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Abstract

In this work, we provide a sharp theory of scaling laws for two-layer neural networks trained on a
class of hierarchical multi-index targets, in a genuinely representation-limited regime. We derive
exact information-theoretic scaling laws for subspace recovery and prediction error, revealing how
the hierarchical features of the target are sequentially learned through a cascade of phase transi-
tions. We further show that these optimal rates are achieved by a simple, target-agnostic spectral
estimator, which can be interpreted as the small learning-rate limit of gradient descent on the first-
layer weights. Once an adapted representation is identified, the readout can be learned statistically
optimally, using an efficient procedure. As a consequence, we provide a unified and rigorous ex-
planation of scaling laws, plateau phenomena, and spectral structure in shallow neural networks
trained on such hierarchical targets.

1. Introduction

Despite the staggering practical success of neural networks, we still lack a predictive theory an-
swering a deceptively simple question: given a structured learning problem, how does the network
adapts to the task, in what order are the relevant features in the data learned, and how these trans-
late in statistical efficiency? This question sits at the intersection of three active lines of research.
First, the empirical observation of neural scaling laws [17, 35, 37] suggest that the performance of
large models scale as a power-law in the training resources, yet—with few exceptions—our mathe-
matical understanding of this relationship remains largely confined to linear models or networks in
the lazy regime. Second, recent literature of the training dynamics of neural networks increasingly
suggest that feature learning is not a smooth process, but are associated to long plateaus and abrupt
transitions in the risk, with features (or concepts in this context) appearing sequentially rather than
all at once [54, 55, 61]. Third, empirical analyses of trained networks have uncovered robust regu-
larities in how the learned representations manifest in the trained network weights, such as in their
spectral structure, but without a first-principles explanation of why particular features are preferred
or when they should emerge [46, 58, 60].

This paper provides an end-to-end answer to these questions in a mathematically tractable—yet
genuinely feature learning—setting of a two-layer neural network trained on hierarchical multi-
index data, a class of structured supervised learning tasks where the target function depends on a
hierarchical combination of functions of the covariates [10, 27, 52]. Here, hierarchical denote the
fact that the direction are ordered, in the sense that their relative importance decay as a power-law
with their index number. This leads to a quasi-sparsity of the target representation, with ordered
hierarchy of feature strengths as is classical in signal processing [28, 44]. In this task, learning
is fundamentally representation-limited: the labels y = g (W ,x) depend on a low-dimensional
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but unknown subspace span(W,) C R? of the input space € R?, and generalization hinges
on discovering this subspace as well as possible from the data. Our goal is to turn this qualitative
picture into sharp, quantitative predictions. More precisely, our main contributions are:

(i) Optimal Bayes rates for feature recovery. We derive the exact information-theoretic limits for
recovering the features subspace span(W,) from n = ©O(d) samples. Further, we precisely
characterize the associated optimal mean-squared error rates (a.k.a. scaling laws), unveiling
the presence of cross-overs and plateaus regions that translate a fundamental trade-off between
data-scarce and model-limited regions, depending on the hardness of the underlying hierarchical
structure. Interestingly, these rates coincide with the minimax bounds for quasi-sparse recovery
achieved by the LASSO [51], and with previously conjectured results for shallow networks with
quadratic activation [25]. Our analysis shows that these scalings are in fact universal for a broad
class of hierarchical multi-index targets, well beyond the quadratic setting.

(i) A matching spectral algorithm and sequential feature emergence. We introduce a simple,
target-agnostic spectral estimator that provably achieves the Bayes-optimal rates derived above.
The recovery proceeds sequentially: the i-th direction in the hierarchy becomes detectable at a
sample complexity n; = ©(i%7d) —where + is the exponent controlling the hierarchy— leading
to a cascade of sharp phase transitions.

(iii)) Learnability of the target function by neural networks. Once the features/concepts subspace is
identified, we show that learning the second-layer (readout) weights incurs no additional statistical
bottleneck: the resulting prediction error matches the Bayes-optimal rate for subspace recovery.

Together, these results show that representation learning proceeds through a sequence of sharp phase
transitions as the number of samples increases. New directions in the signal subspace emerge one
after another, leading to plateaus and abrupt drops in the prediction error. This sequential emer-
gence (to borrow the terminology of [55, 61]) of features provides a precise theoretical underpin-
ning for the empirically observed phenomenon of progressive concept learning in neural networks.
Strikingly, the resulting phenomenology closely mirrors that recently uncovered for diagonal and
quadratic neural networks using heuristic tools from statistical physics, where progressive feature
emergence and distinct scaling regimes were observed [27]. Our contribution is to place this picture
on firm theoretical ground and to substantially generalize it to a broader and more realistic class of
models and targets.

2. Setting

Consider a supervised regression problem with training data D = {(z;, ;) € R : i € [n]},
which we assumed were drawn i.i.d. from a joint distribution over R4*!. Recall that the goal in re-
gression is to learn a target function f,(x) = E[y|x] from the training data D. In the following, we
will be interested in particular structured tasks where the dependence of the target f, on the covari-
ates « € R? is given by a hierarchical combination of low-dimensional subtasks. Mathematically,
this is formalized by hierarchical multi-index models.

