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Abstract

Computing Nash equilibria of zero-sum games in classical and quantum settings
is extensively studied. For general-sum games, computing Nash equilibria is
PPAD-hard and the computing of a more general concept called correlated equi-
libria has been widely explored in game theory. In this paper, we initiate the
study of quantum algorithms for computing e-approximate correlated equilibria
(CE) and coarse correlated equilibria (CCE) in multi-player normal-form games.
Our approach utilizes quantum improvements to the multi-scale Multiplicative
Weight Update (MWU) method for CE calculations, achieving a query complex-
ity of O(m+/n) for fixed . For CCE, we extend techniques from quantum algo-
rithms for zero-sum games to multi-player settings, achieving query complexity
O(m+/n/e%%). Both algorithms demonstrate a near-optimal scaling in the number
of players m and actions n, as confirmed by our quantum query lower bounds.

1 Introduction

Motivations. Game theory is a branch of mathematics that studies the interactions between strate-
gies of rational decision-makers. It focuses on the situations where the outcome of each participant
depends on not only their own strategies but also the strategies of others. One of the simplest sce-
narios is a two-player zero-sum game, where the total payoff of the two players does not change
regardless of their individual strategies. A key concept in game theory is Nash equilibrium, which
describes a situation where no player can unilaterally change their strategy to achieve a better pay-
off, with the strategies of the other players being fixed. Notably, a Nash equilibrium in a two-player
zero-sum game can be reached by no-regret online learning: when both players repeatedly adjust
their strategies to minimize regret, the average play converges to the equilibrium. This observa-
tion is central to the design of several classical and quantum algorithms for computing equilibria.
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Table 1: Loss matrix where D = {p(C, A) = %,p(B7 B) = %} is a CCE but not a CE: Player 1 can
change B — D and C' — A to reduce the loss.
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Grigoriadis and Khachiyan [19] showed that finding a pair of e-near Nash equilibrium strategies
of a two-player zero-sum game with n actions could be realized using O(n/c?) classical queries,
which is sub-linear with respect to the problem size. For quantum algorithms, Refs. [?5] and [3]
achieved a quadratic speedup in n with O(y/n/e*) and O(y/n/e®) quantum queries, respectively,
and the optimality in n is proven in Li et al. [?5]. Currently, the state-of-the-art results [9, I¥] have

improved the e-dependency of the query complexity to O(y/n/25).

Many scenarios in game theory cannot be modeled as two-player zero-sum games, such as the
congestion game [B1]] and the scheduling game [[I6, Z¥]. In a congestion game, each player chooses
a strategy from a set of actions, and the loss of each player depends on the number of players
choosing the same action. The congestion game is a widely used model in traffic routing. In a
scheduling game, strategies are a set of machines and the loss of choosing a machine depends on the
total load of the machine. Both congestion games and scheduling games are examples of normal-
form games. In an m-player normal-form game, player ¢ chooses a strategy a; in .A; with n actions,
and then suffers a loss £;(aq, ..., amn).

For a general normal-form game, finding a Nash equilibrium is PPAD-hard [I?]. A more general
concept than the Nash equilibrium is the correlated equilibrium proposed by Aumann [4]. In this
setting, a trusted coordinator pulls an action profile from a distribution D on the joint action set of all
players and sends each player its action. We call D an e-correlated equilibrium (CE) if no player can
reduce its loss by € by changing their action based on what the coordinator sends. For any player, if
it cannot reduce its loss by € by choosing a fixed action regardless of what the coordinator sends, we
call the distribution D an e-coarse correlated equilibrium (CCE). The coarse correlated equilibrium
is a relaxation of the correlated equilibrium, hence it is easier to find one (see MahleT).

Computing the correlated equilibrium and coarse correlated equilibrium of a normal-form game has
been extensively studied in the classical setting. Since the size of description of a normal-form game
is exponential in m, any algorithm needs 2(exp(m)) time to solve the problem in the worst case. A
standard approach to handle this issue is to assume that the algorithm can query the loss function of
the game as a black-box and study the query complexity of the problem. In this case, a correlated
equilibrium can be computed using poly(n, m) queries by LP-based algorithms [23, Z8]. The algo-
rithm proposed by Jiang and Leyton-Brown [Z3] can compute an exact correlated equilibrium but
the degree of its query complexity is high. Analogous to the case of Nash equilibrium, an approx-
imate correlated equilibrium can be computed using a no-swap-regret learning algorithm [[5] (see
its definition in Secfion 7). This connection has motivated a line of research focused on designing
efficient no-swap-regret algorithms in normal-form games. In particular, Dagan et al. [[3], Peng and
Rubinstein [29] designed the first algorithms computing an e-correlated equilibrium using O(mn)
queries for a fixed precision €. Similarly, an e-coarse correlated equilibrium can be computed by a
no-external-regret learning algorithm. While recent variants of the Multiplicative Weights Update
(MWU) algorithm, such as optimistic, clairvoyant, and cautious MWU [I4, 30, B2, B3], achieve
remarkable polylog(T') regret bounds after 7' rounds, these bounds scale polynomially with the
number of players m. This leads to a total query complexity that is super-linear in m.

Our work differs from the field of quantum games [22, U6, 71, B&], where players play quantum
strategies and quantum equilibria are considered. In contrast, we use quantum algorithms to more
efficiently find classical equilibria in purely classical games.

Contributions. In this paper, we initiate the study of quantum algorithms for computing the CE
and CCE of multi-player normal-form games, aiming for near-optimal complexity in both the num-



ber of players m and actions n. For computing -CE, our algorithm quantizes the state-of-the-art
multi-scale MWU framework [[[3, 29], which provides the fastest known classical convergence for
a fixed . For computing £-CCE, our approach is specifically designed to achieve optimal m and
n scaling. We therefore build upon the algorithm of Grigoriadis and Khachiyan [I9], whose regret
bound is crucially independent of the number of players. This choice is key to designing a quantum
algorithm with a query complexity that is linear in m, which is optimal.

We assume that a quantum computer can access the game by querying a unitary oracle O and study
the query complexity of finding an e-(coarse) correlated equilibrium.

Definition 1. For an m-player normal-form game ({A;}1™ 1, {L;}",), a unitary oracle O satis-

fying
O£|i>|a1> T |am>‘0> = |i>|a1> ce |am>|£7;(a1, ceey am» (1)

foralli € /mland ay € Ay,...,am € Ay, is an oracle of the game, and the query complexity of
an algorithm is the number of queries to O .

The unitary oracle O, can be constructed efficiently if the game has a succinct representation that
allows for an efficient classical algorithm to compute the loss function £;(as, ..., a.,) [B]. For ex-
ample, in a congestion game, a player’s loss is determined by the costs of their chosen resources,
where the cost of each resource depends on the total number of players who selected it. This struc-
ture allows for efficient loss calculation. Given access to O, we state the following problem of
computing an e-(coarse) correlated equilibrium:

Problem 1. Given an m-player normal-form game ({A;}™,{L;}™ ) with n actions for each

player, an error parameter € > 0, and a failure probability o > 0, prepare a quantum state

‘¢0> = Z(LEA Vv q(a)|a>|w(l> (2)

for some normalized states |1),) such that q is an e-(coarse) correlated equilibrium of the game with
success probability at least 1 — c.

In particular, we give quantum algorithms for computing e-CE and ¢-CCE as follows:

Theorem 1 (Informal version of Thearem R). Algorithm 1| computes an e-correlated equilibrium of
an m-player normal-form game with n actions for each player using m+/n(log(mn))°/) queries

to O and m?/n(log(mn))°/) time.

Theorem 2 (Informal version of Mheorem 9). Algorithm 4 outputs the classical description of an
e-coarse correlated equilibrium of an m-player normal-form game with n actions for each player

using O(mn/n/e%5) queries to O and O(m2y/n/c*®) time.

