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Pretraining Numerical Frequency and Number-Line in Language Models
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Abstract
Large language models exhibit compressed, non-
uniform internal representations of numerical
magnitude, but the pretraining factors associ-
ated with this geometry remain unclear. We
study whether corpus-level integer statistics are
related to the learned number-line geometry of
pretrained language models. For four docu-
mented pretraining corpora, we count integers in
[0, 10,000] and fit a magnitude-frequency power
law, count(N) ∝ Nα, where more negative
α indicates steeper decay and less exposure to
large magnitudes. For nine corresponding base
models, we extract hidden states for numerical
prompts, project them onto a one-dimensional
number line with PCA, and estimate a scaling fac-
tor β, where smaller β indicates stronger compres-
sion. We first show that β is behaviorally mean-
ingful: models with less compressed number-
line geometry achieve higher likelihood-based
number-comparison accuracy. We then find that
flatter integer-frequency distributions, correspond-
ing to less negative α, are associated with larger
β. These results provide correlational evidence
that pretraining integer statistics are reflected in
the geometry of LLM number representations.

1. Introduction
Numerical reasoning remains an important challenge for
Large Language Models (LLMs), since mathematical tasks
often depend on how models internally represent, compare,
and manipulate these numbers. This makes it important to
understand how numerical values are encoded internally,
and whether models develop an internal notion of a number
line that may shape their reasoning on mathematical tasks.

The linear representation hypothesis (Park et al., 2024) states
that high-level concepts are represented internally in LLMs

1Anonymous Institution, Anonymous City, Anonymous Region,
Anonymous Country. Correspondence to: Anonymous Author
<anon.email@domain.com>.

Preliminary work. Under review by the International Conference
on Machine Learning (ICML). Do not distribute.

Q: larger: 1003 vs. 1008 A: Model: 1008

Q: smaller: 5087 vs. 5094 A: Model: 5094 ×

0 2 4 6 8 10
PCA β

0.4

0.5

0.6

0.7

0.8

0.9

1.0

ac
cu

ra
cy

0-shot: ρs = 0.84

0.50 0.75 1.00 1.25 1.50 1.75
0.50

0.55

0.60

0.65

0.70

Falcon-1B
Falcon-7B

RPJ-3B
RPJ-7B

OLMo-7B-2T
OLMo-7B-Twin-2T

SCB-1B
SCB-3B

SCB-7B
Neo-125M

OPT-1.3B
OPT-2.7B

CGPT-2.7B
CGPT-6.7B

Figure 1. Relationship between the compression factor β and nu-
merical comparison accuracy across models in the 0-shot setting.
Each point corresponds to a model, with β measured from dimen-
sionality reduction for number-line representations and accuracy
computed on the number-comparison task. A clear positive corre-
lation is observed (ρs = 0.84), indicating that models with less
compressed numerical representations (larger β) achieve higher
accuracy. The prompts examples above illustrate the pairwise com-
parison format. (refer to Section 4 for detailed experiments and
results)

as approximately linear directions or subspaces. This moti-
vates the question of whether numerical magnitude is also
organized in a simple linear way inside models. Supporting
this possibility, Zhu et al. (2025) showed that numerical
values can be recovered from LLM hidden states using lin-
ear probes. Being linearly recoverable does not necessarily
mean that the complete internal number line is uniformly
linearly spaced. Instead, recent findings suggest that LLMs
encode numerical magnitude in a manner similar to human
numerical cognition, in a more compressed non-linear man-
ner, following the logarithmic mental number line hypothe-
sis (Shah et al., 2023; AlquBoj et al., 2025), as illustrated
in Figure 7.

More specifically, AlquBoj et al. (2025) showed that in-
ternal number representations in LLMs are not uniformly
spaced, rather the spacing between number representations
changes as numerical magnitude increases. They quantify
this compression factor using the Scaling Rate Index β.
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which measures how strongly the internal spacing form a
logarithmic-like geometry, where smaller β means stronger
compression.

While prior work identifies compressed number-line geome-
try in LLMs, two questions remain open: 1- what drives dif-
ferent compression rates across models, and 2- whether
this geometry has practical relevance for numerical rea-
soning. We address the latter question first by directly
relating the compression factor β to model performance
on simple multiple-choice numerical reasoning questions.
We find that models with larger β, corresponding to less
compressed and more evenly spaced internal number lines,
tend to achieve higher accuracy, as shown in Section 4. This
provides evidence that number-line geometry is not only a
representational property, but is also related to numerical
reasoning ability.

To answer the former question: what factors shape β across
models? We investigate pre-training number frequency as
one possible factor. This motivation is inspired by human
numerical development, where exposure and formal training
affect number-line judgments, and by recent evidence that
pre-training frequency influences representation geometry
in LLMs (Merullo et al., 2025).

