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ABSTRACT

In this paper, we investigate the long-term memory learning capabilities of state-
space models (SSMs) from the perspective of parameterization. We prove that
state-space models without any reparameterization exhibit a memory limitation
similar to that of traditional RNNs: the target relationships that can be stably ap-
proximated by state-space models must have an exponential decaying memory.
Our analysis identifies this “curse of memory” as a result of the recurrent weights
converging to a stability boundary, suggesting that a reparameterization technique
can be effective. To this end, we introduce a class of reparameterization tech-
niques for SSMs that effectively lift its memory limitations. Besides improving
approximation capabilities, we further illustrate that a principled choice of repa-
rameterization scheme can also enhance optimization stability. We validate our
findings using synthetic datasets and language models.

1 INTRODUCTION

Understanding long-term memory relationships is fundamental in sequence modeling. Capturing
this prolonged memory is vital, especially in applications like time series prediction (Connor et al.,
1994)), language models (Sutskever et al., 2011; [Fu et al., 2023; |Poli et al., [2023). Since its emer-
gence, transformers (Vaswani et al.,2017) have become the go-to models for language representation
tasks (Brown et al.l 2020). However, a significant drawback lies in their computational complexity,
which is asymptotically O(T?), where T is the sequence length. This computational bottleneck has
been a critical impediment to the further scaling-up of transformer models. State-space models such
as S4 (Gu et al.} 2021), S5 (Smith et al.l [2023)), RWKYV (Peng et al., [2023) and RetNet (Sun et al.,
2023) offer an alternative approach. These models are of the recurrent type and excel in long-term
memory learning. Their architecture is specifically designed to capture temporal dependencies over
extended sequences, providing a robust solution for tasks requiring long-term memory (Tay et al.,
2021). One of the advantages of state-space models over traditional RNNSs lies in their computa-
tional efficiency, achieved through the application of parallel scan algorithms (Martin & Cundy,
2018)). Traditional nonlinear RNNs are often plagued by slow forward and backward propagation, a
limitation that state-space models circumvent by leveraging linear RNN blocks.

As traditional nonlinear RNNs exhibit an asymptotically exponential decay in memory (Wang et al.,
2023)), the SSMs variants like S4 overcome some of the memory issues. The previous empirical
results suggest that either (i) the “linear dynamics and nonlinear layerwise activation” or (ii) the
parameterization inherent to S4, is pivotal in achieving the enhanced performance. Current research
answers which one is more important. We first prove an inverse approximation theorem showing
that state-space models without reparameterization still suffer from the “curse of memory”, which is
consistent with empirical results (Wang & Xuel 2023)). This rules out the point (i) as the reason for
SSMs’ good long-term memory learning. A natural question arises regarding whether the reparame-
terizations are the key to learn long-term memory. We prove a class of reparameterization functions
f, which we call stable reparameterization, enables the stable approximation of linear functionals.
This includes commonly used exponential reparameterization and softplus reparameterization. Fur-
thermore, we question whether S4’s parameterizations are optimal. Here we give a particular sense
in terms of optimization that they are not optimal. We propose the optimal one and show its stability
via numerical experiments.
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‘We summarize our main contributions as follow:

1. We prove that similar to RNNSs, the state-space models without reparameterization can only
stably approximate targets with exponential decaying memory.

2. We identify a class of stable reparameterization which achieves the stable approximation
of any linear functionals. Both theoretical and empirical evidence highlight that stable
reparameterization is crucial for long-term memory learning.

3. From the optimization viewpoint, we propose a criterion based on the gradient-over-weight
ratio. We identify the “best” reparameterization in this sense and verify its performance.

Notation. We use the bold face to represent the sequence while then normal letters are scalars,
vectors or functions. Throughout this paper we use || - || to denote norms over sequences of vectors,
or function(al)s, while | - | (with subscripts) represents the norm of number, vector or weights tuple.
Here |z|o := max; |z;], |z|2 := /Y, 27, |z[1 :== >, |z;| are the usual max (L) norm, Ly norm
and L; norm. We use m to denote the hidden dimension.

2 BACKGROUND

In this section, we first introduce the state-space models and compare them to traditional nonlinear
RNNs. Subsequently, we adopt the sequence modeling as a problem in nonlinear functional ap-
proximation framework. Specifically, the theoretical properties we anticipate from the targets are
defined. Moreover, we define the “curse of memory” phenomenon and provide a concise summary
of prior theoretical definitions and results concerning RNNs.

2.1 STATE-SPACE MODELS

Recurrent neural networks (RNNs) (Rumelhart et al.l [1986)) are a family of neural networks spe-
cialized in sequence modeling. With trainable weights W € R™*™ U € R™*? b ¢ € R™ and
activation function o(+), the simplest RNN maps d-dimensional input sequence x = {z;} to 1-
dimensional output sequence {¢;}. To simplify our analysis, we utilize the continuous-time frame-
work referenced in|Li et al.| (2020):

% :O'(Wht+UIt+b) h—oo:07

gt = CT ht7 t e R
State-space models refer to the type of neural networks with layer-wise nonlinearity but linear dy-
namics in the hidden states. As detailed in Appendix |[E} the following form is a simplification of
practical SSMs in the sense that practical SSMs can be realized by the stack of Equation (2)).

Do = Why+ Uz +b, h_s =0,
?Jt = CTO'(ht), teR.

(D

2)

It is known that multi-layer state-space models are universal approximators (Orvieto et al., 2023}
Wang & Xue, |2023). In particular, when the nonlinearity is added layer-wise, it is sufficient (in
approximation sense) to use real diagonal W (Gu et al., 2022} [Li et al.| [2022). In this paper, we
only consider the real diagonal matrix case and denote it by A.

dhy

Compared with S4, the major differences lies in initialization such as HiPPO (Gu et al., 2020) and
parameters saving method such as DPLR (Gu et al.,[2022)) and NPLR (Gu et al., 2021).

We assume the hidden states remain uniformly bounded for any input sequence X, irrespective of
the hidden dimensions m. Specifically, this can be expressed as

sup sup |hfeo < 00. “4)
m t

Also, we assume the weights are uniformly bounded with sup,,, max(|c|z, |A|2, |Ul2, [b]2) < co. We
focus on strictly increasing, continuously differentiable nonlinear activations with Lipschitz constant

L. This property holds for activations such as tanh, sigmoid, softsign o(z) = ﬁ‘z‘
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2.2  SEQUENCE MODELING AS NONLINEAR FUNCTIONAL APPROXIMATIONS

Sequential modeling aims to discern the association between an input series, represented as x =
{z;}, and its corresponding output series, denoted as y = {y;}. The input series are continuous
bounded inputs vanishing at infinity: x € X = Cp(R, R?) with norm ||x || := sup,cp |T¢]oo- It is
assumed that the input and output sequences are determined from the inputs via a set of functionals,
symbolized as H = {H; : X — R : ¢ € R}, through the relationship y; = H;(x). In essence, the
challenge of sequential approximation boils down to estimating the desired functional sequence H

using a different functional sequence H potentially from a predefined model space such as SSMs.

We first introduce the definitions on (sequences of) functionals as discussed in (Wang et al., 2023).
Definition 2.1. Let H = {H; : X — R;t € R} be a sequence of functionals.

1. (Linear) H; is linear functional if for any A\, N’ € R and x,x" € X, Hy(Ax + N'x') =
AH;(x) + N Hy(x').

2. (Continuous) H; is continuous functional if for any x,/x € X, limy x |H:(X') —
H(x)| =0.

3. (Bounded) H; is bounded functional if the norm of functional |H;|e :=
Hy(x
SUD (0} ol + [H(0)] < 0.

4. (Time-homogeneous) H = {H; : ¢ € R} is time-homogeneous (or shift-equivariant) if
the input-output relationship commutes with time shift: let [S;(x)]: = x:—, be a shift
operator, then H(S,x) = S, H(x).

5. (Causal) H; is causal functional if it does not depend on future values of the input. That
is, if x, x’ satisfy x; = x} for any ¢ < to, then H;(x) = Hy(x') for any ¢ < ¢.

6. (Regular) H, is regular functional if for any sequence {x(™) : n € N} such that mg") —0
for almost every s € R, then lim,, o, H; (x(”)) =0.

The continuity, boundedness, time-homogeneity, causality are important properties for good
sequence-to-sequence models to have. Linearity is an important simplification as many theoretical
theorems are available in functional analysis. Without loss of generality, we assume that the nonlin-

ear functionals satisfy H,(0) = 0. It can be achieved via studying H " (x) = H,(x) — H,(0).

