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ABSTRACT

Giving provable guarantees for learning neural networks is a core challenge of
machine learning theory. Most prior work gives parameter recovery guarantees for
one hidden layer networks, however, the networks used in practice have multiple
non-linear layers. In this work, we show how we can strengthen such results
to deeper networks — we address the problem of uncovering the lowest layer in
a deep neural network under the assumption that the lowest layer uses a high
threshold before applying the activation, the upper network can be modeled as a
well-behaved polynomial and the input distribution is gaussian.

1 INTRODUCTION

Understanding the landscape of learning neural networks has been a major challege in machine
learning. Various works gives parameter recovery guarantees for simple one-hidden-layer networks
where the hidden layer applies a non-linear activation u after transforming the input by a matrix
W, and the upper layer is the weighted sum operator: thus f(x) = > a;u(w!'x). However, the
networks used in practice have multiple non-linear layers and it is not clear how to extend these
known techniques to deeper networks.

We consider a multilayer neural network with the first layer activation w and the layers above rep-
resented by an unknown polynomial P such that it has non-zero non-linear components. More
precisely, the function f computed by the neural network is as follows:

fw (@) = Plu(wlzx), u(wlz),... u(wlx))for P(X1,...,Xq) = Z Cp - HX;J'.

rezt J

We assume that the input z is generated from the standard Gaussian distribution and there is an un-
derlying true network (parameterized by some unknown W*from which the labels are generated.

In this work we strengthen previous results for one hidden layer networks to a larger class of func-
tions representing the transform made by the upper layer functions if the lowest layer uses a high
threshold (high bias term) before applying the activation: u(a — t) instead of u(a). Intuitively, a
high threshold is looking for a high correlation of the input a with a direction w;. Thus even if the
function f is applying a complex transform after the first layer, the identity of these high threshold
directions may be preserved in the training data generated using f.

Learning with linear terms in P. Suppose P has a linear component then we show that in-
creasing the threshold ¢ in the lowest layer is equivalent to amplifying the coefficients of the lin-
ear part. Instead of dealing with the polynomial P it turns out that we can roughly think of it as

P(uXi, ..., nX4) where p decreases exponentially in ¢ (u ~ e‘tz). As p decreases it has the effect
of diminishing the non-linear terms more strongly so that relatively the linear terms stand out. Tak-
ing advantage of this effect we manage to show that if ¢ exceeds a certain threshold the non linear
terms drop in value enough so that the directions w; can be learned by relatively simple methods. We
show that we can get close to the w; applying a simple variant of PCA. While an application of PCA

can be thought of as finding principal directions as the local maxima of max||, = E[f(z)(z"z)?],

"We suppress W when it is clear from context.
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we instead perform maxg(q)H, (+7x)2]=1 ]E[f(:v)H4(zT:n)4]]ﬂ If W* has a constant condition
number then the local maxima can be used to recover directions that are transforms of w;.

Theorem 1 (informal version of Claim |2} Theorem . Ift > cv/logd for large enough constant
¢ > 0 and P has linear terms with absolute value of coefficients at least 1/poly(d) and all coeffi-
cients at most O(1), we can recover the weight vector w; within error 1/poly(d) in time poly(d).

These approximations of w,; obtained collectively can be further refined by looking at directions
along which there is a high gradient in f; for monotone functions we show how in this way we can
recover w; exactly (or within any desired precision.

Theorem 2. (informal version of Theorem |5) Under the conditions of the previous theorem, for
monotone P, there exists a procedure to refine the angle to precision e in time poly(1/e, d) starting
Sfrom an estimate that is 1/poly(d) close.

The above mentioned theorems hold for u being sign and ReLU

When P is monotone and u is the sign function, learning W is equivalent to learning a union of half
spaces. We learn W* by learning sign of P which is exactly the union of halfspaces wl'z = t.
Thus our algorithm can also be viewed as a polynomial time algorithm for learning a union of large
number of half spaces that are far from the origin — to our knowledge this is the first polynomial time
algorithm for this problem but with this extra requirement (see earlier work Vempala| (2010) for an
exponential time algorithm). Refer to Appendix [B.6]for more details.

Such linear components in P may easily be present: consider for example the case where P(X) =
u(vT X — b) where u is say the sigmoid or the logloss function. The taylor series of such functions
has a linear component — note that since the linear term in the taylor expansion of u(z) has coefficient
u/(0), for expansion of u(z —b) it will be u’(—b) which is ©(e~") in the case of sigmoid. In fact one
may even have a tower (deep network) or such sigmoid/logloss layers and the linear components will
still be present — unless they are made to cancel out precisely; however, the coefficients will drop
exponentially in the depth of the networks and the threshold b.

Sample complexity with low thresholds and no explicit linear terms. Even if the threshold
is not large or P is not monotone, we show that W* can be learned with a polynomial sample
complexity (although possibly exponential time complexity) by finding directions that maximize
the gradient of f.

Theorem 3 (informal version of Corollary [T). If u is the sign function and w;’s are orthogonal
then in poly(1/e, d) samples one can determine W * within precision e if the coefficient of the linear
termsin P(pu(X1 4+ 1), u(Xa + 1), (X3 4+ 1),...) is least 1/poly(d)

Learning without explicit linear terms. We further provide evidence that P may not even need
to have the linear terms — under some restricted cases (section Ef]) we show how such linear terms
may implicitly arise even though they may be entirely apparently absent. For instance consider the
case when P =}~ X, X that does not have any linear terms. Under certain additional assumptions
we show that one can recover w; as long as the polynomial P(u(X71 +1), u(Xo+1), un(X5+1),..)
(where p is e ~* has linear terms components larger than the coefficients of the other terms). Note that
this transform when applied to P automatically introduces linear terms. Note that as the threshold
increases applying this transform on P has the effect of gathering linear components from all the
different monomials in P and penalizing the higher degree monomials. We show that if W* is a
sparse binary matrix then we can recover W* when activation u(a) = e”® under certain assumptions
about the structure of P. When we assume the coefficients are positive then these results extend
for binary low /;- norm vectors without any threshold. Lastly, we show that for even activations
(Va,u(a) = u(—a)) under orthogonal weights, we can recover the weights with no threshold.

Learning with high thresholds at deeper layers. We also point out how such high threshold
layers could potentially facilitate learning at any depth, not just at the lowest layer. If there is any
cut in the network that takes inputs X1, ..., X4 and if the upper layers operations can be modelled
by a polynomial P, then assuming the inputs X; have some degree of independence we could use
this to modularly learn the lower and upper parts of the network separately (Appendix [E)

*Here H, and H. are the fourth and second order hermite polynomials respectively.
3Theorem 1 holds for sigmoid with t > clogd.
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Related Work. Various works have attempted to understand the learnability of simple neural net-
works. Despite known hardness results (Goel et al.| (2016); Brutzkus & Globerson| (2017), there
has been an array of positive results under various distributional assumptions on the input and the
underlying noise in the label. Most of these works have focused on analyzing one hidden layer
neural networks. A line of research has focused on understanding the dynamics of gradient descent
on these networks for recovering the underlying parameters under gaussian input distribution Du
et al.[(2017bga); L1 & Yuan|(2017);Zhong et al.[(2017a); Zhang et al.|(2017);|Zhong et al.| (2017b).
Another line of research borrows ideas from kernel methods and polynomial approximations to ap-
proximate the neural network by a linear function in a high dimensional space and subsequently
learning the same [Zhang et al.| (2015); |Goel et al.| (2016)); |Goel & Klivans| (2017bjal). Tensor de-
composition methods |/Anandkumar & Ge| (2016); Janzamin et al.| (2015) have also been applied to
learning these simple architectures.

The complexity of recovering arises from the highly non-convex nature of the loss function to be
optimized. The main result we extend in this work is by |Ge et al.|(2017). They learn the neural net-
work by designing a loss function that allows a well-behaved” landscape for optimization avoiding
the complexity. However, much like most other results, it is unclear how to extend to deeper net-
works. The only known result for networks with more than one hidden layer is by |Goel & Klivans
(2017b)). Combining kernel methods with isotonic regression, they show that they can provably learn
networks with sigmoids in the first hidden layer and a single unit in the second hidden layer in poly-
nomial time. We however model the above layer as a multivariate polynomial allowing for larger
representation. Another work |Arora et al|(2014) deals with learning a deep generative network
when several random examples are generated in an unsupervised setting. By looking at correlations
between input coordinates they are able to recover the network layer by layer. We use some of their
ideas in section [d] when W is a sparse binary matrix.

Notation. We denote vectors and matrices in bold face. || - ||, denotes the [,,-norm of a vector.
|| - || without subscript implies the lo-norm. For matrices || - || denotes the spectral norm and || - ||
denotes the forbenius norm. A(0,X) denotes the multivariate gausssian distribution with mean 0
and covariance . For a scalar « we will use ¢(x) to denote the p.d.f. of the univariate standard
normal distribution with mean zero and variance 1 .For a vector x we will use ¢(x) to denote
the p.d.f. of the multivariate standard normal distribution with mean zero and variance 1 in each
direction. ® denotes the c.d.f. of the standard gausssian distribution. Also define ®¢ =1 — ®. Let
h; denote the ith normalized Hermite polynomial [Wikipedia contributors| (2018). For a function f,
let f; denote the ith coefficient in the hermite expansion of f, that is, f; = Egno,0)[f(9)hi(9)].
For a given function f computed by the neural network, we assume that the training samples (x, )
are such that & € R™ is distributed according to N (0, 1) and label has no noise, that is, y = f(x).

Note: Most proofs are deferred to the Appendix due to lack of space.

2 APPROXIMATE RECOVERY WITH LINEAR TERM

In this section we consider the case when P has a positive linear component and we wish to recover
the parameters of true parameters W*. The algorithm has two-steps: 1) uses existing one-hidden
layer learning algorithm (SGD on carefully designed loss|Ge et al.|(2017)) to recover an approximate
solution , 2) refine the approximate solution by performing local search (for monotone P). The in-
tuition behind the first step is that high thresholds enable P to in expectation be approximately close
to a one-hidden-layer network which allows us to transfer algorithms with approximate guarantees.
Secondly, with the approximate solutions as starting points, we can evaluate the closeness of the
estimate of each weight vector to the true weight vector using simple correlations. The intuition of
this step is to correlate with a function that is large only in the direction of the true weight vectors.
This equips us with a way to design a local search based algorithm to refine the estimate to small
error.

For simplicity in this section we will work with P where the highest degree in any X; is 1. The
degree of the overall polynomial can still be n. See Appendix for the extension to general P.
More formally,
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Assumption 1 (Structure of network). We assume that P has the following structure
P(X1,...,X1) = co + Zie[d] X + ZSQ[d]:\S|>1 csljes Xj such that ¢; = @(1)ﬂf0r all
i € [d] and for all S C [d] such that |S| > 1, |cs| < O(1). W* has constant condition number.