Definition 1 (Hierarchical multi-index model) Let W, = (w} € RY) ke[m,) denote a family of
m. orthogonal vectors of norm ||w}||* = d. A hierarchical multi-index target is defined as

f*(m) = Zazgk(<w2¢w>)a (D
k=1
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where af > a3 > ... > a¥, satisfy > 2, (a)* = 1 and g : R — R. Moreover, we say f, is a
scale-free hierarchical multi-index model if aj, = ©(k™7) for some ~y > 0.

A few remarks are in order.

* As the name suggests, hierarchical multi-index models can be seen as a sum of m, effectively
one-dimensional tasks gy, (zy), with decreasing weight a.

* More generally, multi-index models are functions of the type f.(x) = g(W,x), where g :
R™ — R is known as the link function and

z=W,x e R™ 2)

are known as the indices. They have been widely studied as statistical models for regression in
the statistics literature [5, 41, 64].

* More recently, multi-index models have gained in popularity in the machine learning theory litera-
ture as generative models for data, where they have been used to prove feature learning separation
results for neural networks [1, 23, 24].

* Scale-free hierarchical multi-index models were considered recently in [10, 27, 52]. Note that
when v > 1/2, the target is quasi-sparse in the index basis [28, 44]. This makes the model
a suitable framework for investigating feature learning in neural networks, which are known to
exhibit an implicit bias towards sparse estimators [2, 34, 56].

* In scale-free hierarchical multi-index models with v < 1/2, the coefficients must scale as aj, =

G)(k_Wml_l/ 2) to guarantee the boundedness of the labels.

Definition 2 The training data D = {(z;,y;) € R4 1 i € [n]} is drawn i.i.d. from a scale-free
hierarchical multi-index model f,(x) as in Def. 1, in particular

yi = fulwi) + VAL 3)
where x; ~ N (0,1/dI;), A > 0 is the noise variance and & ~ N (0, 1).

Our results depend on mild assumptions on the link function, stated formally in Assumption 5.
In order to quantify the recovery of each individual index, or concept, we define following
metric.

Definition 3 (Matrix-MSE) Let w}, € S4=1(\/d) denote one of the target indices k € [d]. We de-
fine the matrix-MSE associated to a predictor w € R as msey,(w) := d%E [lww" — wiw;" %] .

Additionally, we characterize the weak recovery transition for the index k, i.e. the minimum number
of samples required by an estimator to correlate non-trivially with a specific concept.

Definition 4 (k—critical threshold) Given an estimator w;, € R® of the signal direction wy
(i.e. a measurable function of the training data X ,vy), the k—critical threshold is defined as the
minimum sample complexity such that the estimator exhibits a finite overlap with w, i, namely

inf {Ck >0: d71|<’ﬁik,w*’k>‘ = @d(l)} .

The recovery of span(W™) is assessed by the sum of the squared errors for each individual direc-
tion, weighted by the contribution of each concept to the target variance.
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Definition 5 (Weighted MSE) Let W € R™ %% We define the weighted mean-squared error as

MSE, (W) := Z(aZ)Qmsek(wk). 4)
keK

For the second goal — showing that neural networks can efficiently learn f, — we will focus
on two-layer neural networks:
f(z:©):=a’c(Wzx +b), ®)

with weights © := (a € R?, W € RP*?) and a generic activation function o : R — R. As we
shall see, two-layer neural networks can agnostically learn with respect to the model, i.e. without
knowledge of the individual tasks g; nor the details in Def. 1. We quantify the generalization
capacity of this model through its excess risk

R(©) =E |(f.(x) - f(2;©))°]. (©)

3. Main results

3.1. Bayes-optimal rates for feature recovery

As a first result, we characterize the information-theoretic limits for the recovery of the subspace
span(W,) in terms of the decay of the target coefficients a*, the sample complexity « and the
subspace dimension m..

Definition 6 (Optimal MSE) Let D = (X, y) be drawn as in def. 2. Then, the optimal (weighted)
mean-square error is achieved by the posterior average

My *\2
a * ok
Muise, =Y LV e Bl | D) - whwi T
k=1

By definition, MMSE, is a lower-bound for the smallest achievable weighted mean-squared error
MSEW(VAV) by any estimator W that is a function of the dataset D. Our first main result quantifies
precisely the rates of MMSE,, as o > 1, which by construction define the optimal scaling laws for
subspace reconstruction in the class of scale-free hierarchical multi-index models. A proof of this
result is discussed in Appendix 5.

Theorem 7 (Optimal scaling-laws) [n the setting of Definitions 1, 2, under Assumption 5, for
a, my > 1, the Bayes-optimal mean-squared error satisfies

. N .
min(a "2, =)y > 1/2,

. (N
min(1, %), v<1/2

MMSE, = O, {

Moreover, the k-critical threshold of the Bayes estimator satisfies a?ayes = Op(k*'my ax((1—2'y),0))
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3.2. Optimal Agnostic subspace recovery

While Theorem 7 provides a fundamental benchmark, an equally important question is whether
the optimal reconstruction rates can be efficiently achieved by an algorithm which is agnostic of
the underlying data distribution. In this section, we give an affirmative answer to this question by
constructing an explicit spectral method achieving these rates.

Definition 8 (Spectral estimator) Given a pre-processing function T : R — R on the labels,
consider the symmetric random matrix

T = ZT(yi)wz’sz, ®)

i=1

with spectrum Xy > A2 > ... > Ag. Define r :== min{i € N|A\;jy1 — A2 < C/\/&} for some

S A / SO
arbitrary constant C. We define the spectral estimator W b= (y, ..., w,) " € R where wy, is
the k € [r] eigenvector of T corresponding to \y, normalized such that |w;||* = d.

