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Abstract

What constitutes learning in humans and machines remains puzzling despite the unprecedented
growth witnessed in both. Starting with a Perceptron and, in subsequent interrogation of multilayer
perceptron (MLP) and deep linear neural network (DLN), this paper revisits and searches for new
learning signatures and dynamics in artificial neural networks (ANN). Precisely, we consider the
transport of the initial weight distribution to its final form while optimally balancing entropy (ran-
domness in the weights) and statistical complexity, which captures the neural network’s information
storage structure. As found, training neural networks guided through complexity-entropy improves
its reproducibility. In continuation, we further assess depth dependence and information flow using
entropy-difference, KL-divergence of weight distribution between successive layers, and mutual
information between input and hidden layers. Insights obtained so far in our ongoing analysis of
perceptron learning are of immense importance, with applications ranging from explainable Al to
understanding brain function.

1. Introduction

The Perceptron Minsky and Papert [9], Rosenblatt [12], an artificial mimic of the biological neu-
ron, drawing its existence and theoretical underpinnings from how neurons enable learning in the
brain Block [2], sparked the Al era. Learning in a perceptron-based network involves adjusting
the weight distribution, eventually mimicking the transport of an initial weight distribution to its
final form, through data-intensive training. Although a biological neuron and a Perceptron function
possess considerable dissimilarities in working principle Hasson et al. [4], the gradients remain in-
separable from the plasticity of biological neurons and the optimization sought in gradient descent
in a perceptron-based network. In addition, a trained NN must also generalize well Allen-Zhu et al.
[1], Jacot et al. [6], be reproducible, and frugal in training as well as inference, which are traits that
must coexist in neural connectivity. It is important to note that, the strength and structure of neural
connectivity get tuned by the distributional shift of weight strength that spells learning. Upon careful
observation it is evident that, many counterintuitive objectives align, apparently inexplicably, defin-
ing the persistent black-box nature of deep learning models Rudin [13], Shwartz-Ziv and Tishby
[15]. Sounds a bit overstated at its current form, but easing the learning riddle in neural networks
has been the focus of this work, from a single perceptron to an MLP, using information-theoretic
concepts Shwartz-Ziv and Tishby [15], Tishby and Zaslavsky [16], Tishby et al. [17], metrics, and
statistical complexity Feldman and Crutchfield [3], Lopez-Ruiz et al. [8] as the lens.

Earlier works treated weight distribution tuning as an optimal transport problem. But how the
structural correlation between components within a model shapes the learning, or whether it con-
tributes to NNs’ performance, in terms of generalizability, reproducibility, or computational effi-
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Figure 1: a) n-input perceptron (upper panel). An example random walk in the weight space
w; € R? (lower panel), and weight distribution fy (w) transport as the training pro-
gresses. b) The proposed 2D Complexity-Entropy (C-E) plane to oversee the optimal
transport f (w) in learning. ¢) A sample MLP, amenable to deep linear network (DLN)
as well, with notion of mutual information I(X; H;) flow as in Information Bottleneck
(IB) method.

ciency, remains puzzling. Additionally, the weight distribution in neural networks remains inex-
plicably different from the experimentally observed log-normal distribution of weights of synaptic
plasticity in the brain. This leaves fundamental questions open and one such question is how the
geometry of the plasticity, as frequently used in NN, aligns with the brain. A closer look highlights
a potential mismatch between the weight distribution geometry and the widely used gradient de-
scent. Such a discrepancy is among many discrepancies that shape the learning in NNs. Moreover,
approaches that rely on MDL Rissanen [11], such as soft weight sharing Nowlan and Hinton [10]
to minimize weight MDL Hinton and Van Camp [5], reduce network complexity, improve model
generalization, and help control overfitting. This approach also, like the others, does not explain
learning in NN models and whether it is possible to analytically guide learning by structurally cor-
relating the model components that shape the features of the governing probability distribution.

