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ABSTRACT

State equations (SEs) were firstly introduced in the approximate message passing
(AMP) to describe the mean square error (MSE) in compressed sensing. Since
then a set of state equations have appeared in studies of logistic regression, ro-
bust estimator and other high-dimensional statistics problems. Recently, a con-
vex Gaussian min-max theorem (CGMT) approach was proposed to study high-
dimensional statistic problems accompanying with another set of different state
equations. This paper provides a uniform viewpoint on these methods and shows
the equivalence of their reduction forms, which causes that the resulting SEs are
essentially equivalent and can be converted into the same expression through pa-
rameter transformations. Combining these results, we show that these different
state equations are derived from several equivalent reduction forms. We believe
that this equivalence will shed light on discovering a deeper structure in high-
dimensional statistics.

1 INTRODUCTION

Classical statistical methods often failed in the high-dimensional data where the number of features
is larger than the number of observed samples. Studies in high dimensional data have attracted lots
of attentions in past decades. A set of state equations (SEs) were first introduced in approximate
message passing (AMP) algorithm in (Donoho et al.| 2009) to precisely characterize the mean-
square-error (MSE) and the phase transition phenomenon for true signal recovery in compressed
sensing (CS). Since then, SEs, associated to certain AMP algorithm, have played indispensable role
in various high-dimensional problems. For example, (Donoho et al. |2011) investigated the phase
transition phenomenon and the precise MSE of LASSO estimator; (Donoho & Montanari, [2016))
studied the variance of asymptotic distribution of M-estimator; (Huang, [2020) provided a precise
characterization of min-max MSE of [; penalized robust M-estimator and the corresponding phase
transition phenomenon.

Though the SEs were first introduced through certain AMP type algorithms, researchers meet them
in a variety of models through different methods. For example, the SEs appeared in (EI Karoui et al.,
2013)) when they performed the leaving-one-out (LOO) analysis of M-estimator in high dimensions.
They showed that asymptotic normality, asymptotically unbiased property also hold as in the low
dimension, nevertheless the variance of asymptotic distribution of M-estimators is higher. (Sur &
Candes| [2019) employed the similar idea to analyze the properties of MLE in logistic regression
where the SEs were used to show that (1) asymptotically unbiased property does not hold; (2)
variance of asymptotic distribution increases; (3) likelihood ratio test is not distributed as chi-square.
SEs also appeared in another line of researches where Thrompoulidies et al. performed analysis of
a family of high dimensional problems through the Convex Gaussian min-max theorem (CGMT).
More precisely, (Thrampoulidis et al.,|2018) characterized the MSE precisely for general regularized
M-estimator problem in high-dimensions; (Salehi et al.,|2019) established the correlation and MSE
of the resulting estimator of regularized logistic regression; (Deng et al.,|2019) showed the changing
trend of MSE with the growth of features in support vector machine and logistic regression.

Lastly, an insightful series of works (Barbier et al., 2019; [Ricci-Tersenghi & Semerjianl 2009;
Moore, 2014} Krzakala et al.l [2016; |Coja-Oghlan et al., [2018; Mézard & Parisil |2003; [Del Ferraro
et al.} 2014) have utilized the SEs (named as cavity method in statistical physics) as a ubiquitous
tool when they studied the high dimensional statistical problem through the perspective of statisti-
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cal physics. Importantly, this tool has exhibited as a powerful weapon in applications of a lot of
fields(Mezard & Montanari, [2009; |Obuchi & Kabashimal 2016; Vuftray, 2014} Lesieur et al., 2015;
2016).

Though many papers have explicitly written down the corresponding state equations, none of them
have shown that these sets of state equations are compatible. To the best of our knowledge, only
(Deng et al,2019) mentioned there is another set of state equation but without any comparison.

Although SEs were proved to be important in high dimensional problems, it is awkward that for
one specific problem, the resulting SEs from AMP, CGMT and LOO are different. To be more
clear, let us take a look at logistic regression. The SEs derived from CGMT @I) in (Deng et al.}
2019) are obviously different from the SEs derived from LOO in (Sur & Candesl [2019). This
is annoying, since the asymptotic performance for a specific high-dimensional problem should be
unique no matter which method was used.

Therefore, we are interested in the following questions:

Are SEs derived from different methods all equivalent in some sense? If so, from what viewpoint
these methods are equivalent and are there more inner equivalence?

Among them, as the most direct, accessible, basic tool, equivalence of SEs is the basis of equivalence
of methods and more inner equivalence.

Our contributions. We successfully show that for various high dimensional problem, the different
sets of SEs derived through different methods are actually equivalent to each other. More precisely,
we construct the equivalence between different sets of SEs through explicit parameter transforms for
LASSO, M-estimator and logistic regression. These transformations are inspired by the statistical
meanings of certain quantities appeared in the SEs. Moreover, we also provide a heuristic expla-
nation on the relation between the different methods: AMP, CGMT and LOO. To the best of our
knowledge, this is the first work to clearly clarify the equivalence among SEs derived from different
methods and try to establish the equivalence of different methods.

Outlines. In section [2| we show that the SEs for M-estimator from AMP, LOO and CGMT are
equivalent to each other. In section we show the equivalence of SEs derived from AMP and
CGMT for another example and explain the essential reasons behind this equivalence. In Section
[3.2] we illustrate the similar work regarding the equivalence between CGMT and LOO. Section ]
provides some discussions and future directions. Most proofs are deferred to the appendix.

Notations. Let N'(0,1;), N (0,1) denote the d-dimensional standard Gaussian distribution and 1-
dimensional standard Gaussian distribution respectively. For a vector &, we denote ||z ||, as the [,
norm of x. For an integer n we denote [n] as {1, -+ ,n}. We abbreviate independent and identically
distributed to i.i.d.. For a function f : R — R, variable z € R and ¢ > 0, we denote the Moreau
envelope associated with f as
. 1 2
My (z;t) = ggﬂgf(z)—k 2t(m z) (1)

and the proximal operator, which is the solution of this minimization as

1
P it) = i —(z —2)% 2
roxy(x;t) = arg min f(z)+ o (x—2) (2)
For multi-dimensional case & = (21, - ,z4)7 € R?% Moreau envelope and proximal operator are

applied element-wisely: My (z;t) := (My(x;;t)) € R? and Proz¢(x;t) := (Proxs(x;;t)) € RY.

2 AN ILLUSTRATIVE EXAMPLE

Suppose that x; S N(0, %Id) and y, € R satisfying that
y; =x. 3" +e, foric[n] 3)

where ¢; are drawn i.i.d. from distribution P. with mean 0 and variance 0. We assume that the
entries 37 of 3* are independently distributed as IT which has finite second moment r2 = Eg13°.
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Let p be a non-negative convex function. We are interested in the the Mean-squared-error (MSE)
performance limy, o0 = [|3 — B*||? of the M-estimator:

B =arg min}_ p(y; = x; B) 4
1=1

when both n and d go to infinity satisfying that lim,, 4o % = Ry € (0, 00).