We refer to Appendix 5.2.1 for an interpretation of the spectral estimator in terms of a gradient
descent algorithm. Crucially, we consider 7 to be data-agnostic, satisfying only the following mild
condition. GivenY ~ N (31 afgr(zx), A) with z ~ N(0, I,,,, ), assume that P(7(Y) = 0) <
1 and T is bounded and there exists 7 > 0 such that 7 = inf{c : P(T(Y) < ¢) = 1}.

Our second main theoretical result shows that the data-agnostic spectral method defined above
indeed achieves the optimal reconstruction rates of Theorem 7.

Theorem 9 In the setting of Definitions 1, 2, under Assumption 5, denote W = (WSP, O(m*_r)xd) €
R™*d \yhere w*P e R™4 r < m,, is the spectral estimator defined in 8, with T satisfying As-
sumption 3.2. Then, for o, my > 1, denoting the spectral estimator’s k-critical threshold as a,ip,

we have that MSEV(VAV) = Oq,m,(MMSE,), and aip _ (_)k(agayeS).

Figure 2 shows the decay of the weighted MSE for three scale-free hierarchical model variants as
a function of the sample complexity «, based on finite-size experiments, using the spectral method
introduced in Definition 8. Figure 3 illustrates the sequential emergence of new concepts as sample
complexity grows, visualized as spikes detaching from the eigenvalue bulk of the matrix 7" in eq. (8).

3.3. Learning multi-index with neural networks

Finally, we turn our attention to the problem of learning hierarchical multi-index targets function
with a two-layer neural network and show that the excess risk associated with a suitable training
procedure described in Algorithm 1 in Appendix 6, achieves the optimal rates in Theorem 7.

Theorem 10 In the setting of Definitions 1, 2, under Assumption 5, with g;, k € [my], polynomials
of finite degree. There exist ng such that, for n > ng, p = w(nl/ HA= @(nfl/ 2), the excess risk
of eq. (6) for a two-layer neural network eq. (5), with o bounded and continuous, trained according
to Algorithm 1 satisfies

Rxy = O(MMSE,) + O(n~1/2). )
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4. Further related works

Most theoretical work on neural scaling laws focus on effectively linear models, such as kernel
methods and random features, where the generalization behavior can be characterized through spec-
tral properties of fixed representations [3, 6, 13, 18, 20, 21, 25, 40, 45, 49, 57]. Exceptions have
focused either in the joint-training of both layers for linear networks [14, 15, 62] or non-linear set-
tings with fixed-features [16, 62, 63]. A central difference is that these works introduce scaling
through the covariate distribution, while in our work it is induced by the hierarchical nature of the
task. Moreover, our work departs from this literature by addressing scaling laws in a genuinely
non-linear, feature-learning regime.

Closer to us are a recent line of work analyzing two-layer networks with structured first-layer
weights and hierarchical multi-index target [10, 27, 52]. In particular, [10, 52] studied one-pass
SGD in this setting, with [10] focusing on the case of a quadratic neural network architecture. The
main difference with this work is that we analyze full-batch ERM, characterizing the optimal scaling
laws and showing that they can be achieved computationally by a gradient-descent like algorithm,
thus providing a fundamental benchmark for the SGD rates in these works.

Complementary, [27] derived rates for ERM in quadratic neural networks trained on quadratic
targets. Our results show that the rates from [27] are universal a large class of target functions
(any generative exponent two functions in the language of [22]), closing a gap between the purely
quadratic setting and general hierarchical multi-index targets. The key underlying these universal
scaling laws is the combination quasi-sparsity of the target representation, encoded by a heavy-
tailed spectrum that induces an ordered hierarchy of feature strengths [28, 44], and an implicit
rank-sparsity bias, leading to LASSO-like behavior [51].

On a technical level, our work builds on the toolbox of approximate message passing (AMP)
and its associated state evolution [9, 11, 29-33, 36, 66]. In particular, our results leverage the
connection between AMP and Bayes-optimal estimation for single- [8] and multi-index [4, 59]
models. Similarly, we build up on the literature on optimal spectral methods derived from AMP for
single- [22, 42, 43, 47] and multi-index [26, 38] functions.

5. Proof sketches of Theorems 7 and 9

In this section, we prove the information-theoretic results stated in Theorem 7. In particular, we
derive matching bounds for the MMSE,, defined 6, and the k-critical threshold oy, (Definition 4).
Our results depend on the following additional assumption of the link functions. For each index
k € [m4], gi is an even function. Moreover, for z ~ AN(0, 1), for some constants C, D > 0,
independent of k, n, d, o, my,

D <E,[gi(2)] < C, D<|E.[gl(2)]] <C. (10)

Remark 11 The parity assumption on gy ensures that learning span(W ) is non-trivial, by ruling
out linear correlations that would allow recovery at arbitrarily small sample complexity. Indeed,
given z as in eq. (2) and y as in eq. 3, when E[z | y| = 0 a.s.—which holds here by parity—no
efficient algorithm can even weakly recover span(W ) below the critical threshold

—1
ac:=< sup IIEyG(y)MG(y)IIF> , (1D
MeSy,,., |M||Fp=1
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with G(y) :==Elzz" — L, | Y =] [8, 22, 42, 47, 59].

