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ABSTRACT

Dataset bias often leads deep learning models to exploit spurious correlations
instead of task-relevant signals. We introduce the Standard Anti-Causal Model
(SAM), a unifying causal framework that characterizes bias mechanisms and
yields a conditional independence criterion for causal stability. Building on this
theory, we propose DISCOm and sDISCO, efficient and scalable estimators of
conditional distance correlation that enable independence regularization in gradient-
based models. Across six diverse datasets, our methods consistently outperform
or are competitive in existing bias mitigation approaches, while requiring fewer
hyperparameters and scaling seamlessly to multi-bias scenarios. This work bridges
causal theory and practical deep learning, providing both a principled foundation
and effective tools for robust prediction. Source Code: https://github.
com/***.

1 INTRODUCTION

Dataset bias poses a persistent challenge for modern (deep) learning methods (Jones et al., 2023), as
it can induce spurious shortcuts that fail to generalize or obscure the task-relevant signal (Geirhos
et al., 2020). In Alzheimer’s disease prediction, for example, age often acts as a confounder in a fork
structure (see Fig. 1a). If left unaddressed, the prediction system may rely predominantly on age-
related features rather than identifying disease markers or their interaction effects (Zhao et al., 2020).
Another widespread phenomenon is collider bias (often referred to as sampling bias in this context),
illustrated in Fig. 1b. Collider bias typically arises implicitly through data collection and creates
spurious associations between variables that are not causally related. For instance, hospitalization
can function as a hidden collider that connects risk factors and diseases without an underlying causal
mechanism (Griffith et al., 2020). A third source of dataset bias arises from mediator variables
(Fig. 1c), which may carry information that is irrelevant or unstable for the prediction task. Following
(Shpitser & VanderWeele, 2011; Pearl, 2012), we focus on the direct effects (DE) of the target
variable and consider indirect effects (IE) through such mediators as undesirable shortcuts.

(a) Confounder (b) Collider (c) Mediator

Figure 1: Canonical causal structures that induce dataset bias. Grey nodes indicate conditioning.

While such a pathway specific analysis is heavily used in statistics and causal inference, this point of
view is neglected in the deep learning community. We show that this line of thought and analysis is
equally important and useful in deep learning prediction settings. Therefore, we first introduce the
Standard Anti-Causal Model (SAM), a unifying framework that characterizes bias mechanisms in
prediction tasks. To be more precise, it assumes an anti-causal prediction setup (Schölkopf et al.,
2012), where the target variable is assumed to generate the input data (Fig. 1), and enables precise
reasoning about counterfactual pathways. SAM not only allows us to derive a clear conditional
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independence criterion for causal stability, that describes a predictors stability against counterfactual
changes in bias attributes, but also serves as a general analytic tool for studying counterfactual bias
effects when the full data-generating process is under control.

While prior work has proposed tailored methods to address confounder bias (Neto, 2020; Zhao et al.,
2020) or collider bias (Darlow et al., 2020), we deduce from our framework that the specific causal
nature of the bias is irrelevant: all types can be mitigated uniformly, provided a stable direct effect of
interest exists.

Specifically, we show that when no unobserved backdoor paths exist between input X and target Y ,
the conditional independence criterion

Ŷ ⊥ B | Y, (1)

where B denotes all observed biases and Ŷ the model output, ensures causal stability. In this case,
all counterfactual indirect and spurious effects (SE) vanish, and predictions rely solely on the direct
causal path from Y to Ŷ . When unobserved backdoor paths are present, causal stability can no longer
be guaranteed; however, the conditional independence criterion remains valuable, as it blocks all
biased paths involving B. Similar independence-based criteria have been used empirically in fairness
and bias mitigation (Makar & D’Amour, 2022; Kaur et al., 2022; Puli et al., 2021), and our causal
pathway analysis provides a theoretical foundation for their effectiveness. Related approaches, such
as (Quinzan et al., 2022), arrive at partially overlapping conclusions but without leveraging causal
graphical analysis. Compared to (Veitch et al., 2021), who prove counterfactual invariance under
more restrictive assumptions, our results generalize to richer anti-causal prediction settings.

Moreover, building on this theoretical foundation, we develop a novel practical approach for enforcing
causal stability in black-box models. While conditional distance correlation has been proposed before
(Wang et al., 2015), its existing formulations are computationally prohibitive and essentially unusable
in modern optimization and deep learning. We resolve this by introducing two new estimators,
compatible with backpropagation: DISCOm and its single-shot variant sDISCO. Unlike other shortcut-
removal methods, our approach supports arbitrary combinations of target and bias variable types,
scales effectively to multivariate settings, and requires significantly fewer hyperparameter choices.
Therefore, we enable for conditional regularization of deep learning models.

In Section 4, we demonstrate across six diverse datasets that DISCOm and sDISCO consistently
outperform existing bias mitigation methods, while having no scaling issues to multi-bias scenarios.
Beyond empirical performance, we show how SAM further enables fine-grained pathway analysis of
decision processes, highlighting the dual theoretical and practical impact of our work.

1.1 CONTEXTUALIZATION IN CRL AND BIAS MITIGATION

Causal Representation Learning (CRL). Our work aligns with the broader goals of Causal Repre-
sentation Learning (Schölkopf et al., 2021), specifically the objective of learning representations that
are robust and generalize across environments. A full contextualization within CRL can be read in
Appendix B.

Bias/Shortcut Mitigation Positioning. While bias mitigation is an established field, our framework
provides a structural foundation that generalizes prior findings. See appendix at B for a full discussion
how our work relates to Makar & D’Amour (2022); Veitch et al. (2021); Puli et al. (2021).

2 CAUSAL INVARIANCE

2.1 STANDARD ANTI-CAUSAL MODEL (SAM) AND CAUSAL STABILITY

Our Standard Anti-Causal Model (SAM) is inspired by the work of (Plecko & Bareinboim, 2022), and
we therefore adopt notation closely aligned with theirs. We define structural causal models (SCMs)
as quadruples (V,F ,U, PU), where U are the exogenous variables with distribution PU defined
outside the model. The set V contains the endogenous random variables, which are generated through
deterministic functions of their parents in V combined with exogenous noise from U. Specifically,
F = {f1, . . . , fn} is a set of functions such that vi ← fi(pa(Vi), Ui), where pa(Vi) ⊆ V are the
parents of Vi, and Ui ∈ U is the exogenous variable associated with Vi.
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Y

Z

X

W

Figure 2: SAM graph. Y is the target, Z are variables on active, non-directed paths between X and
Y , and W are mediator variables assumed to be unwanted shortcuts. Ŷ denotes the prediction from a
fixed prediction model. See appendix Fig. C.1 for more details on permitted relationships.

Figure 2 illustrates the SAM considered in this work. It represents a prototypical causal structure
that encompasses many relevant scenarios in anti-causal prediction. We partition the variables V
into three groups: the target Y ∈ V, backdoor variables Z ⊂ V (confounders and variables on
open collider paths), and mediator variables W ⊂ V. For simplicity, independent exogenous noise
variables U, and variables V′ ⊂ V that do not open paths between our input X and our target Y ,
are omitted from the figure. While our analysis extends to multidimensional targets, we restrict to a
scalar Y for clarity.

For counterfactual and interventional reasoning, we adopt the notation of (Pearl, 2009) and (Plecko &
Bareinboim, 2022). The expression P (Xw) is equivalent to P (X | do(W = w)) at the SCM level,
while P (Xw |W = w′) denotes a genuine counterfactual statement. At the unit level, counterfactuals
are defined for fixed exogenous realizations U = u and denoted Xw(u). These are deterministic
functions rather than random variables and are generally non-identifiable. In the following, we
assume that SAM holds for our prediction task; later, we discuss violations of these assumptions and
their implications.

Throughout our definitions and proofs, we use summation (implicitly assuming the counting measure)
for discrete random variables. With appropriate measure-theoretic extensions, these results carry over
to continuous variables by replacing sums with integrals.

Our main goal for this section is to establish why the conditional independence criterion as presented
in the introduction, reading Ŷ ⊥ B | Y , is sufficient to mitigate bias and directly derive this by causal
reasoning.

Measuring Effects of Y on Ŷ . A naive way to quantify the influence of Y on Ŷ is via the total
variation (TV ) as defined in (Plecko & Bareinboim, 2022):

TVy0,y1(ŷ) = P (ŷ | y1)− P (ŷ | y0), (2)
where lowercase letters denote realizations ŷ, y1, and y0. Classical maximum likelihood estimation
implicitly maximizes this difference. Assuming binary classification for simplicity, maximizing
P (Ŷ = y | Y = y) corresponds to maximizing the True Positive Rate and minimizing the False
Positive Rate, thereby maximizing their difference (TV). However, in the SAM graph, we see that TV
captures all types of dependencies, including shortcuts and spurious associations over the pathways
Y—Z—Ŷ and Y →W→ Ŷ , rather than only the direct causal influence Y → Ŷ .

Counterfactual-(DE, IE, SE) (Plecko & Bareinboim, 2022). SCMs allow us to specify, and in
some cases identify, path-specific effects. Given observations Y = y, Z = z, and W = w, we define
the counterfactual direct (ctf-DE) and indirect (ctf-IE) effects as

ctf -DEy0,y1(ŷ | y,w, z) = P (ŷy1,wy0
| y,w, z)− P (ŷy0 | y,w, z), (3)

ctf -IEy1,y0(ŷ | y,w, z) = P (ŷy1,wy0
| y,w, z)− P (ŷy1 | y,w, z). (4)

Additionally, we define the counterfactual spurious effect (ctf-SE) as
ctf -SEy1,y0(ŷ) = P (ŷy1 | y0)− P (ŷy1 | y1), (5)

which captures all non-directed dependencies between Y and Ŷ .

For notational/mathematical simplicity, without losing any validity of the below statements, we omit
the input variable X and treat paths through X as directly reaching Ŷ .

3
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Proposition 1 (TV-Decomposition). The total variation can be decomposed into direct, indirect, and
spurious components as

TVy0,y1(ŷ) =
∑
w,z

[
(ctf -DEy0,y1(ŷ | y,w, z)− ctf -IEy1,y0(ŷ | y,w, z))P (w, z | y)

]
− ctf -SEy1,y0(ŷ). (6)

The proof is given in Appendix D.1.

We assume that the only stable relationship under distribution, covariate, or domain shifts is the direct
effect ctf -DEy0,y1 (i.e., Y → X → Ŷ ). We now identify an observational criterion that ensures
both ctf -IEy1,y0 and ctf -SEy1,y0 vanish.
Definition 1 (Causal Stability). A predictor is causally stable if for all relevant variables and
realizations it satisfies

ctf -IEy0,y1(ŷ | y,w, z) = 0 and ctf -SEy1,y0(ŷ) = 0. (7)

Theorem 1 (Cond. Independence⇒Causal Stability). If a model’s predictions satisfy Ŷ ⊥W,Z | Y
under SAM, then the model is causally stable. The proof is provided in Appendix D.2.

Note that causal stability alone does not guarantee predictive usefulness. For example, a constant
predictor that outputs the same Ŷ irrespective of the input trivially satisfies causal stability, but has
no meaningful direct effect. The following result shows how to obtain both stability and strong
predictive signal.

