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ABSTRACT

The minimization of loss functions is the heart and soul of Machine Learning. In
this paper, we propose an off-the-shelf optimization approach that can seamlessly
minimize virtually any non-differentiable and non-decomposable loss function
(e.g. Miss-classification Rate, AUC, F1, Jaccard Index, Mathew Correlation Coef-
ficient, etc.). Our strategy learns smooth relaxation versions of the true losses by
approximating them through a surrogate neural network. The proposed loss net-
works are set-wise models which are invariant to the order of mini-batch instances.
Ultimately, the surrogate losses are learned jointly with the prediction model via
bilevel optimization. Empirical results on multiple datasets with diverse real-life
loss functions compared with state-of-the-art baselines demonstrate the efficiency
of learning surrogate losses.

1 INTRODUCTION

In reality, a large set of loss functions cannot be directly minimized by gradient-based methods
because they are either piece-wise continuous, non-differentiable, or non-decomposable (Zhang et al.|
2018)). For example, binary classification models are often evaluated using the miss-classification rate
(MCR), Area under the ROC curve (AUC), F1 measure (F1), Jaccard Similarity Index (JAC), Average
Precision (AP), Equal Error Rate (EER), or the Mathew Correlation Coefficient (MCC). On the
other hand, learning-to-rank models are measured through the Normalized Discounted Cumulative
Gain (NDCG), or the Mean Average Precision (MAP). To illustrate the point, Figure [I] shows
the challenging surfaces of common binary classification losses. Unfortunately, there exists no
tractable omni-solver so far, i.e. no off-the-shelf optimization strategy to train prediction models
for the aforementioned category of loss functions. It is worth pointing out that non-gradient-based
approaches, such as evolutionary computing, are intractable from a runtime perspective.

While there exists a plethora of methods that tackle various aspects of particular losses, there is no
single gradient-based method that can optimize any loss in a seamless manner. Researchers have so far
focused on deriving smooth surrogate relaxations (approximations) to the true loss functions (Berman
et al., 2018; |[Eban et al., [2017), in a way that first- and second-order optimization techniques can
benefit from the derivative of the surrogates with respect to the parameters of prediction models. For
instance, the widely-applied cross-entropy loss is a surrogate relaxation of the miss-classification rate.
However, these explicit relaxations are hand-crafted individually for each loss and do not generalize
to other losses.

In this paper, we present the first off-the-shelf optimizer for arbitrary loss functions. In contrast to
the related work, this work proposes a new perspective on minimizing loss functions, by defining
surrogate losses as meta-level neural networks that approximate the desired true non-differentiable
losses. Our method does not need the gradient information of the true loss with respect to the
parameters of the prediction model and treats the loss as a black-box function. In addition, we
introduce a set-based surrogate network that computes the loss over the training set, being invariant
to the order of instances, in order to accurately handle non-decomposable losses.

The surrogate learning problem is formalized as a bilevel programming task (Colson et al., 2007}
Franceschi et al., |2018) that is trained through a concurrent optimization algorithm. This paper
shows that universal surrogates, which are trained without paying attention to a specific dataset,
are sub-optimal compared to surrogates learned in a per-dataset manner. Results on nine datasets
demonstrate that learning surrogates produces more accurate prediction models than state-of-the-art
baselines with regard to diverse loss functions.
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Figure 1: The surfaces of five binary classification losses derived by perturbing the predictions }A’;, YJ of two
instances inside a random mini-batch Y € R', Y € {0, 1}'°, with true targets Y; = 0,Y; = 1. AUC, AP and
F1 are converted to losses via 1 — x, while the positive class for MCR, EER and F1 is estimated as Y > 0.

2 RELATED WORK

Due to the non-differential and non-continuous nature of most real-life losses, early works deployed
the proxies of the miss-classification rate (e.g. cross-entropy) as universal proxy losses, despite their
sub-optimal performance (Cortes & Mohril[2004). Subsequent approaches relied on designing smooth
relaxations of the losses. As an example, the pairwise ranking loss is a common surrogate of the
AUC measure (Gao & Zhou, 2015} [Chen et al,[2009). On the other, hand, the F-measure is another
typical loss that cannot be optimized directly due to its non-decomposable nature over instances. The
initial papers tackling F1 focused instead on the empirical utility maximization paradigm
[2012). Later on, researchers addressed F1 by optimizing the hyper-parameters of standard binary
classifiers, either the cost-sensitive weights of the classification loss (Puthiya Parambath et al.| [2014),
or the threshold of the estimated target values (Lipton et al.,[2014; Koyejo et al.,[2014). Nevertheless,
the non-decomposable trait of F1 remains unresolved (Zhang et al.,[2018) and recent works have
explored directions to improve hyper-parameter tuning with tighter bounds (Bascol et al.,[2019).

