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ABSTRACT

Integrating evidence from heterogeneous datasets is challenging when predictor
spaces differ and data distributions shift. Large datasets such as biobanksabcde-
fghijrefer to as external dataabcdefghijoffer substantial sample sizes but often lack
in-depth information due to cost constraints. In contrast, internal datasets from
smaller analytic studies provide richer, individual-level detail. We propose a gen-
eral Distributionally Robust Optimization (DRO) framework for integrating in-
ternal individual-level data with external summary-level data under distributional
shift. Our method minimizes Cressie-Read divergence between a full model (fit to
internal data with many predictors) and a reduced model (estimated from external
data with fewer predictors), using a specialized nested-iteration algorithm. While
effective under moderate shift, standard DRO can degrade when the distributional
shift is severe. To mitigate this, we introduce an Empirical Bayes DRO (EB-DRO),
which stabilizes estimates by adaptively shrinking toward internal-only solutions.
We further develop an ensemble EB-DRO method that aggregates across multiple
divergence families to improve robustness without selecting a single best fam-
ily. Our proposed methods preserve privacy by operating on external summary
statistics, support robust integration under shift, and enable valid inference when
no shift is present. Simulations show that DRO improves over internal-only esti-
mates under light shifts, EB-DRO adds stability under greater shifts, and ensemble
EB-DRO achieves the most consistent robustness overall.

1 INTRODUCTION

The rapid expansion of large-scale data resources—spanning biobank-scale cohorts (e.g., UK Bio-
bank, All of Us), healthcare systems with electronic health records, and digital traces from wearables
and online platforms, is transforming both machine learning and applied sciences (Lapatas et al.,
20155 |Ashley,[2016; Russ et al.L[2019). Large external datasets provide unprecedented breadth (sam-
ple size) but often lack detailed measurements due to cost constraints. Smaller internal studies, in
contrast, collect richer covariates on a limited scale. The challenge is to integrate breadth with depth
in a principled way, enhancing efficiency, robustness and generalizability of inference.

However, direct sharing of individual-level data is often blocked by privacy, regulatory, and logisti-
cal barriers (Rothstein, [2010; |Kisselburgh and Beever;2022), so large cohorts typically release only
summary statistics (e.g., regression coefficients, odds ratios). These summaries, in practice, are of-
ten derived from reduced covariate sets and from populations that differ from the richly measured
internal study, creating pervasive distributional shift between internal and external data sources. If
ignored, such shifts can bias estimates and erode the benefits of integration (Zhai and Han) 2022
Taylor et al.|[2023)). To address this, we develop a distributionally robust data integration framework
that combines individual-level data with external summary statistics, enabling efficient learning that
is stable under diverse shift scenarios.

Related work. Existing methods typically mitigate distributional shift by targeting specific forms,
such as covariate shift in which covariate distributions differ but the conditional model remain in-
variant, or conditional shift in which the conditional model itself differs across studies. For example,
Han and Lawless| (2019) employed a small supplementary sample to bridge marginal differences in
covariates. When the supplementary sample is unavailable, [Estes et al.| (2018)) proposed a matrix-
weighted empirical Bayes estimator that guarantees prediction error no worse and often better than
the internal-only estimate. (Gu et al.| (2023) extended this idea to settings with multiple external stud-
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ies. In a similar spirit, [Han et al.[|(2024) used a James-Stein-type shrinkage method to cast the shift
as a linear constraint. Furthermore, Sheng et al.|(2024) modeled the distributional shift via unknown
parameters and developed shift-adjusted estimation procedures. Besides, selective-integration meth-
ods, such as|Chen et al.|(2021)); Zhai and Han|(2022), applied penalized shrinkage to many external
sources, borrowing strength only when they align with the internal population and thus avoiding bias
under shift. Sheng et al.| (2022)) proposed a two-step procedure: conduct a homogeneous population
hypothesis testing to identify compatible studies and integrate information only from those retained.
While effective in their settings, these approaches are not designed to adapt broadly across different
shift mechanisms.

Our approach. We leverage distributionally robust optimization (DRO), which seeks models that
perform well under worst-case perturbations of the distribution (Duchi and Namkoong, [2021). Al-
though widely studied in statistics and machine learning, DRO has not, to our knowledge, been
applied to data integration with external summaries under moment constraints. In related work, em-
pirical likelihood (EL) has provided a popular framework for incorporating summary statistics by
treating them as moment conditions (Qinl [2000; (Chatterjee et al.l |2016; Han and Lawless)} 2019
Kundu et al.||2019). In particular, DRO’s dual reweighting form generalizes EL, which preserves the
empirical-likelihood structure while explicitly accommodating distributional shifts between studies.
This makes DRO a natural and flexible foundation for the summary-based data integration. Build-
ing on the DRO framework, we introduce an empirical Bayes stabilization step that adaptively bal-
ances efficiency and robustness, and further develop an ensemble across divergence families. Taken
together, these innovations yield an integrative method that delivers robust performance without
requiring assumptions on the type or extent of distributional shift.

In this paper, we address the challenge of integrating internal individual-level data with external sum-
mary statistics when both distributions and covariate sets differ. Our main contributions are:

* We propose a DRO formulation for integrating internal individual-level data with external sum-
maries under moment constraints, based on the Cressie-Read divergence with a dual represen-
tation and a scalable nested optimization algorithm.

* We develop an empirical Bayes stabilized variant (EB-DRO) that adaptively shrinks toward
the internal-only estimator to safeguard against severe shift, and further introduce an ensemble
EB-DRO that aggregates across the Cressie-Read family of divergences.

» Theoretically, we establish asymptotic normality of the DRO estimator, showing it is at least as
efficient as the internal-only estimate without shift and converges to a pseudo-true value with a
leading bias term under shift, and prove that EB-DRO enjoys an oracle risk guarantee.

* We demonstrate through simulations that DRO excels under mild shifts, EB-DRO stabilizes
under stronger shifts, and the ensemble achieves the most consistent robustness across regimes.

2 METHODS

Problem setup. We consider two heterogeneous data sources:

* Internal (individual-level) data: {(Y;, X;,Z;) zN:“i, where X; € R? are covariates measured

in both studies and Z; € R%~7 are additional covariates observed only internally.

* External (summary-level) data: a large study with only X observed, providing the maximum
likelihood estimate (MLE) 8* for the reduced model fg(Y | X). Due to the massive sample
size Neyxe = 10° or 10, we treat 8* as the true reduced-model parameter 6.

We model Y via the following generalized linear models (GLMs):
Y| (X,2) ~GLM{n = (X", Z2")8}, ¥ |X ~GLM(y=X"0),

where 3 € R? parameterizes the internal study and @ € R is the reduced-model parameter for the
external study. Notably, 8 is not simply the X-subvector of 3, since in GLMs the estimated effect
of a feature depends on other features included in the model.

Distributional shift. The two studies may involve different populations or follow different proto-
cols, leading to distributional shift. Such shifts may stem from changes in the marginal covariate
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distribution, the conditional distribution, or both. Our DRO formulation is agnostic to the shift type
and provides robustness in all cases, though the conditional shift poses greater methodological chal-
lenges. Let 3 denote the external full-model parameter, which may differ from the internal 3; the
reduced parameter 6* is the projection of 3% onto the shared covariates X. Our goal is to robustly
estimate 3 by integrating internal data with the external summary 8*, leveraging the large external
sample while accounting for possible shifts (see Fig. [AT).

2.1 DISTRIBUTIONALLY ROBUST DATA INTEGRATION

2.1.1 FORMULATION AND DUAL REPRESENTATION

We estimate 3 via a distributionally robust optimization that augments the internal likelihood with a
divergence penalty and a moment constraint. Let p = (p1, ..., pn,, ) be non-negative weights defin-
ing a reweighted empirical distribution over the Vi, internal samples. Our objective is

N; Nin

. 9 Vi . 1 Pi
I%“{m;bgf"(“'x“zi” m Nmzm(%)}»

P15---PNyp, P
i=

Nin Nin
s.1. sz =1, Di 2 0, ZPZU(XM Z’La/670*) =0.
i=1 =1

Here fg is the GLM likelihood for observation 4, and ¢ (-) denotes a Cressie-Read ¢-divergence,
which regularizes reweighting by measuring the deviation of p from the uniform weights, with %
tuning its strength. The vector-valued moment function w encodes the external summary, defined as

w(X,Z;8,0") =Epyvix,z){h(Y,X;6") | X, Z} = /h(K X;0%)fp(Y | X, Z)dY,

where h(Y, X; 6*) € R? is the reduced-model estimating function used to obtain summary 6* from
external data. Although individual-level external data are unavailable, evaluating h(Y, X; 68*) based
on internal Y and X enables moment matching for cross-source compatibility.

Theorem 1 (Variational dual of DRO integration). Let ¢ be a proper, closed, convex divergence with
@(1) = 0 and convex conjugate ¢*. We write u;(3) = w(X;, Z;; B, 0%), then the estimator in Eq.
admits the saddle formulation:
9 Nin 1 Nin
min__max l— > log fa(Yi | Xi, Zi) + 7 — ¢*{7+ATui(ﬂ>}]-
i=1 =1

B ~ER, AERY Nin 4 Nip “

Specializing to the Cressie-Read family, the inner maximization over -y in Theorem [I] can be solved
in closed form, yielding a compact expression depending only on A, stated below.

Corollary 1 (Cressie-Read dual form). For the Cressie-Read divergence ¢y (x) = ﬁ(z*k -1)

with conjugate ¢ (y) = —% (—%y) R/ (k1) + k(k2+1)’ the dual DRO problem reduces to the fol-
lowing form (derivation in Appendix|C)):
Nin

i — 1 Y: | X4, Z;) + Hi (A, , 2

mén@e%{ ;ngﬁ( | )+ Hi( ﬂ)} 2)

where
N k+1
N; 1 K
Hi(A\B) = —2 | — > {1+ ATu(B)} 1 :

We define the optimum value of Eq. as the DRO estimator ,@DRo,k.

