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Abstract

We study online inference and asymptotic co-
variance estimation for the stochastic gradi-
ent descent (SGD) algorithm. While classical
methods—such as plug-in and batch-means
estimators—are available, they either require
inaccessible second-order (Hessian) informa-
tion or suffer from slow convergence. To ad-
dress these challenges, we propose a novel,
fully online de-biased covariance estimator
that eliminates the need for second-order
derivatives while significantly improving es-
timation accuracy. Our method employs a
bias-reduction technique to achieve a conver-
gence rate of n(®=1/2,/logn, outperforming
existing Hessian-free alternatives.

1 INTRODUCTION

Stochastic gradient descent (SGD), also known as
the Robbins-Monro algorithm (Robbins and Monro|
1951), has become a cornerstone of large-scale ma-
chine learning due to its simplicity and notable prac-
tical performance (Bottou et al., |2018]). Consider the
classic model-parameter estimation setting, where the
true model parameter z* € R? is characterized as the
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minimizer of a convex objective function F(z) from R¢
to R, i.e.,

¥ = arg minF(x). (1)

z€R?

The objective function F(z) is defined as the ex-
pectation of a random loss function f(z,¢), that is,
F(z) = E¢on f(z, ), where € is a random variable rep-
resenting data drawn from the distribution II. With
initial point zq, the ¢-th iteration of the SGD algorithm
takes the following form

x =xi—1 — Vw1, &), 1> 1, (2)

where {{;};>1 is a sequence of i.i.d samples from the
distribution II, Vf is the gradient of f(x,&) with re-
spect to the first argument x, and 7; is the step size at
the i-th step.

As the SGD algorithm progresses and converges, its
iterates often resemble noisy approximations of the
true optimum. Therefore, it is important not only
to evaluate convergence but also to assess the relia-
bility of these estimates by understanding the asymp-
totic distribution and variability of the iterates. In the
foundational work of |[Polyak and Juditsky| (1992), it is
shown that, when the step size decays polynomially,
ie,n =ni~%*withn > 0and a € (0.5,1), the average
of all past SGD iterates, T, = n~! o, x;, exhibits
asymptotic normality under suitable conditions:

Vn(z, —z*) = N(0,%), (3)
where

S =VAF() T E (V" OlVF™,O]7) V2F(*) "
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If the model is well-specified, this sandwich form limit-
ing covariance matrix achieves the Cramér-Rao lower
bound, with ¥~! corresponding to the Fisher infor-
mation matrix, as discussed in [Chen et al.| (2020).
Similar results have been established for alternative
variants of SGD—such as those using different weight-
ing strategies or second-order methods—with appro-
priately adapted limiting covariance matrices (Li et al.|
2022; [Na and Mahoney, 2022; Wei et al., 2026).

In the references above, the analytical form of the lim-
iting covariance is studied. However, in practice, the
limiting covariance is unknown, as it depends on the
underlying data and noise distribution, which are typ-
ically not known. Estimating this covariance is there-
fore essential for quantifying uncertainty in SGD-based
estimates and enabling principled statistical inference,
such as constructing confidence intervals. Moreover, to
stay aligned with the spirit of SGD—mnamely, compu-
tational and memory efficiency, and online updates—it
is especially important that the covariance estimation
procedure also adheres to these principles. This makes
the task of estimating the covariance matrix particu-
larly challenging.

In this paper, we focus on the most fundamental set-
ting: averaged SGD with a polynomially decaying
learning rate, 1; = 7i~%, where n > 0 and « € (0.5,1).
Our goal is to estimate the limiting covariance ma-
trix of /nZ,, denoted by ¥ in (3), in a fully on-
line fashion—using only the SGD iterates and with-
out requiring additional computations such as Hessian
evaluations. Existing methods for online, Hessian-free
covariance estimation—which we will discuss later in
Section [2}—achieve a best-known convergence rate of
n(@=1/4 which is relatively slow compared to the con-
vergence rates of SGD: O(1/n) for strongly-convex and
O(1/+/n) for convex problems (Nemirovski et al.,2009;
Lacoste-Julien et al.,[2012)). A natural question arises:
can we improve this result while relying solely on the
information provided by a single-pass SGD sequence?

Our contributions: We give an affirmative response
in this paper by presenting the de-biased estima-
tor, a novel covariance estimator refined by the bias-
reduction technique. It significantly enhances both the
theoretical and practical convergence of the estima-
tion error. Specifically, we show that the error rate
of the de-biased estimator is n(®*~1/2,/logn, which
represents the best known convergence rate to date.
Moreover, we propose a single-pass algorithm that up-
dates the estimator using only the SGD iterates, with
an update cost of O(d?)—the minimal computational
requirement for estimating a d x d matrix.

There are alternative inference methods that rely on
asymptotic pivotal statistics (Lee et al.l 2022 |Su and

Zhul 2023} [Luo et al., 2022 |Zhu et al.| [2024). Although
these methods can sometimes perform better in terms
of constructing confidence intervals, they do not yield
consistent covariance estimators. Therefore, we do not
discuss them in detail here. Beyond statistical infer-
ence for stochastic approximation, the estimation of
covariance and spectral properties in time series is an
independent and well-established topic in the litera-
ture (Liu and Wul [2010; [Flegal and Jones| 2010; Xiao
and Wu, 2011, |2012; (Chen et al., 2013} |Zhang and
Wu, [2017). The novel bias-reduction estimator pro-
posed in our work offers fresh insights into this area,
as it can estimate the dependence structure of time-
inhomogeneous processes and is amenable to on-the-fly
computation.

Throughout the paper, we use the following notation.
For a vector a = (ay,...,aq)', let the norm all, =

(Z?Zl a?)'/P. For a matrix A € R4, we use ||A||s or
|IA]| to denote its operator norm and ||A||r to denote
its Frobenius norm. For ¢t € R, [t| = max{i € Z :
i <t} and [t] = min{i € Z : i > t}. For positive
sequences {a,} and {b,}, n € N, we write a,, < b, if
there exists a positive constant C' such that a,, < Cb,
for all n € N. We write a, = b, if b, < ap, and
an =< by if both a,, < b, and a, = b,. For a finite set

B, we use |B| to denote its cardinality.

The remainder of the paper is organized as follows.
Section [2] reviews existing work on covariance ma-
trix estimation in different settings. In Section [3] we
present the formulation and algorithm for our recursive
de-biased estimator. In Section [4] we establish theo-
retical guarantees for the consistency of our estimator.
Section [5| demonstrates the superior finite-sample per-
formance of the de-biased method through numerical
experiments. Finally, Section [f] concludes the paper
and outlines directions for future research.

2 BACKGROUND AND RELATED
WORK

We begin by reviewing existing methods for online co-
variance matrix estimation related to stochastic gradi-
ent descent (SGD). Recall that the limiting covariance
matrix ¥ of the averaged SGD in (3]) takes the so-called
sandwich form: ¥ = A='SA~!, where

A=V?F(z*), S=E([Vf (@ OV, O"). (4)

Three primary approaches for estimating the covari-
ance structure have been developed in the stochastic
approximation literature.

The first method approximates the distribution via
bootstrap resampling, as explored in (Fang et al.,2018;
Li et al.,[2018; |Zhong et al.;,|2023). To obtain a consis-
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tent covariance estimate or achieve stable confidence
intervals, a large number of bootstrap sequences are
required, each of which modifies the original SGD se-
quence by adding perturbations and recomputing the
gradients at every iteration. Consequently, the to-
tal cost becomes a substantial multiple of the original
SGD run, which makes this approach computationally
expensive and less suitable for SGD-related tasks. In
this work, we aim to develop a method that operates
entirely on a single SGD trajectory.

The second approach is the plug-in estimator intro-
duced by |Chen et al| (2020)), which separately esti-
mates A and S in the sandwich form of the asymp-
totic covariance. The key idea is to approximate these
matrices using empirical averages. Specifically, the
estimators are given by A, = %Z?:l V2f(xi1,&),

Sp = 250 V(i1 &)V f(2io1,&)]T. The re-
sulting covariance estimator E,j 1§ng; 1is consistent,
with a convergence rate of n=®/2, and can be com-
puted in an online manner. Similar ideas have
been applied in various settings, including constrained
stochastic optimization, online decision-making, and
non-differentiable problems Na and Mahoney| (2025);
Chen et al.| (2021bla). However, the practical imple-
mentation of this estimator presents challenges: it re-
quires access to the stochastic Hessian, which is often
unavailable, and involves matrix computations with a
computational complexity of O(d?), making it ineffi-
cient for high-dimensional scenarios.

The third approach is the batch-means estimator, a
Hessian-free method that relies solely on SGD iterates.
Unlike the plug-in estimator, which is based on the
sandwich formula, the batch-means method directly
estimates the variance by analyzing the variability in
the SGD sequence itself. The origins of batch-means
methods with fixed batch size can be traced back
to long-run variance estimation for time-homogeneous
Markov chains (Glynn and Iglehart] 1990; |Glynn and
Whitt,1991; Damerdji, |1991; |Geyer, [1992). |Chen et al.
(2020)) introduced a batch-means method with increas-
ing batch sizes to account for the complex correlation
structure inherent in SGD. However, the batch con-
struction in their approach cannot be updated recur-
sively, as it depends on the total number of iterations.
This means one would need to store all past iterates
and, when new data arrive, reconstruct the batches
using all previous iterations and then compute the es-
timator. To address this limitation, |Zhu et al.| (2023))
developed a fully online batch-means covariance esti-
mator that can be updated on the fly. While the batch-
means approach is computationally efficient and prac-
tically feasible, it suffers from a relatively slow con-
vergence rate of n(®~1/4 for both online and offline
methods.

The same batching idea has been extended to broader
contexts. For instance, |Jiang et al| (2025) demon-
strated that the online batch-means covariance estima-
tor remains valid in nonsmooth and potentially non-
monotone (including certain nonconvex) settings, pre-
serving the same convergence rate of n(®*=1)/4. Mean-
while, [Kuang et al.| (2025) proposed a weighted sample
covariance estimator for sketched Newton iterates and
provided theoretical guarantees within the framework
of second-order optimization.

In this paper, we modify the Hessian-free batch-means
estimator and provide a de-biased version that retains
its computational advantages while offering improved
convergence.

3 METHOD

3.1 Motivation for Bias-Reduction

We now take a closer look at the batch-means esti-
mator and provide some intuition for our proposed
de-biasing idea. For simplicity, we consider a general
one-dimensional sequence {X;};>1.