The condition E[g2(z)] < C controls the label variance, while the lower bound on E.[g} ()]
ensures detectability in the proportional regime n = ©O(d) (equivalently, a generative exponent
equal to 2), so that the relative difficulty of each index is governed solely by the decay of aj. !

Hierarchical multi-index models with generative exponent equal to 2 includes the vast majority
of cases of interest, while the class of models with exponent larger than 2 mostly includes fine-tuned
examples [7, 22].

In Appendix 5.1, we analyze an oracle estimator that exploits additional information to achieve
a weighted mean-squared error smaller than MMSE, . Finally, in Appendix 5.2, we complete the
proof by characterizing the scaling laws and k-critical thresholds of the spectral estimator defined
in 8, which simultaneously establishes the results in Theorem 9.

5.1. Lower bound

Definition 12 (Oracle Estimator) Consider a dataset D = {(x;,y;) € R¢ x R}icn), where the
labels are generated by a multi-index model y ~ P(-[(w7,x), ..., (w, ,x)), with weights W*
drawn from a distribution Pyy. We define the Oracle Estimator as the matrix W°™<le ¢ R"MXd yigpy
rows

wgraole — argminE |:||fwkw;|€— — wzwz—rn% | D, {’wh}hyékz] k€ [m*] (12)
w

Analogously to the Bayes-optimal estimator case, the weighed mean-squared error MSE,, (Woracle)
is lower bounded by

M

oracle ]' * * * *
MMSES™ ™ = = 3 (a7)°E [|[Blwiw] D, {w] ] — wiewi" 3] . (13)
k=1

As a consequence of the law of total variance

& mmsey, = E [cOv (wkwg | p)} (14)
—E |Cov (wyw] | D, {wnhnse)| +E |Coviu, ., (B [wiw] | D, wnhnse] )]
- (15)
> B [ |E[wyw] D, {wf }s] — wiwi 3] (16)
Therefore,
MMSEZ™!® < MMSE,. (17)

We now focus on the specific setting of our interest defined in Section 2. For each index £ €
[m,], conditioning on {w, } 4, the problem of the optimal estimation of w}, becomes statistically

1. Our analysis can be easily adapted to the less restrictive assumption that there exists an integer 5 > 1 such that
D < [Ez[gl(Z)(Z* — 1)]| < C. This would result in a simple modification of the scaling laws and not affect the
overall message of the present manuscript.
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equivalent to the Bayes-optimal estimation given a dataset Dy, := {(,,Y,,) },[n], Where the labels
are generated by the single-index model

7, = apgr((wk, ) + VAL, (18)

where &; is the same label noise as in the original dataset. We can now characterize the oracle
estimator using the results from the literature on single-index models, in particular [8]. In Appendix
7 we show that the information-theoretic weak recovery threshold for single-index models is a
monotonic decreasing function of the signal-to-noise ratio. Combined with Assumption 5, this
implies that the sequence of k-critical thresholds oy, is bounded by strictly increasing functions.”? In
particular, the first result in Corollary 17 implies that the sequence is bounded by

ag™le = @ ((af)~2) = O(k>m{ ), (19)

with ()4 = max(0, z). Further, denoting by k, the largest index k such that @ > «, i.e. ko =
max(my, ©(a/ M) for v > 1/2 or ko = max(m*,@(m:lﬂ/(z’”al/@”))) for v < 1/2, and
exploiting the second result in Corollary 17,

Mx

ka
MMSES™ ™ = [+ 3 ) (a)°E [IBwpw] D, {wihnas] — wiwi [} 20)
k=1 k=kqo+1

ka « o
>C Z (ak)2 n Z (GZ)Q (21)
*)2

k=1 (af)* @ k=ka+1
C) (oflﬂ/(%)) s Y>1/2 ak m27
o(1), v <1/2, a < my
O (my/a), v <1/2, a>m,
Note that we have used -
m _
u O(ks ), > 1/2,
Sookr= (ke 3 v>1 (23)
it O(my ), v<1/2.

Ineq. (21), the first term is a lower bound to the (weighted) mean-squared error of weakly recovered
features, while the second corresponds to the underfitting contribution of the unlearned ones.

5.2. Upper Bound: Spectral Method

By definition, any estimator that is a function of the dataset only has a weighted mean-squared
error larger than MMSE,,. In this section we consider the spectral method defined in 8. Note that,
as the spectral method 8 retrieves » < m, directions, we construct the full estimator by filling
the remaining columns with zeros to evaluate MSE,, in Def. 5. This zero-padding is harmless: the
added zeros do not impact the derived scaling laws or the estimator’s agnostic nature. The following
Theorem, proven in [39], is valid for generic Gaussian multi-index models with m, indices. We
refer to the original work for further details. In the rest of the section we denote by E the expected
value with respect to z ~ N (Op,, , Iy, ) and y ~ N (372, (af)2gr(2k), A).

oracle

2. If gr = g, Vk, the sequence o}, itself is strictly increasing.
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Figure 1: Empirical spectrum of T' eq. (8) with preprocessing 7 (y) = y/(1+]y|), for a hierarchical
multi-index model with gy, (2) = SHea(2) + 52;Heq(2) and v = 1.3. The covariates
dimension is d = 1000, while the feature space dimension is m, = 20. The figure
illustrates the change in scale of the eigenvalue gaps, transitioning from the informative
spikes (©4(1)) to the uninformative bulk (04(1)). This behavior forms the basis of the
selection method described in Def. 8.