Instead of relying on explicit surrogates, another research direction handles non-convex losses
by means of the direct loss method (Hazan et al, 2010), which minimizes a surrogate loss by
embedding the true loss as a correction term. This method was recently extended to optimize neural
networks 2016). It assumes the loss can be decomposed into per-instance sub-losses
and the authors derived an explicit decomposition of the average precision (Song et al, [2016).
Unfortunately, per-instance dis-aggregations are not trivially feasible in other cases (e.g. F1), making
the direct loss optimization technique an impractical off-the-shelf option.

Two more recent papers have offered relaxation surrogates for non-decomposable losses, concretely
the AUC and the Jaccard Index (known as Intersection over Union in the computer vision community).
The first method defines relaxation forms for the building blocks of a confusion matrix (e.g. true
positives, true negatives etc.) and combines the building block relaxations to create a final surrogate
for losses like the AUC 2017). However, this model does not handle cases where the loss
is not expressible into confusion matrix blocks, for instance the Jaccard index. On the other hand, the
second paper proposes the Lovasz soft-max as a smooth approximation to the Jaccard index (Berman|
let al.,2018), which is based on a generic decomposition of sub-modular (decomposable) losses for
sets (Yu & Blaschko}, 2015).

Besides that, a stream of recent papers has focused on meta-learning for loss functions. The “Learning
to Teach” paradigm proposes a meta-level teacher/controller that continuously
updates the loss function for a prediction model based on its progress. The work has been recently
extended to enable a gradient-based learning of the teacher/controller 2018). However,
this approach does not extend to non-decomposable loss functions which are defined over the full
set of instances. A parallel stream of research has elaborated the concept of “Learning to Learn” (L4
2017), or "Learning to Optimize” (Chen et al [2017), which proposes to directly learn
the amount of update values that are applied to the parameters of the prediction model. In the
proposed framework a controller uses per-parameter learning curves comprised of the loss values
and derivatives of the loss with respect to each parameters 2017). This method suffers
from two drawbacks that prohibit its direct applicability to arbitrary losses: i) for large prediction
models it is computationally infeasible to store the learning curve of every parameter, and ii) there is
no gradient information for non-differentiable losses.
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An alternative approach towards learning loss functions analyzes the usage of discriminative adver-
sarial networks (dos Santos et al.,[2017). The idea focuses on discriminating the probability of a
given target variable value into either being an estimated target or the true one, therefore acting as a
form of surrogate loss (dos Santos et al.,[2017)). Last, but not least, our method shares similarities
with the concept of error-critic model for function approximation (Pang & Werbos, [1998)). In contrast
to the prior work, we propose the first off-the-shelf optimization method that seamlessly minimizes
any loss function. In Section [4.3| we empirically compare the proposed method against multiple
state-of-the-art relaxations, with regards to minimizing popular binary classification losses, such as
AUC, F1, Jaccard Index and the miss-classification rate.

3 SURROGATE LEARNING

Data mini-batches (z, y) := {(z1,y1), ..., (zn,yn)} of N instances each, with features € RY*M
and ground-truth targets y € YV, are drawn from a dataset D with a sampling distribution Pp (z,y),
where typically P is the uniform distribution. The target domain can be binary y € {0,1}", or
nominal among C categories y € {1,...,C}". Ultimately, the purpose of a prediction model is
to estimate a target variable (z; a): RVXM — RN where the prediction model has parameters c.
The estimations 7 € R need to accurately match the given ground-truth target variable y € YV
with regards to a desired loss function £ (y,§) : RN x YN — R. Therefore, supervised learning
focuses on computing the optimal parameters o* that minimize the following objective.

o =argmin B p)oppzy LW, 0(z;a)) (1)
(e

To minimize the aforementioned objective through first- or second-order optimization, it is necessary
to define the gradients g—i. Unfortunately, in most real-world cases the loss represents step functions
that are only piece-wise continuous (MCR, F1, AUC, etc.). Therefore, the derivatives are either
zero, or undefined at the function steps, which prohibits a direct optimization of these losses. For
this reason, a smooth surrogate relaxations of the loss functions is used instead of the true loss.
Arguably the most popular surrogate is cross-entropy, which is a relaxation of the miss-classification
rate. Yet, such non-parametric relaxation functions are not trivially derivable when the loss is non-
decomposable into per-instance components (e.g. F1, AUC), because such losses are defined as
performance measures over an entire set of instances.