For a fixed 3, maximizing H}, is equivalent to minimizing Mj, whose specific forms are reported in
Table|l} Since the mapping Hj, — M), is monotone, we have

maxcra Hg(A) <= minxers My (A).
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Notably, the inner minimization in M}, () is convex for all k in the Cressie-Read family. For k& < 0,
convexity follows from the map ¢ — t*/(*+1) while for k > 0, the sign adjustment in the last row
of Table [T|ensures convexity. In addition, Table [T] indicates that the proposed framework naturally
incorporates both the empirical likelihood (EL) and the exponential tilting (ET) methods, thereby
unifying a broad class of classical estimators. These properties are formalized in Lemmas of
Appendix [D} Lemma [AT|establishes the EL and ET limits, and Lemma[AZ] proves the convexity of
the inner dual.

Table 1: Inner objectives across the Cressie-Read family.

Special Cases k Hi(\) Mi(X)
Empirical likelihood 0 > log(1+ ATw;) = log(1+ ATw;)
Exponential tilting -1 —Ninlog{}", exp(ATw;/2)/Nin} > exp(ATu;/2)
GMM -2 Nin/2{>"; (1 + XTw;)2/Nip} 1 oL+ ATw,)?
Pearson/Neyman x> 1 Nin/2{3>"; V14 ATu; /Ny }2 > V1I+H ATy,
Freeman-Tukey —1/2 AN, {314+ ATwy) " /Ny, 32 S+ ATw) ™
General CR family k<0 Nin/{k(k+ 1)}{3;(1 + XTay) o/ FHD /NG PoFL S (14 ATy )R/ (41
k>0 (same as above) =5 (14 ATy R/ (RFD)

Consequently, Eq.[I]provides a novel DRO framework for data integration with external summaries.
It recovers classical estimators such as EL, ET, GMM, and x2. More importantly, its scope is consid-
erably broader: varying the Cressie-Read index k can generate a continuum of penalty forms, each
shaping the bias-variance-robustness trade-off in distinct ways. This flexibility is central to our pro-
posed framework: while classical methods arise as fixed choices of k, our approach enables system-
atic exploration across a broad continuum of Cressie-Read families beyond the traditional cases.

2.1.2 ROBUSTNESS PROPERTIES AND INSIGHTS

We now turn to the theoretical properties of the proposed DRO estimator. In particular, we study its
asymptotic behavior under varying levels of distributional shift.

Theorem 2 (Asymptotic normality under no shift). Assume the regularzty conditions in Appendix[E]

and the well-specified moments E{u;(8*)} = 0. Let (,BDRO ks )\k) solve the first-order conditions
of the DRO objective with Cressie-Read index k. We define {; (,8) log f3(Y; | Xi, Z), then

BDRo,k—ﬁ* d J —c17'[3 o J ¢!
() s €18 )l £
where J := E{—V%ﬁ&(ﬁ*)} C = E{V ﬁHk( B9} Q1 = ]E{Vﬁui(,@*)Vgui(B*)T} and
Qy = —E{V3,Hk(0,8%)}. Profiling out X yields

VN (Borok — 8°) S N0, AT'VA ) A:=J+C'Q;'C,V:=J+C'Q;'0,0;'C.
Denote G := E{Vgu;(8*)} and S := E{u;(8*)u;(8*)" }, for the Cressie-Read family, Lem-
mas|ASHA4| show

C=G/(k+1), Q= =S/(k+1)>2

Clearly, all (k + 1)-factors cancel, so the first-order limit coincides with the efficient EL/ET/GMM
variance under correct specification. Full Derivations are in Appendix|E]

Remark 1. Note that the asymptotic variance (J+G "S~'G)~! is no larger than J~!. Thus, relative
to the “naive” estimator with variance J~! that ignores the external summaries, the DRO estimator
achieves strictly greater efficiency whenever G # 0, under no distributional shift.

Challenges under distributional shift. Deriving the asymptotic distribution of the DRO estimator
is considerably more involved under shift than in the no-shift case. The main difficulty is that the
dual penalty Hy (X, 3) is not additively separable across samples: it is a nonlinear functional of the
empirical mean of transformed scores. This prevents direct use of standard M-estimation theory. To
proceed, Lemma[A6|provides an influence-function expansion of Hj, that linearizes the non-additive
structure and represents first-order fluctuations as sums of i.i.d. per-sample terms.
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Theorem 3 (Asymptotic normality under distributional shift). Assume the regularity conditions in
Appendix@ Let (BpRro,k; Ak) solve the DRO estimating equations with Cressie-Read index k, and
let BT denote the population target. Then

3 d
V/Nin(Borox — B8 & N(O,V;),
where V; is a profile sandwich variance of the form

Vi = (A)"HKT + (€T () 'aj@)) 'cf
+(CN (@) 'K, + (Ki,) " (@) 'cTal) .

Remark 2. The variance expression reflects both the usual score variability and the additional contri-
bution from the dual multipliers Ay, which capture the effect of distributional shift. All detailed def-

initions of the block matrices Ag, K, Ct ol o Ki 4> together with the linearization of Hj, into

summable influence functions, are provided in Lemma[A6and Theorem[A6]of Appendix

The estimator 3DRO, « converges to a pseudo-true value 37, which generally differs from 3* under
distributional shift. Lemma[A7]in Appendix [Fgives that a local expansion around 3*:

Borok — B =T~ GTSTIG) LGS I8+ 0,(N, /%) +o([8])),

with shift term § = E{w;(3*)}. Hence, under mild shifts (]|d|| small), the bias is negligible relative
to sampling noise, while it dominates and persists asymptotically under large shifts. Importantly,
the leading bias and variance are k-free, though k affects higher-order terms and finite-sample be-
havior. Thus, DRO estimators are robust under small misspecification but deteriorate as shifts grow,
motivating the stabilized EB-DRO method in Section[2.2]

2.1.3 ALGORITHMIC DETAILS

The DRO problem is solved by a nested optimization (Algorithm [I)), with an outer update for 3
and an inner update for A. Both use Newton-Raphson steps scaled by the Hessian, with stability
ensured via a backtracking line search: the update step is multiplied by a factor 7, halved until the
descent condition is satisfied. In the outer loop, the objective is £ (8) = — >, log fa(Yi | X,

Z;,) + H k{j\(,@), B}, implicit differentiation is applied to incorporate the dependence of the inner

optimizer A(3) on 3. This approach extends the empirical likelihood algorithm of[Han and Lawless
(2019) to the full Cressie-Read family, providing a unified method for any divergence index k.
Gradient/Hessian derivations and implicit differentiation details appear in Appendix

Algorithm 1 Nested DRO solver (Cressie-Read index k) with Newton updates and backtracking

1: Input: initial 3(%); tolerances (Eouts €in ); max iters (Tout, Tin);

2: fort =0,1,...,Toy do # outer loop
3: Inner solve (given 3()): set A(©) = 0

4: fors=0,1,...,T;, do # inner loop
5: if | VAML (A, 3®)|| < &1, then break

6: end if

7: Update A+« A6 7 V3, M (A, B0} 1V 5 My (M), 31)) with backtrack-

ing (T, < Tin/2) until descent holds

8: end for

9:  Set A(B®) A

10:  if|[Vala{BD, A(BM)}|| < cous then break

11: end if R -

122 Update B*HD « B0 — 15, [V3505 {BD, X(BM)}] 'Vl {BY, X(B1)} with back-
tracking (Tout < Tout/2) until descent holds

13: end for _ .

14: Return: Bprox = BY, Ay = A
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2.2  EMPIRICAL BAYES-STABILIZED DRO (EB-DRO)

Although the DRO estimator BDRO, & can substantially improve efficiency under mild distributional
shift, its bias may grow quickly as the shift increases. Under severe shifts, Bpro,, can even perform

worse than the internal-only estimator 3;, taken as the maximum likelihood estimator (MLE) from
the GLM fit using the internal sample. To guard against this deterioration, we introduce an Empirical
Bayes (EB) stabilization step: an adaptive shrinkage procedure that combines the DRO and naive
estimators. This construction preserves DRO’s efficiency gains under mild shifts while ensuring
robustness under large shifts.

LetZ := BDRO,k — B}, A :=7ZZ7 and = Var(,é\j). The EB-DRO estimator is
BEB,k =(I- W)BDROJ@ +WgB;, W= 11(;‘x + f31)_1

This form arises naturally from a Gaussian hierarchical model in which Bpro, i serves as the prior

center (uncertainty 11) and ,@ 7 is modeled as a Gaussian observation with covariance > 1, as detailed
in Appendix[[.1} Furthermore, the following proposition makes explicit the resulting shrinkage prop-
erty, with proof given in Appendix

Proposition 1. The EB-DRO estimator admits the equivalent representation
BEB.,k = BDRO,k +aZ=(1- Oé)ﬁDRo r+aB, a=2"3% TZ/(1+ ZTE 'Z) € (0,1). (3)

This proposition shows that EB-DRO adaptively 1nterp01ates between the DRO and naive estimators

depending on their Mahalanobis discrepancy. When ﬁDRo  and ,8 1 are close, a =~ 0 and EB-DRO
coincides with DRO, preserving efficiency. When they diverge, « — 1 and EB-DRO reverts to the
naive estimator, ensuring robustness.

Theorem 4 (Oracle risk guarantee and regret). For w € [0, 1], define

B(w) = (1 = w)Boro s +whr, R(w) =E|Bw) — B3,
Let Tl 11(t) = min{1, max{0,t}}. The oracle weight

w* =M yf{a—m/(a+c—2m)}, a=|byll3+tr(Vbrow), ¢ = tr(X;), m = tr(Cy),

with bk = ]E(BDRO,]C) - ,3*, VDRO,k = Val"(BDRo_’k) and Ck = COV(BDRO,IC»BI); minimizes
R(w) and satisfies
R(w*) < min{R(0), R(1)}.

Hence the oracle EB-DRO is never worse than DRO or naive. Moreover, for any w € [0, 1],
R(w) = R(w*) + (a + ¢ — 2m)(w — w*)?,

giving an exact quadratic regret identity.

Remark 3. The EB-DRO estimator uses the data-adaptive weight « from Eq.[3] Although @ # w* in
general, Appendix shows that a 2> g, where oy = bZEI_lbk/(l + ngI_lbk). In the extreme
regimes of no shift or large shift, «y = w*, so EB-DRO inherits the oracle guarantee asymptoti-
cally. Moreover, Theorem ] implies that any plug-in weight (including ) incurs at most a quadratic
excess-risk term relative to w*, which vanishes asymptotically. This motivates our ensemble EB-
DRO strategy: by aggregating across divergence indices k, we further dampen plug-in variability
and stabilize performance across a wider range of shifts.