Theorem 2 (Maximizing ctf -DEy0,y1 ). A maximum likelihood (MLE) predictor that satisfies Ŷ ⊥
W,Z | Y also maximizes the direct effect ctf -DEy0,y1 . The proof is provided in Appendix D.2.
Corollary 1 (Indirect vs. Spurious Effects). There is no need to distinguish between mediated and
spurious bias effects when analyzing causal stability. By defining the set of all bias variables as
B = W ∪ Z, the conditional independence criterion reduces to Ŷ ⊥ B | Y .

Thus, to obtain a stable predictor that relies solely on direct effects from Y to X , we can formulate
the following constrained optimization problem:

min
θ

E(X,Y ) [L (Y, gθ(X))]

s.t. Ŷ ⊥ B | Y,
(8)

where Ŷ = gθ(X), g is a learning model parametrized by θ, and L is a standard loss function (e.g.,
mean squared error, cross-entropy) corresponding to an MLE under appropriate noise assumptions.

2.2 ANALYZING ASSUMPTIONS OF SAM

Sufficient Variability (Positivity). A fundamental requirement for our method, and indeed for
any observational bias mitigation approach, is the assumption of sufficient variability or overlap.
Analogous to the positivity assumption in causal inference, we assume that for any target realization
y, the data distribution has support over the bias attributes b, i.e., P (B = b | Y = y) > 0. For
example, to disentangle the spurious correlation between ‘waterbird‘ and ‘water background‘, the
dataset must contain, however rarely, counter-examples such as waterbirds in land environments.
Consequently, if B is a deterministic function of Y (zero overlap), the confounding is non-identifiable
from observational data alone and debiasing the predictions is generally impossible without further
guidance. This limitation applies to all bias mitigation methods.

Selective Mediation. While our framework treats mediators as sources of bias by default, practical
applications often involve mediators that carry robust, task-relevant causal signals. In such cases, we
can distinguish between unstable mediators and a subset of useful mediators Wstable ⊂W. We then
redefine the regularization bias set as B′ = (W \Wstable) ∪ Z. Our theoretical results (Theorem
1) transfer directly to this setting: the model is regularized to be independent of Z and unstable
mediators, while remaining free to utilize information from Wstable.

Unobserved Confounding. Finally, an important violation of our assumptions arises from unobserved
pathways of information. Since confounders and other spurious effects are modeled by Z ⊆ B,
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the absence of some confounders means we work with an incomplete set of observations. The true
set of spurious attributes is then Ztrue = Z ∪ Z′, where Z′ represents unobserved confounders. In
this case, even an MLE predictor constrained by Ŷ ⊥ B | Y remains biased, as information may
still leak through unobserved paths involving Z′. Nonetheless, it is straightforward to show that all
observed paths involving B remain blocked, and the criterion Ŷ ⊥ B | Y remains the best achievable
approximation of causal stability. We verify this experimentally in Section 4.

3 DISTANCE CORRELATION FOR CONDITIONAL INDEPENDENCE

In this section, our main goal is to establish a method that enables black-box predictors like neural
networks to attain causally stable solutions by optimizing towards the conditional independence
criterion in Eq. 8.

Distance correlation (Székely et al., 2007), provides a powerful tool for quantifying statistical depen-
dence between two arbitrary random vectors of potentially different dimensionalities. Subsequent
work (Póczos & Schneider, 2012; Wang et al., 2015; Pan et al., 2017) extended this concept to the
conditional setting, where dependence is measured given an additional random vector. However,
existing implementations are computationally expensive and largely impractical for modern deep
learning and optimization.

We address this gap by introducing estimators of conditional distance correlation, which we call
DISCOm and sDISCO. DISCOm measures conditional dependence between two arbitrary random
vectors given a third one. We further propose an even more efficient variant, sDISCO, which reduces
the computation to a single-step operation. We prove that, under suitable conditions, both DISCOm
and sDISCO vanish if and only if the variables are conditionally independent. Finally, we show how
these estimators can be integrated into deep learning models to optimize for causal stability.

3.1 THEORY

Let (X , dX ), (Y, dY), and (Z, dZ) be metric spaces. Let (X,Y, Z) be random elements defined on a
common probability space, taking values inX×Y×Z , with joint distribution P . Denote by P(X,Y )|Z
the regular conditional distribution of (X,Y ) given Z. For each z ∈ Z , let θz := P(X,Y )|Z=z be a
Borel probability measure on X × Y .
Definition 2 (Finite first moments). We say that P(X,Y )|Z=z has finite first moments if∫

dX (x, oX ) + dY(y, oY) dθz(x, y) <∞ (9)

for some (and hence all, by the triangle inequality) base points oX ∈ X and oY ∈ Y .
Definition 3 (Conditional distance covariance). Let PZ denote the distribution of Z. For z ∈ Z , let
µz := PX|Z=z and νz := PY |Z=z be the conditional marginals. For θz , define the distance-centered
kernels

dµz
(x, x′) := dX (x, x′)− aµz

(x)− aµz
(x′) +D(µz), (10)

where aµz
(x) :=

∫
dX (x, x′) dµz(x

′) and D(µz) :=
∫ ∫

dX (x, x′) dµz(x)dµz(x
′). The definition

of dνz is analogous.

The conditional distance covariance is then given by

dCov2(X,Y | Z) := EZ
[
dCov2(X,Y | Z = z)

]
, (11)

with
dCov2(X,Y | Z = z) :=

∫
dµz

(x, x′) dνz (y, y
′) dθz(x, y) dθz(x

′, y′). (12)

Theorem 3 (Conditional independence and strong negative type). Assume µz , νz , and θz have finite
first moments. Further suppose that the metric spaces X and Y are of strong negative type1. Then

dCov2(X,Y | Z) = 0 ⇐⇒ P(X,Y )|Z=z = PX|Z=z ⊗PY |Z=z for PZ-almost every z. (13)
That is, X and Y are conditionally independent given Z almost surely. A proof, together with full
definitions and necessary lemmas, is provided in Appendix E.

1Strong negative type ensures that distance-based measures such as distance covariance uniquely identify
independence; see Appendix E.
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Since distance covariance is unbounded, we instead use its correlation analogue, which lies in [0, 1]
and is more interpretable.
Definition 4 (Conditional distance correlation). The conditional distance correlation between X and
Y given Z is defined as

dCor2(X,Y | Z) := dCov2(X,Y | Z)√
dCov2(X,X | Z) dCov2(Y, Y | Z)

, (14)

with the convention 0/0 := 0.

3.2 SAMPLE ESTIMATION

Let {(Xi, Yi, Zi)}ni=1 be an i.i.d. sample, where X,Y, Z are random vectors in Euclidean spaces, as
is common in deep learning. We use the Euclidean distance d(x, x′) = ∥x− x′∥, which is of strong
negative type (see, e.g., (Sejdinovic et al., 2013)).

First, fix a positive-definite kernel Kh : Z ×Z → R≥0 with bandwidth h (e.g., an RBF kernel), and
define the kernel weight matrix W = [wij ] by

wij = Kh(Zi, Zj), wi· =
∑
j

wij , w·j =
∑
i

wij , S =
∑
i,j

wij . (15)

Next, compute the pairwise distance matrices A = [aij ], B = [bij ] with
aij = dX (Xi, Xj), bij = dY(Yi, Yj). (16)

Method 1: DISCOm. For each i, define row-normalized weights w(i)
k = wik/wi·. Construct

locally centered matrices:

A
(i)
kℓ = akℓ −

n∑
k

w
(i)
k akℓ −

n∑
ℓ

w
(i)
ℓ akℓ +

n∑
k,ℓ

w
(i)
k w

(i)
ℓ akℓ, (17)

and define B(i)
kℓ analogously. The local conditional squared distance covariance at Zi is

d̂CovDISCO(X,Y | Zi) =
1∑n

k,ℓ wikwiℓ

n∑
k,ℓ

wikwiℓA
(i)
kℓB

(i)
kℓ . (18)

The overall DISCOm estimator is the average of m ≤ n local correlations:

DISCOm(X,Y | Z) = 1

m

m∑
i=1

d̂CovDISCO(X,Y | Zi)√
d̂CovDISCO(X,X | Zi) d̂CovDISCO(Y, Y | Zi)

. (19)

Proposition 2. Using the RBF kernel and standard assumptions of kernel regression, the DISCOm

estimator consistently estimates dCor2(X,Y | Z). See Appendix E.3 for a proof.

Method 2: sDISCO. Define the weighted means:

āi· =
1

wi·

n∑
k

wikaik, ā·j =
1

w·j

n∑
k

wkjakj , ā·· =
1

S

n∑
k,ℓ

wkℓakℓ, (20)

and compute the globally centered matrix:
Aij = aij − āi· − ā·j + ā··, (21)

with Bij defined analogously. Unlike DISCOm, here we do not use a single reference zi; instead, we
employ the full weight matrix wij , thereby mixing the centerings. The global conditional squared
distance covariance is then

d̂Coveff (X,Y | Z) =
1

S

n∑
i,j

wijAijBij , (22)

and the corresponding conditional distance correlation is

sDISCO(X,Y | Z) = d̂Coveff (X,Y | Z)√
d̂Coveff (X,X | Z) d̂Coveff (Y, Y | Z)

. (23)

6
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Figure 3: Causal graphs used in our experiments across different datasets. Blue path means causally
task-relevant, going from target to our input (image).

Proposition 3. Using the RBF kernel under the standard assumptions of kernel regression, the
sDISCO estimator consistently estimates dCor2(X,Y | Z). See Appendix E.4 for an intuitive proof
sketch.

In summary, both DISCOm and sDISCO provide reliable estimators of conditional dependence for
random vectors of arbitrary dimensionality. Under appropriate conditions, a value of zero corresponds
exactly to conditional independence.

3.3 PRACTICAL APPLICATION FOR CAUSAL STABILITY

Since solving the constrained optimization in Eq. 8 directly is infeasible, we adopt a regularization
approach. Specifically, we add DISCOm or sDISCO as a penalty term, thereby minimizing the
prediction loss and conditional dependence jointly. With variables from SAM, namely Y (target), B
(bias/shortcuts), and Ŷ = gθ(X) (model outputs), we optimize

min
θ

∑
L
(
Y, Ŷ

)
+ λDISCOm(Ŷ ,B | Y ), (24)

with an analogous formulation for sDISCO.

This framework is applicable to any black-box, gradient-based training procedure such as deep neural
networks. Both DISCOm and sDISCO introduce a hyperparameter λ that controls the regularization
strength. In addition, both methods require a kernel parameter σY over the conditioning variable Y .
The DISCOm variant further introduces a parameter m ≤ n, which specifies the number of local
measures averaged to form the estimator. For all the experiments, we fix m to be 20 percent of the
batch-size for the task at hand.

4 EXPERIMENTS

In this section, we evaluate the efficacy of DISCOm and sDISCO for bias mitigation. We design
experiments on six datasets that vary in realism, bias sources, and the non-linear relationships between
target and bias attributes. This creates a diverse and challenging testbed for assessing causal stability.
We benchmark against seven representative baselines, detailed below, and additionally leverage SAM
for pathway-specific counterfactual analysis in fully controlled simulation settings. This allows us to
assess not only empirical performance but also the causal properties of our methods in the presence
of known and unknown biases.