2.3 CURSE OF MEMORY AND STABLE APPROXIMATION

The concept of memory has been extensively explored in academic literature, yet much of this work
relies on heuristic approaches and empirical testing, particularly in the context of learning long-term
memory (Poli et al., [2023)). Here we study the memory property from a theoretical perspective.

The “curse of memory” phenomenon, which was originally formulated for linear functionals and
linear RNNSs, is well-documented in prior research (Li et al.,[2020;|2022). Building upon this foun-
dation, our study employs the extended framework proposed by [Wang et al.| (2023)), which specif-
ically focuses on nonlinear RNNs. However, these studies do not address the case of state-space
models. Within the same framework, the slightly different memory function and decaying memory
concepts enable us to explore the approximation capabilities of nonlinear functionals using SSMs.
We add 1 in the memory function definition to make it more regular.

Definition 2.2 (Memory function and decaying memory). For bounded, causal, continuous, regu-
lar and time-homogeneous nonlinear functional sequences H = {H; : t € R} on X, define the
following function as the memory function of H: Over bounded Heaviside input u”(t) = - 1{;>0}
d
[ He(u)]

M(H)(t) := sup -4 . (5)
We assume the memory function of the target is finite for all ¢ € R. The functional sequences
H have a decaying memory if lim;_, o, M(H)(t) = 0. In particular, we say it has an exponential
(polynomial) decaying memory if there exists constant 3 > 0 such that lim;_, o, e#* M(H)(t) = 0
(limy—y 00 t? M(H)(t) = 0).
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Similar to [Wang et al.[(2023)), this adjusted memory function definition is also compatible with the
memory concept in linear functional which is based on the famous Riesz representation theorem
(Theorem [A.2). As shown in Appendix [B.I] the nonlinear functionals constructed by state-space
models are point-wise continuous over Heaviside inputs. Combined with time-homogeneity, we
know that state-space models are nonlinear functionals with decaying memory (see Appendix [B.2).

Definition 2.3 (Functional sequence approximation in Sobolev-type norm). Given functional se-
quences H and H, we consider the approximation in the following Sobolev-type norm:

dH, dH, ) ©

Definition 2.4 (Perturbation error). For target H and parameterized model ﬁ(, 0m),0m € Op, =

H- ﬁH - Hy — Hylloo + || 22
-], oo - | 4
{R™*m x R™Xd x R™ x R™}, we define the perturbation error for hidden dimension m:

En(8):= sup [ — EL(+; 0, - (7)
9%16{9:|9_9mr|2§/8}

In particular, H refers to the perturbed models H(-; f,,,). Moreover, E(3) := limsup,, ... Em(8)
is the asymptotic perturbation error. The weight norm for SSM is 0|2 := max(|Al2, |U|2, |b]2, |c|2)-

Based on the definition of perturbation error, we consider the stable approximation as introduced by
Wang et al.|(2023).

Definition 2.5 (Stable approximation). Let 5y > 0. We say a target functional sequence H admits
a Bo-stable approximation if for all 0 < 8 < S, the perturbed error satisfies that: (i) £(0) = 0; (ii)
E(B) is continuous for 8 € [0, Bo].

Equation F(0) = 0 means the functional sequence is an approximation. As the stable approxi-
mation is the necessary requirement for the optimal parameters to be found by the gradient-based
optimizations, it is a desirable assumption.

The “curse of memory” describes the phenomenon where targets approximated by linear, hardtanh,
or tanh RNNs must demonstrate an exponential decaying memory. However, empirical observations
suggest that state-space Models, particularly the S4 variant, may possess favorable properties. Thus,
it is crucial to ascertain whether the inherent limitations of RNNs can be circumvented using state-
space models. Given the impressive performance of state-space models, notably S4, a few pivotal
questions arise: Do the model structure of state-space models overcome the “curse of memory”? In
the subsequent section, we will demonstrate that the model structure of state-space models does not
indeed address the curse of memory phenomenon.

3  MAIN RESULTS

In this section, we first prove that similar to the traditional recurrent neural networks (Li et al.,
2020; [Wang et al., 2023)), state-space models without reparameterization suffer from the “curse of
memory” problem. This implies the targets that can be stably approximated by SSMs must have
exponential decaying memory. Our analysis reveals that the problem arises from recurrent weights
converging to a stability boundary when learning targets associated with long-term memory. There-
fore, we introduce a class of stable reparameterization techniques to achieve the stable approxima-
tion for targets with polynomial decaying memory.

Beside the benefit of approximation perspective, we also discuss the optimization benefit of the
stable reparameterizations. We show that the stable reparameterization can make the gradient scale
more balanced, therefore the optimization of large models can be more stable.

3.1 SSMS ARE NOT STABLE APPROXIMATORS

In this section, we present a theoretical theorem demonstrating that the state-space structure does
not alleviate the “curse of memory” phenomenon. State-space models consist of alternately stacked
linear RNNs and nonlinear activations. Our proof is established for the shallow case. As recurrent
models, SSMs without reparameterization continue to exhibit the commonly observed phenomenon
of exponential memory decay, as evidenced by empirical findings (Wang & Xue, [2023)).
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Figure 1: State-space models without stable reparameterization cannot approximate targets with
polynomial decaying memory. In (a), the intersection of lines are shifting towards left as the hidden
dimension m increases. In (b), SSMs using softplus reparameterization has a stable approximation.
In (c), S4 can stably approximate the target with better stability.

Theorem 3.1 (Curse of memory in SSMs). Assume H is a sequence of bounded, causal, continuous,
regular and time-homogeneous ﬂﬁictionals on X with decaying memory. Suppose there exists a
sequence of state-space models {H(-, 0,,)}°_, Bo-stably approximating H in the norm defined in
Equation @ Assume the model weights are uniformly bounded: 0y,,x 1= sup,, |0m|2 < co. Then
the memory function M(H)(t) of the target decays exponentially:

MH)(t) < (d+1)Lobhace™ ", t>0,8< fo. (8)

The proof of Theorem [3.1]is provided in Appendix [B.3] The stability boundary is discussed in Re-
mark@ Compared with previous results (Li et al.,[2020; Wang et al.|[2023)), the main proof differ-
ence comes from Lemma as the activation is in the readout 3y, = c¢' o(h;). Our results provide a
more accurate characterization of memory decay, in contrast to previous works that only offer quali-
tative estimates. A consequence of Theorem [3.1]is that if the target exhibits a non-exponential decay
(e.g., polynomial decay), the recurrent weights converge to a stability boundary, thereby making the
approximation unstable. Finding optimal weights can become challenging with gradient-based opti-
mization methods, as the optimization process tends to become unstable with the increase of model
size. The numerical verification is presented in Figure |I| (a). The lines intersect and the intersec-
tions points shift towards the 0, suggesting that the stable radius 5y does not exist. Therefore SSMs
without reparameterization cannot stably approximate targets with polynomial decaying memory.

3.2 STABLE REPARAMETERIZATIONS AND THE APPROXIMATION BENEFIT

The proof of Theorem [3.1] suggests that the “curse of memory” arises due to the recurrent weights
approaching a stability boundary. Additionally, our numerical experiments (in Figure [I] (c)) show
that while state-space models suffer from curse of memory, the commonly used S4 layer (with
exponential) ameliorates this issue. However, it is not a unique solution. Our findings highlight that
the foundation to achieving a stable approximation is the stable reparameterization method, which
we define as follows:

Definition 3.2 (Stable reparameterization). We say a reparameterization scheme f : R — R is
stable if there exists a continuous function g such that: ¢ : [0, 00) — [0,0), ¢(0) = 0:

s |‘|f(u))| s /oo ‘ef(ﬁ))t _ ef(’w)t‘ dt‘| < g(ﬁ) )
w 0

|o—w|<p

For example, commonly used reparameterization (Gu et al., |2021; Smith et al., [2023) such as
f(w) = —e®, f(w) = —log(1 + e®) are all stable. Verifications are provided in Remark[B.3]

As depicted in Figure [I] (b), state-space models with stable reparameterization can approximate
targets exhibiting polynomial decay in memory. In particular, we prove that under a simplified
perturbation setting (solely perturbing the recurrent weights), any linear functional can be stably
approximated by linear RNNs. This finding under simplified setting is already significant as the
instability in learning long-term memory mainly comes from the recurrent weights.
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Theorem 3.3. For any bounded, causal, continuous, regular, time-homogeneous linear functional

H, assume H is approximated by a sequence of linear RNNs {H(-, 0,,,) }>°_, with stable reparam-
eterization, then this approximation is a stable approximation.

