together, we obtain Theorem |1|if Pp z~p[Bu(z) > ] < c?. According to
Lemmas[T]and 2}

EopoD o < B, [min{7(z), R}]. 6
Jnax Euo, [U(w)]wﬂgfﬁ) [min{7(z), R}] (6)

When mrpur = maX ea(a) Eznr[F(2)], TrRLEF is 2 maximizer of RHS of @ By using this fact
together with Lemma to (6)), we obtain that

ﬂglfé‘) Eynp zrr [4(7)] S BEuD zomporas [U(T)],

which proves Dist(7gorda) < 5. See Appendixfor the details of this argument.

The case Py op zopu[Bu(x) > ¢] > ¢? requires a separate argument. In this case, we prove the result
by observing that 4 itself achieves an average utility of Q(3~1). See Appendix [B.5|for the details.

4 Al ALIGNMENT SETTING

We now turn to the Al alignment setting, where we incorporate the KL constraint into the reward
estimation (@). The main theorem in this section is the following.

Theorem 2. Suppose that the mismatch between 1 and Tyer satisfies Assumption[l] and let the KL
budget be T > 0. To define reward clipping (3), we take rmin to be the solution to the following
equation
B 1 I
]Eyw,u [U(Tmin - T(y))] = 5 - T67 (7)
and set Tmax = Tmin + 2¢, Where c is an arbitrary constant satisfying 0 < ¢ < %. Then, the
distortion of TrRLuF satisfies

DiSt(’ITRLHF) < Cz(min {GBT7B7BT_1} + 1)5 + 4.

Here, Cy > 0 is a constant polynomially depending on ¢ 1.

In the following, we take the constant ¢ in reward clipping to be the same as that in the definition of
the effective utility in Section[3.1.1] In Appendix C, we consider removing reward clipping and in
particular present bounds for the case p = 7. We make the following remarks about this theorem.

Optimality of RLHF for utility maximization. This result addresses an open problem raised by
Golz et al.| (2025), who introduced distortion into the Al alignment setting. They did not establish
an upper bound in the Al alignment setting, and in particular left obtaining tighter bounds under
the assumption p = Tt as future work. Theorem [2| shows that when y = T < B = 0, the
distortion upper bound is O(f), which matches the algorithm-independent lower bound up to a
constant factor. Consequently, our results provide an answer to this open question by establishing
the RLHF optimality under the distribution matching scenario. It is surprising that RLHF implicitly
achieves optimal average utility maximization, despite the fact that reward estimation with a single
BT model () does not account for the stochasticity in utilities.

On the source of RLHF distortion. Under the distribution mismatching scenario (B > 0), the
distortion can grow up to O(Bf), which is tight up to logarithmic factors (see Theorem E] and
Figure[I). That is, RLHF distortion is caused multiplicatively by nonlinearity of the BT model (3)
and the distribution mismatch (B). While |Golz et al.| (2025, Theorem 6) show that RLHF distortion
can scale as ¢©2(%) this behavior arises in the limit of distributions for which B — oco. In contrast,
we quantify distribution mismatch explicitly and show that distortion is controlled linearly in the
log density ratio B. In particular, exponential distortion requires the density ratio to be doubly
exponential in 3. Overall, our results indicate that distribution mismatch drives RLHF distortion, but
its effect is comparatively mild unless mismatch is significant.

6
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A benefit of fine-tuning on samples from p.  To mitigate the effect of distribution mismatch for
off-policy sampled preference data, one might consider bringing the reference policy closer to the
preference data distribution. While this reduces distortion, it also changes the maximum average
utility in the definition of distortion, and thus it is unclear whether the average utility is improved
compared to the original wry,1rr. Nevertheless, the following corollary, which can be obtained with
one additional step beyond Theorem [2] shows that the worst-case ratio relative to the maximum
average utility under the original reference policy is in fact improved by that. See Appendix [B.6|for
the proof.

Corollary 3. Let a base model myasc be given, and suppose that max ¢ 4 log Wb” (x()w) < B. Define
Tret = (1 — e_’\)ﬂbase + 6_”\u (A > 0), and perform RLHF as in Theorem Then, the resulting
policy mrrur satisfies
MaX7y: KL(7||Thase) <T Eu,xww[u(x)] < BCQ()\ + 1) +4
]EU,INWR,LHF [u(m)] B 1I—e A .

According to the distortion bound in Theorem 2] the ratio of the average utility of the original Tryup
relative to Max . Ki,(r||mpaee) <r Bu,z~r ()] is O(BB) when Be~B < 1 < 1. Therefore, making
the reference policy closer to the preference data distribution so that A < B improves the ratio relative
t0 MAXrr; KL ()< Bu,z~r [U(2)]. This implies that fine-tuning the model based on the samples
from the preference data distribution prior to RLHF can mitigate the effect of distribution mismatch.

4.1 PROOF OVERVIEW OF THEOREM [2]

We prove Theorem [2] by extending the proof in the social choice setting. Focusing on the case
where Py p z~pu[Bu(z) > ¢] < 2, the proof in the social choice setting was obtained by combining
Lemmas and[3] Among these, Lemmas[2]and [3]do not depend on 7.¢, and therefore can be used
without modification, so the main difficulty lies in Lemma[I] When the KL divergence constraint
prevents 7 from ranging over the entire simplex A(A), the lemma is updated as follows.

Lemma 4. Under Assumption|l| the maximal average utility can be bounded by the maximal average
effective utility as follows:

max By s u(x)]
7 KL(7||mryer) <T

B
< . B i N
N ﬂ(mln {6 T, B, - } + 1) . KLI(I;Tllzr(mf)ST EuwD,mww[u(x)] + Eunp gnmnine [u(z)].  (8)

The proof is found in Appendix Intuitively, the additional factor of min{e®r, B, E} appears
because the KL constraint can restrict a mass to alternatives where the gap between the effective
utility and the true utility is large.

More precisely, we need to consider two scenarios in which reduction is applied: (i) Signal degrada-
tion in pairwise comparisons, corresponding to Py, [u(y) —u(z) > ¢8| > 1, i.e., when z loses
to at least half of the alternatives drawn from p, so that z is treated as a low-utility alternative; and
(i) Underweighting of large utilities, corresponding to u(z) > ¢3!, where the sigmoid function

o(B(u(r) — u(y))) may saturate, making large utilities difficult to distinguish.

Accounting for the second effect is straightforward. Since reduction in the second case scales the
utility u(z) by at most ¢371, as far as this effect alone is concerned, the maximum average utility is
reduced by at most a factor of ¢~ 1.

The first effect is, however, more subtle, since reducing u(x) > 0to @(x) = 0 results in an unbounded
ratio % Instead, we must compare the maximum expectations under policy distributions. Letting
I (u, x) be the indicator of the event P, [u(y) — u(z) > ¢871] > 1, we would like to account for
the maximum loss caused by this reduction, that is, maXr . K1.(x|jm.;)<r Bu~pD,zror L1 (W, 2)u()]. If

1 = mef, we have the following bound:
Eymp gror 11 (u, x)u(z)] < 20_1ﬂ]Eﬂ’a;NM [a(x)) 9)

< 2¢7t max Egcrrlt(z)]. 10
- 7 KL(7||7rpet) <7 T [ ( )} ( )

max
w2 KL(m||mree) <7
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The first inequality shows that the data distribution ( is a “good” policy that absorbs the loss caused
by the reduction, and directly follows from combining and in the proof of Lemma[5] Then
the second inequality is obtained simply by choosing 7 = 1 in (I0), as p = 7y trivially satisfies the
KL constraint.

However, under distribution mismatch (7o 7% 1), 1 may not satisfy the KL constraint with respect to
Tref, and the second inequality may break down. To overcome this issue, we consider an interpolating
distribution between y and 7,cf, defined by 7' = Ay + (1 — \)mef. By taking A = Br~1, the
distribution 7’ lies in the KL ball, as shown in Lemmal[6] With this 7/, the inequality is valid
under the general case 7ot 7 p. Specifically, since 7/ (x) > Au(x) holds for all z € A, it follows
that Eg yp[0(y)] < A Eq yon [@(y)], and therefore
<A ' x 271 BE, yonr [ <A tx2c7! max Egonnlt(z)].

E FEa (1) < B Baolil)
This is given as in the proof of Lemma Here, we have an additional factor of A\=! = Br~!
compared to the case myer = ft.

Still, for small 7 < 1, any feasible distribution 7 may lie far from g, and the above argument leads
to a blow-up of distortion. To handle this regime, we exploit the fact that, when 7 is small, any
policy 7 satisfying KL(||m.r) < 7 must lie close to the reference policy ¢ in the total variation
distance. However, applying the standard Pinsker’s inequality only yields an O(,/7) bound on
the total variation distance, which is insufficient to obtain the tight upper bound. Instead, we use
Lemma[7] which provides a linear bound on the total variation restricted to regions where the density
ratio is large. Using this lemma, we obtain bounds involving the factors B and e®7. The effect from
the regions where the density ratio is close to 1 is handled by the additive term E,p grmp e [4(2)]

in (§).
5 LOWER BOUNDS

The upper bounds of Theorem 2]are tight up to logarithmic factors. Specifically, we present two lower
bounds corresponding to different ranges of 7. The RLHF-specific lower bounds fore=©5) < 7 < B
are given in Section while an algorithm-independent lower bound for the remaining cases is
presented in Section[5.2]

5.1 LOWER BOUND FOR RLHF

We first show that the increase in RLHF distortion due to distribution mismatch is tight up to
logarithmic factors. This bound holds regardless of the choice of ry,;, and 7y ax.-

Theorem 4. Assume that the KL budget T > 0, the Bradley—Terry model temperature parameter

B > 3, and the maximum log-likelihood ratio B = max,¢ 4 | log W’: e(f‘fi) | satisfy

B B B . B B
max{e 3,e 2} <7<B, 3<f8<e3 -1, and 3<B<min{es,e2}.

Then, there exists a pair of an instance D, a data distribution p, and a reference policy et such that,
regardless of how T, and roax are chosen in reward clipping, the distortion of TrLur is lower
bounded by

B B
Dlst(T(RLHF) Z min{bgm7 7—}6

The proof is found in Appendix D.1. An implication from this lower bound is that a distortion of
é(B f3) is unavoidable even under an exponentially small KL budget 7 = e~©(5). This shows that
distortion arising from distribution mismatch is persistent even when LLM updates are restricted to
small-scale fine-tuning. Also, we note that this lower bound holds regardless of how r,;, and 7y ax
are chosen in reward clipping.

5.2 ALGORITHM INDEPENDENT LOWER BOUND

To cover all regimes of the KL budget 7, we establish an Q(3) lower bound for all 7 in the case
Tref = M, 1.€., B = 0. We note that, while |G0lz et al.| (2025, Theorem 3) also prove a similar lower
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Figure 2: Empirical distribution of pairwise reward Figure 3: Distortion with different reference
differences. policies.

bound, it applies to the social choice setting in which the alternative with the maximum reward is
selected, and thus extends to the Al alignment setting (7 < 0o) only for sufficiently large 7, rather
than for all TF_] The proof of this theorem can be found in Appendix D.2.

Theorem 5. When j1 = myef, for any KL budget T > 0 and any Bradley—Terry temperature parameter
B > 0, there exist a collection of instances {D;}Y_; and a data distribution 11 such that, when an
instance is drawn uniformly at random from {Di}ivzl, the output of any algorithm incurs expected
distortion at least

Bl4e?
21—eB ©

where € > 0 is an arbitrarily small constant.

6 EXPERIMENTS

6.1 REWARD SCALE IN PRACTICAL REWARD MODELS

In the theoretical analysis, larger values of the temperature parameter § induce stronger nonlinearity
in the BT model, leading to larger distortion. While the effect of this nonlinearity cannot be observed
directly, since 8 upper bounds the maximum difference between rewards max,c 4 7(z) —minge o 7(x)
by Lemma 20, we visualize the reward scale of open-weight reward models to obtain rough estimates
of 3 and to see how much the nonlinear regime of the BT model matters in practice.

From RewardBench (Lambert et al., 2025)), we selected two open-weight reward models: Skywork-
Reward-V2-Llama-3.1-8B (L1u et al., 2024} and UltraRM-13B (Cui et al., 2023)). The former model
was trained with the original MLE loss , while the latter added a regularization m with |m| < 1
to r(z) — r(y). Using their training datasets, Skywork-Reward-Preference-80K-v0.1 (Liu et al.,
2024) and UltraFeedback (Cui et al., 2023)), we sampled 5000 preference instances and plotted the
values of Ar := |r(z | z) — r(y | z)|, where z denotes the prompt and z, y denote completions. See
Appendix E.1 for details.