To test this hypothesis, we connect corpus-level number
statistics to model-level representation geometry, as summa-
rized in Figure 2. Specifically, we estimate the frequency
decay term α from integer counts in pre-training data us-
ing fcount(N) ∝ Nα, and compare it with the number-line
compression factor β, estimated from one-dimensional pro-
jections of hidden-state number representations. Across
nine LLMs trained on known datasets, we find a positive
correlation between α and β: sharper frequency decay in the
data (α more negative) is associated with stronger internal
number-line compression (β smaller).

In short, we summarize our contributions as follows:

• We identify a general empirical trend showing that
LLM accuracy on mathematical reasoning tasks tend
to increase as the number-line compression factor β
increases. This behavior is described in Section 4.

• We extract the empirical frequency distribution of in-
tegers x ∈ [0, 10000] from four distinct open-source
pretraining datasets summarized in Table 1.

• We fit a magnitude-based power-law model to the em-
pirical integer frequency distribution and introduce the
decay term α, where smaller values of α (more nega-
tive values) indicate that integer frequency decreases
more rapidly as numerical value increases.

• We study nine LLMs that were trained only on their
respective pre-training datasets listed in Table 1 and

find a positive correlation between the compression
factor β of these models and the decay term α of their
respective pre-training dataset, providing empirical ev-
idence that the integer-frequency distribution is related
to the geometry of internal number representations.

2. Related Work
Many previous studies have explored whether language
models can understand and reason about numbers. Early
work on numeracy in LLMs showed that while models can
capture some numerical information, they still struggle with
numerical prediction and arithmetic reasoning (Spithourakis
& Riedel, 2018; Wallace et al., 2019). More recent work has
shown that LLMs exhibit human-like numerical-comparison
effects, such as distance and ratio effects, suggesting that
LLMs may capture behavioral patterns of numerical magni-
tude similar to those in human numerical cognition (Shah
et al., 2023). Closely related to our motivation, Razeghi et al.
(2022) showed that LLMs perform better on numerical rea-
soning tasks when the relevant terms occur more frequently
in the pre-training data, suggesting that numerical ability
might be influenced not only by abstract reasoning but also
by the distribution of numbers during pre-training.

Beyond task-based performances, other works have studied
how numerical values are represented in the hidden layers
of LLMs. Some studies suggest that LLMs internally en-
code number values in their hidden states, and that these
values can be recovered using linear probes (Zhu et al.,
2025). However, this does not necessarily mean that the
entire number line is uniformly spaced. Recent works have
shown that different LLMs can learn similar numerical rep-
resentations, suggesting that some numerical geometry may
emerge consistently across datasets and architectures (Fu
et al., 2026). At the same time, other studies also show that
LLMs may represent numbers using the base-10 pattern and
string-like information, rather than treating all numbers as
pure numerical magnitude (Levy & Geva, 2025; Marjieh
et al., 2025), suggesting that maybe the numerical internal
representation, which may be structured, is not necessarily
uniform, simple, or purely based on magnitude

Recent work by AlquBoj et al. (2025) has shown that LLMs
encode numerical representation in a compressed and non-
uniform manner similar to the logarithmic mental number
line observed in human cognition. Their work quantifies
this compression using the Scaling Rate Index β, which
measures how the internal spacing of numerical represen-
tations changes as the magnitude of the number increases.
In parallel, work on pre-training frequency has suggested
that the statistics of the pre-training corpus can shape LLMs’
internal representations. Merullo et al. (2025) showed that
concepts that appear more frequently in the pre-training
data are more likely to form cleaner linear representations
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Figure 2. Overview of the proposed pipeline. (A) We estimate the magnitude-frequency exponent α by extracting integers from
pretraining corpora, normalizing them, and fitting a power-law to count(N). (B) We obtain the compression factor β by extracting hidden
representations from transformer layers, projecting them via PCA, and analyzing spacing across numerical magnitudes. (C) We then
analyze the relationship between corpus-level statistics (α) and representation geometry (β) across models.

inside LLMs. This suggests that the frequency of numbers
in the pre-training dataset not only influences their perfor-
mance on numerical tasks but also influences their internal
geometrical representation of numbers.

Our work, inspired by these directions, studies whether the
distribution of integers in pre-training datasets is related
to the compressed numerical line geometry observed in
LLMs. Since natural language datasets are generally highly
non-uniform and often follow Zipf-like patterns (Zipf, 1949;
Newman, 2005), it is natural to expect the number frequency
distribution to follow similar patterns. However, instead of
fitting the classical Zipf’s rank-frequency law, we study
how the frequency of a number changes as a function of its
numerical power law, estimating the decay term α (Clauset
et al., 2009). This α captures how rapidly number frequency
decreases as numerical magnitude increases. We link this
pre-training data distribution to the internal geometry of
numbers in LLMs and investigate the relationship between
the decay term α and the compression factor β.

3. Background
Previous work has introduced approaches to evaluate com-
pression rate and analyze numerical representations in
LLMs through the use of dimensionality reduction tech-
niques and linear probing (AlquBoj et al., 2025). The
broader idea is investigating whether LLMs encode the
number-line in an intuition similar to humans–logarithmic,
sublogarithmic, and super-logarithmic.