As discussed in the previous section, rather than re-
lying on the sandwich form of ¥, the batch-means
method aims to estimate the variability of the aver-

age X, = n~! Z?:l X; directly from the sequence
{Xi}i>1. Specifically, it targets the quantity

0, =nVarX,,

which captures the dispersion of the running average
and converges to the asymptotic covariance matrix %
in the SGD setting. In the independent and identi-
cally distributed (i.i.d.) setting, a natural choice for
estimating the variance of the sample mean is the sam-
ple covariance:

N Z?:l (Xi — Xﬂ)Q

Op =
n

However, in the case of SGD, the iterates X; are highly
correlated, which leads to substantial underestimation
when using this simple form. To account for this cor-
relation, the online batch-means estimator [Zhu et al.
(2023) modifies the sample covariance by incorporat-
ing local batching:

. 2
n (] v
) Zi:l (Zj:i—lﬁ-l Xj — lan)
On,bm = n s
Z¢:1 li

where 1 < [; < ¢ denotes the size of the i-th batch in
their paper. The choice of batch sizes is guided by the
correlation structure of the SGD iterates. While this
estimator is computationally efficient and Hessian-free,
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its convergence can be relatively slow due to bias intro-
duced in its formulation. That is, the batch-means es-
timator &, pr, still builds on the structure of the biased
sample variance, albeit with adjusted weights. This
motivates our pursuit of a more principled, de-biased
approach.

Instead of adjusting the biased sample covariance, we
propose constructing an estimator that more directly
reflects the theoretical definition of ,,. In particular,
observe the identity:

1 n
UnzgizzlE

2(X; — E(X;)) i(xk ~E(X}))
het (5)

—(X; — ]E(Xz'))ﬂ,

which offers an alternative way of characterizing the
variance of the average. This motivates the following
empirical estimator &, gp:

iilz(xixn)< Z Xk&-Xn>

k=i—£;+1 (6)
_(Xl - Xn)2] 3

where ¢; again denotes the size of the i-th batch in this
paper. Building on this intuition, the following sub-
section formally defines the de-biased estimator for the
limiting covariance matrix ¥ of averaged SGD. Our
proposed estimator is constructed to mirror the ex-
pansion as closely as possible, combined with a
principled choice of the batch size ¢; to guarantee the
theoretical convergence rate.

3.2 De-biased Estimator

Recall that the sequence of SGD iterates {z;};>1 is
generated by the recursion in at the i-th iteration,

we define the batch
By ={i—t;+1,...,i}, [Bil =4,

and propose the de-biased estimator: in as:

n i T
/Z\Jn = l Z (LUZ — xn)( Z T — &1}1)
n i=1 k=i—{;+1

_(xi - i‘n)('rz - xn)T] )

where z,, = n~! EZ;I x;. Our theoretical analysis in
Section M establishes that this estimator is consistent

T
I I I B“m I 1 I
b N ‘ | )
Index :"1 :hz i“m—l iam i i“m\ ‘] iﬂmz
I I I I BamH 1 I
\/BI

Figure 1: TIllustration for Block-based Batching
Scheme

for ¥ when the batch sizes satisty ¢; = O(i*log i) with
a € (0.5,1). In practice, general choices of ¢; often
prevent online updates due to overlapping batches and
variable batch sizes. To address this, we introduce a
block-based batching scheme that ensures each batch
has size |B;| = O(i® log4) while remaining fully com-
patible with online implementation.

Remark 1. For stationary time series, a concep-
tually related bias-reduction method was proposed by
Xiao and Wu (2011]) to estimate the long-run co-
variance. Inspired by their work, we develop the de-
biased estimator in the substantially more intricate
non-stationary and time-inhomogeneous regime. The
motiwation in |Xiao and Wu (2011) relied on the re-
lationship between auto-covariance functions and the
long-run covariance, which is intrinsically limited to
stationary processes. In contrast, the intuition of our
estimator comes from the non-asymptotic covariance
of the sample average that applies to much broader set-
tings.

Our bias-reduction approach and selection of batch size
also differ from those in|Xiao and Wu (2011]), where
the authors used an increasing threshold sequence to
determine which batches are retained in the estima-
tor (see their Equation (12)). Our method is free of
this additional threshold parameter. Instead, we ana-
lytically design the batch size {; to directly balance the
bias-variance tradeoff.

3.3 Practical Implementation

Block-based Batching Scheme. We define a se-
quence of indices {am, }m>1 with a; = 1, and subse-
quent values satisfy the condition:

am — @m—1 + 1 = |ay, log(am)],m > 2. (8)

That is to say, we start a new block when the current
block length reaches [i*log(i)]. At each iteration 4,
find the unique index m such that a,, < i < apm41,
and define the batch

Bi = {am—lyam—l + 17 ooy Qmyy "'77;}7

which corresponds to ¢; = |B;| =4 — ay—1 + 1. This
batching strategy always incorporates the two most
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recent blocks and satisfies the desired scaling for £;;
see figure [] for an illustration.

Proposition 1. Let the batch B; be constructed using
the Block-based Batching Scheme with indices sequence
{am}m>1 as described above in (§). Then the batch
size satisfies

[i%log(i)| < |B;| < 2[i*log(i)]
and hence |B;| = O(i*log1).

Online Update. In practice, we can fix a; = 1,
and then recursively determine each subsequent a,,
by incrementing its value until the condition in
is satisfied. This enables the batch structure to be
constructed in a fully online fashion, and thus sup-
ports the recursive update of the de-biased estima-
tor. Specifically, we update the batch sum and batch
length as follows. Recall that at the i-th step, the
batch B; contains of two parts: the previous block
{a@m—1,-..,am—1}, and the current block {a,, ...,i}.
Let Sy denote the sum of previous block, and S; the
sum of current block. Record the starting index of the
current block a,, as a,

o If i —a+1 < [i%log(i)], we simply add the new
iterate x; to the current batch and all we need to
update is S1 = S + z;

e Ifi—a+12> [i%log(i)], we reset the batch by
discarding the previous block. In this case, we
update: Sy =57 and S1 = x;, a = 1.

Then the batch sum ZZ:i—Zﬁ-l rr = So + S1, and
the batch size ¢; = i — a + 1, can both be updated

recursively. If we expand the de-biased estimator in
, we obtain:

n§n=ixi< i xk>T+Xn:< i: 3%)33;'—

i=1 k=i—£;+1 i=1 \k=i—f;+1

— zn: <€ﬂ:l + ZZ: l‘k> fl
=1

k=i—0;+1

} T
— Tn Z (fixi + Z aik)

i=1 k=i—l;i+1
n n
+ Z(Q& + 1)Z,7) — lexj
i=1 =1

We observe that the estimator can be computed recur-
sively, provided we maintain recursive updates of the
averaged SGD, batch sum, and batch size. We sum-
marize the details in Algorithm [1} which demonstrates
that the covariance matrix estimator can indeed be
computed recursively. This implies that, as the SGD

Algorithm 1 Recursive update for the de-biased co-
variance estimator

Input: Step  sizes  {m}i>1, initialization
z9,a=1,5=51=2=P=W=Q=q=0

1: for i=1,2,... do

2:  Sample & ~ 11

3 xi=ai—1 — iV (xic,6)

4 z=(E—1)T+ )/t

5. if i —a+1>=[i*log(i)] then
6.

7

8

9

a=1
So = 51, Sl =T
else
: S1 =51 +x;
10:  end if

11: Il=i—a+1

12: S=5+51

13: P=P+z ST, W=W+Ilz;+5;: Q=0Q+
rixl; g=q+20+1

14: V=P+PT —Wz' —2W' +qzz" - Q

15:  Output (if necessary): X, = V/i

16: end for

algorithm progresses from the i-th to (i+1)-th iterate,
the covariance matrix can be updated simultaneously
with minimal computation. The update requires only
the new SGD iterate and a few quantities—such as
the batch sum and batch size—carried over from the
previous step. The computational cost per iteration is
O(d?), which is minimal, given that we are estimating
a d x d matrix.

4 THEORETICAL GUARANTEE

The batch size ¢; plays a critical role in construct-
ing an accurate estimator. As mentioned in Sec-
tion [3} an effective choice is to let ¢; grow at the rate
O(i%logi), and we propose a practical, fully online
batching scheme that satisfies this condition. In this
section, we first build intuition for this choice by ana-
lyzing a simple mean estimation model as a motivat-
ing example in Section Then, in Section [1.2] we
establish that this batch size leads to a consistent es-
timator in the general setting. Specifically, we provide
an upper bound on the mean squared error (MSE)
E||$, — 2|2, and show that the bound is tight.

4.1 Intuition Behind the Batch Size Choice

Let {& }ien be a sequence of i.i.d. random variables
from the model & = z* 4 e, where z* € R is the true
population mean of interest, and e is a Gaussian ran-
dom error with E[e] = 0 and E[e?] = o < co. Consider
the squared loss function f(z,&) = (¢ — z)?/2, and
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generate the i-th SGD iterate by

ni(zi-1 — &), 9)

where 1; = i~ with n > 0 and « € (0.5,1). For
simplicity of illustration, we assume z* = xy = 0 in
this subsection, and consider an oracle estimator

Ty = Tj—1 —

n %

b= (Y w)—afl (10)

i=1 k=i—;+1

Unlike the construction in , we did not subtract the
sample mean 7, in the estimator &, because Ex; =
0 for all <. Due to the Gaussianity and linearity of
the model, we can derive closed-form expressions for
the oracle de-biased estimator &,. This tractability
enables an explicit analysis of the batch size ¢; and
the precise order of the resulting estimation error.

We begin by analyzing how the error between &,, and
the finite-sample variance o, = Var(y/n(Z,) depends
on the choice of ¢;, as summarized in the following
proposition. In practice, since we work with finite
samples, a bound on the error between &,, and o,, not
only implies convergence to the limiting variance X,
but also provides a more practical assessment of the
estimator’s performance in finite-sample settings.

Proposition 2. Consider the SGD iterates {x;}7—,
defined by @[), with step sizes m; = ni~% for some
n > 0 and a € (0.5,1). The proposed oracle de-
biased estimator &, defined in converges to the
true finite-sample variance o, = Var(\/nZ,) with the
following bound:

E(6n —on)| S = Zexp{ N6},

Moreover, if the batch size satisfies €; < i
vergence rate is tight, i.e.,

, this con-

. 1 o
[E(6n, —on)| < - Zexp{—m 4}
i=1

Remark 2 (Choice of batch size ¢;). Proposition [J
provides two important insights regarding the batch
size.

e If the batch size grows too slowly, specifically if
4; <09, the estimator incurs a non-negligible bias:

[B(6n — o)l 2 5 > expl(—n) = exp(-)

which does not vanish as n — 0o.

e As long as the batch size £; grow slightly faster
than 1%, for example,

l; > Cpi®logi (11)

log sample size

Figure 2: Log-log Plots of Estimation Errors for Dif-
ferent Values of C' in the Batch Sequence {ay}, under
the Linear Model with d = 1.

for some universal constant C',, the estimator be-
comes asymptotically unbiased since

[E(6, —on)| S — Zexp —nCylogi) — 0.

=1

This justifies the recommended batch size scaling of or-
der O(i*log ).

To align with the broader theoretical literature, we es-
tablish the consistency by bounding the error between
6y, and the limiting variance ¥ in . By elementary
calculations, one can show that the limiting variance
equals o, the variance of the noise, in the context of
©-

Theorem 3. Consider the SGD iterates {x;}!, de-
fined by @, with step sizes n; = ni~“ for some n >0
and o € (0.5,1). Let &, be the proposed oracle de-
biased estimator in with £; = Cyi®logi for some
constant Cy, > n~'. Then the convergence rate of MSE
satisfies

E(6, —0)* < n T logn.