The results are shown in Figure[2] The maximum Ar is 108.8 for Skywork and 25.4 for UltraRM.
While they do not exactly correspond to the effective value of 8 due to optimization errors, they
nevertheless mean that reward models in practice operate in a regime where the MLE loss (T]) exhibits
substantial nonlinearity. This implies that practical reward models can have non-negligible distortion.

"We remark that|{Golz et al.{(2025) report a (3 + o(1))/3 lower bound for both the social choice setting and
the Al alignment setting in their Table 1. However, both of these refer to|Go6lz et al.| (2025 Theorem 3), which
considers the setting in which a single alternative is selected, namely the social choice setting. Indeed, in their
construction, as 7 — 0, any 7 satisfying KL (7 ||mref) < 7 can no longer allocate mass to the alternative a with
exceptionally high utility, and since the remaining alternatives also have positive average utility, the distortion
converges to 1.
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6.2 SYNTHETIC EXPERIMENT

Next, we present a toy example in which distortion arises from distribution mismatch between
and m..¢. The setup is detailed in Appendix E.2, with 5 = 10 and B = 11.5 in particular. For
reward computation, we consider two cases for generating preference data: one using p, and another
using the reference policy 7. in place of u, which results in B = 1. In both cases, we optimized a
distribution initialized at 7..¢, using mirror descent (Beck & Teboulle, [2003) with step size n = 1073,

Figure [3|shows the evolution of the distortion and the average reward (the latter differs between the
two cases). When ¢ is used for preference data generation (denoted by p = my¢t), the distortion
converges to 1, whereas when 1 is used (¢ # 7yt ), the distortion grows as optimization proceeds,
corresponding to a decrease in average utility. This succinctly illustrates that, in RLHF, distribution
mismatch between p and 7.¢ is a key driver of increased distortion.

7 DISCUSSION AND PRACTICAL IMPLICATIONS

In this work, we revisited the question of whether RLHF is well-suited to aggregating diverse human
preferences. By isolating the effect of distribution mismatch B, we proved that the RLHF distortion
varies from ©(f) to ©(Bf) depending on the KL budget 7, with the matching upper and lower
bounds. This decomposes the sources of RLHF distortion into two components: the nonlinearity of
the preference data generation model (3), which is unavoidable for any algorithm, and the distribution
mismatch between the reference policy and the data distribution (B). This shows that misspecification
in reward estimation, namely the use of a single Bradley—Terry model, does not by itself worsen
distortion as a fundamental property of the algorithm. While the effect of distribution mismatch
can persist even under a small KL budget, its dependence on the mismatch is upper bounded by
the logarithm of the density ratio, making it comparatively moderate and ruling out the pessimistic
exponential bound from |Golz et al.| (2025)) unless the mismatch is extreme.

Our results suggest several practical implications. First, on-policy data collection (Ouyang et al.|
2022)) or online variants of RLHF (Xiong et al.l 2024; Zhang et al., 2024} |Guo et al.,[2024; [Xie et al.
2025) may offer advantages for reducing distortion over offline methods. However, in practice, we
are often faced with preference data that is not collected on-policy. For example, the community
has recently been making efforts to construct more heterogeneous public datasets that better reflect
a broader range of users (Zhang et al., |2026), and it is common to use data generated by previous
models when training newer ones (Ettinger et al.,|2025). In such cases, if sufficiently many samples
from . are available, Corollary [3] suggests that fine-tuning on samples from the same distribution
prior to RLHF can mitigate distribution mismatch and improve the expected utility. Moreover, in
addition to fine-tuning on samples from u, our results naturally point to two research directions on
how to handle off-policy preference data:

* How should off-policy preference data be preconditioned? An alternative to fine-tuning for
bringing i and 7. closer is to filter, reweight, or otherwise precondition the preference data, which
adjusts p instead of ... However, performing this efficiently at modern scale remains future work.
This is because per-completion log-likelihood differences can exhibit unnecessarily high variance,
and a potential remedy is to treat clusters of completions as alternatives.

* When should RLHF be used versus more explicit pluralistic alignment methods? RLHF may
perform well in some regimes, while in others it may be preferable to resort to more computationally
expensive but heterogeneity-robust methods such as NLHF (Munos et al.,[2024). An important
practical question is therefore to understand when the extra robustness is worth the additional
optimization cost, in which distribution mismatch emerges as one of the key variables.

In a broader sense, amid the community’s emerging attention to user heterogeneity (Sorensen et al.,
2024; [Poddar et al.| 2024; Zhang et al., [2026]), our results suggest that the impact of heterogeneity
depends on the relationship between 7.t and p, i.e., how base models are trained and preference
data is collected. This insight encourages moving beyond evaluating whether a particular algorithm
is robust to heterogeneity, and calls for a more holistic perspective on the entire training pipeline to
account for the effects of user heterogeneity.

10
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A RELATED WORK

Distortion in social choice theory. The notion of distortion, defined as the ratio between the
average utility achieved by a selected distribution and the maximum achievable average utility,
originates in social choice theory. In the classical setting, each user has a deterministic preference
ordering that is consistent with their underlying utility values (Procaccia & Rosenschein, 2006). In
this setting, for m alternatives, the distortion is Q(mQ) for deterministic voting rules (Caragiannis &
Procaccial [2011), and Q(ml/ 2) when randomized voting rules are allowed (Boutilier et al., 2012;
Ebadian et al.| [2024).

Recent work has studied metric distortion as a setting that yields distortion independent of m by
imposing structure on utilities (Anshelevich & Postl, |2017; |Anshelevich et al.,[2018). In this setting,
Goyal & Sarmasarkar| (2024) show that distortion is reduced as preferences become less deterministic.
In this context, following |Golz et al.| (2025), our work serves as the non-metric counterpart to|Goyal
& Sarmasarkar| (2024) and derives distortion bounds that depend on the strength of randomness /3 but
not on m.

Utilitarian analysis of alignment methods. Our closest prior work is|Golz et al.|(2025)), which
introduced distortion for the analysis of Al alignment methods and incorporated a KL-divergence
constraint. Their analysis of RLHF builds on results from [Siththaranjan et al.| (2023)), which establish
an ordering equivalence between rewards fitted under a single Bradley—Terry model and the Borda
score; related results can be traced back to Rajkumar & Agarwall (2014). Also, Ge et al.| (2024)
analyze RLHF under a linear utility model and prove that it fails to satisfy several desired properties.

Concurrent with and independent of our work, |Alipour & Goyal| (2026) consider the same data
generation process and analyze the distortion of various mechanisms in the traditional social choice
setting. Their results on the Borda rule imply that, in this setting, the distortion of RLHF is 3(14-0(1)).
Their analysis focuses on the alternative that maximizes the Borda score. In contrast, our analysis
based on effective utility can evaluate the magnitude of differences in the estimated rewards across
alternatives, which allows our approach to generalize to the Al alignment setting.

Relation between Theorem [5|and identifiability results. The problem of identifying the under-
lying parameters of mixtures of ranking models is closely related to this lower bound. For the BT
model, Wu et al.| (2015) establish identifiability under the assumption that comparisons for all pairs
of alternatives are observed from the same user, while (Oh & Shah! (2014) and |Chierichett1 et al.
(2018)) assume that additional comparison information is available for each user. Subsequently,|Zhang
et al.| (2022) show that when there are two distinct users, the parameters are identifiable up to a
measure-zero set.

Our proof considers two users, and thus falls within the scope of the positive result of |[Zhang
et al.[ (2022). Our lower bound is based on the fact that, even when the model parameters are
identifiable, a degree of freedom corresponding to a permutation of alternatives remains, which
prevents distinguishing differences in average utility on the order of ©(f3).

B PROOF OF UPPER BOUNDS

In this section, we prove Theorem |I| and Theorem Throughout this section, we use reward
clipping (3)) in the definition of the AI alignment setting, and denote the unclipped rewards by 7.

Both Theoremand Theoremrequire a case analysis depending on the value of Py p o p[fu(x) >
c|, and, only in the case of Theorem on rnin. Among these cases, the technically most involved
ones arise when Py p, s, [Bu(z) > ¢] < ¢* in Theorem|[l} and when Pyp, zp[Bu(z) > ] < ¢
and 7i, < 0 in Theorem 2] We therefore state the theorems restricted to these cases as Theorems|[6]
and[7] respectively, and their proofs are found in Appendices

Specifically, the proof of Theorem [f] proceeds in the following steps, as sketched in Section [3.1] First,
in Appendix we prove Lemmal|l] which introduces a hypothetical effective utility 4 (z), and gives
the upper bound of the true utility u(z) by @(x). Next, in Appendix [B.2} we prove Lemma 2] showing
that the expectation of the effective utility, E,p[id ()], lower bounds the clipped reward. We then
prove Lemma [3]in Appendix which establishes that the clipped reward in turn lower bounds the
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average true utility E,,p[u(z)]. Finally, these components are combined in Appendix [B.4|to obtain
Theorem |[6] The proof of Theorem [7]mainly reduces to a generalization of Lemma [I]to Lemma 4]
which is discussed in Appendix |B.]|

In the assumptions for Theorems |§| and 7} the condition Pyp z~,[Bu(z) > ¢] < ¢* informally
ensures that not too many alternatives have large utility. Otherwise, the presence of many high-utility
alternatives may lead to inaccurate reward estimation for alternatives with small average utility. Also,
if rmin > 0, the clipping may ignore signals from small utilities. Therefore, when these assumptions
do not hold, separate arguments are required. For Theorem the case Py, oy [Bu(z) > ] > 2
is handled in Theorem For Theorem Theorem|§| covers the case Py p zop[Bu(x) > ] > 2,
while Theoremtreats the case Py p, zp[fu(x) > ] < ¢? with i, > 0. The proofs of these
results are given in Appendix [B.3]

B.1 ANALYSIS OF THE REDUCTION EFFECT ON u

We begin by comparing the maximum expected value of the true utility with that of the effective utility.
This quantifies how much the signal to identify the true utility is lost due to pairwise comparisons
and the nonlinearity of the Bradley—Terry model.

The following lemma is a formal version of Lemmad] Lemma|[T]can also be obtained by taking the
limit 7 — oo.
Lemma 5. For u € R™ drawn from D, we define i € R™ by the following mapping, where ¢ > 0 is
an arbitrary constant.
0 (f Pypufuly) —u(z) > 671 > 3)
() =< et (elseifu(z) > cfh)
u(z) (otherwise)

w()

- . Then we have that
ret ()

Assume Tyof < o and define B = max,¢c 4 log

Eynp,zn
e KL <7 P )

< c*15(40 min {637, B, qul} + 3) KLr(nz‘elmx < Ei zror[0(2)] + 4By pomprme [0(2)].
T || Tret) <T
(11)

As explained in Section 41} the proof of this lemma uses the following two auxiliary lemmas. The
proofs of these lemmas are deferred to Section[B.7.2}

Lemma 6. Let B,7 > 0 be constants. Let 71, 7o be probability measures with Ty < 1 and
log g% < B. Then, the probability measure 7y defined by wy = (1 — \)mwy + Amg with A\ =
min{l, B~17} satisfies KL(my||m1) < 7.

Lemma 7. Let m and 7' be probability measures such that 7' < 7 and define the tail regions

A_ = {x: %—’:(x) < itand Ay = {x: %(m) > 2}. Then, the total variation restricted to A_ is
bounded by

%/A ldr’ — dr| < (log(e/2))~"KL(«' ). (12)
Also, the total variation restricted to A is bounded by

;/A+ ldn’ — dr| < (log(4/€))~'KL(x | 7). (13)

Proof of Lemma[3] (i) When 7 > 1. Let I1(u,x) be the indicator for the event P, [u(y) —
u(x) > ¢f71] > 3. For a fixed u, the set of x with I1 (u, ) = 1 has y-measure at most 1/2, and for
such = we have u(z) < u(y) for every y with I; (u, y) = 0. This implies that

w(@)h(u, 2) < 2By [uly)(1 = Li(u, y))]

max ]EuND,wa[u(x)Il (U, l’)} S 2Eu~D,y~/t [U(y)(l - Il (U, y))] (14)
7w KL(7||mrrer) <T

17
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When I (u, x) = 0, we have u(z) < ¢! 34(x) by the definition of 4. Thus, we can further bound
(1) by
Eunp yoplu(y) (1 = T1(u,9))] < ¢ BBay~pli(y) (1 = Ii(u, )] < ¢ BEaynpula(y)].  (15)
Now define the mixture 7’ := (1 — A\)7ryer + Ap with A := min{B~17,1}. Since d=’ > \d,
Eay~uld(y)] <A™ 'E; a,y~r [0(Y)]- (16)

By combining (T4), (I5), and (I€), we have that

max Eyp zrr|w(x) 1 (u, x <27 BATIE o [T
X B o u(@) 1 (,2)] € 207 A By (1)

<2¢7 gt max Eg znrli(z)], a7
7 KL(7||rper) <T
In the final inequality, we used the fact that KL(7'||mef) < 7 from Lemma|§| (with T = Tret,
Ty = ).