This problem first studied by (El Karoui et al., [2013) where they showed that the MSE of B can be
characterized by a set of SEs. More precisely, they proved the following proposition.

Proposition 2.1. (El Karoui et al.| |2013) Given ratio k, < 1. Consider the following system of
nonlinear equations (SEs) regarding (11,71) :

OProx
r EWh + 11213 \1))]

kaTi = E[Wi + 7121 — Prox,(Wi + 71715 M)

1— ks =E|

®)
where Wy ~ P, Zy ~ N(0,1) is independent of W1. If this system of nonlinear equations possesses
a unique solution (71, \1), then the 7, is exactly the MSE of ﬁ appeared in (El)

The M -estimator was also studied by (Donoho & Montanari, 2016) where they proved the following
proposition.

Proposition 2.2. (Donoho & Montanari, |2016|) Given ratio k. < 1. Consider the following system
of nonlinear equations (SEs) regarding (72,72) :

1 6M
7'22 = — /\%E[ or (W2+T2Z2,/\2)]

R x 62M (6)
Ke = ME| L(Wy + T2 Z9; \2)]

D2
where Wy ~ P., Zy ~ N(0,1) is independent of Wo. If this system of nonlinear equations possesses
a unique solution (T3, \o), then the 75 is exactly the MSE Of,B appeared in (El)

Moreover, inspired by the work (Thrampoulidis et al., |2014), we employ the CGMT techniques to
study the M -estimator and show that the asymptotic MSE can be characterized by the the following
SEs. To avoid unnecessary digression, we defer the detailed proof to the appendix

Proposition 2.3. Given ratio k. < 1. Consider the following system of nonlinear equations (SEs)
regarding (73, «, 1) :

oM,
=5 —Tg\/a —E| 5 E(Ws + 1323500/ )]
8M
0=— ufm + B[ Zs = L (W5 + 15230/ )
oM,
0= 5 + ]E[ ot (Wd + 7—3237 O[/,U)]

where W3 ~ P., Z3 ~ N(0,1) is lndependent of Ws. Ifthis system of nonlinear equations possesses
a unique solution (73, &, i), then the Ts is exactly the MSE of B appeared in

On the one hand, these three sets of SEs are different at the first glance. On the other hand, since
they are all supposed to describe the MSE of the M -estimators in high dimension, there shall be
some relation between these three sets of equations. A striking fact is that we can actually show
that all these three set of SEs are equivalent to each other. More precisely, we have the following
theorem.

Theorem 1. For M-estimator(H), the SEs derived from AMP (), LOO (3) and CGMT (7)) are equiv-
alent. Specifically, (6) can be converted into the same form as ) after the following parameter
transformations:

TL=T2, A=A (3)



Under review as a conference paper at ICLR 2022

(6) can be converted into the same form as (7) after the following parameter transformations:

TL=1T3, A=

- ©)
o
The equivalence of these three sets of SEs seems straightforward, however, it suggests us that all the

three procedures: AMP, CGMT and LOO might be deeply entangled in some sense. This will be
investigated in this manuscript.

The proof of this theorem is deferred to the appendix [B]

3 GENERAL RESULTS

In this section, we show that the aforementioned equivalence between different sets of SEs holds not
only for M-estimator, but also for Lasso and logistic regression in high dimensions.

3.1 EQUIVALENCE BETWEEN THE SES DERIVED FROM CGMT AND AMP

Let us consider the following optimization

1
win 5 ly = XBI3 + A 18] (10)

18-l

where y, = x7 3% +¢; withx; S N(0, %Id) LT i= 1My, posoo T and )\, > 0 is the regularized

parameter, €; are drawn i.i.d. from distribution P, with mean O and variance of.

We are interested in the the Mean-squared-error(MSE) performance lim,, ;oo %Hﬁ — B*||? of the
LASSO. (Donoho et al.l 2011}, (Mousavi et al} [2018), (Bayati & Montanaril [2011; Miolane &
Montanari, 2018; Javanmard & Montanari, |2018) have utilized the AMP to study the asymptotic
performance of the Lasso estimator. For our purpose, we briefly recall the results in (Mousavi et al.,
2018) below.

Proposition 3.1. (Mousavi et al.| [2018) Given noise scale o2 and ratio k., consider the following
system of nonlinear equations (SEs) regarding (11,71) :

72 = 02 + kBB + 71 Z1; M +m1) — Bi)?

11
1 = k(71 + N)EN (B1 + 11215 M +71)] b

where Z1 ~ N(0,1) is a standard normal variable, 3, ~ Il is independent of Zy, n(-; ) is the soft
threshold function:

n(x;t) == sign(z)(|z] — 1)+,

x4 means max{x,0} and

1 ifz>0
sign(x) = 0 ifz=0.
-1 ifx <0

If this system of nonlinear equations possesses a unique solution (71, \,), then the 7| is exactly the
MSE of 3 appeared in (@

Inspired by the sequence of work (Thrampoulidis et al., [2014; 2015} 2018} |Salehi et al.| 2019), we
apply the CGMT to study the asymptotic performance of the Lasso estimator appeared in (10) and
find that it is characterized by the following set of SEs.
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Proposition 3.2. Given noise scale Uf, signal strength rf in model and ratio k., Consider the
Jollowing system of nonlinear equations (SEs) regarding («, 0, 72,0, A, ¥2):

« a+ A
0=—219-1
0T + + A+1
0 1 Tfl{*oﬂ TQ/Q*E[(P ( Zy + 0Ba: A ))2] n o
= —— - = rOx 7 3 s
oy | 20%m, 2 FE2 TR A1
0= 2 125, — o2 4 2[(a + N2k + Ao?] _ (a+ N)?2r2k, + cj + \202
A+1 (A+1) (12)

0 =72k — O'TQH*E[BQPTOZ']E(’YQZQ + 082; \y)]
0Proxf~(’ng2 + 08o; )\*)]

A= «E

ook E[ B
g T2I€ a2 OK

0= — + =22 — ZR[(Prox ;(v2Zs + 082; \,))?
272 272 5 [(Proz s (v2Z2 + 0B2; A4))]

where Zs ~ N (0, 1) is a standard normal variable, 85 ~ 11 is independent of Zs, f(z) := |x|.

If this system of nonlinear equations possesses a unique solution (&, &, T2, 0, \, 32, then the % is
exactly the MSE of ,@ appeared in (@)

The detailed proof is deferred until the Appendix [C| The following proposition illustrate the equiv-
alence between these two sets of SEs.