As a result, the investigation starts by analyzing the hid-
den representations across the model layers, examining the
geometric structure of numerical magnitudes, and the gen-
eral underlying trends across these layers. For that reason,
Principal Component Analysis (PCA), a dimensionality re-
duction technique, is being introduced to map the hidden

representations to a one-dimensional number-line that best
reflects their underlying numerical features. Similarly, us-
ing Spearman rank correlation and nonlinear regression,
these approaches reveal whether LLM representations ex-
hibit properties of human numerical cognition, including
order preservation and a compression effect, where the dis-
tances between consecutive numbers decrease with increas-
ing magnitude. The general experimental setup introduced
in (AlquBoj et al., 2025) for analyzing numerical representa-
tions in LLMs serves as the basis, in this paper, for studying
the emergence of a number-line structure and the associated
compression behavior.

3.1. Low-Dimensional Projection and Rank Correlation
of LLM Representations

As discussed earlier, analyzing the structure of the hidden
representations in the model through PCA is the first stage.
Moreover, the input number process in LLMs is a map into a
high-dimensional latent space, where each input x is associ-
ated with an internal representation f(x) ∈ Rd. Analyzing
the geometry of these representations over a set of inputs
X provides insight into how the model organizes numerical
magnitudes. In particular, it allows us to examine whether
numerical values align along an implicit number-line and
whether this representation exhibits uniform spacing or com-
pression. This mapping is denoted by fLLM, which captures
the internal encoding of the hidden numerical representa-
tions of the model. Extending this idea, projecting the
hidden representations onto a one-dimensional space via
T : Rd → R, using PCA:

fLLM(x) := T (f(x)), (1)

where f(x) denotes the high-dimensional internal represen-
tation of the input x, and T maps these representations onto
a one-dimensional space.

3
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For any two inputs x, y ∈ X , the distance between
their projections following the mapping T using Euclidean
norm (AlquBoj et al., 2025), is as follows:

d(x, y) = ||fLLM(x)− fLLM(y)| | (2)

which serves as the basis for evaluating both monotonicity
and scaling properties in the following analysis.

To further examine the preservation of the natural order
of the numerical values, this is extended by studying the
monotonic properties of the function fLLM. Specifically,
for x1 < x2, this requires fLLM(x1) < fLLM(x2), or the
reverse inequality if the direction is flipped, ensuring that
the numerical magnitudes maintain their relative order after
projection (AlquBoj et al., 2025).

To quantify this property, Spearman rank correlation plays
an essential role in obtaining it. Given two vectors X,Y ∈
R, let R(X) and R(Y ) denote their rank-transformed ver-
sion, where each element is replaced by its rank in the sorted
sequence. The Spearman correlation coefficient, denoted
by ρ, is defined as the covariance between the rank vectors
normalized by their standard deviations:

ρ =
Cov(R(X), R(Y ))

σ(R(X)) · σ(R(Y ))
(3)

Spearman’s ρ provides a nonparametric measure of the rela-
tionship between two sequences by comparing their relative
rankings. Assesses whether the increase/decrease of one
variable is contingent on the change of the other. The pro-
vided value ρ is the absolute value |ρ|, thereby treating both
increasing and decreasing monotonic relationships inter-
changeably.

3.2. Number-Line Compressions and β Parameter

The quantification of numerical representations in LLMs is
characterized through the notion of number-line compres-
sion, measuring the difference in distance between numer-
ical magnitudes while evolving and increasing. Let f(x)
denote the internal representation within the mode. To ana-
lyze scaling across orders of magnitude, we consider inputs
of the form xi = 10i and define yi = f(xi).

Following prior work, we examine the differences between
consecutive representations (AlquBoj et al., 2025):

yi+1 − yi = A · βi (4)

To estimate the scaling parameter β, A and β are fitted
to the observed differences yi+1 − yi, by minimizing the
least-squares objective.

min
α,β

n∑
i=1

(
(yi+1 − yi)−Aβi

)2
. (5)

This objective in Equation (5) models how the difference
between representations of consecutive inputs vary across
scaled, in other words, according to the numerical scaling
regime. Therefore, to capture the spacing and the geometric
structure, the scaling parameter β, obtained via geometric
regression, characterizes how the spacing between consecu-
tive representations evolves along a monotonic sequence.

To elucidate, The scaling parameter β governs the evolving
of spacing between representations across scales.

• if β = 1, the differences yi+1 − yi remain approx-
imately constant, implying that equal multiplicative
changes in input, for example 10i to 10i+1, correspond
to equal additive distances in the representation space.
Therefore, f is a logarithmic function on xi

• if β > 1, the differences increase with i, indicating that
the distances between larger numbers expand, meaning
super-logarithmic behavior.
Therefore, f is a super-logarithmic function on xi

• Conversely, if β < 1, the differences decrease with i,
indicating compression in which the distances between
larger numbers become increasingly packed, which
means sub-logarithmic behavior.
Therefore, f is a sub-logarithmic function on xi

For a better understanding of the role of the scaling param-
eter β, the study of the mapping fLLM is carried out on
exponentially spaced inputs. Recall that xi = 10i, the index
i corresponds to logarithmic scale of the input. From Equa-
tion (4), we have yi+1−yi = Aβi, and hence yi+1−yi ∝ βi.
Reformulating this in terms of xi, we obtain the following.