For the case where I (u, z) = 0, we have u(z) < ¢! 34a(x), thus
ma. Eun wrr[u(@)(1 = I (u,2))] < ¢! ma Eignnlt(z)(1 — I (u,x
T KL(FHT}r(rcf)ST P fut)( i Ml ﬂw; KL(TFl\?}T(mf)ST ’ [a(z)( 1( )]
<c '8 max  Eggerld(z)]. (18)

w2 KL(m||mrer) <7
Combining and and using A = min{ B~!7, 1}, we obtain
max Eun onr[u(e)] < ¢ 1B(2BT71 4 3) max Eazrrli(2)].

7 KL(7||7ref) <T m: KL(7||7ref) <T

(i) When Be=B < 7 < 1. Let 7* be a maximizer of Ey,wp zr[u(r)], and let mrrur be a
maximizer of E,p gz~ [r(z)], both within the KL ball KL (7 ||my.ef) < 7. For a fixed u,

EINW*[ ( )Il(u LL‘)] mNWRLHF[u(x)Il(u"r)]
= / )Il(u .’L’)(dﬂ'* - 4d7TRLHF>

= /u(x)[l(u,x)(dﬂ* — 2dmrpet) + 2/u(x)]1(u,x)(d7rref — 2d7wRLuF)
< /u(x)ll(u,x)]l [dﬂ'* > 2d7Tref:| (dm* — 2d7ryer)
1
+ 2/u(x)Il(u,x)Il |:d7TRLHF < 2d7‘rref:| (d’]‘(ref — 2d7TRLHF)

1
< /]].[d?‘r* > 2d71’rcf] |d’/T* — d7rmf| + 2/1 |:d7TRLHF < 2d7rrcf:| |d7Tmf — d7TRLHF| (19)

< 2(log(4/e)) ' KL(7*||mret) + 4(log(e/2)) ' KL(mRLir || rer) (20)
< (2010g(4/)) ™" +4(log(e/2)) ") @1
< 207, (22)

where we applied Lemmalln passing from (19) to . 20) (to the first 1ntegra1 on Ay = {dn* > 2dmyer}
and to the second integral on A_ = {dwRLHF < d’ﬂ'ref}) and in passing from to ( i we used
that KL (7" || 7ryer ), KL(TRLEF || Trer) < 7.

Suppose that there exists some z such that Py, [u(y) — u(z) > ¢87'] > 1. Then u(y) >
u(x)4cB~! holds on a y-measure of at least . For such y, we have P, [u(z)—u(y) > ¢87'] < 3

which implies that y is not reduced to 0 by condition (i), but instead to ¢8~! by condition (ii).
Therefore,

Eyopli(y)] > scB7" (23)
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Consider 7 = (1 — A\)7ye + A with A = B~17 < 1. Then, dn’ > Ady holds, so (23)) implies that
R R I, .
Eyor[t(y)] > AEyult(y)] > iAcﬂ L (24)

By combining (22) and (24), we have that
Eprons [u(z) 1 (u, )] — 4B g rpp e [0(2) [1 (u, )] < 40N e BT E [4(x)]. (25)
Note that, if no such z exists, the LHS of (23) is 0 and the bound holds trivially.

By Lemmal6] 7’ lies in the KL ball KL(||m.f) < 7. Taking the expectation of u ~ D in 23], we
have that

EUND,J;Nﬂ'* [U(J?)Il (ua x)] - 4EUNDJ:N7TRLHF [u(l‘)ll (u’ Z‘)]
< 40A_1c_1ﬁTEa,m~w' [a(z)]

< 40Nt ipr max B zmrl@(z)]. (26)
KL (|| mrer) <7

For the case where I (u, z) = 0, we again use u(z) < ¢~ S4(x) to obtain
]E’U/\/D,:E’Vﬂ'* [U(ﬂ?)(l - Il (u7 ZC))] S 0_15 EuND,wNﬂ['EL(w)]- (27)

max
m: KL(m||meer) <7

Summing (26) and (27) and substituting A = B~ ',

Euw T~ - 4Eu~ AT
i B )]~ BB Danrnann 1)
< AU T 1) max  Eggerld(2)] (28)

7o KL(7 || 7o) <7
=c¢18(40B + 1 max Ei zrlt(z)].
B( ) oxmax B [a()]

(iii) When 7 < Be~B. For the same mixture 7’ = (1—\)7 ot +Ap asin (i), we have d7’ > e~ Edpu.
Therefore,

. _ . 1 _ _
Ey~n [u(y)] > e BEyNﬂ'ref [a(y)] > 58 Bcﬂ 17

and X in (24) can be replaced by e~ 5. The rest of the proof is identical to (ii) until , and we have
that

]Eu~ T - 4]Eu~ T
T KLI(Eﬁséef)ST D, [U(CC)] D, RLHF [U(,CC)]

< 1} < 0_16(40637 + 1) KL{nﬁux < Ego~rlt(z)].
T || Trer) ST

Combining (i), (ii), and (iii), we obtain (TT)). O

B.2 UPPER BOUNDING THE EFFECTIVE UTILITY BY THE REWARD
Next, we show that the upper-clipped reward is lower bounded by the expectation of the effective
utility.

Lemma 8 (Lemma restated). Let 7(x) be the maximizer of the population log-likelihood
satisfying the constraint (3)), and assume that ¢ < 1.

Then, for any x € A, the expectation of the effective utility can lower bound the upper-clipped reward
as

Ey~pli(x)] < (250’(20))_1 min{7(x), rmax }-

Lemma |Z| is obtained by simply setting R = 7,,x. In the proof, we use the following auxiliary
lemmas.

19
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Lemma 9. Recall that rp;y, is defined as the solution to
]Eyrw,u [J(Tmin - F(y))] = 5 - T67 (29)
and Tmax = Tmin + 2¢. If ¢ < 1, then ryin and roax SAtisfy rmin > —c and ryax > ¢, respectively.

Proof. Since 7(y) > 0 and o(-) is increasing, we have that

1 c3 B
3 16" Eyon [O’(Tmin - r(y))] < 0 (Tmin)-

We consider the case where 7y, < 0 (otherwise the assertion follows immediately). We apply
Lemmain the next subsection with s = —rin, t = 0and a = % to obtain the bound

1 3 < 1 1 . { 1}
—— = < - —-mnqg — Tmin, 5 (-
2 162 8 Y
. 3 3 . . .
Since ¢ < 31, we have 1 — & > 1 — 1.1 Therefore, £ — & < 1 4 lry;, which implies
Tmin = —% > —c, completing the proof. Also, rya.x > c¢ follows from ryax = Tmin + 2¢ >
—c+2c=c. O

Lemma 10. Let a,b > 0 be arbitrary constants, and assume that s,t > 0 satisfy t — s > —a. Then
the sigmoid function o(t) = 1/(1 + e~*) satisfies

o(t —s) —o(—s) > o'(a+b)min{t,b}.
The proof of this lemma is deferred to Section[B.7.2]

Proof of Lemma([8] Fix x € A. We begin with the optimality condition of 7. By subtracting (Z)) from
the LHS of (57) in Lemma[T7}

Eyp[0(7(@) = 7(1))] = Eynp[0(=7(y)] = By [o(F(2) — 7(y) — o(=7(y))] < if(x),

where we used o/ (t) < 1.
On the other hand, subtracting (2) from the RHS of (57),
(LHS of @0)) = Eup gy [o(B(u(z) — u(9)] ~ Eump s [o(~Bu(w))]
= Eup,yon [0 (B(u(z) — u(y))) — o(=Pu(y))]. 3D

To evaluate , recall the indicator function I (u, «), introduced in Lemma which indicates the
event Py, [u(y) — u(z) > ¢87'] > 1. Further, let I5(u, z,y) denote the indicator function of the
event u(y) — u(z) > ¢St Then we have that

Ey~p[0(Blu(@) —u(y))) — o(=Bu))] = Eynp[(1 = L2(u, 2,)) (@ (B(u(z) — uly))) — o(—Bu(y)))].

Applying Lemmawith a="b=c,t=pu(z), and s = Bu(y), on the event u(y) — u(x) < cB71,
it holds that

o(B(u(z) — u(y))) — o(=Bu(y)) = o'(2¢) min{Bu(z), c} = Bo’ (2c)i(x).

Therefore, when I (u,z) =0,

Eyp[o(Blu(@) — u(y)) —o(=Bu(y))] = Ey~p [(1—I2(u, z,y)) o’ (2¢)i(z)] >

Bo'(2¢) .
29w,

(32)
where we used By, [1 — I2(u, x,y)] > 3 for the second inequality.

If instead I;(u,xz) = 1, (32)) also holds because, by definition, #(x) = 0. Therefore, taking

expectation of both sides of (32) over u ~ D, eq. ll is lower bounded by W]EMND [(2)]-
Combining this result with and rearranging, we have that

Eu-pli(z)] < (2807(20)) ' 7(x). (33)
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Finally, we consider the reward clipping. Because 7, > —c by Lemma E], we have rp.x =
Tmin + 2¢ > c. Also, (250’(20))_1 > 237! holds from ¢’(2¢) < 1, and @(z) < ¢! from the
definition of %. Combining them, we have that

E,pli(z)] < ¢87' < (2807(2)) e < (2807(26)) " Tanax.

Therefore, 7(x) in the RHS can be replaced by min{7(z), rmax }, and we obtain the desired
bound. 0

B.3 UPPER BOUNDING THE REWARD BY THE TRUE UTILITY

Finally, we relate the learned reward to the welfare objective by upper bounding the reward in terms
of the average true utility, under the assumption that P, p ;. [Bu(z) > ¢] < ¢®. The remaining
case is discussed in Section[B.3l

Our proof depends on a refined linearization of the sigmoid function. This result draws on |Golz
et al.| (2025, Lemma 1), but differs in that we linearize only in a neighborhood of the origin. This
localization allows us to obtain a more accurate evaluation in the regime of small utilities. As a result,
the error introduced by this linearization contributes with only a constant factor to the final distortion
bound. This contrasts with |G6lz et al.[(2025), where each application of linearization incurs a O(3)
loss.

Lemma 11. Forany a > 0 and s,t > 0, the sigmoid function o(t) = 1/(1 + e!) satisfies

1 1—-a

1 1 1 1-—
3 + T min{t,a} — 1 min{s,4} < o(t —s) < 3 + 1 min{t, 4} — Ta min{s,a}. (34)

The proof of this lemma is deferred to Section[B.7.2}
Based on this lemma, we show that if only a small fraction of alternatives have large utility, then 7(z)

is small for the rest of alternatives x.
1

Lemma 12. Suppose that Py.p z~p[Bu(z) > ¢] < ¢ with 0 < ¢ < j5. Then, for all x with
Pu~p[Bu(z) > c] < ¢, we have that

7(z) < T4e.

Moreover, such x exist with u-measure at least 1 — c.

Proof. Under the assumption, it is immediate that there exists a c-fraction of x satisfying
Py~pD [ﬁu(x) > c} < ¢ with respect to u. Therefore, it remains to prove the first part of the

lemma, for « such that P, p [Bu(z) > ¢| < c.

Applying Lemma with a = % to each side of of Lemma we have that
1

Ey~p [5 + imin{?(z)ﬁl} — émin {F(y), %H > Eyudyop [% + émin {[3u(x), %} - imin{,@u(y),ll}},

forx = 1,2,...,m. By considering an alternative = with infinitesimal sampling probability p(z)
such that u(z) = 0 and r(z) = 0, and rearranging the terms, we obtain

Eyop {min {f(y), %}] < 2Eyp y~p[min{Bu(y), 4}] < 4c, (35)

1

s to obtain

where we used the assumption that Pyp su[fu(z) > ¢ < ¢ and ¢ <
E,~p[min{Su(y),4}] < ¢+ 4c* < 2e.

We then apply Lemma with a = % to 1) of Lemma|l7|in the reverse direction to obtain that

E,. [1 + L i {7), 1} - %min{?(y), 3] < Bun g [1 + L min{Bu(z), 4} — émin {Bu(z), %H

2 8 2 2 4
Rearranging the terms yields that
1
min {f(x), 5} < 2E, -, [min{7(y), 4}] + 2E,p[min{Bu(z), 4}]
(L 1
< 16Ey~, [mm {r(y), 5” +2(c+4-Pyop [Bu(m) > C])
<16-4c+2(c+4c) = T4e
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where we used min{¢,4} < 8 min{¢, £} and E,,~p[min{Bu(z),4}] < c+4-Pyup[Bu(z) > ¢ for
the second inequality, and we used lb and P,,p [ﬁu(x) > c] < c for the third inequality. Finally,
since ¢ < 13z implies 74c < £, 7(z) < T4c as claimed. O

The preceding lemma shows that, under our tail assumption Py, p 4~ [Bu(z) > ] < 2, #(y) is
small for a 1 — ¢ fraction under y ~ u. The following lemma uses this to upper bound 7, ax.