2.3 ENSEMBLE EB-DRO

Different divergence indices k yield EB-DRO estimators {BEBJC : k € K}, each associated with a
posterior covariance

Q=S +AD!

where Kﬁ denotes the Moore-Penrose pseudoinverse of Kk = (,@DRo,k - ,@ I)(BDRO,k - BI)T.
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To stabilize performance across various shifts, we aggregate the individual EB-DRO estimators into
a precision-weighted ensemble:

B = {2, @0} {3 (@) Brns) @

This ensemble can be interpreted as the posterior mean of a higher-level Gaussian model in which
{BEB, k } ek serve as complementary noisy signals about the same target.

Theorem 5 (Stability of ensemble EB-DRO). Let Qyy = COV(B\EB,]C, ,@EB,g) and assume ﬁk 2

Qi for all k. Then E||[§Ens - 843 < minjex ]E||BEB’]- — B*13 + Across + 0(1), where Across
depends only on the off-diagonal cross-covariances {2y } k¢ (explicit form in Appendix El)

Theorem [5] shows that the precision-weighted ensemble achieves mean squared error no larger than
the best EB-DRO up to a correlation penalty A;oss. Individual EB-DROs can be unstable: plug-in
variability in « (Eq. [3) may underweight the naive estimator, leading to inflated risk and sometimes
performing worse than naive. The ensemble mitigates this by averaging across k, dampening vari-
ability and pulling risk back toward a safe baseline, thereby ensuring stability across shift regimes.

Summary. We introduced three estimators: (i) DRO, which leverages external information to im-
prove efficiency under mild shift but may suffer bias under severe shift; (ii) EB-DRO, which adap-
tively shrinks between DRO and the internal estimator to stabilize performance; and (iii) the ensem-
ble EB-DRO, a precision-weighted aggregation across divergences & that dampens plug-in variability
and ensures robustness across a wider range of shifts. We next investigate their empirical behavior
through simulations.

3 SIMULATION EXPERIMENTS

3.1 SIMULATION SETUP

We simulate binary outcomes from a logistic GLM. Let X = (1, X1,...,X5)" include an inter-
cept and five covariates. The true coefficient vector is 3* = (1,—1,—1,1,—1,-1)T = (8§, 57,
.., 85)T € RS, where (33 is the intercept. Internal outcomes (N, = 500) follow
Yin | X ~ Bernoulli{expit(X ' 3*)}, expit(t) = 1-&-17

External outcomes (Nexy = 100,000) are generated under a shifted coefficient 3.y, defined as a
perturbation of 3*. The external summaries @ are obtained by fitting a reduced GLM with covariates
(1, X1, X2, X3)" € R* to the external sample.

Shift scenarios. We consider three families of distributional shift:
(A) Intercept shift: Replace 55 with 55 + A, A € {0,0.1,...,1.0} (11 settings), keeping
slopes fixed. Intuition: Change baseline prevalence without altering covariate effects.

(B) Tail perturbation: For a fraction p € {0,0.05,...,1.0} (21 settings) of external units in
the upper tail of X1, reduce (8%, 83, 85) by 1.5; the remainder use 3*. Intuition: Induces
a localized, subgroup-specific shift concentrated in high-X; regions.

(C) Angle (directional) shift: Rotate true 3* toward a fixed orthogonal direction v via Gram-
Schmidt by an angle ¢ € {0,0.0776,...,0.6981} (10 values, up to = 40°), i.e., Bext(p) =
cos(p)B*+sin(p)v. Intuition: Induces a global misspecification that changes the direction
of the signal while preserving its magnitude.

Estimators and evaluation. At each shift setting, we generate one external dataset (Next =
100, 000) for € and repeatedly draw internal datasets (/V;, = 500, R = 1000 replicates). On each
replicate we compute: (i) the internal MLE 3; (naive); (ii) DRO estimators Bpro,; across 19 di-
vergence indices k; (iii) EB-DRO Bgg, j; for the same set of k values; and (iv) the ensemble Bgps.
Performance is measured by mean ¢ error E||3 — 3*||2, averaged over replicates.

3.2 SIMULATION RESULTS

We evaluate DRO and EB-DRO estimators across 19 divergence indices &k (values shown in the
legends of Figs. [112). Specially, Fig.|I| shows that robustness varies strongly with k: some families



Under review as a conference paper at ICLR 2026

DRO(K): Full-range & Zoomed-in

;8

LRI IR N -]

Figure 1: Performance of DRO across 19 divergence families. Left: full range of results. Right:
zoomed-in view of the shaded region to highlight finer differences. Internal-only estimates are
included for reference. Rows: (A) intercept shift, (B) tail perturbation, and (C) coefficient rotation.
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Figure 2: Performance of EB-DRO(%) and ensemble EB-DRO. Left: EB-DRO(k) for each family
(colored). Right: per-family EB-DRO(k) (gray) with ensemble EB-DRO (pink) overlaid for com-
parison. Internal-only estimates are also shown.

(e.g., kK = —15) remain competitive with or better than the naive estimator even under moderately
large shifts, while others deteriorate quickly. This illustrates the k-dependent trade-off between bias,
variance, and robustness: certain divergences yield stable performance across shifts, whereas others
overshoot once bias accumulates. The pattern is consistent with Theorem [2]and Theorem [3| which
shows DRO improves efficiency under mild shifts but becomes biased under severe ones. Exploring
the full continuum of Cressie-Read divergences therefore extends beyond classical fixed cases (EL,
ET, GMM, x?) to reveal a richer spectrum of robustness behaviors.
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Figure 3: Performance of internal-only, DRO, EB-DRO(k), and ensemble EB-DRO for selected
families (k = 2,0, —2, —15, —40). Results for all 19 families are given in Figs

Fig. |2| dispalys that EB-DRO markedly improves over DRO, remaining close to or better than the
naive estimator across most settings. In extreme cases (e.g., angle shifts > 0.4 or tail perturbations
> 0.9), some EB-DRO(k) curves become slightly worse than naive due to noisy plug-in weights.
Notably, the ensemble consistently pulls results back toward the naive baseline under severe shifts,
highlighting its stability.

Fig. [3|directly compares internal-only, DRO, EB-DRO, and the ensemble. The pattern is clear: DRO
can improve efficiency over naive under mild shifts but becomes unstable under severe ones; EB-
DRO stabilizes performance by adaptively shrinking toward naive; and the ensemble consolidates
these gains, avoiding DRO’s blow-ups while preserving EB-DRO’s efficiency under small shifts.
These findings confirm the theoretical guarantees developed in Section 2]

4 DISCUSSION

We proposed a distributionally robust framework for integrating internal individual-level data with
external summaries, introducing three estimators: (i) DRO, which improves efficiency under mild
shifts but suffers bias under severe ones; (ii) EB-DRO, which stabilizes performance by adaptively
shrinking between DRO and the internal estimator; and (iii) the ensemble EB-DRO, which aggre-
gates across divergences via precision weighting to dampen plug-in variability.

This framework also unifies and extends classical estimators: the duality links DRO to the Cressie-
Read family, recovering empirical likelihood, exponential tilting, GMM, and x? as special cases.
EB-DRO parallels empirical Bayes shrinkage, offering protection against noisy summaries, and the
ensemble inherits the strengths of well-performing divergences while avoiding catastrophic failures.

Future directions. Several avenues remain open. First, extending the theory to high-dimensional
covariates would broaden applicability. Second, exploring adaptive weighting schemes beyond pre-
cision weighting could further enhance stability. Third, combining our framework with conformal or
post-selection inference may yield valid uncertainty quantification under severe distributional shifts.
Finally, applying the framework to large-scale biomedical studies, such as those involving epige-
netic profiling, where detailed measurements are rarely available in large cohorts, will be crucial for
demonstrating practical impact.
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APPENDIX A SUPPLEMENTARY FIGURES
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fg(Y | X) Reduced model ;

Figure Al: Problem Setup

APPENDIX B PROOF OF THEOREM 1 (VARIATIONAL DUAL FORMULATION)

Proof. For a given 3, the inner problem in Eq. [I|over reweighting p is

p>0eRN N

N N
s.t. Zpi =1, Zpiui(ﬁ) =0,
i=1 i=1

where N := Nj,. Introduce Lagrange multipliers 7 € R (normalization) and A € R? (moments),
and set s; := Np; > 0. The Lagrangian is

| X
min Z d(Np;)
i=1

1 & 1 &
L(s,7,A) = N Zéf’(si) + sti{’)’ﬂL ATui(B)} - 7.

i=1
The dual function is the infimum over s; > 0 (note separability in 7):

N
. 1
g7 A) = Z Slgfo NW(SD +siti} =7, ti=v+ AT ().
i=1"""

By the definition of the convex conjugate, inf,>o{¢(s)+st} = —¢*(—t) (the domain restriction s >
0 is standard for ¢-divergences and yields the same value for ¢ in the effective domain). Therefore,

1 1
9N =% Zcb*(*ti) Y=y Zcb*{*v —ATu(B)} — 7.