βi = βlog10(x) = xlog10(β) (6)

Thorough analysis of Equation (6) gives an intuitively clear
understanding of different scaling regimes:

• if β = 1, the difference remains constant, producing a
logarithmic scaling as shown in Equation (4)

• if 1 < β < 10, the mapping results in faster than
logarithmic but slower than linear, corresponding to
sublinear behavior (i.e., super-logarithmic but sublin-
ear).

• if β = 10, this results in a linear mapping:

βi = 10i = 10log10(xi) = x
log10(10)
i = xi (7)

• if β > 10, the growth becomes faster than linear, in-
dicating superlinear behavior, where the distances be-
tween the representations expand at an increasing rate.

4
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Building upon this and to further interpret the behavior of
compression and scaling in a more conventional setting, con-
sider the case where inputs are linearly spaced, i.e., xi = i.
Under the same formulation of Equation (4), the parameter
β characterizes the growth of the sequence directly.

• β = 1 corresponds to linear growth.

• β < 1 corresponds to sublinear (concave (Rockafellar,
1970)) behavior in which increments decrease.

• β > 1 corresponds to superlinear (convex (Rockafellar,
1970)) in which increments increase.

This complements the previous analysis in Equation (7)
by providing an interpretation of β in terms of a standard
growth regime.

Algorithm 1 Monotonicity (ρ) and Compression (β)

Require: Log-spaced {Gi} with xi = 10i, modelM
Ensure: Monotonicity score ρ, scaling parameter β

1: {f(x)} ←M(x), ∀x ∈
⋃

i Gi

2: for each layer ℓ do
3: Tℓ ← PCA1({f(x)})
4: f̃ℓ(x)← Tℓ(f(x))
5: σ2

ℓ ← Var(f̃ℓ(x))

6: ρℓ ← Spearman(x, f̃ℓ(x))
7: for each group Gi do
8: f̄ℓ(i)← Ex∈Gi [f̃ℓ(x)]
9: end for

10: Lℓ(α, β) =
∑n−1

i=1

(
(f̄ℓ(i+ 1)− f̄ℓ(i))− αβi

)2
11: βℓ ← β⋆, where (α⋆, β⋆) solves minα,β>0 Lℓ(α, β)
12: end for
13: ℓ∗ ← argmaxℓ σ

2
ℓ

14: ρ← ρℓ∗

15: β ← βℓ∗

16: return ρ, β

4. LLMs Numerical Reasoning Ability and β

Following up on LLM conceiving of the number-line, fur-
ther experiments were implemented to figure out if there
is a direct impact of β for each LLM and their ability to
perform certain types of arithmetic questions that evaluate
the understanding of the number-line, where the difficulty of
answering those questions contingent on the number-line’s
encoding–sublogarithmic, logarithmic, or super-logarithmic.
The prompt questions are comparison-based questions that
are structured to evaluate LLMs ability to compare between
two numbers. These tasks assess the model’s ability to dis-
tinguish between numerical magnitudes and reason about
their relative value comparatively with another.

Specifically, in each prompt, the model is given a set
of numerical values and is required to identify the value

that satisfies the comparison conditions, whether it is the
largest or smallest number. For instance, given inputs
{a, b}, the model must select min{a, b} or max{a, b}. To
further expand this experiment, the difference between
d(a, b) = |a−b|, which is called the gap, is categorized into
10 different gaps. Each gap corresponds to the difference
based on its rank. For example, gap 1 means a digit differ-
ence. This setup directly evaluates whether the encoding
of number-line does impact the ability for LLMs to reason
about the magnitudes of numbers. Intuitively, if LLMs un-
derstand number-line in a logarithmic manner, the bigger
the numbers get, the harder the comparison gets as the gaps
between larger numbers get closer.

4.1. Generation of Number-Comparison Dataset

To evaluate whether the geometry of the learned number-line
is reflected in numerical reasoning of LLMs, we construct a
synthetic pairwise number-comparison dataset. The dataset
is designed to control for numerical magnitude, absolute
gap size, answer position, and query direction. Firstly, we
partition comparison pairs into four magnitude regimes cor-
responding to powers of ten. These groups allow us to
analyze how the model behavior varies as the numerical
magnitude increases.

G1 = [10, 99], G2 = [100, 999],

G3 = [1000, 9999], G4 = [10000, 99999].