Theorem 2. The SEs of LASSO derived from AMP are equivalent to the SEs derived from
CGMT (I2). Specifically, can be converted into the same form as after the following

parameter transformations:

72 )\*
— = ——)\*. 13
9’ Al 9 ( )

The detailed proof is deferred until Appendix [C.1]

T =

We provided a heuristic explanation on the equivalence of the SEs derived from AMP and CGMT.
For the sake of the self-contentment, we briefly review the procedures of how to derive SEs from
AMP and CGMT respectively.

Deriving SEs from AMP. The derivation of SE from AMP can be divided into two stages:

(1) Constructing an iterative algorithm

1) AMP first transform initial optimization problem into pursuing a Bayesian posterior distri-
bution where objective function is transformed into a probability distribution.

2) Based on the corresponding factor graph of this distribution, it invokes the message pass-
ing(MP) algorithm to compute the Bayesian posterior distribution.

3) The MP is then further approximated by some large system limit, large 5 limit and the
approximation of iteration.

(2) The asymptotic behavior of AMP is then characterized by the state evolution equations/SEs.

Deriving SEs from CGMT. The derivation of SE from CGMT can be divided into four steps.

1) The initial optimization problem is transformed into a min-max form, which is called the
primary optimization (PO) problem.

2) CGMT perform a dimensionality reduction on PO and obtain the auxiliary optimization
(AO) problem

3) AO is further simplified to an optimization problem only depending on several scalar vari-
ables, which is called scalar optimization (SO) problem.
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4) SEs are derived by finding first-order optimality conditions of the asymptotic version of
SO.

Remark 3.1. We find that AO can be viewed as a relaxation of PO in the sense that the feasible
region of AO is larger than that of PO. Concrete examples, such as M-estimator, Logistic regression,
Support vector machine and so on, are deferred to the appendix. We believe that this relaxation can
help us understand the equivalence between the resulting SEs from AMP and CGMT respectively.

We now present a uniform viewpoint on AMP and CGMT: 1) Constructing the AMP corresponds
to the first step of CGMT in LASSO, which suggests that the iteration of AMP is actually equiv-
alent to the process of solving PO. 2) Deriving the SEs from AMP corresponds to the last three
steps of CGMT. Both of them aim to deriving SEs and characterizing asymptotic performance by
approximating the initial optimization problem. We proved the first statement in Proposition

Proposition 3.3. (Rangan et al.| | 2016) For LASSO, the fixed point of AMP is just the solution of
first-order optimality conditions of PO in CGMT.

Proof. For CGMT, by introducing w to constrain w = X3 and Lagrange vector v, the corresponding
PO can be written as:
. 1 1
min max _[|ul|3 -y u + S{lyl3 + A8l + 0" (XB — w).
Bu v 2 2

)

Consider the first-order optimality conditions of PO:

0 = A\.sign(B) + XTv
O=u—y—w (14)
0=u—Xg.
Comparing above formulas in leads to
A.sign(8) + X7 (XB ~ y) = 0.
For AMP algorithm, the iteration of LASSO is
B =B+ X"z A +9")
ot — y — Xﬁt + H*zt71<§n(ﬁt71 + Xthfl; Ay + 7t71)>
x
_1,, 0 _ _ _
Y= R e+ (BT XA 9T

where % acts component-wisely. For some vector &, (x) := Zle x; denotes the entry-sum of .

The fixed point (3°°, z°°,°°) satisfy the following equations:

0= (A +7)sign(8) + B — (B+ X"z) (152)
z=y—XB+k.z-cC (15b)
v = ke A +79)c (15¢)

where ¢ = ¢(8, z,7) = <8%n(ﬁ + XT2z; M\ + 7)) and 1| is given by the following property
about the soft thresholding function:

t-sign(z)+z—xz=0
for z = n(x;t) and some scalar .

Simplifying (I5b) and leads to:

_y—-XpB
= 1 — k.C
* 1
K CAy (16)
’Y:l .
— KsC
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Comparing (T6) with (T5a) gives,

sign(8) — XT(y — XB) = 0.

1 — kyc 1 — kyc
which finishes the proof. O
Remark 3.2. It needs to be discussed component-wisely according to whether each entry of the
optimal 3 is O or not. The above proof holds for the entries that 3; # 0. For i such that 3; = 0,
the optimality from PO gives — )\, + (X7 (XS —y))i < 0and M\ + (XT(XB —y)): > 0. This is
equivalent to |(XT(XB—y))i| < A, where (X1 (XB—1y)); denote the i-th entry of X (XB—y).
This is still equivalent to the fixed-point condition in AMP. Hence the equivalence holds for all
entries of 3.

3.2 EQUIVALENCE BETWEEN THE SES DERIVED FROM CGMT AND LOO

Suppose that x; N (0,%I,) and y; € {—1,1} drawn from logistic model:
Py, = 1pxi) = p/(x; B7), fori € [n] (17)

where p(t) = log(1+€'). Each entry of 3 is independently distributed as IT which has finite second
moment 2 = Eg3°.

We are interested in the following optimization problem:

A 1 &
= in — E 0y, xT 18
I6; arg min — 2 (y;x; B) (18)
where £(t) := log(1 + e~*). When the 3 exists, we are interested in the the Mean-squared-

error(MSE) performance lim,, o 2 |3 — 3*||? of the Logistic regression.

Logistic regression in high dimensions have been studied recently by (Candes & Sur, [2020; [Mousavi
et al.,2018), (Deng et al.,2019). The asymptotic MSE of § was characterized by the following two
propositions.

Proposition 3.4. (Sur & Candeés, 2019) Given signal strength 2 in logistic model and ratio
K+, Consider the following system of nonlinear equations (SEs) regarding (A1, a1,0):

of = %EPP/(QD (A1p (Proz,(Qa: M)))’]

*

0=E[p'(Q1)Q1A1p'(Prox,(Qz2; A1))] (19)
2pl(Ql) ]
14+ Aip"(Prox,(Q2; A1)

<Q1,Q2>~N(0;[7’52 ;o D

1— ke =E]

where

—or; 027‘3 + a%/{*
and p(t) := log(1 + €').
If this system_of nonlinear equations possesses a unique solution (\,,,&), then the MSE of B
appeared in is [(6 — 1)EgnnB|? + a2

Remark 3.3. In (Sur & Candes, 2019), it is assumed that X; j ~ N(0, 1) and r? = k. Egn /3%
which is slightly different from the setting in this paper. However, this difference only leads to a
constant change related to k. in the final parameter transformations (1) and does not affect the
equivalence of these two set of SE.

Proposition 3.5. (Deng et al.|, 2019) Given signal strength r? in logistic model and ratio K,
Consider the following system of nonlinear equations (SEs) regarding (Ao, aa, 11):

0 =E[V{ (Proze(asZ + puV;A2))]
@k = ME[(0 (Proxzi(aaZ + uV; X2)))?
' (Proxy(asZ + Vi A2))
14+ M (Proxe(asZ + uV;Aa))

(20)

Ry = )\Z]E[ ]
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where Z ~ N(0,1), V. = ZY,,, in which Z; ~ N(0,1) is independent of Z and Y, kK ~
Ber(p'(r«Zy1)). Ber(p) denotes the Bernoulli distribution with probability p for the value +1 and
probability 1 — p for the value —1. If this system of nonlinear equations possesses a unique solution

(X2, @iz, i), then the MSE of (3 appeared in @) is [( \7& —DEgnf]* + (£ )2.