Theorem 13 (Theorem 4.1in [39]) Let 7 : R — R be a preprocessing function subject to As-
sumption 3.2 and T defined as in eq. 8. Lett; > to > ... > t, > T, for some r € [m], be all the
solutions to

(22" —I,)T (y)] )
det | o —-1I,)]=0 24)
( [ t—T(y) '
such that
ty > to := argmin (,(t), Vk € [j], (25)
t>T1
where T()
Y
Calt ::t<1—|—aE []) (26)
W = T()
Then, denote X‘lr, e /\5* the largest my eigenvalues of T'. For the top r eigenvalues it holds
that
AT AT 225 0 (t), . Calty), @7

and for the remaining m, — r eigenvectors it holds that
)‘7T+17 s 7)‘77Tm* & Ca(%a)' (28)

As a first result, we derive a bound for ..
Consider the matrix in eq. (24)

(22" — Im)T(y)] g [E[zzT —In|y]T(y)
t—T(y) Y t—T(y)

G(y) =E (29)
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It is straightforward to show that it is a diagonal matrix, due to the parity of each function g;. Indeed,
given k # h,

m 2
Gren(y) = Elzezn|y] o /€”z|2/2 exp | — (y - Z%%(%)) /(2A) | zpzpdz = 0. (30)
k=1

For simplicity, we denote G (y) := Ggi(y). Therefore, the solutions of eq. (24) coincides with the
solutions of
T(y)

a ! =E, [t_T(y)Gk(y)] , kem]. (1)

Further, note that, by definition ¢, is the solution of

2
( T(y) > ) (32)
t=T(y)
A spectral transition occurs if, for sample complexity « and index k& € [m], the value ¢, is also
solution of eq. (31). Indeed by Theorem 4.2 in [39] — which characterizes the overlap of the
principal 7 eigenvalues, such sample complexity corresponds to the k-critical threshold ag. This

implies, for a = )"

-1 _
a =K,

(o) =, [[ZHGi(y)]

< 2 (33)
@) =, | (25)’]

In order to characterize the threshold, we consider the following expansions for small SNR

apx < 1. Define Z the marginal distribution of 3y and consider the Fourier representation (27) =1/ 2e=2%/2 =
g P
(27)7! [ dwe@r=<*/2 then
1 — ’
Z(y) = \/ﬁEZ exp | — (y - Z%%(%)) /(24) (34
k=1
_ zi dweiwy7w2A/2 H E, _efiwa;gh(z)- _efiwazgk (Z):| (35)
T L L

hk

1 WY —w [ —iwargn(2)] —iway)”
e (T g, fernin] ) 105 S groy| e

" or I ]
hotk s
1 ; [ o 1
_ % dwezwy—wQA/2 H E, e—zwahgh(z) +0 (azzl(y)) , (37)
h#k ) .
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where we have used the identity [ dwe™Yw f(w) = a% [ dwe™¥ f(w). Similarly, one can bound the
following quantity

Z/

Glo) + B () - 115 68)

1
=70 Bz~ [POI2) (k= 1) + afB:[ox()(=* — DIO,P(ul2)]| (39)
_ 1 iwy—w?A/2 —iwa} gn(z) —twalgr(z) (2 _ S % 2
=27 /Rdwe Y }L[kJEZ[e g ](]EZ [e IlZ) (2 1)} + iwailE,[gr(2)(z

(40)

_ 1 iwy—w?A/2 —iwa} gn(z) *\2, 2
=27y /Rdwe Y }gEZ[e N0 ((af)w?) (41)
_ 1 0 (a*)2 82/dweiwy—w2A/2 HE [e—inng(z)] (42)

2mZ(y) "oloy? Je :

k£h
— *\2 Z”(y)
o (| 1) @
paéts

Note that E,[gx(2)(2% — 1)] E.[g;(2)] # 0Vk € [m,] by Assumption 5. We now look for
t > 7 and « that are solutions of eqs. (33). In particular, the oracle k-critical threshold in Appendix
5.1 is a lower bound to the spectral one, therefore o} = Q(azmde) and diverges with k. The second
equation of (33) — due to the monotonicity of the RHS, implies that also the solution ¢ diverges with
k. At leading order in a;; and ¢

{(ai")‘l ~ — [ dyZ(y) "GO 61 B [gr(2) (=% — 1)] = t 0B g (2)(2* — DIE[T(y)]
(afP)~L ~ ¢ 2E[T (y)2).

(44)
The system is thereby solved for

th=0(), o = 0(ag). 45)

We can now derive the scaling laws for the spectral weighted mean-squared error. Taking o >
aip, for k large enough, the solution ¢ of eq. (31) scales as ¢, = O(waj). As a consequence of
Theorem 4.2 in [39], specialized in our setting — where we can exploit the diagonality of G(y), we
have that the overlap between the eigenvector v;, corresponding to the eigenvalue A¥, and the true
signal w}, converges, in the high-dimensional limit, to an overlap

¢ (tk) 46
) + SRt 0

where Ry (t) = E[z2T (y)/(t — T (y))]. For a > o}® we have that ¢ > 1 and eq. (31) is solved
by t;, = O(aj«). Putting all together

*\—2
ma;. = Opn (1 -0 <m,23>> . (47)
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Figure 2: Weighted mean square error MSE,, — see Def. 5 — of the spectral estimator of Def. 8
with preprocessing function 7 (y) = y/(1 + |y|), averaged over 70 instances. The target
is given by the hierarchical multi-index model 1, with gx(z) = g(z) Vk, stated in the
legend, and a,’; x k™7, v = 1.3. The covariates dimension is d = 1000, the feature space
dimension is m, = 10.