The proof of Theorem [3.3|can be found in Appendix Compared to Theorem Theorem
underscores the pivotal role of stable reparameterization in achieving stable approximation of linear
functional with long-term memory.

3.3 OPTIMIZATION BENEFIT OF STABLE REPARAMETERIZATION

In the previous section, the approximation benefit of stable reparameterization in SSMs is discussed.
Therefore, a natural question is whether the commonly used reparameterizations in S4/S5 are the
optimal ones. Here we give a optimization criterion and show that they are not optimal. As pointed
out by [Li et al| (2020; 2022), the approximation of linear functionals using linear RNNs can be
reduced into the approximation of L;-integrable memory function p(t) via functions of the form

pt) = 3, cie™ ™

p(t) = 267;67)‘”, A > 0. (10)
i=1

Within this framework, \; is interpreted as the decay mode. Approaching this from the gradient-
based optimization standpoint, and given that learning rates are shared across different decay modes,
a fitting characterization for “good parameterization” emerges: The gradient scale across different
memory decays modes should be Lipschitz continuous with respect to the weights scale.

OLoss
o\,

|Gradient| := ‘ < LN (11

The Lipschitz constant is denoted by L. Without this property, the optimization process can be
sensitive to the learning rate. We give a detailed discussion in Appendix [F In the following theorem,
we characterize the relationship between gradient norms and recurrent weight parameterization.

Theorem 3.4 (Parameterizations influence the gradient norm scale). Assume the target functional

sequence H is being approximated by a sequence of SSMs H,,. Assume the (diagonal) recurrent
weight matrix is parameterized via f : R — R : f(w) = \. w is the trainable weight while \ is
the eigenvalue of recurrent weight matrix A. The gradient norm G ¢(w) is upper bounded by the
following expression:

OLoss
ow

e 5

Gyw) =

Here CH,ﬁm is independent of the parameterization f provided that H, H,, are fixed. Moreover,

the discrete-time version is G?(w) = ’% <Cun,, (l‘f}%

Refer to Appendix for the proof of Theorem Here we discuss the feasibility to extend to
deeper networks. As the reparameterization only change the gradients of state-space models, so the
gradient analysis holds for the recurrent weights in complex models which will also be bounded by
a parameterization-dependent term in Equation (I2)). Therefore Theorem [3.4] will also be effective
for multi-layer networks.  In Table [T] we summarize common reparameterization methods and
corresponding gradient scale functions. Moreover, according to the criterion given in Equation (TTJ),
the “best” stable reparameterization should satisfy Gy(w) = L|w| for some constant L > 0. The
equation can be solved into the following form: f(w) = =5,a # 0,b € R (proof is given in

Appendix . Similarly, the discrete case gives the solution f(w) = 1 — ﬁ We choose a =
1,b = 0.5 because this ensures the stability of the hidden state dynamics and stable approximation
in Equation (9). The stability of linear RNN further requires @ > 0 and b > 0. We plot and

compared Glflgzr)) of different stable reparameterizations in Figure It can be seen that, compared

with linear and exponential reparameterizations, the softplus reparameterization is generally milder
in this gradient-over-weight criterion. The “best” parameterization is optimal in the sense it has a
balanced gradient-over-weight ratio across different weights.
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Figure 2: Gradient norm function Gy and G? of different parameterization methods. The “best”
parameterization methods maintain a balanced gradient-over-weight ratio.

Table 1: Summary of reparameterizations and corresponding gradient norm functions in continuous
and discrete time. Notice that the Gy and G? are rescaled up to a constant Cy -

Reparameteriations ‘ f ‘ Gy or G?
Continuous ReLU —ReLU(w) 23 1iw>0}
Exp —exp(w) ef(w)
Softplus —log(1 + exp(w)) a +exp(w)‘3’§§g1(”l o)
“Best”(Ours) — 2wt 75,0 > 0,6>0 2a|w|
Discrete ReLU exp(—ReLU(w)) % 1{w>0)
Exp expl-exp(w)) | e
Softplus m e v
Tanh tanh(w) = :z:% e
“Best”(Ours) 1— gz € (-1,1) 2|w|

4 NUMERICAL VERIFICATIONS

Based on the above analyses, we verify the theoretical statements over synthetic tasks and language
models using WikiText-103. The additional numerical details are provided in Appendix

4.1 SYNTHETIC TASKS

Linear functionals have a clear structure, allowing us to study the differences of parameterizations.
Similar to|Li et al.|(2020) and Wang et al.| (2023), we consider linear functional targets H with fol-
lowing polynomial memory function p(t) = W yr = He(x) = ffoo p(t — s)xsds. We use the
state-space models with tanh activations to learn the sequence relationships. In Figure[3] the eigen-
values A are initialized to be the same while the only difference is the reparameterization function
f(w). Training loss across different reparameterization schemes are similar but the gradient-over-
weight ratio across different parameterization schemes are different in terms of the scale.

4.2 LANGUAGE MODELS

In addition to the synthetic dataset of linear functions, we further justify Theorem [3.4]by examining
the gradient-over-weight ratios for language models using state-space models. In particular, we
adopt the Hyena (Poli et al. [2023) architecture while the implicit convolution is replaced by a
simple real-weighted state-space model (Smith et al., 2023)).
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Figure 3: In the learning of linear functionals of polynomial decaying memory, the gradient-over-
weight scale range during the training of state-space models. It can be seen the “best”discrete
parameterization f(w) =1— m achieves the smallest gradient-over-weight scale. 0.5 is added
to ensure f(w) € (—1,1). Such property is desirable when a large learning rate is used in training.
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Figure 4: Language models on WikiText-103. In (a), we show the gradient-over-weight ratio
ranges for different parameterizations of recurrent weights in state-space models. The eigenvalues
A are initialized to be the same while the only difference is the reparameterization function f. In
(b), the “Best” parameterization is more stable than the ReLU and exponential reparameterizations.
Additional experiments for different learning rates are provided in Figure[6]

In Figure[d] (a), given the same initialization, we show that stable reparameterizations such as expo-
nential, softplus, tanh and “best” exhibit a narrower range of gradient-over-weight ratios compared
to both the direct and relu reparameterizations. Beyond the gradient at the same initialization, in
Figure[5] we show the gradient-over-weight ratios during the training process. The stable reparame-
terization will give better gradient-over-weight ratios in the sense that the “best” stable reparameter-

ization maintains the smallest max( “Lf"eriﬁlt‘ ). Specifically, as illustrated in Figure |4{(b) and Figure
while training with a large learning rate may render the exponential parameterization unstable, the

“best” reparameterization f(w) =1 — m appears to enhance training stability.

5 RELATED WORK

RNNS, as introduced by Rumelhart et al.| (1986)), represent one of the earliest neural network ar-
chitectures for modeling sequential relationships. Empirical findings by Bengio et al.| (1994) have
shed light on the challenge of exponential decaying memory in RNNs. Various works (Hochreiter
& Schmidhuber, [1997; Rusch & Mishra, [2022; [Wang & Yan, 2023)) have been done to improve the
memory patterns of recurrent models. Theoretical approaches (Li et al., [2020; [2022; [Wang et al.,
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Figure 5: Gradient-over-weight ratio for different reparameterizations of the recurrent weights in
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language modeling. The “best” reparameterization f(w) = 1 — w7405 Mmaintains the smallest
max ( \\Lgeria;ﬂd ) which is crucial for the training stability as illustrated in Figure E (b).

2023)) have been taken to study the exponential memory decay of RNNSs. In this paper, we study the
state-space models which are also recurrent. Our findings theoretically justify that although SSMs
variants exhibit good numerical performance in long-sequence modeling, simple SSMs also suffer
from the “curse of memory”.

State-space models (Siivola & Honkela, [2003), previously discussed in control theory, has been
widely used to study the dynamics of complex systems. HIPPO (Gu et al., 2020)), which is designed
for the online compression of both continuous signals and discrete time series, generalizes the Leg-
endre Memory Unit and provides a new memory update mechanism which achieves state-of-the-art
for permutated MNIST. The subsequent variants, S4(Gu et al.| [2021), GSS (Mehta et al.|[2022), and
S5 (Smith et al., 2023)), have significantly enhanced empirical performance. Notably, they excel in
the long-range arena (Tay et al., 2021)), an area where transformers traditionally underperform. Con-
trary to the initial presumption, our investigations disclose that the ability to learn long-term memory
is not derived from the linear RNN coupled with nonlinear layer-wise activations. Rather, our study
underscores the benefits of stable reparameterization in both approximation and optimization.