We measure the time complexity by the number of one and two-qubit gates in the quantum algo-
rithm. The overhead in time complexity, in comparison to query complexity, arises from the gate
complexity of the QRAM. If we adopt the convention established by previous quantum algorithms
for zero-sum games [3, U, [8], which assumes that QRAM access incurs a unit cost, then the time
complexities presented in Cheorem 1l and Mheorem 7 align with the query complexities, differing
only by a poly-logarithmic factor. In addition, we note that the output of is a classical
description of a O(B? /e?)-sparse e-coarse correlated equilibrium, hence we can prepare the state
|1),) in Poblem 1l in O(mB? /e?) time [20].

On the other hand, we prove the following quantum lower bounds on computing CE and CCE:

Theorem 3 (Restatement of Thearem 4). For an m-player normal-form game with n actions for

each player, let B denote an upper bound on the loss function. Assume 0 < ¢ < min{%, % ,
2

to compute an e-(coarse) correlated equilibrium with success probability more than 3, we need
Q(m+/n) quantum queries.

The scaling of our query complexity lower bounds with respect to the number of players m and
actions n matches our algorithms’ upper bounds up to a poly-logarithm factor, indicating the near-
optimality of our quantum algorithms in m and n.



Table 2: Complexity bounds for computing -CE.

Reference | Setting Query complexity Time complexity
O(1/¢) O(1/e)

[03,09] | classical mn(log(mn)) mn(log(mn))
this paper | quantum | my/n(log(mn))°1/2), Q(my/n) | m?y/n(log(mn))© /=)

Table 3: Complexity bounds for computing e-CCE.
Reference | Setting Query complexity Time complexity
[rg)® classical O(mn/e?) O(mn/e?)
this paper | quantum | O(my/n/e%), Q(my/n) | O(m2y/n/c*?)

Techniques. Our algorithm for CE quantizes the multi-scale MWU algorithm [?9]. Classical
multi-scale MWU algorithm needs §2(n) queries to compute the loss vector of one player in each
round and then takes the exponential of the loss vector to update its strategy. This 2(n) query com-
plexity can be improved in quantum algorithms by constructing an amplitude-encoding of the loss
vector and then using the quantum Gibbs sampler to sample from the exponential of the loss vec-
tor. The standard approach to construct the amplitude-encoding is to store the frequency of history
action samples in a QRAM and maintain a tree data structure [B3, Y, I8]. However, in an m-player
normal-form game with n actions for each player, the size of the joint action space is n"*, so the
QRAM requires 2(n'™) gates to implement. Furthermore, the multi-scale MWU algorithm runs
O(1/¢) instances of the MWU algorithm in parallel, thus standard amplitude-encoding schemes re-
quire O(1/e) QRAMSs to store the frequency of history action samples in different time intervals
for different MWU instances. To overcome these issues, we use a single, unified QRAM to store
all history action samples rather than the frequency vector. We then demonstrate how the necessary
amplitude-encoding for any MWU subroutine can be constructed from this single QRAM. Crucially,
instead of treating QRAM access as a unit-cost oracle, we analyze its gate-level construction cost,

showing that it requires only m log n(log(mn))?1/) gates.

Our algorithm for CCE is built upon the quantum algorithm by Bouland et al. [G], which quantizes
the classical approach of Grigoriadis and Khachiyan [T9] for two-player zero-sum games. We extend
their quantum framework to the m-player normal-form game setting, using the “ghost iteration”
technique to prove that the algorithm converges to an e-CCE in 0(1 /€?) iterations. We adapt the
amplitude-encoding schemes from our CE algorithm to avoid the exponential gate overhead in the
QRAM construction.

For the lower bound, we reduce the direct product of m instances of the unstructured search prob-
lem to the problem of computing an £-CE (¢-CCE) of an m-player normal-form game. Then, we
combine the lower bound on the unstructured search problem [[] with the direct product theorem
[24] to prove the lower bound on computing an e-CE (e-CCE) of an m-player normal-form game.

Open questions. Our results leave several natural open questions for future investigation:

* An open question is whether the € dependence of our CCE algorithm can be improved.
While quantizing the optimistic MWU algorithm of Daskalakis et al. [T4] is a natural target,
its analysis relies on high-order smoothness properties of the loss vectors. These properties
are highly sensitive to the sampling noise introduced by a quantum Gibbs sampler, making
a direct quantization challenging (see the discussion in Appendix ). A more promising di-
rection would be to quantize the Regularized Value Update (RVU) framework of Syrgkanis
et al. [35], which relies on more robust first-order properties. This could serve as a crucial
first step towards quantizing recent, highly-efficient algorithms like Cautious MWU [37],
which build upon the RVU framework.

* Beyond normal-form games, equilibria of Bayesian games and extensive-form games are
also studied in game theory [/, 37]. Dagan et al. [[3], Peng and Rubinstein [29] showed

'This algorithm is designed for computing e-Nash equilibrium of a two-player zero-sum game, but we show
in that it can be used to compute an e-CCE of a multi-player normal-form game.



that an e-CE in extensive-form games can be computed efficiently. Can we design quantum
algorithms to compute the equilibrium of Bayesian games and extensive-form games with
quantum speedup?

* Can we reduce the time complexity of computing ¢-CE and -CCE to O(m+/n) which
aligns with our query complexity? The difficulty is that we need to sample strategies for all
m players in each round of the game, and each call to the quantum Gibbs sampler requires
access to the QRAM, incurring an overhead of O(m).

2 Preliminaries

2.1 Game theory and no-regret learning

Game theory An m-player normal-form game can be described by a tuple ({A;}7,,{L:}7,),
where A; with |A;| = n is the action set of player ¢ and £; is the loss function of player ¢. Without
loss of generality, we let 4; = [n]. Let A = A; x - - - X A, be the joint action set. The loss function
of player i is a function £;: A — [0, B], representing the loss of player ¢; here B is an upper bound
on loss functions. For an action profile a = (a1,...,a,) € A, let a_; denote the profile after
removing a,. For any finite set .S, we let A(.S) denote the probability simplex over .S. In each round
of the game, player i can choose an independent mixed strategy z:; € A(A;). The collection of these
strategies, * = (x1,...,%m), is called a mixed strategy profile and induces a product distribution
over A. A more general concept is a correlated strategy, which is any joint distribution D € A(A).
For a mixed strategy profile x, we let z_; denote the profile after removing x;.

We consider two types of equilibria in normal-form games: correlated equilibrium and coarse corre-
lated equilibrium.

Definition 2 (Correlated equilibrium). For an m-player normal-form game ({A;}1,{L;}",), a

distribution D € A(A) is called an e-correlated equilibrium if for any i € [m] and any function

QLED[‘Ci(aiva—i)] < aLED[ﬁi(@(ai), a-;)] +e. 3)
Definition 3 (Coarse correlated equilibrium). For an m-player normal-form game
A} L} ™), a distribution D € A(A) is called an e-coarse correlated equilibrium
ifforany i € [m] and a; € A;

GLED[Q(% a_i)] < a@NED[Ei(aLafi)] +e. “)

Online learning In the adversarial online learning setting, a player plays against an adversary
sequentially for 7" rounds. In the ¢-th round, the player plays a distribution () over its action set [n].
Then, the adversary selects a loss vector £(*) € [0, B]™ and the player suffers from a loss (z(*), /().
The player observes the loss vector £(*) and updates its strategy based on the previous loss vectors to

minimize its total regret in 7" rounds. We consider two kinds of regret: the standard external regret
and the swap regret. The external regret of player ¢ is defined as

Regret; r = X2,y (o), 67) = ming eacay iy (@ 47), )
which measures the maximum reduction in loss that could be achieved by switching to a fixed action
strategy. Let ®; denote the set of functions ¢: [n] — [n]. The swap regret of player i is defined as

Swap-Regret, 7 = Yy, (2", 67y —minges, Y27, 7 20 () - €0(6G),  (©)

which measures the maximum reduction in loss that could be achieved by using a fixed swap function
on its history strategies. An algorithm is called a no-regret learning algorithm if the total regret
is o(T). The Multiplicative Weight Update (MWU) algorithm is a well-known no-external-regret
learning algorithm. It updates the strategy by multiplying the previous strategy by the exponential of
the negative sum of the loss vectors. This ensures that actions with lower cumulative loss are favored
over time, achieving O(y/T log n) external regret. The detailed procedure is shown in Appendix &
as Algorithm B.