In Theorem the order of MSE is n~'7 logn as long
as nC, > 1. Since n and C), are free to choose in
practice, this condition is easily achievable. We will
assume this holds in the rest of our paper. For values
of a close to 1/2, the MSE rate approaches n~'/2log n,
which is significantly sharper than the rates of exist-
ing online covariance estimators. For instance, the
non-overlapping online estimator in [Zhu et al.| (2023)
and the batch-means estimator in |Chen et al.| (2021a))
achieve rates of n='/3 and n~1/%, respectively.
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Table 1: Comparison of De-biased and Online BM Estimators for Different Models with d = 5. Standard

Deviations are Reported in Parentheses.

n = 15000 n = 30000 n = 60000

Linear De-biased | 1.55 (0.36) | 1.39 (0.35) 1.21 (0.26)
Online BM | 1.79 (0.45) | 1.76 (0.48) | 1.65 (0.42)

Logistic De-biased | 10.62 (0.92) | 9.78 (0.89) 8.99 (0.92)
Online BM | 11.08 (1.07) | 10.72 (1.30) | 10.21 (1.64)

Expectile | De-biased | 1.87 (0.34) | 1.68 (0.28) 1.51 (0.24)
Online BM | 2.19 (0.40) | 2.20 (0.49) | 2.15 (0.49)

Table 2: Comparison of De-biased and Online BM Estimators for Different Models with d = 20. Standard

Deviations are Reported in Parentheses.

n = 50000 | n =100000 | n = 200000

Linear De-biased 4.96 (0.52) | 4.34 (0.41) | 3.82(0.33)
Online BM | 6.51 (0.95) | 5.95 (0.82) | 5.66 (0.74)

Logistic De-biased | 38.19 (1.33) | 36.01 (1.33) | 33.92 (1.28)
Online BM | 43.50 (3.16) | 42.57 (3.34) | 41.98 (3.51)

Expectile | Do-biased | 5.10 (0.49) | 4.53 (0.39) | 4.02 (0.29)
Online BM | 6.89 (0.93) | 6.45 (0.80) | 6.18 (0.77)

4.2 General Convergence Analysis of the
De-biased Estimator

The convergence in the general setting is significantly
more difficult to analyze due to the nonlinearity and
complex dependency structure of the iterates. Never-
theless, in this section, we will show that the upper
bound on the MSE: E||¥,, — X||* matches the exact
rate established in Theorem Bl

Before the main theorem, we introduce some basic as-
sumptions concerning convexity, Lipschitz continuity,
boundness, and other regularity conditions.

Assumption 4. The objective function F(x) is con-
tinuously differentiable and strongly convex with pa-
rameter > 0. That is, for any x1 and x3,

F(22) 2 Flay) + (VF(w1), 02 = 21) + Sy — a3,

Further assume that V2F(x*) exists.

Assumption 5. The function f(x,§) is continu-
ous differentiable with respect to x for any £ and
IV f(x,&)|2 is uniformly integrable for any x.
Assumption 6. The gradient mnoise satisfies
Ee||[Vf(2*,&)||3 < oo for some ¢ > 8, and V f(x,§)
is stochastic Lipschitz continuous with parameter L,
i.e., for any x1 and x4,

(Be|[V f(x1,€) — Vf(w0,)[|2)7 < Ll|zy — 2]

Assumptions 4[] are relatively mild and commonly ap-
pear in the literature on convex optimization and sta-
tistical inference using SGD, as well as in prior work on

estimating the limiting covariance matrix |[Chen et al.
(2021a)); [Lee et al. (2022); |Zhu et al.| (2023, [2024).

Theorem 7. Under Assumption [J{f consider the
SGD iterates {x;}_, with step sizes n; = ni~“ for
somen >0 and o € (0.5,1). Let &y, be the de-biased
covariance estimator defined in , using batch sizes
0; = Cypi*logi for a constant Cy,, > n~'. Then in
converges to the limiting covariance matrix 3 at the
following rate:

E|S, — )2 < n " logn.

Remark 3. The convergence rate established in The-
orem[7 is notable for two key reasons.

First, when combined with Theorem[3, which analyzes
the simple mean estimation setting, it demonstrates
that the rate n~ T log n is tight — that is, it cannot be
improved in general. Theorem[3 shows that this rate is
achieved exactly in the simplest setting, implying that
our upper bound in the general model is sharp for the
proposed de-biased estimator.

Second, to the best of our knowledge, this rate is
the best known in the literature for online covariance
estimation under SGD without requiring information
from the Hessian. Specifically, the batch-means esti-
mators studied in |Chen et al.| (2021d) and|Zhu et al.
(2023) yield upper bounds of order O(n(=1+*)/%) for
E||S, — S|, which is is significantly slower than our
bound:

E|S, — 3| < VE|E, — 2|2 < nl-1F/2 /logn.

Moreover, while the plug-in method in |Chen et al.
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Table 3: Comparison of De-biased and Online BM Estimators for Different Models with d = 50. Standard

Deviations are Reported in Parentheses.

n = 125000 n = 250000 n = 500000

Linear De-biased 9.96 (0.52) 8.63 (0.37) 7.91 (0.32)
Online BM | 14.37 (1.22) | 13.31 (0.98) | 12.68 (0.91)

Logistic De-biased 96.07 (3.69) | 94.09 (2.90) 92.78(2.59)
Online BM | 124.77 (8.48) | 122.90 (6.96) | 122.14 (7.12)

Expectile | De-biased 9.94 (0.49) 8.76 (0.38) 8.12 (0.35)
Online BM | 15.10 (1.22) | 14.15 (1.02) | 13.62 (0.97)

nnnnnnnnnnnnnnnnn

nnnnnnnnnnnnnnnn

nnnnnnnnnnnnnnnnnn

Figure 3: The Estimation Error at Each Iteration.
Left: d = 20. Right: d = 50. Top: Linear Regression
Model. Middle: Logistic Regression Model. Bottom:
Expectile Regression Model. The Error Band Repre-
sents One Standard Deviation.

(2021d) achieves a faster rate of O(n=%/2), it re-
lies heavily on repeated Hessian computation and
matriz inversion, making it computationally expen-
sive. In contrast, our estimator achieves a comparable
rate—particularly when a /= 1/2, while remaining fully
online and computationally efficient, without requiring
any access to second-order information.

5 NUMERICAL STUDY

In this section, we assess the empirical performance of
the de-biased estimator across different settings. In the
subsequent numerical experiments, & = (a;,b;),1 =
1,2, ... are i.i.d. random vectors, where a; ~ N (0,1,),
and b; are drawn from different distributions based on

the linear, logistic and expectile regression models.

For the linear regression model, b; ~ A'(a]z*,1), and
the loss function is defined as the squared loss

f(x, & = (ai, b)) =

For the logistic regression model, b, € {1, —1} is gener-
ated from a Bernoulli distribution with the probability
given by P(b;|a;) = 1/(1 +exp(—b;a] x*)). We use the
logit loss

f(@, & = (ai, b))

Notice that both loss functions are the corresponding
negative log-likelihood.

(aj z — b;)? /2.

= log(1 + exp(—bsa; z)).

For expectile regression (Newey and Powell, [1987)),
which has been extensively studied and applied in the
statistical and economic literature (Efron, |1991; Tay-
lor}, 2008; Daouia et al., |2024)), we specify the model
as follows. Rewriting = as (z,z0) € R*™! where g is
a univariate intercept term. The loss function for 7-th
expectile regression is defined as

f(@,20,€) = |T=Ljp<aTutaoy (b—aT2—20)?,

and b; ~ N(a]z*,1).

0<7T<1,

The true parameter x* is an arithmetic sequence from
0 to 1 with length d. We evaluate and report the esti-
mation error || X,, —X||p. All reported results are aver-
aged over 500 independent runs. The learning rate in
SGD is chosen as 1; = 0.5i7%-5% following the choice
in |Zhu et al. (2023).

For the linear regression model, a straightforward
derivation yields A = S = I; and thus ¥ = I;. For
the logistic regression model, since an explicit form
for A and S is challenging to derive, we empirically
estimate the covariance matrix ¥ using Monte Carlo
simulations.

In the expectile regression setting, the unique opti-
mizer of its objective function is (z*, zfj), where zJ is
the 7-th expectile of a univariate standard Gaussian
distribution. Elementary calculus yields

A=2[1—-7)4+ 21 —1)®(—x{)]La,
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S =4(r%ay + (1 —71)%a )1y,

with
oy = (—x]) (1 + (7)) — a5 (xf)

as = (1+@(2])) (1 + (z§)?) + 27 (),

and ® and ¢ denote the cumulative distribution func-
tion and probability density function of the standard
normal distribution, respectively. Therefore, we have
the analytic expression for ¥ = A=1SA~L

We begin by investigating the impact of batch size on
the convergence rate of the de-biased estimator in a
simple one-dimensional linear model, where the loss is
defined as the absolute error of the estimated variance.
For the online approach of the de-biased estimator, the
batch sequence {ay} is chosen as a;, = Cal) for some
constant C, where

dy, — ap_y + 1= [(ap,) log(ap,)],m > 2. (12)

In the appendix, we will prove that this choice of the
batch sequence also ensures |B;| = O(i%logi), sim-
ilar to Proposition Figure [2] shows that smaller
values of C lead to a slight reduction in estimation
error. Overall, the convergence rate—reflected in the
slope—remains largely unaffected by variations in C
within a reasonable range, demonstrating the robust
convergence behavior of the de-biased estimator. Un-
less otherwise specified, we choose C' = 0.5 in the fol-
lowing simulations.

We compare the estimation error of our de-biased
method with that of the online batch-means method
(non-overlap version) proposed by |Zhu et al.| (2023),
which is, to the best of our knowledge, the only
Hessian-free online estimator available in the litera-
ture. Figure [3| displays the Frobenius norm of the
estimation error plotted against the number of itera-
tions for linear, logistic, and expectile regression mod-
els. The results highlight a noticeably sharper con-
vergence rate and substantially lower estimation error
of the de-biased estimator. Additional plots for other
settings are provided in the supplementary material.
As shown in Tables [I3] the de-biased approach con-
sistently achieves higher accuracy and stability than
the non-overlap online method across different model
types and dimensional settings as the number of iter-
ations increases.

In the appendix, we also present numerical experiment
results to demonstrate the application of confidence
interval construction. We evaluate the performances
under the same settings. Post the estimation of the
limiting covariance matrix with 3,,, we construct the
(1—¢)100% confidence interval for the j-th coordinates

of x* as

[(xn)j — Z1—g/2\/ Zn,jj /M, (ZTn)j + 21-q/2/ Zn,jj/n} ;

where (Z,,); represents the j-th coordinates of the aver-
aged SGD after n iterations, X, ;; is the j-th diagonal

of EA]n, and z;_q/ is the 1 — g/2-th percentile of the
standard Gaussian distribution.

6 DISCUSSION

In this article, we introduce a novel, fully on-
line de-biased covariance estimator for averaged
SGD. The bias-reduction technique significantly im-
proves the estimation accuracy over existing Hessian-
free approaches, leading to a convergence rate of
n(@=1/2,/logn. Our approach requires substantially
less computation than the bootstrap and plug-in esti-
mators while operating entirely on a single SGD trajec-
tory. Beyond its computational efficiency, our method
remains applicable in constrained settings where the
Hessian or raw data are inaccessible.