Instead of deriving one explicit hand-crafted function ? for the surrogate of every loss function
¢, we propose a method that parameterizes and learns the surrogate for any demanded loss func-
tion through an off-the-shelve procedure. Neural networks are a good choice for parametrizing
the surrogate loss 1 given their universal approximation capability (Hornik, |1991). However, the
surrogate loss network must be a permutation-invariant set model, whose output must remain fixed
given different orders of instances within a dataset mini-batch, i.e. / (Y1, YN, U1y« -5 UN) =
lf(yﬁ(l), e Yn(N)» In(1)s - - - Um(nvy) for any index permutation 7. Our method uses the Kol-
mogorovArnold representation theorem (Tikhomirov} [1991) and defines the surrogate loss of Equa-
tion [2| as a composition function h of per-instance functions g. This type of aggregation was recently
applied to learning neural networks over sets of instances (Zaheer et al., [2017).

. 1 &
Ly, 9)=h (N ZQ(ZUu@z)) 2
i=1

where g: R? — R?, and h: R? — R are deep forward neural networks. The first function g extracts
@ latent error components for the predictions on each instance (e.g. latent representations of false
positive, false negative, etc.), while the aggregation produces set-wise performance indicators (e.g.
potentially latent representation of the count of true positives, false positives, error rate, etc.). The
function h creates nonlinear combinations of set-wise performance indicators to produce complex
latent error metrics such as precision, recall, F1, etc.

It has been proven that with sufficient capacities for g and h, any permutation-invariant set function
(hence any loss) can be approximated via the Kolmogorov-Arnold (KA) representation theorem (Za{
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heer et al.| [2017)). In particular, it is worth mentioning that due to being an instance of the KA
superposition, the proposed surrogate model of Equation [2 benefits from existing error bound guar-
antees of such a representation when the functions g and h are deep neural networks (Montanelli &
Yang, |2019). The remaining sections of this paper detail a novel method for optimizing surrogate
losses.

3.1 UNIVERSAL SURROGATES

The first intuition is to learn the weights § of surrogate network (a.k.a. the functions g and h) in a
universal manner by solving the objective of Equation 3| In other words, we can attempt to make any
surrogate loss { behave as any true loss ¢ over the space of all possible batches of randomly-drawn true
y and estimated ¢ targets. Focusing on binary classification losses, we sample the ground truth from
a Bernoulli distribution, and respective estimated targets from a Gaussian distribution. Furthermore,
the meta-loss £ : R x R — R measures the distance between the true and surrogate losses and is
practically implemented as an L; norm.

ﬁUniversal _ argﬁmin EyNB(P)pr G~N (1,0%) n o1 L (Z (y,z}) 7é(y7g; 6)) 3)

The challenge of learning a universal surrogate is in ensuring that the sampling hyper-parameters
(p, i, 0) would lead to drawing (y, ¢) that match the specific target distribution of a concrete dataset.
Therefore, we empirically found out that it is sub-optimal to universally relax the whole space of
the true loss. Instead, as future sections will detail, it is more efficient to design a relaxation in a
dataset-specific manner, which smoothens only the specific regions of the true loss which belong to
the respective dataset-specific distributions of true and estimated target batches.

3.2 SURROGATE LEARNING AS BILEVEL PROGRAMMING

A different approach from the universal surrogate is to associate a surrogate loss to each dataset. In
that manner, the surrogate creates a smooth relaxation only around the dataset-relevant regions of the
target (y, g(x; o)) space. We propose to jointly optimize the prediction model parameters (<) and the
surrogate loss parameters (/3) through the following optimization:

o =argmin  E(, )~ pp(2,y) f(y,z) (z;a); B) S
[e%

p* = argﬁmin E(o,y)~Pp(zy) L (5 (v, 9 (z30)) £ (9,9 (z30) 3 6)) (5)

The rationale is that Equation 4] optimizes the prediction model in order to minimize the surrogate
loss. However, the surrogate loss should approximate the true loss, which is ensured by Equation [5}

Such interdependence can be addressed by treating both objectives of Equations [4] and [5] as a
concurrent relationship, in a way that we can optimize them jointly and simultaneously. This dual
objective is an instance of a bilevel programming problem (Colson et al., |2007; |[Franceschi et al.,
2018). Algorithm [I] sketches the minimization procedure of the proposed surrogate learning. In
an alternating fashion, the surrogate minimization is carried out for K, steps (lines 4 — 7), while
the surrogate loss is updated for Kg steps (lines 9 — 12). To illustrate the mechanism, Figure
provides a minimalistic example of optimizing jointly the bilevel programming objectives for training
a single-parameter model on a single-feature binary dataset. The plots show the effect of minimizing
the surrogate (magenta), as the parameter « is updated towards the minimum of the surrogate. At
the same time, we observe that the surrogate is updated to match the true miss-classification-rate
loss (cyan) at the current parameter value. The model converges close to the optimal true loss after
applying the steps of Algorithm