Thus f(z) = co + Y ,eiq ciu((w)Tx) + >scapisi>1 ¢s Ijes u((w;)"a). Denote fin(x) =
co+ D ie) ciu((w})Tx) to be the linear part of f.

Next we will upper bound expected value of u(x): for "high-threshold” ReLU, that is, u¢(a) =
+2

max(0,a — t), Egn(0,02)[us(g)] is bounded by a function p(t, ) ~ e 2-% (see Lemma . We

also get a lower bound on |4 in terms of p(¢, o) E]This enables us to make the following assumption.

Assumption 2. Activation function u is a positive high threshold activation with threshold t, that is,
the bias term is t. By n(0,02)[us(9)] < p(t, o) where p is a positive decreasing function of t. Also,

iy = t®Dp(t, 1) for k = 2,4.

Assumption 3 (Value of t). t is large enough such that p(t,||W*||) =~ d~" and p(t,1) = d—P"
with for large enough constant ) > 0 and p € (0, 1].

For example, for high threshold ReLU, p(t,1) = e~**/2 and ju = p(t, ||[W*||) = e~ */2IW"II*  thus
t = +/2nlog d for large enough d suffices to get the above assumption (x(W™*) is a constant).

These high-threshold activation are useful for learning as in expectation, they ensure that f is close
to fjin since the product terms have low expected value. This is made clear by the following lemmas:

Lemma 1. For |S| > 1, under Assumption[2lwe have,

E | T wel(w)) )| < plt, 1) (W ol [[W* )1
jES
S0 if = K(W*)o(t, || W) then B[] X, fa]] < plt. iS5

Lemma 2. Let A(x) = f(x) — fin(x). Under Assumptions and |3} if t is such that
dp(t, ||[W*||) < cfor some small enough constant ¢ > 0 we have,

E[|A(x)]] <O (d3p(t, 1)p(t, ||W*H)) -0 (d—(1+p)?7+3> .

Note: We should point out that f(x) and fi,(x) are very different point wise; they are just close
in expectation under the distribution of x. In fact, if d is some constant then even the difference in
expectation is some small constant.

This closeness suggests that algorithms for recovering under the labels from f};, can be used to
recover with labels from f approximately.

Learning One Layer Neural Networks using Landscape Design. |Ge et al. (2017) proposed an
algorithm for learning one-hidden-layer networks. Intuitively, the approach of (Ge et al.[(2017)) is to
design a well behaved loss function based on correlations to recover the underlying weight vectors.
They show that the local minima of the following optimization corresponds to some transform of
each of the w; — thus it can be used to recover a transform of w;, one at a time.

sgn (i) E[ fin(z) Ha(2" )]

max
2:E[ fin(x) H2 (27 )] =12

which they optimize using the Lagrangian formulation (viewed as a minimization):
min Giin(2) := —sgn(@4)E[ fiin (@) Ho(2" ®)] + N(E[fin (@) H2 (2" ®)] - G2)?

I

T 2
where Ho(2Tz) = ||2|[2hs (H;ﬁ) = G2 el and Hy(2T2) = |l2]|*ha (H;ﬁ) -

\/6({2@)4 - ”zllz(;Tw)z + Hz4”4 (see Appendix for more details). Using properties

*We can handle € [dfc, dc] for some constant C' by changing the scaling on .
>For similar bounds for sigmoid and sign refer to Appendix
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of Hermite polynomials, we have E[fin(x)H2(zT2)] = 2>, ci(z7w})? and similarly
E[fin(x)Ha(zT2)] = 04 >, (2T w;)*. Thus

2
Gin(2) = —|ta] Y _ c;(z"w))* + A3 (Z ci(zTw))? - 1) .

Using results from |Ge et al.| (2017)), it can be shown that the approximate local minima of this
problem are close to columns of (TW*)’1 where T is a diagonal matrix with T3; = /c;.
Definition 1 ((¢, 7)-local minimum/maximum). z is an (e, 7)-local minimum of F if ||VF(2)|| < €
and Apin(V2F(2)) < 7.

Claim 1 (Ge et al.| (2017)). An (¢, 7)-local minima of the Lagrangian formulation z with ¢ <
O («/7'3/|1l4|) is such that for an index i |zTw;| = 1+ O(e/ i) + O(dr/|t4|) and Vj #

i, [vTw;| = O(\/7/|tia]) where w; are columns of (TW*)~1.

Ge et al.|(2017) do not mention %y but it is necessary in the non-orthogonal weight vectors case for
the correct reduction. Since for us, this value can be small, we mention the dependence.Note that
these are not exactly the directions w; that we need, one way to think about is that we can get the
correct directions by estimating all columns and then inverting.

One-hidden-layer to Deep Neural Network. Consider the loss with f instead of fii,:
min z : G(z) = —sgn(tg)E[f (x)Hy (2" )] + MNE[f(x)Hy (2T 2)] — 12)?

We previously showed that f is close to fj;, in expectation due to the high threshold property. This
also implies that G);, and G are close and so are the gradients and (eignevalues of) hessians of the
same. This closeness implies that the landscape properties of one approximately transfers to the
other function. More formally,

Theorem 4. Let Z be an (¢, T)-local minimum of function A. If || V(B — A)(Z)|| < p and ||V?*(B —
A)(Z)|| < v thenZis an (e + p, T + 7y)-local minimum of function B and vice-versa.

We will now apply above lemma on our Gjin(2) and G(z).

Claim 2. For A\ = O(|04|/12) ~ d", an (e, T)-approximate local minima of G (for small enough
6,7 < d=?") is an (O(log d)d~1+P)1+3 O(log d)d~ P +3)approximate local minima of G
This implies z is such that for an index i, |zTw;| = 1+ O(1)d=2/*?"*3 and Vj # i, |zTw;| =
O(1)d=1/3P+3/2 ywhere w; are columns of (TW*)~! (ignoring log d factors).

Note: For ReLU, setting t = /C'log d for large enough C' > 0 we can get closeness 1/poly(d) to
the columns of (TW*)~!. Refer Appendix for details for sigmoid.

The paper |Ge et al.| (2017) also provides an alternate optimization that when minimized simultane-
ously recovers the entire matrix W* instead of having to learn columns of (TW*)~! separately.
We show how applying our methods can also be applied to that optimization in Appendix [B.4] to
recover W* by optimizing a single objective.

2.1 APPROXIMATE TO ARBITRARILY CLOSE FOR MONOTONE P

Assuming P is monotone, we can show that the approximate solution from the previous analysis can
be refined to arbitrarily closeness using a random search method followed by approximately finding
the angle of our current estimate to the true direction.

The idea at a high level is to correlate with ¢'(z7@ — t) where § is the Dirac delta function. It
turns out that the correlation is maximized when z is equal to one of the w;. Correlation with
8" (2T z—t) is checking how fast the correlation of f with §(zT@—t) is changing as you change ¢. To
understand this look at the case when our activation w is the sign function then note that correlation
of us(wTx —t) with § (wTx — t) is very high as its correlation with §(w”x — ') is 0 when t’ < t
and significant when ¢’ > ¢. So as we change t” slightly from ¢ — € to ¢ + € there is a sudden increase.
If z and w differ then it can be shown that correlation of u;(w” x — t) with § (27 z — t) essentially
depends on cot(«) where « is the angle between w and z (for a quick intuition note that one can
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prove that E[u; (w” z)d' (27 x)] = ccot(). See Lemma[16)in Appendix). In the next section we
will show how the same ideas work for non-monotone P even if it may not have any linear terms but
we only manage to prove polynomial sample complexity for finding w instead of polynomial time
complexity.

In this section we will not correlate exactly with ¢’ (2”@ — t) but instead we will use this high level
idea to estimate how fast the correlation with §(z7x — ¢') changes between two specific values as
one changes t', to get an estimate for cot(«). Secondly since we can’t to a smooth optimization over
z, we will do a local search by using a random perturbation and iteratively check if the correlation
has increased. We can assume that the polynomial P doesn’t have a constant term ¢ as otherwise it
can easily be determined and cancelled ouff]

We will refine the weights one by one. WLOG, let us assume that w} = e; and we have z such that
2Tw} = z; = cos™!(aq). Letl(z,t,¢) denote {x : zTx € [t — ¢,t]} for z € S* 1.

Algorithm 1 RefineEstimate

1: Run EstimateTanAlpha on z to get s = tan(«) where « is the angle between z and w.
2: Perturb current estimate z by a vector along the d — 1 dimensional hyperplane normal to z with
the distribution n(0, ©(a/d))4~! to get 2.
Run EstimateTanAlpha on z’ to get s’ = tan(«’) where o is the angle between 2z’ and wy.
if o < O(a/d) then

z+ 2
Repeat till o/ < e.

AN

Algorithm 2 EstimateTanAlpha

1: Find ¢; and tz such that Pr{sgn(f(z))|x € I(2,t',€)] at t1 is 0.4 and at t5 is 0.6.

2: Return W

The algorithm (Algorithm|[I) estimates the angle of the current estimate with the true vector and then
subsequently perturbs the vector to get closer after each successful iteration.

Theorem 5. Given a vector z € S~ such that it is 1/poly(d)-close to the underlying true vector
wj, that is cos~(zTwy) < 1/poly(d), running Re fineEstimate for O(T) iterations outputs a
vector z* € S such that cos™((z*)Twi) < (1 - g)T*yfor some constant ¢ > 0. Thus after
O(dlog(1/€)) iterations cos ™' ((z*)Tw}) < e.

We prove the correctness of the algorithm by first showing that E'stimateT anAlpha gives a multi-
plicative approximation to tan(«). The following lemma captures this property.

Lemma 3. EstimateTanAlpha(z) outputs y such that y = (1 £ O(n)) tan(«) where « is the
angle between z and w7 .

Proof. We first show that the given probability when computed with sgn(z” w7 —t) is a well defined
function of the angle between the current estimate and the true parameter up to multiplicative error.
Subsequently we show that the computed probability is close to the one we can estimate using
f (@) since the current estimate is close to one direction. The following two lemmas capture these
properties.

Lemma 4. Fort,t' and e < 1/t/, we have

t —t* cos(aq)

PrizTw! > tandx € l(z,t',€)|x € I(2,t,¢)] = B° ( | sin(ay)]

) +O(e)t!

Lemma 5. Fort' € [0,t/ cos(ay)], we have

Prisgn(f(z))|z € (2,1, )] = Prlsgn((w)) Tz — t)|x € (2,1, )] + de~ ).