Several promising directions remain for future work.
First, a non-asymptotic evaluation of confidence inter-
vals could be obtained via advanced non-asymptotic
Gaussian approximations (Shao and Zhang, [2022; |Wei
et al.l 2025; Sheshukova et al., [2025) when combined
with the de-biased covariance estimator. Our re-
fined convergence result would yield a sharper guar-
antee for coverage rates in finite-sample regimes. Sec-
ond, since all matrix norms are equivalent for a fixed
dimension, our main theorem naturally applies to
other matrix metrics, such as the L; and Frobe-
nius norms. However, explicitly characterizing the
dimension-dependent convergence rate under specific
matrix norms remains a highly valuable extension. Fi-
nally, since our proposed method can be viewed as a
de-biased adaptation of the online batch-means esti-
mator, we anticipate that similar generalizations to
nonsmooth problems—as recently explored by |Jiang
et al.| (2025)—should also apply to the bias-reduction
approach.
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Refining Covariance Matrix Estimation in Stochastic Gradient
Descent Through Bias Reduction:
Supplementary Materials

The supplement material is organized as follows: In section [A] we demonstrate the high-level idea behind the
proof of the main theorem. In section [B] we introduce some useful technical lemmas. In section [C] we prove the
consistency of our proposed de-biased estimator under the mean estimation model, as well as Proposition [2| and
Theorem [3] In section [D] we prove the main theorem in general cases, i.e., Theorem [7] Additional details and
results of numerical experiments are provided in Section [F]

A PROOF SKETCH OF THE MAIN THEOREM

For a vector z € R?, we use |z to denote its Euclidean norm. For a random variable X € R?, we use || X, =

(E|X|”)}/? to denote its L, norm, and write || X|| = || X||,. For a (random) matrix A € R¥*¢ we use |A| or |A|,
to denote its operator norm, use |A|r to denote its Frobenius norm, and use Apmqaz(A4), Amin(A) to denote its
maximum and minimum eigenvalue. Write [|Af, = (E |A|P)Y/P and ||A| = ||A]l,. For a finite set B, we use |B|

to denote its cardinality.

Here and in the sequel, let the SGD iterates take the following form
Xi=Xi 1 —miVf(Xi1,&)

(13)
= Xi1 —niVF(X;-1) + niei,
where ¢, = VF(X,;_1) — Vf(X;-1,&) is a martingale difference. Define the error sequence
0 ;=X —a*
which satisfies the recursion
0i = 0im1 — miVE(Xi—1) + mi€i. (14)

By expressing X; in terms of §;, the covariance estimator ¥,, can be written as:

in:%z: (0i = 6,) <Z5k—€5> (Zék_ei(sn)(éi_én)-r—(61'_511)(61'_5n)T :
i=1 k=t;

where t; =i — ¢; + 1. The goal is to bound the mean squared error:

MSE(S,) = [|E, — 3|2 £ O(n~ " logn).
Our strategy is to first approximate the error sequence §; using a linear approximation, and then apply a
martingale decomposition involving i.i.d approximation. Specifically, we define
Ui = (1 =n;A)U;_1 + niei, Ug = do,

as the linear approximation sequence, derived from a first-order Taylor expansion. Letting r; = VF(X,;_1)—Ad;—1
for ¢ > 1 and ry = 0, the error due to linear approximation satisfies the recursion

=(1—-mn;A)si—1 —niri, 80 = 0.

Similarly, let €f = —V f(2*,&;), which forms a mean-zero i.i.d. sequence. Then, the i.i.d approximation sequence
is given by N N B
Ui =1 —=n4)Ui-1 +mi€;, Uy = do.
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The error sequence due to ¢.i.d approximation is
Ai=(1—=mA)Ai—1 +nivi, Ag = 0,

where v; = ¢; — €.

We next define the estimator without centering:

Miz[@(iak)u(i@)cﬁ5iaﬂ, (15)
k=t; k=t;

n
i=1

™)

and the corresponding estimators based on the linear and i.i.d. approximations:

1—1 T 1—1
U7 + Ui< Uk> + (Z Uk>U1-T
k=t; k=t;

i\:n,U %Z

i=1

)

n i—1 T i—1
Bao= w3 |GOT+ G (X 0) + (X 8)oT|.
i=1 k=t; k=t;

To bound the estimation error, we decompose it as follows:
€0 = 2 < IS0 = Snsll + 1805 = Savll + 1800 = £, 51 + 15,5 - S,

We will use these approximations, both in the mean estimation and general cases, to establish the convergence
of our proposed estimator in the subsequent sections.

B TECHNICAL SUPPLEMENT

In this section, we introduce some fundamental technical results, which are frequently applied in the following
analysis of SGD iterates. We defer the proof to Section [E]| We also prove Proposition [I] in the paper, which
quantifies the batch size.

Lemma 8. Let A > 0 be a constant. For any i € NT, define a real sequence {Y()\);} with

1 ifj =1,
Y= T - i< (16)
k=j+1
Then for all 0 < j <1, we have
(i)
Vsl = exp { 2 (01 = i) b < exp {-ani(i - ). a7
and |Y(>\);| <exp{—Ai~*(i —j)} if j > i— Ci%logi for some constant C.
(ii) For B,~v >0,
iexp (B ™) 57 < exp (Bit ) i~ (Ve (18)
j=1

which implies

S Yol = i0De, (19)
j=1
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(iii) For any n > i,

Sr = > Yok S+~ (20)
k=i+1
Lemma 9. For~ >0,
D T ST =i logi. (21)
J=ti
Lemma 10 (Rosenthal inequality). If &1, , &, are independent zero mean random variables and p > 2, then

there exist constant Cy, only depends on p such that

n n 1/2 n 1/p
Zfi < Cpmax { <ZE |§|2> ’ (ZE |§P> } ) (22)
=1 lp i=1 i=1

Lemma 11 (Burkholder inequality). If Dq,---, D, are martingale differences and p > 2, then

n 2

2. Di

i=1

< -1 IDi;}. (23)

p

B.1 Proof of Proposition

Proof. We consider two cases
(i) Case @ = an,: By the definition of the sequence {a.,}, we have
|Bi| = am — am—1+ 1 = |ay, logan,]| = |i*logi].
So the claimed bounds hold exactly in this case.
(ii) Case i > an,: We write the batch size as
|Bil =i—am-1+1=(am —am-1+1)+ (i —an).
The first term satisfies a,, — ;-1 + 1 = |a, log a,, | by construction. To analyze the second term, note that:
[(k+1)%log(k+1)] — [k%logk] <1, Vk>1.
By applying a telescoping sum from k = a,, to i — 1, we obtain
i —am > [i1%Nogi| — |ay log any,|.
Therefore,
|Bi| = |ap, log am | + (i — am) = [i” log].
For the upper bound, note that
T — Qp,
=Um41 — Om — (Amy1 — 1)
<lam 1108 am+1] — (laf, 11108 ami1] — [i*logi])
=|i%logi|.
This gives

|Bil = lap, log am | + (i — am)
< [i%logi] + [i%logi| = 2|i* logi].

Combining both bounds yields the desired result:
[i%logi] < |B;| < 2[i*logi].
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Remark 4. In practice, we choose the batch sequence a,, = Cay, (or the closest integer to Cay,) to obtain
some flexibility. Based on Proposition |1, we can show that the batch size |Bl| decided by a,, also meets the
condition |BZ| = 1*logi: for sufficiently large i and m such that G, < i < Gmy1, we find an integer k such that
|k —i/C| <1 and am < k < ama1. Proposition shows k — ap_1 < k®logk, which further implies

i — Gm—1 < Ck®logk =< C(é)a(logi —log C) < i“logi.

C MEAN ESTIMATION MODEL

In this subsection, we consider the data {y;};en+ generated by a linear model

Yi = z* + €4,
where z* € R is the true mean to be estimated, and e;’s are i.i.d. random errors with E[e;] = 0, E[e?] < oo.
Consider the squared loss function at x: f(z,y) = (y — x)?/2. Clearly,
1 N r —2%)% + E[e?
F(&) =B, [f(x.0)] = 1E{(a — o* — o] = LTS TEE]
and z* = argmin, F'(z) holds. Then the i-th SGD iterate takes the form
Xi=Xi-1 =iV f(Xi-1,vi)
= Xi1 +ni(yi — Xi-1),
and the error §; = X; — z* takes the form
8 = i1 +mi(e; — di—1)
= (1= mi)di—1 + miei,
where n; = ni~® with n > 0 and « € (0.5,1).
Without loss of generality, assume z* = 0. Then §; = X; and the SGD iterate takes the form
Xi=1=n)Xi—1 +miei, 121 Xo = o, (24)

where x( is deterministic. We first provide some useful technical lemmas in Section Then, in Section
we prove Proposition [2| and Theorem |3] where e; is assumed to be a mean-zero Gaussian random error. Finally,
we generalize the results to the case where e; is non-Gaussian and {X;} is multi-dimensional.

C.1 Technical Lemmas for the Mean Estimation Model

Lemma 12. With the definition of {Y(A);} in Lemma@ sequence {X;} can be rewrilten as

X, = 5/}in + Z Y]jnkeka 0<j<q, (25)
k=j+1

where Y} := Y(l)};. Therefore for all 1 < j < i, we have

(i) var(X;) < E[X?] < i~

(i1) 0 < cov(Xi, X;) = exp { g (77 = 72) } 52 S exp {—ni (i — )} 5.
(i) cov(Xi, Sh_y Xi) = exp { 25 (7 = i) } < exp{=ni (i = ))}.

(iv) cov(S232, X X;) S exp { 5 (17 = i) biej e < exp {—ni~(i = )} i .
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Proof.

(i) Take j =0 in (25),

Xi=Yjzo+ Y Yimer, i>1. (26)
k=1
Recall that ey’s are i.i.d., then by Lemma[§ we have

var(X;) = E[X7] = [Yg 1?25 + D (Vi [Pln|*Ele}] < exp { : _”azla} +iT =i
k=1

(ii) Use and apply Lemma , we have

0 < cov(X;, X;) = Y var(X;) = exp{ (e - )}J

1-a
< exp {—ni (i —j)} i (27)
(iii) Using result in , and noticing that
/exp(ﬁul_a)u_a du = ﬁ exp(Bul =) + C, (28)
we have
! - ! n l-a _ ;l-a —a
cov (Xi,;Xk) A;exp{l_a(l@ —1 )}k
no oa- d U 1— _
= exp (—1 —ozl O‘) Zexp (1—o¢k O‘) k™

k=1

X

1 s 1
exp (— i1a> / exp ( ulo‘) u “du  (eventually increasing in k)
1-— (0% 1 1-— (0%
_ o N a-a -1 n . l—a ) _
eXp( ot >n {exp <1_a(1+1) ) exp(ﬂ)]

- U l—a _ sl-a
Aexp{l_a(j i )}
The next bound is again obtained by .