Maximizing g over (-, A) is equivalent by the sign change (v, A) — (=7, =) to

N
1
- = * Xui(8)}.
max 7= ;¢> {v+ATui(8)}
By strong duality (Slater’s condition holds whenever there exists a strictly feasible p with p; > 0,
> p; =1, and > p;u;(B) = 0), the inner primal value equals this dual value. Since the negative

log-likelihood term
N

2
— 2_log fa(Yi | X, Zy)
i=1
does not depend on p, it passes unchanged through the dualization. Taking the outer minimization
over (3 completes the proof. [

11
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APPENDIX C PROOF OF COROLLARY

Proof. By Theorem | for fixed (3, )\) the inner dual in v € R is

max ’y_iz¢k{7+x uz(/B)}7 N = Nin~
i=1

Sett; =1+ ATu,; (B) and assume ¢; > 0 (the natural domain for CR). With the given ¢}, the
objective equals (constants in ¢} cancel when summed and absorbed)

N
2 k+1 =
9(v) = TN 2 1[—%{v+(ti—1)}]k+1
Introduce o := — %y (o >0 < v < 0) so that — 52 {y + (t;, — 1)} = at; and v = —%Ha

Then
N

2 2 k 2
—_—— = t;) ¥t tk_H )
g(@) k:—i—laJrkN i:1(a ) FHT k+1a+ a ( Z )

Since kLH € (0,1) for k > —1, the map o — g(«) is strictly concave on « > 0, so the maximizer
is characterized by the first-order condition:

N
2 2k (1N
! = — — . - _ tk+1 =0.
@ =gt e (N; ) 0

Solving gives

1 N . k+1 9 1 N . k+1
(2) " (r )

Evaluating g(«*) yields

2 1 N k+1 2 1 N k+1 k+1
k k

T B Y B R = (R _

9(a”) k:(N; ) k:+1(N;’ ) k:+1 (NZ )

Multiplying by N (recall the prefactor 1/N sits in front of the sum inside the dual) gives

N L X k+1
k
Hy(AB) = ———— = > (L+ATu(8) " ,
which depends only on (A, 3). Plugging back into the outer problem (with the likelihood term
independent of ) gives the stated min-max form. [

APPENDIX D PROPERTIES OF THE INNER DRO PENALTY

D.1 SPECIAL CASES

Lemma A1 (Special cases of k — 0 and kK — —1 limits). Let
N 1 o
Hy\B) = ——2 0 = 57 (14 AT (8) Y
with t;(X\, B) = 1+ XTu;(B) > 0. Then:

1. Ask — 0,
Nin

lim (Hy(A,B8) — ey ) = > log 1+ ATwi(B)),
1=1

k—0

which coincides with the empirical likelihood (EL) dual objective.

15
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2. Ask — —1,

k——

. Nin o :
lim_ (Hk()\ﬁ) - m) — N log (

e (107wm) ).

where 0 is a reparameterization of A. This corresponds to the exponential tilting (ET/KL)

dual form.
Proof. For the EL case k£ — 0 (hence o = kLH — 0), expand
k/(k
ti/( ) _ exp (k+1 log t; ) =1+ k+1 logt; + O(k?),

where t; = 1 + XTu;(53). Averaging gives

N;
| M
ot =1k LGB +OR), L(AB) =

Nin
1
Nin Z 1Og ti-
i=1

Write Ay, i= 1= S0 /Y Jand 6y, == 2 L(X, B) + O(K?). Then

AfT = exp ((k + 1) log(1 + ).
Since log(1 + %) = &) + O(6%) with 6, = O(k),
(k + 1)log(1 + 6;) = kL(X, B) + O(K?).
Exponentiating gives
APt = exp (KL(X, B) + O(k?)) = 1+ kL(X, B) + O(k?).
Substituting into Hj, gives

N; N; N; N;
H.(\ _ in 1 kL k2 _ in in L(X in ]{12
v B) = ey (L REAB) + O ) = 1o + LA B) 4+ 1 s O

where the last equality follows because k(k+1) = O(1/k) as k — 0 (indeed, k+1 =1+ O(k)),
hence k(k+1)0(k2) O(k).
and thus N

. N]n B in T .

lim (Hk()‘vﬂ) - m) = EIOg (1+X"ui(B)).

For the ET case k — —1,setr = k+ 1 — Osothat« = k/(k + 1) = 1 — 1/r. Reparameterize
A = —59 withr = k41 — 0. This scaling has two purposes: first, since t;(X, 8) = 1+ AT u;(8),
it guarantees t;(A, ) = 1 + O(r) > 0 for sufficiently small r, thus preserving the positivity

constraint; second, the factor —% is chosen so that the expansion of awlogt; witha = 1 — % yields

the exponential tilt form exp (39 "w;(/)) in the limit. A Taylor expansion shows

t& = exp (%ﬁTui(BD (1+0(r)).

Hence

Nin
Z p (497 wi(8)) +O().

H'ME

Set

My, = N ita—N iexp( 9w, (B ))—l—O(r) = M_1+O(r),

with M_1 > 0 bounded away from 0 in a neighborhood. Then

(Mg)" = exp (rlog M) = exp (r[log M_q+ O(r)]) =1+rlogM_; +O(r?),

16
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i.e.

(Nlm th)r =1+rlog (N%) > exp (%ﬂTuz(ﬁ))) +O(r?).

Substituting into Hj, gives

Nin 2 o Ni Nin
Hy(\, ) = m[1 +rlogM_y +O(r )] ST T oMo+ 00),
where the last O(r) term comes from %O(rz) = JuO(r?) = B20(r) = O(r) since 1/k =
O(1)ask — —1. O

D.2 CONVEXITY OF THE INNER OPTIMIZATION

Lemma A2 (Inner dual equivalence and convexity). For a fixed (3, we define

N 1 Nin k1
_ i T, k/(k+1)
He\B) = 104 {Nm ;(HA ui(8)) } !

with the conventions that k = 0 (empirical likelihood, EL) and k = —1 (exponential tilting, ET) are
taken as limits. Define the corresponding minimization form

— S log(1+ A Twi(B)), k=0,
S exp(3ATwi(8)), k=1,
SN L4+ ATu (@)Y, k<ok £ -1,

— N (14 ATu(8) Y, k>0

Then:
(i) Monotone mapping and equivalence. There exists a strictly decreasing scalar map hy (")

such that
where explicitly

—m, k=0,
—Nip log(m/Nm) = —Nj, logm + const, k= —1,
—k
hi(m) = ¢ _Nin™ ki k<0,k# 1
k'(k'—'— 1)m 9y ) 7& )
Nk
in _ k+1 k 0.
TSI ~

Hence,
max Hi(\, B) = m}in M (X, B).

(ii) Convexity of the inner problem. For every k € R, the map A — My (A, B) is convex on
its domain, and thus the inner program

m}in My(A,B8) (equivalently, max Hip(\B))
is a convex optimization problem in X.

Proof. (i) Substitute the definition of My, into Hy. For k # —1,0,

N; k+1 NF
HeAB) = s (e (EM) ) = o (M),
HB) = gy (e M) R ) k)
where the + sign matches the definition of My, above. For k = 0 and k = —1, the continuous limits

give
Ho(X,B) = —Mo(X,B),  H_1(X,B) = —Ninlog (M_1(X, B)/Nin).

17
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Thus in all cases Hy, = hy (M), with derivatives

1, k=0,
Nin
- ) k = _1a
m
!/
k(m) =< Nk
—mb, R <0k # L
N~_k
S m), k>0,

which is strictly negative on the domain of m in each case (M, > 0ifk < 0, My < 0ifk > 0,
My € R, M_1 > 0). Thus, each hy, is strictly decreasing, yielding the equivalence

m}z‘xka()\,B) = m}%n Mi(X, B).

(ii) For convexity, write t;(A) = 14+ XTu;(B), an affine function of X. If k < 0, then o = kLH > 1
ora < 0,s0t— t%isconvexont > 0and My is a sum of convex functions of affine maps. If k > 0,
then 0 < o < 1, so t* is concave, but the leading minus sign in My, flips concavity to convexity.
Fork =0, —logt is convexont > 0; for k = —1, exp(t/2) is convex on R. Summation preserves
convexity, so My, is convex in all cases. O

APPENDIX E  PROOF OF THEOREM

Assumption Al (Regularity assumptions). Let {(Yi, X;,Z;)} N be ii.d. observations from the
true parameter 3* € R%. Define the log-likelihood score s;(8) := Vglog fs(Yi | Xi,Z;) and the
auxiliary moment function u;(3) € R9. Assume:

(a) (Likelihood regularity) E{s;(3*)} = O, the Fisher information J := E{—V%5 log fa+(Y; |
X, Z;)} is finite and positive definite, and standard MLE regularity conditions (dominated
differentiability, interchange of differentiation and expectation, finite variance) hold.

(b) (Well-specified moments) S := E{w;(8*)u;(3*) "} is finite and positive definite.

(c) (Jacobian and rank) w;(3) is continuously differentiable near 3* with G := E{V gu,;(3*)} €
R?*4 full column rank.

(d) (Positivity domain) There exists an open A C RY containing 0 such that t;(\,B) = 1 +
AT u;(B) > 0 almost surely for all (X, ) € A x N (8*).

(e) (Moments) Finite (2+0) moments exist for some § > 0, so uniform LLNs and CLTs apply to the
empirical means 3x(B) := N;,' 2, 84(8), un(8) := Nt X2, wi(B), and their Jacobians.

Table[AT]lists the notations for gradients, Hessians and cross Jacobian blocks that were used through-
out the Appendix.

E.1 INNER MAXIMIZER

Write the population inner objective as a composition

where, for the Cressie-Read family (including the EL/ET limits),

-M, k=0,
lo[g [EA);Z](A)] : =0 —log M, k=-1,
. exp |t 2 = *1, — 1 1
e TN Y A S DR
N, k>0, Hﬁ?ﬁ“wﬂ“a k>0,
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Domain of the mapping hy is : M > 0 for k < 0 and M < 0 for k¥ > 0. By the chain rule,
VAH(A B) = B (My(X, 8) - E[mf (1 + AT u(B)) u(B)].
For every CR member (including EL/ET), m},(¢) and h}, (M) are finite. Hence, at (X, 3) = (0, 8%),

VaHi(0,8%) = hi,(Mk(0,8%))E[mj,(1) w(B8")] = hi(-) m}(0) E[u(8%)] = 0,

by the well-specified moment assumption E[u(8*)] = 0. Equivalently, the population M-form
first-order condition is

VaMi(AB) = E[mf, (1 +ATu(8)) u(8)| =0,

which is satisfied at (A, 3) = (0,8*). Since My(-,3) is convex in X (and strictly convex under
standard conditions), A*(3*) = 0 is the unique population minimizer of M}, and thus the unique
maximizer of Hy,.