Within each magnitude group, we generate fixed-gap pairs
of the form (a, b) = (n, n+ d) with two gap regimes:

SGsmall_gap : d ∈ {1, 2, 3, 4, 5}
MGmedium_gap : d ∈ {6, 7, 8, 9, 10}

For each group and each gap value, we sample 32 starting
values n using a fixed random seed, ensuring a balanced
distribution across magnitude and gap size. In addition, we
evaluate each model on a 0-4 shot prompt. For few-shot set-
tings, demonstration examples are prepended to the prompt
excluding 0-shot. To reduce dependence on a particular
prompt configuration, we use multiple exemplar sets. Each
group and gap regime yields 640 comparisons, or 1920 with
three exemplar sets; across four groups and two regimes,
this totals 15,360 comparisons per model-shot condition.
We report the main 0–1 shot results in Figure 3, and provide
the 2–4 shot results in Section C.3.

4.2. Experimental Setup for Number Comparison

The evaluation was carried out on 9 open-source language
models summarized in Table 1. For the few-shot compari-
son analysis, we also include GPT-Neo-125M (Black et al.,
2021), OPT-1.3B, OPT-2.7B (Zhang et al., 2022), Cerebras-
GPT-2.7B and Cerebras-GPT-6.7B (Dey et al., 2023); these
models are not included in the pretraining corpus analysis

5
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because their exact pretraining datasets are not available in
the same directly matched form.

To ensure robustness, both input orderings (a, b) and (b, a)
are considered, along with prompt directions ("larger" and
"smaller"), preventing models from relying on positional
or heuristic biases. Rather than relying on free-form gen-
eration, we adopt a likelihood evaluation. Given a prompt
q and two candidate outputs ca and cb, we compute the
log-likelihood normalized in length for each candidate and
select the one with the highest score, as follows:

s(c|q) = 1

|c|

|c|∑
t=1

log p(ct|q, c<t)

ĉ = arg max
c∈ca,cb

s(c|q)
(8)

Ensure that the evaluation reflects the model’s internal pref-
erence between numerical magnitudes and not decoding
artifacts.

As a result, We observe that the performance of the mod-
els exhibits a strong positive correlation with the scaling
factor β in all shot settings (see Figure 3). In particular,
models with larger values β consistently achieve higher
comparison accuracy, indicating that less compressed nu-
merical representations correspond to better discrimination
between numerical magnitudes. This trend holds across
0-4 shot configurations, with Spearman correlation coeffi-
cients remaining high, suggesting that there is a monotonic
relationship between β and numerical reasoning.
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Figure 3. Accuracy on number-comparison task vs the PCA-based
scaling factor β. Spearman correlation ρs indicates that models
with larger β tend to achieve higher comparison accuracy.

Consequently, these results motivate us to do a thorough
study into the factors that give rise to higher β values and
the underlying mechanisms that influence them.

5. Power-Law Structure of Pretraining Data
and its Effect on β

In order to have a complete and unbiased understanding
of the underlying influence of the training dataset on the

compression rate of number-lines, the access to the full
datasets, which their models have been pre-trained on with-
out any task-specific fine-tuning, instruction tuning, or post-
training modifications, was crucial to further investigate
these datasets under rigorous scrutiny. Therefore, the dis-
tinct chosen pre-training datasets (refer to Table 1), their
models, 9 in total, are open-source and only pre-trained on
them, are publicly accessible to analyze and count the exact
occurrences of the integers [0 : 10000]. Building upon this,
we fit power law to each dataset, and study the relationship
between power law’s exponent α and the compression factor
β of the number-line in LLMs.

To conclude, we selected 9 models on these 4 distinct
datasets, ensuring that these LLMs were trained on only
the following pretraining datasets and were not finetuned or
have additional reasoning methods on top. This is because
there might be the possibility that the compression factor
has been altered by an unexplainable factor, which we can-
not account for while trying to find a correlation between β
and α.

Datasets Models Desc

Falcon-RefinedWeb
(Penedo et al., 2023)

falcon-rw-7b Filtered web pages
from CommonCrawlfalcon-rw-1b

RedPajama-Data-1T
(Weber et al., 2024)

RedPajama-INCITE-Base-3B-v1 Mixed text corpus with web,
books, Wikipedia, and codeRedPajama-INCITE-7B-Base

Dolma
(Soldaini et al., 2024)

OLMo-7B Large open corpus with web,
books, papers, wiki, and codeOLMo-7B-Twin-2T

(Groeneveld et al., 2024)

The Stack
(Kocetkov et al., 2023)

starcoderbase-1b Programming code dataset
from public repositoriesstarcoderbase-3b

starcoderbase-7b
(Li et al., 2023)

Table 1. Pre-training datasets and corresponding model families
used in this study. All models are open-source and trained exclu-
sively on their respective datasets.

5.1. Integer-Frequency Analysis of Pretraining Corpora

To test whether corpus statistics may explain the geometry
of learned number representations, we measure how often in-
tegers occur in several pretraining datasets. For each corpus,
we count integer mentions in the range 0 ≤ N ≤ 10000.
This range matches the numerical scale used in our represen-
tation analysis and allows us to compare the frequency struc-
ture across datasets with β. For each dataset, we perform a
full pass over the text and extract digit strings corresponding
to non-negative integers. Each matched integer is normal-
ized to its numeric value, for example, 001 becomes 1, so
different textual occurrences of the same integer contribute
to the same count. We then aggregate the counts into an
empirical frequency distribution count(N),
where count(N) denotes the number of times the integer N
appears in the corpus.