Theorem 4 (Theorem 1.5 in [21]). The external regret of the MWU algorithm (Blgorithm 3) with
step size ) = \/logn/T /B is at most 2B+/T log n.



The multi-scale MWU algorithm, proposed by Peng and Rubinstein [29], achieves polylog(n) swap
regret by running multiple instances of the MWU algorithm in parallel at different time scales. Each
instance aggregates losses over increasingly longer intervals before performing an update, and the
final strategy is a uniform mixture of the strategies from each instance. The detailed procedure is
shown in Appendix A as Algorithm H.

Theorem 5 (Theorem 1.1 in [29]). For any € > 0, the multi-scale MWU algorithm (Blgorithm 4)
has at most e BT swap regret in T = (161og(n)/e%)/¢ rounds.

No-regret learning in normal-form games It is known that if all players play according to a no-
regret learning algorithm with external (or swap) regret at most £(7") in 7" rounds, then the uniform
mixture of their strategies in all 7" rounds is an O(e(T")/T')-approximation of a coarse correlated
equilibrium (or correlated equilibrium) of the game (see Section 7 of [I1]).

For the external regret, when loss vectors are adversarial, the celebrated MWU algorithm guarantees
O(V/T log n) regret, which is optimal (see Section 3.7 of [[0]). However, in the setting of repeated
game playing, algorithms with recency bias can do better due to the smoothness of the loss vectors.
Syrgkanis et al. [B5] showed that if all m players run an algorithm from a specific class of algorithms
with recency bias, then each player experiences O(logn - \/m - TY 4) external regret. Chen and

Peng [[1] improved this bound to O(log5/ 6p.TY 6) in two-player normal-form games when both
players run the optimistic MWU algorithm. Daskalakis et al. [[[4] then dramatically improved the T'
dependency by showing that if all players run the optimistic MWU algorithm in an m-player normal-
form game, each player experiences O(logn - m - log* T') external regret, so the uniform mixture of
their strategies is a O(m log n/T)-coarse correlated equilibrium after 7" rounds. The dependence on
T is further improved by subsequent algorithms like Clairvoyant, and Cautious MWU [B0, 32, B3].

It is known that an external-regret minimization algorithm can be converted to a swap-regret min-
imization algorithm [8, 34]. Chen and Peng [T], Anagnostides et al. [I], and Anagnostides et al.
[2] used this reduction to design algorithms with O(T"'/*), O(log* T'), and O(log T') swap-regret re-
spectively in an m-player normal-form game if other players run the same algorithm. However, this
reduction incurs an 2(n) overhead. Dagan et al. [13] improved this reduction and proposed an al-
gorithm that has at most €T swap regret in 7' = (logn/ 62)0(1/ ¢) rounds in the standard adversarial
online learning setting, which aligns with the upper bound in Peng and Rubinstein [29].

2.2 Quantum computing

The fundamental unit of information in quantum computing is the quantum bit or qubit. Unlike
classical bits that are either O or 1, a qubit can exist in a superposition of states, represented as a unit
vector in a two-dimensional complex Hilbert space: |¢)) = «|0) + §|1), where {|0),|1)} forms a
(orthonormal) computational basis, and the amplitudes «, 3 € C satisfy |a|? +|3]?> = 1. An n-qubit
quantum system resides in the tensor product space of n Hilbert space C2, which can be written

as (C?)®" = C?" with computational basis states {|i)} ;, and a quantum state of 7 qubits can
therefore represent a superposition of all 2 possible states: [¢/) = S22 " a]i), where 3, o] =

1. Information can be obtained by quantum measurement on a computational basis, where measuring
state |¢) = Zf;g " ]i) on basis {|i)} yields outcome i with probability p(i) = |a;|? for every
i € [2"]. Quantum states evolve through unitary transformations: 1)) — U|t), where U € C2"*2"
is a unitary satisfying UUT = UTU = In, where U is the Hermitian conjugate of operator U. For
two quantum states [¢)) = 222:8 Y oy)i) and |¢) = 222:8 ' B;i), their inner product is defined by
(il)) = Y, o B;. The tensor product of two quantum states |¢)) € C% and |¢) € C? is denoted

as [¢)|¢) = |[) ® |¢) € Ch2,

In the quantum query model, an algorithm accesses the given function f via a quantum oracle.
This oracle, denoted Oy, is defined as a unitary operator that performs the following reversible
computation on the computational basis states: O¢|z)|0) = |z)|f(x)). A key advantage of this
model is that the oracle can be queried on a superposition of inputs.

The term QRAM can refer to several distinct models in quantum computing. In this work, we
use “QRAM?” to refer specifically to a circuit providing quantum access to classical data, a model
more precisely known as Quantum Read-Only Memory (QROM). We retain the more common term



QRAM and the notation Ugram throughout this paper for consistency with related literature. For-
mally, for a memory containing NV classical bitstrings {D; } zN:_Ol, this unitary performs the mapping
Uqram|#)|0) = |i)|D;). Such circuits can be constructed from elementary gates with a complexity
linear in N and the bit-length of the entries [5].

2.3 Quantum algorithms for games

Quantum algorithms for finding Nash equilibria in zero-sum games have been well-studied [B, 9, I8],
and achieve a quadratic speedup in n. Most of the quantum algorithms for games quantize variants
of the MWU algorithm. Note that the strategies output by the MWU algorithm can be written as
an exponential of the accumulated loss vectors. For a classical MWU algorithm, computing the
exponential of a vector u € R" requires ((n) time. To reduce this overhead, quantum algorithms
use the quantum Gibbs sampler. Suppose that the quantum algorithm can access a unitary operator
V' which encodes the vector u:

Definition 4 (Amplitude encoding). A unitary operator V is said to be a [3-amplitude-encoding of
a vector u € R™ with non-negative entries, if

0lcVI0)cli)al0)p = \/%

;) B is a normalized garbage state in an ancilla register.

i)alti)B @)

foralli € [n]. Here,

Then the quantum Gibbs sampler can prepare the state Y., /g;|i)|¢;) where the distribution
q = (q1,---,qn) is close to exp(—u)/|| exp(—u)||1, and measuring the first register gives a sam-
ple approximately from the distribution exp(—u) /|| exp(—u)||;.

Theorem 6 (Quantum Gibbs sampler [IX]). Given access to a unitary V which is a (3-amplitude-
encoding of a vector u € R", there is a unitary oracle O (5) such that

OFPP*(8): [0)[0) = 323y V/auli) i) ®

where q is 6-close to exp(—u)/| exp(—u)|1 in total variation distance. OS™PP3(§) can be imple-
mented using O(B+/n) queries to V and O(B+/n) time.

In many game-solving algorithms that use Gibbs sampling, the underlying vector u changes slowly,
often receiving only sparse updates in each round. Based on this property, Bouland et al. [9] pro-
posed a dynamic Gibbs sampler, an oracle O3yramic-Gibbs for repeatedly sampling from a distribu-
tion that is §-close to the changing Gibbs distribution exp(u) /|| exp(u)||1-

Problem 2 (Sampling maintenance for two-player game, Problem 1 in [9]). Givenn > 0,0 < § < 1,
and access to a quantum oracle for A € R™*"2. Now consider a sequence of size T, where each
item includes an “Update” operation to a dynamic vector v € R}, each in the form of x; < x; +1n

Sor some i € [ns). The goal is to maintain a 6-approximate Gibbs oracle Oiﬁnamlc_(}lbbs during the

“Update” operations. Let Tupdate denote queries per operation we need, and let Tgamy, denote the
. dynamic-Gibbs

worst-case time needed for O';, .