4.1 DATASETS

Figure 3 illustrates the causal structures underlying our datasets. Across all datasets, except MNLI,
we follow the standard evaluation protocol in domain generalization and bias mitigation (Sagawa
et al., 2019; Arjovsky et al., 2019; Ganin et al., 2016): we train on a biased dataset, select models on
a domain-shifted unbiased validation set, and report final results on an unseen unbiased test set. For
these datasets, we always add label noise to make the task harder and to make models to latch on
spurious correlations more easily. The full details for our MNLI dataset can be found in the Appendix
F.1.6 as this dataset deviates from the rest in important aspects.

dSprites. Based on (Matthey et al., 2017), we construct images of geometric shapes (Sh) with
different orientation (O), scale (Sc), y-position (Y), and x-position (X). The regression target, Y,

7
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nonlinearly determines the object’s y-position while X acts as a confounder. The SCM is:

Ux ∼ Uniform
(
0, π2

)
, Uy ∼ N

(
0, 0.152

)
, Usc ∼ Uniform(0.5, 0.7),

Uθ ∼ Uniform(0, 360◦), Ushape ∼ UniformDiscrete{square, ellipse,heart},
εx ∼ N

(
0, 0.012

)
, εy1 ∼ N

(
0, 0.12

)
, εy2 ∼ N

(
0, 0.22

)
x = sin(Ux), y = x2 + Uy, Im := f

(
x+ εx, exp(y + εy1) + εy2, Uscale, Ushape, Uθ

)
.

Blob dataset. Inspired by Adeli et al. (2021), we generate synthetic images with two Gaussian
blobs. One blob is causally related to the regression target, causal intensity (CI), while the other acts
as a spurious mediator, bias intensity (BI). The equations of the simulator are:

Ucausal ∼ Unif(0, 1), Ubias ∼ N (0, 0.12), εcausal ∼ N (0, 0.12)

CI := Ucausal, BI := CI + Ubias, Im := f(exp(Vcausal + εcausal), exp(Vbias)) .

YaleB. From the extended YaleB dataset (Georghiades et al., 2001; Yale, 2001), we predict face
pose (collapsed into three categories: frontal, slightly left, maximally left). Azimuth (Az) and
elevation (El) of the light source serve as continuous bias variables. We introduce a collider through a
sampling mechanism:

azimuth, elevation, pose ∼ Ddataset, X = (azimuth, elevation), s = v⊤ Standardize(X),

z = QuantilePartition(s, 3) ∈ {0, 1, 2}, Pr(S = 1 | z, y) =

{
1.0 if y = z,

0.05 if y ̸= z.

FairFace. We use FairFace (Karkkainen & Joo, 2021) to predict sex as the target. Skin tone (light
vs. dark) acts as a bias through selection bias. The collider is defined by:

P (S = 1 | Y,B) =

{
0.9 if Y = B (aligned),
0.1 if Y ̸= B (misaligned).

Waterbirds. We adopt the Waterbirds dataset (Sagawa et al., 2019), constructed by overlaying
birds (Welinder et al., 2010; Wah et al., 2011) on land or water backgrounds (Zhou et al., 2017). The
background (Bg) acts as a collider bias:

bird ∼ Bernoulli(0.5), background | bird ∼ Bernoulli
(
0.9 · bird+ 0.1 · (1− bird)

)
.

MNLI. Finally, we also include the MNLI dataset (Williams et al., 2018). In this dataset, the task
is to predict entailment of a sentence given another one. The bias in this task are negation keywords,
that are highly correlated with entailment. We closely follow Sagawa et al. (2019) in designing our
experiments. Full details for this setup are given in the Appendix F.1.6.

4.2 BIAS MITIGATION BASELINES

Bias Attribute Target Attribute Attribute Setting

Method Bin Cat Cont Bin Cat Cont Single Multi

GDRO, Fishr, IRM ✓ ✓ ✗ ✓ ✓ ✗ ✓ ✓
C-MMD ✓ ∼ ✗ ✓ ∼ ✗ ✓ ∼
Adversarial ✓ ✓ ✓ ✓ ✓ ✓ ✓ ∼
DISCO (both), HSCIC, CIRCE ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Table 1: Comparison of bias mitigation methods across bias/target types (binary, categorical, continu-
ous) and attribute settings. ✓= supported, ✗= not supported, ∼ = works, but with reduced efficiency.

We benchmark against seven baselines: adversarial learning (Ganin et al., 2016; Wang et al., 2019;
Adeli et al., 2021), GDRO (Sagawa et al., 2019), and three recent dependence-penalization methods:
HSCIC (Quinzan et al., 2022), CIRCE (Pogodin et al., 2022), and c-MMD (Kaur et al., 2022; Makar
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& D’Amour, 2022; Veitch et al., 2021). We further adapt two models from the domain generalization
field, namely Fishr (Rame et al., 2022) and IRM (Arjovsky et al., 2019), to operate on groups, exactly
as GDRO does. All methods share the same backbone (ResNet-18, pretrained on ImageNet (He et al.,
2016; Deng et al., 2009) for real images, untrained for synthetic datasets). For the Blob dataset, we
use a smaller ResNet adapted to low resolution. For MNLI, we use the pretrained TinyBERT from
Jiao et al. (2020) as the backbone.

4.3 RESULTS

Model dSprites (R2) Blob (R2) YaleB (BAcc) FairFace (BAcc) Waterbirds (BAcc)

ResNet (Bias) 0.417 ± 0.037 0.281 ± 0.017 0.607 ± 0.012 0.744 ± 0.010 0.730 ± 0.032
ResNet (No Bias) 0.757 ± 0.023 0.889 ± 0.001 0.976 ± 0.009 0.904 ± 0.007 0.908 ± 0.008

DISCOm 0.688 ± 0.018 0.759 ± 0.015 0.804 ± 0.027 0.860 ± 0.006 0.867 ± 0.009
sDISCO 0.619 ± 0.011 0.788 ± 0.017 0.694 ± 0.020 0.854 ± 0.005 0.863 ± 0.006
Adversarial 0.467 ± 0.034 0.647 ± 0.046 0.692 ± 0.011 0.846 ± 0.006 0.845 ± 0.017
GDRO – – – 0.840 ± 0.012 0.865 ± 0.009
c-MMD – – – 0.824 ± 0.006 0.853 ± 0.019
CIRCE 0.606 ± 0.021 0.748 ± 0.015 0.681 ± 0.026 0.822 ± 0.006 0.894 ± 0.010
HSCIC 0.568 ± 0.033 0.470 ± 0.022 0.708 ± 0.035 0.748 ± 0.013 0.853 ± 0.012
IRM – – – 0.821 ± 0.017 0.858 ± 0.009
Fishr – – – 0.727 ± 0.004 0.814 ± 0.012

Table 2: Performance of all models across 5 datasets. Rows 1–2 (shaded) show naive baselines:
Backbone (Biased) = lower bound, Backbone (Unbiased) = upper bound. Regression datasets are
reported with R2, classification with Balanced Accuracy. Values are mean ± standard deviation
across runs. Best results per dataset are bolded.

Tab. 2 shows that DISCOm and sDISCO consistently outperform adversarial and dependence-
penalization baselines, and are competitive with or superior to GDRO and CIRCE. DISCOm achieves
the best results on dSprites and FairFace, while sDISCO dominates on Blob. CIRCE is strong on
Waterbirds, which might be explained by the higher hyperparameter search budget we assigned to
it, as elaborated below. HSCIC and adversarial training generally lag behind. The full results for
MNLI is presented in the Appendix F.1.6 due to page limits. For MNLI, again, we see that the
DISCO variants are again very competitive and secure the second spot, while only GDRO has a slight
advantage of 0.4% on worst group accuracy.

Besides pure debiasing strength, an additional practical advantage of DISCOm and sDISCO is their
relatively simple hyperparameterization. For all models except HSCIC and CIRCE, we conducted
hyperparameter searches with a maximum budget of 36 runs. This budget is already larger than
what is commonly used in prior work on bias mitigation baselines (Sagawa et al., 2019; Kaur
et al., 2022; Makar et al., 2022), ensuring a fair and thorough comparison. By contrast, both
HSCIC and CIRCE have a substantially larger number of hyperparameters, leading to a rapidly
expanding search space when performing grid search. To account for this, we allocated them a larger
budget of 100 runs, giving these methods an advantage when it comes to hyperparameter search
budget. Despite this additional budget, DISCOm and sDISCO still achieve consistently superior or
competitive performance, highlighting their robustness and efficiency. Details about the experiments
and hyperparameters can be found in the appendix F.2.

4.4 PATH ANALYSIS AND UNOBSERVED BIAS

While classical bias mitigation experiment results are reported on an unbiased test set, one can also
perform pathway analysis if we have access to the data-generating process. These pathway-specific
effects allow us more in-depth insights into the causal stability of the tested methods. To illustrate
the analytic power of SAM, we conduct pathway-specific counterfactual analysis in a controlled
setting on the dSprites dataset, see (Figure 4b), as we have full control over the dataset, including
the generation of true counterfactuals. We compare a naive ResNet to two variants of sDISCO: one
aware of both bias variables (sDISCOXY ) and one aware of only one bias (sDISCOX ), thus the latter
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Model SX SY Accctf

sDISCOX,Y 0.066 0.067 0.98
sDISCOX 0.117 0.154 0.83
ResNet 0.302 0.275 0.65

(a) Counterfactual sensitivity measures.

Scale

X

Im

Y

T

O

Sh

(b) Multi Bias Scenario dSprites.

Figure 4: Comparison of sensitivity measures and the bias scenario.

model will be simulated in an unobserved confounder setting. We visualized some counterfactuals in
Fig. F.8. We predict Scale in this setting after we binarize it.

Formally, we quantify model sensitivity to counterfactual changes of a bias variable X via the
following measure:

SX(θ) := Eu∼U Ex∼Unif(supp(X))

[ ∣∣P ( ˆScale(u); θm)− P ( ˆScalex(u); θm)
∣∣ ] , (25)

and analogously define SY (θ) for the variable Y . Intuitively, SX and SY measure the average
discrepancy in predictions under counterfactual interventions on X or Y , respectively. In addition,
we report counterfactual accuracy,

Accctf := Eu∼U Es∼Unif(supp(Scale))

[
1
{
s = ˆScales(u)

}]
, (26)

which evaluates whether predictions remain consistent with ground-truth outcomes under counterfac-
tual changes of the causally relevant target variable Scale.

Note that out methods still work solely on observational data. But with the help of this controlled
experiment on dSprites, we can even simulate true counterfactuals, and show, that our proposed
method actually provides causal stability in terms of counterfactuals.

Counterfactual sensitivity (Tab. 4a) reveals that ResNet predictions are highly sensitive to both
spurious paths, while sDISCOXY nearly eliminates such effects and achieves high counterfactual
accuracy. Even sDISCOX , which only observes one of the two biases, substantially reduces sensitivity
on both paths, though residual effects remain. This aligns with our theoretical results: unknown
biases cannot be removed, but blocking all known biases is the best we can and should do. In the
appendix F.4, we further highlight how this pathway analysis can be used to understand why some
models failed in learning causally stable relationships in detail.

5 CONCLUSION

We introduced the Standard Anti-Causal Model (SAM), a unifying framework to analyze bias
mechanisms in prediction tasks. From SAM, we derived a conditional independence criterion that
guarantees causal stability, ensuring predictions rely solely on stable direct effects.