(iv) Using result in (i), we have

cov <2Xk,Xj) = Zexp { : ia(jlfa _ kla)}ja
k=i

Il
o
»
o)
P
<
o
Q

e
@
><
o

X
@
»
o

A
e}
o]
kel
T N7 N 7N N
=
3
<
T
Q
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where the following bound is used for incomplete gamma function
o0
/ e P dr < aﬁe*“C’ﬁ,
a

by noticing (i — 1)'~* > 1 for all i large enough and & > 1.
The next bound is again obtained by .

Recall the debiased estimator (in the univariate case, with sample mean X,, omitted)

N 1 n n
On = EZ (X7 +2Xi(Xioq + -+ Xy,)] = = D [X7 +2X, W3],

i=1 i=1

SRS

with overlapping batch length: ¢; = |C'i*log ], where

i—1

J=ti

Lemma 13. For all1 < j < i, we have
(Z) V&I‘(Wi) g gl

(ii) cov(X;, Wj) < exp {ﬁ(jl_a — il_"‘)} <exp{—-ni~*(—j)}.

(iii) cov(X;, W;) < O(1).

~

fiv) cov(W,, W) S 0.
Proof.

(i) Note that cov(X;, X;) > 0 for all 4, j. Using Lemma [iii), we have

i—1 i1 j-1
var(W;) = Z var(X;) + 2 Z Z cov(X;, Xi)
j=ti j=ti+1k=t;
i—1 i—1 j—1
< Z var(X;) + 2 Z Zcov(Xj,Xk)
J=t; j=t; k=1

i—1 1—1
sy it Dew{ o (G-
j=ti j=t;
i—1 i—1
<D i+ exp(-ni?)
J=ti J=t;

i—1
SZO(l)SZ’—tiZ&—IX&.
j=t

(ii) Using Lemma [12] (iil), we have

(a>1,8>1)
O

(29)
(tizi—fi-i-l)

J
cov(X;, W;) < Zcov(Xi,Xk) < exp{ I - il_a)} <exp{-ni~*(i—j)}.
k=1

l1—«a
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(iii) Using Lemma [iv), we have

o0
cov(X,;, W;) < Z cov(X,, Xy)

k=1
j—1 o]

= cov(X;, Xp) +var(X;) + Y cov(X;, Xx)
k=1 k=j+1

< exp {1 Ui - (j—Dt - jl—a)} 4o
reo {20 -} (1)

J
Sexp (=0~ %)+ +exp {-n(j+ 1)}
=0(1).
(iv) Using result in , we simply have
cov(W;, W) Zcov Xk, W, SZO —t;=4; — 1<,

J ]

O

In the following Section [C.2] we consider the case where e;’s are Gaussian random variables and assume z = 0,
same as the setting of Proposition [2] and Theorem Then the true non-asymptotic variance for the mean
estimation model is

:%ZE[X3+2XZ-(XZ-,1+---+X1)}. (30)
i=1

0 <n (o, —E[G,]) ZQIE (Xice, + -+ X1)]

=> 2 Z E[X;X,]
i=1 j=1
n i—4;

= 22 Z cov(X;, X;)

i=1 j=1
- - U g\ l—a _ l-«
A;exp{l_a((z 4;) i )}
< Zexp (—ni_o‘&) .
i=1

Therefore

doieq exp (=i~ ;)

|E(Gr —on)| S (31)
n
Moreover, if ¢; < i%, by the same argument of Lemma , the last inequality becomes =< and
A D iy exp (—ni” L)
[E(G, —on)| < 1 . (32)

n
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Before the proof of Theorem [3] we present some preliminary results for the moments of normal distribution.

Lemma 14 (results under normality). Let X,Y,Z, W be joint Gaussian random variables with zero mean, then
we have

(i) cov(XY,ZW) = cov(X, Z) cov(Y, W) 4+ cov(X, W) cov(Y, Z).
(ii) cov(X?, Z?) = 2cov(X, Z)?, var(X?) = 2var(X)2.

(#i) var(XY) =< var(X)var(Y). .
Proof.

(i) By definition of joint cumulant for zero mean random variables,

cum(X,Y, Z, W) =E[XYZW]| - EXY|E[ZW] - E[XZ|E[YW] — E[XWIE[Y Z]
= cov(XY, ZW) — cov(X, Z) cov(Y, W) — cov(X, W) cov(Y, Z).

In addition, the cumulants of degree higher than 2 of Gaussian distribution are zero, which leads to the
conclusion.

(ii) By setting X =Y and Z = W in , we get the first conclusion. The second one is obtained by further
letting X = Z.

(iii) By setting Z = X and W =Y in (i), we get
var(XY') = var(X) var(Y) + cov(X,Y)?2.

Note that
lcov(X,Y)| < /var(X)y/var(Y),
therefore
var(X) var(Y) < var(XY') < 2var(X) var(Y).
O
iid

Theorem 15 (Gaussian mean estimation model). If e; "< N(0,02) and ¢; = |Ci®log(i)| with nC > 1, then
n

MSE (5,) := E [(an —0)?| = n e logn. (33)

Proof. Recall the bias-variance decomposition of mean squared error,
E [(an - an)ﬂ = (00 — E[5,])? + var(G,). (34)
For the bias part, by the same argument as the proof of Proposition 4.1, we have

1< S exp(—nClog ) _ S e .

o — E[G,, - L=, (35)

For the variance part, applying Cauchy-Schwarz inequality var(A + B) < 2 (var(A) + var(B)), we have

var(ng,) = var (f: [X7 +2X, W] ) < var (i Xf) + var <§n: XZ-Wi> . (36)

i=1 =1 i=1
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For the first term, using Lemma 7 we have

ar(in)
n 1—1
Zvar X2 —l—QZZcov X2 X2

=2 j=1
n n i—1
=2 Z var(X;)? + 42 Z cov(X;, X;)? (under Gaussian)
i=1 i=2 j=1
n n 1—1 9
< —2a l—-a -« —2a
sy Y Sen{ 2t - i)y
=1 =2 j=1
n i—1
=O0)+ Y exp (- 2110} S gxp (2 jioac) j2e (o> 1/2)
l1-«a ‘ l-«o
=2 j=1
SO(1)+ zn:exp __2 T /l exp 21 u T ) um* du (drop a j—%)
= l1-«a 0 l-«a
=0(1)+ iexp _ it ) (2n) 7! |exp N _ji-a) 4 (by (29))
p l-« l-«o

=0(1)+ Y 0(1) =n. (37)

For the second term,

n 1—1

ar(iXiWi) ZvarXW +2) 0 cov(XaWy, X W) =T+ 11,
=1

=1 1=2 j5=1

where, using Lemma and Lemma , we have

I= Zvar yvar(W;) (under Gaussian)

< Zra -l
=1

= Z logi < nlogn, (4; = |Ci*logi])

i=1
and (under Gaussian)

n i—1 n i—1
II = Z Z cov(X;, X;)cov(W,;, W;) + Z Z cov(X;, W)cov(X,;, W;) := IIA + IIB.

i=2 j=1 i=2 j=1
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For the first part, using Lemma and Lemma ,

n i1—1
sy Zexp{ N (jlme z’l—a)}j—% (38)

—a £ 11—«
i=1 j=2
n i—1
SO exp {—nim(i — j)}log j (t; = |Cj*log )
i=1 j=2

< logiy exp (—ni k) (k=1i—7)
1=1 k=1

=3 logi- _exp(omi?)
prt 1—exp(—nmi—)

= Zlogi (exp (m’_a) — 1)_1
i=1

< Zﬂflia log i (exp(z) —1 > z)
i=1
= n'Tlogn.

Similarly, for the second part, using Lemma ,

n i—1

BN exp {1 1 (' - il—a)} :

i=1 j=2

which is bounded by in ITA. So II < IIA + IIB < n'*®logn, and therefore

var(Z XiWZ) =T+ 1 <nlogn+n'**logn =< n'**logn. (39)

i=1

Substitute into , we have

var(no,) < var (ZXE) + var <Z XiWi> <n+n'logn =< n'**logn.

i=1 i=1

That is,
var(G,) < n~ ' logn. (40)

For the lower bound, it suffices to show that
VaI"(Z X;W;) 2 n*logn.
i=1
To this end, we use the fact that all covariances cov(X;X;) > 0. Hence

Var(i XiW;) = i i cov(X; Wi, X; W)
i=1

i=1 j=1

= Z Z[COV(XZ‘, Xj) COV(WZ‘, Wj) + COV(XZ‘, Wj) COV(VVZ‘7 Xj)]
i=1 j=1
ZZCOV(Xi7Xj)COV(Wi7Wj)

i=1 j=1

v

n—Bn i+1mn%logn

Z Z cov(X;, X;) cov(W;, W;)

i=Bn j=i

v
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for some constant 0 < 7 < B < 1/2, and 7 < CB*. Notice that for Bn < i < j < i+ 1n%*logn < n, the set
{Xt,,..., X;} and {X¢,,..., X;} have at least
Ci%logi —™%logn > (CB* — 7)n%logn + CB*n log B > Cn® log n.

consecutive common terms for some constant 5, and at most Cn®logn common terms. Denote A;; as the
intersection of {Xy,,..., Xi} and {X,,..., X;}. When Bn <i < j <i+47n%logn < n, we have

cov(Wi, Wy) > Y Cov(Xp, X)) = Y > cov(Xy, X)) (41)

k€A keA;j leA;;

Then we claim that for any batch {X4, ..., Xiy.,} with ¢ <n and m < n®logn,

t+m

> cov(Xe, Xi) 2 1.
1=t

The proof of this claim leverages Lemma and the argument of Lemma :

t+m t+m

—« n 11—« l—a
X, X;) < t — (¢ -
;:t cov(Xy, X5) iE:t exp{ - a( N}

t+m

= Z t~%exp {nto‘(i —t)+ %naufo‘*l(i - t)z} (for some u € (t,1))
i=t

t+m

= Z t™exp {—nt=(i—1t)} (u="1(i — )2 = 0)
_ol—exp(=nt~*(m+1))
1 —exp(-nt=®) 7~

The claim and immediately imply cov(W;, W;) 2 n®logn when Bn < i < j <i+1mn®logn < n. Moreover,
we have

n n—Bn i+mn%logn
V&I‘(Z XZWJ Z Z Z COV(Xi,Xj)COV(Wi7Wj)
i=1 i=Bn j=i
n—Bn i+mn%logn

2 Z Z cov(X;, X;)n“logn

i=Bn Jj=t
n—Bn

> n*logn Z 1> (1-2B)n'"*log(n).
i=Bn

This completes the proof of the lower bound, and we have var(z,) < n='**logn. Finally, by , we get

E [(an - an)ﬂ = (00 — E[6])? + var(@n) = n- 1+ logn.