3.3 NOTE ON CONVERGENCE

It is possible to analyze the convergence of Algorithm [I]following existing proofs for bilevel pro-
gramming (Revalski & Zhivkovl, [1993} [Franceschi et al 2018)), since Equations can be rewritten
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Figure 2: A single-parameter prediction model §(x,a) = ax — 1 classifies a single-feature binary dataset
(leftmost plot), i.e. & € R,z € R™V*!, where initially v = 0.3. In the three rightmost plots, the x-axis shows
the variation in true (cyan) and surrogate (magenta) losses for the whole space of «.. The plots indicate that
Equation 3] forces the surrogate to approximate the true loss at the regions around the current ¢ (dashed vertical
line), while the parameter « is updated towards the minimum of the surrogate by Equation El

Algorithm 1: Surrogate Learning
Input : Dataset D, Loss ¢, Training epochs T, Update steps K, K3, Learning rates 14, 73.

Initialize o, 8
for1,.... 7 do
al® o
fork=1,... K, do
Sample batch (z,y) ~ Pp (z,)

alk) k=1 na(k—l)vaé\ (y,g} (m; a(k_l)) ; ﬁ)

end

a <+ olFe) g0 3
fork=1,...,Kzgdo

Sample batch (z,y) ~ Pp (x,y)

B = B — g VL (5 (4,9 (2;0)) 4 (y, 9 (w; ) ; 5(’“1)))

end
B« BKs)

end
Return: Prediction model § (x; «)

in a standard bilevel programming form: minge 4 #(a, 8* (a)), B* (@) = arg ming,) £ (o, B (a)).
However, the assumptions of the proofs offered by the related work are violated in the case where
both considered models [ , L are deep neural networks (Franceschi et al., [2018). For example, the
assumption necessitating the optimal loss parameters arg ming,) £ (a, 8 («)) to represent a single-
ton for every a € A would not hold as there exist continuum many global minima. Nevertheless,
we empirically observed that the proposed bilevel optimization problem of Equations 43| converges
well in practice under the optimization regime of Algorithm [I] visually observable through the
exemplifying convergence plots of Section 4.2}

4 EXPERIMENTS

4.1 PROTOCOL

The experiments are focused on a collection of publicly-available binary classification datasets,
whose statistics are presented in Table [I} We split the data randomly into 80% training and 20%
testing instances. The prediction model § has an architecture of [100, 30, 10, 1] neurons with Leaky-
ReLU activation, where batch normalization was applied at each layer. In addition, after each batch
normalization we added a drop-out regularization layer with the drop rate set to 0.2. The surrogate
network component ¢ has [30, 30] neurons, while 4 has [10, 10, 1] neurons. We employed the Adam
optimizer for training the network, with initial learning rates being 1, =75 = 107°.
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Table 1: Dataset Statistics.

Dataset Classes Train Test Features Pos. Frac.
A9A 2 39073 9769 123 0.2379
CC-Fraud 2 227845 56962 29 0.0015
Cod-RNA 2 390852 97713 8 0.3346
CoverType 2 464809 116203 54 0.4867
IJCNN 2 125344 31337 22 0.0954
Porto-Seguro 2 476169 119043 57 0.0368
Santander 2 160000 40000 200 0.1004
Skin 2 196045 49012 3 0.7919
Susy 2 4000000 1000000 18 0.4577

Furthermore, to improve the convergence stability we clipped the gradients by a norm of 1075,
which is necessary due to the steep curvature of the surrogate losses 7, caused by approximating the
step-wise true loss surfaces ¢. Data batches were drawn in a stratified random fashion (50% positive
and 50% negative) with a mini-batch size N = 100. The update steps were chosen as K, = 3
and Kz = 10 and Algorithm [I] was run for 300000 iterations. We conducted experiments with
7 binary classification measures, namely AUC, Equal Error Rate (EER), Average Precision (AP),
Miss-classification rate (MCR), F1, Mathew Correlation Coefficient (MCC), Jaccard Coefficient
(JAC). All the measures are converted to a loss by a 1 — x conversion, except for EER and MCR. For
the losses that demand converting the predictions g into binary values (e.g. MCR, F1, MCC), we
used a thresholding § > ~, where ~ was optimized for each dataset and loss. The following results of
Sections [4.2}j4.3] present the performance on the test sets.