Recent evidence from neuroscience experiments suggests that brain connectomes are largely
function-oriented Koulakov et al. [7], Scheffer et al. [14], attesting to the advantageous role of
structural connectivity. For instance, the log-normal distribution of synaptic weights provides com-
putational benefits by imposing a structural constraint. Motivated by the insights, we apply sta-
tistical Complexity, C'(w), to assess the structural correlation between system components and to
interrogate the attainment of the final weight distribution on a 2D plane comprising complexity and
entropy. Precisely, a fully connected network, as ideally represented by a perfect crystal in statisti-
cal mechanics, is in a minimum equilibrium Feldman and Crutchfield [3], Lopez-Ruiz et al. [8]. In
contrast, a highly sparse network (e.g., an ideal gas) yields a high level of complexity that serves as
an analog of equilibrium. In this work, we explore learning dynamics, myths, and beyond. Specifi-
cally, it interrogates a single-layer perceptron (SLP) and a multilayer perceptron (MLP) in search of
the meaning of learning, that balances between order and disorder in a neural network Lopez-Ruiz
et al. [8], Wiedermann et al. [18]. Precisely, this continuing work seeks an optimal balance among
the trifecta of order, information, and equilibrium in neural network learning. Specific outcomes so
far obtained are:
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* Perceptron learning reflects the minimization of MSD

* Training error reduction slows down when the system is working away from the C(w)-H(w)
extrema, suggesting that early stopping may relate to optimality between C(w) and H(w).

* Weight distribution satisfying the optimality of C(w)-H(w) achieves higher reproducibility
maintaining a competitive classification accuracy.

2. Model and Methods

2.1. Assessment of Perceptron weight displacement

The MSD formulates as the ensemble average of the square of the displacement vector: MSD(e) =
(lw(zj + 1) — w(x;)[*, Vo, € x). To test if the weight displacement follows a pure random walk,
we used the augmented Dickey-Fuller (ADF) test on the weight displacement on R™ space.

2.2. Statistical Complexity

Statistical complexity, denoted as C'(W), finds an analog in statistical mechanics where the quantity
assesses how far a system is from the equilibrium and the underlying randomness in components’
connectivity. In measure, C(w) is low in a system that is close to equilibrium, like an ideal gas,
and holds a high value in disequilibrium, as is the case for crystals. The ideal-gas and crystal are
analogous to fully-connected, highly-sparse networks, providing an avenue for navigating an opti-
mal balance between the structure and information content of a system. The statistical complexity,
C(w), of a random variable w captures both the information stored in the system and the system’s
disequilibrium. In the context of NN, the weight distribution w evolves as training proceeds, thereby
affecting both the Shannon entropy H (w) and the disequilibrium, which measures the distance of
W from its uniform distribution. So, learning by a NN is not only about accounting for the entropy
of w, but also about an increasing C'(w) indicating how efficient and accurate the NN is at organiz-
ing the information. Statistical complexity is defined as the product of KL divergence and JSD as
follows:

C(w) = H(w) x JSD(w||Uniform(w)), Assume fw (w) = P, and Uniform(w) = Q

1 1 P+
JSD(P||Q) = fDKL(PHR) + §DKL(QHR), where R = 5 @
Z p(x log and between distribution A, B Dy (A||B) = Z A(i Z €))

zeX

2.3. Mutual Information in Hidden Layers

We estimate the mutual information (MI) between the input X and successive hidden layers, 7', and
the mutual information between output Y and hidden layers T', for layer sizes 2, 6, and 16. The
information path follows the relationships as follows:

I(X;Th) 2 I(X;Te) 2 1(X,Ts) = -+ > I(X; Tk) 2
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Figure 2: Comparison of Entropy (AH (w) and Dy (w||w;+1): a) For MNIST trained on 16-
layer MLP, b) Same configuration but for CIFAR-10. c¢) Beyond Layer 6, final epoch
drives the system to non-optimal region of C-E plane. d) MSD of perceptron indicates a
reduction as training epoch increases. e-g) Mutual information between input, output and
successive layers.

As shown in the information plane I(7';Y") against I(X; T') (Fig. 2), increasing the number of layers
ceases to mutual information across epochs. Mutual information between X and layers closer to X
is greater than MI for layers farther away.