Bouland et al. [U] provided an efficient solution to Problem 7 using a special data structure to store

partial information of the Gibbs distribution and maintaining its effectiveness across many rounds

to reduce the amortized complexity of each sampling.

3 Quantum algorithm for computing correlated equilibria

In this section, we present the quantum algorithm (Algorithm 1) for computing an e-correlated
equilibrium (e-CE) in a normal-form game. The high-level ideas of the algorithm are presented
below. The implementation details, as well as the formal proof of the algorithms correctness and
complexity analysis, are provided in Appendix Bl and Appendix B2.

Our quantum algorithm (ATgorithm 1]) for computing an e-CE of a normal form game improves on
the protocol in Peng and Rubinstein [?9]. The algorithm simulates m players playing the game
repeatedly and using the multi-scale MWU (AIgorithm 4)) algorithm to update their strategies. At
the ¢-th round, to estimate the loss vectors, we use quantum Gibbs sampler to sample from the joint



distribution of all players’ strategies at this round. We sample S action profiles a1, ... a(t%) € A
and let the loss vector of player 7 at the ¢-th round be

Cir(a)) =155 Li(a;a") Va; € A, )

Let K = [logy(1/¢) + 17, H = [4log(n)22K] be the internal parameters. According to the update
rule of the multi-scale MWU, the strategy p; ; of player 7 is determined by its accumulated loss
vectors:

Dit = QLK ZkE[QK] qik,ty (10)

where

@ikt (05) o< exp(—/log nH Y4 (0)) € A, (1)

T+ and hy ; correspond to the parameters 7 and h in subroutine MWUj, in the ¢-th round of BI
porithm 4], and they can be computed from ¢ and k. The complexity bottleneck of the classical
protocol in [2Y] lies in computing the n-dimensional vector g;  ;, Which requires ©(n) queries. To
achieve sublinear quantum query complexity in n, we store the historical samples in a quantum ran-
dom access memory (QRAM) and use a quantum Gibbs sampler to approximately sample from the
distribution p; ;.

Algorithm 1 Sample-based multi-scale MWU for CE

1: Input parameters m (number of players), n (number of actions), € (error parameter), B (bound
on loss functions), « (failure probability)
2: Internal parameters K = [log,(3B/¢) + 1], H = [4log(n)22K], T = H

’71832 log(%)—" 0:=¢/6B

2K

, S =

62

el

Output quantum state |1, )
fort=1,...,7Tdo

5: Obtain a unitary V; such that for any i € [m] and k € [25], (k|(i|V;|k)|i) is a (Bhy . H*~1)-
amplitude-encoding of the vector

&

Vi e t—1 Hk+h~ytHk_l S T,8
gk’t = (Zi:kka,t)_l)Hkil % 2321 Li (a“ (L( ))) a; €EA; (12)
such that
—(r +— k
ree = g | o= | SO (13)
6: For any ¢ € [m], independently obtain S samples a(t 1), e 7az(-t’s) from the Gibbs sampling
oracle O%Ps___ (§) with uniformly random k € [25].
logn/HE ¢
7: Store the samples a(*%) = (a§t75>)ie[m] for s € [S] in the QRAM.
8: end for

9: Prepare the uniform superposition of ¢ € [T] and k € [2X]:

e L @ 0,

i€[m]

(14)

Apply ?/IE)?W@ T( ) to register A; and B; for all ¢ € [m]. Denote |1, ) as the resulting state.

10: return the state |1/J0>

4 Quantum algorithm for computing coarse correlated equilibria

In this section, we present the quantum algorithm (AIgorithm 7) for computing an e-coarse corre-
lated equilibrium (¢-CCE) in a normal-form game. The high-level ideas of the algorithm are outlined



below. The algorithmic details and the formal proof of correctness and complexity are provided in
Appendix B3 and Appendix B4.

Our quantum algorithm (ATgorithm 2) for computing an e-coarse correlated equilibrium of a normal-
form game improves on the classic algorithm in Grigoriadis and Khachiyan [T9] using approximate
quantum Gibbs sampling instead of exact computation. The main technique we use is stochastic
mirror descent, into which we incorporate an approximate Gibbs sampling. In each round of the
algorithm, we perform a Gibbs sampling on the current weight of each player, using the sampling
result to minimize the first-order approximation of loss function with the added KL divergence term
()

at current strategy for each player. At a high level, for the strategy u, ” obtained in each round, our

update method satisfies

u" x arg min,, {<£i (7)), i) + 3 gy il log [Lu(tl]] } ' )

In the two-player game setting considered in Bouland et al. [9], a sampler tree data structure is
employed, where for each player, an n-dimensional vector is maintained to record the opponents
strategies over previous rounds. Extending this to an m-player game presents a significant challenge,
since the number of opponent strategies is on the order of n™~!. To enable an efficient dynamic
Gibbs sampler, we improve upon this approach by leveraging QRAM to directly store the strategies
from each round. This allows us to achieve the same functionality as the sampler tree with identical
query complexity but improved time complexity. See Appendix B3 for our implementation.

Algorithm 2 Sample-based MWU for CCE
1: Input parameters m (number of players), n (number of actions), € (error parameter), « (failure
probability)
2
2: Internal parameters T = [max { 6432210g n 5128 i‘;g(4/a) H ,m = +/logn/T/B, § =

€

e
16B(n—1)

3: Output (ji)ie[m]
4: Initialize z; < 0,,.
5. fort=0,...,7T—1do

. (t) dynamic-Gibbs . (t) —
6: Independently sample a;’ from O v (0) for i€ [m] and set ol =

7”'2&:0 ‘C’(]7a_7‘,)
(agt)7 R ag,?).

7:  Store the sample (¥ in the QRAM.
8: Update &; = &; + e v /T fori € [m].
9: end for '
10: return (Z;)ie[m)-

Note that if using exact oracles of Gibbs sampling, the main skeleton of the algorithm is a natural
extension of Grigoriadis and Khachiyan [T9] from two-player games to multi-player games.
Corollary 1. There exists a classical algorithm that computes an e-coarse correlated equilibrium
with high probability using O(mn/e?) classical queries to L.

5 Quantum lower bounds

In this section, we prove quantum query lower bounds on finding correlated equilibria and coarse
correlated equilibria.

5.1 Quantum lower bound for computing correlated equilibria

For computing correlated equilibria, solves the problem using O(m+/n) queries. To
complement this upper bound, we prove a matching quantum lower bound (up to poly-logarithmic
factors) in m and n.

Theorem 7. Let B denote the bound of loss functions. Assume 0 < ¢ < min{%, %} For an
m-player normal-form game with n actions for each player, to return an e-correlated equilibrium
with success probability more than 2, we need Q(m~/n) queries to O,,.



To prove Thearem 7, we construct a hard instance and claim that finding an e-correlated equilibrium
on this instance is sufficiently difficult.

Definition 5 (Hard Instance). Consider an m-player normal-form game with n actions {1,2,...,n}
for each player. Each player i € [m)] selects k; € [n] uniformly randomly, and then define the loss
function as follows:

Ei(al,ag,...,am) =

0 ifa; =k

Here a; is the action taken by player i.

The e-correlated equilibrium of Definifion 3 is straightforward: each player ¢ € [m] takes action
k; with probability more than 1 — ¢/B. Intuitively, each player’s utility depends only on their own
actions and is independent of the strategies of other players. Therefore, the goal of finding the e-
correlated equilibrium is essentially to determine the value of k; for each ¢ € [m]. This is similar to
computing m copies of a search problem on the entries of A with |A| = n, and we will establish a
query lower bound of correlated equilibria by constructing a reduction between the two problems.

Lemma 1. Given an algorithm A finding an e-correlated equilibrium of with success
probability more than 1 — §, we can solve the m copies of n-item search problem with success
probability 1 — (6 + =5*) applying A once.