We model the empirical integer distribution (shown in Fig-
ure 4) as an approximately Zipfian power law with numer-

6



330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384

Submission and Formatting Instructions for ICML 2026

0 2000 4000 6000 8000 10000
N

106

107

108

109

1010

co
un

t(
N
)

Stack v1.2
DKL =0:27

0 2000 4000 6000 8000 10000
N

105

106

107

108

109

co
un

t(
N
)

Dolma v1.5 sample
DKL =0:55

0 2000 4000 6000 8000 10000
N

104

105

106

107

108

109

co
un

t(
N
)

RedPajama-Data-1T
DKL =0:93

0 2000 4000 6000 8000 10000
N

104

105

106

107

108

109

co
un

t(
N
)

Falcon RefinedWeb
DKL =0:83

empirical Zipf / 1=(N+1)

Figure 4. Empirical integer-frequency distributions for the pretrain-
ing datasets. DKL measures how far each dataset deviates from
this baseline (see Section B, Equation (9)).

ical magnitude: count(N) ∝ Nα<0 . Here, N denotes the
integer value itself, not the frequency rank. Thus, α is a
magnitude-frequency exponent: Smaller values of α (more
negative values) indicate that the frequency decays more
rapidly as the numerical magnitude increases; α reported
in Table 2.

Equivalently, we estimate α by fitting a linear model in
log–log space:

log count(N) = c+ α logN + ϵN ,

for integers with nonzero counts. This exponent is used in
our corpus-frequency hypothesis because both α and the
representation compression factor β are defined with respect
to the numerical magnitude.

Dataset
Count Magnitude Fit

[0, 10) [10, 102) [102, 103) [103, 104] α R2

Stack v1.2 51.530 23.656 13.420 10.050 -1.18 0.91
Dolma v1.5 sample 18.879 11.297 4.701 5.725 -1.30 0.81
RedPajama-Data-1T 9.849 8.402 3.059 6.741 -1.40 0.68
Falcon RefinedWeb 4.633 4.017 1.426 2.222 -1.42 0.79

Table 2. Integer-frequency mass across magnitude bins for each
pretraining dataset. Count entries are reported in billions. The final
columns report the fitted magnitude-frequency exponent α from
count(N) ∝ Nα and the corresponding log-log fit R2. Smaller
α indicates a steeper decay in exposure as numerical magnitude
increases.

5.2. Number-Line Geometry and Its Relation to
Integer-Frequency

After characterizing the frequency structure of integers in
each pretraining corpus, we investigate whether these statis-
tics are reflected in the internal geometry of numerical rep-
resentations. For each model, we extract hidden representa-
tions for numerical inputs and apply PCA to analyze their
geometric structure, reported in Table 3

Across models, we observe that PCA often produces a clear
monotonic ordering of numerical values. Falcon and Red-
Pajama models exhibit strong number-line structure, with
best-layer correlations around ρ ≈ 0.92–0.93. OLMo mod-
els also achieve high correlations, but with larger β values,
indicating less compressed representations. StarCoderBase

Model Dataset
PCA

Layer ρ β σ2

Falcon-RW-1B RefinedWeb 8 0.93± 0.01 0.61± 0.01 0.31± 0.00
Falcon-RW-7B 16 0.93± 0.01 0.75± 0.03 0.33± 0.01

INCITE-3B RedPajama 16 0.93± 0.01 0.92± 0.06 0.39± 0.01
INCITE-7B 12 0.92± 0.01 0.86± 0.07 0.37± 0.01

OLMo-7B-2T Dolma 20 0.92± 0.01 1.67± 0.23 0.49± 0.02
OLMo-7B-Twin-2T 13 0.92± 0.00 1.54± 0.12 0.50± 0.01

StarCoderBase-1B
Stack

10 0.82± 0.01 5.60± 2.86 0.37± 0.01
StarCoderBase-3B 16 0.81± 0.01 10.62± 6.07 0.37± 0.01
StarCoderBase-7B 20 0.85± 0.01 4.33± 1.10 0.37± 0.00

Table 3. PCA-based analysis of numerical representations across
models, reporting the selected layer, monotonicity score ρ, com-
pression factor β, and explained variance σ2.

models exhibit the largest β values, corresponding to sub-
stantially expanded spacing at higher magnitudes. Figure 5
visualizes the PCA number-line projections summarized
in Table 3, while Figures 10 and 11 provide the correspond-
ing layer-wise ρ and β.
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Figure 5. 1-D PCA projections of internal number representations
T (x) against log10(x). Each plot shows the projected represen-
tation T (x) against log10(x). Monotonicity score ρ, and Scaling
factor β reported for each model.

We now relate these observations to the frequency structure
of the corresponding pretraining datasets. Let α denote the
magnitude-frequency exponent:

count(N) ∝ Nα.