To optimize towards causal stability, we proposed two new estimators of conditional distance
correlation: DISCOm and sDISCO. While distance correlation had previously been computationally
impractical, our methods make it efficient, differentiable, and scalable to deep learning. DISCOm

provides accurate estimation, while sDISCO offers a single-shot, highly efficient alternative.

Across six datasets with diverse bias structures, DISCOm and sDISCO consistently outperform or are
competitive against state-of-the-art baselines, while requiring fewer hyperparameters and supporting
arbitrary target–bias types. Finally, SAM enables pathway-specific counterfactual analysis, providing
deeper insight into model behavior under interventions.

6 REPRODUCIBILITY STATEMENT

All experimental settings and implementation details are described in Section 4, with further clar-
ifications provided in the appendix. To facilitate verification, we have uploaded the complete
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codebase as part of the supplementary material for this submission, and we will release it publicly at
https://github.com/*** upon acceptance. The codebase contains all configuration files and
scripts required to exactly reproduce the reported results in a fully automated manner including data
generation and sampling procedures. Our experiments were implemented using PyTorch2, PyTorch
Lightning3, and Hydra4. The mathematical proofs can be found in our appendix, as referenced in the
main text.
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Luke Darlow, Stanisław Jastrzębski, and Amos Storkey. Latent adversarial debiasing: Mitigating
collider bias in deep neural networks. arXiv preprint arXiv:2011.11486, 2020.

Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and Li Fei-Fei. Imagenet: A large-scale
hierarchical image database. In 2009 IEEE conference on computer vision and pattern recognition,
pp. 248–255. Ieee, 2009.

Yaroslav Ganin, Evgeniya Ustinova, Hana Ajakan, Pascal Germain, Hugo Larochelle, François
Laviolette, Mario March, and Victor Lempitsky. Domain-adversarial training of neural networks.
Journal of machine learning research, 17(59):1–35, 2016.

Robert Geirhos, Jörn-Henrik Jacobsen, Claudio Michaelis, Richard Zemel, Wieland Brendel, Matthias
Bethge, and Felix A Wichmann. Shortcut learning in deep neural networks. Nature Machine
Intelligence, 2(11):665–673, 2020.

A.S. Georghiades, P.N. Belhumeur, and D.J. Kriegman. From few to many: Illumination cone models
for face recognition under variable lighting and pose. IEEE Trans. Pattern Anal. Mach. Intelligence,
23(6):643–660, 2001.

Arthur Gretton, Olivier Bousquet, Alex Smola, and Bernhard Schölkopf. Measuring statistical
dependence with hilbert-schmidt norms. In International conference on algorithmic learning
theory, pp. 63–77. Springer, 2005.

Arthur Gretton, Kenji Fukumizu, Choon Teo, Le Song, Bernhard Schölkopf, and Alex Smola. A
kernel statistical test of independence. Advances in neural information processing systems, 20,
2007.

2https://pytorch.org/
3https://www.lightning.ai/
4https://hydra.cc/

11

https://github.com/***
https://pytorch.org/
https://www.lightning.ai/
https://hydra.cc/


594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Under review as a conference paper at ICLR 2026

Gareth J Griffith, Tim T Morris, Matthew J Tudball, Annie Herbert, Giulia Mancano, Lindsey Pike,
Gemma C Sharp, Jonathan Sterne, Tom M Palmer, George Davey Smith, et al. Collider bias
undermines our understanding of covid-19 disease risk and severity. Nature communications, 11
(1):5749, 2020.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image
recognition. In Proceedings of the IEEE conference on computer vision and pattern recognition,
pp. 770–778, 2016.

Xiaoqi Jiao, Yichun Yin, Lifeng Shang, Xin Jiang, Xiao Chen, Linlin Li, Fang Wang, and Qun Liu.
Tinybert: Distilling bert for natural language understanding. In Findings of the association for
computational linguistics: EMNLP 2020, pp. 4163–4174, 2020.

Charles Jones, Daniel C Castro, Fabio De Sousa Ribeiro, Ozan Oktay, Melissa McCradden, and
Ben Glocker. No fair lunch: A causal perspective on dataset bias in machine learning for medical
imaging. arXiv preprint arXiv:2307.16526, 2023.

Kimmo Karkkainen and Jungseock Joo. Fairface: Face attribute dataset for balanced race, gender,
and age for bias measurement and mitigation. In Proceedings of the IEEE/CVF winter conference
on applications of computer vision, pp. 1548–1558, 2021.

Jivat Neet Kaur, Emre Kiciman, and Amit Sharma. Modeling the data-generating process is necessary
for out-of-distribution generalization. arXiv preprint arXiv:2206.07837, 2022.

Aneesh Komanduri, Yongkai Wu, Feng Chen, and Xintao Wu. Learning causally disentangled repre-
sentations via the principle of independent causal mechanisms. arXiv preprint arXiv:2306.01213,
2023.

Benjamin Kompa, David Bellamy, Tom Kolokotrones, Andrew Beam, et al. Deep learning methods for
proximal inference via maximum moment restriction. Advances in Neural Information Processing
Systems, 35:11189–11201, 2022.

Kai Lagemann, Christian Lagemann, Bernd Taschler, and Sach Mukherjee. Deep learning of causal
structures in high dimensions under data limitations. Nature Machine Intelligence, 5(11):1306–
1316, 2023.

Christos Louizos, Uri Shalit, Joris M Mooij, David Sontag, Richard Zemel, and Max Welling. Causal
effect inference with deep latent-variable models. Advances in neural information processing
systems, 30, 2017.

Russell Lyons. Distance covariance in metric spaces. The Annals of Probability, pp. 3284–3305,
2013.

TorchVision maintainers and contributors. Torchvision: Pytorch’s computer vision library. https:
//github.com/pytorch/vision, 2016.

Maggie Makar and Alexander D’Amour. Fairness and robustness in anti-causal prediction. arXiv
preprint arXiv:2209.09423, 2022.

Maggie Makar, Ben Packer, Dan Moldovan, Davis Blalock, Yoni Halpern, and Alexander D’Amour.
Causally motivated shortcut removal using auxiliary labels. In International Conference on
Artificial Intelligence and Statistics, pp. 739–766. PMLR, 2022.

Loic Matthey, Irina Higgins, Demis Hassabis, and Alexander Lerchner. dsprites: Disentanglement
testing sprites dataset. https://github.com/deepmind/dsprites-dataset/, 2017.

Elias Chaibub Neto. Causality-aware counterfactual confounding adjustment for feature representa-
tions learned by deep models. arXiv preprint arXiv:2004.09466, 2020.

Wenliang Pan, Xueqin Wang, Canhong Wen, Martin Styner, and Hongtu Zhu. Conditional local dis-
tance correlation for manifold-valued data. In International Conference on Information Processing
in Medical Imaging, pp. 41–52. Springer, 2017.

Judea Pearl. Causality. Cambridge university press, 2009.

12

https://github.com/pytorch/vision
https://github.com/pytorch/vision


648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2026

Judea Pearl. The causal mediation formula—a guide to the assessment of pathways and mechanisms.
Prevention science, 13:426–436, 2012.

Drago Plecko and Elias Bareinboim. Causal fairness analysis. arXiv preprint arXiv:2207.11385,
2022.

Barnabás Póczos and Jeff Schneider. Conditional distance variance and correlation. 2012.

Roman Pogodin, Namrata Deka, Yazhe Li, Danica J Sutherland, Victor Veitch, and Arthur Gretton.
Efficient conditionally invariant representation learning. arXiv preprint arXiv:2212.08645, 2022.

Aahlad Puli, Lily H Zhang, Eric K Oermann, and Rajesh Ranganath. Out-of-distribution generaliza-
tion in the presence of nuisance-induced spurious correlations. arXiv preprint arXiv:2107.00520,
2021.

Francesco Quinzan, Cecilia Casolo, Krikamol Muandet, Yucen Luo, and Niki Kilbertus. Learning
counterfactually invariant predictors. arXiv preprint arXiv:2207.09768, 2022.

Alexandre Rame, Corentin Dancette, and Matthieu Cord. Fishr: Invariant gradient variances for out-
of-distribution generalization. In International Conference on Machine Learning, pp. 18347–18377.
PMLR, 2022.

Shiori Sagawa, Pang Wei Koh, Tatsunori B Hashimoto, and Percy Liang. Distributionally robust
neural networks for group shifts: On the importance of regularization for worst-case generalization.
arXiv preprint arXiv:1911.08731, 2019.

Pedro Sanchez and Sotirios A Tsaftaris. Diffusion causal models for counterfactual estimation. arXiv
preprint arXiv:2202.10166, 2022.

Isaac J Schoenberg. On certain metric spaces arising from euclidean spaces by a change of metric
and their imbedding in hilbert space. Annals of mathematics, 38(4):787–793, 1937.

Isaac J Schoenberg. Metric spaces and positive definite functions. Transactions of the American
Mathematical Society, 44(3):522–536, 1938.

Bernhard Schölkopf, Dominik Janzing, Jonas Peters, Eleni Sgouritsa, Kun Zhang, and Joris Mooij.
On causal and anticausal learning. arXiv preprint arXiv:1206.6471, 2012.

Bernhard Schölkopf, Francesco Locatello, Stefan Bauer, Nan Rosemary Ke, Nal Kalchbrenner,
Anirudh Goyal, and Yoshua Bengio. Toward causal representation learning. Proceedings of the
IEEE, 109(5):612–634, 2021.

Antonin Schrab. A practical introduction to kernel discrepancies: Mmd, hsic & ksd. arXiv preprint
arXiv:2503.04820, 2025.

Dino Sejdinovic, Bharath Sriperumbudur, Arthur Gretton, and Kenji Fukumizu. Equivalence of
distance-based and rkhs-based statistics in hypothesis testing. The annals of statistics, pp. 2263–
2291, 2013.

Ilya Shpitser and Judea Pearl. What counterfactuals can be tested. arXiv preprint arXiv:1206.5294,
2012.

Ilya Shpitser and Tyler J VanderWeele. A complete graphical criterion for the adjustment formula in
mediation analysis. The international journal of biostatistics, 7(1):0000102202155746791297,
2011.

Ilya Shpitser, Tyler VanderWeele, and James M Robins. On the validity of covariate adjustment for
estimating causal effects. arXiv preprint arXiv:1203.3515, 2012.

Gábor J Székely, Maria L Rizzo, and Nail K Bakirov. Measuring and testing dependence by
correlation of distances. The Annals of Statistics, pp. 2769–2794, 2007.

Victor Veitch, Alexander D’Amour, Steve Yadlowsky, and Jacob Eisenstein. Counterfactual invariance
to spurious correlations: Why and how to pass stress tests. arXiv preprint arXiv:2106.00545, 2021.

13



702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2026

Catherine Wah, Steve Branson, Peter Welinder, Pietro Perona, and Serge Belongie. The caltech-ucsd
birds-200-2011 dataset. 2011.

Liuyi Wang, Zongtao He, Ronghao Dang, Mengjiao Shen, Chengju Liu, and Qijun Chen. Vision-and-
language navigation via causal learning. In Proceedings of the IEEE/CVF conference on computer
vision and pattern recognition, pp. 13139–13150, 2024.