Recall that
msey, (vy) = %E loror T (1§ + lwiwi [ — 20wy, vi)?| = 2(1 = miy,). (48)
By repeating computations analogous to the ones in Appendix 5.1, one finds, setting W = (v1,...,v,) 7,
MMSE, (W := (W™, 00, _r)xa)) = O(MMSES™l°), (49)

which proves Theorem 7 and 9.

5.2.1. GD INTERPRETATION OF THE SPECTRAL METHOD

Note that this spectral method also admits an interpretation in terms of a gradient descent algorithm.
Indeed, considering a slightly modified loss than the pure square one, this matrix is nothing but the
Hessian of the loss [12]. The early dynamics of GD on the first layer of (5), for weights initialized
on a sphere with small radius, will thus follow the proposed spectral method. This construction was
recently used in [65] to show how two-layer neural networks identify features within the first few
GD steps in the first layer weights. More precisely, they show that the early dynamics of a suitable
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Figure 3: Empirical spectrum density of the matrix 7" defined in eq. (8), with preprocessing func-
tion 7 (y) = y/(1 + |y|), at different sample complexities, highlighting the sequential
emergence of concepts as the sample size increases. The target is given by a hierarchical
multi-index model 1, with gi(z) = SHea(2) + iyHea(2) Vk and ay o k77, v = 1.3,
The covariates dimension is d = 1000, the feature space dimension is m, = 20. (top
left) o = 5, (top right) o = 164, (bottom left) « = 611, (bottom right) o = 1638.
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gradient-based algorithm, reads as a power iteration

1 n
t+1 _ ot - T (2
w, = w Vwkn ZEZIZ (yz,a o(W xz)) (50)
~ (I;— apo” (0)T)wt, (51)

where T has the structure defined in eq. (8) with pre-processing 7 = ¢'(-,0), and ¢’ denoting the
derivative of ¢ with respect to its second argument.

6. Proof sketch of Theorem 10

In this section we prove Theorem 10. This final result demonstrate that neural networks can ef-
ficiently learn the target function, achieving the exact same rates as those of the optimal feature
subspace recovery. We note that our results do not imply that these rates correspond to the decay

of the Bayes risk, defined as E [( fe(x) — E[fe(x)]|x, D])Z] , and which constitutes a lower bound

for the risk R(®) in Eq. (6). Nevertheless, we notice that under the hypothesis of a fully special-
ized Bayes-optimal estimator—i.e., assuming clflVAV'B*WES(W*)T converges to a diagonal matrix in
the high-dimensional limit—the risk for a network with matching architecture and Bayes weights,
F(x) =3 afgr ()., achieves the rates established in Theorem 7. We leave a more precise
analysis of the optimal risk as a future direction.

Algorithm 1 Spectral Initialization and Ridge Training

Input: Dataset D = (X, y) € R?»*? x R?", hidden layer width m, regularization \.
Output: Network parameters W € RP*9, q € RP.

1. Data Splitting
Partition the dataset D into two disjoint sets D and D such that |D;| = |Ds| = n.

2. Feature Learning (Spectral Initialization on D)

Compute the spectral estimator W™ € R™d Def. 8 using Dj.

Sample a random matrix Z € RP*" with i.i.d. entries drawn from A'(0,7~1).
Set first-layer weights: W = Z w.

3. Readout Training (Ridge Regression on Ds)
Compute the feature matrix ¥ € R"*P on Dy, where ¥;; = o((wj, w£2)> +b;),bj ~N(0,1).
Solve for the second-layer weights:

a= (V0 +nA,) Uy

return W, a

Denote W € R™4 the spectral estimator defined in 8. In Appendix 5.2 we have shown
that each column k correlates with the signal component wj. only, with squared overlap m; =
1 —O((a})~2/a). Denote vy, as the k'™ column of the spectral estimator and 7? := (a})?/a < 1.
Up to negligible corrections O(n3)

wy, = v + Ny, (52)
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with &, a unit vector orthogonal to all {v} he[r]- Given a covariate & € R?, define the projected
inputs s € R” such that s, = (v, x), k € [r]. The first layer pre-activations are given by

Wax=2ZW 'z = Zs. (53)

Similarly, up to negligible corrections O(n,%), the target function

Fol@) = apgr(sk +melép®) + D argr((wh,x)) (54)
k=1 k=r+1
= dkgi(se) + > argi(si)m € ®) + D ajge((wh, ). (55)
k=1 k=1 k=r+1

Due to the orthogonality between &, and vy, for any h, k € [r], the variables (x,£;,) and s, are
independent centered Gaussian variables. With respect to the projected input space, the effective
target function is

M (s) = E[fu(x)|s] =) akgu(se). (56)
=1

Then, the readout training in Algorithm 1 corresponds to random feature ridge regression [50] with
(2)

weights Z = (21,...,2,) ' on the projected covariates s; = WSpa:i , 1 € [n], where {a:l@)}ie[n]
are the covariates in the dataset Dy:>