Finally, for the m copies problem, Lee and Roland [24] proposed the strong direct product theorem
that establishes a lower bound on the query complexity for such problems. In our setting of the cor-
related equilibrium problem, this lower bound corresponds to m+/n, which matches the complexity
of [AIgorithm 4. This indicates that our quantum algorithm is optimal in terms of both m and n. The
formal proof of Chearem 71 and Cemma 1 are provided in Appendix J.

5.2 Quantum lower bound for computing coarse correlated equilibria

Now, we consider the quantum query lower bound on finding coarse correlated equilibria. Notice
that for our hard instance Definifion 3, e-correlated equilibria and e-coarse correlated equilibria are
equivalent. Therefore, we can directly derive the quantum query lower bound for finding coarse
correlated equilibria from the above analysis:

Corollary 2. Let B denote the bound of the loss function. Assume 0 < ¢ < min{%, %} for
an m-player normal-form game with n actions for each player, to return an e-coarse correlated
equilibrium with success probability more than %, we need Q(m+/n) queries to O,.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction state the query and time complexity bounds in
Theorem 8, Mheorem 9, Mhearem 1 and make no broader claims beyond those formally
proved.

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

e It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The “Open Questions” paragraph explicitly notes that the e-dependence and
the time complexity bounds are not yet optimal.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

 The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

« If applicable, the authors should discuss possible limitations of their approach to ad-
dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: All assumptions are stated with each theorem, and full proofs are given in
Appendices B2, B4, and 0.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: No experiments were performed.
Guidelines:

» The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-

missions to provide some reasonable avenue for reproducibility, which may depend

on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: No data or code are used.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not
be possible, so No is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: There are no experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [NA]
Justification: There are no experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

¢ Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of
Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: There are no experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

» The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: This is a theoretical work that does not involve data, and we do not foresee
any societal or ethical harms.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: Our quantum algorithms can be used to compute correlated equilibria, achiev-
ing asymptotic improvements in query complexity over classical approaches. We do not
foresee any negative societal or ethical impacts.

Guidelines:

» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: No data or generative models are released.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: No existing assets are used.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

17


paperswithcode.com/datasets

13.

14.

15.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: No new assets are released.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.
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16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLN)
for what should or should not be described.
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A Omitted Algorithm Details

Below we provide the full pseudocode for the Multiplicative Weight Update (MWU) and multi-scale
MWU algorithms, which are referenced in Section Q.

Algorithm 3 Multiplicative Weight Update (MWU)
1: Input parameters 7' (number of rounds), n (number of actions), B (bound on loss vector)
2: fort=1,...,Tdo
3 Set 2 € A([n]) such that () (7)) oc exp(—n."_} € (4)) for i € [n], where n =
0ogn/T
Play 2(*) and observe (*) € [0, B]"
end for

Al

Algorithm 4 Multi-scale MWU

Input parameters ¢ (precision), n (number of actions), B (bound on the loss vector)
Internal parameters K := [log,(1/¢)+1], H := [4log(n)22K], number of rounds T := H2"
fort=1,...,T do

Let gx+ € A, be the strategy of MWU, (k € [2K D), play uniformly over them

Pr= g Ypejor] Gkt (16)

end for
procedure MWU
forr =1,2,...,7/H" do
Initiate MWU with input parameters H,n, H*~'B
forh=1,2,...,H do
Let 2.5, € A, be the strategy of MWU at the h-th round
Play 2z, for H*~! days
Update MWU with the aggregated loss of the last H*~1 days
k k—1
{Z;(?—}i)gﬁf(h—l)H*““rl ZT(i)}ie[n] € lo. 2" ) (an
end for
end for
end procedure

B Technical details of algorithms

In this appendix, we present the implementation details and formal proofs of our main technical
results, Thearem 1 and Mheorem 2. Specifically, we provide the correctness and complexity analysis
of our quantum algorithms, [ATgorithm 1| and [ATgorithm 2, for computing an e-correlated equilibrium
and an e-coarse correlated equilibrium, respectively.

B.1 Implementation of

We now describe the details of the implementation of AIgorithm I|. At the ¢-th round, suppose sam-
ples before the ¢-th round are stored in the QRAM. Then we can access the samples in superposition
by applying the unitary Ugram such that

Uqram: |7)5)]0) = |7)]s)]a{™*)) (18)

for any 7 < t and s € [S]. Given access to the QRAM, we now show how to implement the unitary
V: in BIgorithm 1]. Since 7 and h¢ j can be computed efficiently, we can prepare the following
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uniform superposition state given k and ¢:

1 (Tk,t—l)Hk+hk,tHk71

S
- |7)|s)|0
Vhi HF1S T=(rk,§)m+1 92;1

Then applying Uqram, We get the uniform superposition of samples:

19)

1 (ree—1)H*+hy H* ™ g

Tms 2 2 Ml 0)
it

T=(7‘k~t—1)Hk+1 s=1

Using one query to O, and OL, we can map

Blaila-10) = i oo (x/ﬁi(“;“‘” 1) 441 - £l o>> S

Combining Eq. (I9), Eq. (20), and Eq. (Z0), for any i € [m], k € [2X] and a; € A;, we can perform
the following unitary transformation:

Vi: [k)li)]a:)]0)]0)]0)]0)

(P, —1)H P +hy (H* ! g 7,8
£i(ai,a( . ))

SR e > R (T @

T=(rg+—1)Hk+1 s=1

Li(ai,a )
+\/1—Bl>>

(rh,e—1)H*+hy (HF-1

. ]. 617(04)
=|k)|i)|ai) ——e ——[¥i)|0) + [@:)[1), (23)
o T—(rk,E)H*’H B

where [¢);) is a normalized state and [¢;) is an unnormalized garbage state, and for
any i € [m], (k|[(i|Vi|k)|i) is a BhyH* '-amplitude-encoding of the vector fj; =

(i, —1)H" +hy JH* . . . = .
ZT—(m =1 HF+1 4 - (a;) wen Given the amplitude-encoding of ¢ ¢+, we can implement
the Gibbs sampling oracle OGlf’bS THL (5) using Mheorem 6.
ogn

After T rounds, we prepare the uniform superposition of ¢+ € [T] and k € [2X]. By coherently
apply V; controlled by an ancilla register [t), we can implement }_, . 7 [¢) (t| ® V;. Then following

the previous steps, we can apply Of/l})bsﬁf (6) conditioning on the first two registers containing
ogn

[t)| k). The resulting state is the output of Algorithm 1.

B.2 Proof of Theorem 1

We give the formal version of Thearem 1 and provide its proof.

Theorem 8. For any m-player normal-form game with n actions for each player and v € (0, 1),
outputs an e-correlated equilibrium of the game with success probability at least 1 —

a using O(my/nlog(1/a)) - (log(n)B/s)O(B/E) - poly(log n,log m, 1/e, B) queries to O and
O(m?y/nlog(1/a)) - (log(n)B/s)O(B/E) -poly(logn,logm, 1/, B) time.