®for example with RELU activation, f will be c¢o most of the time as other terms in P will never activate.
So ¢p can be set to say the median value of f.
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Using the above, we can show that,
ﬁg — tl = (<I>_1(0.6 — M + O(E)t1> — (I)_l(()_4 — 12 + O(G)tz)) tan(a)
= (71(0.6) = @71(0.4) — (1 £ O()t1)(P71) (1) + (n2 £ O(e)t2) (@) (p2)) tan(a)

where 71,72 > 0 are the noise due to estimating using f and p; € [0.6 — 11 + O(€)t1,0.6] and
p2 € [0.4 — 12 £ O(€)te,0.4] as long as t1,t2 € [0,t/ cos(aq)]. The following lemma bounds the
range of ¢1 and ¢o.

Lemma 6. We have 0 < t; <ty <

t
— cos(ay)”
Thus, we have,
to — 11
&—1(0.6) — 2—1(0.4)
as long as 112+ O(€)ta < ¢ for some constant ¢ > 0. Thus, we can get a multiplicative approximation
to tan(«) up to error 7 (e can be chosen to make its contribution smaller than 7).

=(1£0(nm +n2+et2)) tan()

Finally we show (proof in Appendix ??) that with constant probability, a random perturbation re-
duces the angle by a factor of (1 — 1/d) of the current estimate hence the algorithm will halt after
O(dlog(1/v)) iterations.

Lemma 7. By applying a random Gaussian perturbation along the d — 1 dimensional hyperplane
normal to z with the distribution n(0,©(a/d))?~! and scaling back to the unit sphere, with constant
probability, the angle o (< m/2) with the fixed vector decreases by at least Q(c/d).

O

3 SAMPLE COMPLEXITY

We extend the methods of the previous section to a broader class of polynomials but only to obtain
results in terms of sample complexity. The main idea as in the previous section is to correlate with
§'(zTx —t) (the derivative of the dirac delta function) and find arg max||||,=1 E[f(x)§ (zTz—1)).
We will show that the correlation goes to infinity when 2 is one of w; and bounded if it is far from
all of them. From a practical standpoint we calculate §'(2”x — s) by measuring correlation with
L(6(zTx — s+€) — 6(27x — s —€). In the limit as e — 0 this becomes &' (z7x — 5). §(zTx — s)
in turn is estimated using < (sgn(z”@ — s + €) — sgn(z7@ — s)), as in the previous section, for an
even smaller €; however, for ease of exposition, in this section, we will assume that correlations with
§(zTx — s) can be measured exactly.

Let us recall that f(z) = P(u((w})Tx),u((w3)Tz),...,u((w})Tx)). Let C1(f, z,s) denote
E[f(x)6(2zTx — s)] and let Ca(f, 2, s) denote E[f(z)(6(zTx — s —€) — 6(zTx — s+ €)].

If u = sgn then P has degree at most 1 in each X;. Let % denote the symbolic partial derivative

of P with respect to X;; so, it drops monomials without X; and factors off X; from the remaining
ones. Let us separate dependence on X; in P as follows:
P(X1,, . Xa) = XiQi( X1, - Xio1, Xit1, ., Xa) + R (X1, Xio1, Xiga, -, Xa)

opP _
then 87)(1 — Qi'
We will overload the polynomial P such that P[] to denote the polynomial computed by substitut-
ing X; = u((w})Tx) and similarly for ) and R. Under this notation f(z) = P[z]. We will also
assume that |P(X)| < || X||9() = ||X||* (say). By using simple correlations we will show:
Theorem 6. If u is the sgn function, P(X) < ||X||°* and for all i, E[Q;[z]|(w})Tx = t] > €3

then using poly( 63‘12 ) samples one can determine the w}’s within error 62.

Note that if all the w]’s are orthogonal then X; are independent and E [QZ- [x] | (w)Tax = t] is just
value of @; evaluated by setting X; = 1 and setting all the the remaining X; = y where y = E[X].
This is same as 1/u times the coefficient of X; in P(u(Xq 4+ 1),..., u(Xq+ 1)).

"The theorem can be extended to ReLU by correlating with the second derivative §” (see Appendix .
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Corollary 1. If u is the sgn function and wjs are orthogonal then in sample complexity poly( E‘iz)

one can determine W™ within error €5 in each entry, if the coefficient of the linear terms in
P(u(X1 4+ 1), u(Xo+ 1), u(Xs3 + 1),..) is larger than e3p, where p = E[X].

The main point behind the proof of Theorem|[6]is that the correlation is high when z is along one of
w; and negligible if it is not close to any of them.

Lemma 8. Assuming P(X) < || X||°. If z = w] then Ca(f,z,t) = ¢(t)E [g—)i ‘zT:c = t} +
ed®W) . Otherwise if all angles o; between z and w; are at least €3 it is at most edo(l)/eg.

We will use the notation g(z),—s to denote g(x) evaluated at z = s. Thus Cauchy’s mean value
theorem can be stated as g(x + €) — g(x) = €[¢'(s)](s = s’ € [z, + €]). We will over load
the notation a bit: ¢(zTx = s) will denote the probability density that vz''x = s; so if z is a
unit vector this is just ¢(s); ¢(zfx = s1,2z]® = s,) denotes the probability density that both

2Tx = 51,27 = s9; so again if 21, 25 are orthonormal then this is just ¢(s1)d(s2).

The following claim interprets correlation with §(z”x — s) as the expected value along the corre-

sponding plane 27z = s.

Claim 3. E[f(z)d(zTx — 5)] = E[f(z)|2Tz = s]p(zTx = s).

The following claim computes the correlation of P with &' (27 — s).
Claim 4. E[P[z]0'(zTx = s)] is equal to Y, |cot(a)|p(zTx = s, (w))Tx = t)
E[ 2% [2]l2"e = s, (w}) @ = t] + ¢/ (s) E[Pla] |72 = s].

We use this to show that the correlation is bounded if all the angles are lower bounded.

Claim 5. [f P(X) < || X||°* and if z has an angle of at least €3 with all the w}’s then Cs(f, z,s) <
ed®M /e,

Above claims can be used to prove main Lemma 8] Refer to the Appendix [C|for proofs.

Proof of Theorem 6] If we wish to determine w; within an angle of accuracy e, let us set € to be
O(es€2¢(t)d~¢). From Lemmalg] for some large enough c, this will ensure that if all a; > €5 the

correlation is o(¢(t)es). Otherwise itis ¢(¢)e3(1+0(1)). Since ¢(t) = poly(1/d), given poly( 6;163 )
samples, we can test if a given direction is within accuracy €3 of a w; or not.

4 STRONGER RESULTS UNDER STRUCTURAL ASSUMPTIONS

Under additional structural assumptions on W* such as the weights being binary, that is, in {0, 1},
sparsity or certain restrictions on activation functions, we can give stronger recovery guarantees.
Proofs have been deferred to Appendix

Theorem 7. For activation u,(a) = e”(*~Y). Let the weight vectors wj be 0,1 vectors that select
the coordinates of . For each i, there are exactly d indices j such that w;; = 1 and the coefficient
of the linear terms in P(u(X1 + 1), (X2 + 1), u(X3 + 1),..) for p = e~*t is larger than the
coefficient of all the product terms (constant factor gap) then we can learn the W*.

In order to prove the above, we will construct a correlation graph over x4, ..., x,, and subsequently
identify cliques in the graph to recover w;’s.

With no threshold, recovery is still possible for disjoint, low /;-norm vector. The proof uses simple
correlations and shows that the optimization landscape for maximizing these correlations has local
maximas being w;’s.

Theorem 8. For activation u(a) = e®. If all w; € {0,1}™ are disjoint, then we can learn w; as
long as P has all positive coefficients and product terms have degree at most 1 in each variable.

For even activations, it is possible to recover the weight vectors even when the threshold is 0. The
technique used is the PCA like optimization using hermite polynomials as in Section 2. Denote

C(S,p) = ngsfg[n] CS'M‘SI‘-
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Theorem 9. If the activation is even and for every i,j: C({i}, %) + C({j},0o) >
643
Uo Uy

C({i,j}, to) then there exists an algorithm that can recover the underlying weight vectors.

5 CONCLUSION

In this work we show how activations in a deep network that have a high threshold make it easier to
learn the lowest layer of the network. We show that for a large class of functions that represent the
upper layers, the lowest layer can be learned with high precision. Even if the threshold is low we
show that the sample complexity is polynomially bounded. An interesting open direction is to apply
these methods to learn all layers recursively. It would also be interesting to obtain stronger results if
the high thresholds are only present at a higher layer based on the intuition we discussed.
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A PREREQUISITES

A.1 HERMITE POLYNOMIALS

Hermite polynomials form a complete orthogonal basis for the gaussian distribution with unit vari-
ance. For more details refer to Wikipedia contributors| (2018). Let h; be the normalized hermite
polynomials. They satisfy the following,

Fact 0. E[h,(z)] = 0forn > 0and E[ho(x)] = 1.

Fact 1. EaNN((]’l)[hi(a)hj (a)] = (Sij where (S” =1iffi = j

This can be extended to the following:

Fact 2. For a, b with marginal distribution N (0, 1) and correlation p, E[h;(a)h;(b)] = §;;p°.

Consider the following expansion of u into the hermite basis (h;),

u(a) = Z G;hi(a).
=0

Lemma 9. For unit norm vectors u, v, Elu(vTz)h;(w’z)] = 4; (v w)’.

Proof. Observe that v”'x and w’ x have marginal distribution N(0, 1) and correlation v w. Thus
using Fact 2,

Elu(v”@)h;(w"z)] =Y @Bhi(v"@)h;(w"z)] = idi; (0" w)’ = i (v w)’,
i=1 i=1
O
For gaussians with mean O and variance o2 define weighted hermite polynomials Hf (a) =
|o|'hi(a/o). Given input vT x for  ~ N(0,1), we suppress the superscript o = ||v]|.
Corollary 2. For a non-zero vector v (not necessarily unit norm) and a unit norm vector w,
E[H; (v x)hj(wTz)] = 6;; (v w)l.

Proof. 1t follows as the proof of the previous lemma,

Elu(v'z)hj(w’z)] = Z @ Elh; (v z)h(wh )] = Z ;65 (v w)? = i, (vTw).
i=1 =1

Fact3. h,(z+y) =272, (Z) hn—k (2V/2) i, (yV/2).

Factd. h,(yz) = SoL2yn-2k(y2 — Dk (n)CRlo—kp, o ().

Fact 5. a(n,m,~) = B[y, (2)h,(yz)] = 4" 2k (72 — )F (1) BB~k for k = nom if | e 7+
else 0.

A.2 PROPERTIES OF MATRICES

Consider matrix A € R™*™. Let 0;(A) to be the ith singular value of A such that o1 (A) >
o92(A) > ... > opm(A)and set K(A) = 01 (A)/om(A).

Fact 6. |det(A)| =[]~ oi(A).

Fact 7. Let B be a (mk) x (mk) principal submatrix of A, then x(B) < x(A).