Since the integer frequency decreases with magnitude, the
effective decay rate is captured by α < 0. Thus, smaller val-
ues of α (more negative values) correspond to faster decay
(i.e., large numbers become rarer), while larger values (less
negative values) indicate a flatter distribution. According
to our hypothesis, steeper decay (smaller α) reduces expo-
sure to large numbers during pretraining, leading to stronger
compression and therefore to smaller β. Conversely, flat-
ter distributions (larger α) provide more exposure to large
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numbers, resulting in a weaker compression and larger β.
Supported by empirical results in Tables 2 and 3.

Stack v1.2 has the flattest integer-frequency decay among
the matched corpora, with signed exponent α = −1.18.
Its corresponding StarCoderBase models also exhibit the
largest PCA scaling factors, with mean β = 6.85 across the
three model sizes. Dolma shows an intermediate decay term
(α = −1.30), and the corresponding OLMo models have
intermediate scaling factors (β = 1.67, 1.54). In contrast,
RedPajama and Falcon RefinedWeb have steeper frequency
decay (α = −1.40 and α = −1.42), and their associated
models exhibit smaller scaling factors.

As shown in Figure 6, the matched corpus–model pairs
show a monotonic trend: less negative α values correspond
to larger β values. This supports the hypothesis that flatter
numerical frequency distributions in pretraining data are
associated with more expanded number-line representations,
while steeper frequency decay is associated with stronger
compression.

−1.4 −1.3 −1.2
0

2

4

6

α

β

Figure 6. Relationship between the signed corpus frequency ex-
ponent α and the PCA-based numerical scaling factor β. Integer
counts are fit as C(N) ∝ Nα, so more negative α indicates faster
frequency decay. Each point aggregates the matched model family
for one pretraining corpus.

6. Conclusion
We studied how LLM number-line geometry relates to
integer-frequency structure in pretraining data. Across mul-
tiple model families, numerical representations align along
a dominant PCA direction, forming a measurable internal
number line. The spacing of this line varies systematically:
models trained on corpora with flatter integer-frequency
decay exhibit larger scaling factors β, while corpora with
steeper decay yield more compressed representations.

These results suggest that number representations are shaped
by corpus-level statistics, not only scale. In particular, the
signed exponent α from count(N) ∝ Nα predicts vari-
ation in the geometry of the learned number-line. The
number-comparison probe in Section 4 further shows that
less compressed representations are associated with higher
comparison accuracy, indicating measurable behavioral con-
sequences.

7. Limitations
Our analysis is limited by access to exact pretraining data.
Many models are trained on only partially documented mix-
tures, so dataset counts are approximate; Falcon Refined-
Web, for example, is only a proxy for Falcon’s full training
distribution. We also focus on digit-based prompts and PCA
projections of hidden states, which do not cover all numer-
ical reasoning phenomena, such as dates, units, or written
number forms. Future work should test broader numerical
formats and tasks.
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A. Logarithmic Mental Line Hypothesis
The logarithmic mental line hypothesis proposes that numerical magnitudes are not always represented with uniform spacing.
Instead, smaller numbers are represented with relatively larger separations, while larger numbers become increasingly
compressed. This produces an approximately logarithmic order of magnitude, where equal ratios are represented more
similarly than equal absolute differences. Such compression has been observed in human numerical cognition, especially in
approximate estimation and early numerical development, and provides a useful refernce point for studying whether LLMs
organize numbers in a smaller geometric structure.

0 1 2 5 10 20 50 100

smaller numbers

larger numbers

Figure 7. Logarithmically compressed mental number line. Image source (Fritz et al., 2013)

B. Additional Corpus-Frequency Diagnostics
In addition to estimating α, we compare the empirical distribution to a Zipf’s law baseline:

q(N) =
(N + 1)−1∑10000
k=0 (k + 1)−1

.

We use N + 1 to ensure the distribution is defined at N = 0. Let

p(N) =
count(N)∑10000

k=0 count(k)

be the normalized empirical distribution. To measure how different the empirical distribution is from this baseline, we
compute the KL divergence:

DKL(p ∥ q) =
10000∑
N=0

p(N) log
p(N)

q(N)
(9)

This value serves as a secondary measure, indicating how closely the observed data follows a Zipf-like distribution.

From the observed results, Integer frequencies in natural text are not perfectly smooth and often exhibit systematic spikes
due to round numbers, years, dates, and culturally salient values. To characterize these deviations, we analyze round-number
categories:

N ≡ 0 (mod 10), N ≡ 0 (mod 100)

C. Additional Details for the Number-Comparison Probe
This appendix provides additional details for the controlled number-comparison probe introduced in Section 4. The probe
measures whether a model assigns higher likelihood to the numerically correct candidate in a pairwise comparison, rather
than evaluating unrestricted mathematical generation.