Apart from the attempts in model design, several other approaches have been adopted in improving
the long-term memory learning. [Hardt et al.| (2018)) proposes the first polynomial guarantees to do
linear system identification. It also points out gradient descent over (linear) RNN without reparam-
eterization can blow up even with small learning rate. The training stability has also been discussed
in Revay et al.| (2020). Our paper shows that stable reparameterization has benefit in improving the
optimization stability, which is important for training of large models (Wortsman et al.| 2023).

6 CONCLUSION

In this paper, we study the intricacies of long-term memory learning in state-space models, specif-
ically emphasizing the role of parameterization. We prove that state-space models without repa-
rameterization fails to stably approximating targets that exhibit non-exponential decaying memory.
Our analysis indicates this “curse of memory” phenomenon is caused by the recurrent weights con-
verging to stability boundary. As an alternative, we introduce a class of stable reparameterization
as a robust solution to this challenge, which also partially explains the performance of S4. We also
explore the optimization advantages associated with stable reparameterization, especially concern-
ing gradient-over-weight scale. Our results give the theoretical support to observed advantages of
reparameterization in S4 and moreover give principled methods to design “best” reparameterization
scheme in the optimization stability sense. This paper shows that stable reparameterization not only
enables the stable approximation of any linear functionals with long-term memory but also enhances
the optimization stability for general nonlinear functionals.



Under review as a conference paper at ICLR 2024

REFERENCES

Y. Bengio, P. Simard, and P. Frasconi. Learning long-term dependencies with gradient descent is
difficult. IEEE Transactions on Neural Networks, 5(2):157-166, March 1994. ISSN 1941-0093.
doi: 10.1109/72.279181.

Stephen Boyd, L. O. Chua, and C. A. Desoer. Analytical Foundations of Volterra Series. IMA
Journal of Mathematical Control and Information, 1(3):243-282, January 1984. ISSN 0265-
0754. doi: 10.1093/imamci/1.3.243.

Tom Brown, Benjamin Mann, Nick Ryder, Melanie Subbiah, Jared D. Kaplan, Prafulla Dhariwal,
Arvind Neelakantan, Pranav Shyam, Girish Sastry, and Amanda Askell. Language models are
few-shot learners. Advances in neural information processing systems, 33:1877-1901, 2020.

Jerome T. Connor, R. Douglas Martin, and Les E. Atlas. Recurrent neural networks and robust time
series prediction. IEEE transactions on neural networks, 5(2):240-254, 1994.

Daniel Y. Fu, Tri Dao, Khaled Kamal Saab, Armin W. Thomas, Atri Rudra, and Christopher Re.
Hungry Hungry Hippos: Towards Language Modeling with State Space Models. In The Eleventh
International Conference on Learning Representations, February 2023.

Albert Gu, Tri Dao, Stefano Ermon, Atri Rudra, and Christopher Ré. HiPPO: Recurrent Memory
with Optimal Polynomial Projections. In Advances in Neural Information Processing Systems,
volume 33, pp. 1474—-1487. Curran Associates, Inc., 2020.

Albert Gu, Karan Goel, and Christopher Re. Efficiently Modeling Long Sequences with Structured
State Spaces. In International Conference on Learning Representations, October 2021.

Albert Gu, Karan Goel, Ankit Gupta, and Christopher Ré. On the Parameterization and Initialization
of Diagonal State Space Models. Advances in Neural Information Processing Systems, 35:35971—
35983, December 2022.

Moritz Hardt, Tengyu Ma, and Benjamin Recht. Gradient descent learns linear dynamical systems.
The Journal of Machine Learning Research, 19(1):1025-1068, 2018.

Sepp Hochreiter. The Vanishing Gradient Problem During Learning Recurrent Neural Nets
and Problem Solutions. International Journal of Uncertainty, Fuzziness and Knowledge-
Based Systems, 06(02):107-116, April 1998. ISSN 0218-4885, 1793-6411. doi: 10.1142/
S50218488598000094.

Sepp Hochreiter and Jiirgen Schmidhuber. Long Short-term Memory. Neural computation, 9:1735—
80, December 1997. doi: 10.1162/neco.1997.9.8.1735.

Yuanzhi Li, Colin Wei, and Tengyu Ma. Towards explaining the regularization effect of initial large
learning rate in training neural networks. Advances in Neural Information Processing Systems,

32,2019.

Zhong Li, Jiequn Han, Weinan E, and Qianxiao Li. On the Curse of Memory in Recurrent Neural
Networks: Approximation and Optimization Analysis. In International Conference on Learning
Representations, October 2020.

Zhong Li, Jiequn Han, Weinan E, and Qianxiao Li. Approximation and Optimization Theory for
Linear Continuous-Time Recurrent Neural Networks. Journal of Machine Learning Research, 23
(42):1-85, 2022. ISSN 1533-7928.

Eric Martin and Chris Cundy. Parallelizing Linear Recurrent Neural Nets Over Sequence Length.
In International Conference on Learning Representations, February 2018.

Harsh Mehta, Ankit Gupta, Ashok Cutkosky, and Behnam Neyshabur. Long range language model-
ing via gated state spaces. arXiv preprint arXiv:2206.13947, 2022.

Stephen Merity, Caiming Xiong, James Bradbury, and Richard Socher. Pointer sentinel mixture
models. arXiv preprint arXiv:1609.07843, 2016.

10



Under review as a conference paper at ICLR 2024

Antonio Orvieto, Soham De, Caglar Gulcehre, Razvan Pascanu, and Samuel L Smith. On the univer-
sality of linear recurrences followed by nonlinear projections. arXiv preprint arXiv:2307.11888,
2023.

Bo Peng, Eric Alcaide, Quentin Anthony, Alon Albalak, Samuel Arcadinho, Huanqi Cao, Xin
Cheng, Michael Chung, Matteo Grella, Kranthi Kiran GV, et al. RWKYV: Reinventing RNNs
for the transformer era. arXiv preprint arXiv:2305.13048, 2023.

Michael Poli, Stefano Massaroli, Eric Nguyen, Daniel Y. Fu, Tri Dao, Stephen Baccus, Yoshua
Bengio, Stefano Ermon, and Christopher Re. Hyena Hierarchy: Towards Larger Convolutional
Language Models. In International Conference on Machine Learning, June 2023.

Max Revay, Ruigang Wang, and Ian R Manchester. A convex parameterization of robust recurrent
neural networks. IEEE Control Systems Letters, 5(4):1363—-1368, 2020.

David E. Rumelhart, Geoffrey E. Hinton, and Ronald J. Williams. Learning representations by
back-propagating errors. Nature, 323(6088):533-536, October 1986. ISSN 1476-4687. doi:
10.1038/323533a0.

T. Konstantin Rusch and Siddhartha Mishra. Coupled Oscillatory Recurrent Neural Network
(coRNN): An accurate and (gradient) stable architecture for learning long time dependencies.
In International Conference on Learning Representations, February 2022.

V. Siivola and A. Honkela. A state-space method for language modeling. In 2003 IEEE Workshop
on Automatic Speech Recognition and Understanding (IEEE Cat. No.03EX721), pp. 548-553, St
Thomas, VI, USA, 2003. IEEE. ISBN 978-0-7803-7980-0. doi: 10.1109/ASRU.2003.1318499.

Jimmy T. H. Smith, Andrew Warrington, and Scott Linderman. Simplified State Space Layers for
Sequence Modeling. In International Conference on Learning Representations, February 2023.

Leslie N. Smith and Nicholay Topin. Super-convergence: Very fast training of neural networks
using large learning rates. In Artificial Intelligence and Machine Learning for Multi-Domain
Operations Applications, volume 11006, pp. 369-386. SPIE, 2019.

Yutao Sun, Li Dong, Shaohan Huang, Shuming Ma, Yuqing Xia, Jilong Xue, Jianyong Wang, and
Furu Wei. Retentive network: A successor to transformer for large language models. arXiv
preprint arXiv:2307.08621, 2023.

Ilya Sutskever, James Martens, and Geoffrey Hinton. Generating Text with Recurrent Neural Net-
works. In International Conference on Machine Learning, pp. 1017-1024, January 2011.

Yi Tay, Mostafa Dehghani, Samira Abnar, Yikang Shen, Dara Bahri, Philip Pham, Jinfeng Rao, Liu
Yang, Sebastian Ruder, and Donald Metzler. Long Range Arena : A Benchmark for Efficient
Transformers. In International Conference on Learning Representations, January 2021.