E.2 LEMMAS FOR THE GRADIENT, HESSTIAN, JACOBIAN OF H UNDER THE POPULATION
OPTIMUM

Lemma A3 (Gradient and Hessian of Hy(X,3) wrt. Afork # —1). Let k € R\ {—1}, and

kL_H and t; = 1+ XTu;(B8%). At the population optimum (3*, \* = 0), define the aggregate

gradient and Hessian

o =

gn = VAHJC(07/B*)> H'n, = Vi)\Hk(()?ﬂ*)
Then N
where u := Nim Zf\i‘i u;(B*) and S := Nl;n Zivz”i wi(B%)u;(B*) 7.
Per-sample scaling. Define the per-sample gradient and Hessian contributions

9= prwi(B),  hi=—glppw(Buw(8n)’,

so that G,, = Zil gi, Hp, = Zi‘i h;.
Then under correct specification, E[u;(8*)] = 0,
1, 1

n — U, -
Nig 0 N;

@,  Hp=Np|o’ua' — ﬁg}

Hn £> (k—:l)Q Sa S:= E[ul(ﬁ*)ul(/g*)—r]

Penalty covariance and curvature. At the per-sample level define
Q, :=Elgig/], Q:=-E[h].
Then
%= S %=glES+o(4).

Special case. In the limit k — 0 (empirical likelihood), these reduce to

EL (k‘ — 0) Lgp = ui(ﬂ*), —h,;, = ui(ﬁ*)ui(ﬂ*)—r.
Proof of LemmalA3| Let 3* be the true parameter and define, for o = kL_H
1 Nin
B =1+ATw(B), mid) = L) AR = - Y m(),

N

Hi (M) = m( N)
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All derivatives are w.r.t. X. Since t; is affine,

Vami(A) = at;(A)* g, Viami(A) = ala — 1)t;(N) 2 2u;u;

7 0
hence

VAA V)\)‘A

By the chain rule,
Nin
VaHE(A) = & ANFVAAN),

Nin
ViaHi(A) =

(AN IVAANVAAN) T + AN)FVELAN)] .

Evaluate at A = 0: since ¢;(0) = 1, we have A(0) = 1 and
VAA(0) = au, VirA(0) = ala —1)S,

with @ == N;' Y, u(8*) and S := N;' 3, u;(8*)ui(B*)". Define the aggregate penalty
gradient and Hessian

Gy, = V)\Hk(oaﬁ*)v Hp = ViAHk(O’ﬁ*)

Then
g Nin i Nin i
= o =
n k ]{/’+ I
_ 1 -
n — k —1)S| = N, i’
Hn [ko*uu' + a(a —1)8] [ u E D
Under E[u;(8%)] =
_ 1 a
Elua']= —S, E[S]=8, S:=E[u(8")u(8")"]
S0
N; N; Niy
EH,] = — |ka®  —S -1)8 ’S— ——2_S=-— S+ 0
ol = 77 | ke Nm Tala )} T k)2 Gres HOW:
Now introduce the average per-sample versions
1 1 _ 1 1
g, = —G, = ——1u h, = =cd’ua' — S.
g Ning k"'lu’ NinH = oTuu (k+1)2
Then gn ﬁ) 0 and —fln £> WS
Finally, the per-observation penalty gradient and Hessian are
1 1
i = 77U * h) = ——u; * i *T'
g = (8. 8 u(8)
Under correct specification, their population limits define the penalty covariance and curvature:
1 1
Q,:=E —=S, Qg :=-Eh)| = —
1 =Elgig] = (k+1)2 2 ] = G5

O

Lemma A4 (Gradient and Hessian of Hy (A, 3), w.rt. 8). Let k € R\ {—1}, ser a = ki and
define

Z t
lIl i=1
Nin

k+1
Wh+ 1) (AXB8)" .

Hk()‘aﬁ) =

21



Under review as a conference paper at ICLR 2026

Assume w;(B) € R is differentiable in 3 € R%. At the population optimum (3%, \* = 0):
[3-block vanishes at X = 0.
vﬁHk(Ovlg*) = 07 VIZHQH]?((Lﬁ*) =0.

Cross blocks. Let J,, := ﬁ Zf\]:‘i Veu;(8*) € R™*?. Then

Nin
k+1

_ T
ViﬂHk(Ovﬁ*) = Jua V%}\Hk(07ﬁ*) = (vg\ﬂHk(())B*)) .

Limits of the per-observation cross jacobian Define the aggregate cross block C, :=
Vi,BHk (0, B8*) and its per-sample version c,, := N#Cn. Then

1 = , 1

¢ =070 7 S G E[Vgu;(8*)] € RI*%
Equivalently, at the per-observation level,
e = L w8 1= L
= Vem(),  Elal =G

All block dimensions are consistent: ViBHk € R?*? gnd V%>‘I1T;C € Rxa,

Proof of Lemma[A4, Write A\, B) = N;' 3. ti(X,8)® with t; = 1 + ATw;(8) and a = T-ku’
where A € R?, B € R?, and u;(3) € RY. Then
N;

WA(A7 /G)k+1.

Differentiate w.r.t. 3:
N;

For each i, define the Jacobian and Hessian of u,; with respect to 3:

Ji(B) = Vpui(B) e R, Hyj(B) := Vigui;(8) € R,

forj=1,...,q.
Then
Vﬁti(Aaﬁ) = Ji(IB)T)‘ € Rda v%ﬁti(A,ﬁ) = Z )\jHij(ﬁ) S RdXd.
j=1
By the chain rule with ¢(x) = 2, ¢/(x) = az®~ 1, ¢"(z) = a(a — 1)x*72,
Nin
VsANB) = 1 > _H(A B T I(B) AR, 5)
m i=1
1 Nin
VigAN, B) = N {(Z)N(ti)vﬁtiv,st;r +¢/(ti)Vfa,3ti}
in ;7
o N q
=N {(Oé — DA B)*2(J(B) TN J(B)TA) T + (A, 8)* Z)\jHij(B)}'
in ;7 =

At X =0, we have ¢;(0,3) = 1, so
Therefore,

VsHi(0,8) = 0.
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A second derivative gives

Nin
k

so at A = 0 we also have V%ﬁ,Hk(O, B)=0.

ViaHi(A,B) = 2 [kAF (VpA) (Vo) + AMVE54],

Remark: The DRO objective Hy (A, 3) depends on 3 only through the moments u;(3), which
are multiplied by A. When A = 0, the moment conditions are effectively “switched off,” so
that A(X, 3) = 1 regardless of 3. This implies that Hy (0, 3) is constant in 3, with no gradient or
curvature in the 3-block:

VgHL(0,8) =0,  VjgHi(0,8) =0.

In other words, at the population optimum the 3-block carries no direct information; all information
about 3 is mediated through the cross block ViﬁH %» which involves the score functions u;(3).

Cross derivative V3 ,BA()\, ). Recall the per-observation notations used previously

Jz(;@) = Vgul(ﬂ) S Rqu, Hij(ﬁ) = V%IBUU(,@) S RdXd.
Then
VatiA, B) = wi(B), Vati(A,B) =Ji(B)TA, Vigti(A,B) = Ji(B).
With ¢(z) = 2% (¢'(2) = az®~1, ¢ (z) = a(a — 1)2*~2), and Eq. [5|the cross block of A is

Nin
(e @ e TN+ o)

At X = 0, we have t; = 1 and hence

V3sA(0,8) =

Cross derivative V3 3 /. (X, 8). Since

Nin ]
Hi(X,B) = W(A(A7ﬂ))k+l7
its gradient is
VAL, B) = S A B)FVAAR B).

Its cross derivative (a ¢ X d matrix) is

Nin

V3sHi(AB) = = [RAA, B)F L (VAA(X ) (VAN B)) +AN,B)* V354N B)]. ©)

At A = 0, for the Cressie-Read inner average

N.
1 < a
ANB) = 5> (1N Tw(®)” o=y
=1
we have
a Nin
m i=1
where J;(8) = Vgu,(B3) € R1*4,
Thus, the first term in Eq. E]vanishes, and
N, N
Nin Nin a mn 1 imn
VisH(0,8) = 2 V35A(0,8) = 2% 1= > Ji(B) = 1= > Ji(B) = Cu.
mo=1 i=1
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Per-sample scaling gives

Cn = mcn = m*]u(ﬁ)a Ju(B) = No ;JZ(B)
At B8 = B*, aLLN gives
p 1 *
¢ = 157G G = E[Vgu,(8%)] € R

Lemma AS (Exponential tilting (ET) blocks). For the ET dual objective

Nin
H_1(A,B) = —Ninlog { ]\}in ;exp (;)\Tuz(ﬂ»} ;
let u;(B) € R? and J;(B) := Vgu;(B) € R¥*% Define

wi= o> wilB), S=x > w@w@, Jui= 5> Ji(6).

in

Then at A = 0,
VAH_1(0,8) = Mg,  V3,H_1(0,8)=-"=(S—au'),
N,

Let

gn 2 0, —h, & iS, C, — —%G,
where S := Elu;(8%)u;(8*) "] and G := E[V gu,(8*)].
Proof of LemmalA3] Let A € R? and 3 € R?. Foreachi = 1,..., Ni,, let u;(3) € R? and

wilx, B) = exp (1ATwi(8)).

Define the sample mean

and the ET dual objective
H—l()‘vﬁ) = _Nin IOg m(Aa /6)

Let D(A, 3) := Z;V:“l w; (A, B) = Ninm(A, B) and define softmax weights

Y23 Aa ﬁ = .
N D0e)
For any array a;, write the p-weighted average E,[a;] := Zf\i‘i pia;. Set

po = Elu(B)] €RY, X, :=Eluwu ] — pup, €R*Y J;(B) := Vau,(8) € R7*

(i) Gradient w.r.t. \. By the chain rule,

Vam
VAH_1(A,B) = —Nip——.
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Because
N N;
1 = 1 ~ /1 D 1 1
V)‘m B Nin =1 V)\wl B Nin i=1 (§u’i)wi - Nin . iEp[uz] -me §HU7
we get
Nin
VaH_1(A,B) = — 5 Hu

(ii) Hessian w.r.t. A. Differentiate the preceding display:

Nin
VANu-

ViAHﬂ(A»ﬂ) = - 9

Since u; does not depend on A,

Vara = Y _(Vapi)u] = pi(Valogpi)u] .

%

But logp; = %)\Tui — log D, hence

1
Valogp; = %uz‘ - Ezwj%uj = %(Uz - Nu)-
J

Therefore 1 1
Vaty = ) (Ep[ulu;r] - Nuﬂ;r) = izua
and thus
2 Nin
VanH-1(A,B8) = — 1 hI

(iii) Cross block ViﬂH _1. From (i),

ViﬁHfl(A,ﬂ) = —]\;invﬁp,u = —%(Z(Vﬁpl)uj + sz*]z>

K3
Differentiate log p; w.r.t. 3:
1

Vslogpi = 33/ A= = Y w; 33 A = %(JZTA - EP[JTA]).
J

Thus Vgp; = p;Vglogp;, and

> (Vepiu] =

(Ep [us (37N - ME,,[JTA]T) .