C.1. Synthetic Task Construction

Each example contains two integers (a, b) and an instruction asking for either the larger or the smaller value. We generate
pairs as

(a, b) = (n, n+ d), (10)
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Figure 8. Integer-frequency distributions with round-number and year-like effects. Multiples of 10 and 100 show systematic spikes, with
additional peaks around values such as 2000 likely reflecting frequent year mentions.

where n is sampled from one of four magnitude groups and d is a fixed absolute gap. The magnitude groups are

G1 = [10, 99], G2 = [100, 999], G3 = [1000, 9999], G4 = [10000, 99999]. (11)

We use two gap regimes:
SG = {1, 2, 3, 4, 5}, MG = {6, 7, 8, 9, 10}. (12)

For each magnitude group and exact gap, we sample 32 starting values with a fixed seed. We include both candidate
orderings, (a, b) and (b, a), and both query directions, “larger” and “smaller”, so the benchmark is balanced against positional
and lexical shortcuts.

C.2. Likelihood-Based Scoring

For a prompt q, the valid continuations are the two candidate numbers ca and cb. We score each candidate using length-
normalized log-likelihood:

s(c | q) = 1

|c|

|c|∑
t=1

log p(ct | q, c<t), (13)

where |c| is the number of tokens in the candidate continuation. The model prediction is

ĉ = arg max
c∈{ca,cb}

s(c | q). (14)

Accuracy is then

Acc =
1

M

M∑
j=1

I[ĉj = c⋆j ], (15)

with M = 15,360 examples per model-shot condition. This evaluation avoids sampling variance and measures the model’s
relative preference between the two numerical candidates.

C.3. Few-Shot Results

The positive Spearman correlations in Table 4 show that the β–accuracy relationship is not specific to the zero-shot prompt.
The relationship remains positive from 1-shot through 4-shot prompting, and the 2–4 shot panels in Figure 9 show the same
qualitative pattern as the main 0–1 shot figure.

C.4. Interpretation of the Behavioral Probe

The number-comparison probe should be interpreted as a controlled preference test. Since both candidate answers are scored
directly, the result is not affected by stochastic decoding or by whether the model chooses to emit explanatory text. However,
it is still not a complete measure of mathematical reasoning: it tests pairwise numerical discrimination under a fixed prompt
format. The consistent positive relationship between β and accuracy in Tables 4 and 5 supports the main claim that less
compressed number-line geometry is associated with better numerical comparison behavior.
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Shots ρs Pearson r R2 Mean Acc.

0 0.84 0.80 0.64 0.64
1 0.83 0.80 0.64 0.63
2 0.74 0.79 0.62 0.62
3 0.80 0.81 0.65 0.62
4 0.82 0.85 0.72 0.62

Table 4. Correlation between PCA scaling factor β and number-comparison accuracy across shot settings. Correlations are computed
across the 14 evaluated base models.
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Figure 9. Number-comparison accuracy versus PCA scaling factor β for 2-, 3-, and 4-shot settings. Each point is one model; the inset
zooms into the low-β region.

Model Family β Type 0-shot 1-shot 2-shot 3-shot 4-shot

Falcon-1B Falcon 0.61 baseline 0.519 0.530 0.524 0.521 0.520
Falcon-7B Falcon 0.75 baseline 0.633 0.647 0.683 0.720 0.697
RPJ-3B RedPajama 0.92 baseline 0.556 0.566 0.559 0.523 0.529
RPJ-7B RedPajama 0.86 baseline 0.528 0.599 0.580 0.565 0.545
OLMo-7B-2T OLMo 1.67 baseline 0.686 0.582 0.557 0.552 0.550
OLMo-7B-Twin-2T OLMo 1.54 baseline 0.694 0.614 0.609 0.596 0.585
SCB-1B StarCoderBase 5.60 baseline 0.737 0.676 0.663 0.713 0.741
SCB-3B StarCoderBase 10.62 baseline 0.897 0.922 0.926 0.947 0.982
SCB-7B StarCoderBase 4.33 baseline 0.974 0.991 0.991 0.996 0.996
CGPT-2.7B Cerebras-GPT 0.67 candidate 0.568 0.537 0.521 0.509 0.508
CGPT-6.7B Cerebras-GPT 0.69 candidate 0.599 0.542 0.539 0.535 0.519
Neo-125M GPT-Neo 0.50 candidate 0.500 0.502 0.503 0.503 0.503
OPT-1.3B OPT 0.56 candidate 0.541 0.554 0.515 0.504 0.508
OPT-2.7B OPT 0.41 candidate 0.534 0.566 0.561 0.530 0.533

Table 5. Per-model number-comparison accuracy across shot settings. Candidate models are included only in the behavioral comparison
because their exact pretraining corpora are not matched in the corpus-frequency analysis.
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Figure 10. Layer-wise monotonicity of numerical representations using PCA and PLS. The curves show the absolute Spearman correlation
|ρs| across layers, and the dotted vertical lines indicate the layer with the highest explained variance selected for extracting the final
representation.
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Figure 11. Layer-wise scaling factor β for PCA and PLS numerical projections. The curves show how the estimated number-line
compression factor varies across layers, and the dotted vertical lines mark the highest-explained-variance layer used to extract the final
representation.
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