Ashish Vaswani, Noam Shazeer, Niki Parmar, Jakob Uszkoreit, Llion Jones, Aidan N Gomez,
Lukasz Kaiser, and Illia Polosukhin. Attention is All you Need. In Advances in Neural Infor-
mation Processing Systems, volume 30. Curran Associates, Inc., 2017.

Shida Wang and Beichen Xue. State-space models with layer-wise nonlinearity are universal ap-
proximators with exponential decaying memory. arXiv preprint arXiv:2309.13414, 2023.

Shida Wang and Zhanglu Yan. Improve long-term memory learning through rescaling the error
temporally. arXiv preprint arXiv:2307.11462, 2023.

Shida Wang, Zhong Li, and Qianxiao Li. Inverse approximation theory for nonlinear recurrent
neural networks. arXiv preprint arXiv:2305.19190, 2023.

Mitchell Wortsman, Peter J Liu, Lechao Xiao, Katie Everett, Alex Alemi, Ben Adlam, John D Co-
Reyes, Izzeddin Gur, Abhishek Kumar, Roman Novak, et al. Small-scale proxies for large-scale
Transformer training instabilities. arXiv preprint arXiv:2309.14322,2023.

11



Under review as a conference paper at ICLR 2024

A THEORETICAL BACKGROUNDS

In this section, we collect the definitions for the theoretical statements.

A.1 APPROXIMATION IN SOBOLEV NORM

Definition A.1. In sequence modeling as a nonlinear functional approximation problem, we con-
sider the Sobolev norm of the functional sequence defined as follow:
> . (13)
o0

Here H is the target functional sequence to be approximated while the H is the model we use.

dH, dH,

H—ﬁH - H, — -
H —— SL,}I)(” ¢ = Hifloo + dt dt

In particular, the nonlinear functional operator norm is given by:

H H&)| |y

H
As H(0) = 0, ||H¢||o is reduced to sup Hx)]
30 [[%[[o0 41
compatible with the common linear functional norm in Equation (I9).

. If H is a linear functional, this definition is

Here we check this operator norm in Equation (I4) is indeed a norm. Without loss of generality, we
will drop the time index for brevity.

1. Triangular inequality: For nonlinear functional H; and Ho,

|(H1 + H)(x)|

|H1 + Hzl|oo := sup (15)
x£0  |[X[loo +1
[Hy ()] |Ha ()|

< sup + sup = ||H1 + || H2|| oo - (16)

T Tl 1 S g 1 1o 2l

The inequality is by the property of supremum.
2. Absolute homogeneity: For any real constant s and nonlinear functional H
sH)(x H(x
sHlloo o= sup JEHION g oy HC gy (17)
x#0 X[l +1 x#£0 [x[loo +1

3. Positive definiteness: If || H|| oo = 0, then for all non-zero inputs x # 0 we have H(x) = 0.
As H(0) = 0, then we know H is a zero functional.

A.2 RIESZ REPRESENTATION THEOREM FOR LINEAR FUNCTIONAL

Theorem A.2 (Riesz-Markov-Kakutani representation theorem). Assume H : Co(R,R?) — R is
a linear and continuous functional. Then there exists a unique, vector-valued, regular, countably
additive signed measure (i on R such that

d
H(x) z/de,u(s) = Z/xmduz(s) (18)
R = IR
In addition, we have the linear functional norm

|H|oo == sup |H(x)|=|ul1(R) :=Z|uil<R>- (19)

lIx[lx <1

In particular, this linear functional norm is compatible with the norm considered for nonlinear
Sfunctionals in Equation (14).

12
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B PROOFS FOR THEOREMS AND LEMMAS

In Appendix [B.T] we show that the nonlinear functionals defined by state-space models are point-
wise continuous functionals at Heaviside inputs. In Appendix [B.3] the proof for state-space models’
exponential memory decaying memory property is given. In Appendix we prove the linear
RNN with stable reparameterization can stably approximate any linear functional. The target is
no longer limited to have an exponenitally decaying memory. The gradient norm estimate of the
recurrent layer is included in Appendix

B.1 PROOF FOR SSMS ARE POINT-WISE CONTINUOUS FUNCTIONALS

Proof. Let x be any fixed Heaviside input. Assume klim Ixr — X||ooc = 0. Let hy ¢ and h; be the
— 00

hidden state for inputs x;, and x. Without loss of generality, assume ¢ > 0. The following | - | refers
to p = oo norm.

By definition of the hidden states dynamics and triangular inequality, since o (-) is Lipschitz contin-
uous

W = |o(Ahky + Unrp) — o(Ahy + Usy)| (20)
S L|Ah}€’t + U.Tk’t - Aht - U(L't‘ (21)
= L|A(hk’t — ht) + U(l'kyt — xt)| (22)
< L(IA[hke — hel + |Ullzg,e — 24])- (23)

Here L is the Lipschitz constant of activation o. Apply the Gronwall inequality to the above in-
equality, we have:

t
s — h| < / N LI 240 — 4] ds. 24)
0

As the inputs are bounded, by dominated convergence theorem we have right hand side converges
to O therefore

lim |hpe — he| =0, V. (25)
k—o0

Let yy,; and y; be the outputs for inputs x; and x. Therefore we show the point-wise convergence
of dgt at x:

. dyg ¢ dy; . T, dhy dhy
1 b 29— ot 26
kggo’ i ar| Al g g (20)
< lim |C‘L(‘A||hk,t - ht| + |U‘|.’L‘k7t — $t|) =0. (27)
k—o0

O

B.2 POINT-WISE CONTINUITY LEADS TO DECAYING MEMORY
Here we give the proof of decaying memory based on the point-wise continuity of dgt and bound-

edness and time-homogeneity of H:

Proof.
1 dHy
| ar

dHy

(o 1) = | G| =o.

The first equation comes from time-homogeneity. The second equation is derived from the point-
wise continuity where input x means constant x for all time x = x - 17,5 _ ). The third equation is
based on the boundedness and time-homogeneity as the output over constant input should be finite
and constant Hy(x) = H(x) for all s, t. Therefore |%(x)| =0. O

13
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B.3 PROOF FOR THEOREM [3.1]

The main idea of the proof is two-fold. First of all, we show that state-space models with strictly
monotone activation is decaying memory in Lemma [B.6] Next, the idea of analysing the memory
functions through a transform from [0, oo) to (0, 1] is similar to previous works (Li et al., 2020; 2022}
Wang et al.,[2023)). The remainder of the proof follows a standard approach, as the derivatives of the
hidden states follow the rules of linear dynamical systems when Heaviside inputs are considered.

Proof. Assume the inputs considered are uniformly bounded by Xj:

%[00 < Xo. (28)
Define the derivative of hidden states for unperturbed model to be v, ¢+ = dhd?’t . Similarly, vy, ; is
the derivative of hidden states for perturbed models vy, ; = dhd”t”

Since each perturbed model has a decaying memory and the target functional sequence H has a
stable approximation, by Lemma[B.6] we have

lm e =0, Vm. (29)
L— 00

If the inputs are limited to Heaviside inputs, the derivative ¥y, ; satisfies the following dynamics:
Notice that the hidden state satisfies hy = 0,¢ € (—00, 0],

do -
dj“t = AnBpmg, >0 (30)
6m,0 = Ath + UmmO + Em = Umnxo + l;m (31)
= Ty = (U0 + byn).- (32)

Notice that the perturbed initial conditions of the ¥,,, ; are uniformly (in m) bounded:

Vo i= sup [Tm,ol2 (33)
= strip \ﬁmxo + Bm|2 (34)
< sup Um0 + by o (35)
< dXo(S&PHUmHz-i‘ﬂo)+Sln11p||bm||2+ﬁo (36)
< o0 (37

Here d is the input sequence dimension.

Similarly, the unperturbed initial conditions satisfy:

Vo i= S}:Lp [T 0]2 (38)
= SELp |Unmo + binl2 (39)
< Sl;lp |Umnzo + b2 (40)
< dXosup |[Unm |2 + sup [[bm |- (41
< o0 (42)

Select a sequence of perturbed recurrent matrices {Km k172 satisfying the following two proper-
ties:

1. /~\m’ & 1s Hyperbolic, which means the real part of the eigenvalues of the matrix are nonzero.

2. limk_mo(Am’k —Ap) = Bolm.

14
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Moreover, by Lemma we know that each hyperbolic matrix Km x 1s Hurwitz as the system for
U, 18 asymptotically stable.

sup max()\i(xm,k)) < 0. (43)

m 1€[m]

This is the stability boundary for the state-space models under perturbations.