Proof. Correctness. At the t-th round, denote the output distribution of the quantum Gibbs sampler

O%&,t (8) by Gi,ke and Pi s = g Do pefarc) Gisk - By [BEQEEm B, we have || o ke =i k,ef1 <

¢ and hence ||p; + — ps.¢||1 < J. The output state of AIgorithm 1| is
T 2K
= e 000 @ (X st} 9
2% t=1 k=1 i€[m] \a;E€A;
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which can be written as

7 Z ©( Vhadwiaon) o

te[T]ie[m] a;€A;
for some normalized states |¢,,). Measuring the register A; for all i € [m] gives the distribution
T >te(r) Pieim)Pit-
For any player ¢ € [m], since p; ; is the strategy of the multi-scale MWU algorithm with param-

eters K = logy,(3B/e) + 1, H = 4log(n)2?5, T = H?" at the t-th round given loss vectors
li1,...,4; 1, by Thearemd, we have

T
1t§_jlpm mmZan (60) < 5B =< 6)

t=1 j=1

Let fi’t = L(-,p—i,¢) be the expected loss vector of player ¢ in the ¢-th round. Since ¢; ; is the
average of L(-,a (t 6)) for s € [S] and a(t *) is sampled independently from p_; ;, by Hoeffding’s
inequality, we have

ﬁ) <o
18B2 mnT
forany i € [m], t € [T], and a; € A;. Taking a union bound over i € [m], ¢t € [T], and a; € A;, we
have

Pr (|64 () — C;.0(a;)] > a < 2exp(— 27)

it (ai) — lig(ai)] < (28)

| ™

foralli € [m],t € [T], and a; € A; with probability at least 1 — . Therefore, for any swap function
¢ € ®;, we have

T T n
1 1
7 2 Pialin) = =D pisd) - lia(6()) (29)
t=1 t=1 j=1
T T n
1 1 €
<7D ienlin) =% > Y piali) lia(6() + 3 (30)
t=1 t=1 j=1
€ € 2¢e
<-4 - =
=3 + 3 3 (3D

Let D be the distribution % Ztem Qie[m)Pi,t- SInCe p; ¢, Py,¢ is the uniform mixture of g; k¢, Gi k¢
for k € [25] respectively and ||G; x.c — Gi.k.¢||1 < 0, we have ||;+ — pi¢||1 < 0. Then we have

Eop[Li(ai,a—;)] —EaND[ﬁ‘(¢(ai) a_;) (32)
1 T
=7 D (Bin i Zme (6(3) (33)
t=1 t 1j=1
1 T 1 T n
<z D (pinlin) = 5 DY piali)  Gu(@()) + 208 (34)
t=1 t:l j=1
2t €
S )

Therefore, D is an e-CE of the game.

Query complexity. Each call to V; in Eq. (Z2) requires one query O, and (92. By MThead
Eemd, we need O(Bhy (H*1 - \/logn/H - \/n) calls to V; to get a sample from §; 1 ;. Since hy ;
is smaller than H and H* < H? =Tforkc [QK], we need

O(Bhy H*' . \/logn/H - \/n) = O(BH*~/2\/n) = O(BT/n) (36)
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calls to V; to sample from ¢; j, ;. Since we need to get S samples for m players in 7" rounds, the total
query complexity is

O(BT+/n-S-m-T) = O(T*my/nlog(1/a)), (37)
where the O notation hides polynomial factors in logn,logm,1/e, B. Substituting T = H 2 =
(log(n)B/ 5) /€) , the query complexity is

O(my/nlog(1/a)) - (log(n )B/E) Bre) - poly(logn,logm,1/e, B). (38)

Time complexity. There are 7S entries in the QRAM and each entry has m log n bits, so the time
complexity of applying Uqram and modifying one entry is O(T'Sm logn) [5]. At each round, we
need to modify S entries of the QRAM to store the new samples. To prepare and sample from the
Gibbs state, we need to call Ugram the same times as the number of queries to O . Therefore, the
time complexity is

(T'S + O(my/nlog(1/a)) - (log(n )B/E)O(B/E) - poly(logn,logm,1/e, B)) - O(T'Smlogn)

=0(m?v/nlog*(1/a)) - (log(n )B/s) B/e) - poly(log n,logm,1/e, B). (39)
O

B.3 Implementation of

In this section we introduce our Gibbs sampling method in [AIgorithm 2. Specifically, we extend

the dynamic Gibbs sampling of two-player games, as given in Cemma 7, to multi-player games, and
provide a more refined explanation of the query and gate complexity.

Lemma 2 (Theorem 3 in Bouland et al. [9]). For failure probability o € (0,1) and § < n, given
a quantum oracle for A € R™*"2 with || A||lmax < 1, there is a quantum algorithm which solves
with probability more than 1 — « using

T T
max(Teamp; Tupdate) = O (1 + /T - log? (mém) < nlog (m;) > +nlog (m;) >>>

time with an additive initialization cost of O (7)3T3 log* ("IUT) + log” ("”’T))

The complexity of this method consists of two parts: maintaining the data structure in each round
and sampling from it. It should be noted that here we assume access to a classical-write / quantum-
read random access memory at unit cost. In the actual implementation, if we consider the gate
complexity of QRAM, we need additional gate complexity, which is proportional to the number of
entries in QRAM and the number of bits per entry.

The Gibbs sampling used in can be formalized as Problem 3, which is an m-player
game version of Probhlem . Note that the vector x of size n maintained in Problem 2 actually
records and maintains the combination of opponent’s strategies of the previous ¢ rounds, where
in each round one particular action is updated. In m-player games, the m — 1 opponents have
n™~1 possible strategies, and we can use a high-dimensional array to maintain the information of
opponent strategies. A simple idea is that we can use the method in Bouland et al. [9] to store the
opponents’ strategies in the high-dimensional array of size n™ ! using a special data structure called
“sampler tree”, but the cost would be exponential large in storage space, leading to exponential gate
complexity if using QRAM. Considering that the array is sparse, we improved this method by using
QRAM to directly store the strategies from each round, achieving better time complexity.

Problem 3 (Sampling maintenance for m-player game). Given n > 0, 0 < 6 < 1, and sup-
pose that we have a quantum oracle for the loss function L;(j, (t)) € [0,B]. For player i,
consider a sequence of size T, where each item includes an “Update” operation to (m — 1)-
dimension dynamic arrays D indexed by actions of the m — 1 opponents’ strategies r_; =
(1,22, .., Ti—1,Tit1,. ., Tm—1) Where x; € [n], with each entry D(,_,y > 0. Each “Update”

operation takes the form of D(,_,y <= D(,_,) + n for some D(,_,, € [n]m_1 Let Typdate denote

. . . . . d Gibb
queries per operation we need to maintain a §-approximate Gibbs oracle O ynjagl)c 2% of vector

Odynamlc Gibbs

L;(j, D) (for different strategies j), and let Tgamp denote time needed for £:(.D)
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In the algorithm proposed by Bouland et al. [9], a key step involves using sampler tree to store
z € R% and prepare a tn)-amplitude encoding of Az (Corollary 4 in [9]):

Al K2 . . .
0410)|0)|5) = Z jx Y+ 11)19g) | 14), here 8 > ||x||1 and |g) is unnormalized.

(40)

Corollary 4 in [9] shows that we can maintain the oracle O 4, with total building time cost
O(T logn) after T rounds, and each call of O 4, requires O(logn) time and O(1) queries to the
given oracle O,. However, this is based on the assumption of access to a classical-write / quantum-
read random access memory at unit cost. For gate complexity, such an assumption neglects the
entries of this data structure (n for two-player games) and the number of bits used to store informa-
tion, which is related to the precision we require.

Instead of maintaining the sampler tree in Bouland et al. [J], we maintain a QRAM storing the
sample of strategies, which means that at time ¢, we can access the unitary Ugrawm such that

Uqram|7)[0) = |7)|al™) (4D

for all 7 < t, where a” € A is the sampler at time 7. Accordingly, in our algorithm we need to
implement a ¢-amplitude encoding of

S Li,a)). (42)

This is can be implemented by performing

/ (as a™
|az>|0 ’_>|az \[Zh— (1) a/m 71 z(aléafz)‘(») (43)

= [ai) tBZE ai,a)i)1) + |64)]0) (44)

for some normalized state |t;) and unnormalized state |¢;). This is a ¢t B-amplitude encoding of
Zf—zl Li('a a(jl‘))'
There are T entries in the QRAM. For the precision 4 to be considered, each entry has O(m logn)

bits, and thus the gate complexity of applying one Uqram and modifying one entry is O(T'm log n).
Note that if we also use a sampler tree to directly store the sparse high-dimensional array D, since
D has ny = n™ ! entries, we will similarly require O(log ns) = O(mlogn) queries to the sampler
tree. However, the additional cost is that the sampler tree itself requires exponentially large storage
space, and thus leads to an exponential gate complexity if using QRAM for storage. For query
complexity, both construction methods require O(1) queries to achieve ¢t-amplitude encoding of

Ztr:l Li(-, a(—Tz‘))-
Here we present a modified version of Theorem 3 in Bouland et al. [U]:

Lemma 3 (modified version of Cemma2 for m-player game). Let ny := n™ L. For failure proba-
bility « € (0,1) and § < ), given a quantum oracle Oy, there is a quantum algorithm which solves
Problem 3 with probability more than 1 — « using

max(ﬁamp ) ﬂpdate)

T T
o (v v miogn- st (2)- (o (%27 < s (21 )

quantum gates and

O<1+\/H-Tn-1og4(7;>-< nlog<m;T>+7710g ))

queries to O, with an additive initialization cost of O ( 373 Jog* (T) +lo 7 TT) )

24



The proof of the lemma is entirely consistent with Cemma 7, where we simply use the
aforementioned QRAM to replace the sampler tree to implement the ¢-amplitude encoding of

23:1 Li(-, a(_Ti)). We only need to make slight modifications to the parameters, as noted in Red
mark 1.