2

) 1 z A
a=argmin 3 | yi—> ajo((z,8)) | +5llal? (57)
A P

Since o is bounded and continuous, we can apply Theorem 1 in [53]*, choosing p = w(nl/ 2,
A = O(n~1/2), so that we obtain that the risk eq. (6) R(a, W) satisfies
R(a,W) — Ry, = O(n~'/?), (58)
where, given the reproducing kernel Hibert space (RKHS) H associated to the kernel K (s,s’) =
E.plo(s"s+b)o(w's' +b)],

Ry, = minEyo[(f(s) = y)°) (59)

Such irreducible risk is lower-bounded by

r

R.=E[(f"(s) ~y)’| = © (Z(GZ)Z??;? + Z (a2)2> = ©(MMSE,), (60)

k=1 k=r+1

3. In order to simplify the notation, we denote the labels in D3 as y; := yf).

4. Note that the assumption of bounded outputs in Theorem 1 is relaxed in the Appendix of [53], see Assumption 4.
Further, the analysis in [53] allows for a more refined error rate in our setting. However, the current result is already
subleading with respect to the rates in Theorem 7.
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where, as for the spectral method mean-squared error, the two terms correspond to the approxi-
mation error of learned features and underfitting of unlearned ones. If f¢f € #, the argument is
complete. By assumption, the function ¢ allows for a decomposition in Hermite polynomials

Z Heg og = ;Ez[Heg(z)a(z)]. (61)
5>0 ’

Further, being bounded, it cannot be a polynomial of finite degree, as there is no 3y such that og = 0
for all 5 > [y, excluding the trivial case of constant functions. Considering the Taylor expansion
of Hermite polynomials

B
Heg(z +b) = Z <§> b’ ~CHe(2), (62)
¢=0
with ( C) o g o e find that the kernel K is given by
K(s,s) = B plo(z" s+ b)o(z"s' +b) (63)
a s O'IBO'ﬂ/ 1_
=B ), DD, GO oY etz s Heo (2,8) (64
B.8'>0 (=0 ¢'= '
By Proposition 11.31 in [48],
=B Y mmz’éﬁ JB s poro—2¢ (8,80 (65)
’ 750 5 B =B =) re
bz > ‘7605’ yop—2c (8,8)° ©6)
5 (B N(B = Q)! re
2
(s, 8)°
= ZEb Dot e (67)
! ¢
=i = S ﬁ C r

The bracketed term is always strictly positive as B>¢ %bﬂ ~C in b cannot be identically zero.
This would require og = 0 for all 3 > ¢, which contradicts the hypothesis of boundedness. Expand-
ing the term (s, s), it follows that the kernel admits a decomposition as K (s, s') = ®(s) " ®(s'),

where & is a feature map with components given by multivariate monomials /\ﬁsf ... for some
Ag > 0 for all degrees |3|. Theorem 4.21 in [19] readily implies that the RKHS of K includes all
finite degree polynomials, completing our argument.

7. Useful results on single-index models

In this section we present various results applied in the derivation of the lower bound to MMSE,, in
Appendix 5.1. In particular, we focus on the following single-index model setting.

Definition 14 Let w* ~ N(04,1;), g : R — R satisfy Assumption 5. Consider the supervised
learning problem of estimating w, from n i.i.d. observations D = {(x;,y;) € R : i € [n]}
generated as

x; ~N(0,15),  yi = Vag((z, w)) + &, (68)
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where X > 0 is the signal-to-noise ratio (SNR) and &; ~ N(0,1) is additive noise.

Given an estimator W of w* that is a function of the dataset, we evaluate its estimation error using
the following matrix-MMSE:

T

mse(w) : E[lww " — ww*" %], (69)

2
where [E computes the expected value with respect to the joint distributions of D and wy. A lower
bound to this quantity is given by the following optimal matrix-MSE

1
mmse := —[E [HE['w'w]D] - w*w*TH%] =argminE [HQ - w*w*TH%] . (70)
d QERdXd

Intuitively, such optimal estimation error decreases with the SNR.

Lemma 15 In the setting defined in 14, the optimal matrix-MSE satisfies

0
ammse < 0. 71

Proof The proof follows from direct computation. We provide here a condensed derivation.
2 2
mmse = E [waTHF} —Ey [HIE[wa | y]HF} . (72)

Since the first term is independent of ), it suffices to show that the second term is non-decreasing.
Let us denote the posterior mean as (ww?)) = E[ww! | y]. We compute its derivative with

respect to A:
d 0
B lltww 3] = [y (P lwwT 7). 3)

Using the explicit form of P(y|w) exp(—% |y — vV Ag(Xw)||?), the derivative d In P(y) intro-
duces terms involving y” (g(Xw)),. We handle these terms via the multivariate Stein’s Lemma
(corresponding to integration by parts), which states that for the Gaussian measure, E, [y’ f(y)] =
Ey[Tr(VE) + VA(R(Xw))TT).