Lemma 13. Suppose that Pyp z,[Bu(z) > ¢] < and 0 < ¢ < ﬁ Then, Tmax < 159c.

Proof. According to Lemma 7(y) < T4c with probability 1 — ¢ with respect to x, which implies
that

1 3
5~ 6 = Evea [0 (i = 7)) = (1 = o (rum — Tde).
Applying Lemmawith §="T5¢,t="Tmin +canda = %, this is further bounded by
1 3 1 1 1 1
5 - %6 >(1-¢) (5 + 5 min {rmin te 5} -4 min{75c,4}). (36)

When ¢ < Elg, we have that ﬁ < 14 2cand 75¢ < 4. By using this, rearranging yields that

1
min {rmin + c, 5} < 158c.
When ¢ < 3—16, 158¢ < %, which implies that 7, +¢ < 158¢ < rin < 157¢ < Tax < 159¢. O

Using the above results, we show that () is upper bounded by the average utility E,,p[u(x)]. We
can obtain Lemma@by taking R = Tax-

Lemma 14 (Lemma restated). Suppose that Py .p z,[Bu(z) > ] < 2 with( < ¢ < ﬁ. Then,
for all x, we have that

min{F (@), Fma} < %ﬁ(a’(233c))_1EuNp[u(x)],

Proof. First, consider z such that P,,.p[Bu(z) > ¢] < c. By subtracting (2) from the LHS of in
Lemmal[T7}

Eyp[0(7(z) = 7(y))] = Eynp[o(=7(y))] 37
> By [1[7(y) < Tdcl(o(F(z) — 7(y)) — o(=7(y)))]

> Eyu[1[7(y) < 74clo’ (233¢) min{7(x), 159¢}] (38)
> %0'(2330) min{7(x), 159¢} (39)
> %0'(2330) min{7(x), rmax } (40)

where we have used Lemma (10| with a = 74c and b = 159¢ for (38), the fact that at least £ <1 — ¢
fraction of y satisfies 7(y) < 74c according to Lemma|[12]for (39), and Lemma [13]for (40).

On the other hand, by subtracting (2) from the RHS of in Lemma|17|
B = Eunp,yopu[o(Bul@) = u¥)))] = Eunpy~p[o(=Bu(y))]
= Eunp yrp [0 (Blulz) — u(y))) — o(—Bu(y))]

< PR, pfu(a)), @1)
because o’ (t) < 1.
Comparing (#0) and @T)), we have that
1
min{7(z), rmax} < §ﬂ(0'(2336))71Eu~D[U($)]

as desired. ]
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B.4 PUTTING IT ALL TOGETHER
Putting the above arguments together, we obtain an upper bound on the distortion in the case where
Py zmp[Bu(z) > ¢ < ¢ and 7min < 0 (required only in the Al alignment setting).

We first present a linear distortion bound for the social choice setting.

Theorem 6. Suppose that Pyp z~p[fu(z) > ] < ¢ with0 < ¢ < g35. In the social choice
setting the distortion of policy TBorda IS bounded by

. 3
Dist(mBorda) p 5 T+ 4.

= 1e(0'(2330))

Proof. Since the social choice setting can be viewed as the limit 7 — oo, Lemma [5]implies that
max By ~p[u(z)] < 3¢ fmax Bywp pr ()] + 4By smmporaa [1(7)]-
zE ™
From Lemmal8] we have that
max Eyp o [0(z)] < (280 (2¢)) ! max By [min{7 (@), rmax }]-

Because mrryr is the maximizer of the average reward without reward clipping, and it is also the
maximizer of the expectation of min{7(z), rmax }:

max EINW[min{F(x), rmax}} =Esnporas [min{?(x), rmax}]

Finally, according to Lemma|[T4]

B(a’(233¢))~ 1EuND7$~7TBorda [u(z)].

DN =

EwNWBorda [min{F(fL‘)a Tmax}] <

Putting it all together, we have that

mix B lu()] < (g + ) Bt )]

Therefore, the distortion is bounded as desired. O]

Next, we present the result for the Al alignment setting.
Theorem 7. Suppose that Py p z~,[Bu(z) > ¢ < ® with0 < ¢ < ﬁ and Assumptionholds.
Let 7(x) be the maximizer of the population log-likelihood
L(7) = Eunp oymp [0 (u(z) — u(y)) log(o(7(z) — 7(y)))],
and the clipped reward r(x) = max{min{7 (), "max}, "min} be as defined in Theorem 2| Based on
this reward r(x), the RLHF distribution is obtained as the maximizer of
max Eprlr(z)].

m: KL(||mree) <7 Ir(@)]

Then, the distortion of TryuF is bounded by
Dist(mrrur) < ¢ *(207(233¢)) "2 x (40min {7, B,Br'} +3)5 + 4.

Proof. According to Lemma 5]

a Eyu~D 2~
WZKLI(I;HT)F(ref)ST u~D,x W[U(l‘)]

< 0715(40 min {eBT, B, BT*1} + 3) KLEHTI%X > EunD zmn|0(2)] + AEymp zmmppme [0(2)].
T 7 || 7rres) <T
42)

By using Lemma Eu~pli(z)] < (280(2¢)) ! min{7(x), "max} = (Qﬁa’(Zc))_lr(x) holds for
each x, and thus

max Ey wmr|t(z)] < (280’ (2¢ -t max Eypoxr(2)]. 43
7 KL(7||mrper) <T 2, [ ( )] - ( 6 ( )) 7 KL(7||Trer) <7 [ ( )] (43)

Furthermore, Lemma implies that, for each z, r(x) = min{Ff(z),rmax} <
B(207(233¢)) "tE,~p[u(z)], which yields

B @] = By ()] < 820 (2336) B e (@) (44)

By combining (#2), (3), and (@4)), we obtain the desired bound. O
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B.5 WHEN THE SAMPLING DISTRIBUTION HAS HIGH AVERAGE UTILITY

In this subsection, we derive the distortion in the case where Pyp s~ [Bu(z) > ¢] > ¢ of riyin > 0.
Theorem [8| establishes a linear bound using the unclipped reward in the case of s = p. This
Theorem [8] also serves as the upper bound for the social choice setting, as the KL constraint is
effective in the social choice setting. For the Al alignment setting, we prove Theorem ] for the case
Pyu~p zmp[fu(z) > ] > ¢?, and Theoremfor the case rmin > 0.

We begin by presenting two technical lemmas.

Lemma 15. Define the Borda score of x € Aby Borda(z) = Eyup yop[o(B(u(z) —u(y)))] (z=
1,...,m), and let B be a set of x such that Borda(z) > 1 — 5—3 Assume that ¢ < 1. Then, we have
that
3
() > rmin + 5 (45)
and
B B ¢
= > .
W(B) = Ponyl1fr € B 2 55 (46)
Proof. For x € B, we have that
1, _ _ _ ’ 1
10(@) = in) 2 By [0(7(@) = 7)) = By [o(rmin = 70))] (0’0 < 7)
1 3 i
= Borda(z) — (5 - E) (. Lemma[I7]and the definition of 7yin (7))

1 ¢ (1 03) _ e

2 32 2 16/ 32’

which implies that 7(2) > 7min + &. When ¢ < 1, it holds that Fax = Tmin + 2¢ > Fmin + -
Therefore, we obtain the first claim

Y

3
> min S
() > Tmin + 3

forx € B.
We then prove the second claim. Note that E, ., [Borda(z)] = 3 from the symmetry, and Borda(z) <

1. Given this, to lower bound y(B), it suffices to consider the case where 7(x) = 1 for all z € B and
F(z) =3 — % for all ¢ B. Therefore, we have that

(:3
By >-—3%2_-_°
”()—%+§g 3+ 16

3

O

Lemma 16. Suppose that Py, .p ;.. [Bu(x) > ¢] > ¢ with ¢ < 1. Let B the set defined in Lemma
. C4
;n;i gi be a set of x such that E,~p[min{fu(z),c}| > {5. Then B C B', and r(x) = ruyin for all

Proof. For x ¢ BB, we have
1 1
Borda(z) — 5= EunDd,yop {a(ﬁ(u(m) — u(y)))} ~3 (. Lemmal[I7))
< Euynp,ymp E min{fu(z),4} — émin {Bu(y), %H ( Lemma with a = %)
S C_lEuND[min{ﬁu(x)? C}] - éEuND,yNM [mln{ﬁu(y)7 C}]
c 1
= 'E—g'cz—* (47)
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For the final inequality, we used E,p[min{Su(x),c}] < % for x ¢ B’ from the definition of
B, and E,p y~,[min{Bu(y), c}] > ¢ from the assumption that Pyp o, [Bu(z) > ] > 2.

1 foud

Because B is the set of x satisfying Borda(z) > 5 — &5, we have B C B'.
Furthermore,
Eyulo(7(x) — 7(y))] = Borda(z) (" Lemmal[l7)

1 &

<5716 . @)
=Eyplo(Tmin — 7(y))]. (.- the definition of 7, (7))

The monotonicity of ¢ implies that 7(z) < r,i,. Since 7(x) smaller than 7y, is clipped, we have
7(x) = rmin forall z ¢ B'.

Based on the above technical lemmas, we establish a linear distortion bound for the case m..f =
with unclipped rewards, under Py~p o~ u[fu(x) > | > 2. Since the social choice setting does not
impose a KL constraint, the corresponding result for the social choice setting is obtained by taking
the limit 7 — oo in this bound.

Theorem 8. Suppose that Py.p z,[Bu(z) > ] >  with0 < ¢ < 1 and et = pi. Let 7(z) be
the maximizer of the population log-likelihood (), and use T as the reward without reward clipping
(). Thus, the RLHF distribution under the unclipped reward is defined as

TRLHF = arg max EuND,zNﬂ[F(x)]'
m: KL(m||pu) <7

Then, the distortion of this distribution Tryur is bounded by

16(c® +16)8
c’ '
Proof. According to Lemma for x ¢ B, we have ry,;, = (). This implies that Trpr(x) <
mref(z) for all z ¢ B, as mrrpr maximizes E[7(x)]. From this, we obtain 1 — mrrpr(B) <
1 — myet (B), implying mryur (B) > e (B). By using this, Lemma and B C B’ from Lemma
we have that
3

C
PxNWRLHF [I € B,] 2 P-’cwﬂref [:Z? € B/] > ]P)x'\‘ﬂ'ref [JC € B] = m

Also, x € B’ satisfies E,p[u(z)] > 87 'Ey~p[min{pu(z), c}] > Therefore,

<t
165"

4 C4 CS C7

168 3+16  16(c3+16)3"

C
]EJCNTFRLHF [u(‘r)] > @PQTNTFRLHF [l‘ € Bl] >

Because E,..[u(x)] is at most 1, the distortion is bounded by 16(03’67-&7-16)6. O

Next, as complements to Theorem [7, we present Theorem [9] and Theorem [T0] As explained at
the beginning of this subsection, Theorem (9 covers the case P,p, z~p[fu(z) > ] > ¢?, while
Theorem |10 covers the case Py p. z~p[Bu(z) > ¢] < ¢ with rpi, > 0.

Theorem 9. Suppose that Pyp, zp[Bu(z) > ] > 2 with 0 < ¢ < 515, and suppose also that

Assumptionmholds. Let mriur be defined as in Theoremm Then, the distortion of Tryur is bounded
by

5120(c® + 16)

B
5 min{eBT,B,—}ﬂ—l—él.
c T

Proof. The proof proceeds by a case analysis on the value of 7, following the proof of Lemma 3]
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(i) When 7 > 1. Consider the probability measure 7’ = (1 — \) 7o + A with A = min{ B~'7, 1}.
Because d7n’ > Adp holds, we have that

- ’ > R 3 _ . ]
ELNT( [T(.T)] - A-m (B)<I§1€12r(‘$) rmln) + Tmin

> \- ] o .
> A M(B)(glelgr(x) Tmin) + Tmin

>\ C3 63
SR IR S

where we used @3] and @6)) from Lemma|[T3]for the final inequality. Therefore,
S

Erww >

KL(ﬁi}:f)gr Ir(@)] 2 8(c3 4 16)

Because By [1(2)] < Tmax = Tmin + 2¢ and 7(x) = iy for ¢ B from Lemmal[16] implies

D)
that Trpur (B) > m'

~+ "min- (48)

For x € B, since B C B’ from Lemma the average utility is at least
4
— . c
Eyplu(z)] > B Eyop[min{Bu(z), c}] > EB L
By using this, the average utility with respect to TrruF is
9

¢ -1
256(c3 4 16) A “9)

4
c
Eund anmmune [1(2)] 2 TRinr (B) x 166 t>
cd T
N
256(c3 + 16) mm{B p
Because the maximum average utility is at most 1, the distortion is bounded by
3

Wmax{g,l}ﬂ.