11
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A.3 ACTIVATION FUNCTIONS

Lemma 10. For u being a high threshold ReLU, that is, ut( ) = max(0,a — t) we havefort >C

for large enough constant C > 0, Ey.n(0,02)[ut(9)] < e —2r . Also, iy, Uy = t@(l)e’T.

Proof. We have

o0 2
Egun(,02)[ue(9)] = / max(0, g — t)e’ngz’dg
—0o0

2mo

1 e 9?
_ / (g —t)e %2 dg
2o Jy
1 e P
/ ge 277 dg
2o Ji
g —h
= — e "dh
V2T /21022
o t2
= 67%72.
V2T
Also,
on —EgNN o,1)[ut(9)ha(g)]
2
/ max(0, g — t)(g* — 6g% + 3)e” T dg
Vor
2
—t)(g* —6g*> +3)e" 74
\/ﬂ/ )(g* = 6g% +3)e” T dg
> Lt gl gk
27
+2
s a(fet)
To upper bound,
Gy = T/ max(0,g — t)(g* — 6¢> + 3)e” T dg
V2r
2
—t)(g* —6g*> +3)e" 74
\/ﬂ/ )9 — 69> +3)e” = dyg
2¢°e %
- m/ e Tl
= — h?e~"dh
V2T /t;
+2
=0 (t4e_7) .
Similar analysis holds for 5. O

Observe that sgn can be bounded very similarly replacing g — ¢ by 1 which can affect the bounds up
to only a polynomial in ¢ factor.

Lemma 11. For u being a high threshold sgn, that is, ui(a) = sgn(a — t) we have for t > C for

12 2
large enough constant C' > 0, By n (0,02 [ut(g)] < e 207 Also, Quy, ity = tOWe= |

For sigmoid, the dependence varies as follows:

Lemma 12. For u being a high threshold sigmoid, that is, us(a) = % we have fort > C

T+
0'2 A A~
for large enough constant C' > 0, By n(0,02)[u(9)] < e "7 . Also, ly, Uiy = O(e™").

12
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Proof. We have

1 > 1 -2
Eg,\,N(O’Jz)[Ut(g)} = \/%O' /—oo 14+ e(g-1t) 2% dg
et e 1
_ Norss /700 e—t+e—9e 202 dg
eft o) g2
— ede 202 dg
- \/ﬂff [oo
(72
e_teT o0 _(g=a2H?
B V2no © Y
cr2
=eteT

Also,

ﬂ4=Eg~N(01 [ut(g )h4( )]

= 27T /_Oo 1+€7(g7t)6_7dg

e 1 _d2
- \/%/ e*t+e*g(g4_692+3>e > dg
—o0

e—t o0 1 4 g2
> —69% +3)e” 2 d
=75 ), o 0+ 3)e T dg
s e /001(4 6 +3)e~ % d

—(g~ — e
> 75z ), ot —0 g
=Q(e™).

We can upper bound similarly and bound 5.

B APPROXIMATE RECOVERY WITH LINEAR TERMS

B.1 CONSTRAINED OPTIMIZATION VIEW OF LANDSCAPE DESIGN

Let us consider the linear case with w’s are orthonormal. Consider the following maximization
problem for even [ > 4,

max sgn(i;) - E [f(z) - H (2" )]

(Zczut ) (= w>]

where h; is the Ith hermite polynomial. Then we have,
= sgn(iy) - Z cE [ut((w;“)T:c) -y (zT:c)]

sgn(iy) - E [f(z) - hy (z7x)] =sgn(@y) - E

It is easy to see that for z € S™~!, the above is maximized at exactly one of the w;’s (up to sign flip
foreven ) forl > 3 as long as u; # 0. Thus, each w; is a local minima of the above problem.

Let L(z) = — Zk_l c;z!. For constraint ||z||> = 1, we have the following optimality conditions
(see|Nocedal & Wright (2006) for more details).

13
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First order:

T
VL
VL(z) - Z|H§z)z =0and 2| =
z
This applied to our function gives us that for A = — HzIP (/\ < 0),

—lci l-il — 2)\21‘ =0

The above implies that either z; = 0 or 272 = — 2 with ||z = 1 For this to hold z is such that

for some set S C [n], |S| > 1, only i € S have z; # 0 and = 1. This implies that for all
i€ 8, 21;72 =_2)

lCi

€S i

Second order:
For all w # 0 such that w” z = 0, w” (V2L(z) — 2AI)w > 0.
For our function, we have:
V2L(z) = (I — 1)diag(c - 2)' 2

20—\ ifi=jandie S
= (V’L(2))i; = {() otherwise.

The last follows from using the first order condition. For the second order condition to be satisfied
we will show that |S| = 1. Suppose |S| > 2, then choosing w such that w; = 0 for i € S and such
that w” z = 0 (it is possible to choose such a value since |S| > 2), we get w” (V2L(z) — 2AI)w =
2(1 — 2)A||w||? which is negative since A < 0, thus these cannot be global minima. However, for
|S| = 1, we cannot have such a w, since to satisfy wlz =0, we need w; = 0 for all i € S, this
gives us w (V2L(z) — 2A\I)w = —2\||w||? which is always positive. Thus z = +e; are the only
local minimas of this problem.

B.2 IMPORTANT RESULTS FROM |GE ET AL.[(2017)

Lemma 13 (Ge et al|(2017)). If z is an (€, T)-local minima of F(z) = — Y, a2} + A(>_, 27 — 1)?
Jor € < /73 /Qmin where auin = min; «;, then

o (Lemma 5.2) |z|ana < /=" where |z|anq denotes the magnitude of the second largest

entry in terms of magnitude of z.

o (Derived from Proposition 5.7) zmax = £1 £ O(d7/amin) £ O(€/\) where | z|max is the
value of the largest entry in terms of magnitude of z.

B.3 OMITTED PROOFS FOR ONE-BY-ONE RECOVERY

Proof of Lemmall] Let O € R%*? be the orthonormal basis (row-wise) of the subspace spanned by
w] for all i € [d] generated using Gram-schmidt (with the procedure done in order with elements

of |S| first). Now let Og € RISI*? be the matrix corresponding to the first S rows and let O% €
R(4=1SD*" pe that corresponding to the remaining rows. Note that OW* (W* also has the same
ordering) is an upper triangular matrix under this construction.

Hut((w

jES
1 M
T @2n)n? / H“t = w] dx
1 llog=|?+||0F =||?
2m) /2/H“t (Osw))"Ogz)e™ = da
e n
1 || 1 o112
- ﬁ/ [T u:((Oswi)Ta)e™ "%~ da’ W/ e~ g
(QW)T @RI i€s (27T) 2 x’/ cRd—15]

14
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1 / *\T .1
= u((Ogw]) x')e
@) T e L1

det(OgW%)| 7!
— | ( S £€)| / Hut(bi)e
(2m)= beRIS| ;g

Now observe that Os W is also an upper triangular matrix since it is a principal sub-matrix of
OW*. Thus using Fact 6 and 7, we get the last equality. Also, the single non-zero entry row has
non-zero entry being 1 (J|w]|| = 1 for all 4). This gives us that the inverse will also have the single
non-zero entry row has non-zero entry being 1. WLOG assume index 1 corresponds to this row.
Thus we can split this as following

!
_l='])?
2

/
T

_Heswz)~Ts2
2

db

E H ut((w]*»)Tac)

jeS
1 02 1 o
< |det(0sW5)| ! (m/b ut(bl)e_zdbl) ?/b wy(bi)e” TTOSWET g,
1 i€S\{1} i
*\|—1 1 _ﬁ 1 _i
§|det(OSWS)| (m ) Ut(bl)e 2db1) E/bUt(bl)e HW*szbi
1 i€S\{1} i

< p(t, 1) (R(W*)p(t, [[W*]]))17
O

Proof of Claim([l}) Consider the SVD of matrix M = UDU7?. Let W = UD"/2 and y; =
/&G WTw? for all i. It is easy to see that y; are orthogonal. Let F(z) = G(Wz2):

2
F(2) = |4 Z ci(zTWTw)t — \i2 <Z ci(zTWTw?)? - 1)

i
) 2
s LT, Ny a2 T, \2
= |14 Z . (zTy)* — \a2 (Z(z Yi) 1> .
1 1
Since y; are orthogonal, for means of analysis, we can assume that y; = e;, thus the formulation

reduces to max [da| Y-, & (2:)* = N (||2]|* - 1)2 up to scaling of A’ = \a2. Note that this is of
the form in Lemmahence using that we can show that the approximate local minimas of F'(z) are
close to y; and thus the local maximas of G(z) are close to Wy; = \/c—iWWTw;‘ = \/EM_lwf
due to the linear transformation. This can alternately be viewed as the columns of (TW*)~! since
TW*MY(TW*)T =1L O

Proof of TheoremH] Let Z be an (e, 7)-local minimum of A, then we have ||[VA(Z)|| < ¢ and
Amin(V2A(Z)) > —7. Observe that
IVB(Z)|| = [IV(A+ (B = A)(Z)]| < [[VAZ)|| + [IV(B = A)(Z)|| < e + p.
Also observe that
Amin(V2B(Z)) = Auin (V2 (A + (B — 4))(Z))
> Amin (VZA(Z)) + Amin (V2(B — A)(Z))
> -1 —[[V(B-A)(2Z)|| > -7 -~

Here we use [Anin(M)| < |[M|| for any symmetric matrix. To prove this, we have ||[M|| =
maXgesn—1 |[Maz||. We have & = ), x;v; where v; are the eigenvectors. Thus we have Mz =

> zidi(M)v; and Y 7 = 1. Which gives us that [|[M|| = />, 27A2(M) > [Amin(M)]. O

15
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Proof of Lemma[2] Expanding f, we have

II*Z[IA(CB)]]E[ > CSHUt((w;)T‘B):|

SCld:|S|>1  jes

< > e {Hm«wm%]

SC[d]:|S|>1 jes

IS|—1
. 1 *
using Lemmal[T] <C E p(t,1) (cr : (W*)P(tv W ||)>

SCld]:|S|>1

=O§nymn(%@§mmmmwﬁFl
using () < a 3056@@D<%m%w¢wrWW0Fl

i=1
d
using assumption on ¢ < Cd%p(t,1) ((VV*)p(t’ [[W*| |)>
Omin
O
Lemma 14. For any function L such that || L(z, x)|| < ( )H:c| |9M) swhere C' is a function that is

not dependent on x, we have ||[E[A(x)L(z)]|| < C(z)d~FP)130(log d).

Proof. We have

IE[A(2) L(2)]||

< E[|A(2)]|L(2)]]

< E[|A(x)C(=2)||z|| V)

=0C(2) (E[IA(w)I ][] [|a]| > | Pr||z|| > d]
+ E[A@)] ||zl ||zl < | Pr{]e|| < C])

< C(2)E[||z]|V||2]| > JPr(||z|| > ] + E[|A(z)[])

= C(@)(We T + CUE|A@)]).