Therefore the original diagonal unperturbed recurrent weight matrix A,, satisfies the following
eigenvalue inequality uniformly in m. Since A,,, is diagonal:

sup m[ax](/\i(/\m)) < —Bo. (44)
m 1eEm

Therefore the model memory decays exponentially uniformly

~ 1 d
Hm t) := _ —Am 45
M 0) 1= 50 | i @)
T/

=su ¢, [0 (hm.t) © U, 46
fooH‘ m 0" (hm,t) | (46)

1
< sup ———— |eml2|o’ (B t) © Um 47
< X?X0+1\ 2|0 (him,t) tl2 (47)

1
<su emla - sup o (2)] - lePoto,, 48
< X(PXO+1‘ |2 ZP| ()] - ol2 (48)

1
<su sup |emla - sup |o’(2)| - Vo | e Pot 49
<sup o (sup el -suplo ()] Vo )

1
< ml2 - Lo - Vo |ePot 50
—S;(le0+1(S}ch |2 - Lo 0)6 (50)
SSUP<SUP|Cm|2'L0 (51

Xo m
(5 s [Unll2) + 5 (5w ) ) e (52

X0+1 m m X0+1 m m

< (suplente - Zo(dsup Ul + 510 5, 2) ) .
< (d+ 1)Lo#?%, e Pot (54)

The inequalities are based on vector norm properties, Lipschitz continuity of ¢(z) and uniform
boundedness of unperturbed initial conditions. Therefore we know the model memories are uni-
formly decaying.

By Lemma [B.§] the target H has an exponentially decaying memory as it is approximated by a
sequence of models {H,,, }°°_; with uniformly exponentially decaying memory. O

Remark B.1. When the approximation is unstable, we cannot have the real parts of the eigenvalues
for recurrent weights bounded away from 0 in Equation (44). As the stability of linear RNNs requires
the real parts (of the eigenvalues) to be negative, then the maximum of the real parts will converge
to 0. This is the stability boundary of state-space models.
lim max(A;(An)) =0". (55)
m—00 4€[m)]
Remark B.2. The uniform weights bound is necessary in the sense that: Since state-space models
are universal approximators, they can approximate targets with long-term memories. However, if
the target has an non-exponential decaying (e.g. polynomial decaying) memory, the weights bound
of the approximation sequence will be exponential in the sequence length 7.
H)(T
02,40 > ot D) (56)
(d+1)Lg
This result indicates that scaling up SSMs without reparameterization is inefficient in learning se-
quence relationships with a large 7" and long-term memory.
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B.4 PROOF FOR STABLE REPARAMETERIZATION ENABLES THE STABLE APPROXIMATION
FOR LINEAR FUNCTIONAL

Proof. Let the target linear functional be Hy(x) = ffoo p(t — s)xsds. Here p is an L, integrable

function. We consider a simplified model setting with only parameters ¢ and w. Let ¢;, w; be the
unperturbed weights and w; be the perturbed recurrent weights. Similar to p being L, integrable,

we note that fooo |cief (wi)t |dt = I f‘(ij}i)\ . To have a sequence of well-defined model, we require they
are uniformly (in m) absolutely integrable:

— el
sup < 0. (57)
m ; |f (wi)]
Based |@ — w|z < 8. We know the approximation error is

En(8) = sup / > el P — p(t)| dt (58)

[D—w[2<B J0 i=1

| m
< sup / ciel WOt — p()| dt (59)

[@—w|2<B /0 ;

dt (60)

m m
Z Cief(ﬁ)z')t _ Z Cief(wi)t
i=1 =1

(o)
+  sup /
[D—wl2<pJO |2

=En(0)+ sup / Z |ci ‘ef(ﬁ”)t — efwt] gt (61)
"‘I]*'WIZSB 0 i=1
m o0

= En(0) + Z lei]  sup / ‘ef(ﬁ)i)t _ o wit] gt (62)
i=1 [—w|2<B J0

< En(0) + C; sup /OO ef(u??;)t - ef(wi)t dt 63)
( ) z:zl| ‘ |[0; —w;|2<B J0 ‘
R
< En(0)+ Y lal 2 o
; | f (w)]
= Em(0)+ ) |f(C;|A)|g(5)' .
i=1 g

The first inequality is the triangular inequality. The second inequality comes from the fact that |@w; —
w;| < |w — w|y < B. The third inequality is achieved via the property of stable reparameterization:
For some continuous function g(f) : [0, 00) — [0, 00), g(0) = 0:

sup [|f(w)| sup / ‘ef(ﬁ’)t — efwit

[i—w|<BJo

dt] <9(B). (66)

By definition of stable approximation, we know lim,, o Fr,(0) = 0. Also according to the re-
quiement of the stable approximation in Equation (57), we have

lim £(8) = lim lim_E,,(9) 67)
. . i |Ci\ .
< élg}) mlgnoo E(0) + (S}ipizzl M) * éli% 9(B) (68)
=0+0=0= E(0). (69)
Since g() is continuous, it can be seen E((3) is continuous:
el
E < . 70
(8) < (S&p; f(wi)> 9(8) (70)
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Remark B.3. Here we verify the reparameterization methods satisfy the definition of stable
reparameterization.

For exponential reparameterization f(w) = —e*,w € R:
o o i B _ 1
sup / ‘ef(w)t et g = & . (71)
|[o—w|<BJ0 |f(w)]
For softplus reparameterization f(w) = —log(l + e"),w € R: Notice that exp(—p)log(1l +

exp(w)) < sup|g_, <plog(l + exp(w)) < exp(B)log(1 + exp(w)),

[e'e] 5 B _ 1
sup / ‘ef(w)t — el gt < 67. (72)
i—w|<8 Jo |f(w)]

For “best” reparameterization f(w) = —ﬁ,w € R,a,b > 0: Without loss of generality, let
w >0
sup / ’ef(’z’)t — /Wt dt = |a(w + B)? — aw? (73)
|[o—w|<B JO
a(/i%;ww)
< __aw?+b (74)
|f(w)]
a(8?+26w)
< —b (75)
|f(w)]

2
Here g(3) = M The famous Miintz—Sz4sz theorem indicates that selecting any non-zero
constant a does not affect the universality of linear RNN.

While for the case without reparameterization f(w) = w,w < 0: For0 < § < —w,

P ot @)t _ ot wrt| gy — B _ b 76
,wiilfgﬂ/o R i Rk sy T ERS

Here lim,,_, g sup,,
ization.

%—ﬁ = 00, therefore the direct parameterization is not a stable reparameter-

B.5 PROOF FOR THEOREM [3.4]

Proof. For any 1 < j < m, assume the loss function we used is the L., norm: Loss = sup, ||H; —

ﬁmyt |loo- Notice that by time-homogeneity, Loss = || H; — f]m,t |loo for any ¢. This loss function is
larger than the common mean squared error, which is usually chosen in practice for the smoothness
reason.
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OLoss 9| Hy — mt||oo
= 77
‘8wj 6’(1)]‘ ( )
Jsu H(x —PAIm X
_ p\|x\|wg1| ¢(x) ()] (78)
8wj
dsup|x <1 | JE (ot = 5) = Yoy cieF@Dt=9))g ds|
- (79)
awj
8f p(t —s) =S cie T wdt=9)|ds
= B (80)
Wi
a t_ S i _Cie*f(wi)(tfs) — C-eff(wj)(tfs) ds
_ f— Zl;ﬁ] ) J ‘ (81)
8wj
0 cieflwi)s —cje —f(wi)s| g
— b = i ) | (82)
Bw]-
o [ 9l(p(s) = ., . cie—Fwidsy _ . o= F(wi)s
< [ | =S s gy, .
0 Ow;
oo o~ f(wj)s
S/ ‘8|c]e | s 54
0 Ow

The first equality is the definition of the loss function. The second equality equality comes from the
definition of the linear functional norm. The third equality expand the linear functional and linear
RNNSs into the convolution form. The fourth equality utilize the fact that we can manually select
x,’s sign to achieve the maximum value. The fifth equality is separating the term in dependent of
variable w;. The sixth equality is change of variable from ¢ — s to s. The inequality is triangular
inequality. The last equality is dropping the term independent of variable w;.

o0 o~ f(w;)s
'8Loss S/ ‘8|ce | s (85)
awj 0

|/ e Twisg ds (86)
_ ,f (w)) / o—Fw)sg 87
“Fw,) | Jo ’ &

_ ‘f/(w]‘) L —f(w;)sy _ ‘fl(wj)
Y (wy)? (1= Jim e )= ENTORE (88)

The first equality is evaluating the derivative. The second equality is extracting | f'(w)| from integral.
The third equality is doing the integration by parts.