(ii) When Be=2 < 7 < 1. Similarly to in the proof of Lemma Lemmaimplies that
]EUND,JCNTF* [u(x)] - 4EuND7-’L'N7TRLHF [u(x)} < 207. (50

Here 7* is the distribution that maximizes the average utility.

Consider the probability measure 7/ = (1 — \)myr + A with A = B~17 < 1. By following the

argument for (i) 7 > 1 until (9), we have that
9 9

ABH

c
>
= 256(c® + 16)
Combining (50) and (5I), we obtain that

3
Bupenr )] < (221D B 4 0)E oy ()]

9
Therefore, the distortion is bounded by %:HG)B b+ 4.

T

x —f371L. (51)

&
EuND,wNTFRLHF [u(x)] - m B

have dn’ > e~ Bdm,er from the assumption. Therefore, ) holds with A replaced by e B, and
Se—B

E,.. >_¢°¢

r@) 2 3576

By following the subsequent argument from [#8), [@9) is also modified to

P

>
= 256(c® + 16)

(iii) When 7 < Be~B.  For a probability measure 7/ = &— Mot + A with 0 < A < 1, we also
(48

=+ "min- (52)

max
7 KL(7||mrper) <T
EUND,$N7TRLHF [u(m)] e_Bﬁ_l' (53)

By combining (30) and (53), we have that

Eyp,zmrs [u(z)] < (WBBBT + 4) Eynp grmpine ((x)] < 107,
Therefore, the distortion is bounded by %;416)63 BT+ 4.
Summarizing the three cases, the distortion is bounded by %:HG) min {er, B, 2}8 + 4 as

desired.
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Theorem 10. Suppose that Py.p z~pu[Bu(z) > ] < 2 with 0 < ¢ < 355, Tmin > 0, and
Assumptionmholds. Let mriur be defined as in Theorem|2| Then, the distortion of Tryur is bounded
by
80(c? + 16) B B
————— mi B —} 4.
557 (233¢) mm{e T B Tyh

Proof. We follow the proof of Theorem[9] reusing its intermediate results as needed.
(i) When 7 > 1. Consider the intermediate distribution 7" = (1—\)myes+Ap with A = min { 5,1},
From (&3,

D

Epmrl[r(z)] > 8@ +16)

EINWRLHF [r(x)] = + "min-

max
7 KL(m||7rer) <7

According to Lemma [I4} we have that

1 _ o

5/8(0',(2330)) 1Eu~’D [u(m)] > ]E’»KNTFRLHF [mln{r(x)a Tmax}] 2 IEJ'NWRLHF [T(x)] — Tmin. (54)
By combining these two, we obtain that
B(U,(2330))71EUND7$NWRLHF [’LL($)] (55)

Therefore, the distortion is bounded by

8(c*+16) 1., , LA+ 16) B
S g = G max 18

(i) When Be™P < 7 < 1. Let A = B~!r < 1instead of \ = min { %, 1}. Eq. (55) still holds
despite this modification. Combining that with (50), we have

80(c? + 16)
EynD zom [u(m)] — AEy~D o ~mriur [u(x)] <207 < CGJ'(233C) BB x By~ c~mriur [u(x)]a

which implies that the distortion is bounded by

80(c*® + 16)

—————— 3B +4

ba’(233c¢) B+
(iii) When 7 < Be~ 5. Recalling , we have

beB
E(lj/\/ﬂ' > min-
7 KL(mnﬁ:r{ref)gr [r(@)] 2 8(c3 + 16) tr

Combining this with the result (54) of Lemma|[T4]

L B0 (2336) B lu@)] 2 5o
g N7 A2l B DI = R 1 16)
Combining this with (50), we have that
80(c® + 16)
Eunp g [u(2)] = 4B unpd g [w(2)] < 207 < 7060/(2330) 6€BTEuND,INWRLHF [u(z)],

which implies that the distortion is bounded by

80(c®* +16) , g

_ 4.

c85’(233¢) pe'r +
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B.6 PROOF OF COROLLARY[3]

: puE) w(x)

Since log 275y = 108 T mnne o e @)
the definition of distortion, we have

MaX 7 KL(7||7ref) <7 EuND,wNW[u('r)]

EuND,INTFRLHF [u(x)}

< log A for all € A, according to Theorem and

< BC2(A+1) +4.

Let 7* denote a maximizer of maxy. Kr,(x|jmyue)<r Bu,e~r [U(2)]. To replace max . ki, (x|jm.)<r
B,z ()] by MaXr, K1 (x[|pane) <7 BunD,zmr [U()], We consider 7/ = (1 — e )% + e Ay,
and we have that

1

iK1y g o] = B o ()] < 770
Also, according to Lemma 19 (P = 7%, Q = Tpase, B = p, A = e~ ), 7’ satisfies KL (7' || o) <
(1 — e=*)7 < 7, which implies that

EpD omn [u(z)] < max EyD omor|w(x)].
panwlu@)] £ moex ), Bupanalu(@)

EuND,xmw’ [u(a:)} .

Combining these three bounds above yields
maXg. KL(7 || Thase) <T Eu7w~7r[u(x)] < ﬁCQ ()\ + 1) +4
EUND-,CCNWRLHF [u(l')} N L—e? 7
which concludes the proof. ]

B.7 AUXILIARY LEMMAS
B.7.1 FIRST-ORDER OPTIMALITY

In our upper-bound analysis, we frequently use the following first-order condition to connect the
reward and the average utility. The right-hand side of corresponds to the so-called (expected)
Borda score. While a similar relationship between the reward and the Borda score has already
appeared in prior work (Siththaranjan et al.| 2023; Rajkumar & Agarwal, 2014), we formalize it here
as a lemma in a form convenient for our analysis and provide a complete proof.

Lemma 17. Let 7(x) be the maximizer of the population log-likelihood

L(7) = Eund oymp [o(ul@) — uly)) log(o(7(z) — 7(y)))] (56)
such that 7(x) = 0 for an alternative x with utility u(x) = 0 and infinitesimal sampling probability
w(x). Then, for each x = 1,...,m, it holds that

Eyp[o(F(2) = 7(y))] = Eunpymp [0(Bulz) — u(y)))]. (57)
Moreover,

Eonp[0(=7(2))] = Bunp,znn [0 (B(—u(2)))]. (58)

Proof. To account for boundary conditions, we add a new alternative x = m+1 such that u(m+1) =
0 and p(m + 1) is negligibly small. The effect of this modification on the rewards of the original
alternatives vanishes as p(m + 1) — 0.

Let us prove (57) for z = 1,...,m. Note that  logo(t) = 1 — o(t) and 1 — o(t) = o(—t). By
differentiating (56) with r(z) (z = 2,...,m), we have that

d
) BP0 (B(u(z) — u(y)) log(a(r(x) — (1))

r(
= Eunp.zymn [0 (Bu(z) — u(y))o(r(y) —r(2)) 1z = 2
= 1(2)Eunp yo [0 (B
[

1% z)EuND,zwu o

=
|
=
<
Il
X,
Pl

= p(z
—p
= 1(2) (Bump g [0 (B(0(2) = w))] = Bunp, g [0(r(2) = r())] ).

( )
JEun,yrope [0 (B(ulz) — u(y)))(
( [

)
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Because p(z) > 0, ((lif((;)) }T:F = 0 implies forallz =1,...,m.

Finally, because of the symmetry,

Ezp [Bymp [0(7(2) = 7(9))]] = EenpBunp yop [0 (B(u(z) — u(y)))]] = 3

From this, when (57) holds for z = 1, ..., m, (57) must also be true for z = m + 1. Equation (57)
for the alternative m + 1, which has #(m 4+ 1) = 0 and u(m + 1) = 0, is written as

B [o(=7(2))] = Eunp,anp [0 (B(—u(z)))].
Therefore, we obtain (38). O

The first-order optimality condition implies that the ordering of the Borda scores coincides with that
of the estimated rewards.

Lemma 18 (Theorem 3.1 of |Siththaranjan et al.[(2023)). For any z,x’ € A, we have

Eunp g [0 (B(u(@) — u®)))] > Bunp g [o(Blula’) — u)))],
if and only if 7(x) > 7(z').

Proof. According to the optimality condition (57)),
Eunp,yop [0(B(u(z) — u(y)))] > Bun,yop [0(Bulz’) — u(y)))]
holds if and only if
Eyw# [‘7(7_'(@ - f(y))} > Ey~u [U(F(x/) - f(y))]
Since the sigmoid function is strictly increasing, the latter inequality holds if and only if 7(z) >
7(z).
B.7.2 PROOF OF TECHNICAL LEMMAS

Below we provide the proofs of the technical lemmas. For clarity, we restate each lemma before
presenting its proof.

Lemma 6. Let B,7 > 0 be constants. Let w1, mo be probability measures with mo < w1 and
log g% < B. Then, the probability measure 7y defined by my = (1 — \)my + Ao with A =
min{1, B~!7} satisfies KL(my||m1) < 7.

Proof. Let f = g% solog f < B and

KL(mg||m) = /flog fdm = /log fdmy < B.

Then, since j% = (1—=X)+ Af and ¢(t) = tlogt is convex for t > 0 with ¢(1) = 0,

KL(my[m) < (1 = A)é() + A [ 6(f)dm = AKL(rallm) < AB <.

O
Lemma 7. Let m and 7' be probability measures such that 7' < 7 and define the tail regions
A_ = A{x: %(m) <itand A, = {x: %(m) > 2}. Then, the total variation restricted to A_ is
bounded by
1
5 / ldr’ — dr| < (log(e/2))~"KL(x' ). (12)
A
Also, the total variation restricted to A is bounded by
1
: / ldn’ — dr| < (log(4/e))~'KL(x | ). (13)
Ay
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Proof. Rewrite the KL divergence as
KL(r'|r) = [ flog far = [ o(f)ar,

where f = %andq&(f) =flogf—f+1.
(i) Restriction to A_. The function ¢(f) is nonnegative and decreasing on (0, 1]. Hence, on A_,

o(f) > ¢(3), and
1
KL(x'||7) > /A o(f)dm > ¢(§)W(A,). (59)
Moreover, since f < % on A_, we have that
/A, |dm _dﬂ:/A, |f—1|d7r:/Ai(1—f)d7r§7r(A,). (60)
Combining (59) and gives
-1
[ 14w x| < 6(5) " KL( ) = 20g(e/2) KL( ).
A

which yields (12).

(ii) Restriction to A;. Since ¢(f) is nonnegative and ¢(f) > @ f= % f holds on [2, 00),
we have that

KL(r'|m) > [ ¢(f)dr > /
Al Al

log(4/e) log(4/e)
5 fdmr > 9 /

Ay

(f — 1)dn. (61)

Moreover, since f > 2 on A, we obtain

/ |d7r’—d7r|:/ \f—1|d7r:/ (f — 1)dr. 62)
Ay Ay Ay

Combining (61)) and (62) and dividing by 2 gives

1 / 1
= dr’ —dr| < ————KL(7'||n),
2 Ja, | | log(4/e) ™)

which yields (I3 and thus completes the proof. O

Lemma 10. Let a,b > 0 be arbitrary constants, and assume that s,t > 0 satisfy t — s > —a. Then
the sigmoid function o(t) = 1/(1 + e~ ) satisfies

o(t—s) —o(—s) > o’'(a+ b) min{t, b}.

Proof. (i) Whent < b. By the mean value theorem, there exists some p € [—s, ¢ — s] such that
o(t—s) —o(—s) =o' (p)t = o'(p) min{t, b}.

Sincet < bandt—s > —a,wehave —a—b < —a <t—s < b < a+b,andhencep € [—a—b,a+b].

Moreover, since o’ (t) is decreasing on t > 0, o’(p) > o’(a + b), and the claim follows.