Tianlu Wang, Jieyu Zhao, Mark Yatskar, Kai-Wei Chang, and Vicente Ordonez. Balanced datasets are
not enough: Estimating and mitigating gender bias in deep image representations. In Proceedings
of the IEEE/CVF international conference on computer vision, pp. 5310–5319, 2019.

Xueqin Wang, Wenliang Pan, Wenhao Hu, Yuan Tian, and Heping Zhang. Conditional distance
correlation. Journal of the American Statistical Association, 110(512):1726–1734, 2015.

Peter Welinder, Steve Branson, Takeshi Mita, Catherine Wah, Florian Schroff, Serge Belongie, and
Pietro Perona. Caltech-ucsd birds 200. 2010.

Adina Williams, Nikita Nangia, and Samuel Bowman. A broad-coverage challenge corpus for
sentence understanding through inference. In Proceedings of the 2018 conference of the North
American chapter of the association for computational linguistics: human language technologies,
volume 1 (long papers), pp. 1112–1122, 2018.

Yale. The extended yale face database b. 2001. URL http://vision.ucsd.edu/~iskwak/
ExtYaleDatabase/ExtYaleB.html.

Qingyu Zhao, Ehsan Adeli, and Kilian M Pohl. Training confounder-free deep learning models for
medical applications. Nature communications, 11(1):6010, 2020.

Bolei Zhou, Agata Lapedriza, Aditya Khosla, Aude Oliva, and Antonio Torralba. Places: A 10
million image database for scene recognition. IEEE transactions on pattern analysis and machine
intelligence, 40(6):1452–1464, 2017.

14

http://vision.ucsd.edu/~iskwak/ExtYaleDatabase/ExtYaleB.html
http://vision.ucsd.edu/~iskwak/ExtYaleDatabase/ExtYaleB.html


756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a conference paper at ICLR 2026

APPENDIX

A USE OF LLMS

We used LLMs for this manuscript to polish our writing on a sentence and paragraph level. It was
used to intelligently find and eliminate spelling mistakes, improve sentence structure, and to refine
the flow of text when necessary.

The used tools are: Grammarly (https://www.grammarly.com/) and ChatGPT from OpenAI
(https://chatgpt.com/).

B CONTEXTUALIZATION AND RELATED WORK

We propose both an analytical causal framework to understand anti-causal prediction from a path-way
analysis point of view, and also provide a solution to estimate bias free predictors, as well.

One can thus interpret our work as an candidate of causal representation learning (CRL) methods, or
by a causally motivated shortcut/bias mitigation method.

B.1 SAM AND DISCO IN CONTEXT OF CRL

Our work aligns with the central objective of Causal Representation Learning (CRL), which is to learn
representations that are robust and generalize across environments by leveraging causal principles.
While CRL is a broad field, distinct sub-goals exist, such as: (a) Generative and Disentangled CRL,
which aims to learn the full causal generative process or disentangle independent causal mechanisms
(Sanchez & Tsaftaris, 2022; Komanduri et al., 2023); (b) Latent Confounder CRL, which focuses
on inferring causal effects when key confounders are unobserved (Wang et al., 2024; Louizos et al.,
2017; Kompa et al., 2022); and (c) Causal Discovery, which attempts to infer the graph structure
from high-dimensional data (Lagemann et al., 2023). These are just very limited sub-fields, we note
that there are many more highly relevant CRL subfields (Schölkopf et al., 2021).

Our framework occupies a specific and distinct niche: Discriminative CRL with observed bias.
Unlike generative approaches, we do not attempt to model the full data-generating process or
reconstruct the input. Instead, we demonstrate that for the specific problem of robust prediction, one
can avoid the complexity of full generative modeling by adhering to a three-step pipeline:

1. Modeling: We propose the Standard Anti-Causal Model (SAM) to formally characterize
the data-generating process and its biases B.

2. Criterion: From SAM, we derive a formal observational criterion, Causal Stability (Ŷ ⊥
B | Y ), which we prove is sufficient to ensure that counterfactual indirect and spurious
effects vanish, isolating the stable direct effect.

3. Estimation: We develop DISCO as an efficient regularization technique to optimize deep
models toward this causal criterion.

A key distinction of our approach is the assumption that the bias B is observed. While some CRL
methods operate under latent confounding, the assumption of known attributes is foundational to the
specific subfield of bias mitigation and is highly realistic in many high-stakes applications. These
include fairness auditing (where sensitive attributes like age or sex are collected for compliance),
scientific and industrial settings (where metadata regarding sensors or collection times is available),
and standard benchmarks explicitly designed to model known spurious correlations (e.g., Waterbirds,
FairFace).

B.2 SAM AND DISCO IN CONTEXT OF SHORTCUT MITIGATION

B.2.1 SAM

Our work provides a structural foundation that generalizes and clarifies findings from prior influential
works in shortcut mitigation, specifically those of Makar et al. (2022); Makar & D’Amour (2022);
Veitch et al. (2021); Puli et al. (2021).
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Comparison to Makar et al. (2022); Makar & D’Amour (2022): Makar & D’Amour (2022)
connect risk invariance (a robustness criterion) with separation (f(X) ⊥ B | Y ) (a fairness criterion).
Their analysis operates primarily at the distributional level (associated with Rung 1 of Pearl’s Ladder
of Causation), describing what statistical property a robust model should possess. In contrast, SAM
operates at the structural and counterfactual level (Rung 2 and 3). By making our assumptions
explicit via a Structural Causal Model, we analyze the flow of information along specific causal
pathways. Since structural guarantees imply distributional ones, our work provides the deeper causal
mechanism for why the separation principle works: blocking specific spurious paths in the graph
necessitates the resulting distributional independence.

Comparison to Veitch et al. (2021): Veitch et al. (2021) formalize stress tests using a notion of
unit-level counterfactual invariance, requiring f(X(z)) = f(X(z′)). While theoretically robust,
this criterion relies on unobserved potential outcomes and is often impractical to enforce directly.
Veitch et al. (2021) show that observational conditional independence is a necessary but not sufficient
signature for this invariance. Our work bridges this gap by defining a more practical notion of
invariance tied to observable attributes and path-specific mechanisms within SAM. In our setting, we
prove that the conditional independence criterion is sufficient to block the transmission of spurious
information through specific causal pathways (Theorem 1), making the guarantee attainable for
practitioners.

Comparison to Puli et al. (2021): Puli et al. (2021) (NURD) argue that enforcing conditional
independence is too restrictive. They provide examples where an optimal representation r(x) must
depend on the nuisance z to maximize mutual information with the label. However, this critique
applies to generative or representational goals, where the aim is to retain as much information about
the input X as possible.

1. Discriminative vs. Generative Targets: DISCO is designed for a discriminative task.
We apply the independence constraint to the final prediction Ŷ , not to an intermediate
representation r(x). We allow the model’s internal layers to utilize bias information if
necessary, provided the final output is purged of spurious signal.

2. Stability vs. Information: In the example provided by Puli et al. (2021), the "optimal"
representation depends on the nuisance. Consequently, a predictor built on such a represen-
tation would also depend on the nuisance. By definition, this results in a predictor that is not
causally stable against shifts in that nuisance.

Our objective (maximizing the stable direct effect, ctf -DE) explicitly accepts the trade-off that we
do not wish to model the full input X . Instead, we isolate the path Y → X → Ŷ while forcing
counterfactual indirect (ctf -IE) and spurious (ctf -SE) effects to zero. This ensures that the model
utilizes the bias B only insofar as it helps extract the stable direct signal, providing a guarantee that is
aligned with robust discriminative prediction rather than generative reconstruction.

B.2.2 DISCO

Finally, within the realm of bias mitigation, we want to further highlight that the causal analysis is
not our only contribution. We additionally propose the efficient conditional independence penalty
via conditional distance correlation. While we compare against classical baselines such as GDRO
(Sagawa et al., 2019), IRM (Arjovsky et al., 2019), Fishr (Rame et al., 2022), and adversarial
bias mitigation (Ganin et al., 2016; Wang et al., 2019; Adeli et al., 2021), we especially include
the modern approaches based on Reproducing Kernel Hilbert Spaces (RKHs) that also penalize
conditional dependence directly. In this category we compare against conditional MMD, called C-
MMD (Kaur et al., 2022; Makar & D’Amour, 2022; Veitch et al., 2021), conditional Hilbert-Schmidt
Independence Criterion (HSCIC) (Quinzan et al., 2022), and CIRCE (Pogodin et al., 2022) (an
efficient variant of HSCIC).

We especially want to highlight that our eDISCO and DISCOm estimators, together with adversarial
bias mitigation, HSCIC and CIRCE, are extremely flexible, as they can be applied to any types of
targets and bias attributes, while all the other methods, including the classical gold-standard baselines,
always require categorical attributes.

16



864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917

Under review as a conference paper at ICLR 2026

Our methods have significantly less hyperparameters than CIRCE and HSCIC, while being more
flexible than the classical methods and consistently providing the best or second best results in our 6
different datasets with different data, bias, and target types.

C CAUSAL GRAPH AND ASSUMPTIONS

YX

...

...

...

S

Figure C.1: The main setting we consider in anti-causal prediction. Y is the target we want to predict
using X only. W is a set of variables that only permits mediated effects from Y to X. Z contains
nodes that lie on open paths between Y and X but are non-directed, i.e. any kind of nodes that lie on
open back-door paths between X and Y , or any kinds of paths that are opened due to conditioned
colliders. Nodes in Z are allowed to have arbitrary connections in between them, as long as Z stays a
valid adjustment set for (Y,X), and the graph is still a directed acyclic graph (DAG). Nodes in W are
mediators. Nodes in S are variables that are d-separation irrelevant between Y and X (and Y and Ŷ
respectively). We can always ignore the variables in S for our settings as they do not harm or inform
anything for our prediction setup. Thus, these variables are omitted in our analysis and discussions in
the main manuscript.

C.1 VALID ADJUSTMENT SET

Characterization of Valid Adjustment Sets (Shpitser et al., 2012) Let Z be a set of nodes in a
causal graph. Then, Z is a valid adjustment set for (Y,X) (implying Y ∩X = paY ∩X = ∅) if and
only if it satisfies the following conditions:

(i) Z contains no node R /∈ Y on a proper causal path from Y to X nor any of its descendants
in GY ,

(ii) Z blocks all non-directed paths from Y to X .
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D CAUSAL INVARIANCE AS CONDITIONAL INDEPENDENCE

In the following, we will prove the propositions in Sec.2.