As before, we can show that (I9) and (20} are equivalent.

Theorem 3. For logistic regression (I8), the SEs derived from LOO (I9) and CGMT are equiv-
alent. Specifically, (I9) can be converted into the same form as (20) after the following parameter
transformations:

;A= Ag (21)

The proof of this theorem is deferred to appendix

For the sake of self-contentment, we briefly review the procedure on deriving SEs from LOO.

Deriving SEs from LOO The derivation can be divided into 4 steps.

1) First, for the original optimization problem, LOO considers first-order conditions of three
cases: a) keeping all observations and predictors, corresponding solution is denoted as (3,
b) leaving one predictor, corresponding solution is denoted as ((_;y and c) leaving one

predictor and one observation, corresponding solution is denoted as 3, ()

2) Two properties are derived from comparing three version of first-order conditions: a) The
i-th fitted value X; ﬂ has an asymptotic expression composed of two independent random

vectors X; (_;) and ﬁ —4),(—5)- b) Each coordinate ﬂ] can be written as a sum of n random
variables which are asymptotlcally independent.

3) Using above two properties , Bj has the same distribution as a combination of several scalar

variables when n,p — oo. Hence every statistic of B (such as expectation, variance and
first order condition of optimization) can be expressed by these scalar variables, from which

the SEs of B are derived.

Briefly reviewing the procedures of LOO approach, we find that the sample matrix X (which is a
R™*P Gaussian matrix)is decomposed into two independent Gaussian vectors through some special
techniques in both LOO and CGMT, which allows the law of large numbers to simplify the first-
order equations into scalar equations. This may help us understand the equivalence between CGMT
and LOO. The more intrinsic equivalence of these two methods is still under investigation.

4 DISCUSSION AND FUTURE DIRECTIONS

In this paper, we first showed that for the high dimensional M -estimator, the three sets of SEs
derived from AMP, CGMT and LOO are equivalent. We then further show that this equivalence
actually appears in various high dimensional problems. This strongly suggests us that there should
be a deep relation between these three approaches.

Though AMP, CGMT and LOO are different at the first glance, we find that they all can be treated as
approximations of the same first order optimality conditions. To be more precise, LOO decouples the
correlation between samples and estimator after comparing first-order optimality conditions of the
initial optimization with two leaving-one-out version; CGMT simplifies the first-order optimality
conditions by making some relaxation of the PO problem; AMP solves the first order optimality
conditions directly. All their asymptotic behaviours are characterized by the corresponding SEs
respectively. The equivalence between these SEs sheds us light on looking for a more comprehensive
theories to explain this intriguing phenomenon.
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A PROOF OF PROPOSITION 2.3

By the following linear parameter transformation:
w:=L8-p8%

the M-estimator optimization problem becomes:
1 T
min — 24: ple;i — x; w). (22)
i=

Introducing the Lagrange multiplier leads to:

min max — E p(vi) + —=ui(v; — € + xF w)

woYy u
11

§H

where © := (U1, ..., Up); ¥ = (V1, ..., Up).
Then we rewrite it in the matrix form:
_(uv —u”e)

1
min max —u? Xw + — Zp v;) + U v—u €

waoy u \/ﬁ %
where € := (eq, ..., €,)T. This is just the PO problem in CGMT.

Denote X = /nX,w = f’ then we have X; ; gk N(0,1),w % This means ||w||?

is just the MSE of interest and X is a standard Gaussian matrix composed of iid standard normal
variable.

However, in the following, we rewrite X, was X, w respectively for the simplicity of notation.
Using CGMT about X asin (Salehi et al.,|2019) by Corollary 3 in it, then the AO problem associated
to it is the following min-max problem:

1 1 1
I’Ll’i"ljllngX%(HuHQgTw + ||w]|ohTw) + - Zp(vi) + %(UT'U —uTe)

where g € R? and h € R"™ have i.i.d. N(0, 1) entries.

Let ||w||2 = 73, note that now

1 *
=—[|3 - B"I (23)
n
which is just the MSE.

Then the optimization becomes:

1 1 1
i g 7= (-ralullllgll + 7ahTw) + 3 o) + -

Letting ||u||2 = u, then We have the following optimization:

ITEHEI,?%(_TH gllz+— ZP Vg +T||Th+v_€”2 24)
equivalently:
rg;lgrggggzpvz + p( fl\Tsthv—eHz—ngllz)- (25)

11
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In order to make the ||73h + v — €||2 separable, we use the following optimization:
+ o
r=min -+ —
a>0 2 2a

for any x and o > 0. Replace x by ﬁHTgh +v—€

2, the optimization problem 1} becomes:

n
- T3 1 , o, b el
minmax ——=|lglla + 2 ;p(vz) + p(max o+ o—||rsh + v — €l[3).

Then what we want to do the scalarization procedure: make the optimization about v becoming
optimization about a scalar. First, flipping in the order of min-max by (Thrampoulidis et al.||2018):

minmax% - M|| [l2 + — manp v;) T3h +v; —€)?]. (26)

Introducing Moreau envelope function M, (x;t), the optimization problem becomes:

on _ T M, (& — shi: /).
g;}gmgx = sl + o Z — mshis o/ p)

By Lemma 9 in Appendix A in (Thrampoulidis et al., 2018)), considering asymptotic n,p —
00, p/n — k* leads to:

7 - %H gll2 + — ZM — mshi;a/p) =¥ % — T3/ + EM, (W3 — 737350/ )

where Z5 ~ N(0,1) is 1ndependent of everything else.

Introduce W3 ~ P.. Then, asymptotically, we can deal with the following problem:

minmax% — Tapn/ks + EM,(Ws + 13Z; oo/ ). 27

T3, [

Denoting the objective function of by ¢, then since ¢ is convex about (73, ) and concave about
1, the saddle point of ¢ can be precisely characterized by its first order optimality condition:

9 dM,
ai 0= 2 — S| or (Ws+7sZ3;0/p)] =
o¢

6M
=0= —pu/k« + E|Z3 P

(Ws +13Z350/p)] =0

ar Ox
¢ oM,
80[ =0= 7 2 + E[ ot (W3 + TSZ37 OZ/M)]

Combining with completes the proof.