], for ¢ = ©(y/nlog d we get the required result. O
G(=)| = Q(1)d,

Now using Lemmato bound E[|A(x)
Lemma 15. For ||z|| = Q(1) and X = O(|i4|/43) ~ d"

Proof. Let K = x(W™*) which by assumption is #(1). We will argue that local minima of G cannot
have z with large norm. First lets argue this for G, (2). We know that G, (2) = —a Y (zTw})* +
)\ﬂQ((Z(z w})?) — 1)% where o = |i4| and B = 1. We will argue that 2T VG, (2) is large if z
is large.

2TVGin(2) = —da Yy (2" w))H(Tw) + 2287 (Y (T wi)? — 1) (3 2(zTw)(z"w)))
= —4a Y (2Twi)t + 4w? (Z(sz;)2 - 1) (Z(sz;)2)

Let y = W*z then K||z|| > ||y|| > ||z]|/K since K is the condition number of W*. Then this
implies

2"V Gin(2) = —da)_yi + 8% (lyll* — 1)lly|?

= 4|yl (e + A8%)[lylI* + A8%)
> |lyl|*(—a + A8%) > Q(1)d"||y|*

16
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Since ||y|| > ||z||/K = Q(1) by assumptions on A, z we have 27 VG, (z) > Q(A\B?||y||*) =
Q(1)d"7||]|. This implies ||V Gin(2)|| = Q(1)d—1]|=]|P.

Now we need to argue for G.
G(z) — Gin(2)
= —sgn(@)E[(fin(®) + A(x))Ha(z" @)] + ME[(fin(®) + A(x)) Ha (2" )] — §)?
+ sgn(@a)E[(fin(2)) Ha (2" @)] — AE[(fin () Ha (2" )] — 5]
= —sgn(iy)E[A(x)Hy(2T )] + A\E[A(x) Ho (2T 2)]? + 2\E[A(x) Hy (27 ) |E[ fiin () Ho (27 x)
= —sgn(aa)||z[|"E[A(2)ha (2" /| |2]])] + A 2| "E[A(z)ha (7 2/ ||2]))]?
+2X||2|['E[A(@)he (2T 2/ ||2]|)[El fin(2) ha (27 2/ ||2]])] — 2A8]|2|PE[A(2)he (2" 2 /|| 2]))]

Now hy(zTx/||z||) doesn’t have a gradient in the direction of z so 27 Vhy(27x/||z||) = 0. Simi-
larly 27 Vhy(z"z/||2||) = 0. So

2TV (G(z) — Gin(2))
= —dsgn(ia) ||z "E[A () ha(z" @ /||2]])] + 4A||2 ][ (E[A(2) ha (2" 2/ |2]))])?
+ 8|2 'E[A(x)ha (2 2/ || 2] [Elfin (x)ha (2" 2/ || 2]])] — 48] 2| PE[A (@) ha (2" 2/ | |2]])]
We know that E[fii,(x)ha (2T /||2||)] has a factor of 3 giving us using Lemma
27V (G(2) — Gin(2))| < O(log d)d~HPI13) |z |1,

So 2TVG(2) is also Q(||z|[*). so |[|[VG(2)|| > Q(1)d~" O

Proof of Claim[2] We have G — G, as follows,

G(z) — Gin(2)

= —sgn(ig)E[(fin(2) + A(@)) Hy (2" 2)] + ME[(fin(x) + A(x))Ho (2" 2)] — 42)*

+ sgn(ia)E[(fin (@) Ha(z" )] = AE[(fin () Ha(z"2)] — d2)?
= —sgn(iis)E[A(2) Hy (2" @)] + ME[A(2) Ha (2 2)))?
+ 2AE[A(2) Ha (27 @) |E[ fiin () Ho (2T ) — 2]
Thus we have,
V(G(2) — Gin(2))
= —sgn(iy)E[A(x)VHy (2T 2)] + 2\E[A(x) Hy (27 ) |E[A(2)V Hy (27 )]
+ 2AE[fiin (z) H2 (2" @) — @]E[A(x) VHa (2" 2)]
+ 2)E[A (@) Ha (2" @) E[ fiin(2)V Ha (27 @)]

Observe that Hy and H, are degree 2 and 4 (respectlvely) polynomials thus norm of gradient and
hessian of the same can be bounded by at most O(]|z||||z||*). Using Lemma.we can bound each
term by roughly O(logd)d~(1+P)7+3||z||*. Note that \ being large does not hurt as it is scaled
appropriately in each term. Subsequently, using Lemma|[I3] we can show that ||z|| is bounded by a
constant since ||G(z)|| < d~2". Similar analysis holds for the hessian too.
Now applying Theorem M| gives us that z is an (O(logd)d— (P13 O(log d)d—(+P)n+3).
approximate local minima of GY;,. This implies that it is also an (¢’ := Clog(d)d—(12Pn+3 7/ .=
C'log(d)d—(1+2r/3)1+3) approximate local minima of Gji, for large enough C > 0
by increasing 7.  Observe that +/73/[is] = C3/2log®?(d)d=(3/2+en+9/2/q-n/2  —
C3/210g®?(d)d—(1+P)1+9/2 > ¢/ Now using Claim we get the required result.

O

B.4 SIMULTANEOUS RECOVERY

Ge et al.|(2017) also showed simultaneous recovery by minimizing the following loss function Gj;,
defined below has a well-behaved landscape.

Gin(W) =E | fin(z) Y ¢(wj,wp, )| —1E | fin(z) > Ha(w] z) (1

J,k€ld],j#k

17
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+AZ [fin(@) Ho(w] )] — i12)° 0

where (v, w, ®) = Hy(vTx)Hy(w'x) + 2(vTw)? + 4(vT ) (wT z)vTw.
They gave the following result.

Theorem 10 (Ge et al.| (2017)). Let ¢ be a sufficiently small universal constant (e.g. ¢ = 0.01
suffices), and suppose the activation function u satisfies iy # 0. Assume v < ¢, X > Q(|a4|/13),
and W™ be the true weight matrix. The function G, satisfies the following:

1. Any saddle point W has a strictly negative curvature in the sense that Ayin(V2Gjin(W)) >
—70 where 1o = cmin{vy|iy|/d, \i3}.

2. Suppose W is an (e, 1o)-approximate local minimum, then W can be written as W1 =
PDW* + E where D is a diagonal matrix with Dy; € {£1 £ O(v|t4|/\03) + O(e/\)},
P is a permutation matrix, and the error term ||E|| < O(ed/ty).

We show that this minimization is robust. Let us consider the corresponding function G to G, with
the additional non-linear terms as follows:

GW)=E |f(x) Y  d(wjwiz)|-1E|f(@)) Hi(w; )

J,keld],j#k jeld]

+>\Z @) Hy (w;, x)] — 1)

Now we can show that G’ and G};, are close as in the one-by-one case.

>
8
o
=
8

E[A(2)B(W,2)] + A (E[f(@)C(W,2)]* ~ E[fin(2)C(W, z)))
A [A(@)B(W,@)] + AE [(A(@)C(W,@)(f(@') + fin(a')) C(W, ")
E[A(z)B(W, )] + AE [(A(z) D(W, z)]

where AW, @) = 33, iciq 0 0wy, wa@), BW,2) = 3,1y Halw;, @), C(W, ) =
S, Hy(w;, @), D(W, @) = C(W, 2)E[(f(2) + fin (@) C(W,2')] and L(W, @) = A(W, @) -
VB(W x)+ AD(W,x).

Using similar analysis as the one-by-one case, we can show the required closeness. It is easy
to see that ||[VL|| and ||V2L|| will be bounded above by a constant degree polynomial in
O(log d)d—(+P)1+3 max ||w;||*. No row can have large weight as if any row is large, then looking
at the gradient for that row, it reduces to the one-by-one case, and there it can not be larger than a
constant. Thus we have the same closeness as in the one-by-one case. Combining this with Theorem
[[0]and ] we have the following theorem:

Theorem 11. Let ¢ be a sufficiently small universal constant (e.g. ¢ = 0.01 suffices), and under
Assumptions and Assume vy < ¢, A\ = O(d"), and W* be the true weight matrix. The function
G satisfies the following

1. Any saddle point W has a strictly negative curvature in the sense that \min (V2 Giin(W)) >
—7 where 19 = O(log d)d—().

2. Suppose W is a (d—1) | d=W)-approximate local minimum, then W can be written as
W1 = PDW* + E where D is a diagonal matrix with D;; € {14+ O(v) + d—Q(l))},
P is a permutation matrix, and the error term ||E|| < O(log d)d*Q(l).

Using standard optimization techniques we can find a local minima.

18
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B.5 APPROXIMATE TO ARBITRARY CLOSE

Lemma 16. If u is the sign function then E[u(w”x)d'(zTx)] = c|cot(a)| where w, z are unit
vectors and « is the angle between them and c is some constant.

Proof. WLOG we can work the in the plane spanned by z and w and assume that 2 is the vector
2 along and w = tcosa + jsina. Thus we can replace the vector x by <z + jy where z,y are
normally distributed scalars. Also note that u’ = § (Dirac delta function).

Elu(wTz)d' (27 x)] = Elu(z cos a + ysin a)d' ()]
// (x cos a + ysin a)d (x)p(x)p(y)dady

Using the fact that [ ¢'(x)h(x)dz = h'(0) this becomes
/¢ )[(0/0x)u(x cos a + ysin ) p(x)] p—ody

/gb v (zcosa+ ysina) cosa + ¢ (z)u(z cos a + ysin a)],—ody
[ 6weysina)cosady
y=—00

Substituting s = y sin « this becomes
oo/ sina
:/ ¢(s/sina)p(0)d(s) cos a(1/sina)ds
s=—o0/sina

=sgn(sin a) cot(« /(b s/sina)d(s)ds
=| cot(a)|$(0)¢(0)

Proof of LemmaH] Let us compute the probability of lying in the e-band for any ¢:

Priz € l(z,t,e)] = Pr[t —e < 27x < {]
= Pr t—e<g<t
QGN(O,HzHQ)[ sg=t]
g2 £2
e 20=1%dg = —— ¢ 2z2

¢
V|2 /g:t—e V2rl|z|
where the last equality follows from the mean-value theorem for some ¢ € [t — ¢, t].

Next we compute the following:

Prizw; > tand x € I(z,t, €)]

1 »
- (2m)2 /Sgn(xl —t)lx € l(z,t/,e)]e’%daz
xT
1 /OO _=f 1 / ]l[ el v )] e 1H2d ]
: 1 © e T Z-1,1 — 2171, ¢€ T _ T
(27’!‘)5 1=t (277) 21 o, 1 1 £ 1 1
1

o0 7‘2
= / -3 Priz_y € l(z_1,t — z121,€)]dx_1

1—t

@2 _(g—z121)?
/ / ~2e 2l=al? dridg
27r||z 1] t'—eJoy= t

19
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2
_ 921
_ (”"1 Hz\\?)