(ii) When ¢t > b. By assumption, the length of the interval [—s, ¢ — s] has length ¢t > b. We show
that it contains a subinterval of length at least b lying inside [—a — b, a+b]. Since t —s > —a, its right
endpoint is larger than —a — b by at least b. Since the left endpoint —s < 0, the left endpoint is smaller
than a + b by at least b. Therefore, the intersection of the intervals [—s,¢ — s] and [—a — b, a + b],
which is [max{—s, —a — b}, min{t — s, a + b}], has length at least b. Therefore, by the mean value
theorem, there exists some p € [—a — b, a + b] such that

o(t—s)—o(—s) > o(min{t — s,a + b}) — o(max{—s,—a — b})
= o' (p)(min{t — s,a + b} — max{—s, —a — b})
> o' (p)b.
Because p € [—a — b,a + b], o/ (p) > o'(a + b), which completes the proof. O
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Lemma 11. Forany a > 0 and s,t > 0, the sigmoid function o(t) = 1/(1 + e™') satisfies

1 1-a 1 1 1 1—-a
— - mi — —mi < — < = — mi —
5 + min{t¢,a} min{s, 4} < o(t — s) 5 + 1 min{t¢,4}

min{s,a}. (34)

Proof. We first prove the left-hand inequality. When s > 4, the left-hand side of (34) can be bounded

as 2 + 5% min{t,a} — I min{s, 4} < %erfi.zlg 34 15 — 1 <0, while o(t — s) is

always positive, so the left-hand inequality of @ is true. Therefore, we focus on the case s < 4 in
the following.

w

Recall that 0(0) = % and o'(w) = For any w > 0, since 1 — w < e™*, we have

e
(14e—w)2"

1 —w < (14 w)e™ ", and hence }jrz:; < w. Combining this with }jrz:; € [0, 1], we further
obtain (};z,z )2 < w. Substituting this bound, we obtain

e v 1 1-e\%\ _ 1
o) — = (1-(—— >-(1—w). 63
o' (w) 1+ ew)2 4( (1+ew> )—4( w) 63)
(i) Whent — s > 0. Letting p = min{t — s,a} > 0, we have
P / ]' P ! 1 / ]‘ !
o(p)=0(0)+ | o'(2)de =5+ | o'(2)dz 2 5 +po(p) 2 5 +po(a),
0 0

where we used the fact that o’(z) is decreasing for z > 0, which implies that o’(z) > ¢'(p) > o’(a)
when z < p < a. By using with w = a, we continue as follows:

a(p) > % +o'(a) min{t — s,a}

1 1-
> i—i-Tamin{t—s,a}
1 1- 1-—
> §+Tamin{t,a}f s
1 1-
>+ Tamin{t, al — Z, (64)

where we used min{t — s,a} > min{¢,a} — s in the third inequality. When s < 4, we have
5 = 1 min{s, 4} and immediately yields the left-hand inequality of .
(ii) Whent — s < 0. Aso’(w) < § forallw € R,
1 1 1 1 1- 1
o(t—s)>0c(0)+ i(t —s) = 3 + i(t —-s)> -+ Tamin{ua} 35 (65)

where we used t > (1 — a) min{¢, a} for the second inequality. As above, when s < 4, we have
1= i min{s,4} and immediately yields the left-hand inequality of .

Finally, the right-hand inequality of is obtained by applying the left-hand inequality of to
o(s — t) and using the identity o(t — s) =1 — o (s — 1):

o(t—s)=1—0(s—1t)
<1- (1 + 1-a min{s,a} — 1mim{t 4})
— 2 4 b 4 )
1 1 1-—
=351 min{¢,4} + Ta min{s, a}.
Lemma 19. Ler P, Q, R be probability measures. For X € [0, 1], define
P = (1—>\)P—|—)\R, Q= (I—A)Q—F)\R

Then
KL(A[Qx) < (1-A)KL(P|Q).
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Proof. Introduce an auxiliary Bernoulli random variable Z € {0, 1} with
PZ=0]=1-), PZ=1]= A\
Now define two probability measures Pand Q by
P(dz,dz) := (1 — A\)do(dz)P(dz) + Ay (dz)R(dz),
and

Q(dz,dz) := (1 — X\)do(d2)Q(dx) + A1 (dz)R(dx).

Since the two measures differ only on the event { Z = 0}, we obtain

KL(P||Q) = /log jg(z, 2)dP(z,z) = (1 —\) /log j—g(a:)dP(x) = (1 -\ KL(P||Q).

Next, let 7 be the projection map 7 (z, x) = x. The pushforwards of P and Q under 7 are precisely
muP = Py, T4#Q = Q.
Therefore, by the data-processing inequality for KL divergence,
KL(P|Qx) = KL(r4Pllm4Q) < KL(P|[Q) = (1 - ) KL(P|Q).

This proves the claim. O

C REMOVAL OF REWARD CLIPPING

The purpose of reward clipping (3) is to focus optimization on the informative regime of the reward.
The interval rpin, < 7(2) < rmax corresponds to the region where “majority” alternatives preferred
with probability around % are concentrated. Outside this interval, reward estimation can incur
substantial errors. Reward clipping is therefore designed to prevent the KL budget from being spent
on optimizing such uninformative regions.

However, we do not believe that the absence of such clipping leads to a catastrophic deterioration in
distortion. Indeed, even without imposing reward clipping, we can still derive a polynomial distortion
bound, at least in the case p = -

Theorem 11. Suppose that wyo = . Let 7(x) be the maximizer of the population log-likelihood ,
and use this T as the reward without clipping. Thus, the RLHF distribution is defined as

= By o [7(2)].
Thipg =arg | max  Fuepo [T ()]

Then, the distortion of this distribution Tr1ur is bounded by

16(c3 +16)8 3max{B,c 1%} +4
max{ T o(207(233¢)) 2 }

(66)
1
Jorany 0 < c < 55.

The proof is divided into two cases depending on whether Py, p, z~,[Bu(x) > ¢] > ¢ holds. When
this condition holds, an O(/3) bound has already been established in Theoremfor the case mpef = U

On the other hand, when P, .p_ ;. [Bu(z) > ¢] < ¢, removing reward clipping requires bounding
7() itself in Lemma|3] rather than min{7(z), R}. Therefore, if 7(x) > R, the following modification
is required:

F(z) < (R7! maz(f(x’)) x min{r(z),R} < (R maj){gf(x’)) X BE,~plu(z)].

'€ —_——— z’'€
=R Lemma[3]

Because Lemma [14] implies that R = ©(1), it suffices to bound max, 7(z). However, even if
Bu € [0, B]™, it is not immediate that the estimate 7 obtained from the mixture of preferences
generated by heterogeneous utilities also lies in [0, 5]™. This non-expansiveness of the maximum
likelihood estimator for mixtures of Bradley—Terry models can be summarized as follows.
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Lemma 20. Let ;1 be a distribution on {1, ..., m}, and let D be an arbitrary distribution on [0, 3]™.
Define

L(7) = Eunp,ayop [o(u(@) — u(y)) log o (7(z) — 7(y))].
for 7 € R™. Then the maximizer T of L satisfies

max 7(z) — min7(z) < S.

Proof. Let ¢ be a constant satisfying 0 < ¢ < 315. If Pyp anp[Bu(z) > ¢ > 2, Theorem
3

bounds the distortion by w(ccitm)ﬁ. Therefore, it suffices to show that the latter term in the distortion

bound (66) arises when P, .p,_ ., [Bu(z) > ¢ < 2.

When Py, p z~plBu(z) > ] < 2, we consider how Lemma 14{is modified. If 7(z) < c, it implies
that min{7(z), "max} = 7(x) from Lemma[9] This implies that

7(z) < 26(0'(233¢)) Eyupu(z)) (67)
On the other hand, if #(x) > ¢, then min{7(x), rmax}t > ¢ E| by Lemma |§|, and thus Lemma

implies that

¢ < 280" (233¢) " Bumplu(a)] © 1 < — 20

< mEuND[U(@]-

By letting 8’ be the uniform upper bound on 7(z), we have
288’
co’(233c)
By combining (67) and (68), Lemma[T4]is modified to
_ 2max{f, ¢ ' 'S}

<
@) S = 5330

Therefore, the key step is to bound the quantity 8’. Lemma 20 shows that 8’ is bounded by /3, and
hence

T(z) < B < Eu~plu(z)]. (68)

Eyplu(z)].

2 —12

F(:E) S ma’}(l{57c 5 }
0’(233c¢)

Using this bound in place of Lemmaﬁﬂll the proof of Theorem[7]is unaffected by removing clipping,

except that f3 is replaced by max{3, c~*3?}. We therefore obtain the desired bound by making this
substitution in Theorem [ with B = 0. O

Ey~plu(z)]. (69)

Remark 1. Before proceeding to the proof of Lemma 20, we discuss the current limitations in
removing reward clipping in Theorem2|for a general reference policy et # |1, without incurring
the additional factor of 3. First, for the case Pyp, zu|Bu(z) > ¢] < 2, the proof of Theorem is
valid for a general .o without reward clipping, except that we need to use 7(x) < B2Eyplu(z)]
(69) in place of Lemma which incurs the additional factor of 5. Regarding this, the following
counterexample shows that the bound 7(z) < B*Ey~plu(z)] is tight: for m = 3, let u = (0,1,1)
with probability % and u = (0,1,0) with probability 1 — % and take ;1 = (1 — %, 2 — ¢, €) with

e — 0. en, one can see that r =07 — DO, and T — —0 , as we
0. Th hat 7(1) = 0, 7(2) =% B, and 7(3) =% B(1 — 0s(1 i

as E,plu(3)] = B, which implies that 7(3) < B*Ey~p[u(3)]. Consequently, a linear bound
without the additional factor of B is not obtained at least from the point-wise bound of 7(x) by
E.~pu(zx)]; in other words, if it were to be obtained, it would require an argument that accounts for
the interaction among alternatives.

On the other hand, when Py..p, .. [Bu(z) > c] < 2 the reference policy already achieves the
optimal O(p) distortion when et = i, which yields the optimal distortion of Trrur. However,
once a general reference policy Tt # 1 is allowed, this property of T.es no longer holds, which
prevents the current proof from carrying over directly.

>While we are not using reward clipping here, we treat 7may as the quantity defined in (29)), with 7max =
min + 2¢, to utilize the previous lemmas.
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C.1 NON-EXPANSIVENESS OF MIXTURE OF BRADLEY-TERRY MODELS

To prove Lemma 20, we introduce an auxiliary functional ®(v;v") for v,v" € R™. Specifically,
let g, = VL(v) and D,, = V2L(v'), and consider a vector h,, € R™ satisfying the following
condition.
hy (1) =0, hy(m) =1, and (Dy hy)(x) =0forallz =2,...,m — 1.

Using this vector h,, the functional ®(v;v’) is defined as

d(v;0v') = h)go.
We prove Lemma 20 by contradiction by supposing that max, 7(x) — min, 7(z) = 8’ > (3 for the
maximizer 7 of £, and defining 7 = %f. Then, by Lemma 21, the functional ®(v;v’) attains its
maximum at v = v’ for v,v’ € [0, ]™. Moreover, by the optimality condition of 7 in Lemma([l7] we
have E,~plgs.] = gr. Hence,

O(r';1") 2 Eunn|@(Bus )] = b, Bunnlgpa] = h)rgr = @(F; 7).

On the other hand, we can show that ®(r’; ') < ®(7; ') by comparing the two quantities term by
term. Therefore, we obtain a contradiction, which implies that max, 7(x) — min, 7(z) < S.

Proof of Lemma 20. If we redefine the alternatives by splitting each alternative into multiple ones,
the value of 7(x) remains unchanged between the original and the resulting alternatives. Therefore,
the quantity max, 7(x) — min, 7(z) is invariant under such transformations. Building on this, by
splitting the alternatives so that each has (approximately) equal sampling probability, the general case
can be approximated arbitrarily well by the case where  is uniform. Therefore, in the following we
assume that p is the uniform distribution. When g is uniform, relabeling the coordinates does not
change the problem, and we may assume without loss of generality that

r(1) <r2) <--- < r(m),
in the following.

For v € R™, define g, € R™ as

1
9v(2) = Eynplo(v(@) —v(@))] = — > o(v(z) —v(y)). (70)
y=1
According to Lemma([I7] the maximizer 7 is characterized by
9r(z) = Eyoplgpu(@)] (z=1,...,m). (71)
For later use, we denote the Jacobian of g, with respect to (v(1),...,v(m)) by D,, i.e.,
d — 0 (v(z) —v(y)) (y # )
Dy(z,y) = ———=g0(x) = § 1 (72)
(59) = Gy ™) {,; 50 0 (0(2) — y")) (5 =),

Suppose, for contradiction, that 5" := max, 7(z) — min, 7(z) = 7(m) — #(1) > 3. Define
r'(z) = g(f(x) -7(1) (z=1,...,m).
Then
0=r/(1) <P(@) < <r'(m) = B,

and in particular v’ € [0, 5]™.
Also, for v’ € R™, we introduce an auxiliary vector h,, € R™ such that

hy (1) =0, hy(m) =1, and (Dy hy)(x) =0forallz =2,...,m — 1. (73)
(Note that, because (Dyrhy)(z) = 0 < >, o' (V'(z) — v'(y)he () = 32,4, 0'(V(2) —
v'(y))hy (y) from (72)), we can regard the definition of h, as the Dirichlet problem, and the existence
and uniqueness of the solution follow from this perspective.) Then, we define

d(v;0v') = h)go.
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By Lemma 21, for every v, v’ € [0, 5]™ with v/(1) = 0 < ¢/(2) < --- <v/(m) = (3, we have

O (v;0") < B(v';0).