In particular, notice that c; is a constant independent of the recurrent weight parameterization f:

t m
X) = / Zcie_f(w"')(t_s)xsds. (89)
0 =1

Therefore c; is a parameterization indepndent value, we will denote it by Cp; g -
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Moreover, in the discrete setting, assume hy1 = f(w) o hy + Uxy,

OLoss | 9)es fwy)¥|
2| At »
= lej f/(wi)| D> kf(wj)*! ©On
k=1

oo 2
= [e;f' (wy)| (Z f(wj)k‘1> (92)
k=1

f(w;)
=|c;—— L . 93
G f(w,)P? &2
So the gradient norm is bounded by

dLoss |cj f! (w;)]
= . 94
For| = a2 &9
O

Nonlinear functionals Now we show the generalization into the nonlinear functional: Consider
the Volterra Series representation of the nonlinear functional.

Theorem B.4 ((Boyd et al., [1984). For any continuous time-invariant system with x(t) as input
and y(t) as output can be expanded in the Volterra series as follow

N t t n
y(t)Zho-i-Z/O /0 hn(Tl,...7Tn)Hx(t—Tj)de. 95)
n=1 j=1

Here N is the series’ order. Linear functional is an order-1 Volterra series.

For simplicity, we will only discuss the case for N = 2. When we take the Hyena approach (Poli
et al.,2023) and approximate the order-2 kernel hs (71, 72) with its rank-1 approximation:

h2(7'1,7'2) = h2,1(7'1)h2,2(7'2)- (96)

Here hs 1 and hy o are again order-1 kernel which can be approximated with linear RNN’s kernel. In
other words, the same gradient bound also holds for general nonlinear functional with the following

ow

form:
_|9E]| _ |/ (w)]
Gf(ﬂ]) = ‘810 = CH,H,,,L f(w)2 . (97)
And the discrete version is
!
GP (w) ;:'aE’—c 1wl (98)

SR (1= f(w))?

B.6 LEMMAS

Lemma B.5. [f the activation o(+) is bounded, strictly increasing, continuously differentiable func-
tion over R. Then for all C > 0, there exists ec such thatV|z| < C., |o'(2)| > ec.

Proof. Since o(-) is monotonically increasing, therefore o’(-) > 0,Vz > 0. Notice that o’/(-) is
continuous, for any C' > 0, we know %minlzlgc o’(z) > 0. Define e := § min,|<c o’(2) > 0, it
can be seen the target statement is satisfied.

Lemma B.6. Assume the target functional sequence has a [By-stable approximation and the per-
turbed model has a decaying memory, we show that vy,  — 0 for all m.
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Proof. For any m, fix A, and U,,,. Since the perturbed model has a decaying memory,

: d = ol _ T (7 d?lm,t_~ T 17 ~ _
tliglo %Hm(u )| = tliglo ¢ (o' (hm)o 7) = flggo ¢ (0" (hmt) 0 Ome)| =0.  (99)
By linear algebra, there exist m vectors {Ac; }7, |Ac¢;i|oo < B such that ¢, + Acq, ..., ¢ + Ach,
form a basis of R™. We can then decompose any vector w into
u=ki(em+Ac1) + -+ Ekn(cm + Acm). (100)

Take the inner product of u and vy, +, we have

lim u" (0" (Am.t) © Opmg) = Z k; tl_i)rglo(cm + Ac) T (07 (hinyt) © Tpnyt) = 0 (101)

t—o0
i=1

As the above result holds for any vector u, we get

i fo" o) o 5

=0. (102)

As required in Equation (), the hidden states are uniformly (in m) bounded over bounded input
sequence. There exists constant Cy > 0 such that

sup [P tloo < Co. (103)

Since o is continuously differentiable and strictly increasing, by Lemma [B.5] there exists e, > 0
such that

lo'(2)| > ec,, V2| < Co. (104)
Therefore
sup ‘U’(ﬁmt)’ > €cy- (105)
t [e%s}
We get
lim |0 ¢]oo = 0. (106)
t—o00
O

Lemma B.7. Consider a dynamical system with the following dynamics: hg = 0

d’l)t A
At _ Ay
dt b 107)

’U():Aho-i-ﬁxo-‘ri):ﬁxo-i-g.
If A € R™*"™ s diagonal, hyperbolic and the system in Equation is satisfies lim;_, o v; = 0
over any bounded Heaviside input u™, |zg|o < 00, then the matrix A is Hurwitz.
Proof. By integration we have the following explicit form:
v = Moy = eAt(ﬁxo + E)) (108)
The stability requires tlggo |v¢| = 0 for all inputs vy = U o 4 b. Notice that with perturbation from

U and b, the set of initial points {vo} is m-dimensional. Therefore the matrix A is Hurwitz in the
sense that all eigenvalues’ real parts are negative. O

Lemma B.8. Consider a continuous function f : [0,00) — R, assume it can be approximated by a
sequence of continuous functions { f, }5°_, universally:

lim sup|f(t) = fm(t)] = 0. (109)
M—00 ¢>(

Assume the approximators f, are uniformly exponentially decaying with the same 3y > 0:

lim sup eB°t|fm(t)| — 0. (110)
t—o00 meN

Then the function f is also decaying exponentially:

Jim P —0, YO <B<pBo. (111)
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The proof is the same as Lemma A.11 from (Wang et al.| 2023)). For completeness purpose, we
attach the proof here:

Proof. Given a function f € C([0,00)), we consider the transformation 7 f : [0,1] — R defined
as:

(T1)(s) P . (112)
S) = _logs
EASal: ) s € (0,1].

s )

Under the change of variables s = e~ Pot_we have:
f(t) = e PUT f)(e Pot), t>0. (113)

According to uniformly exponentially decaying assumptions on f,,:

(T fm)(s) = lim Jmt) i ePotf(t) =0, (114)

oo e—Bot t—o00

lim
s—0t
which implies T f,,, € C([0,1]).
For any 3 < (B, let 6 = By — 8 > 0. Next we have the following estimate

sup (7 fin,)(8) = (T fm, ) (s)] (115)
s€[0,1]
f’ml (t) f7ﬂ2 (t)
— — 116
tzlo) e=pt e=pt (110
my (t m (¢ -
Smax{ sup fjﬁ(t) —ffﬁ(t) ,Coe 5T°} (117)
0<t<T, | € €
< max {e’m SUP | fny (£) = fna (1)] ,Coe“m’} (118)
0<t<Tp
where Cj is a constant uniform in m.
For any € > 0, take Ty = — m((?o), we have Che %70 < e. For sufficiently large M which depends
on € and Ty, by universal approximation (Equation (109)), we have Vm,,mo > M,
SUp [ fin, (1) = fina ()] < 77706, (119)
0<t<Ty
ePT0 sup | fon, (t) = frmy (t)| < €. (120)
0<t<Ty

Therefore, { f,,,} is a Cauchy sequence in C/([0, o0)).

Since {f.,,} is a Cauchy sequence in C'([0, 00)) equipped with the sup-norm, using the above esti-
mate we can have{T f,,} is a Cauchy sequence in C([0, 1]) equipped with the sup-norm. By the
completeness of C([0, 1]), there exists f* € C([0, 1]) with f*(0) = 0 such that

lim sup [(Tfn)(s) = f*(s)] = 0. (121)

m=00 5¢(0,1]

Given any s > 0, we have

f7(s) = Tim (Tfu)(s) = (TF(s). (122)
hence

Jim P f(t) = Tim (Tf)(s) = £(0) = 0. (123)

O]

C NUMERICAL DETAILS

In this section, the details of numerical experiments are provided for the completeness and repro-
ducibility.
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C.1 SYNTHETIC TASK

We conduct the approximation of linear functional with linear RNNs in the one-dimensional input
and one-dimensional output case. The synthetic linear functional is constructed with the polynomial
decaying memory function is p(t) = W Sequence length is 100. Total number of synthetic

samples is 153600. The learning rate used is 0.01 and the batch size is 512.

The perturbation list 3 € [0,1073,1073 % 21/2 1073 % 22/2 ... 1073 % 220/2], Each evaluation of
the perturbed error is sampled with 30 different weight perturbations to reduce the variance.