Remark 1. In the results presented in [9], the term related to the number of opponent strategies
ny = n™ 1 is of the form log® no. However, in their sampling algorithm, the authors only used
O(logns) queries to the sampler tree to prepare an oracle O 4, within the sampler tree. There are
no computations involving time that are dependent on ns in the other steps. Hence, this term can
actually be corrected to log" ngy, which corresponds to the time of achieve t-amplitude encoding of
Zi:l Li(-, a(_Ti)). By replacing the sampler tree with QRAM, we obtain our gate complexity with
the term T'mlogn, as showed in Lenima 3. Furthermore, as we only need O(1) queries of O to
achieve the encoding, the query complexity does not include the term T'm log n.

Remark 2. The complexity in [9] has an additive €3 term, which arises from an additive initial-
ization cost O(ngT 3) in CemmaA. This term is unrelated to the number of queries to the loss oracle
O, and appears only in the time complexity. The distinction is that their QRAM model assumes that
mathematical operations can be implemented exactly in O(1) time, whereas we further consider the
gate complexity of QRAM operations in our analysis. When considering query complexity, their
dependence on € is 0(1 /€%2), which matches ours exactly. However, for the time complexity, due to
our additional consideration of the gate complexity of QRAM operations, our overall time complex-
ity becomes O(l /&%), which is larger than € ~3. Therefore, we do not explicitly include the additive
initialization cost term 3 in the final stated result.

B.4 Proof of Theorem?

In this subsection, we will provide a proof showing that can output an e-coarse cor-
related equilibrium with high probability, and calculate the complexity based on the results in
Cemma3. The formal version of Thearem 7 is stated below:

Theorem 9. For any m-player normal-form game with n actions for each player and o € (0, 1),
computes an e-coarse correlated equilibrium of the game with success probability at

LA 1,5 5 . A 159 9y .
least 1 — o using O(mn2 B2e~2) queries to Oy and O(m?n2 B2¢~2) time.

Proof. Correctness. For convenience we denote s(t) by the vector for Gibbs sampling of player @

in ¢t-th round, i.e., s( ) = —n- Z L(j,a )) The proof of the correctness of [heorem 9 consists

of two main parts: First, we demonstrate that the uniform mixture of Gibbs distribution of sg ) in

each round is an O(e)-coarse correlated equilibrium of this normal-form game. Then we consider

the action strategies a( ) generated by the Gibbs sampling in our algorithm, and we will show that
they can also derive an approximate coarse correlated equilibrium.

Denote u'” = _exp(si) and 0 = £;(-,a ) forallt = 0,...,T — 1. The regret bound of
P ey 0 ' &
MWU (Ihearem4)) implies that
T-1 T-1
ST @ 60y = 3w, 6y < 2B1/log(n)T (45)
=0 =0

forall ¢ € [m] and u € A([n]).

‘We now use a “ghost iteration” argument in [J] to bound the regret of u( )

égt) =Li(-,u (¢ )) Denote E(t) E(t) — égt), N(O) = (-O) nd

with respect to loss vectors

ﬂ(t): exp(— 7727 o z )

(46)
lexp(—n X026 7)1
fort =1,...,T — 1. Then Theorem 4 again implies that
T—1 T—1
o 40 = 3w, 8Y) < 2B+/log(n)T @7)
t=0 t=0
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forall i € [m] and u € A([n]).
Summing Eq. (B3) and Eq. (E12) gives us

T-1 T-1 T—

Sl 10y = 57w, 80y + ( — ¢y < 4B\/log(n)T. (48)

t=0 t=0 t:O

H

Considering that u can be arbitrarily chosen in A([n]), we have

T—1 T—1
max Z( E”,ﬂ% Z U, E(t) + Z i) — Et),éz(-t) — Egt)> < 4By/log(n)T. (49)
ueA([n]) =0 P

Taking the expectation of the left-hand side, we have

T—1 T—1
) () 7(t)
E| max E 4 E u, £,
[ueA([n]){ {u; ) < >}

t=0 t=0

+E

T—1
>l )
t=0

<4B+/log(n)T. (50)

Consider the second term on the left-hand side,
Ey0,... aw {@z('t) - uz('t)véz(’t) - gz('t)>:| =Eu0,... qt-1 [(ﬂgt) - Uz(‘t)agz(‘t) —E.0 [@O)D] (51)

Suppose that the Gibbs sampling oracle gives ag ) from pg ), by the assumption ||p1 — u ||1 <9,

we have || ®, ;5\ — ®, ., ul” |l < (n — 1)d. Note that E, [{”] = £(-,5")). as £; € [0, B],
we have

T-1 T-1
E[Y w® —al”, 6" — 6" ] SB[ — @i (0] <20 - 1)BTS. (52)
t=0 t=0

Therefore, summing Eq. (B0) and Eq. (B2), taking T > 6432% and § <

(Uyy... Up) = T t_()((t) gt),---u%)),wehave

13 7 —
-1 B> for u =

E E [Li(a;,a—;)] — E [Li(aj,a_;
U, U2,...UuT [a(glAa(?n]){awu[ (a “ )] awﬁ[ (aza )]}:|

T—1 T—1
E|= Q) 53
_u1)u27“.UT uenia(:x {tz: z I 7, ;<U7 (3 > ( )
€

<3 54
<3 (54
Next, by a martingale argument we will prove that with high probability, implicitly

provides an e-coarse correlated equilibrium .
Consider a filtration given by F; = o(s(9),s(1) ... 5s(1)) where s(*) := (sgt), sgt), s\, Define a

martingale sequence of the form D; := (ugt) - ﬂgt), ggt) - Eg”) - <’l~l,z(-t) — uz(t), ggt) . [Egt | Fi—1])-
Notice that with probability 1 we have | D;| < 4B. Azuma’s inequality implies that

er —(eT/4)? -7
D > e i e 55
Z =47 <2T- 4Bz ) ~ P\ 51282 (53)
Taking T > 5123:721%%, we thus have
T—1 T—1 c
—al 80 ) < SB[ - a4 - ) + T7 (56)
t:0 t=0

with probability more than 1 — 7.



Combining Eq. (B9) with Eq. (B2), it gives us

T-1 T-1
(s a )] — (d - a_ Nt = <t
oo B (L) = E (o] = mas {Z D60 =Y by }

t=0 t=0
3e
< — 57
<5 (57)
with probability at least 1 — §. That is to say, @ is an O(e)-coarse correlated equilibrium with
probability at least 1 — ¢
Finally, note that Gibbs sampling implicitly implements the sampling oracles for ul(»t), but cannot

directly provide these distribution vectors explicitly. We will prove that a coarse correlated equilib-

rium (i.e., ;) can be found with probability at least 1 — « based on al(»t

each round.