Now we are ready to prove Theorem |3 by a slight modification of the proof of Theorem

Proof of Theorem[3 Notice that the only difference between Theorem [3|and Theorem [T5]is the target variance, o
and o,,. The variance of the estimator remains unchanged, and we have obtained that var(,,) < n=1**logn. For
the bias part, in the proof of Proposition |20 (the fourth term in ), we show that |0, — o < n~1+*. Together
with and triangle inequality, we have |EG,, — o| < n~1*%. Finally, the bias-variance decomposition implies

E {(an - a)ﬂ = (0 — E[6,])? + var(6,) = n~ 1+ log n. (42)

O
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C.3 Generalization to Non-Gaussian Error Case

Theorem [15| can be generalized to the non-Gaussian error case by the following result.
Lemma 16 (normal comparison). Consider the following two SGD iterates
Xi=1-n)Xi—1+mei, i>1; Xo =0,

Xi=1—n)X;1 +nic, i>1; Xo =0,

ii.d ~ 1i.i.d

with e; <" 11, E[e;] = 0, E[e?] = 02, Ele}] < 00, &; <~ N(0,02). The corresponding estimators are

n

On = %Z (X7 +2Xi(Xia + -+ Xe)]
i=1

Il w2, o5 % %

o'n:EZ[X3+2X1‘(X¢—1+"’+XH):|'

=1

Then there exists constants 0 < C; < Cy < 00, such that Cy var(cy,) < var(c,) < Cyvar(c,).

Proof. Note that 7,, can be expressed in the following form
n n
&n = ZZﬁi,jeie] Zﬁz 16 + Z /Bl,jezej
=1 j=1 1<i<j<n
It’s easy to check that all n+ (Z) terms in the above summation are uncorrelated with each other. Then we have

var (o) Zﬂ ;var(e Z ﬁ“ var(e;e;)

1<i<j<n

725 '%710-4’ Z ﬂz]?

1<i<j<n
where E[e}] = ko? for some 1 < k < co. Similarly,
var(o Zﬁ 20 + Z 5 e -
1<i<j<n

Aslong as 0 < C; < ”T’l < Cy < 00, we have Cy var(ad,) < var(c,) < Cyvar(a,). O

Note that the bound for the bias term in the proof of Theorem [I5] is invariant under the distribution of e;.
Therefore to derive the MSE of the de-biased estimator beyond Gaussian noise, it suffices to bound the variance
term, which is shown to be the same order as that in Gaussian noise cases by Lemma [I6] Consequently, we have
the following conclusion for the general mean estimation model.

KT with, Ele;] = 0 and Ele}] < co. Then

Corollary 17 (general mean estimation model). Suppose xg =0, ¢;
MSE (6,) :=E [(’U\n - O'n)ﬂ <n 'logn. (43)
Remark 5. The conclusion also holds if the SGD has the iteration
X, =1 —-nA)Xi1+me; = (1—nA)X, 1 + 0 A(A ey).

for some A >0 and e; "~ 11, Ele;] = 0, Ele}] < 0o. Because we can treat n; A as the new step size, and A~ te
as the new i.i.d noise term. Then the setting is exactly the same as the setting of Corollary[17
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C.4 Generalize to Multi-dimension

We present the above results and proofs in the one-dimensional case. However, the generalization to the multi-
dimensional setting is natural. Before the proof of the multivariate case, we first introduce an ordering Lemma
that helps with the error decomposition of random matrices.

Lemma 18. Denote V(M) = E|[EM — M|%, the sum of variances of all entries of a d x d random matriz M.
Similarly, define U(My, M) to be the sum of the covariances of all corresponding entries of two d X d random
matrices My and M. For constant positive-definite matrices Py, Py, P3, Py and a random matriz M, we have

[U(PLM Py, PaMPy)| < || Prl2]| P21 P2l Pall2V (M),

and when Py, Py, Ps, Py are all scalar matrices, the equality holds.

Proof. Define vec(M) to be the vectorization of a matrix M, i.e., it stacks the columns of M into a single, long
column vector. Let ¥ = Cov(vec(M)) be the covariance matrix of vec(M) which is positive semi-definite. Then
we have

vec(PLMPy) = (P, @ P1) vec(M).
Let vec(M) =v, B= P, ® P, and C = P ® P3, then vec(P;M P;) = Bv and vec(PsMP,) = Cv. Thereby

U(PiM Py, PsM Py) = trace(Cov(Bv, Cv)) = trace (BZCT) = trace (CTBE),

2
and similarly trace(X) = V(M). For a positive semi-definite X, by its spectral decomposition, ¥ = 2221 pYRTIRTAR
where A > 0. As a result,

d? d? d?
[ trace (CTBE)| = | Y _ trace(ACT Bugw) )| = | > Aul €T Bug| <> A]|CT Bllafluklf3 = ||CT B2 trace(X),
k=1 k=1 k=1

Then the conclusion is implied by
ICT Bll2 < [ICll2l|Bll2 = [[Prll2]| Pall2]| P52 | Pal2;

due to the property of the Kronecker product: |P,) ® Py|l2 = || Py ||2||P2|l2 and || P} ® Ps|l2 = || P3||2| Psll2- When
Py, Py, P3, P, are all scalar matrices, the equality clearly holds.
O

The high-level idea to prove the multivariate convergence rate is to control the norm of a matrix by its quadratic
form, which is stated in the following lemma.

Lemma 19. Let u; € R? be the unit vector with the i-th coordinate equal 1, and for i # j let

(17 + Uj U; — Uj
W S T Wim S T
Then for any real symmetric d X d matriz M,
d
| M2 < Z (u] Mu;)? Z (uiTj+Muij+)2 + Z (ulvTj_Muij_)Q.
i=1 1<i<j<d 1<i<j<d

Proof. Write M = (M;;)1<i j<a- It is clear that M;; = u] Mu;. Further notice that

1 1
(ugyy Mui)* = 5 (Mi + My +2M5)?*, (uly-Muij)* = 2(Mis + Mj; — 2M;;)?,

we have 1
(ugjp Muije)® + (uf;_ Mug;—)? = i(Mii + M;;)* 4+ 2(M;;)* > 2(M;5)?,

and the conclusion follows. O
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Now we generalize the results to the multivariate case and show that

n

~ = 1
E|S, — 2% < n "t logn, where S, = - SXXT + XXy 4+ X))+ (Xica 4+ X ) X[
1=1

We focus on the Frobenius norm of the error, which is larger than the operator norm. First, consider the
multivariate iteration X; = (1 —n;)X;_1 + me;, i.e., X; € R? follows the same form of iteration as in . For
any a € R? with ||a|| = 1, define Y; = a" X; . Then

Vi=a"X; =1 —n)a" X;1 +nia’e; = (1 —n;)Yie1 +niés, Yo=0 (44)

where €; = a'e;, var(€;) < Amax(Xe) and El&;|* < Ele;|*.
Let 37217},7 aiy, oy denote, respectively, the covariance estimator (as in (30))), the true non-asymptotic variance

(as in (29)) and the limiting variance (sandwich form) associated with the sequence {Y;}. Similarly, define e,
Y., X as as the corresponding quantities in the multi-dimensional setting, based on the sequence {X;}. Then

a'Ya=5%y,a"Sa=02y,a"Sa=oy.

Since {Y;} is a one-dimensional SGD iterate of the same form as defined in (24)), we can apply the one-dimensional
bound:
E[(@2y —02y)?| Sn " logn,

or
E[(ai’y - a%)z} <n 'logn.

In other words, for any a € R? with |al| = 1, since the noise term ¢; the iteration has uniformly bounded

variances and 4-th moments, we have

~ 2
E {aT(En - En)a} <n ' logn. (45)

By Lemma[I9} we can choose a as u;, uj4 and ug;— for 1 <4 < j < d, and the Frobenius norm can be bounded
by a finite sum of such quadratic forms. As a result, directly implies

E|S, — Sal% < n " logn.

Similarly we have R
E|%, — 2% <n T logn.

Finally, we prove the convergence rate for the iteration with an arbitrary positive-definite matrix A, i.e.,
Xi = (Ig —niA)Xi1 + nieq, Xo=0.

The high-level idea is to apply Lemma [18] to get an upper bound of V(,) as a linear combination of Vieie] ),
and show that this upper bound reduces to the case that has been discussed and solved. We decompose the
estimation error into the bias and variance parts,

E|[Zn = ZnlF = |ES, — Bl + E[ES, — 2,7

The first term, i.e., the bias part, can be bounded following the same argument in the proof of Proposition
(Section [C.2). For the variance part, we define another SGD iteration in R?,

Xi=(1—=nN)Xi_1+niei, Xo=0,

where A is the smallest eigenvalue of A. We denote the corresponding covariance estimator as in Notice that
we have shown the convergence rate for ¥,, i.e., we have E|EX,, — %, [|% <n~ 1T logn. Then it suffices to show
that N . ~ .

E|EX, - Z.]% < E|EX, — 2.7, (46)
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ie., V(in) < V(in) Recall that X; = 2221 Y(A)};nkek, similar as the proof of we express in as n + (g)

uncorrelated summation:

ZZh”ee Z ”ez Z h”ez

i=1 j=1 i=1 1<i<j<n

where h; ; are linear functions of d x d matrices such that for some finite index sets {S;; € {1,2,...,n} x
{1,2,...,n},1 <i<j<n},

hzg(ez ) 115 Z }/(A)zeze Yv(A)]

t,k€S;.
Here we define
I if j =1,
Yiay; = H (Ig—nd) if j <. (47)
k=j+1

Leveraging Lemma [18] we have an upper bound of V/(£,,) as

V(E) <D mV(ee)( Y YolYwmd2+ > mnViee)( Y, YolYmh)?
=1

t,kES; ;i 1<Z<j<n t kESLJ

The key observation is that the structures of f]n and in are exactly the same, except that the matrix A should
be replaced by AI;. Following an identical argument,

=D mViee)( Y YooY+ D mmViee)( Y YlYn))
=1

t,k€S; i 1<i<j<n t,keS; ;

since by Lemma the equality holds for scalar multiplier matrices. So we have proved that V(in) < V(f]n) <
n~1T®logn, and the proof for multivariate case is completed.

In the remainder of the proof, we will use the one-dimensional results established in this section, while all results
remain valid in the multi-dimensional setting.

D PROOF OF THEOREM

As mentioned in the proof sketch, to bound the estimation error, we decompose it as follows:

1Zn = Bl < 120 = Znsll + 1Zns = Znull + 1Znv =2, 5l + 12, 5 — 2. (48)

D.1 With i.i.d Approximation: the Fourth Term
Recall the definition of i.i.d approximation sequence,
Uy =1 —mA)Ui1 + el Uo = do,

where € = -V f(z*,&). The corresponding estimator based on this sequence is given by
1 n i—1
~ ~, ~
R ;Z U? +2U; (Z Uk>
i=1 k:ti

We consider the starting point dy to be deterministic. The next proposition bound the fourth term in .
Proposition 20. Assume E[V f(z*,&;)*] < oo, then

~ 2
=, ~—2H2=\/E‘znﬁ—z’ < \/n-Falogn. (49)
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Proof. Define a sequence with starting point 0,

X7 = (- A)X7 y +me;, 121 Xg=0,

5—

and the corresponding estimator

S _ EZ (X212 4 2X0 (X0, + -+ X2)] .
i=1

3

Decompose

12,5 —Zll2 <12, 5 = Znllz + 155 = S0l + 1155 = 2, 5l + 15, 5 — 2l

The bound for the second term is given by Corollary

18 — 222 S V/n1Felogn.