3. Results
3.1. Entropy flow and KL-divergence across layer are qualitatively similar to error reduction

Entropy difference, between a layer L; to its immediate next L;,, capture the difference in in-
formation between the layers. The difference, as shown in Fig. 2(a-b), gradually approaches to
its minimized level as the network goes deeper reassuring that deepening a network doesn’t intro-
duce much additional information, and appears qualitatively similar for both MNIST (Fig. 2a) and
CIFAR-10 (Fig. 2b) datasets. Specifically, around layer 6, both (AH (w) and D (w||w;1) be-
come sufficiently low. To further analyze, we project per-layer training response over all epochs
on a Complexity-Entropy (C-E) plane that shows a gradual progression towards complete order and
high disequilibrium state, beyond which model progresses to sub-optimal region on the C-E plane,
intriguing the need of a thorough analysis of training and learning dynamics on the C-E plane. For
successive epochs, the shift in mutual information between earlier layers and Y, and deeper layers
and Y, increases gradually (Fig. 2f). The transformation in mutual information as number of layers
are increased, may be a reflection of the vanishing gradient issues of large network of MLP, and
remains a part of our ongoing investigation.
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Figure 3: Model performance on Complexity-Entropy plane: a) considers all layer weights w =
[W1, W2, ...wig] to form a weight distribution for C'(w) and entropy H (w) calculation.
b) Here, per layer (i) weight distribution, p(w;), is used to calculate C'(w;) and H (w1),
and each circle represents C-E projection of all layers. a-b) For MNIST (upper panel)
and CIFAR-10 (lower panel), early training epochs increase complexity, but this effect
is reversed after about 10 epochs. Training error, shown in the inset plot, falls sharply
by 10 epochs and does not decrease further thereafter. This trend remains similar for
both datasets tried. ¢) Mean accuracy and standard deviation over 20 testing results using
weights W obtained after 5, 10, 20, 30, 50 training epochs, both for MNIST (upper) and
CIFAR-10 (lower). A low stdev indicates better reproducibility — MLP achieves im-
proved reproducibility and competitive accuracy when trained in the optimal C-E region.

3.2. Weights optimal on C-E plane achieves enhanced reproducibility

The C-E plane posits training on order and disequilibrium plane, where the optimality lies away
from extrema of both Feldman and Crutchfield [3], Lopez-Ruiz et al. [8]. For instance, when MLP
is trained for 50 epochs, the weight tuning drives the model towards a highly ordered (low infor-
mation) and low disequilibrium region, compromising both the network complexity and the infor-
mation stored in it (see Fig. 3). Interestingly, complexity increases in early epochs and reverses its
progression at a point that resembles the drastic reduction in training error (see inset of Fig. 3(a-b),
left panel). Interestingly, such trend of model complexity remains similar regardless of layer-wise
(Fig. 3(a-b), right panel) or per-NN analysis (Fig. 3(a-b), left panel), as well as over alternative
datasets (MNIST, Fig. 3a and CIFAR, Fig. 3b). An optimal region, as theorized in Lopez-Ruiz
et al. [8], resides near projections of training dynamics of epoch 35 to 20, strengthening both com-
plexity and entropy on the C-E plane. To assess how the system performs for a C-E-guided weight
distribution tuning, we calculated 20 accuracies, each performed 20 times on randomly chosen 500
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test samples, and reported the mean accuracy and standard deviation. As observed, the weight distri-
bution obtained for epochs 20 to 35 has a smaller standard deviation while maintaining competitive
accuracy (both on MNIST, Fig. 3c, upper and CIFAR-10, Fig. 3c, lower), suggesting that better
reproducibility may relate to the optimal region identified in the complexity-entropy plane.
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Appendix A. Experimental Setup

The MLP consists of an input layer, 16 hidden layers, and an output layer. The input layer has
784 neurons for MNIST and 3072 neurons for CIFAR-10, each hidden layer has 512 neurons, and
the output layer has 10 neurons for classification. We used ReLLU as activation between the hidden
layers, and PyTorch’s CrossEntropyLoss applies softmax to the output layer internally. Each hidden
layer also includes batch normalization and a dropout rate of 0.3. The datasets used are MNIST
(28x28 grayscale) and CIFAR-10 (32x32 RGB), both containing 10 classes. MNIST has 60,000
training samples, and CIFAR-10 has 50,000, and both provide a test set of 10,000 samples. For
training, we used 40,000 samples per epoch, sampled from the training set (a different subset in
each epoch). We evaluated the model on the full 10,000 test samples after each epoch. We trained
for 50 epochs with a batch size of 32, the Adam optimizer with a learning rate of 0.001 and a weight
decay of le-4. We pursued two initialization strategies: He-uniform and He-normal.
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