4.2 ABLATION OF SURROGATE MODELS

This section addresses whether the surrogate should be trained in a universal manner (Section @
or whether they should be optimized on a per-dataset basis following the bilevel programming of
Section[3.2] For this reason, we designed three different modalities for surrogate learning:

o Universal Surrogate (SL-U): Learn the surrogate i using Equationwith hyperparameters
p = 0.5 (due to stratified sampling), x = 0, 0 = 1, and then train only the prediction model
f by minimizing ¢ through Equation

e Learned from Scratch (SL-S): Initialize the surrogate network ¢ from scratch (randomly),
then optimize both Equations [A}j5| using Algorithm [T}

¢ Refined Surrogate (SL-R): Initialize the surrogate with the universal solution of Equation|3]
and then refine the surrogate by optimizing both Equations @}f5|using Algorithm|[I}

Table [2] shows the results of the ablation study with the 3 variations of surrogate learning on 7 losses
and 9 datasets. We notice that the universal surrogates (SL-U) are overall sub-optimal with respect
to the ones trained in a per-dataset manner (SL-R, SL-S), except for the AUC loss. In addition, the
results indicate that there is not a major difference in terms of accuracy between SL-R and SL-U. The
refined surrogate improves the convergence of the optimization procedure, as Figure [3|shows.

4.3 COMPARISON WITH THE STATE-OF-THE-ART

In order to demonstrate the usefulness of learning surrogates, we will compare our method against
the state-of-the art baselines of four popular loss functions: MCR, AUC, F1 and JAC. Concretely,
cross-entropy is the relaxation of MCR, while Pairwise Ranking (Gao & Zhou, |2015} [Chen et al.|
2009) and Global Objective (Eban et al.l[2017) are the relaxations of AUC. Furthermore, the Lovasz
Soft-Max is the relaxation of JAC (Berman et al., 2018}, |Yu & Blaschko, 2015)), and the cost-sensitive
reduction (Puthiya Parambath et al., 2014) serves as the surrogate of F1. All the aforementioned
baselines, except the cost-sensitive reduction, have no further hyper-parameters and were implemented
based on the authors’ codes. For a ceteris paribus comparison, we used the same capacity prediction
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Table 2: Comparing universal surrogates (SL-U) against dataset-specific surrogates (SL-S and SL-R), which are
either initialized randomly (SL-S) or with the universal surrogate (SL-R). The lowest loss values are highlighted.

Loss Measures
AUC EER AP MCR F1 MCC JAC

SL-U  0.0968 0.1897 0.2629 0.2165 0.4557 0.2164 0.1819
A9A SL-R  0.0983 0.1807 0.2584 0.1502 0.3134 0.2085 0.1512
SL-S  0.0969 0.1782 0.2585 0.1508 0.3115 0.2069 0.1529

SL-U  0.0245 0.1512 0.2530 0.0093 0.7774 0.3975  0.0099
CC-Fraud SL-R  0.0284 0.0914 0.1650 0.0088 0.7693 0.3293  0.0088
SL-S  0.0209 0.0814 0.1902 0.0088 0.9970 0.3293  0.0089

SL-U 0.0107 0.0513 0.0293 0.0510 0.1430 0.0514 0.1272
Cod-RNA SL-R  0.0110 0.0422 0.0273 0.0430 0.0632 0.0476  0.0426
SL-S  0.0101 0.0428 0.0275 0.0418 0.0619 0.0474 0.0422

SL-U  0.1450 0.3019 0.1730 0.3466 0.2699 0.2349  0.2886
Covtype SL-R  0.1463 0.2220 0.1663 0.2198 0.2102 0.2165 0.2192
SL-S  0.1468 0.2233 0.1635 0.2207 0.2109 0.2203  0.2219

SL-U 0.0048 0.0378 0.0537 0.1045 0.5486 0.1923  0.0609
IJCNN SL-R  0.0030 0.0268 0.0224 0.0161 0.0806 0.0422 0.0152
SL-S  0.0028 0.0260 0.0219 0.0153 0.0777 0.0427 0.0161

SL-U 0.3745 0.4348 0.9376 0.0461 0.8990 0.4901 0.0459
Porto-Seguro  SL-R  0.3737 0.4110 0.9361 0.0449 0.8867 0.4606 0.0448
SL-S 03744 0.4127 0.9367 0.0446 0.8939 0.4614  0.0446

SL-U  0.1453 0.2349 0.5027 0.1082 0.5800 0.3012  0.0951
Santander SL-R  0.1465 0.2300 0.4996 0.0864 0.5166 0.2863  0.0863
SL-S  0.1470 0.2314 0.4945 0.0871 0.5083 0.2857 0.0861

SL-U  0.0001 0.0648 0.0001 0.0075 0.0036 0.0836 0.0889
Skin SL-R  0.0006 0.0044 0.0003 0.0073 0.0085 0.0031 0.0115
SL-S  0.0009 0.0143 0.0001 0.0047 0.0017 0.0035 0.0031