N | =

Let puyy := E,[J] A] € R% Then

Nin

Nin

(Bl (3TN T = ey )

VasH- (A B) = -
The last bracket is Cov,,(u;, J; X).

Specialization at A = 0. When A = 0, p; = 1/N;,, hence the weighted averages become simple
averages:

J\/} Zui, S::]\}- Zuzu?, ju::]\; ZJ“ and gy =0.

Substituting into the general formulas yields the aggregate forms

Nin _ Nin o _
VAH-1(0.8) = —=tu,  ViaH-a(0,8) = ——* (S —aa).
Nin*
VisH-1(0,8) = — 5 Ju-
These agree with the per-sample versions defined in the lemma after dividing by Ny,. [
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E.3 PROOF OF THEOREM 2

Proof of Theorem 2. Write the score s;(3) = Vglog f3(Y; | Xi, Z;), the moment vector u;(3) €
R, J := E[-Vjglog fg:], S := E[u;(8*)ui(8*)"], G := E[Vau,(8")]. Let the Cressie-Read
inner dual be

N, 1 .
_ i 1 T k/(k-+1)
A B) = [t {Nm > (1A () } .

Define the (outer) criterion

Nin
QNin(ﬁ) = _izzllog fﬁ(yvl ‘ Xi7Zi> —l—I}I\léi[%Hk(A,ﬂ), //B\k € a‘rgngnQNin(lB)7

and let A, be a maximizer of Hy(-,Bx). Assumptions (moved to Appendix C) ensure: (i)
ti(A,B) == 14+ ATu;(B) > 0on A x N(B*); (ii) u; is C* in B; (iii) moments of order 2 + &;
(iv) inner program is concave in A (Table / Lemma ; (v) identification at (3*, A* = 0) under
correct specification E[u;(3*)] = 0.

KKT system and identification. Define the stacked estimating map
1 Nin 1 =
~— D1 8 — +—VgH(A, ~
Uy, (9) == Nin 2t 1(5) N 70 v ) 0= (g) ;o U= (é > .
vaAHk(Aaﬁ) Ak’

By construction, ¥, . (@k) = 0 (first line is the outer first-order condition (FOC); second line is the
inner FOC). At the population optimum 9* := (8*7,07) T, correct specification implies

E l]\;n Zsz*(ﬂ*)] =0, E [A}iv,\Hk(O,ﬂ*)} =0,

hence E[¥ v, (9*)] = 0. Inner concavity (Lemma[A2) yields uniqueness/continuity of A*(3) in a
neighborhood of 3*, so identification holds.

Consistency. By the uniform law of large numbers and continuity, Qn,, (8) —, Q(3) uniformly
on compact sets, where

Q(B) = ~Ellog fs(Y | X,Z)] + max E[Hx(\, 8)].

Under E[u,;(3*)] = 0 and the inner FOC, A*(3*) = 0 maximizes the population inner dual, and
standard likelihood identification plus convexity of the inner problem ensure that Q(/3) is uniquely

minimized at 3*. The argmin theorem thus gives 8 —, B*.

Joint asymptotic normality of (,@k, Xk) Apply a mean-value expansion of the stacked estimating
equations at ¥*:

0=y, (9;) = T, (9) + [Voln, (®)] (Dp — ),
for some ¥ on the line segment between ﬁk and 9*. Rearrange and scale:
V(@ = 97) = — [Vo, @) VN, (07).
By the CLT and regularity,
VN, (0%) = N (0, [g S‘;J ) ,
and by the LLN,

_ AT
VoPy, (9) & — { J © } .

-C @
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Hence, by Slutsky,

A (50) ol TR 8] ST
Profiled asymptotics for Bk From the joint normal limit, profiling out A (blockwise Schur com-
plement) yields
VN (B = B) = N(0,A7'VATY),
A=J+CTQ;'Cc, V:=J+CTQ;'Q,0;'C.
CR inner dual: ©2; = Q- and k-invariance. By Lemma(gradient/Hessian of H at (B*, A =

0)), under correct specification

! o
Q= NmE[{VAHk}{VAHk} } = TS
1 oy 1
= - BV = S
1, o
Ci= 5 E[V3pHi] = 3@

Therefore £2; = €25, and the common factor (k + 1)~2 cancels in A and V:
A=J+G'S'G, V=J+G'S'G,

SO

VN (Br — 8% — /\/(0, J+ GTS*1G)*1).

APPENDIX F PROOF OF THEOREM 3 UNDER DISTRIBUTIONAL SHIFT

Lemma A6 (Influence expansion of the CR dual and additivity of first-order terms). Fix (X, 3) in
the interior of the domain {(\,3) : 1 + ATug(W) > 0 a.s.}. Let P denote the population law of
W = (Y, X, Z) and P,, the empirical measure. For the Cressie-Read dual,

Nin k+1 T «
Hy(\, B; P) == m(A(P; Aﬁ)) . AP B) = Ep | (14X Tug(W))2|, a = ——

assume ug is measurable, P-integrable to the needed orders, and that the maps (X, B8) — ug(w)

are smooth. Then:

(i) Gateaux derivative (influence function) of Hy. Define hy(x) := %xk“ so that
Hy, = hy, o A. Then the influence function of Hy, at P is

IF 5 (W; A, 8; P) = Hy p(W) = 1, (A(P)) (a(W)=A(P)),  a(W) == (14X ug(W))*.

Hence the linearization in the empirical process direction is

Nin
S IFL(Wis X, B P) + 0, (N;, /).
=1

in T

Hy(A,B; P) — Hy(A B P) = —

(ii) Influence functions of the gradients. Recall that subscripts denote partial derivatives with
respect to components of 9 = (87, A\T)T. Write

Ay = VgAecR7TI  Ayy:=ViyA e RUEFTD*(d+a),
By the chain rule,
VoHy, = h(A)Ay, VigH, = hl(A)Ag A} + I (A)Ags.
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Moreover, the influence functions of the gradients are
IFv,m, (W3 X, B; P) = hi{(A)(a(W) — A) Ay + hj(A) (Ag(W) — Ay),

where Ag(W) is obtained by differentiating a(W) pointwise in ¥, and Ay =
Ep[Ag(W)]. In particular, the centered linear terms IFvy 1, (W) — Ep[IFv 1, (W)]
are additive in W.

(iii) Additive “meat” for the stacked score. Consider the stacked KKT map
Ep[s(B)] — VgHk (A, B; P)/Nin
B(P.9) = p[s(B)] — VaHi( )/ (g AT
v)\Hk(Aa/g;P)/Nin

Although Hy, itself is not additively separable, its empirical fluctuations are linearized by
the influence functions in (i)-(ii). Hence

VN (9P, 9) (P, 0)

S (5(8) ~Erlo(8)] - 1P, (W)
- 2 < LBy, 0, (W) ) o)

Nin

= p(W;;9,P)
Thus, the asymptotic “meat” of the sandwich covariance is
B(9) := Varp(p(W; 9, P)),
which is a variance of per-sample contributions.
(iv) CR specialization near X = 0. At X\ = 0 we have A(P) = 1 and h},(1) = Ni,/k. Writing
g(W) := ug(W) and recalling o = ki-u’
Nin

IFg, 1, (W) = hj, (1) (Ax(W)—Ax) = k

Consequently, the leading blocks of B' reduce ( up to known multiplicative constants that
cancel in the small-shift CR expansions) to the familiar

I(Jf = Var(si(,BT)), QI = Var(gi), Klg = COV(Si(,BT),gi),
with g; = u;(8").

Proof sketch. (i) View Hj, = hj, 0 A with A(P) = [ a(W)dP. The Gateaux derivative in the direc-
tion 8y — P is Ap(W) = a(W) — A(P). Apply the chain rule to get Hj, p(W) = hj(A)Ap(W).
(i1) Differentiate Hj, w.r.t. parameters via the chain rule; then take the Gateaux derivative in P again.

The term Ay (W)— A comes from linearizing [ Ay (W )dP and the factor h}/(A)(a(W)—A) Ay
comes from differentiating hj (A).

(iii) Stack the score for 3 with the dual score for A and linearize W(P,,d) — ¥(P,) using
(1)-(ii). This yields a sum of i.i.d. mean-zero terms, which defines the additive influence vector
(iv) Substitute A = 0 and simplify a(W) = (1 + ATg(W))* and its derivatives. The leading

constants cancel in the CR small-shift profiles, giving the standard block forms used in the main
theorem. u

Theorem A6 (Asymptotic normality of DRO estimator under shift: full version). Assume the reg-
ularity conditions in Appendix D. Let (B, A) solve the sample KKT system of the DRO objective
with Cressie-Read index k. Define the stacked estimating map

Nin

1
5:(8) —
=1

Ty, (9) = | Ninf

in

MVAHk( .B)

28
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where s;(8) = Vgl;(B) and (;(B) =log f3(Yi | Xi,Z;). Let O}, be the solution to Uy, (ﬁk) =
0, and let 9t = (BTT, Xt T be the unique population solution satisfying E[¥ y. (91)] = 0.
Bread and meat. Define the bread and meat as
Al =E[Ve®y, ()], B = Var(®;(97)),
where the per-sample contribution ®; is
Byt [ SN+ H (A8
7 A . ’
HY (A
and (definition) the terms H (i), H ;i) are the scaled influence contributions of Hy, at 91, namely
b
Nin
so that \/% >, ®; is precisely the linearization of \/Niy (¥ (P, 9")—® (P, 9")) (see Lemma @

IFy, 1, (W; 9% P),

i 1 i
Hy) = = y,m, (Wis 0% P), HY =

Block form. Then A" and B admit the block decompositions

Jiych, —(chT Ki Kl
AT = BB , BT — sg ’
~Cf Q) (Ki,)T o]
with
JT=E[ - Vaat:(B")],
1 1
Cho =~ E[VasHiA' A1), CTi= —E[VEsH(N, BT,
1
Qf = —N—'E[Vi/\Hk(AT,ﬁT)},

K' = Var(si(8") + Hg (A, 81), Kl := Cov(si(8") + Hg (A", 1), HY (AT, 81)),
Q== var(HY (AT, 81)).
(Remarks.) (i) The signs and 1/Niy, factors match W, : the minus sign on VgHy, in ¥y, is
absorbed by the definition of H g) above. (ii) Hy, is the aggregate dual penalty from Eq. @ its

second derivatives scale like Niy,, and the explicit 1 /Ny, factors above ensure each block of Al is

O(1).
Limit distribution. Then
VN (D = 97) 5 N (0, (AD)IBIANT),
T ~

where (A")~T := ((AT)_I) . In particular, the marginal limit for By, is

A d

Nin(ﬂk _IBT) — N(Ov V;)v
with the profile sandwich variance
vi = (af) ! (KT+(chT@h) el @) cf+(ch T @) K, +(KL)T@h ) (ah)
where ; ; .