1 v gt [ NIESE
= e 2ll=[12 e =112 dx1dg
27|zl Jg=p—c o=t
’
1 t

g2 2 _
e 2= ¢ <t|z|921)> dg

IESALEN

Vo] o=
€ w2 (tt*cos(a1)>
= ——€ —_—
V2 ‘ SlIl(Oél)‘

where the last equality follows from the mean-value theorem for some ¢t € [t' — €,t’]. Combining,
we get:

Priz"w;x > tand x € I(z,t,¢)|x € I(2,t,¢€)]
— e t*22_{2 P (t — t* COS(@1)> — ° (t — t* COS(@l)) + O(G)t/
| sin(ay)| | sin(ay)|
fore < 1/t. O

Proof of Lemmal[5] Recall that P is monotone with positive linear term, thus for high threshold u (0
unless input exceeds ¢ and positive after) we have sgn(f(x)) = \/sgn(:c w; — t). This is because,
for any 4, P applied to X; > 0 and Vj # i, X; = 0 gives us ¢; which is pos1t1ve Also, P(0) = 0.
Thus, sgn(P) is 1 if any of the inputs are positive. Using this, we have,
Prsgn(f(x))|z € (2,1, €)] > Prlsgn((w}) Tz — t)|x € I(2,1, €)]

Also,

Prsgn(f(x))|z € (2,1, €))

< Z:Pr[sgn(:nTw;k —t)|z € l(z,t,€))

= Pr[sgn((wi) e —t)|x € l(2,t',¢)] + ZPT[sgn(a:wa —t)|x € l(z,t',¢)

i#1

< Prisen((w}) @ — t)[z € I(z,t,6)] + 1
where 3, Prisgn(zTw} —t)|x € l(2,t,€)] < n. We will show that 7 is not large since a z is
close to one of the vectors, it can not be close to the others thus «; will be large for all 7 # j. Let us

bound 7,
t i
ZPrsgnm w! —t)|z €l(z,t¢) <Z o° £t coslas) + O(e)t;
| sin(e)]
i£1 i#1
<3 (@ (L ticoslo)) | o
4 | sin(ay )|
i#1
t’ cos(a;) ,
< O | ————— O(e)t
<3 (o (S ) o)
i#£1
< Z 1 efé + O(e)kt’
il Y 21y
where y; = t_‘zlrf% The above follows since y; > 0 by assumption on ¢’. Under the assumption,

let 8 = max; cos(a;) we have

> t (1 - cos(Bozl)) — QO
Vi Z W (t)
under our setting. Thus we have,
3" Prisgn(aTw; — 1)) € (2,1, )] < de™ ™) + O(e)dt = de )
i#1
for small enough e. ]
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Proof of Lemmal6] Let us assume that € < ¢/t’ for sufficiently small constant ¢, then we have that
0.6 = Prisgn(f(x)) and & € I(2,t2,€)|z € I(2,12,€)]
> PrizTw} > tand x € I(2,t, €)@ € (2, ta,€)]

S ¢ (t—t cos(a1)> o1

[ sin(a)]
e (1=t coslar)
— 0.7 > <|$MMN )
— (@) <o)
| sin(aq)|
= t < — ((DC)C;S((?J;?)) e o)< cost(a) o

Similarly for ;. Now we need to argue that ¢1, %5 > 0. Observe that
Prisgn(f(x)) and x € I(2,0,¢)|x € I(2,0,¢€)]
< ZPT [zTw} >tand z € (2,0,€)|z € 1(2,0,¢)]

~Y e <<>> +O(@)d < de ™) < 0.4

| sin(a)|

Thus for sufficiently large t = §2(y/logd), this will be less than 0.4. Hence there will be some
t1,t2 > 0 with probability evaluating to 0.4 since the probability is an almost increasing function of
¢ up to small noise in the given range (see proof of Lemma 3). O

Proof of Lemmal7} Let V be the plane spanned by w7 and z and let v; = w} and v, be the basis
of this space. Thus, we can write z = cos(a)v; + sin(«)vs.

Let us apply a Gaussian perturbation p along the tangential hyperplane normal to z. Say it has
distribution €N (0, 1) along any direction tangential to the vector z. Let ¢; be the component of
ponto V and let e be the component perpendicular to it. We can write the perturbation as p =
€1 (sin(a)vy — cos(a)vy) + eav3 where vy is orthogonal to both v; and vs.

So the new angle o’ of z after the perturbation is given by
vl (z+p)
|z + pl|
~ cos(a) + €1 sin(a)
L+{lpl?

Note that with constant probability €; > € as p is a Gaussian variable with standard deviation e. And
with high probability ||p|| < O(ev/d —1). We will set ¢ = O(sin(a)/d) = O(a/d). Thus with
constant probability:

cos(a’) =

cos(a) + esin(a)
14 O(€2d)
> (cos(a) + esin(a))(1 — O(*d))
> cos(a) + Q(esin(a)) — O(e*d)
> cos(a) + Q(esin(a)).
)-

cos(a’)

Thus change in cos(«) is given by A cos(a) > Q(esin(w)
the Mean Value Theorem:

Now change in the angle « satisfies by

Acos(a) = Aa [d cos(x)}
d Ela,a’]

x
1

= —Aa= ACOS(Q) |:Sln([[):|
z€[a,a’]
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S Q(esin(a))

Sty =20 =9e/d).

B.6 LEARNING UNION OF HALFSPACES FAR FROM THE ORIGIN

Theorem 12. Given non-noisy labels from a union of halfspaces that are at a distance Q(+/log d)
and are each a constant angle apart, there is an algorithm to recover the underlying weights to €
closeness in polynomial time.

Proof. Observe that \/ X is equivalent to P(X1,-, X4) =1 —[](1 — X;). Thus

f(z) = \/Sgn(wT’wf —t)=1- H(l —sgn(z’w; —1)).

Since P and sgn here satisfies our assumptions for t = Q(v/logd) (see Lemma we can
apply Theorem [T1] to recover the vectors w; approximately. Subsequently, refining to arbitrarily
close using Theorem [5] is possible due to the monotonicity. Thus we can recover the vectors to
arbitrary closeness in polynomial time. O

B.7 SIGMOID ACTIVATIONS

Observe that for sigmoid activation, Assumption [2] is satisfied for p(¢,0) = e—t+t7%/2. Thus to
satisfy Assumption[3] we need ¢ = Q(nlogd).

Note that for such value of ¢, the probability of the threshold being crossed is small. To avoid this
we further assume that f is non-negative and we have access to an oracle that biases the samples
towards larger values of f; that after « is drawn from the Gaussian distribution, it retains the sample
(z, f(x)) with probability proportional to f(x) — so Pr[x] in the new distribution. This enables us
to compute correlations even if E, g, ;[f(«)] is small. In particular by computing E[i(x)] from

this distribution, we are obtaining E[f(x)h(x)]/E[f(x)] in the original distribution. Thus we can
compute correlations that are scaled.
We get our approximate theorem:

Theorem 13. For t = Q(logd), columns of (TW*)~! can be recovered within error 1/poly(d)
using the algorithm in polynomial time.

B.8 POLYNOMIALS P WITH HIGHER DEGREE IN ONE VARIABLE

In the main section we assumed that the polynomial has degree at most 1 in each variable. Let us
give a high level overview of how to extend this to the case where each variable is allowed a large
degree. P now has the following structure,

d
P(Xh...,Xd) = Z CTHX;”

rezd  i=1

If P has a higher degree in X; then Assumption 2 changes to a more complex (stronger) condition.
Let ¢;(x) = Zrezjwj;éi r;—0 Cri"", that is g; is obtained by setting all X; for j 7 i to 0.

Assumption 4. E, (0, [[u(0)]"] < plt, 0) for ail r € 7] Elg:(ue(g))hn(0))] = D (s, 1)
Sfor k =2,4. Lastly, foralld >i> 1, > rezd ler] < dO0.
[Ir]lo=1i

The last assumption holds for the case when the degree is a constant and each coefficient is upper
bounded by a constant. It can hold for decaying coefficients.

Let us collect the univariate terms Pyni(X) = Z?:l qi(X;). Corresponding to the same we get
funi- This will correspond to the fj;, we had before. Note that the difference now is that instead of

8For example, his would hold for any u bounded in [—1, 1] such as sigmoid or sign.
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being the same activation for each weight vector, now we have different ones ¢; for each. Using Hy
correlation as before, now we get that:

E[funi(z)Hy(z )] ZQZOUM zTwi)* and  E[funi(z)Ha(2"2)] quout2 zTwr)?

where qi o uy are hermite coefficients for ¢; o u;. Now the assumption guarantees that these are
positive which is what we had in the degree 1 case.

Second we need to show that even with higher degree, E[| f(x) — funi()|] is small. Observe that
Lemma 17. For v such that ||r||o > 1, under Assumption[d|we have,

d

E H (Uf((w;)Tw))n] < p(t,1)O (p(t, ||W*\|))”’"H0—1 )

The proof essentially uses the same idea, except that now the dependence is not on ||7||; but only
the number of non-zero entries (number of different weight vectors). With this bound, we can now
bound the deviation in expectation.

Lemma 18. Let A(x) = f(x) — funi(). UnderAssumptions if t is such that p(t, ||[W*||) < d=¢
for large enough constant C' > 0, we have, E[|A(x)|] < d°Wp(t, 1)p(t, ||[W*|)).

Proof. We have,

d

IN

i=1

ri <D, |[r|[o>1
- Z lenlp(t, 1) (p(t, |[W*| )Tl =1

Z |er |E [
reZi

d
E[|A(z)|] = E e H (ue((w?) 7 2))"
reZi
<D, [|r[lo>1

reZi
’Tw)) ']
i <D,||r|lo>1
<OZ() D) (e, W)

d .
<d®>" p(t, 1) (dp(t, W) using Assumption 4
=1
< d* (L, 1)p(t, |[WH)) since p(t, |[W*||) <d~°.

O

Thus as before, if we choose ¢ appropriately, we get the required results. Similar ideas can be used
to extend to non-constant degree under stronger conditions on the coefficients.