Since Su takes values in [0, 8]™ when u ~ D and 0 = 7/(1) < 7/(2) < --- < ¢'(m) = S, it follows
that

h;r/]EuND [gﬁu] = EuND[(I)(Bua rl)] < (I)(T/; T/) = h;r’gr’-
Using (71), we obtain

w9r S hige & @) < ('), (74)
On the other hand,
Wlgr — hhge = = 3" (@) (o(r(a) — #(9) — o1 () ~ (1))
-1 (e () — b ) (0(7() — 7)) — 0" (@) — (). (T9)

and since o is increasing,

o(F(x) = 7(y)) < o(r'(x) —r'(y)) (z<y).
Therefore every term in (75)) is nonnegative. Furthermore, we have h, (m) —
7(m) —7(1) = p' > B =r"(m) — (1) implies that o(7(1) — 7(m)) < o(r'(1)
one of the terms in (73) is strictly positive, and consequently
hlgr —hlge >0a &(Fr) > d(r';r).
This contradicts (74).

Therefore 8’ > 3 is impossible, and we conclude that

max 7(z) — min7(x) < 8.

Lemma 21. Consider v' € [0, 8]™ such that 0 = v'(1) < v'(2) <--- <v'(m —1) <v'(m) = S.
Let D, € R™*™ pe as defined in Lemma 20, i.e.,

_ A e (@) = () (y # )
Dv’(ﬂf’y) - dv’(y) Go ( ) {71n Zy';&z O’l(’Ul(I) . ’Ul(y/)) (y _ x)’ (76)

and define h,, € R™ by
hy (1) =0, hy(m) =1, and (Dy hy)(z) =0 forallx = 2,...,m,
following . Moreover, for v € [0, 8™, define ®(v;v') = h/,g,, where g, € R™ is defined as

> olv(@) —v(y)),

y=1

1
gv(x) - E

as in (70).

Then, when v runs over [0, 8™, this ®(v;v’) is maximized at v = v'.
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Proof. Consider an arbitrary v € [0, 3]™. If there exist z, 2’ € {1,...,m} with x < 2’ and
v(x) > v(z’), swapping the values of v(z) and v(z’) does not decrease the value of ®(v;v’). Let
Vswap denote the vector obtained by this swap. Then,
D(Vawap; v') = ©(v30") = (hor (2') = oy (1)) (g0 (2) — gu(2'))- 7
According to Lemma 22, h,(2") — hy (2) > 0. Also, the monotonicity of ¢ implies that o(v(x) —
v(y)) —o(v(z’) —v(y)) > 0forany y € A, and
1 m
90() = gu(2") = — Y (o(v(@) = v(y)) — o(v(@') = v(y))) = 0.
y=1
By combining them, it holds that is always nonnegative. Therefore, the maximum of ®(v;v’)
is achieved in C' = {v € [0, 8] | v(1) < v(2) < --- < v(m)}. Therefore, we will restrict our
attention to C' in the following.

From the definition of ®(v;v’), we have that

(I)(’U; ’Ul) = hI’gv

3

=Y hol@) -3 o(v(a) ~ o(y))

1 1 :
~m Y. he(@ov(@) —v(y) + m >, @ -o(v@) - vm) + 2m
= % Z (hy (z) — hy (y))o(v(x) — v(y)) + (a constant independent of v).

Note that v(z) —v(y) < 0forall z < y forv € C, and h, (z) — hy (y) < 0 according to Lemma 22.
Because ¢ is convex if the domain is restricted to ¢ > 0, and thus ®(v;v’) is concave in v € C.

Therefore,
P (v;v") < B(v;0") + VO (V50" ) (v — )
i}

< O
< QW) + hy Dy (v —0'). (78)

Because (Dyrhy)(z) =0 (x = 2,...,m — 1) and because the column sum of D, is 0 from (76),
we have that
Dy hy = k(1(m) — 1(1)) with some x > 0,
where 1(z) is the one-hot vector with 1 at x. The positivity of x follows from the fact that
hyDyhy =k = 230 o' (V' (x) = ' (y) (R (2) = hor(y))® > 0. Also, D, is symmet-
ric from its definition and the fact that ¢’ is even. Therefore, is further bounded by
®(v;v') < @(v';0') + w(1(m) = 1(1)) (v — ')

= @) + K(v(m) —v(1) = (v'(m) —'(1)))

= O(v;0") + K(v(m) - v(1) = ).
As v(m) — v(1) < B holds from v € C, we obtain that ®(v;v’) < ®(v';v"), which concludes the
proof. O

Lemma 22. Consider v’ € [0, 8] such that 0 = v'(1) <v'(2) < --- <v'(m—1) <v'(m) = 6.
Let D,, € R™*"™ be as defined in Lemma 20, i.e.,
d —Lo/(v'(z) —v'(y
Do) = gy () = {; SR T A
and define h,, € R™ by
hy' (1) =0, hy(m) =1, and (Dy hy)(xz) =0 forallz =2,...,m, (79)
following ([73).

Then, h, (x) satisfies that
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Proof. To show that this h, (x) is monotonically increasing in x, we consider a stochastic process

{X,}52, corresponding to a random walk over 1, ..., m. Specifically, define
A = max Z o' (v'(z) — V' (y)), (80)
y=1

and, for each interior state « € {2,...,m — 1}, define the transition probability p(x — y) to y by

p(r —y) = M (y#z), plr—x)=1- Loyta® (v/&x) —Y (y)) (81)

Also, let 1 and m be absorbing states. In Lemma 23, we will show that, for z, 2’ € {2,...,m — 1}
with z < «’, there exists some z < z” < 2’ such that

plx = y) 2 p(a’ —y)ify <z”, andp(z — y) < pla’ = y)ify > " (82)
Let 7(z) be the hitting time when the process { X, }52, arrives at z for the first time. If there is no

such ¢, we let 7(z) = oo. We consider the probability P[r(m) < 7(1) | Xo = z] =: ¢(z), i.e., the
probability where it arrives at m before visiting 1, when the process starts from x.

Then, ¢ satisfies ¢(1) = 0 and ¢(m) = 1. Also, for z € {2,...,m — 1}, because the probability
to move from x to y is p(x — y) and the probability of arriving at m before 1 starting from y is
q(y) =P[r(m) < 7(1) | Xo = y], we have that

q(x) =Y plz = y)q(y)
y=1

o qla) = (1 B Zy#:z o' (v'(x) — v’(y)))q(x) + Z M
A

i q(y)
y#T
&> oW (@) v (y)a(z) =Y o'W (x) —v'()ay).

Yy#T y#T
& q(z) = (Dvrg)().
By looking at (79), these properties of ¢ are the same as the definition of A, and thus ¢ = h, holds.
Therefore, what we need to show is that ¢(x) < ¢(z') < Plr(m) < 7(1) | Xo = =] < P[r(m) <
7(1) | Xo = '] forall z, 2" with z < z’.

To prove that, we consider an equivalent definition of {X,}{2,. For z € {2,...,m — 1}, define the
cumulative mass function of the next step by

L(y;z) == Z p(x — 2).

1<z<y
For convenience, let L(0; z) = 0. We introduce {a }$2,,, where o " Unif ([0, 1]). If the current
state is X; = x, define X, = y, where
Ly — 1;2) < oy < L(y; ). (83)
Because L(y;x) — L(y — 1; ) = p(x — y), this is an equivalent definition of {X,}7°.

We then consider two instances of this process with different initial states, denoted by { X t(r) }e2, and
{Xtm )}fio with z < 2/, both driven by the same randomness {a; }72,. For each ¢, we show that
Xt(ﬁ < Xfil) by induction.

Forz,z’' € {2,...,m — 1} witha < o/, L(y;z) — L(y; 2') = 0 aty = 1, m. Also, as y goes from

1tom — 1, the sign of A(y) = (L(y + L;z) — L(y + 1;2')) — (L(y:z) — L(y;2')) = p(z —
y+1) —p(z’ — y + 1) changes only once from — to + according to (82)). Therefore, for z;, 2’ with
x < a', L(y; x) > L(y; 2’) always holds.

Therefore, when Xt(x) < Xt(xl), we have that L(Xt(fﬁ)1 —1; Xt(x)) > L(Xt(i)1 —1; Xt(x/)), and because
of the definition of Xt(ﬂ l|

a; > LIXT -1, X7) > L(x ) - 1, x5,
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As Xt(fl) is defined as y such thatL(y—l;Xt(zl)) <oy < L(y; Xt(m,))’ it follows that Xt(fl) 2 Xt(ﬂ

Therefore, the two processes with different initial points are coupled so that X t(w) <X t(wl) always
holds, which implies that P[7(m) < 7(1) | Xo = z] < P[r(m) < 7(1) | Xo = 2'] & q(z) <
q(z") & hy (2) < hy (o) for all z, 2’ with x < 2. O

Lemma 23. Considerv' € [0, B]™ satisfying 0 = v'(1) <'(2) <--- <v'(m—1) <v'(m) = S.

Let p(z — y) be defined as in (80) and in Lemma 22. For any x,2’ € {2,...,m — 1} with
x < ', there exists some x < x'" < x’ such that the following holds:

forally € {1,...,2"}, p(x — y) > p(a’ = y), andforally € {z"" +1,...,m}, p(x — y) < px’ — y).

Proof. Remember that o/ (¢) is even and monotonically decreasing in ¢ > 0. Because v'(1) <
v'(2) <+ < ' (m—1) < v'(m), the sign of o’/ (v/(x) —v'(y)) — o’ (v'(2') — v'(y)) only changes
as y increases from y = 1 to y = m. Also, because v'(z) < v'(2') from z < 2, o' (V' (z) — V' (y)) —
o' (v (z') —v'(y)) > 0wheny < z, and o’ (v'(z) — v'(y)) — o’ (v'(2') — v/ (y)) < O wheny > 2’
Therefore, there exists some " with z < z" < 2’ such that o’ (v (z)—v'(y))—o’ (V' (z')—v'(y)) > 0
when y < 2’ and o’ (v/(z) — V' (y)) — o/ (v'(2') — v'(y)) < 0 wheny > z”.

Fory # z,2', plx — y) = A7'0'(v/(z) —'(y)) and p(a’ — y) = A1o' (v'(2') — v/ (y)).
Therefore, the assertion directly follows.

Fory = «,

plx —2z)=1-
o(v'(@) ~ v'(x) _ '(0)
A A
as ), _, o'(v'(x) —2'(y)) < Afollows from the definition of A. Also, p(z’ — y) = M
<

Therefore, according to o’(0) > o'(v'(2’) — v/(z)), we have p(x — z) < p(z’ — x). Because
x < 2, this is precisely the inequality that we need to establish.

Similarly, for y = 2/, it holds that p(z’ — 2’) > U/I(\O) >pla’ —x) = M Because
z" < 2/, this is also the inequality that we need to establish. Combining the above, the claim is
established for all y. O

D PROOF OF LOWER BOUNDS

In this section, we present the proofs of the lower bounds. The proof of Theorem {]is given in
Appendix D.1, and the proof of Theorem 5]is provided in Appendix D.2.

D.1 A LOWER BOUND DEPENDENT ON THE KL CONSTRAINT

We first show below that, for e=®®B) < 7+ < B, the distortion is lower bounded by
O(min{BgS, B3/T}).
Theorem 4. Assume that the KL budget T > 0, the Bradley—Terry model temperature parameter

B > 3, and the maximum log-likelihood ratio B = max,ea | log - O(:Z;) | satisfy

B B B . B B
max{e 3,e 2} <7< B, 3<f<es —1, and 3< B <min{e3,e?}.

Then, there exists a pair of an instance D, a data distribution p, and a reference policy ..t such that,
regardless of how ryin and roax are chosen in reward clipping, the distortion of TrLur is lower
bounded by

B B
Dlst(']TRLHF) 2 min{logB/B, 7'}/8

Proof. We consider four alternatives and set (p(1), 14(2), u(3), 1(4)) = (e B,e B, 1-3e=B =),
We define the utility w as follows.
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(i) With probability pi:  (u(1),u(2),u(3),u(4)) = (%, 0,0,0).
(i) With probability po:  (u(1),u(2), u(3),u(4)) = (0,1,1,0).
(iii) With probability p; = 1 —p1 —pa: (u(1),u(2),u(3),u(4)) = (0,0,0, 5).