C.2 LANGUAGE MODELS

The language modeling is done over WikiText-103 dataset (Merity et al.,|2016). The model we used
is based on the Hyena architecture with simple real-weights state-space models as the mixer (Poli
et al.,[2023Smith et al.,2023)). The batch size is 16, total steps 115200 (around 16 epochs), warmup
steps 1000. The optimizer used is AdamW and the weight decay coefficient is 0.25. The learning
rate for the recurrent layer is 0.004 while the learning rate for other layers are 0.005.

D ADDITIONAL NUMERICAL RESULTS

D.1 ADDITIONAL NUMERICAL RESULTS FOR LANGUAGE MODELS

In the main paper, we provide the training loss curve for learning rate = 0.005 as the stability of
“best” discrete-time parameterization f(w) = 1 — m is mostly significant as the learning rate
is large. In Figure[6] we further provide the results for other learning rates (Ir = 0.001, 0.002, 0.010).
Despite the final loss not being optimal for the “best” reparameterization, it is observed that the
training process exhibits enhanced stability compared to other parameterization methods.

Reparameterizations | Train ppl  Trainloss  Test ppl  Test loss

“Best” 17.182 2.844 20.811 3.035
Exp(S5) 15.721 2.755 20.218 3.007
Softplus 14.570 2.679 20.136 3.003
Direct 18.916 2.940 28.167 3.338

Table 2: Train/test perplexity and loss for the language modelling over wikitext103, 1r=0.005. The
models with stable reparameterizations are all better than the models without reparameterizations.
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(a) 1r=0.001, “best” reparameterization is not optimal in loss but
no large fluctuation. Exponential parameterisation is also stable at
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(b) 1r=0.002, “best” reparameterization is also not optimal, but the
final loss is comparable against Exp and Softplus
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(c) Ir=0.01, “best” reparameterization achieve the smallest loss

Figure 6: The stability advantage of “best” reparameterization (red line) is usually better when the
learning rate is larger.
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D.2 ON THE STABILITY OF “BEST” REPARAMETERIZATION

The previous experiment on Wikitext language modelling shows the performance of stable repa-
rameterization over the unstable cases. We further verify the optimization stability of “best” repa-
rameterization in the following extreme setting. We construct a large scale language model with 3B
parameters and train with larger learning rate (Ir=0.01). As can be seen in the following table, the
only convergent model is the model with “best” reparameterization. We emphasize that the only
difference between these models are the parameterization schemes for recurrent weights. Therefore
the best reparameterization is the most stable parameterization. (We repeats the experiments with
different seeds for three times.)

“Best” Exp Softplus Direct
Convergent / total experiments |  3/3 0/3 0/3 0/3

Table 3: Experiment to the stability of “best” reparameterization over Ir = 0.01. All other reparam-
eterizations diverged within 100 steps while the “best” reparameterizations can be used to train the
model.

D.3 ADDITIONAL NUMERICAL RESULTS FOR ASSOCIATIVE RECALLS

In this section, we study the performance of of different stable reparameterizations over the ex-
tremely long sequences (up to 131k). It can be seen in Table ] that stable parameterizations are bet-
ter than the case without reparameterization and simple clipping. The advantage is more significant
when the sequence length is longer. The models are trained under the exactly same hyperparameters.

Reparameterizations | Train acc  Test acc | Train acc  Test acc

“Best” 57.95 99.8 53.57 100
Exp(S5) 54.55 99.8 53.57 100
Clip 50.0 76.6 13.91 9.4
Direct 43.18 67.0 16.59 5.6

Table 4: Comparison of parameterizations on associative recalls. The first two columns are the train
and test accuracy over sequence length 20, vocabulary size 10, while the second two columns are
the train and test accuracy over sequence length 131k and vocabulary size 30.

D.4 ADDITIONAL NUMERICAL RESULTS FOR IMAGE CLASSIFICATIONS

In this section, we study the effects of stable reparameterization over the image classfication tasks.
For the fairness of comparison, we set the hyperparameters and initialization schemes to be exactly
the same. All models are trained for 10 epochs. While the direct parameterization of the recurrent
weights will cause the divergence, the stable reparameterization enables the learning of sequential
MNIST in Table[5]and sequential CIFAR10 in Table [f]

E GRAPHICAL DEMONSTRATION OF STATE-SPACE MODELS AS STACK OF
EQUATION (2)

Here we show that the Equation (2) correspond to the practical instantiation of SSM-based models
in the following sense: As shown in Figure [/| any practical instantiation of SSM-based models
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Train acc Train loss Test acc Test loss
“Best” | 99.31(0.0264) 0.02269(0.00121) 99.3(0.153) 0.02501(0.00519)
Exp 99.26(0.241)  0.02305(0.000694) 99.21 (0.0321)  0.02546(0.00118)
Softplus | 99.14(0.036) 0.02337(0.00132)  99.19 (0.0458) 0.02682(0.000769)
Direct 9.84(0.0753) Diverged 10.09 (0.742) Diverged

Table 5: Comparison of parameterizations on image classification over MNIST. The best reparam-
eterization scheme f(w) =1 — m comes with the best performance over the average of three
repeats. The standard deviation is included in the parenthesis.

Reparameterizations |  Train acc Train loss Test acc Test loss
“Best” 61.97(0.500)  1.059(0.0155) 66.41(0.156) 0.9430(0.00248)
Exp 61.77 (0.690)  1.062(0.0141) 65.87(0.136) 0.9487(0.00983)
Softplus 61.53 (0.716)  1.0683(0.0142) 65.84(0.05) 0.9575(0.00189)
Direct 9.988 (0.032) Diverged 9.736(8.533E-05) Diverged

Table 6: Comparison of parameterizations on image classification over CIFAR10. The best repa-
rameterization scheme f(w) = 1 — m comes with the best performance over the average of
three repeats. The standard deviation is included in the parenthesis.

can be implemented as a stack of Equation (2). The pointwise shallow MLP can be realized with
state-space model layer with layer-wise nonlinearity by setting recurrent weights I to be 0.

DL g mewe
ROt B H B - B | R, = Ui + b
g g g o

\ 4 \ 4 4 \ 4

T Y R N R R
v v v v

Y1 Y2 Y3 yr Yrr1 = Uso(Urzpi1 + b1)

Figure 7: MLP can be realized by two-layer state-space models. The superscript indicates the layers
while the subscript indicates the time index. It can be seen the MLP is equivalent to having zero
recurrent weights W, = Wy = 0.

F MOTIVATION FOR THE GRADIENT-TO-WEIGHT LIPSCHITZ CRITERION

Here we discuss the motivation for adopting the gradient-over-weight boundedness as a criterion.
First of all, the “best” reparameterization is proposed to further improve the optimization stability
across different memory patterns. The criterion “gradient is Lipschitz to the weight” is a necessary
condition for the stability in the following sense:

1. Consider functions f(x) = z*, the gradient function g(x) = 42 does not have a global

Lipschitz coefficient for all input values x. Therefore for any fixed positive learning rate 7,
there exists an initial point x¢ (for example xg = 2%} + 1) such that the convergence cannot
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be achieved via the gradient descent step
Try1 =z — 19(2). (124)

2. Consider functions f(z) = 22, the gradient function g(x) = 2z is associated with a Lip-
schitz constant L = 2. Then the same gradient descent step converges for any 1 < % in
Equation (124).

3. As can be seen in the above two examples, the criterion “gradient is Lipschitz to the
weight” is associated with the convergence under large learning rate. As the use of
larger learning rate is usually associated with faster convergence (Smith & Topin}, [2019),
smaller generalization errors 2019), we believe the Lipschitz criterion is a suitable
stability criterion for the measure of optimization stability.

4. The gradient-to-weight ratio evaluated in Figure 4(a) is a numerical verification of our
Theorem 3.4. The gradients of stable reparameterizations are less susceptible to the well-
known issue of exploding or vanishing gradients (Bengio et al.}[1994} [Hochreiter} [T998).

G SOLUTION OF “BEST” PARAMETERIZATION BASED ON ODE

Here we give a brief proof to show the “best” parameterization is the optimal “hypernetwork” in the
sense of gradient-over-weight Lipschitz continuity. Further study of the optimization of hypernet-
works for other criterions are left for future works.

Proof. Assume for some constant L, Gy (w) = L|w| for all w,

G(w)=Cyu g }c(% = Lu, (125)
d(In(f(w))) _ _ L
dw " T Chn (120
In(f(w)) = aw? +b. (127)

The second and third equation are achieved by integrating the function % Here a,b € R.

Therefore the “best” reparameterization under the assumption of the Lipschitz property of gradient
is characterized by the function with two degrees of freedom: By stability requirement f(w) < 0

flw) = a #0.

aw? + b’
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