D.1 TOTAL VARIANCE DECOMPOSITION

Proposition 1 (TV-Decomposition) The TV can be decomposed into direct, indirect, and spurious
components by

TVy0,y1(ŷ) = ctf -DEy0,y1(ŷ|y)− ctf -IEy1,y0(ŷ|y)− ctf -SEy1,y0(ŷ). (27)

Proof. We first show that ctf -TEy0,y1(ŷ|y0) can be split into its direct and indirect components as
given in definition 2.1.

ctf -TEy0,y1(ŷ|y0) = P (ŷy1 |y0)− P (ŷy0 |y0) (28)
= P (ŷy1 |y0)− P (ŷy1,wy0

|y0) + P (ŷy1,wy0
|y0)− P (ŷy0 |y0) (29)

= ctf -DEy0,y1(ŷ|y0)− ctf -IEy1,y0(ŷ|y0). (30)

We now can finally show that the total variance can be split into total effects and spurious effects, as
given in the following:

TVy0,y1(ŷ) = P (ŷ|y1)− P (ŷ|y0) (31)
= P (ŷ|y1)− P (ŷy1 |y0) + P (ŷy1 |y0)− P (ŷ|y0) (32)
= P (ŷy1 |y0)− P (ŷy0 |y0) + P (ŷy1 |y1)− P (ŷy1 |y0) (33)
= ctf -TEy0,y1(ŷ|y0)− ctf -SEy1,y0(ŷ). (34)

In total, we arrive at
TVy0,y1(ŷ) = ctf -DEy0,y1(ŷ|y0)− ctf -IEy1,y0(ŷ|y0)− ctf -SEy1,y0(ŷ). (35)

Proposition 4. (ctf -IEy1,y0(ŷ|y0,w, z) is stronger than ctf -IEy1,y0(ŷ|y0)) The expression
ctf -IEy1,y0(ŷ|y0,w, z) is a more fine-grained measure of indirect effect than ctf -IEy1,y0(ŷ|y0), as
the former captures more nuances of effects than the latter one. Whenever ctf -IEy1,y0(ŷ|y0,w, z) is
zero, ctf -IEy1,y0(ŷ|y0) is zero. The converse is not true.

Proof. We can further extend the total variation formula by the total probability theorem, and we
arrive at

TVy0,y1(ŷ) =
∑
w,z

ctf -DEy0,y1(ŷ|y0,w, z)P (w, z|y0) (36)

−
∑
w,z

ctf -IEy1,y0(ŷ|y0,w, z)P (w, z|y0) (37)

− ctf -SEy1,y0(ŷ) (38)
It is therefore easy to see that ctf -IEy1,y0(ŷ|y0,w, z) = 0 =⇒ ctf -IEy1,y0(ŷ|y0) = 0, but
there converse is not true in general. Proof of the falsity of the converse can be given by simple
counterexamples. An interested reader can find some in (Plecko & Bareinboim, 2022).

D.2 JUSTIFICATION CONDITIONAL INDEPENDENCE AS CONSTRAINT

Proposition (Conditional Independence for unbiased Predictors) SAM is given. Assume we have
a prediction model gθ that maps from the inputX to our target. Let’s treat the predictions of our model
as a random variable called Ŷ . If the prediction satisfies Ŷ ⊥W,Z | Y , then ctf -IEy1,y0(ŷ | y) =
ctf -SEy1,y0(ŷ) = 0 , for any y, y0, y1, ŷ in their ranges. The conditional independence criterion
even ensures a stricter criterion, namely, Ŷ ⊥W,Z | Y =⇒ ctf -IEy1,y0(ŷ | y, z,w) = 0, for any
y, y0, y1, ŷ,w, z in the ranges of their respective random variables.

Outline
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(a) Counterfactual graph 1 (b) Counterfactual graph 2

Figure D.2: Counterfactual Graphs needed for the proofs of propositions 2 and 3.

• Prop. 4 tells us that ctf -IEy1,y0(ŷ|y0,w, z) is stronger than ctf -IEy1,y0(ŷ|y0). Therefore,
we will show the sufficiency of the stronger case, which will automatically apply to the
weaker one.

• We need to derive some (in)dependence criteria based on the graph. We will use the theory
from twin graphs (parallel worlds graphs) (Balke & Pearl, 1994; Avin et al., 2005) and their
extensions made in the make-cg algorithm (Shpitser & Pearl, 2012).

• Another useful tool from (Correa et al., 2021) will be used. We will refer to their Theorem 1
as counterfactual unnesting (ctf-unnesting) when we use it.

• We first show Ŷ ⊥W,Z|Y =⇒ ctf -IEy1,y0(ŷ|y, z,w) = 0

• We afterwards show Ŷ ⊥W,Z|Y =⇒ ctf -SEy1,y0(ŷ) = 0

We begin with the graphical independence criteria. Relevant interventions and observations are
in this case γ = (Ŷy′,w′ ,wy′′ , y,w, z). From the graph in Fig. D.2, we can conclude that
Ŷy′,w′ ⊥ Wy′′ ,W, Y | Z. Having these relations, we can prove that Ŷ ⊥ W,Z|Y =⇒
ctf -IEy1,y0(ŷ|y, z,w) = 0.
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Proof.

ctf -IEy1,y0(ŷ|y,w, z) = P (ŷy1,wy0
|y, z,w)− P (ŷy1 |y, z,w)

= P (ŷy1,wy0
|y, z,w)− P (ŷy1,wy1

|y, z,w)

=
∑
w′

P (ŷy1,w′ ,Wy0 = w′|y, z,w)

−
∑
w′′

P (ŷy1,w′′ ,Wy1 = w′′|y, z,w) ctf-unnesting

=
∑
w′

P (ŷy1,w′ |y, z,w)P (Wy0 = w′|y, z,w)

−
∑
w′′

P (ŷy1,w′′ |y, z,w)P (Wy1 = w′′|y, z,w) Ŷy′,w′ ⊥Wy′′ | Z

=
∑
w′

P (ŷy1,w′ |y1, z,w′)P (w′|y0, z) Ŷy′,w′ ⊥ Y,W | Z,

−
∑
w′′

P (ŷy1,w′′ |y1, z,w′′)P (w′′|y1, z) Wy′′ ⊥ Y,W | Z

=
∑
w′

P (ŷ|y1, z,w′)P (w′|y0, z)

−
∑
w′′

P (ŷ|y1, z,w′′)P (w′′|y1, z)

= P (ŷ|y1)
∑
w′

P (w′|y0, z) Ŷ ⊥W,Z|Y

− P (ŷ|y1)
∑
w′′

P (w′′|y1, z)

= 0

Next, we prove that Ŷ ⊥W,Z|Y =⇒ ctf -SEy1,y0(ŷ) = 0.

Proof.

SEy1,y0(ŷ) = P (ŷy1 | y0)− P (ŷy1 | y1)

=
∑
z

[P (ŷy1 | y0, z)P (z | y0)− P (ŷy1 | y1, z)P (z | y1)] Law of total Prob.

=
∑
z

[P (ŷ | y1, z)P (z | y0)− P (ŷ | y1, z)P (z | y1)] Ŷy1 ⊥ Y | Z

= P (ŷ | y1)
∑
z

P (z | y0)− P (ŷ | y1)
∑
z

P (z | y1) Ŷ ⊥W,Z | Y

= 0

D.3 CONSTANT DIRECT EFFECTS GIVEN Y,Y’

Proposition (Constant Direct Effect for any w, z) The graph G and all implied assumptions are
given. Assume we have a predictor hθh ◦ gθg and its output represented as a random variable Ŷ , such
that Ŷ ⊥W,Z | Y holds. This predictor will have a constant direct effect for fixed y0,y1, for any
w, z. This is compactly expressed as ctf -DEy0,y1(ŷ|y,w, z) = ctf -DEy0,y1(ŷ|y,w′, z′), for any
y0, y1,w, z,w

′, z′.
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Proof.

ctf -DEy1,y0(ŷ|y,w, z) = P (ŷy1,wy0
|y, z,w)− P (ŷy0 |y, z,w)

= P (ŷy1,wy0
|y, z,w)− P (ŷy0,wy0

|y, z,w)

=
∑
w′

[P (ŷy1,w′ ,Wy0 = w′|y, z,w)

− P (ŷy0,w′ ,Wy0 = w′|y, z,w)] ctf-unnesting

=
∑
w′

[P (ŷy1,w′ |y, z,w) Wy′′ ⊥ Y,W | Z

− P (ŷy0,w′ |y, z,w)]P (Wy0 = w′|y, z)

=
∑
w′

[P (ŷ|y1, z,w′) Ŷy′,w′ ⊥ Y,W | Z

− P (ŷ|y0, z,w′)]P (Wy0 = w′|y, z)

= [P (ŷ|y1)− P (ŷ|y0)]
∑
w′

P (Wy0 = w′|y, z) Ŷ ⊥W,Z | Y

= P (ŷ|y1)− P (ŷ|y0)

E PROOFS AND SUPPLEMENTARY DEFINITIONS FOR DISCO THEORY

E.1 SUPPLEMENTARY DEFINITIONS

Definition 5 (Restatement of Definitions: Conditional distance covariance). Let PZ denote the
probability measure of Z. For z ∈ Z , let µz := PX|Z=z and νz := PY |Z=z be the respective
conditional marginals. For θz := P(X,Y )|Z=z , define the distance centered kernels:

dµz
(x, x′) := dX (x, x′)− aµz

(x)− aµz
(x′) +D(µz),

where aµz
(x) :=

∫
dX (x, x′) dµz(x

′), D(µz) :=
∫
dX (x, x′) dµz(x)dµz(x

′), and similarly for dνz .

The conditional distance covariance is defined as:

dCov2(X,Y | Z) := EZ
[
dCov2(X,Y | Z = z)

]
,

where for each z ∈ Z ,

dCov2(X,Y | Z = z) :=

∫
dµz

(x, x′) dνz (y, y
′) dP(X,Y )|Z=z(x, y)dP(X,Y )|Z=z(x

′, y′).

Definition 6 (Strong negative type (Lyons, 2013, §3)). A metric space (X , d) has negative type if
whenever two Borel probability measures µ1, µ2 on X with finite first moments satisfy

D(µ1 − µ2) :=

∫ ∫
d(x, x′) d(µ1 − µ2)(x) d(µ1 − µ2)(x

′) ≤ 0.

Here finite first moment means
∫
d(o, x) dµi(x) <∞ for some (hence any) base point o ∈ X . The

same metric space is of strong negative type when equality implies µ1 = µ2.
Definition 7 (Hilbert embedding (Lyons, 2013, §3)). An isometric embedding of (X , d) into a real
Hilbert spaceH is a map φ : X → H such that

d(x, x′) = ∥φ(x)− φ(x′)∥2H ∀x, x′ ∈ X .

By Schoenberg’s theorem (Schoenberg, 1937; 1938), (X , d) has negative type if and only if such φ
exists.
Definition 8 (Tensor product space). If φ : X → HX and ψ : Y → HY are embeddings into real
Hilbert spaces, their tensor-product embedding

φ⊗ ψ : X × Y → HX ⊗HY
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is defined on simple tensors by

(φ⊗ ψ)(x, y) = φ(x) ⊗ ψ(y),

and extended linearly and by continuity. The inner product onHX ⊗HY satisfies〈
u1 ⊗ v1, u2 ⊗ v2

〉
= ⟨u1, u2⟩HX

⟨v1, v2⟩HY
.

Definition 9 (Barycenter map (Lyons, 2013, Prop. 3.1)). Given an embedding φ : X → H and any
signed Borel measure µ on X with finite first moment, define its barycenter (or mean embedding,
compare to maximum mean discrepancy, HSIC, etc., see (Schrab, 2025) as

βφ(µ) :=

∫
X
φ(x) µ(dx) ∈ H,

which is well-defined.

E.2 PROOF OF THEOREM (CONDITIONAL INDEPENDENCE IFF ZERO COVARIANCE)

Remark 1 (Overloaded notation for ⊗). In this setting, the symbol ⊗ is used in two distinct contexts,
following Lyons’ notation (Lyons, 2013). First, for probability measures, as in µz ⊗ νz , it denotes the
product measure on the product space X × Y . Second, for Hilbert-space-valued embeddings, as in
φ(x)⊗ψ(y), it denotes the tensor product of vectors in the Hilbert spaceHX ⊗HY . The meaning of
⊗ must therefore be inferred from context, though its use is unambiguous within the proof structure.