AL =3 +Cly +(ChHT (@) 'C.

Proof of Theorem[A6] Let P denote the population law of W = (Y,X,Z) and P, :=
N ? S Niw dw, the empirical measure. Define the stacked KKT map (as a functional of (P, 1))

i=1
Ep(s:(8)] — 5-VaHi(\, B; P)

U(P9) = ( S-VAH (A B:P)

) o Wa(9) = (P, 9),
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where Hy (A, 3; P) is the CR dual objective with expectation under P replacing the empirical
average. For the CR family, Hj is a smooth composition of linear functionals of P (e.g.,
AN, B;P) = [(1 4+ ATug)*dP with a = kLH) and smooth maps (power, log), so ¥(-,) is
Hadamard differentiable jointly in (P, ) in a neighborhood of (P, 97).

Consistency. By assumption, the population KKT system ¥ (P, 1) = 0 has a unique solution 97 =
(BT, ATT)T. A uniform law of large numbers for { ¥ (P, ) : 9 € O} (together with identification;

see Appendix D) implies 9, —, 1.
Joint linearization. A first-order Fréchet expansion of W in both arguments around (P, 9') gives

0=W(P,, 9),) =U(PI)+ Uy (P90 — O + ¥ p(P,9)[P, — P|+ry,
=0 —. At =:A

where W is the Jacobian w.r.t. ¥ and W p (P, ﬂT)[ -] is the Giteaux derivative in the direction of a
signed measure. Hadamard differentiability plus 19k —p 91 imply r,, = 0,(N, 1/2 ). Differentiat-
ing ¥ at 91 yields

Jt+ch, —(chT

Al =VeO(P9)|, .. =
( )|19719T _cft Qg

with the blocks defined exactly as in the theorem (note the explicit 1/N;, factors inherited from ¥).

Influence representation. By the functional delta method (e.g.,|Van der Vaart| (1998, Thm. 20.8)),

1
V NinAn =

Nin

Nin

Z Pi + Op(l)a
i=1

for a mean-zero influence vector ¢, obtained by applying Lemma|A6|componentwise to ¥. Writing
the observation-level contributions to the H}, gradients as

HY . 41)

1 ; 1
5 Fvem (Wi dh P, HY (AL B) o= TP, (Wi 9 P),

we can take
_ (s HP AL BN | (58 + HY (A, 81
& HY O, 81 HY (AL BY) '

Its covariance B' := Var(¢;) has the block form stated in the theorem:

Kf K|
Bl = [ 59} :
(K)o

Joint asymptotic normality. Rearranging the linearization,

VN (9 — 97) = /N, +0,(1) L N (0, ATTIBTAT).

Profiling to obtain V. Write A" = { Ls Bi=-Cl, D:=ql
K K,

T T
Klg) Q

];}T ]]?)} with A := Jt + CI

and BT = [ ( } . The Schur complement of D in AT is

Al :=A-BD 'B' =J'+C};+(Cch(f)"ct
Standard block-matrix algebra gives the profiled covariance of the 3-component:

Vi = (ah) ! (KT+(ChT (@) ef @) cleh) T @) K +(Kl)T(eh) ') al)
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Comment on non-additivity. Although VgH), and VHj, are not simple sums over 4, they are
smooth functionals of empirical means (such as A(P,), log A(P,), powers), hence admit linear
influence representations in (P, — P). This is exactly what enters the preceding expansion via
Lemmal[A6] so the standard Z-estimation machinery applies.

All steps are standard for Z-estimators with smooth (Hadamard differentiable) scores; see, e.g.,
Newey and McFadden| (1994} Sec. 7) and |Van der Vaart (1998, Ch. 5, 20). ]

APPENDIX G LOCAL EXPANSION UNDER DISTRIBUTIONAL SHIFT

Lemma A7 (First-order bias expansion under shift). Let the assumptions of Theorem[A6] hold and
expand the KKT system locally around 9* = (3*,0). Define the shift § := E[u;(3*)] € R? and

J:=E[-V35l(8")], G:=E[Vgui(B")], S:=E[u;(8)u:(B")"].

Assume S is positive definite and Ag :=J — G "S™'G is nonsingular. Then, for the Cressie-Read
dual with ||\, || = 0, (1) (small shift),

Br— B = (J- GTSAG)AGTSA‘S + Op(Ni;UQ) +o([|8]))-

In particular, the leading (deterministic) bias is k-free; dependence on k enters only through higher-
order terms when the shift is not infinitesimal.

Proof of LemmalA7] Let P be the population law and P,, the empirical measure. Work with the
scaled KKT map

1 1
i(B) — —VHir(X,B; P,
FVAHk(A?ﬂ;Pn)

At the population level and at 9* = (3*, 0), its population counterpart is

Ep[s:(8*)] — 3~ VgHi(0,8*; P)
‘I,(P7 19*) — . N VB
~- VaHi(0,8% P)
For the Cressie-Read (CR) family (k # 0, —1),
1 1 1 1
R H *. P} — E (B*)] — L H . P} —
Ni v)\ k:(07/6 s ) ]{1+1 P[uz(/a )] k+167 Ni vﬁ k(Ovﬁ 3 ) Oa

so W(P,9*) = (0,¢6) " withcp = k%_l

Now take a first-order expansion of W (P, -) around 9*:

0=¥(P,9;) = T(P.9") + A" (@f ) i ) +Ry,  Ry=o(|9: —9),
o —
where the Jacobian at (3*, 0) is

A" = E[VaTy,, (97)] = [_‘é* _(gg)q , J=E[-V3s0(8)].

For CR at A = 0 (under the same scaling by 1/Nj, used in ¥y, ),
1 1
Q; = —-S
2 (k? + 1)2 )
G = E[Vgu;(8)], S := E[u;(8")u;(8*)"].
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Ignoring sampling noise for the bias calculation and solving the linear system A* (ﬁk —-B*, A k) T
—(0, ¢;8) T by Schur complement yields
B — B = (J- (C*)T(Qg)ilc*)71(C*)T(Q§)71(ck6) + (higher order).
Now use
()7 @) = (25G7) ((k+1)%87) = (k+1)GTS

so that the factor ¢, = %-5-1

cancels (k + 1) exactly:
(C*)T(Q5) Lerd) = GTS14.
Also,
(cH () 'c*=G's'G.
Hence the deterministic first-order term simplifies to

B — B = (J - GTS_lG)_lGTS_lé + (higher order).

Finally, (i) the empirical-process remainder contributes O,,(N;l/ 2) to ﬁk —B* by Theoremﬁ; (i1)
the Taylor remainder is o(||8]|) by smoothness (Hadamard differentiability in P and C? in (X, 3))
near (0, 3*). Collecting terms gives

Br— B = (- G'S7IG) G TSI + 0, (N, %) + ol 0],

in

as claimed. O

Interpretation. The bias expansion (Lemma shows that misspecification enters through the

shift term &, with bias proportional to (J - GTS’lG) ~'GTS18. Hence the estimator is stable
under mild shifts (||6]| small) but deteriorates when the shift is large.

APPENDIX H INNER/OUTER DERIVATIVES AND IMPLICIT DIFFERENTIATION
(GENERAL k)

Let N := Nj,. For a fixed 3, define
—log(1+t;), k=0
exp (%), k=-1

N
ti(\, B) := AT u,;(B), m; = ! M = ms.
*.8) () (14+)F7, k<0, k#—1 Z;

—(1+t)=1, k>0,
The dual objective can be written as Hy (A, 3) = hi (M) with

—m, k=20
—Nlog(m/N), k=—1
ka
hk(m) = mmk+l, k<0, k+#-1
Nk k
_ +1 k 0
RErD T ke
Hence
1, k=0
N By | 0, k=0
-, - _ N
m) = { N m) = { m® b=
? mk, k<0, k#—-1 N—Fmk-1, k<0, k#—1
_N—k (Cm)b, k>0 N=F(=m)*=1 k>o0.
k )
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Lemma A8 (Derivatives for the inner and outer problems). For each i, let J;(3) := Vgu;(8) €
R7*% and H;(B) := Vgui(B) € RI*¥4,

(A) Inner derivatives (w.r.t. \).

N
M)\_Zm g, MA,\:Zm;’(tl)u u;
i=1

Here 1
- k=0
14t
1et/2, k=-1
mi(t) = 4
m(1 +t) VD p <0, k#£ -1
—m(l + 1)~V EED k>0
1
k=
(1+1)? 0
1et/Q, k=-1
(6 =4 !
ﬁ(l + )~k D/ p s,

(B) Cross derivatives (w.r.t. (X, 3)). For each coordinate BY (row index) and \¥ (column index),

Mz

[Mx ke ( Jilke +mi (t ')(JIA)guE’C]).

i=1
Equivalently, in matrix form

N
M>\ﬁ = Z (mi(tz)JL + m;’(tz)uz(JI)\)T) S RI*4,

i=1

(C) Implicit differentiation of the inner solution. Let X(ﬁ) solve the inner FOC M, )‘(X(ﬁ), B)=0.
If M is nonsingular at (X, 3), then

-1
A —(MM) Mxp.