SL-U  0.1316 0.2269 0.1312 0.4596 0.2507 0.2133  0.2461
Susy SL-R  0.1334 0.2156 0.1288 0.2046 0.2289 0.2050  0.2031
SL-S  0.1324 0.2140 0.1291 0.2043 0.2294 0.2062  0.2050
SL-U 1.78 2.89 2.67 2.78 2.67 2.89 2.78
Ranks SL-R 222 1.67 1.67 1.78 1.78 1.44 1.56
SL-S 1.89 1.44 1.67 1.22 1.67 1.67 1.67

Dataset Model

AP MCC F1 MCR
Faee =i - |k — —i
AN - SN, L -
- (Test L - (Test N = (Test - (Test
| I VA \ ==
______________ p— A Oty F Y X |
—i - |k —i - | —i —i
~ 0.6 -L -L \ -L -L \ -L -L
o -6 - (Test - (Test \" - (Test - (Test . .- = (T - (Test
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e IRy [ S, e = o
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Figure 3: Illustrating the convergence for different loss functions on the IJICNN dataset, using two types of

surrogates, SL-S: randomly from scratch, SL-R: refined from the universal surrogate. fand £ represent the
surrogate optimization performance on the training set, while £ the true loss on the tesing set.
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model for the baselines, the same batch size, i.e. the same protocol as in Section 4.1} The hyper-
parameter of the cost-sensitive reduction, namely the positive weight coefficient was tuned among
{0.3,0.9,2.7,8.1,24.3,72.9} on a separate validation set. To ensure that the baselines converged,
we trained them for 1M/ iterations with a learning rate of 10~*. Table presents the results over the
9 datasets, where the refined surrogate learning SL-R is compared to the 5 state-of-the-art relaxation
methods for 4 losses. The evidence suggests that surrogate learning yields more accurate prediction
models than the state-of-the-art.

Table 3: Surrogate learning SL-R vs state-of-the-art, MCR: CE (Cross-Entropy); AUC: PR (Pairwise Rank-
ing (Gao & Zhoul 2015} |Chen et al., [2009)), GO (Global Objectives (Eban et al., |2017)); JAC: LO (Lo-
vasz Soft-Max for Jaccard (Berman et al.| [2018];, |[Yu & Blaschkol [2015)); F1: CS (Cost-sensitive F1 reduc-
tion (Puthiya Parambath et al.l[2014)). Lowest values in bold.

MCR AUC JAC F1
CE SL-R PR GO SL-R LO SL-R CS SL-R

A9A  0.1520 0.1502 0.1019 0.1028 0.0983 0.1539 0.1512 0.3177 0.3134
CCF 0.0088 0.0088 0.0437 0.0369 0.0284 0.0088 0.0088 0.7652 0.7693
COD 0.0462 0.0430 0.0122 0.0129 0.0110 0.0438 0.0426 0.0652 0.0632
COV  0.2149 0.2198 0.1786 0.1504 0.1463 0.2594 0.2192 0.2305 0.2102
C  0.0364 0.0161 0.0168 0.0258 0.0030 0.0322 0.0152 0.1959 0.0806
POR 0.0446 0.0449 0.3814 0.3815 0.3737 0.0445 0.0448 0.8851 0.8867
SAN 0.0842 0.0864 0.1406 0.1427 0.1465 0.0850 0.0863 0.4990 0.5166
SKI  0.0482 0.0073 0.0364 0.0473 0.0006 0.0432 0.0115 0.0278 0.0085
SUS 0.2146 0.2046 0.1524 0.1508 0.1334 0.2022 0.2031 0.2420 0.2289

Wins 3.5 5.5 1.0 0.0 8.0 3.5 5.5 3.0 6.0

Data

4.4 RUNTIME COMPLEXITY

Denoting the capacities as o € R%> 3 € R@#, the runtime complexity of Algorithm [1] is
O(T x (Kq x (Qa + Q) + K3 x Qg)), while that of gradient descent for minimizing the cross-

entropy (CE) is O (T x K, X Q). The additive complexity comes from g—g% where O (2—5) is

O (Qp) in the case of surrogate learning. When deploying on an Intel Xeon E5-2670 server with
40 cores, it took SL-R circa 26 hours and 38 minutes to train the prediction model of Section
with the MCR loss on the Susy dataset for 1M batches. Under an identical setup, the cross-entropy
baseline completed in circa 6 hours and 17 minutes.

5 CONCLUSION

The optimization of losses is a major challenge for the machine learning community. Unfortu-
nately, most classification loss functions are only piece-wise continuous, non-differentiable and
non-decomposable. So far, researchers have addressed this bottleneck by designing (hand-crafting)
smooth approximative surrogate functions to those losses. In contrast to the existing work, we
propose a new paradigm to optimizing loss functions, by defining the loss itself as a parametric
model that is jointly optimized with a prediction model, in a way that the smooth surrogate loss
matches the non-differentiable true loss. The task is formalized as a bilevel programming objective
and an alternating optimization algorithm is applied to learn the surrogates. The empirical results on
multiple real-life datasets indicate that learning surrogates is more accurate than hand-crafted explicit
relaxations in diverse popular loss functions, such as AUC, F1, or Jaccard Index.