Theorem 4 (Restatement of Theorem). Suppose (X , dX ) and (Y, dY) are metric spaces of strong
negative type. Let (X,Y, Z) be random elements on a common probability space, and define for each
z the conditional measures µz = PX|Z=z , νz = PY |Z=z and P(X,Y )|Z=z as above. Then

dCov2(X,Y | Z) = 0 ⇐⇒ P(X,Y )|Z=z = µz ⊗ νz for PZ-a.e. z.

Proof. Choose isometric embeddings

φ : X ↪→ HX , ψ : Y ↪→ HY

into real Hilbert spaces. Thereby automatically follows that each of X ,Y has strong negative type,
and moreover so that each barycenter map βφ, βψ is injective on all finite-moment signed measures
(Lyons, 2013, Lem. 3.9). Consider the tensor-product embedding

φ⊗ ψ : X × Y → HX ⊗HY ,

and let θz := P(X,Y )|Z=z be the conditional joint law on X × Y , with marginals µz, νz .

Analog to Lyons (2013, Prop. 3.7), we have for each z the identity

dCov2
(
X,Y | Z = z

)
= 4

∥∥∥βφ⊗ψ( θz − µz ⊗ νz)∥∥∥2
HX⊗HY

.

Taking expectation in z ∼ PZ gives

dCov2(X,Y | Z) = EZ dCov2
(
X,Y | Z = z

)
= 4EZ

∥∥βφ⊗ψ(θz − µz ⊗ νz)∥∥2.
Since norms are nonnegative and barycenters are well-defined on all finite-moment signed measures,
it follows that

dCov2(X,Y | Z) = 0 ⇐⇒ βφ⊗ψ(θz − µz ⊗ νz) = 0 PZ-a.s.

Injectivity of βφ⊗ψ (Lyons, 2013, Lem. 3.9) on signed measures then yields

θz − µz ⊗ νz = 0 ⇐⇒ θz = µz ⊗ νz,

for PZ-almost every z, as required.
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E.3 DISCOm PROOF SKETCH

Proposition 5 (Consistency of DISCOm). Let {(Xi, Yi, Zi)}ni=1
i.i.d.∼ PXY Z with finite first moments,

and let Kh be a positive-definite kernel on Z with bandwidth h→ 0, such that the classical kernel
regression assumptions hold:

• K is bounded, continuous, and integrates to 1,

• h→ 0 and nhdZ →∞ as n→∞.

Then, for each fixed m (or for m = n),

DISCOm(X,Y | Z) p−→ dCor2(X,Y | Z).

Proof Sketch. Step 1. Population quantity. The conditional distance covariance is defined as

dCov2(X,Y | Z = z) = E[a(X,X ′) b(Y, Y ′) |Z = z] ,

where (X ′, Y ′) is an independent copy of (X,Y ) given Z = z. Thus the global target is

dCor2(X,Y | Z) = EZ
[
dCor2(X,Y | Z = z)

]
.

Step 2. Kernel regression approximation. For a fixed reference point Zi, the kernel weights

w
(i)
k =

Kh(Zi, Zk)∑
ℓKh(Zi, Zℓ)

form a Nadaraya–Watson estimator of the conditional distribution around Zi. Hence, for any
integrable function f , ∑

k

w
(i)
k f(Xk, Yk)

p−→ E[f(X,Y ) | Z = Zi].

Step 3. Local centered distances. The locally centered matrices A(i)
kℓ , B

(i)
kℓ converge to the condi-

tionally centered distances a(Xk, Xℓ | Z = Zi) and b(Yk, Yℓ | Z = Zi), respectively.

Step 4. Local conditional covariance. The DISCOm local estimator at Zi,

d̂CovDISCO(X,Y | Zi) =
1∑

k,ℓ wikwiℓ

∑
k,ℓ

wikwiℓA
(i)
kℓB

(i)
kℓ ,

therefore converges to dCov2(X,Y | Z = Zi).

Step 5. Averaging. Averaging over m reference points yields

DISCOm(X,Y | Z) = 1

m

m∑
i=1

d̂CovDISCO(X,Y | Zi)√
d̂CovDISCO(X,X | Zi) d̂CovDISCO(Y, Y | Zi)

,

which converges in probability to the expectation over Z, i.e. dCor2(X,Y | Z).
Step 6. Ratio convergence. The denominators are consistent by the same argument, and the ratio
converges by Slutsky’s theorem.

E.4 SDISCO ESTIMATOR IS CONSISTENT

Proposition 6 (Consistency of sDISCO). Let (Xi, Yi, Zi)
n
i=1

i.i.d.∼ PXY Z with finite first moments, and
let Kh be a positive-definite kernel on Z with bandwidth h→ 0 such that the standard assumptions
of kernel regression hold (bounded, continuous kernel, nhdZ →∞, etc.). Then

sDISCO(X,Y | Z) p−→ dCor2(X,Y | Z),
i.e., the sDISCO estimator is consistent for conditional distance correlation.
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Proof Sketch. 1. Target quantity. The population conditional distance covariance can be written in
kernel-weighted form (see e.g. Székely–Rizzo (2014), Sejdinovic et al. (2013)):

dCov2(X,Y | Z) = EZ
[
dCov2(X,Y | Z = z)

]
.

Using kernel regression with weights wij = Kh(Zi, Zj), one approximates conditioning on Z by
smoothing over neighbors in Z-space.

2. Difference between DISCOm and sDISCO.

• DISCOm: fixes a reference Zi, applies local kernel regression around Zi, then averages
across i.

• sDISCO: symmetrizes over all pairs (i, j), mixing reference points. This is equivalent to
computing the U-statistic version of the same kernel regression estimator.

Formally, sDISCO replaces the empirical conditional centering operator (local per-i) by a globally
weighted version:

Aij = aij − āi· − ā·j + ā··,

with kernel weights ensuring that only pairs with close Zi ≈ Zj contribute significantly.

3. Global centering recovers conditional centering. Note that in the population limit:

āi· ≈ E[dX (Xi, X) | Zi], ā·j ≈ E[dX (X,Xj) | Zj ],

and
ā·· ≈ E[dX (X,X ′) | Z,Z ′],

where (X ′, Z ′) is an i.i.d. copy. Thus the global centering applied to each pair (i, j) yields exactly
the conditional double-centering of distance matrices at the population level. The same holds for Bij
in Y .

4. Law of large numbers with kernel smoothing. Under the standard kernel regression assumptions:

1

S

∑
i,j

wijAijBij
p−→ E

[
dCov2(X,Y | Z)

]
.

This is because the kernel weights wij concentrate on pairs with Zi ≈ Zj , so the weighted empirical
averages converge to conditional expectations. Symmetrization ensures the centering terms cancel
correctly, giving an unbiased U-statistic–type estimator, that implicitly sums over all different
reference points giving a global measure matching the DISCO variant.

5. Normalization (correlation). The same argument applies to the denominators dCov2(X,X | Z)
and dCov2(Y, Y | Z). By Slutsky’s theorem, the ratio converges to the true conditional correlation.

Conclusion. sDISCO is simply the globally symmetrized, U-statistic version of DISCOm. Since
DISCOm is known to be consistent under kernel regression assumptions, and the centering in sDISCO
yields the same conditional expectations in the population limit, sDISCO is also consistent. The
advantage is computational: instead of averaging over local references, sDISCO achieves the same
limit in one global computation.
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F EXPERIMENTS

F.1 DATASETS

F.1.1 CUSTOM DSPRITES

We implemented our own version of the dSprites dataset (Matthey et al., 2017) that allows for full
control of the shapes. We control the shape, orientation, x/y-positions, and the scale of objects placed
within a 2D grid.

Figure F.3: Custom dSprites examples.

F.1.2 BLOB DATASET

Inspired by Adeli et al. (2021), we generate synthetic images with two Gaussian blobs. We control
the intensities of the blobs, and bias their relationships as described in the main body.

Figure F.4: Blob dataset examples.

F.1.3 YALEB.

The extended YaleB dataset (Georghiades et al., 2001; Yale, 2001) gives us images of faces in
different poses. Additionally, these images have a single light source that is varied across different
combinations. We utilize the azimuth and elevation of the light source as a bias as described in the
main body of this manuscript.

Figure F.5: Extended yaleB examples

F.1.4 FAIRFACE

The FairFace dataset (Karkkainen & Joo, 2021) provides a range of demographic annotations
that can be leveraged to study and mitigate bias. In our experiments, we focus on sex and skin
tone as salient attributes. Since FairFace does not provide an explicit skin tone annotation, we
inferred it by reinterpreting the dataset’s “race” attribute, specifically the “Black” label, which in
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practice corresponds most consistently to darker skin tones. Importantly, we do not endorse the
conceptualization of “race” as used in FairFace: the category is ontologically unstable, lacks scientific
grounding, and reproduces historically problematic constructs.

Figure F.6

F.1.5 WATERBIRDS

We adopt the Waterbirds dataset (Sagawa et al., 2019), constructed by overlaying birds (Welinder
et al., 2010; Wah et al., 2011) on land or water backgrounds (Zhou et al., 2017).

Figure F.7

F.1.6 MNLI

Dataset and Experimental Setup. We use the MNLI dataset (Williams et al., 2018), adopt-
ing the exact bias mitigation setup described by Sagawa et al. (2019). The task is to predict the
relationship ∈ {entailment, neutral, contradiction} between a sentence pair, where negation
terms (e.g., ’nobody’, ’no’, ’never’, ’nothing’) act as spurious features highly correlated with the
target label.

Unlike our other datasets (Waterbirds, dSprites, Blob, FairFace, YaleB), which offered enough control
or balance to construct unbiased validation and test sets, the MNLI base dataset is heavily biased.
Since creating a strictly unbiased test set would require discarding excessive data, we follow the
protocol of Sagawa et al. (2019): we report Worst Group Accuracy (WGA) and perform model
selection based on this metric. Note that WGA is only applicable to datasets where both targets and
bias attributes are categorical.

Experimental Results. For this task, we utilize TinyBERT (Jiao et al., 2020) as the backbone. Tab.
3 demonstrates that the DISCO variants remain highly competitive. GDRO was the only method to
outperform DISCOm, doing so by a narrow margin of 0.4% WGA. Conversely, the Adversarial and
CIRCE methods proved unstable, performing significantly worse than the naive baseline (TinyBERT
without regularization), despite having access to the same hyperparameter search space.

We conclude that our proposed sDISCO and DISCOm predictors are highly flexible across variable
types and data domains (image and text). Our methods consistently lead the performance tables or, at
worst, rank second.