(D) Total derivatives of M (:\(B), B) w.rt. B. Using My = 0 at the inner optimum:

N N
=> mit)IIA = AN, A=) mi(t)I] e R
i=1 i=1
The exact Hessian splits into a “direct” term and a Schur-complement term:
N
Mag = >~ (mi(t) I A+ m (t) (3T NETNT) = ML M My,
i=1 %,—/

Schur term
Mdlr
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where H,; stacks the slices of H; so that H; X € R? has entries Y, \I¥] 62u£k] Joptlopld,

~

(E) Total derivatives of the composed dual H;,(\(3),3) = hi(M). By the chain rule,
Hg = hi(M)Mg,  Hgg = hj{(M)MgMp + hi,(M)Mpg.

(F) Near-) = O simplification. If | X|| is small (e.g., under mild shift), then mf (t;) = m{(0)+o0(1)
and the quadratic/second-derivative terms in M gg are o(1), giving the useful approximation

Mpp ~ =My gMxMxp,  Hpp ~ hi(M)MpMg — hi,(M)My gMsxMxs.

Proof (sketch). (A)-(B) follow by the chain rule with ¢; = AT u;(3). (C) applies the implicit func-
tion theorem to the inner FOC My (A(8), 3) = 0. (D) uses the total derivative

and the FOC M) = 0 at the inner optimum; differentiating once more and substituting the implicit-
diff formula in (C) yields the decomposition into the “direct” term and the Schur complement term
for Mpag. (E) is a direct application of the chain rule to Hy = hj o M. (F) drops terms that are

o(|l X||) (or quadratic in X), which s justified under mild shift where the dual multipliers concentrate
near 0.

O

APPENDIX I EMPIRICAL BAYES DERIVATION OF EB-DRO

1.1 EMPIRICAL BAYES DERIVATION OF EB-DRO

Hierarchical model. We model 3 hierarchically as

B | BDRO,IC ~ N(BDRO,k7A); Br|B~N@B),

where ,@DRO’ & is the DRO estimator, ,@ 7 is the internal-only GLM MLE, A quantifies prior uncer-
tainty around the DRO solution, and X is the covariance of the internal estimator.

Posterior mean. By Gaussian conjugacy,
~ ~ -1 ~ ~
E|B]| IBDRO,kaﬂI} = (A*1 + 271) (AilﬁDRO,k + 2715’1),
yielding the EB estimator in Section 2.2. Equivalently, using matrix identities,
Bes.r = (I— W)Bprox + WL, W=AA+3),
which shows EB-DRO as a weighted average of the DRO and naive estimators.

Empirical Bayes estimates. In practice, we estimate the unknown quantities as follows:

* X is replaced by s 1, the covariance estimator of ,@ 1 from the internal GLM.
* A is taken as -
A = (Br — Boro,k) (Br — Borok) -

a rank-one matrix encoding the discrepancy between the two estimators.

Substituting (1/31, s ;) into the posterior mean yields the implementable EB estimator BEB’ k- Since
A is rank-one, we interpret A~! in the pseudoinverse sense (or equivalently as the € | 0 limit of
A + £I), while A + 3; is positive definite and invertible by construction.

34



Under review as a conference paper at ICLR 2026

1.2 PROOF OF PROPOSITIONII]

In this section, we show that the matrix-valued weight w from the definition of the EB-DRO esti-
mator can be simplified to a scalar multiplication by .

LetZ := BI — BDRO,IC’ A= ZZ7, and EAII > 0 denote the covariance estimator of BI. Recall the
EB-DRO estimator in matrix-average form

BEB,I@ =I- W)BDRO,I@ + ‘/7‘\7317 W= K(A + 21)_1-

(Equivalently, this follows from Gaussian conjugacy together with (A~! +X71)"1A~1 = (A +
) land (A~ + 21181 = A(A + ) L)

Set s := ZTflflz > 0. By the Sherman-Morrison-Woodbury identity for a rank-one update,
(Zr+2Z2") ' =87 - Z(1 +5) 12T S
Multiplying both sides by Z gives

. . 1 ~
(21+ZZT)—1ZZ2;1Z(1— 1;) >y )

Using W = ZZT (2, + ZZ7)~! and Eq.

WZ =777

1 ~
17 = Z.
1+s 1+s

Define ~
s 7's]'Z .
l+s 1427877

(03

Since B\EB,k = BDROJg + \/7\\7Z, we obtain

3EB,k = BDRO,k +aZ=(1- Oé)ﬁDRQk +af,

which is Eq. Moreover, « = 0 iff Z = 0 (the two estimators coincide), and o 1 1 as the
Mahalanobis discrepancy s grows, proving the stated range « € (0,1) for Z # 0. O

1.3 PROOF OF THEOREM[]

Proof of Theorem[d] Write
N N . N 2
B(w) = (1 —w)Bpro.x + wPr, R(w) = E||B(w) — 8|

Let b, = E[BDRO,k}*ﬁ*, Vbro,x = Var(BDRO,k), ¥, = Var(8;), and Cj, = COV(BDRO,ka Br).
Then

E[ﬁ(w) — ﬁ*] = (1 —w)by, Var(B(w)) =(1- w)QVDRo,;C +w'Er + 2w(l — w)Cg.
Hence
R(w) = ||(1 — w)bylf2 + tr [(1 — w)2Vpros + w2E; + 2w(l — w)Cy
= (1 —w)?a+w?c+2w(l —w)m,
with a = ||bg||3 + tr(Vpro k), ¢ = tr(Xr), m = tr(Cy). Expanding gives the quadratic
R(w) = a+ (—2a +2m)w + (a + ¢ — 2m)w?.
Let k := a+ ¢ —2m = ||bg]|3 + tr Var(ﬁDRo_yk. - BI) > 0. The unconstrained minimizer is

wg = (@ —m)/k (f kK = 0, R(w) is constant and any w is minimizer). Completing the square
yields the exact identity

R(w) = R(wg) + s(w —wg)?,  (k>0). ()

35



Under review as a conference paper at ICLR 2026

Projecting onto [0, 1] gives the oracle weight w* = Iljo 1j(wyg ), which minimizes R(w) over [0, 1]
by convexity. Therefore
R(w*) < min{R(0), R(1)},
<

establishing the dominance claim. Finally, using R(w}) < R(w*) < min{R(0), R(1)} in (x) gives

the **regret bound**

R(w) = R(w}) + k(w — wg)? < min{R(0), R(1)} + r(w — wh)?.
If w* € (0, 1) (no projection), then w* = wf, and the regret identity simplifies to R(w) = R(w*) +
K(w — w*)2. O

APPENDIX J] PROOF OF THEOREM [3

Setup and notation. Stack the K’ EB-DRO estimators as
R EEB,l R
B=| : ceREY EB]=(1x @1,)(8* +b).
BEB, K

Let V = Cov(ﬁ) with d x d blocks Qi = COV(BEBJ“ EEB,Z), and write the block-diagonal of
marginal covariances as
D= diag(ﬂn, ey QKK)

LetH=1x®1I, € REdxd g that E[B] = H(8* 4 b). The oracle GLS estimator of 8* + b from
Bis
Bime = (H'V'H) '"H'V'B,  Cov(Bpns) = G(V) := (H V_'H) .
The precision-weighted (PW) ensemble replaces V by the block-diagonal precision:
Bpw = (H'D'H)'H'D'B, D =diag(Q,...,0x).
We assume ﬁk —p py forall k.
Throughout, mean-squared error (MSE) under squared loss decomposes as
E|§ — 8713 = | EP] — 8" 3+ tr{Cov(8)}

(squared bias) (variance)

Because all signals share the same mean 3* + b, any linear unbiased combination has squared bias
||b||3. Hence MSE comparisons reduce to comparing the trace of their covariance matrices.

Step 1: GLS dominates any component (Loewner order). Consider the class of linear unbiased
estimators ,@ = ATB with A € RKdxd satisfying the unbiasedness constraint ATH = I,. The
GLS choice A, = V"'H(H V—'H) ! minimizes Cov(ATB) = AT VA in the Loewner order;
hence for any feasible A,

G(V) = Cov(Bmns) = ATVA,
Take the special feasible choice that picks a single component: for fixed j, set A; = e; ® I, (so
AH =1,). Then A VA; = Q; and thus

G(V) 2 Q5 Vjie{l,.. K} (8)
Taking traces yields the componentwise variance dominance:

tr{G(V)} < min tr(£2;;).

Step 2: Comparing PW to GLS via a block-diagonal perturbation. Write V = D'/2 (I+E)D1/ 2
with
E:=D Y2(V-D)D /2
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so E contains only the (scaled) off-diagonal blocks. Assume ||Ello, < 1, so (I + E)~! =
ZTZO(_E)T’ Then

AV D—1/2(I + E)—lD—l/Q —D'-D V2ED /2 4+ R,
with remainder R = D~1/2 ZTZQ(—E)TD*U? Define
GM):=H"MH)"! (M>0).
Then
GV)'-GD)'=H (V!-D HH= HTD—1/2( _E4 Z(—E)T')D_l/QH.

r>2

Using the identity A~! — B™! = A~!(B — A)B~! and the positive definiteness of G(-), one
obtains the Loewner bound

G(D) — G(V) = G(D) HTD*1/2<E72(7E)T)D*1/2H GD) = 0. (9

r>2
Taking traces and the norm bound > -, [|E[|5, = [|Ellop/(1 — [|E|lop)s
1
w{G(D)} < H{G(V)}+ g [G(D) H'D~'(V-D)D~'H G(D)
—Elop
= tr{G(V)} + Across- (10)

Thus the variance of the block-diagonal precision estimator (with true D) is within A.;oss of GLS.
By Slutsky and continuity of the map (-) — (HT(-)"'H)~! on Sy, replacing D by D —, D
yields the same relation with an o(1) term.

Step 3: Assemble the bound. By Step 1 and Eq.[I0]
tr{Cov(Brw)} < {GD)} +0(1) < {G(V)}+ Bursso(1) < mintr(;) + Acrass+o(1).
Adding the common squared bias ||b]|3 to both sides yields

E|[Bpw — 83 < min El[Brn; — 813 + Across + (1),

which is Theorem 3
Explicit form of the penalty. From Eq. one convenient expression is

1
Across < W tr {(HTD*lH)ilHTDil(V - D)]:)ilH(HTDilﬂ)i1 ,
— op

with E = D~Y/2(V — D)D~/2. This depends only on the off-diagonal cross-covariances
{0 e O
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