B EQUIVALENCE OF SES OF M-ESTIMATOR FROM AMP, LOO, CGMT

Recall that the SEs of M-estimator from LOO are:

OProx
1—k,=E LW VARD)
K [ o (Wi 4+ 11215 M) (28)
RaTE = EWy + 112y — Prox,(Wi + 11 Zy; /\1)]2.
SEs of M-estimator from AMP are:
1 oM
7’22 = E /\%E[ al‘p <W2—|—TQZQ;)\2)]2
* 520 (29)
_ P .
Ka = ME[ 92 (W2 + 12Z2; A2)].

12
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Next, we show that these two sets of SEs are equivalent.

First, Simple calculation leads to:

M t
85755’) = p/(Prox,(z;t))
PMy(a,t) _ OProzp(zit) _ _ p"(Prow,(w;t))
I M) nep ot P = oy 30
022 p"(Prox,(z;t)) O 1+ tp" (Proz,(x;t)) G0
_p -t
%ﬂw,) = o (Proz,(z;1)).
Combine this, SEs from AMP can be rewritten as:
1
o - ME[p (Prox,(Wa + T9Z2; X2)))?
* 31

p”(PTOiL'p(WQ -+ TQZQ; )\2))

, = \E :
& 2 [1 + Xop" (Prox,(Wa + 72 Z2; X2))

which verify that SEs from LOO and SEs from AMP are equivalent.

Next we prove equivalence of SEs from AMP and SEs from CGMT by parameter transformations
suggested.

Recall the SEs from CGMT are:

oM,
= *73\/5 —E[ 5 E(Ws + 7323300/ )] =

oM
fu\/E+ ]E[23 5 (Ws +73Zs;0/p)] =
i, 10N,

= E
2 [at

(W3 + 1323500/ 1)) =

Letb = %, then we have:

oM,
*—Tsx/a —E[—+~ 6t (W3 +7325;0)] =0

—M\/E+E[ (W3+T3Z3,b)] 0

w1
-+ -E
2+,u [

2(W +1Z;b)] = 0
Y

Comparing these results leads to:

oM, T2k, O*M Ko
Bl Wa + 7aZa:b)* = 5" Bl=5 5" (W + 73 25;b)] = 5 (32)

Combining stein lemma and

oM, 1.0M
o L(W3 + 1323;b) = 5[ 8x”(W3+7323;b)]2. (33)

completes our proof.

C EQUIVALENCE OF SES oOF LASSO FROM AMP AND CGMT

In this proof, we refer to the technique developed in (Donoho & Montanari, 2016). The Lasso
problem solves

13
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A 1
argmin = 8], + = ly — XA (34)
B n 2n

Notice that [ly — Xg8|1? = Y1, [(zTB8)? — 2y,2T B + y?] . The optimization can be transformed
into

n

L Ax 1 Lo 7o T
argnin 22811+ & 3 [ 3T 07 - wal ). 65)

i=1

In the following proof, we consider a more general optimization than Lasso:

)\ 1< T
— — E — Y 36
arg mén )+ - Yi T ﬁ] (36)

=1

where p(-) and f(-) are separable’ in the sense that there exist scalar functlons p 7) ) so that
p(+) and f(-) can be expressed as the following form: p(x) = (p(x1), -, p(zq)) and flx

25:1 f(x;). In particular, in Lasso, p(t) = 1t2 and f(x) = [|x]|1.

In order to apply CGMT, we introduce a new variable u and have following optimization

. 1
Ig}lrll;f(ﬁ) + = (1" p(u) — y"u)
1 (37)

where H* = /nX € R™*? and hence H;; 1S N(0,1). By using Lagrange multiplier we can
rewrite as a min-max optimization:

1 1 A 1 1
i 21T p(u) — —yTu+ 22 “oT(u— —H*B). 38
ﬁeﬂgld,glem R, p(w) n? u n 1811 + n (u Vn B) (38)

Denote P = % as the projection matrix of true signal 3* and P+ = I; — P as the orthogonal
complement. To apply CGMT, we need first decompose H* into

H;=H"-P, H;=H" P+
L e e (39)

H* =H + H,.

In addition, Recalling the linear model || we have y = XB* + € = ﬁH*ﬁ* = ﬁH’{,@*. Hence

(38) can be rewritten as

1 1 . 1 1
min_ max~17p(u) — ~yTu+ 22 £(8) + ~o7 (u— ——H;B)

Tyy*
H 3. (40
BERI,ucR® v N n n n vn v HzB. (40

1
ny/n
By using CGMT for v H3/3 as in (Salehi et al., 2019) by Corollary 3 in it, the corresponding AO
of is

_ 1., 1 A 1 .
el M) — T SO T i)
1
W (0" RIPEBll2 + [[v]l29" P-B)

where h ~ N(0,1,,) and g ~ N(0, I;) are two independent gaussian vectors.

14
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We first consider the maximization with respect to the direction of v. The part related to v in
optimization (1)) is:

1 1
- T pl T ¥r*A_ 1
s = ollg” P8+ 2o (u- HI8 - P, @)
Denoting r := % and maximizing along the direction of v give
1 1 1P B2
T pl il = i D e ad 102
m>aé(r< P8+ ”\f nHl,B " hll2 | - (43)
Inserting this into @I} gives
, 1 1 A 1 1o [1IPBI
Igll?rilzaé( ElTp(u) - ﬁyTu + ;f(ﬁ) +r <ngTPJ‘,6' + H\/ﬁu - EHU@ - Th )
(44)
In addition, introduce p to replace 3 in ||3||; Lagrangian and w. Then (44) can be rewritten as,
1 1, A 1,
min max—1 Tp(u) - —yut nf(u)+r(ng P
B,ueRd weRrd (45)
1 1 1P+ Bll2 1 r
—u-— —H g Pz 2 ~B).
_ BT —_ 1 pL _ H'p" _ IB7l2 :
We de'ﬁne a=FE o= \/EHP Bll2 and q = i Where 1, = 222, Then q is a standard
Gaussian vector and
1__, 1__, H* L d O
~H;3=-H"(PB) = ~afl* = —r1../nq. (46)
n n n n
Decomposing w = (P + P+ )w, then the last item in (45]) can be rewritten as
1 1 1 1
Swl(p—pB) = ( w) p+ S (Prw) p = S(Pw)' B - —(Prw)"8. (47)
Inserting (@6) and (@7) into @3), we have,
: Lo L 7 As L rp1 Lopi, 7
min max 17 p(u) -~y u+ —=f(u) +r <ng PB) - o (Prw)"
B,ueRd weRrd (48)
+7r Lu S Mg T+ 1(Pw)T + l(PLw)T - l(Pw)Tﬁ
i m Y a, " d BT B '

Then we can fix P3 and consider the minimization along the direction of P+ 3. Considering the
optimization related to P~ (3, we have

min ngTPL/J’ Lprw)Ts = mgg(TgT —qwh )P
r 1
= =P Blz- =P g = S P wlly (49)

1
= ||TPL \/EPL'LUHQ.