) from Gibbs sampling in

We previously used the notation ﬁ(t) to represent the actual distribution of agt) sampled from Gibbs
sampling. Let p; = = Zt 0 pgt) Since ||p[t] gt) i < 4, by the convexity of norms we have
lp; — @;lx < 4, thus for any action a} of player i, loss of player ¢ under the two different opponent

strategies is nearly the same:

E [Li(a},a_;)] — E[ﬁi(a;,a_i)]‘ < (n-1)BS4. (58)
a~p a~

For a fixed strategy a; of player i, let random variable X; denote player i’s loss when sampling the

opponent’s strategy a_; from distribution f)(_JZ) Thus X; € [0, Bland E(X}) = E( )[ﬁz’(a;, a—;)] €

a~p
[0, B]. Note that S, = Z;;E(X ; — E[X;]) is a martingale sequence generated by filtration F.
Again by Azuma’s inequality,

T/16)? Te?
Pr [|ST — S| > IEGT} < 2exp (_w) — 2exp (-51;32). (59)
13
>
> 6]

This implies that

ZIEXt

Pr {icxa;,f_n E [Li(ai, a-0)]l < ]

a~p 16
Te
<2 - . 60
= 2O < 51232) (60)
Take § < OB ( ) and T' > w, combining Eq. (B8) and Eq. (B0), with probability at
least 1 — & we have

[itat i) — B [Lilaha )] <

77 —
a~u

(61)

| ™

for any strategy a!.

Summing Eq. (82) and Eq. (&), we have with success probability at least (1 —%)-(1—F) > 1—a,

E L a)) - E [Li(a)a-i)]| <,
which means the output of forms an e-coarse correlated equilibrium for the normal-

form game.

Query complexity. In each round, m Gibbs samplings are required, corresponding to m instances
of Problem 3. According to the Cemma 3, each sampling requ1res O(f T7)2 ) = O(y/nBze2).
Therefore, the total query complexity is O(T - /nmBe~2) = O(nzmB2e~3).

Time complexity. By [emma 3, each sampling takes time O(y/n - Tn? - Tmlogn) =
O(y/nmB3e~2). The total time complexity is O(T - m - /amBze~2) + O(n*T3)
O(nzm?B3e—3). O
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Remark 3. Note that by replacing the quantum Gibbs sampling with exact Gibbs sampling oracles,
we can follow the correctness proof above and derive a classical query complexity of O(mn/e?), as
is shown in [Corollary 1.

C Technical details of lower bounds

In this appendix, we present the formal proofs of the quantum query lower bounds in Secfionq,
including Mhearem 7 and the associated lemmas.

Proof of Cemma . For the search problem with m copies, we can define the corresponding m-
player normal-form game with utilities in Definifion 3. Then we invoke .4 to obtain a set of strategies.
For each player’s strategy (may be a mixed strategy), we perform a sampling and use the sampled
result as the output of the search problem for corresponding copy. The probability that all m copies
of the search problem succeed is larger than:

10 5)" - (45,

Here (1—6) is the success probability of algorithm A, and (1— %) is smaller than the probability that
one sampling result for index ¢ is exactly corresponded to k;, according to the form of e-correlated
equilibrium in this hard instance. O

Proof of Theorem . By Cemma 1|, we only need to consider the query lower bound of solving m
copies of the search problem. For a single search problem (m = 1), it requires Q(y/n) queries to
O, by quantum query lower bound on unstructured search by Bennett et al. [7]. For general m, we
leverage the strong direct product theorem provided in Lee and Roland [4], giving a quantum query
lower bound on an m-copies problem, which shows that computing m copies of a function f needs
nearly m times the queries needed for one copy.

Lemma 4 (Theorem 1.1 in Lee and Roland [P4], strong direct product theorem). Let f: D — E
where D C D™ for finite sets D,E. For an integer m > 0, define f™ (xt,.. ., 2™) =
(f(xY),..., f(™)). Then, forany2/3 <k <1,

In(3k/2
Q1_gmsa(f™) > % ~Quya(f) -

Here Q.(f) denotes the query complexity of generating | with error €.

Denote f as the search problem of finding k; for a single ¢ € [m]. Thus we have
Q1/4(f) = AV/n).
From the above analysis, finding an e-correlation equilibrium is equivalent to calculating (™).
Taking k = (6 + §m)*™, we have
mn(3 - (6 4+ 5m)?/™)

Q-+ (f™) = 000 - Quya(f)
1 3 1
Taking § = %, the above analysis gives a quantum query lower bound for finding e-correlated

equilibrium with success probability more than %:
1 3 1 1 3 1
3000 (mln (2> - 21115_’_5};) 'Q1/4(f) > 3000 (mln (2> — 21DM> 'Q1/4(f)

> ﬁ (mln (2) 21n3> - Quya(f)
= Q(m - vn).
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D Impact of quantum sampling noise on the analysis of optimistic MWU

The primary difficulty in extending the proof of Daskalakis et al. [I4] to a quantum optimistic MWU
algorithm is that the smoothness conditions on the higher-order discrete differentials of the loss
vector sequence are violated by the sampling error induced by the quantum Gibbs sampler.

Specifically, let (D,¢)®) = ZZ:O (")(=1)h=2£(t+) be the order-h finite difference of the loss

vectors £V, ... ¢(T) as defined in Daskalakis et al. [[4, Definition 4.1]. Let H = log7 and
a € (0,1/(H + 3)) be two parameters. In a classical m-player general-sum game where all players
follow OMWU updates with step size < «/(36e5m), the order-h finite difference of the loss
vectors for any player ¢ is bounded by:

H(Dh&)(t)‘loo < ah . h3h+1 (62)

for all integers h € [0, H] and ¢ € [T — h] [[4, Lemma 4.4]. This bound is crucial for their main
result.

To illustrate the difficulty of extending this proof to a quantum setting, consider a two-player game
(m = 2). Let xl(t) be the strategy of player ¢ € {1,2} at time ¢. In the classical setting, the loss
vectors are given by ¢ 5” = Alxét) and eé” = A;Fxgt). The proof of Eq. (B2) proceeds by induction,
first bounding ||(Dy22)® ||; via the induction hypothesis and then bounding ||(Dy,¢1)® || using
the matrix norm inequality:

h

h . (t+s
Ay Z (S> (—1)h_‘sxét+ )

s=0

[(Dnt1) D] = < = [|(Dpa2)® 1.

> (1) g

s=0

1
(63)

However, in the quantum setting, we approximate the loss vector zﬁ.” using a quantum Gibbs sam-
pler with accuracy e, which requires O(y/n/e%) queries. This introduces an error term. Since

S 1(")] = 2", the inequality in Eq. (B3) is weakened to:

[(DRl)Ploo < [[(Daw2) P11+ 2"eq- (64)
For the original induction scheme to hold, the error term must be absorbed into the bound from
Eq. (B2). This requires the sampling accuracy ¢ to satisfy:

1
2hen < iathhH. (65)

Daskalakis et al. [14] ultimately apply their theorem with o = 1/(4v/2H7/?). To satisfy Eq. (B3),
we must therefore choose an ¢ such that:

1 1 /ah®\" 1 R\
¢ < min =27 "Rl x min = il min - ———] .
helo,H] 2 hel0,H] 2 2 hel0,H] 2 \ 84/2HT/2

, h
The function f(h) := (%‘ﬁ) attains its minimum at h = e~ '(8v/2H7/2)1/3, At this point,
the minimum value is approximately:

exp <2(8ﬁH7/2)1/3> = exp (321/6H7/6> .

Substituting H = log(T'), the required precision becomes ¢ = exp(—0((log T')7/%)), which is
o(1/ poly(T)) for any polynomial in 7. Consequently, the query complexity of the quantum Gibbs
sampler, which scales with 1/¢%, becomes superpolynomial in 7. Since computing an £-CCE
requires setting 7' = O(m/e), this superpolynomial overhead in T translates to a superpolynomial
overhead in m and 1/¢, rendering the quantum approach impractical under this proof strategy.
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