By Lemma and Lemma we have maX{Hl?i

G =U; — X7 = Yayp0o < exp (—nAi' ™),

IXElp} < i, and

which implies |¢;| < i~ % for any K > 0. Therefore for the third term, we have

n i—1 n izl
20— %, = EZE [7i2+2[7i<ZXj> _121143 |Xf|2+2Xf(ZX;?>
L= j=1 = =
W T i1 n i1 i
< EZE ﬁi<i+2l7i(2gj) + le Cin+2Ci(ZX§)
ni= i j=1 s J=1 i

53 A D IEES ) B e
i=1 j=1 =l g=1

o (L5 (857 s

i=1

for any K; > 0. Similarly, for the first term,

n 1—1 n 7—1
- - 1 ~ ~ 1
Y 30y = f§ U? +2U; § X )| -= X°]2+2X° § X°
” n,U n”2 n 4 - it (j - ]> n 4 - | z| + i (j - J)
1= L =1; 1= =l 2

n i—1 n i—1
1 ~ ~ 1 i .
i |meran( o) || 13 o v )
=t J=t 2 i=1 i=t; )
1 n ~ i 1 n i
SN, Xt 5 Yokl X X e S
1=1 Jj=t; i=1 j=t;

For the fourth term, recall that €}’s are i.i.d. with E[e}] =0, E[¢;?] = S, then

S0

i=1

1
S -=-E

n 2
1 n *
ni =5, =B (S(A)350 + > (1 + S )’71'61) ]

i=1

1 n
= ((S(A)g%)2 +y (14 S(A)?)27h25>~

i=1
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Therefore

1 1 < -
2,5 = B < ~(Sid)® + = D [+ Se?)nl — A7) S
i=1

1 1 _
S o o) + - > [+ Saym — A7 -0(1)
=1
RS S
~n n (A)i e

To bound (S(4yi'n; — A™1), by Lemma ,

n n A 1w u
S(A)?: Z Y(A)fx Z eXp{ln—a(Zl k! )}’

k=i+1 k=i+1

and then

Z exp (—ln_Aakl_a) < / exp (— 177_Aau1_0‘> du

k=i+1
o poo
NG / e ttToe dt.
T]A ’I7A %il—a

Using integration by parts, for any fixed a > 1, 8 > 1,

(o] (o]
/ e T2l dr = e %P + B/ e Tzt dx
a a

—eaf (14 Ba) + BB 1) / ettty = ...

= e*aaﬁ (]_ + Bail + .- glafl.ﬂj) + ﬁl/ e*fflﬁ*LﬂJfl dz

a

where 1 = 8(8 —1)--- (B — [8]), B! = BI/(B — |8]).

Therefore, for i large enough,

which implies

A 1.\ < A i,
st 2o (E70) 55 (20

k=i+1
= (nA)~H* (1 + (nA)~Hi T 4 o(i™ 1))

and hence

S(A);lnz _ A—l < A—l (1 + (nA)—li—1+a +O(i_1+a)) o A—l

~Y
< i71+a
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Finally, it gives

1 1 N _
DI DY B ol D (Seayini— AT
=1

A

n
T N T
n n <

=1

Hence, putting together,

X5 =2l <112, 5 = Zallz + 155 = E5l2 + 155 = 2, gl + 12, 5 — 2l
<n K4 \/n-1+elogn +n K 4 poite

< v/nottalogn. (a>1/2)

D.2 With Linear Approximation: the Third Term

Recall the definition of the linear approximation sequence,
Ui = (1 - A)Ui1 +mei; Ug = o,

where ¢; = VF(X;_1) — Vf(Xi_1,&). We consider the starting point §p to be deterministic. The corresponding
estimator based on this sequence is given by

n

n,U:%Z

i=1

™

i—1
U? + 2U; (Z Uk>

k=t;

The next proposition bound the third term in .

Proposition 21 (linear case). Suppose Assumptions hold, then we have

< /n~Halogn. (53)

~ ~ —~ ~ 2
S~ gl = | E[Suv — 5, o]

Moreover, combining this with Proposition we conclude that the intermediate estimator based on the linear

sequence is consistent, with
N ~ 2
1800 = Slle = \E[Snw - 2| S Voo logn.
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Proof. By Lemma 7 Lemma

[Zn,0 =X, 7ll2
L& [ i1 B n i1
_ 2 ) - -
i=1 L j:ti i=1 j:ti 2
1 n | i—1 1 n - i1 ~
=1 L J=t; =1 j=t;
1 n [ "
— Ui Al + Ui(zAj> + 1A U2 + A )
nia j=t; )
1 n i i
<D0 Ul 1AL+ Tl || D A |+ I AdllallTilla + 1Al || > T
i=1 | =t |, =t |,
1 n
<=y {raﬂ T2 flogi 4 i /2 4 r“\/Wogz}
n

i=1
% Zi*a/Q\/logi < \/n*alogn.

i=1

S

Since o > 1/2, we finally have

||§]nU — in glle S \/n—a logn < \/n—1+0‘ log n.

D.3 General Case: the First and Second Term

Recall the definition of covariance estimators with and without the sample average,

in = %i 2(51 - Sn) (lci 5k - 625n> - (52 - 5")2‘|
=1 L =t;
I [ (< 1 2 ¢
n;_m(gak)é? +;;<f -1)3 n;(ZM“)
in,a = 7112”; 26; <kzl: 5k> - 512]
i=1 L =t;

We now complete the proof by bounding the first and second terms in , ie.,

||En - 271,6”27 and ||Zn,6 - 2n,UH2~
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Complete proof of the Theorem[7. For the first term, by Lemmaﬁ @, m we have

~ ~ 1 & n
190~ Saall = | Yoot - 13 Z(ZMM)
' 2
I, 2 1|
SO PR z(z(mm)
=1 k=t;
I e~ = & _
§EZ&||5”HZ+— Z(Z 5k+zi5i> 116014
i=1 =1 k:ti
S [8nlla + = (D Ldi|| 116nlla
=1 4
1 — 1 &
,SE;io‘logi-n_l—l—E;\/ialogi-n_lm+nalogn-n_1

X

n~Hlogn 4+ /n—1+elogn +n" 1T logn

= y/n~1t%logn.

For the second term, by Lemma and ,

1505 = Znvll2

n [ 271 n i—1
1 1
= ||= 52 - 2 , .
- Z+25 @)} ~>|Ui +2U1<ZUJ>
i=1 L Jj=ti i=1 j=ti 9
1 n 1—1 1 n 1—1
<Iiy 5.%25(23]) 230 s+ 2s( T o)
nia j=ts s J=ti 2
L& [ i—1 i—1
S EZ 10553l + 51(2%) + [[s:Uill2 + Si(ZUj
=1 | J=ti 9 j=t; )
L& i i—1
< 11031y [1silly + 16314 sill + lsillallUilla+ llsill o | D Us
i=1 | J=t; 4 J=ti "
1 n [ % i
Sz 16ill5 D~ Nsslly + llsilla D 1T
i=1 | j=ti Jj=ti
1 n
< = ‘—a/2€i~—a '—a&;'—a/2:|
S0 ; [z e ] ?
1 n
< = -704/21 ;< 704/21 )
S5 Zz 0giSn ogn

=1

Since o > 1/2,

n~*?logn < v/n—+alogn.

Now combined with bound on the third and the fourth term, as shown in Propositions and we finally

have N
12, — X2 £ vVn—tHlogn.
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O
D.4 Technical Lemmas
Lemma 22 (Lipschitz continuity of VF'). Under Assumptions we have
IVF(X1) — VF(Xs)|| < LI X1 — Xs|.
Proof. By the stochastic Lipschitz continuity,
E[VF(X1,6) = Vf(X2,6)I3 < L*| X1 — Xof?, forall X;, Xz €R%
By the convexity of |- |? and Jensen’s inequality,
IVF(X1) = VE(Xa)|* = [E¢(V f(X1,£) = V (X5, €))
< B¢ VF(X1,6) = VI (X2,
< LX) — Xof?
O

Lemma 23 (moment bounds for the error sequence). Under Assumptions for 1 < q <8, the error sequence
6 = X, —a* satisfies ||0,]l; < n /2.

Proof. The error sequence can be written as,

0i = 0i—1 — iV f(Xiz1,&)
=0;—1 — i VF(X;_1) + ni€;.

By Rio’s inequality (Rio, 2009), since E[e;|d;—1 — 7, VF(X;-1)] = 0, we have
16:117 < 16i—1 — i VF(Xi—0)Il2 + (g — 1)} lles]|7-
Further by strong convexity and stochastic Lipschitz continuity, we have

[16:112 < [16i—1 = mVF(Xi—1)|12 + (g — L)n |lel|2
< (1 =mie) 651117 + 2(q — D (llef 17 + L2[16:-1117)
< (T =mic)[|6i—1]l2 + 2(q — D)7 |7 112,
where ¢; and ¢ are positive constants depending only on L, q and 7. Finally, by Lemma

%

16:11 < TT(@ = me2)ss +2(a = Dllf 13 D i [T (1 —mez)

k=1 j=1  k=j+1

= Yien)g + Z Y(CQ);J'_Q"‘ =i,

Jj=1

Lemma 24 (moment bounds for increments). Recall that

—Vf(z*, &) is i.i.d.

.EZ

® v, = €, — €, is a martingale differences sequence.
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(i) For alli € NT and m =1,2,4, we have
el = O, €6l = O), sl S 2.
(i) For all i # j, we have Ele;€}] = Ele;v;] = E[e;v;] = 0.
Proof.

(i) Due to Lyapunov inequality, it suffices to consider m = 4.

The bound for ¢; is obtained by stochastic Lipschitz continuity:
(En—tlen)V* < Enotfval ) + Bamilen )V S 60mr +1,
and [|6,,_1l4 < (n —1)=*/2. The bound for v; is obtained by Lipschitz continuity,

[villy = llei — € [ly = IVF(Xi—1) = VF(z") = (Vf(Xi-1,&) — V(2" 6)l4
<|VE(Xiz1) = VE(@") ||, + IV (Xiz1, &) — V(@ &)l
SIXicr —a*|y = 16— fly Si7/2

Then a bound for € is derived by [|ef||, = [|&; — vill, < |leill, + [vill4 S O(1).

(ii) Recall that &;’s are i.i.d., €;’s are martingale difference, and €!’s are i.i.d., then we have

Efeic] = {E [Ei_1lei€]] = E [Ei_iei)e;] =0 if i > j,

E [Eilei€}]] = E [eEq[€]]] =0 ifi <j.

Hence E[e;v;] = Ele;(e; — e;‘)] =0, E[ejv;] =E[ef (¢; — e;“)] =0

e Recall that

(1 - nnA)Unfl + NMnén

(1 =10 A)Upn—1 + e,
= (1= A)An 1+ Npvn

Un
Un
A,
Lemma 25 (moment bounds for iterates).

(i) For alln € NT and m = 1,2,4, we have

1Uall,, S22, Ul S 772, A, S 077

~

(ii) For alli € Nt and m =1,2,4, we have

i
> U <t 4\l = iolog i,
Jj=ti

i
Z(}j <V = \/ivlogi,

Jj=ti m
YA S00) + Vil = \/logi.
J=ti
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Proof. Due to Lyapunov inequality, it suffices to consider m = 4.