15
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Notice that (@8) reaches optimal when p = (3. Inserting {#9) into {@8)) leads to

1 1 A 1
: 71T _ = T % _ . 7Pl 7PL
otin  max—1%p(u) — —ytut+ f(p) —o H\f g Pl

a€R,0>0 weRd (50)
n 1 ars o nll + 1 )T
r||—=u-— - — = .
i m T a
For the simplifying procedures in the following steps in our analysis, we change || - [l — || - |2 by
rT = min T + —U 2
w2020 2
—ow = max—Z — Za? oY
>0 21 2
Applying (51), we are able to rewrite (50) as
1 1 A o oT, T [ 1
1 =T S 2 " 7PJ_ _ 7PJ_ 2
ueRn,”eDEi%lgeR v,6>0 Eﬁi n p( ) ny ut n f(ﬂ) 2T 2 H \/ﬁ g dKs w”
T rv |l 1 ar o P 1
1x 1 T
—+ —||—=u-— ——h ~(P .
Tt | YT AT A Ta e
(52)

Optimization with respect to w: Next we consider the maximization with respect to w. We first
extract the item related to w in (52)) and apply the completion of squares:

ma 1/ PJ‘ Ny
2
— max — 2~ ——Ptpu (533)
w 2 Va d/H*UT

Yoy HPL +UTrPlgH HPL ||2

1) For the last item in , since g ~ N(0, Id) and PJ- is a (n — 1)-dimensional projection

matrix, we derive that | P~g||3 ~ ||d(0, (P*+ H =x% | and
orr? ”PJ_ 2 o OTT? Ky (54)
2
2) Since P+ = I; — P, the second item in (53) can be rewritten as
1 2 1 1
- | P+ p + orrPhg|| ==l + orrg|? — *HPNIIQ
( ) 9 (55)
oTr oTr
- 1Pgl* = ——(Pg)" .

The last two items of can be omitted in the limit of d, n — oo because ”Pf [l =0 ( )
and L(Pg)Tp =0 »( 7). The second item of (S5) is 711||Pu||2 LIPB|? = a’ry. £ by
definition.

3) The first item in (33) reaches 0 when maximizing w.

The optimization (32) now can be rewritten as

16
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1 1 A o a?r? orr’k
. 247 _ LT Ax _v 2 QT *
ueﬁgl,flm T,H%}%n p(w) ny ut n fn) 21 2noTt I+l 201 2
a€R,v,0>0
2
A
20 2 ||vn Vn Vn
(56)
Optimization respect to p: Consider the items related to p in (56)
A 1 9
min — + —||pnt+oTr
min “F )+ g e gllz 57)
s.t. n=_pg.
. 2 d 2 .
Notice that g ~ N(0,Ig), || + o7rg||5 = || — o7rg||5. We rewrite li as
min ~ f(p) e = o7rgl3
pERL N K 2noT K= 9ll2
1 1 1 58)
T T
s.t. —B =" 8= —nari =ar:,.
n n
Introducing Lagrangian 6, (38) can be rewrite as
min max |l — orrgl? —|— f( ) — QB*T/L + afri (59)
weRd 0€R 2noT n L
Applying the completion of squares to 1,3 items in (59) we have,
1 2 0 «T 2
| —orrgll” = =B"" p= |1 —orrg — forB7||
2not n 2noT (60)
(907’) , Oro®r? o7
187" - B
2not 2nUT
The third item can be omitted since gTTﬁ* = Op(ﬁ) and the second item has limit
2,2
352 1B3*1> — % cnri, = 7%. Hence we rewrite right side of as
1 9 0%r?
—orrg|?— =B = | — orrg — 0orB%||* — I T, (61)
2not n 2noT 2

Next, denote f(z) as single-entry form of f(z). We can rewrite the in terms of Moreau envelope
entry-wisely as follows

0 .
HN—UWMP+ —fw) - EﬂTu+aWi

min g3
weRd 9€R 2noT
9 oT0%r? ©62)
= max 5M/\*f~(o7'(7"g +68%);07) + abri, — T*
Substituting (62) in (56) we have,
2 2,2
1 1 QT o o a“r
min  max —17p(u) — —y —u-— q-— — = _ L
aelluee,fz;éo Toew T n 2 vn Vvn 2T 20T 63)
2k 1 9242
- 07'7“2 By % + gM)\*f(UTU’g +08%);07) + afri, — 7 e 27“1*.
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Optimization respect to u: First we consider the items related to w. The optimization is

2
1 1 ro |l 1 QT o
~1%p(u) - —y"u+ — || —=u - - —h 64
min J10p(w) — Jyiud o mu - —ord - o 64
Applying the completion of squares we have,
1+ +rv 1 ars o L 2 _rm 1 arl* o 1 2
——yu+ —|[—=u-— a- —F= —=y
1% g
— gl === Tq —y"h.
ron n
Using the strong law of large numbers we have,
Jylp &5 Tt
2mm 2rv
AL Tq® —r2 a (66)
n
TR0
n
Next, by substituting (63)), (66) in (64), we can rewritten the optimization as,
1 1 rv || 1 ar o 2
. 71T T o 1% o 7h
min 1elw) = e || pe - e op
2
rv |l 1 arl* o 1
— min =17 v 67)
min 10 p(w) + NN N
2 2
T1x t+ 0%
- 2wy i,
Then we can rewrite (67) in terms of Moreau envelope,
1 1 ar o 1 2
in =17 p(u - M- e
lfrel%RI}L n p(w) 2 n Vvn d Vn T’U\/ﬁy (68)
1 1
oy (ari.g+oh + oL TU)
Substituting (67), (68) in (63) we have
. 1 1 1 r?, +o? 9
min max ﬁMp(Oﬂ’uq +oh+ oY ﬁ) T T o T@
o,v>0 6ER
Lo o, 0T | T g OTOUE (69)
2T 20T 2 2v 2
+—M, f(oT(rg +68%);07)

Final scalarization: Using the strong law of large number (q, h, y, g, 3* are entry-wise i.i.d.), we
can rewrite (69) as

18
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o a?r?,  orrik. n 4 abr? or0?*r3, 12 + o2 9
min max — -— — —//——— — o T - - — Qo
acR, 20 2r 207 2 2 Lx 2 2rv 1x
o,w>0  OER
1 1
+E [Mp(ar1*Z1+022+m(T1*Z1 +J*ZS);E) (70)

d
+E [M/\*];(UT(TZ + 9b0);07')} o

where Z1, Zs, Z ~ N(0,1), 0473 ~ P. and by ~ II are all independent.
For LASSO, f(x) = |x|. The Moreau envelope M) #(-; -) has property:

M, §(oT(rZ +6by);07) = o7 - My #(rZ + 0bo;1). (71)

1

Besides, for p(z) = 32% in LASSO, the Moreau envelope M, (+;-) has explict form:

2

2t +1)
and the second last item of (70) can be simplified to:

Mp(v§t) =

(72)

5 2
((OL + %v)rl*Zl + o0y + ﬁZg)
2(L +1)

TV

1 1
E |M,. «Z Z — (1124 «23); —)| =E
{ p()(arZy +o 2+m(7“1 1+ 0.73) m)]

i (arv + 1) 4+ r?0?0? + o
B 2(1 4 rv)rv

(73)

In order to simplify , we denote A = % in place of v. At this time, min,> is replaced by
maxx>o and

r2 (arv+1)2 + 12202 + 02 (a+ N)?r?, + 0% +02)\2

= . 74
2(1 + rv)ro 20+1) 74)
Substituting (74) in (70) we have the final optimization for LASSO:
min max -7 LQT%* — oTr K + @ + 0407“%* - or0’ri. - (i, + o)A - T%*a
G ER; T A>0; 2T 20T 2 2 2 2
>0 0cRr
(a+ N2, + 02+ 02)\2 .
0D +E M/\*f(rZ+0bo,1)]  OTHy
(75)
which is a smooth function with respect to «, 0,7, 7, A, 0. Let ¢ denote the objective function of
(75).
Deriving SEs from function ¢: The SEs are given by the first order optimality conditions of ¢ :
1) For % =0:
a4+ A
—-—+0-1 =0. 76
oT + - A+1 (76)
2) For % =0:
1 72k, 7202 13 76? o
- — - == «E[M, #(rZ+ 6bg;1 — =0. (77
2r 2 2027 g TR DM, j(rZ + 00 I+ 57 "
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o .
3) For 2% = O:
R 2@+ N, + 2] (a4 A%, + 0%+ No? _0. (78)
A+1 (A+1)2
o] .
4) For 8—‘; =0:
ri.o— otk Elbo(Proz, (rZ +0by))] = 0. (79)

where we use the definition E[b3] = Fp X? = 7%,
8¢ _ .
5) For 5 =0:
— 0Tk + 1A+ 0TRE[(rZ + 0bo — Prox, (rZ + 6bo;1))Z] = 0. (80)

Since E[Z2] = 1,[E[Zb] = 0. For any function f(z), the Moreau envelope and proximal
operator of f stratifies

9 x — Prox (z;t)
CMiat) = ———— L 81
Then we rewrite the equation as
rA — oTkE[Proxy §(rZ + 0by;1)Z] = 0. (82)
Using Stein lemma,
OProx, (rZ+ 6bo;1)
E[Proz, §(rZ+ 60bo;1)Z] =E[r : 3
- x
83
E OProx, (rZ+ 6bo;1) (83)
(B2) can be rewritten as
OProx, :(rZ + 0by;1
A = orr,E| .1 0 ))]. (84)
Ox
6) For g—T =0:
o or?k. 1202 i ob?
5= 2 Lt e 4 oRE[M, (12 +0bi1)] 0. (89)

For any function f (x), the Moreau envelope and proximal operator of f stratifies

z?  [Proxj(z; D)2
My p(:0) = AMp(m; \b) = o5 = ——————, VA, b>0,2€R  (86)

Using this property, we can rewrite (83) as

o ok, ria? B r?, 06> +JI€*E[(TZ + 6bg)? B [Prox, (rZ + Obo; 1)]2] .y
272 2 20712 2 2 2
&7)
ie.,
o ria? ok R
32t 5.2 3 El(Proxy §(rZ + 0by; 1))°] = 0. (83)
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Similarly, the equation derived by g—ﬁ = 0 can be rewritten as

1)12
1 1Pk N r3.0® 13 70? +TI€*E[(TZ +60by)° [Prox, 7(rZ + 6bo;1)] I+ o _
27 2 202t 2 2 2 A+1
(89)
ie.,
_ L et T Bl(Prox, +(rZ + 0by;1))?] + —— =0 (90)
21 2027 2 Axf 0 A+1
Hence we get the SEs by summarizing equations (76)), (90), (78)., (79). (84). (88)
o o+ A
0=-% 491
oT - + A+1
0= L 4 rho” (P (rZ + 0by; 1))?] +
= —— — T N _—
2r " 2077 2 OIS o A1
0=r—12 —o? 4 2[(a + N)rf, 4+ Ao (ot A?ri 4+ 0% + No?
A+1 (A+1)2 91)
0=r?a— otk Elbo(Prox, #(rZ + 6bo;1))]
OProx, (rZ 4+ 6by;1
A =0Tk E| A*f( ‘ ))]
Ox
2 2
o rh.af ok, i w2
0= 32t 5.2~ 3 E[(Proxy §(rZ + 6by;1))7].
regarding («, 0, A\, 0,7, 7).
’(‘2
Since 77 = Ep,~11b5 = "=, the SEs can be rewritten as
o a+ A
I 92
0 oT + * A+1 (©22)
0 1 N r2K.0f E P (rZ + Obo: 1))%] + (92b)
= —— — r ~ . -
or 2027 2 oA o A+ 1
2+ Nrik. + o] (a+ N)2r2k, + 02 + X202
0 — 2 _ .2 . — 2 * ol * * 92
Y —TriKe — 0y + N1 Ot 1)? (92c)
0 =12k — otk Elbo(Prox, (rZ + 6bo;1))] (924d)
OProx, ;(rZ 4+ 6by;1
\=orr,EB| il 0 ))] (92e)
ox
o r’r.a? ok 5

regarding (c, 0, A\, 0,7, 7). This is equivalent to the SEs except for the notations are slightly
different.

C.1 EQUIVALENCE OF SEs

We first rewrite r, 7, Z and bg in to 2, 7o and Zy (o respectively, the equation (92¢]) becomes
5‘Proxf(72Z2 + 60825 \)

A = ook E 5 | = ook E[n (7222 + 0825 \s )] (93)
for f(x) = |z|.
Then we simplify the SEs (92)). Consider equations (92b) and (92f) and we have
oy = A+ 1, (94)
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substituting (94) in we have

1 1
S 95
A1l om ©3)
For the second equation of AMP in (TIJ), which is
Y1 = Ka (1 + ADE[ (B 4+ 11215 A + 1)), (96)

it is obviously equivalent to the equation (92¢) if we have parameter transformations 7, = 4 and
71 = Au(§ — 1). A property of 7(-;-) is used for the equivalence:

n'(cz;ct) = n'(x;t), Ve > 0. 97)

Using the parameter transformations mentioned above and denote W = n(81 + 71 Z1; A« + 1), the
first equation of AMP in (TT)) can be rewritten as

2
’g% = 02 + K, E[W — ) 98)

ie.,

2
2 — 62 4 k. (E[W?] + E[83] — 2E[W 52)). (99)

Substituting (92d), (92f) and E(3) = r2, we have
E(W?) = E(n* (b1 + 11215 A +71))
A

=E(P (5 + 5 21 )