By Lemma 18] the ordering of the Borda scores Borda(x) = E,,[p(x > y)] coincides with that of
the estimated rewards 7. We compute the expected Borda scores and define p1, p2, and ps so that
Borda(1) = Borda(2) < Borda(3) = Borda(4), which implies that 7(1) = 7(2) < 7#(3) = 7(4).
Regardless of the lower and upper bounds in the reward clipping, this implies that (1) = r(2) <
r(3) =r(4).

Alternative 1:
—-B 1 —B —B 1 —B —-B
Borda(1) =py (e -§+(1—e )-a(l)) +p2(2€ ~§+(1—3e )-o(=B) +e a(—

—|—p3((1 —e By. 248 -U(—l)).

Alternative 2:

Borda(2) =pi (¢~ 7 - o(—~1) + (1 — ¢ 7). %) +pa (270 a(g) +e B % +(1-3¢8) (=
(=) 5+ e o(-1))

Alternative 3:

Borda(3) =pi (¢~ - r(~1) + (1 — 7). %) +p2(2677 0(B) +e P a(g) 4+ (1-3¢B). 2
tps((1 =) S+ e (1)

Alternative 4:

Borda(4) =p; (e—B o(=1)+ (1 - B)- %) + o (2e—B : % +(1-3¢B) . o(-p) + e—Ba( L

+p3((1 —e By g(1)+e B %)

Using the above calculations, the condition where Borda(1) = Borda(2) holds is

py = 1 20(5) —o(=5) —5) (1 =3¢ F)(o( = 5) ~o(=h)
PG o) + L)) - })

—!
=c]

D2,

and the condition where Borda(3) = Borda(4) holds is

eI RE Ry
e B(3 - >

Here, ¢, = O(e 8 + a(—g)) =0(e B+ e’g) and ¢, = O(1). So we rewrite p; = c;(e 8 +
e‘g)pg and py = cop3 with ez = (ch)™! = O(1), ¢; = (e B + e‘g)_lc’ICQ = O(1), and
ps=(14ci(e”? —1—6’2) —1—02)71 = O(1). Also, because u(3) > u(2) is always true, Borda(2) <
Borda(3).

Next, we specify 7o and analyze mrrpgr. When 7 < B, 8 > 3, and B > log 3(1 + 3), we define

(et (1), oot (2), Tret (3), Trer(4)) = (1 _ Biﬂ — (14 B)e 5, Biﬁ, 6—3756—3)
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and we can see that H log %“f HOO = B. Because mrpur is the maximizer of Ey,p ;~r[r(2)] within

KL(7||mer) < 7 (if the maximizer is not unique, we choose the one with the smallest KL divergence),
. . s 1 ™ 2 gL T 3 s 4

r(1) = 7(2) < r(3) = r(4) implies that TR — TRLEL) < 1 while Tume() — maute(l) >

We denote 7rrur(3) by ¢ in the following.

Then,

1—(1+8)q
1—(1+p)e B

(1+8)q

KL(r||7ref) = (1 — (1 4+ B8)q) log (A48 B = T

+ (14 B)qlog
By using log(1 — z) > —x, we have that
(1 +B)q<logq+B - 1) <

When 3 log % < B and B > 3, this implies that ¢ < 1%- Therefore, the average utility of mrypr is

1 1 1
EuND,INTFRLHF [’U,(l‘)] S 7Tref(l) . B *P1 + 7Tref(2) 5 D2 + q- 1 s P2 + Bq : E *P3

2
< ci(e™B e 2)ps  copsT | 3eopsT | 3psT
- B2 2Bp Bp Bp
27c1m% 1 Teo TP3
=4 = == 4
—<ﬂ3B2+6+2+3)Bﬂ’ (84)

BB

8 . .
where we have used 3 log 3= < Band 8 > 2log g to evaluate e 2 and e~ =, respectively, in the

final inequality.
On the other hand, when BB > e, consider a distribution 7’ = min{ﬁ, 131, + (1 -
min{ 5, 1}) u. Then, we have that

min {m%ﬁ’ 1}

Bi[j, ~ log B

KL(7'||rper) < min{ x log x log BB < 7.

}
lOg Bﬂ
AlSO, the a\/erage utlhty IS

T 1
EunD,enm > By gmnr > mi {77 1} 5 . 85
k2 BunDanalt(@)] 2 Bunponaul@)] 2 min 5og, 1p - 5 - cops. (89

From (84) and (83), the distortion is lower bounded by

. co (2717?21 Tes g B B
_o ca | Te 2 2
Dist(mrLuF) > 5 ( i:e + 3 + B +3) mln{logBﬂ’ T }B,

as desired. O

D.2 A LOWER BOUND INDEPENDENT OF THE KL CONSTRAINT

Theorem 4] provided a lower bound that depends on the KL budget 7 and the density ratio B between
1 and m..¢. Here, we complement Theorem by showing that an () distortion arises for any value
of B, including the case B = 0, and for any choice of 7.

Theorem 5. When 1 = e, for any KL budget T > 0 and any Bradley—Terry temperature parameter
B > 0, there exist a collection of instances {D;}Y.; and a data distribution 11 such that, when an
instance is drawn uniformly at random from {D;}}_,, the output of any algorithm incurs expected
distortion at least

Bl4e P
- — ¢
21—e 8 ’

where € > 0 is an arbitrarily small constant.
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Proof. Take 9, € to be sufficiently small and K € N to be sufficiently large. We consider K + 2
alternatives and set (u(1),...,u(K + 1), u(K +2)) = (d,...,6,1 — (K + 1)5). We define an
instance D by specifying the utility u as follows. The collection {D;}}¥ ; is then obtained by
uniformly randomly permuting the alternatives 1, ..., K + 1.

(i) With probability p;: Define the utility vector (u(1),u(2),...,u(K +2)) = (1,0,...,0).

(ii) With probability po = 1 — p;:  Choose y uniformly at random from {2, ..., K + 1}, and set
u(x) = eB~t (if r = y), 0 (otherwise).

Now, let us compute the expected win rates between alternatives in D:

When 2,y € {2,...,K + 1}: Because of the symmetry within each set of alternatives, p(z >
y) =3

Whenz =1landy € {2,...,K + 1}: By considering the deviation from the win rate of 1, we
have that

1 1y po 1
-y =5 =p-8(a(®) = 5) =2 -5(5 —o(=2)). (36)
Whenz =1landy = K + 2:
1 1
pla=y) —5=p-3(a(d) - 3). 87
Whenz € {2,..., K +1}andy = K + 2:
1 o P2 1
P -y) =5 ="220(5-0(-9)). (88)
The condition where =0and = hold is
o(e) — % 4
= 2. 0).
ML= B p2 (>0)
7
Under this condition, 7 cannot identify the permutation of the alternatives 1, ..., K + 1.

Now, consider the output 7 of the algorithm that achieves the optimal distortion. For § chosen
sufficiently small, it is not possible to allocate all probability mass to alternatives 1 through 1 + K,
which implies that KL(7||mf) = 7. Letting P be a random permutation of {1,..., K + 2} fixing
K + 2, using P instead of 7 decreases the distortion and the KL constraint unless Py 7 and 7 are
equal as distributions. Therefore, 7 must satisfy

()= =7(K+1)=q>0.
Let us consider the KL constraint.
A q q 1—(1+K)q
KL rof) = log =+ Kqlog=+(1—(1+K)q)log —mM——%= = .
(Fllmet) = 7 & glog 5 + Kqlog = + (1 — (1 + K)q) TG K
By using log(1 — z) > —x, we have that
q
I 1)<
(1—|—K)q(log(S 1) <, (89)
and
(1+K)qlog% > 7 (90)

By taking 6 < (14 K)~'(K®T'log K)~'7, we can see that log ¢ > K log K from . Under
this, (89) implies that

(1— m)(l—kK)qlog% < (1+K)q(log% —1) <r

1 q
S <
= (1 Tog )(1 + K)glog 5 T (C2))]
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. . . . _ 1 1
Let us COnSlder a dlStrlbuthn 7TI = (1 — W) (Kq — 6)#’ + (1 — (1 — W)(Kq — 5))/14,
where 11/ is the uniform distribution over 1,. .., a. Then, by using log ¢ > Klog K,
1 q
KL(7' || e <(1—7)K (1 4 K)
(7' [|mver) < Klogic) 4\ loe 5 +1og

1 q
<(1- ———)(1+K)qlog =
_( mOgF_,)(Jr Jalog <,

where the RHS is bounded by 7 according to (91). Using this distribution 7/, the maximum average
utility is lower bounded by

1
Euw T > Eum xr~T! > (1 - 7>K .
B B o rlu(w)] > B [u(w)] > (1= oo ) Ko

On the other hand,
By ana[t(x)] = q-p1+q-eB'p2 = qp1 + ¢z B¢, 'p1.
Therefore, the distortion of 7 is lower bounded by
1 K
B KlogK) 1+eB1Kep '

We let K — oo and ¢ — 0. Note that %p — m as € — 0. Therefore, the RHS of
converges to

Dist(7) > (1 92)

B 1+ e B
4(B)—1/2)  21—e B
as desired. O

E DETAILS OF THE EXPERIMENTS

E.1 DETAILS OF REWARD SCALE EVALUATION

Skywork-Reward-V2-Llama-3.1-8B (Liu et al., 2024)) and UltraRM-13B (Cui et al.,2023)) are trained
on preference data by maximizing the likelihood under a single Bradley—Terry model. For a dataset
of prompt 2, chosen completion z, and rejected completion y (i.e., z < y), consisting of pairs
{(x%,y?, 2")}™_,, the log-likelihood conditioned by the prompt z is defined as follows. (Eq. (1)) is the
unconditioned version.)
n
maleog (o(ro(z" | 2") —ro(y" | 2%))).

d
O€R =1

While this objective was used in Skywork (Liu et al., 2024), UltraRM-13B made a slight modification
to incorporate a guide of the annotated rewards for a subset of their datasets. Specifically, when the
annotated reward difference Arannotated DEtWeen a chosen completion x and a rejected completion y
is available, the objective is modified to

n

gé?éz IOg (J(TO (xl ‘ Zi) —Te (yl | ZZ) - ATanno1:an:ed))~
i=

Here, Arannotated 18 the absolute difference between the annotated reward of two texts. It is normalized
so that Arannotated € (0, 1]. When using datasets with only preference rankings, they simply set
AT annotated = 0. We denote the resulting reward model by T

For Skywork and UltraRM, we evaluate the reward scale using 5000 samples drawn from their training
datasets, Skywork-Reward-Preference-80K-v0.1 (Liu et al., |2024) and UltraFeedback (Cui et al.,
2023), respectively. Specifically, for each pair of prompt z’, completions z* and 3, we calculated the
reward difference Ar;(z?, y'; 2*) defined by

Arg(at,y's2") = ’ré(acz | 2') —rs(y" | zl)f
Because UltraFeedback has four completions for each prompt, we selected a completion with the
highest reward as =’ and a completion with the lowest reward as 3 for each.

42



ICLR 2026 Algorithmic Fairness Across Alignment Procedures and Agentic Systems (AFAA) Workshop

E.2 DETAILS OF THE SYNTHETIC EXPERIMENT

We consider three alternatives. The utility distribution is defined as u = (0, 0.5, 1) with probability
0.99, and u = (0.01,0,0) with probability 0.01. We set 3 = 10, p = (1074,1074,1 — 2 - 107%),
and er = (1 — 0.05 — 107°, 0.05, 10~5), which yields B = 11.5. Also, we tuned the KL budget
7 = 0.143 so that the maximum average utility max . kr,(x|r,.;)<r Bu~D,e~r[w(2)], Which is
numerically computed, is 0.1.

Rewards are computed by first evaluating the objective in (1)) exactly in the limit n — oo, and then
performing second-order optimization using the L-BFGS algorithm by exploiting the concavity of
the problem. In Figure[3] the case y # y.f corresponds to rewards computed under the above setting,
whereas the case jt = Tt corresponds to replacing p with .. as the data distribution in the same
setup.

In both cases, we optimize the distribution using a mirror descent-style update (Beck & Teboulle|
2003) with step size n = 1073. Specifically, starting from 7° = 7,¢, we gradually update 7* until
mt violates the KL constraint by repeating the following update:

() exp(nr(z)

Tyl = argmax {(77,7“) - TllKL(ﬂHm)} =  mi(x) = REED) exp(m"(l’))'
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