C SAMPLE COMPLEXITY
Proof of Lemma[B| Ci(f, z,s) = E[f(x)(z7@—s)] = [, f(x)d(z" @ — s)¢(x)dx Let z be the

component of & along z and y be the component along 2. So = x¢2 + yz*. Interpreting x as
a function of xy and y:

Cr(foz,s) = / F(@)8(x0 — $)6(0)d(y)drody
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_ / ()] wo—e(y)dy

= o(s)E[f (w)|xo = 5]
= ¢(z"x = 5)E[f(@)|xo = 5]

where the second equality follows from [ d(z — a)f(z) = [f(x)]o=a. O
Proof of ClaimH] Let x( be the component of & along z and y be the component of m in the space
orthogonal to z. Let 2 denote a unit vector along z. We have x = 292 + y and = 2. So,
correlation can be computed as follows:
E[P[2].8'(2 /¢ / w0 — 5) Plalé(wo)dzody

Since [ ¢'(x —a)f(x)dz = [%](l‘ = a) this implies:

- l ) ;"j; oy PO oty

[ [0y |, owau+ o) [ Plalotway

Yy

Note that OXI = aiu(wTw —t) = u'(xTw} — t)2Tw}. If u is the sign function then v/(z) =
o) T 3 3

d(x). So focusmg on one summand in the sum we get

oP 0X;
{¢> o %O]m_f(y)dy

oP
>'k t T :EO:S¢ d
= [ Iota) (T w]) ()
= L (sz;-kxO + (w:)Ty —t) —g)?i]zo:SqS(y)dy

")) / $(5)3(s(wi) "2 + () — )5 o(y)dy

|
—
N>

Again let y = yo(w])" + z where z is perpendicular to w; and z. And (w})’ is perpendicular
component of w to z. Interpreting = t2 + yo(w?)’ + z as a function of yg, z we get:

= Twt) [ [ os)8(sCuwi) "2 + (@) (wh) o — 00(00)0() - dund

z Yo

f(x)d(ax —b)dx = foo/a f(x)d(ax —b)dx =

z=—00/a

Note that by substituting v = az we get [

Tr=—00

sgn(a )%f(a) = mf(a) So this becomes:

B WW/¢(S)[¢(yo)§£]yo &qﬁ(z)dz
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= |(w;Tqu}i:)/| Z[¢(yo)¢($0)¢(z)g)€ ro=s.yo— %dz

- |<w;>TTwair>'| ¢ (y - (Z;_F(::uw)) oteo=1) [0, _, = et
.

= a1 A e it

- |<w?>TTl<l’«i;>| T Ma%d’”

~ Ty = ol = OB = ot =1l

Let «; be the angle between z and wj. Then this is

P
= |cot(ay)|p(zTx =, Tac—t]Ea xlz=saxlw =t
i 0X; E
Thus, overall correlation
oP
= Z |cot(a)|p(zTx = s, 2T w} = t)E| T T ]

ics 0X;

+¢/(s)E[Plz]|z" 2 = 5]
O

Proof of Claim[5] Note that for small «, |cot o] = (1/a) < O(1/ez). Since P(X) < || X][|,

we have f(x) < d (as with sgn function each sgn((w})Tz) < 1) and all Q;[z], R;[z] are at most
2d°r.

By Cauchy’s mean value theorem Cy(f,z,t) = 2¢[E[f(z)d' (2T = 5)]|set+e. Note that
cot(a;)p(zTx = t,(wi)Txz = t) = cot(a;)p(ttan(a;/2)) which is a decreasing function of
«; in the range [0, ] So if all «; are upper bounded by e then by above corollary,
Co(f,z,5) < 2encot(e)p(zTax = t, (w))Ta = t)(2d°) + (2d*)
= 2en cot(ez)p(t tan(ez/2))(2d) + (2d)
< idO(l)'

€2

O

Observe that the above proof does not really depend on P and holds for for any polynomial of

u((w})Tx) as long as the polynomial is bounded and the w are far off from z.

Proof Of Lemma(8] If z = w, then
Co(f,z,t) = E[f(x)(6(zTx —t —€) —6(zTx —t +¢))]
Elu((w;) 2)Qil#](6(z"x —t —¢) = 6(z"x — t + ¢))]
+ E[Ri[x)(0(zTx —t —€) —6(zTx —t +¢€))]

Since u((w})Tx) = 0 for 272z =t — e and 1 for 27> = ¢ + ¢, and using the Cauchy mean value
theorem for the second term this is

= E[Q"[m] ( x—t— 6)] + 26[E[RZ[ } ( T — 81)]S1€t:te
— BQi[ald(="@ — ] + E[Ri[2](6(z @ — t — ¢) — 8(" — 1))
= () E[Qi[x])|zTx =t + €] + €[Ca(Qy, 2, 52)]socitt+e T 2€[C2(Ri, 2, 8)]sette
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= ¢(t)E[Q;[x]|zTx = t] + ed®P)

The last step follows from Claim|S|applied on (); and R; as all the directions of w are well separated

from z = w; and w; is absent from both (); and R;. Also the corresponding (); and R; are
bounded. O

C.1 RELU ACTIVATION

If u is the RELU activation, the high level idea is to use correlation with the second derivative 6" of
the Dirac delta function instead of §’. More precisely we will compute C5(f, z, s) = E[f.(8' (2T —
s —¢) — &' (2Tx — s+ €)]. Although we show the analysis only for the RELU activation, the same
idea works for any activation that has non-zero derivative at 0.

Note that now v’ = sgn and u”" = 4.

For ReLU activation, Lemma [§] gets replaced by the following Lemma. The rest of the argument is
as for the sgn activation. We will need to assume that P has constant degree and sum of absolute
value of all coefficients is poly(d)

Lemma 19. Assuming polynomial P has constant degree, and sum of the magmtude of
all coefficients is at most poly(d), if z = w] then Cs(f,z,t) = IE[(;S() -P +

() Dz cos(a;)sgn(xTw} — t)ainP + ¢/ (t)PlxeTw} = t] + ed® ™). Otherwise if all angles oy
between z and w; are at least €5 it is at most Edo(l)/EQ.

We will prove the above lemma in the rest of this section. First we will show that z is far from any
of the w}’s then E[P.§” (27 — s)] is bounded.

Lemma 20. If the sum of the absolute value of the coefficients of P is bounded by poly(d), its degree
is at most constant, o; > €5 then E[P.6" (27« — s)] is d°M") /es.

Proof. Let x( be the component of x along z and y be the component of x in the space orthogonal
to z as before. We have * = x¢2 + y and g;” = %z. We will look at monomials M; in P = Zl M,;.

As before since [ " (x — a) f(z)dx = {dwﬂ we get

E[f(x).0" (2T — 5)] /f x)0" (2T — s)dy
y

/y et ”LDS w

[ faloan))| oty

ro=s8
Now consider a monomial M = X7'.. X 1,’“'.

Take the symbolic second derivative 7~ of M(zx)¢(xo) w.r.t 2. This will produce a polynomial

9X; 9%*X;

s By arts o, 9", ¢". Let us examine each of these terms.
0]

involving X;’s

) o .
0
= Tawr — S

=sgn(x” w; —t)(w}) 5$0$
= sgn(z’ w; —t)((w])"2)

= cos(a;)sgn(xTw] — t)
Thus %X i[z] is a bounded function of . We have

2
8—2Xi(:1:) 9 —sgn(x Twi* — t)((wi*)Tz) = cosQ(ai)é(wTw;‘ —t).
81'0 ox ZTo
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Again as before
[ 8@ w; = g(@)o(w0)o(w)]y—edy
= (1/]sin(e))Elg(a)|zo = s, 27w} = t]p(zo = 5, 27w} =1)

Note that if the degree is bounded, since |sin(c;)| is at least €5 expected value of each monomial
obtained is bounded. So the total correlation is poly(d)/es. O

Proof of Lemma As in the case of sgn activation, if z = wy,
E[P[z]d (z"w] - )]
Plz)p(x)d' (2" x — s)dx

= [ otw) [seateo — (o) (- ) o]+ X senta ] — 1) coste o) 55 ) b+ Pof (oo

J#i

T ) o]+ Y sen(eTw; — costa)ols) (55 [w]+P¢’(mo)] iy

J#i

For s = t + € this is

i oP OP
= | o) |els) [2] + > _ cos(a)sen(zw; — )é(s) ( 55 ) [#]+ Po'(s)|  dy
A - <8Xl ) ; (6X] ) s=t+e€
= ( [ otw) (¢<t> (5 ) 1+ X cotassenta w0600 (55 ) o +P¢’(t)) dy) ted®®
Y ' i j

E {w)(g; )l o) 3 costosenta i~ ) (95 ) el + /)P

J#i

xTw; = t] + ed®W

If z is away from every w} by at least ez then again E[PC5(f, 2,t)] = E[Pd (xTw} — s)](s €
[t —et+¢]) =ed®D Je,. O

D STRUCTURAL RESTRICTIONS HELPS LEARNING

D.1 PROOF OF THEOREM[T]

To construct this correlation graph, we will run the following AlgorlthmIDenote Ti:={j:w;;=
1}. Let us compute E[f (x)z;x;]:

]; Jjj Z CsE |:(H U;(Z’T'u};)) 1‘1.13]]
SCld] peS

T, *
= g Csefptlsl]E {eprESw wpxixj:|
SCld)
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Algorithm 3 ConstructCorrelationGraph

1: Let G be an undirected graph on n vertices each corresponding to the x;’s.
2: for every pair i, j do

3: Compute o;; = E[f (z)z;2,].

4: if Q5 > P then

5: Add edge (4, j) to the graph.

_ p x
= E cge PISIE |e LacUpesTy xix;

SC[d]

= > cse P51, j € UpesT,IE [:e”" ] E [x;e""] 11 E [eP®a]
SC[d] q€UpesTp\{i,j}

= Z cge P8Ii, j e UpesTp]p26p2E[x]~6“j] H e’ /2
SCld] q€UpesTp\{i,5}

Plipesm
= Z cse P13, j € UpesT)]p%e e
SCld]

By assumption, for all p, T}, are disjoint. Now, if 4, j € T}. for some r, we have
—p|SI(t—pd)
Elf(2)zw]=p* Y. ese S
SCld]:reS
Similarly, if ¢ € T;., and j € T}, with r; # ro, we have

—p|S|(t—pd)
E[f(z)ziz;] =p> Y cge 2

SCld]:r1,m2€S8

It is easy to see that these correspond to coefficients of X, and X,, X,., (respectively) in the follow-
ing polynomial:

Q(X1,- s Xn) = PP P(u(X1 + 1), (X + 1))

—p(t—pd)

for p = e~ = . For completeness we show that this is true. We have,
Q(Xy,..., X —pQZcSHuX +1)
SCld] JjeS
=p* > e ] (X5 +1
SCld] jeS

The coefficient of X, in the above form is clearly p? Y SCld]ires csp!®! (corresponds to picking the
1 in each product term). Similarly coefficient of X,., X, is p? ngdh”?es csplSl.
Now as in the assumptions, if we have a gap between these coefficients, then we can separate the

large values from the small ones and form the graph of cliques. Each clique will correspond to the
corresponding weight vector.