1
= B0 (082 + 72223 \v)) - (because (e ct) = en(x; t))

1 1 r2a?
- | 4 ing (92
02 {722“* - 02722] (using " (100)

—2E(WBa) = —2E(n(B1 + 11 Z1; A +71) - 1)

- —%E(n(ﬁﬁz +72Z2; As) - Ba)

2 2
= 25% (using )7
0 om

then (Q9) can be rewritten as

2 2.2 2
02~ oL+ (927122,%* 0720;37'22 B HUZ*—STE > (101)
Using (93) in (IOT) we have
r?(om)? = 02 + 0% + ku(a — 1)%r2 (102)
Besides, for CGMT, the equation can be written as
A+12%r% — (a—1)?*r2k, — 0 —0? = 0. (103)
Using (93) in (I03) we have
(0m2)*r? = 02 + (a — 1)*r2k, + 02 (104)
The equation (T02) and (T04) are equivalent. Hence the equations (92d), and of CGMT
can be shown to be a decomposition of the first equation of AMP in after some parameter

transformations. In conclusion we prove the equivalence between SEs from CGMT and AMP in
Lasso framework.
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D RELAXATION PHENOMENON

D.1 RELAXATION PHENOMENON OF M-ESTIMATOR

Notice that (24) is equivalent to

1 T3

1 n
g;%gﬁ;p(vi) s.t.—||73h+v—e||2§\/ﬁHgHg. (105)

NG

On the other hand, by rotation invariance of Gaussian distribution, @I) becomes

1 n
min = " p(v;) st |lv—e+||w][Z']| =0 (106)
=1

[lwllz,v 1

where Z' ~ N(0,1),€ := (ey,...,e,)T. Comparing (105) with (106) can verify the relaxation
phenomenon, i.e. the only difference between AO and PO is that the feasible region of PO is a
subset of the feasible region of AO.

D.2 RELAXATION PHENOMENON OF SUPPORT VECTOR MACHINE AND LOGISTIC
REGRESSION

The relaxation phenomenon of support vector machine and logistic regression can be similarly
shown as we have done in Appendix [D.1] so we omit the proof here.

E EQUIVALENCE OF SES OF LOGISTIC REGRESSION FROM LOO AND CGMT

By doing the following parameter transformations:

Qg = \/RsQ1, [k = T40, Ag = A1,
SEs of CGMT become:

0 = E[VI'(Prozx, (v/kxa1Z + 1.0V))]
k2(a1)® = (M)’ E[(U(Proza,(Viar Z +1.0V)))?]

(107)
_AE] U (Proxy,(yExo1 Z + rooV)) ]
e T ABTY MU (Proxy, (y/Fxon Z +1.0V))"
What we want to prove is that:
E[(I'(prozx,i(virar Z +r.aV)))?] = E[20'(Q1) (0 (prowa, (Q2)))?]
|- \E| U (proxy, i (\/Exa1 Z 4+ rucoV)) = 20" (Q1)
R MU (proxx i (v/Eea1 Z 4+ rioV)) 14+ Xip"(proxa, ,(Q2))
EVI (proxx,(VEwan Z +r.0V))] = cE[p'(Q1)Q10 (prozx, p(Q2))]
where c is a constant.
First, we verify the following identity:
E[(l'(prozx,i(vViwar Z +1.0V))?] = E[20'(Q1) (0 (proz, p(Q2)))?]- (108)
Note that
1(t) = pl—1)
(109)
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and the probability density function (pdf) of V = GY is
1 w2 2
2

PV(U): \/ﬂe 1+6_T*U,
we have:
E[(I'(Proxy,(\/fxar Z +1.0V)) / '(Proxx,1(y/Fea1h + 1.00)))* Py (h) Py (v)dhdv

o 1 _n2pe?
o (Proxy, ,(—v/ksaih — 1.00))) 7.€ P (r«
™

(110)

where Py (h) := —L_¢~"% is the pdf of Z. Meanwhile,

E[20'(Q1)(p' (proza, p(Q2)))?] =// 20’ (1) (p' (proxx, p(42)))? Pay s (01, g2)dqrdgs.  (111)

Now we introduce the following parameter transformations: q; = 7.v, g2 = —\/k.a1h — r ov.
Then (TT1)) becomes

/ VEarry %20 (1.0) (0 (prox, p(—v/Fearh —1.0v)))? Po, 0, (rev, —/kearh —r.ov)dhdv.

In order to verify (T08), we only need to prove that:

1 _r24.2

%e T = ko171 P, .0, (T:v, —\ /K1 h — r.ov).

Construct Q] , Q% as follows: assume Z’, V' RS N(0,1) and

(&)= (o ) ()

B[(@1, Q)] = (0,0)"
2
/ INTY T A
COU[(QD Q2) ] - (—T'*O'T'* /K*Oé% —+ T'*O'2>
which means (Q}, Q%) has identical distribution of (Q1, Q2).

We can easily verify that:

On the other hand, since
Por (¢4, 45)ddyq5 = Pz v (W, 0")dh dv’
dq1 q5
di'dyr ~ TV
¢ =10,

= —/kra1h' —r.ov,

we have:
1 h/2+vl2

o = VE.a1m. Py q, (rov', —y/Fwarh' — ryoov’)
.
which completes our proof of (108).

Secondly, we prove:

U (proxy,1(\/kea1 Z + r0oV))
1+ MU (proxy,(\/Era1 Z + rooV))

20’ (@1)
L+ Aip” (prozy, p(Q2))

1— ME|

| =E[ LA

24

v)dhdv
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Left hand side (LHS) of (T12) is

1 1
E = Pz(h)P dhd
[1+All”(proxxll(,//f*qu—|—T*0V))] // 1—|—All”(prox,\ll(,/ﬁ*alh—i—r*av)) z(h) Py (v)dhdv
1 h2 402
= 4 .
// 1+ All”(proxhl(,m*alh + r.ov)) on " p'(rev)dhdv

1 h2 402

1 v
= —e 20 (ryv)dhdv.
// 1+ Xp"(proxx, p(—/Kearh — ryov)) ot (r-v)dhdv
(113)

Through parameter transformations ¢; = 7.v, g2 = —+/k+a1h — r.0v, RHS of (112) becomes

// ) (q ))PQlsz(CILQQ)quqQ

14+ Xop” proa:,\lp

2p'(ryv)
_ P 0, — /Rt — Taov)ra Ry dhdv.
// 14+ Xip"(proxa, p(—/Exa1h — roov)) Q1.@: (7+v Fe 1 re0v)7/Hxcrdhdv
Combining with
1 r2402
%e T = Pg,.q,(r«v, —v/Exonh — rov)ro/Eion
completes the proof of (T12).

The proof of
EVI (proxx(Viwar Z + r.oV))]| = cElp'(Q1)Q1p' (prox, o(@2))]

can be derived similarly. So we omit the proof here.
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