Under review as a conference paper at ICLR 2020

REFERENCES

Kevin Bascol, Rémi Emonet, Elisa Fromont, Amaury Habrard, Guillaume Metzler, and Marc Sebban.
From cost-sensitive to tight f-measure bounds. In Kamalika Chaudhuri and Masashi Sugiyama
(eds.), Proceedings of Machine Learning Research, volume 89 of Proceedings of Machine Learning
Research, pp. 1245-1253. PMLR, 16-18 Apr 2019.

Maxim Berman, Amal Rannen Triki, and Matthew B Blaschko. The lovasz-softmax loss: A tractable
surrogate for the optimization of the intersection-over-union measure in neural networks. In
Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition, pp. 4413-4421,
2018.

Wei Chen, Tie yan Liu, Yanyan Lan, Zhi ming Ma, and Hang Li. Ranking measures and loss functions
in learning to rank. In Y. Bengio, D. Schuurmans, J. D. Lafferty, C. K. I. Williams, and A. Culotta
(eds.), Advances in Neural Information Processing Systems 22, pp. 315-323. Curran Associates,
Inc., 2009.

Yutian Chen, Matthew W. Hoffman, Sergio Gémez Colmenarejo, Misha Denil, Timothy P. Lillicrap,
Matt Botvinick, and Nando de Freitas. Learning to learn without gradient descent by gradient
descent. In Doina Precup and Yee Whye Teh (eds.), Proceedings of the 34th International
Conference on Machine Learning, volume 70 of Proceedings of Machine Learning Research, pp.
748-756, International Convention Centre, Sydney, Australia, 06—11 Aug 2017. PMLR.

Benoit Colson, Patrice Marcotte, and Gilles Savard. An overview of bilevel optimization. Annals of
Operations Research, 153(1):235-256, 2007.

Corinna Cortes and Mehryar Mohri. Auc optimization vs. error rate minimization. In Advances in
Neural Information Processing Systems, pp. 313-320, 2004.

Cicero Nogueira dos Santos, Kahini Wadhawan, and Bowen Zhou. Learning loss functions for
semi-supervised learning via discriminative adversarial networks. CoRR, abs/1707.02198, 2017.
URLhttp://arxiv.org/abs/1707.02198.

Elad Eban, Mariano Schain, Alan Mackey, Ariel Gordon, Ryan Rifkin, and Gal Elidan. Scalable
Learning of Non-Decomposable Objectives. In Aarti Singh and Jerry Zhu (eds.), Proceedings of the
20th International Conference on Artificial Intelligence and Statistics, volume 54 of Proceedings
of Machine Learning Research, pp. 832—840, Fort Lauderdale, FL, USA, 20-22 Apr 2017. PMLR.

Yang Fan, Fei Tian, Tao Qin, Xiang-Yang Li, and Tie-Yan Liu. Learning to teach. In International
Conference on Learning Representations (ICLR), 2018.

Luca Franceschi, Paolo Frasconi, Saverio Salzo, Riccardo Grazzi, and Massimiliano Pontil. Bilevel
programming for hyperparameter optimization and meta-learning. In Jennifer Dy and Andreas
Krause (eds.), Proceedings of the 35th International Conference on Machine Learning, volume 80
of Proceedings of Machine Learning Research, pp. 1568—1577, Stockholmsmssan, Stockholm
Sweden, 10-15 Jul 2018. PMLR.

Wei Gao and Zhi-Hua Zhou. On the consistency of auc pairwise optimization. In Twenty-Fourth
International Joint Conference on Artificial Intelligence, 2015.

Tamir Hazan, Joseph Keshet, and David A. McAllester. Direct loss minimization for structured
prediction. In J. D. Lafferty, C. K. I. Williams, J. Shawe-Taylor, R. S. Zemel, and A. Culotta (eds.),
Advances in Neural Information Processing Systems 23, pp. 1594—1602. Curran Associates, Inc.,
2010.

Kurt Hornik. Approximation capabilities of multilayer feedforward networks. Neural Networks, 4(2):
251 -1257, 1991. ISSN 0893-6080.

Oluwasanmi O Koyejo, Nagarajan Natarajan, Pradeep K Ravikumar, and Inderjit S Dhillon. Consis-
tent binary classification with generalized performance metrics. In Z. Ghahramani, M. Welling,
C. Cortes, N. D. Lawrence, and K. Q. Weinberger (eds.), Advances in Neural Information Process-
ing Systems 27, pp. 2744-2752. Curran Associates, Inc., 2014.


http://arxiv.org/abs/1707.02198

Under review as a conference paper at ICLR 2020

Ke Li and Jitendra Malik. Learning to optimize. In International Conference on Learning Represen-
tations (ICLR), 2017.