F.2 BIAS MITIGATION METHODS

All of the baseline methods apply different ideas and techniques, but need a backbone architecture.
We used the same architecture, depending on the dataset, for all bias mitigation methods. We utilized
the classical ResNet (He et al., 2016) in all experiments. To be more detailed, we used the ResNet-18
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Model WGA BAcc

TinyBERT 0.616 ± 0.010 0.785 ± 0.005

Adversarial 0.356 ± 0.058 0.731 ± 0.010
eDISCO 0.730 ± 0.020 0.778 ± 0.005
DISCOm 0.751 ± 0.007 0.784 ± 0.009
CIRCE 0.516 ± 0.069 0.764 ± 0.009
C-MMD 0.627 ± 0.007 0.785 ± 0.004
Fishr 0.645 ± 0.017 0.772 ± 0.003
GDRO 0.755 ± 0.010 0.785 ± 0.000
HSCIC 0.716 ± 0.020 0.791 ± 0.001
IRM 0.738 ± 0.008 0.789 ± 0.003

Table 3: Results of methods on MNLI. Reported are worst group accuracy (WGA) and balanced
accauracy (BAcc).

variant implemented in the torchvision library (maintainers & contributors, 2016), pretrained on
ImageNet (IMAGENET1K_V1)(Deng et al., 2009), for dSprites, yaleB, Waterbirds, and FairFace.
For the Blob dataset, which deals with smaller images, we used our own implementation of the
ResNet architecture that uses group norm (GN) instead of batch norm, as GN was more stable in our
experiments. We also changed the depth to two residual blocks, and edited the maxpooling logic to
fit the requirements for this small resolution dataset.

For MNLI, we used the original TinyBERT of Jiao et al. (2020) and directly used their offi-
cially pre-trained version from HuggingFace at https://huggingface.co/huawei-noah/
TinyBERT_General_4L_312D.

All details can be found in our repository.

F.2.1 GDRO

We implemented GDRO exactly following the code and paper by Sagawa et al. (2019). GDRO is one
of the standard methods when it comes to bias mitigation as it directly builds on the DRO method that
can be seen as a defacto standard in domain generalization (Ben-Tal & Nemirovski, 2002). GDRO
is a very efficient method that does not introduce any additional hyperparameters in its standard
formulation, compared to the naive ResNet.

F.2.2 ADVERSARIAL

There are many different suggestions how to design adversarial networks for domain generalization
or bias mitigation (Ganin et al., 2016; Wang et al., 2019; Adeli et al., 2021). But most of them differ
in some details rather than the general approach. The adversarial network, as all other methods in this
paper as well, use the ResNet backbone. Following the ResNet activations, we attach different heads.
One head will always be responsible for the task prediction, thus predicting the target Y . Then, for
every bias variable present, a new head will be introduced. The optimization procedure is as follows:

• predict the task. Update ResNet and the task head parameters.

• for each bias, predict it. Update only the bias prediction heads (protected attribute step).

• for each bias, predict it. Use the negative gradient of the loss and update only the ResNet
(unlearn step).

There are many different ways to parametrize the optimization procedure for this adversarial setting.
Some suggest using different learning rates for each of the network parts, including each of the bias
heads. We, instead, use a single learning rate for the entire network with all of its parts. To adjust the
weighting of the different network parts, we use λprotected as the parameter that controls the learning
weight for the task head. All bias heads use the same weighting parameter λunlearn. Instead of using
different learning rates, this loss weighting reduces to an equivalent formulation, while being more
comparable to the other, regularzation-based methods. See Tab. 4 for the search space.
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F.2.3 C-MMD

We implemented c-MMD, as formulated similarly by Makar et al. (2022); Kaur et al. (2022); Veitch
et al. (2021). It tries to penalize predictions or latent representations based on conditional MMD.
Besides the penalty strength λ, it introdcues a single bandwidth (bw) hyperparameter that controls
the (Gaussian) kernel’s bandwidth on the network prediction outputs. See Tab. 4 for the search space.

F.2.4 HSCIC

This method is an direct extension of the classical HSIC measure (Gretton et al., 2005; 2007) to
the conditional setting. Quinzan et al. (2022) first used it in their work, but their implementation
is extremely inefficient. We directly adapted the efficient implementation given by Pogodin et al.
(2022).

This method is the most expensive one, when it comes to hyperparameters. It introduces 5 hyper-
parameters. We did a grid search over 4 of them, as this space was already immense, compared to
the others, and held one of them fixed, based on initial results. The 4 hyperparameters we searched
over is the regularization strength, λ, and three bandwidth parameters, σ, for each of the involved
variables in the conditional independence criterion. It further has another parameter, the ridge re-
gression regularization parameter, λridge, we which held fixed at 0.01, following similar values as in
Pogodin et al. (2022); Quinzan et al. (2022), and also ensuring in preliminary runs that this value is
advantageous for the method in our settings. See Tab. 4 for the search space.

F.2.5 CIRCE

CIRCE (Pogodin et al., 2022) is a direct extension of the HSCIC method. It was published as a direct
successor or competitor. CIRCE, in theory, has a similar set of hyperparameters. But it reduces the
search space by doing a small, pre-training hyperparameter optimization that does not depend on the
neural network, in advance. See Tab. 4 for the search space.

F.2.6 DISCO

Our methods, DISCOm and sDISCO, introduce the regularization strength λ and the bandwidth (bw)
parameter for the Gaussian kernel. See Tab. 4 for the search space.

F.2.7 HYPERPARAMETERS

Table 4: Hyperparameter grids searched for each method, along with the total number of runs
evaluated.

Method Hyperparameter Grid Runs

Adversarial Network λprotected ∈ {10.0, 5.0, 2.0, 1.0, 0.5, 0.1}
λunlearn ∈ {10.0, 5.0, 2.0, 1.0, 0.5, 0.1} 6× 6 = 36

DISCO (both) bw ∈ {1.0, 0.9, 0.5, 0.1, 0.01, 0.001}
λ ∈ {10.0, 5.0, 2.0, 1.0, 0.5, 0.1} 6× 6 = 36

CIRCE
λ ∈ {1000.0, 100.0, 10.0, 1.0, 0.1}
σ2
ŷ ∈ {0.9, 0.5, 0.1, 0.01, 0.001}
σ2
z ∈ {0.9, 0.5, 0.1, 0.01, 0.001}

5× 5× 5 = 125

c-MMD bw ∈ {1.0, 0.9, 0.5, 0.1, 0.01, 0.001, 0.0001, 0.00001}
λ ∈ {1000.0, 100.0, 10.0, 1.0, 0.5, 0.1} 8× 6 = 48

HSCIC

λ ∈ {1000.0, 100.0, 10.0}
σ2
ŷ ∈ {0.5, 0.1, 0.01, 0.001}
σ2
z ∈ {0.1, 0.01, 0.001}
σ2
y ∈ {0.1, 0.01, 0.001}

3× 4× 3× 3 = 108

IRM λ ∈ {1.0, 2.0, 10.0, 100.0, 500.0, 1000.0, 5000.0, 10000.0, 50000.0, 100000.0}
warm-up epochs ∈ {0, 10, 30, 40} 10× 4 = 40

Fishr λ ∈ {1.0, 2.0, 10.0, 100.0, 500.0, 1000.0, 5000.0, 10000.0, 50000.0, 100000.0}
warm-up epochs ∈ {0, 10, 30, 40} 10× 4 = 40
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F.3 PATH ANALYSIS COUNTERFACTUALS

As a recap, for this experiment, scale is our target attribute, and we predict it in a binary manner
(large vs. small scale). The X and Y positions of the object itself work as biases we want to mitigate.

In the manuscript, we quantified model sensitivity to counterfactual changes of a bias variable X via
the following measure:

SX(θ) := Eu∼U Ex∼Unif(supp(X))

[ ∣∣P (Ŷ (u); θm)− P (Ŷx(u); θm)
∣∣ ] ,

and analogously defined SY (θ) for the variable Y .

In addition, we further introduced counterfactual accuracy,

Accctf := Eu∼U Es∼Unif(supp(Scale))

[
1
{
Y (u) = Ŷs(u)

}]
,

which evaluates whether predictions remain consistent with ground-truth outcomes under counterfac-
tual changes of the causally relevant target variable Scale.

To visually understand what these formulas measure, we fix a single unit u ∈ U . The following Fig.
F.8 shows what some of the different counterfactuals look like for this given unit u.

Original CF 1 CF 2 CF 3

(a) 3 Counterfactuals, varying X-position.
Original CF 1 CF 2 CF 3

(b) 3 Counterfactuals, varying Y-position.
Original CF 1 CF 2 CF 3

(c) 3 Counterfactuals, varying Scale.

Figure F.8: Counterfactual images for a given unit u, labeled here as “Original”.

F.4 COUNTERFACTUAL ANALYSIS ON DSPRITES

To further illustrate the benefits of counterfactual analysis, we consider the same dSprites setup as in
the main manuscript (Sec. 4). Specifically, we evaluate one of the already hyperparameter-optimized,
best-performing variants for each method.

In the main experiments, we followed standard practice in the domain generalization literature
and reported results on bias-balanced validation and test sets. While this setting is appropriate for
assessing overall causal stability in a single balanced setting, it does not necessarily reveal why
a model fails. In particular, causal stability is not the only goal. While a model might be stable
to counterfactual changes of the bias attribute, it might do so by also reducing overall predictive
performance.
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Counterfactual analysis, grounded in the causal graph formalized through SAM, provides these exact
complementary insights. To recall the setup from the Section 4: the target variable Y is the vertical
position (y-coordinate) of the object in the 2D plane, while the bias attribute is the horizontal position
(x-coordinate), denoted as X .

Analogous to pathway analysis, we define

SX(θ) := Eu∼U Ex∼Unif(supp(X))

[ ∣∣Ŷ (u)− Ŷx(u)
∣∣ ] ,

which measures the path-specific sensitivity of the model output with respect to the attribute X .

Similarly, in analogy to counterfactual accuracy, we introduce the counterfactual R2 score:

R2
ctf := 1−

Eu∼U Ey∼Unif(supp(Y))

[(
y − Ŷy(u)

)2]
Ey

[(
y − Ȳ (u)

)2] ,

where Ȳ denotes the mean of Y over all counterfactually generated samples. This parallels the
standard R2 score, but is evaluated under counterfactual interventions on the Y attribute.

Table 5: Counterfactual sensitivity SX and counterfactual R2 scores across methods on dSprites.
Lower SX indicates reduced spurious dependence on the bias attribute X , while higher R2

ctf indicates
better counterfactual predictive performance.

Method SX R2
ctf

DISCOm 0.058 0.7181
sDISCO 0.067 0.6474
HSCIC 0.064 0.6021
CIRCE 0.064 0.5939
Adversarial 0.084 0.4812

Since Y has a standard deviation of 0.2 in the test set, we observe that all models manage to reduce
dependence on the bias variable X , though to varying degrees. Recall from Tab. 2 in the main text
that sDISCO ranked above HSCIC and CIRCE in terms of balanced accuracy. While this metric
reflects a combination of debiasing and predictive performance, it does not disentangle which factor
contributed more.

Counterfactual analysis provides this finer-grained perspective. Tab. 5 shows that sDISCO, HSCIC,
and CIRCE all achieve comparable mitigation of bias effects, as indicated by similar SX values.
However, their counterfactual R2 scores reveal a different story: both HSCIC and CIRCE reduce
dependence on X at the cost of predictive accuracy on the task-relevant variable Y .

In summary, while balanced accuracy on a bias-balanced test set is useful for reporting overall
performance, counterfactual path analysis enabled by SAM allows us to better understand why certain
models fail. In this experiment, we see that HSCIC and CIRCE, although nearly matching sDISCO
in debiasing effectiveness, sacrifice too much information from the true target variable Y .
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