D.2 PROOF OF THEOREM§|

Consider f(x) = Y cs[[;cge” "wi where w; =) s, € for S; C [n] such that for all i # j,

z||2
S;NS; = nand cg > 0. Let us compute g(2z) = 2K [f(m)esz} where z = > z;e; for

some «;.

E [f(m)esz] —E

()

i€S
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= ZCSE

<H ezpesi wv) eZqE[n] quq]

i€S

= ZCSE H e(1+zp)yp H e#a®a

PEUiecsS; q€[n]\UicsSi
= E cs H E {e(l—ﬁ-zp)wp]} H E[ezqmq]
PEUiesS; q€[n]\Uies S;
(+zp)? =2
=D es| I e II -
PEUicsSi g€[n)\UiesS;
L2
:ZCSSHZ‘H H ez tep
PEUiesS;
1
— g(z): E cs H ez t2p
PEUiesS;

Consider the following optimization problem:

max [g(2) — M|zl —7llz[[3]

h(z)

for A,y > 0 to be fixed later.

We can assume that z; > 0 for all 7 at a local maxima else we can move in the direction of e; and
this will not decrease g(z) since ¢cg > 0 for all S and will decrease ||z||; and ||z||2 making h(z)
larger. From now on, we assume this for any z at local maxima.

We will show that the local maximas of the above problem will have z such that most of the mass is
equally divided among j € S; for some 7 and close to 0 everywhere else.

Lemma 21. There exists at most one i such that there exists j € S; with |z;| > S for v satisfying

4 . 8 lVicsSil
Y <minig; (€73 gics igsvigs.jes CS€

Proof. Let us prove by contradiction. Assume that there is a local maxima such that there are at
least 2 indices say 1,2 such that 35 € Si,k € Sy, |zj], |2k| > . Now we will show that there
exists a perturbation such that g(z) can be improved. Now consider the following perturbation,
z + see; — seey, for s € {£1}. Observe that ||z||; remains unchanged for € < j also ||z||3 changes
by 2s%€? + 2(z; — 21,)se. We have

Es[h(z + see; — seey,) — h(z)]
= Z cs H 6%+Zp (B, [e*] — 1) + Z cs H e%Jer (ES [6755] . 1)
S:1€5,2¢S PEUies S S:1¢5,2eS8 pEU;iesS;
—VE; [2€° +2(2; — 21) 5]

> £ —4y + Z cs H €%+z” + Z cg H e%+zp

S:1€5,2¢S  pEUiesS: S:1¢S,2€S  pEU;esS:

[ V)

The inequality follows since E [e*¢] = % >1+ % Observe that

1 YiesSil . ViesSil
Z cs H ezt > Z cge 2 e% > Z cge 2 el

S:1€5,2¢S  pEUiesS: S:1€8,2¢S S:1€5,2¢8

For chosen value of +, there will always be an improvement, hence can not be a local maxima. [
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Lemma 22. At the local maxima, for all i € [n), z is such that for all j, k € S;, z; = z at local
maxima.

Proof. We prove by contradiction. Suppose there exists j, %k such that z; < z;. Consider the
following perturbation: z + €(z; — z;)(e; — e) for 1 < € > 0. Observe that g(z) depends on
only > s, #r and since that remains constant by this update g(z) does not change. Also note that
||z]|1 does not change. However ||z||3 decreases by 2¢(1 — €)(z), — z;)? implying that overall h(z)
increases. Thus there is a direction of improvement and thus it can not be a local maxima. O

oS
[ViesSil ew
n

Lemma 23. At the local maxima, ||z||1 > o for A <> g cg —v(2a +1).

Proof. We prove by contradiction. Suppose ||z||1 < «, consider the following perturbation, z + €1.
Then we have

YiesSil . ) )
h(z + E]l) — h(z) = che = +Zp€UiESSj, p(65|U1€SS’L| — 1) — nAe — nﬁ/E(ZHZHl + 6)

1UicsSil
>E cge 2

Uies Sile — nAe — nye(2a + 1)
O

For given ) there is a direction of improvement giving a contradiction that this is the local maxima.

Combining the above, we have that we can choose A,y = poly(n, 1/e, s) where s is a paramater
that depends on structure of f such that at any local maxima there exists ¢ such that for all j € .5,
zj > landforall k € Ujeg,, 21 < €.

D.3 PROOF OF THEOREM[I]

Let function f = 3 g, s [lies u((w;)Tz) for orthonormal w}. WLOG, assume w} = e;.

%

Let u(z) = Y..;°,lg;hoi(x) where h; are hermite polynomials and v'(z) = wu(z) — 4y =
Y2 | Ggihai(x). This implies E[u/(2)] = 0. Observe that,
IS S|k
H u(z;) = H(u’(ml) +1ip) = Zﬁo Z H u' ().
i€s i€s k=0 SICS:| 8! |=k €S

Let us consider correlation with h4(zTx). This above can be further simplified by observing that
when we correlate with hy, [,cq v/ (2;)ha(z72) = 0 for |S’| > 2. Observe that hy(z"x) =
Ddnrdned] s di<a €(d1s ... dn) [T ha, () for some coefficients ¢ which are functions of z. Thus
when we correlate [, ' (2;)ha(2z" @) for |S’| > 3 then we can only get a non-zero term if we
have at least hoy (2;) with k > 1 for all ¢ € S’. This is not possible for |S’| > 3, hence, these terms
are 0. Thus,

E

2
H u(xi)h4(zTac)] = Z ﬁgs‘fk Z E

= k=0 S'CS:|S!|=k

H u'(xi)h4(sz)] .

€S’

Lets compute these correlations.

E [/ (z;)ha(2" )]

=E

> dophap(i)ha(zia; + zfiw_i)]

p>0
4
= iszQp]E hap () Z <2) h4—k(zixi\@)hk(ZTijm_ij\fQ)]
p>0 k=0
- EZQ%E {h2p($i) h4(2i$i\/§) + 6h2(zi$i\/§)(2|\z7i||2 — 1) +3(2||z—| > = 1)2”

p>0
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1

1 (a4a(4, 4, 2iV/2) + G4, 2, 2V/2) + 6iia(2, 2, 2v/2) (2] |22 — 1))
1 . R .

=3 (ddgz} + 120027 (227 — 1) + 602(227) (2] |2 ]|* — 1))

= ﬁ4z§1 + ?nlg,zf(2||z||2 -1)
E [u (2)u’ (a;)ha(=" )]

=K l Z agpﬂgqhgp(l‘i)hgq(l‘j)iu(zil‘i + zjr; + zzijx_ij)]

p,q>0

1 N
= Z Z ng’LLQq]E

p,q>0

k
1 A
= 7 2 npitngE [ hoy(@)hag () (ha((ziwi + 23)V2) + Gha (i + 2,)V2) 2| = 1)
p,q>0

+3(2] 235> = 1)?)]

hap(@i)haq () Y

0

(:) ha—r((ziz; + zjmj)\/i)hk (ZTijwfij \/i)

4

= liﬁ Z ﬁpﬂq Z (:)]E [th('Ti)h‘Qq(mj)hél—k(QZixi)hk(QZjIj)]

p,q k=0
@
2 RN
el = 1) Y nping Y ()l o s (2 (2252,
k=0

p,q<0

+

=] w

We will compute @ and @:
D =163 () X g sy oo)has (2] E i 2552,
k=

0 p,q>0
1 < (4
=3 > (k> > digplinga(4 — k, 2p, 22;)a(k, 2, 22;)
k=0 p,q>0
3
= gﬁga(2,2,22i)a(2,2,22j)
= Gﬁ%zfz?
Similarly,
3 ) 2
(@)= 5 @il = 1) 7 dizpiing Y (B hap(@i)hog () ha-i (22 i (22527)]
p,q>0 k=0
3 2. (2
= 1(2”2_””2 - 1) Z </€> 1}212204(2 - k‘, 2, 2Zi)a(k}, 2, 2,2]') = 0.
k=0

Combining, we get
E [o (z:)u (z;)ha(z" )] = 6a5272].
Further, taking correlation with f, we get:

E [f(z)ha(z" )]

=Y s> a3 E l]‘[ u’(xi)h4(zT:c)]
k=0

SC[n) 5/CS:|Ss' =k Lies’
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=Y esiy 77 a0 Y (Gaz + 3222 (2l|2][* — 1)) + 643 Y 2227 | + constant
SCln]

ies j#keS

n n

— 4 2 2 2.2

= E a;z; + (2||z]]° = 1) E Biz; + E %ij%; 2} + constant
i=1 i=1 1<i#j<n
n n

= E iz} + E Biz? + E 'YijZ]Q-Z]% + constant
i=1 i=1 1<i#j<n

X 181 N 1571
where o; = Y gicpies Csrly | Bi = Bl gcpues Coly | and yi; =

~9 A\S’|—2
65 3 g n)jijesr 5o -

If v;; < a; + «y for all 7, j then the local maximas of the above are exactly e;. To show that this
holds, we prove by contradiction. Suppose there is a maxima where z;, z; # 0. Then consider the
following second order change 27 — 27 +se and 27 — 27 — se where € < min 27, 27 and s is 1 with
probability 0.5 and -1 otherwise. Observe that the following change does not violate the constraint

and in expectation affects the objective as follows:
A =E; [0(2s€2] + €7) + a(—2s€z] + €2) + Bise — Bjse + i (sez; — sez] — €7)]
= (ai + Qy — '7ij)€2 >0

Thus there is a direction in which we can improve and hence it can not be a maxima.

E MODULAR LEARNING BY DIVIDE AND CONQUER

Finally we point out how such high threshold layers could potentially facilitate the learning of deep
functions f at any depth, not just at the lowest layer. Note that essentially for Lemma [2] to hold,
outputs X7, ., X4 needn’t be present after first layer but they could be at any layer. If there is
any cut in the network that outputs X7, ...Xy, and if the upper layer functions can be modelled
by a polynomial P, then again assuming the inputs X; have some degree of independence one
can get something similar to Lemma [2| that bounds the non-linear part of P. The main property
we need is E[IL;csX;]/FE[X;] < u!/*I=! for a small enough 1 = 1/poly(d) which is essentially
replaces LemmalI] Thus high threshold layers can essentially reduce the complexity of learning deep
networks by making them roughly similar to a network with lower depth. Thus such a cut essentially
divides the network into two simpler parts that can be learned separately making it amenable to a
divide and conquer approach. If there a robust algorithm to learn the lower part of the network that
output X, then by training the function f on that algorithm would recover the lower part of the
network, having learned which one would be left with learning the remaining part P separately.

Remark 1. If there is a layer of high threshold nodes at an intermediate depth [, u is sign function,
if outputs X; at depth 1 satisfy the following type of independence property: E[Il;csX;]/E[X;] <
plS1=1 for a small enough p = 1/poly(d), if there is a robust algorithm to learn X; from " ¢; X;
that can tolerate noise, then one can learn the nodes X;, from a function P(X1, .., X4)
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