Zachary C. Lipton, Charles Elkan, and Balakrishnan Naryanaswamy. Optimal thresholding of
classifiers to maximize fl measure. In Toon Calders, Floriana Esposito, Eyke Hiillermeier, and
Rosa Meo (eds.), Machine Learning and Knowledge Discovery in Databases, pp. 225-239, Berlin,
Heidelberg, 2014. Springer Berlin Heidelberg. ISBN 978-3-662-44851-9.

Hadrien Montanelli and Haizhao Yang. Error bounds for deep relu networks using the kolmogorov—
arnold superposition theorem, 2019.

Xiaozhong Pang and P Werbos. Neural network design for j function approximation in dynamic
programming. arXiv preprint adap-org/9806001, 1998.

Shameem Puthiya Parambath, Nicolas Usunier, and Yves Grandvalet. Optimizing f-measures by
cost-sensitive classification. In Z. Ghahramani, M. Welling, C. Cortes, N. D. Lawrence, and K. Q.
Weinberger (eds.), Advances in Neural Information Processing Systems 27, pp. 2123-2131. Curran
Associates, Inc., 2014.

J. P. Revalski and N. V. Zhivkov. Well-posed constrained optimization problems in metric spaces.
Journal of Optimization Theory and Applications, 76(1):145-163, Jan 1993. ISSN 1573-2878. doi:
10.1007/BF00952826. URL https://doi.org/10.1007/BF00952826.

Yang Song, Alexander Schwing, Richard, and Raquel Urtasun. Training deep neural networks via
direct loss minimization. In Maria Florina Balcan and Kilian Q. Weinberger (eds.), Proceedings of
The 33rd International Conference on Machine Learning, volume 48 of Proceedings of Machine
Learning Research, pp. 2169-2177, New York, New York, USA, 20-22 Jun 2016. PMLR.

VM Tikhomirov. On the representation of continuous functions of several variables as superpositions
of continuous functions of one variable and addition. In Selected Works of AN Kolmogorov, pp.
383-387. Springer, 1991.

Lijun Wu, Fei Tian, Yingce Xia, Yang Fan, Tao Qin, Lai Jian-Huang, and Tie-Yan Liu. Learning
to teach with dynamic loss functions. In S. Bengio, H. Wallach, H. Larochelle, K. Grauman,
N. Cesa-Bianchi, and R. Garnett (eds.), Advances in Neural Information Processing Systems 31,
pp. 6466—6477. Curran Associates, Inc., 2018.

Nan Ye, Kian Ming A. Chai, Wee Sun Lee, and Hai Leong Chieu. Optimizing f-measures: A
tale of two approaches. In Proceedings of the 29th International Coference on International
Conference on Machine Learning, ICML’12, pp. 1555-1562, USA, 2012. Omnipress. ISBN
978-1-4503-1285-1.

Jiagian Yu and Matthew Blaschko. Learning submodular losses with the lovasz hinge. In Francis Bach
and David Blei (eds.), Proceedings of the 32nd International Conference on Machine Learning,
volume 37 of Proceedings of Machine Learning Research, pp. 1623—-1631, Lille, France, 07-09
Jul 2015. PMLR.

Manzil Zaheer, Satwik Kottur, Siamak Ravanbakhsh, Barnabas Poczos, Ruslan R Salakhutdinov, and
Alexander J Smola. Deep sets. In I. Guyon, U. V. Luxburg, S. Bengio, H. Wallach, R. Fergus,
S. Vishwanathan, and R. Garnett (eds.), Advances in Neural Information Processing Systems 30,
pp- 3391-3401. Curran Associates, Inc., 2017.

Xiaoxuan Zhang, Mingrui Liu, Xun Zhou, and Tianbao Yang. Faster online learning of optimal
threshold for consistent f-measure optimization. In Samy Bengio, Hanna M. Wallach, Hugo
Larochelle, Kristen Grauman, Nicolo Cesa-Bianchi, and Roman Garnett (eds.), Advances in Neural
Information Processing Systems 31: Annual Conference on Neural Information Processing Systems
2018, NeurIPS 2018, 3-8 December 2018, Montréal, Canada., pp. 3893-3903, 2018.

10


https://doi.org/10.1007/BF00952826

	Introduction
	Related Work
	Surrogate Learning
	Universal Surrogates
	Surrogate Learning as Bilevel Programming
	Note on convergence

	Experiments
	Protocol
	Ablation of Surrogate Models
	Comparison with the State-of-the-art
	Runtime Complexity

	Conclusion