(i) For simplicity, write Y;j = Y(A)g. Notice that U,, Un, A, can be written as

Un = Yon(SO + Z }/in’I]iEi7 ﬁn = Y0n50 + Z }/znnle;k, An = Z Y;nTh’U,

i=1 i=1

Since ¢;’s are martingale difference, by Lemma i), Lemma [11] (Burkholder inequality), Lemma [24] (),
we have

1Unlly < Y5"00 +

n
Z Yinniéz‘

i=1

4

S Yy'do +

n
2
> IV mielly
i=1

< exp (—nAilfa) +Vn—@

=n"%/2

U, has the same bound as U, since both leilly s €], = O(1). For A,,, similarly,

[Anlly = v
n
Sl D IVl
~ 1 vPlig
=1
n
20 _q12
SN G il R
i=1

<vVnT2expTo

(ii) For simplicity, write Sf =5 A)f . Notice that the following sums can be written as

ZU _Z<Yt _1Ut7_1+ZY 77p6p> t_1Ut,—1+Z 1+S )npepa

p=t;
ZU-Z(Y 1Ut1+2wnpp> t,lUt,l+Z (1+ S))mpep,
P=t; P=t;

Z Aj= Z <Y 1At -1+ Z Y 77p”p> é EEPAVIERIS Z +5; ) 1pUp-

Jj=ti Jj=ti p=t;
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Again, by Lemma 7 Lemma [11] (Burkholder inequality), Lemma , we have

Z (1+ S;i;)npep

p=t;

4

i
N

Jj=ti 4

SISE U ally + | SO+ S8 mpe |
p=t

7 i 2
=[St 1 10 —ally + | D0 (1 +55)202 el

p=t;

9

SEE=DT2 4\ [ S+ )0 00)

p=t;
=72 + /s,

Notice that t?/Q < i%/? and ¢; < i“logi, so the above is bounded by /7; =< /i® logi.

15—, Ujlla has the same bound as || 35—, Ujlla since [Ty, 1|14, Uy, —1]la S (t:=1)7%/% and [jej|a, epla =
o).

For A;, similarly, also by Lemma [0} we have

Z(l + S,)1pvy

p=t;

7
S A <18 1ALl +
i=t: ||,

4

IS | 1Aq -l + | S0+ S8y

p=t;

% 3 2
= |SE ol IAs—ally 4+ | Do (1 + 520202 (vl

p=t;

S -1+, | D A+ (p+1))2p-2a.p
p=t;

= O0) + Vi~ < +/logi.

Notes D.1. For (i), applying triangular inequality directly will give a loose bound (but still tight enough to

use). For example, by Lemma

% i 7
YA I IA S Y S = logi
Jj=ti Jj=t;

J=t: 4

Recall that §; = U; + s;:

b =0;_1 —VI(Xit1,&)
o U, = (1 — T]iA)Ui—l + 1€, Uo = 60

® S, = (1 — niA)si_l — NiT4, S = 0

where
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e ¢, = VF(Xifl) - Vf(X2717§Z)
o, = VF(Xi71> - A6i71

Lemma 26 (difference sequence).

(i) For alli € Nt and m = 1,2, 4, we have
7ill,,, <377 (59)
(i1) For allm € Nt and m = 1,2,4, we have
[snll, S 0”7 (60)
Proof.
(i) Recall that by Taylor’s expansion
VE(X; 1) = VF(z*) + V2F(2*) (X1 — 2*) + O(|Xi_y — z*]%)
= Adi1 + O(57y),
therefore
I7illy = IVE(Xi-1) = Adically SIS 1lla = [16i-allf S i
(ii) For simplicity, write Y7 := Y A){ . Notice that s,, can be written as
Sp = — ZYinnm,
i=1
therefore
n n
lsnlly < D1V i llrilly S D1V S
i=1 i=1

Recall that

i—1

Sou = 7112; U? +2U; (ICZ Uk>
1= =t;
n 1—1

S = ;2 &2 +25i<kz 5k>] :
1= =t;

Lemma 27 (moments for ASGD). For all n € Nt we have

(i) E[5,] S ne.
(ii) [|0nlla S 0712

(iii) For alli € NT,

<t 4\l =< \fivlogi. (61)

4

Do
k=t;

Proof.
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(i) By Lemma , we have E[s,] < ||sn|; S n~%. Also recall that

n

E[U.] =E Y50+ Y Yiayimiei | = Yiaido < exp (—nAn'~®).

=1

Therefore E[d,,] = E[U,] + E[s,] < n~%, which implies

E[gn} =

3=

zn:IE[éi] <n7e,
i=1

(ii) Recall that
_ 1 n
U=~ (s(A)g(so +y (14 S(A)?)mq),
=1

therefore by Lemma [§] (iii), Lemma [11] (Burkholder’s inequality), Lemma [24]

n

Z(l + Scayi i€

i=1

_ 1 1
Unlla < = |Sa)59 —
1Tnlla < — |Scagdo| + ~

4

n

1 1
< CISwhl+ 2 2o+ Saymelly
i=1
< Lisoonl+ LS+ Smrnz e
_ﬁ| (A)o’JFE Z( + S )0 lleilly
i=1
< l -0+ l zn:(l +1)2e . j=22. O(1)
~n n

i=1

<n7t4 n~ 2 =< nl/2,

Also by Lemma , we have

_ 1 — 1< -
|\Sn||4§ﬁ§:\|si\|4gﬁzl o e
i=1 i=1

Therefore ||, ]la < |Unlla + |5nlly S0 Y2+ 07 xn=1/2,

(iii) By Lemma[9] Lemma [26] (ii), we have

i
D> s

k=t;

{ i
S Z ||Sk||4 5 Z k™ 5 ’L'_agi = logi.

4 k=t; k=t;

In combination with Lemma [25] (i), we get

i 1
Sal <> o St 4 G im0 < /i Togi.
k=t; k=t;

4

< +

4

i
D s
k=t;

4

E PROOF OF AUXILIARY RESULTS

Proof of Lemma[§
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(i) Clearly it holds for j = 4. If j < 4, noticing that —z > log(1 — x) > —x — 2%/2 for all z € [0,1/2], and the

set {k : A\ > 1/2} is finite, then we have

Yooil = 1 |1—>\77k|§exp<—)\ > 77k>7

k=j+1 k=j+1
and
log|Y(,\)§-\ = Z log |1 — Ang| > —A Z N — A2 Z ni + O(1)
k=j+1 k=j+1 k=j+1
which implies

|Y()\)§|:exp< Z logl—)\nk|) Zexp(—)\ Z ne — A?

k=j+1 k=j+1 k=j+1

zi: ni)iexp<—/\ Z m)

k=j+1

since ZZ:;’ 11 n? is uniformly bounded for all i and j. As a result,

|Y(>\);'-| H |1—)\77k|xexp<—)\ Z nk>

k=j+1 k=j+1

= exp <— An Z ka) = exp (—/\n/ u du)
Jj+1

k=j+1

_% (il—a _ (] + 1)1—(1)}

-
= exp {A" Gl =it + 0(1)}
{ I

Further, by Taylor series,

o {21 0o

l—«

1
= exp {—/\ni_o‘(i —j) - 5)\77041[0‘_1(1' - j)Q} (for some u € (4,1))

IN

exp {—Ani~*(i—j)}.

The inequality becomes =< if Ci®logi > i — j since for sufficiently large i, Ci®logi < /2, and in this case

w0 — §)? < C?*i*%(logi)? (i — Ci®logi)~ ™ < 29T C2i* 1 (logi)? — 0.
(ii) Since exp (B8j17*) ;77 is ultimately increasing in j, we have
i i+1
Z exp (ﬁjl_o‘) jTY = / exp (Btl_‘)‘) t*dt
j=1 !

Bli+1) e (y=1)e
x/ ety T du.
B
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Using integration by parts, we have the following:

Bli+1)t = (v—D)ar
/ ey~ T du
B

B+t pBEHDITE (r=Da
5 —l—/ ey~ e Ldy
B

=exp {B(i+ 1)} i+ 1)+ (B + 1) = B)exp {B(i + 1)} (i +1)7 07D
= exp (ﬂilfo‘) i~ e

_(-Da
eu 1—a

Therefore by (i), we have
i ' : B
Z Yoosl?li—e =< E exp { : (Lo =it } jo
J=1 j=1 «
)\77/6 - i )\nﬂ 1-a ) —ya
= exp (1 7 E exp 17] j

(iii) (See Lemma A.2. in (Zhu et al., 2023))

O
Proof of Lemma[9 Recall that ¢; =i —t; + 1 < i*log1, then by Taylor series,
YT T
j=t
. 1 o .
=1 —-7)i ”(éi—l)—kify(l—’y)u = —1)2 (u € (t;,1))
ST A4 (i — i logd) Y2
=i +i 7Y, % log i
=i 7l < i% 7 logi. (since a < 1)
O

F ADDITIONAL EXPERIMENT RESULTS

—— debias —— debias —— debias
non-overlap online non-overlap online 00 non-overlap online
LA~

Figure 4: Log-log Plots for Estimation Error in Frobenius Norm (d = 5). Left: Linear Regression. Middle:

Logistic Regression with. Right: Expectile Regression.

We conducted the experiments in Python version 3.8.8 (2021-02-19) on a MacBook Air with a GPU Apple M1,
4 performance and 4 efficiency cores, and 8 GB LPDDR4 memory, equipped with macOS Big Sur version 11.5.1.
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We present additional Log-log plots across different models and dimensional settings in Figure |4l They clearly
indicate that the de-biased estimator outperforms the non-overlap online method, achieving both sharper con-
vergence rates (reflected in the slope) and lower estimation errors.

Table 4: Comparison of Empirical Coverage (Nominal Level 95%) across Different Models and Dimensions
(d = 5,20, 50).

d=5 | d=20 | d=50
Linear De-biased | 0.9236 | 0.9321 | 0.9390
Online BM | 0.8796 | 0.8946 | 0.9127
Logistic De-biased 0.8872 | 0.8514 | 0.8517
Online BM | 0.8536 | 0.8178 | 0.8305
Expectile | De-biased | 0.9033 | 0.9127 | 0.9203
Online BM | 0.8580 | 0.8809 | 0.8949

In Table [d] we compare the empirical coverage rates of confidence intervals constructed using de-biased and
Online BM estimators averaged over all coordinates of x*. The nominal coverage level is 95%. For linear and
expectile regression, results are recorded at n = 60000 for d = 5, n = 200000 for d = 20, and n = 500000 for
d = 50. For logistic regression, due to its highly non-linear and non-strongly convex nature, we set the batch
size constant C' = 4 and record the coverage at n = 20000 for d = 5 to ensure convergence, while keeping the
sample sizes for d = 20 and d = 50 the same as above. As shown in Table [d] the de-biased estimator surpasses
the Online BM method by achieving empirical coverage rates closer to the nominal 95% level across all scenarios,
making it a preferable option for practitioners conducting statistical inference on model parameters.
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