Applying this identity results in cancellations of the lower-order terms. The surviving term

is proportional to the gradient of the estimator with respect to the observations Vy<wa> A=
VA Cov(ww”, g(Xw) | y). Therefore,
d T 2 T 2 8
aEy [[[{(ww"),||7] = Ey [HCOV (ww”, g(Xw) | y)HF} = gymmse < 0. (74)
|

We now consider the high-dimensional limit n,d — oo with fixed ratio « = n/d, referred to as
the sample complexity. The following theorem specializes Theorems 1 and 2 of [8] to the setting of
interest.
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Theorem 16 ([8]) Consider the setting defined in 14. Then, in the limit n,d — oo, with fixed ratio

n/d=a,
1
SElww” —EwwT|D][F =1 -m? (75)
and, given w ~ P(-|D),
1
g|wTw*| 5 om, (76)
where m = m(«) is the maximizer of
sup ]fRS(m)7 frs(m) :={m +log(1 —m) + 2aWou(m)}, (77)
mel0,1
Vout(m) := Ewvy log Eyonro,1) [PY VMV 4+ V1 —mw)], (78)

with V,W ~ N (0,1), Y ~ P(:|y/mV + VT —mW).

As a direct consequence of the theorem, the information-theoretic weak recovery threshold o!™
is the smallest sample complexity « such that the maximizer of the free entropy eq. (77) is m # 0.
Equivalently, o!T is the smallest o such that mmse < 1. Lemma 15 readily implies that o'T =
olT()) is decreasing with the SNR.
Finally, we characterize the IT weak recovery threshold in the limit of small SNR. By expanding
eq. (78) around A\ = 0, we derive the following Corollary.

Corollary 17 (IT weak recovery threshold in the large noise regime) Consider the setting of The-
orem 16. Then, in the limit A\ — 0, the information theoretic weak-recovery threshold satisfies

AT =0o(0 ) (79

and, for a — 00, and fixed X the optimal matrix-MSE scales as

1
mnse = O <> : (80)
Ao
Proof In order to simplify the notation, we introduce the shorthand ¢5(V;m) = E,, [96< JmV +
V1 —mw).
1 _ 1= 9
Ey [P(Y = ylvmV + VI = mw)] =———E,, |exp - VA(YmV + V1 —mw))
Var 5
(81)
e v*/2
- 1+ Z ¢B (V;m)Heg(y) (82)
Var B>1
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and therefore, expanding P(y|v/mV ++/1 — mW) in a similar fashion and leveraging the expansion

dy + O(X¥/?)

log(1+z) =— Zkzo(—l)kxk/k, up to constant terms with respect to m,
B/ B/ ’
NF/2 1 NF/2
Your(m) =Evwy | =% +Z —g1 ¢s(Vim)Hes(y) — Y S ds(Vim)Hes(y) | | + OO
2 B!
B>1 B>1
(83)
e v/ N/2 A
= +B§>jl o os(VimHes(y) = SEVim)y? | dy+ 84
e—V>/2 e 2\B/2 )\6/2
+Ey — =+ Z ——o¢3(V;m)Heg(y Z 3(V;m)Heg(y)
V2m 2 = A 51
1 A A
== 5+ SEv[ei(Vim)] = SEvioa(Vim)] + O(X*/?) (85)
1
=5 ( L= AE.nr(0,0) [0 (2)] + AE(ay ey (020 [9(21)9(22)]) + O(A?) (86)
with
c=(*tm™ (87)
S \m 1)
In the above we used
Ev [62(Vim)] = Ewy [g*(VmV + V1 —mW)] = E:[¢*(2)], (88)
Ev[¢1(Vim)] = Ey [Ew[g(vmV + VI —mW)Ey[g(vmV + VI —mW )] (89)
= E(zl,22)~N(02,C) [9(21)g(22)]- (90)
Assumption 5 ensures that g can be decomposed in the Hermite basis as
c 1
9(2) = Z ki;Hek(Z), k= HEZNN(OJ) [9(z)Hey(2)] . 1)
= k! !
Leveraging Proposition 11.31 in [48],
IE(Z1,Zz)wj\f(027C’) Z k'm 6 O E, [ ( )H 92)

k>0

which is a non-decreasing function of m € [0, 1]. Note that, since g has generative exponent 2, and
E.[g(z)] = 0, we have that cp = ¢; = 0 necessarily. Moreover, by Assumption 5, ¢ # 0 and
bounded. Therefore, we are interested in maximizing the quantity’

2
frs(m) :==m+log(l —m) + aX Z %mk + O(aX*?) (93)
k>2
1
(oz)\CQ —1)m* + Z ( i — k) mF + O(aX¥/?), (94)
k>2

5. Note that we are neglecting constant terms with respect to m.
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where we have expanded log(1 — m). For a > A"'¢; 2, m = 0 is a minimum of the free entropy,
therefore o!T < )\_102_ 2. Denote

D= inf —mlogl=m) 95)
me(0,1] S Emk
which is strictly positive and well-defined. Note that
lim — log(l_ )_022:>¥3Dgc;2:¥. (96)
R ORI . (7)]
Then, for all &« < DA™Y, f(m # 0) < f(0) = 0, i.e. m = 0 is the global maximizer and
D<adT <? = T =001, 97)

For the second result, we first consider the setting A — 0 and o — oo, with & > A. There exists a
non-zero maximizer m, which satisfies®

if (m )_0:7_0)‘2 ‘2:>Zc’2ﬁ(mk_2—mk_1)—1 (98)
dm RSV g k! TN

k>2 E>2

The equation is solvedby m =1 — © (ﬁ) Theorem 16 implies that, in this regime, mmse(\) =
O((aX)™1). Together Lemma 15, the result for arbitrary ) is proved. [

6. In the following we retain the leading terms in the free entropy expansion.
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