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ABSTRACT

A major challenge of multiagent reinforcement learning (MARL) is the curse of
multiagents, where the size of the joint action space scales exponentially with the
number of agents. This remains to be a bottleneck for designing efficient MARL
algorithms even in a basic scenario with finitely many states and actions. This
paper resolves this challenge for the model of episodic Markov games. We de-
sign a new class of fully decentralized algorithms—V-learning, which provably
learns Nash equilibria (in the two-player zero-sum setting), correlated equilibria
and coarse correlated equilibria (in the multiplayer general-sum setting) in a num-
ber of samples that only scales with max;c(,, A;, where A; is the number of

actions for the i'" player. This is in sharp contrast to the size of the joint action
space which is [~ A;.

V-learning (in its basic form) is a new class of single-agent RL algorithms that
convert any adversarial bandit algorithm with suitable regret guarantees into an RL
algorithm. Similar to the classical Q-learning algorithm, it performs incremental
updates to the value functions. Different from Q-learning, it only maintains the
estimates of V-values instead of Q-values. This key difference allows V-learning
to achieve the claimed guarantees in the MARL setting by simply letting all agents
run V-learning independently. []_-]

1 INTRODUCTION

A wide range of modern artificial intelligence challenges can be cast as multi-agent reinforcement
learning (MARL) problems, in which agents learn to make a sequence of decisions in the presence of
other agents whose decisions will influence the outcome and can adapt to the strategies of the agents.
Modern MARL systems have achieved significant success recently on a rich set of traditionally
challenging tasks, including the game of GO (Silver et al., 20165 2017), Poker (Brown & Sandholm)
2019), real-time strategy games (Vinyals et al.| 2019} |OpenAl, 2018)), decentralized controls or
multiagent robotics systems (Brambilla et al., [2013)), autonomous driving (Shalev-Shwartz et al.,
2016)), as well as complex social scenarios such as hide-and-seek (Baker et al.,[2020). While single-
agent RL has been the focus of recent intense theoretical study, MARL has been comparatively
underexplored, which leaves several fundamental questions open even in the basic model of Markov
games Shapley| (1953)) with finitely many states and actions.

One such unique challenge of MARL is the curse of multiagents—Ilet A; be the number of actions
for the i player, then the number of possible joint actions (as well as the number of parameters
to specify a Markov game) scales with H:il A;, which grows exponentially with the number of
agents m. This remains to be a bottleneck even for the best existing algorithms for learning Markov
games. In fact, a majority of these algorithms adapt the classical single-agent algorithms, such as
value iteration or Q-learning, into the multiagent setting Bai et al.| (2020); [Liu et al.[(2021)), whose
sample complexity scales at least linearly with respect to [[;", A;. This is prohibitively large in
practice even for fairly small multiagent applications, say only ten agents are involved with ten
actions available for each agent.

'A subset of the results in this paper was presented in the conference version (Bai et al.,[2020) at NeurIPS
2020.
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Table 1: A summary of sample complexities for V-learning under different settings. Here H is the
length of each episode, S is the number of states, A = max;c[,,) A; is the largest number of actions
for each agent, € is the error tolerance. An information theoretical lower bound for all objectives is
Q(H3SA/€?) Jin et al.{(2018); |Bai & Jin| (2020).

L. Multiplayer General-sum
Objective
Two-player Zero-sum -
Nash Equilibria O(H®SA/e) PPAD-complete
Coarse Correlated Equilibria O(H®SA/e)
Correlated Equilibria O(H®SA?/€)

Another challenge of the MARL is to design decentralized algorithms. While a centralized algo-
rithm requires the existence of a centralized controller which gathers all information and jointly
optimizes the policies of all agents, a decentralized algorithm allows each agent to only observe her
own actions and rewards while optimizing her own policy independently. Decentralized algorithms
are often preferred over centralized algorithms in practice since (1) decentralized algorithms are
typically cleaner, easier to implement; (2) decentralized algorithms are more versatile as the indi-
vidual learners are indifferent to the interaction and the number of other agents; and (3) they are also
faster due to less communication required. While several provable decentralized MARL algorithms
have been developed (see, e.g.,|Zhang et al.| 2018} [Sayin et al.| 2021} |Daskalakis et al.,|2021), they
either have only asymptotic guarantees or work only under certain reachability assumptions (see
Section [A)). The existing provably efficient algorithms for general Markov games (without further
assumptions) are exclusively centralized algorithms (Bai & Jinl 2020; Xie et al., 2020; Liu et al.,
2021).

This motivates us to ask the following open question:
Can we design decentralized MARL algorithms that break the curse of multiagents?

This paper addresses both challenges mentioned above, and provide the first positive answer to this
question in the basic setting of tabular episodic Markov games. We propose a new class of single-
agent RL algorithms—V-learning, which converts any adversarial bandit algorithm with suitable
regret guarantees into a RL algorithm. Similar to the classical Q-learning algorithm, V-learning also
performs incremental updates to the values. Different from Q-learning, V-learning only maintains
the V-value functions instead of the Q-value functions. We remark that the number of parameters of
Q-value functions in MARL is O(S [~ A;), where S is the number of states, while the number of
parameters of V-value functions is only O(S). This key difference allows V-learning to be readily
extended to the MARL setting by simply letting all agents run V-learning independently, which gives
a fully decentralized algorithm.

We consider the standard learning objectives in the game theory—Nash equilibrium (NE), correlated
equilibrium (CE) and coarse correlated equilibrium (CCE). Except for the task of finding a NE in
multiplayer general-sum games which is PPAD-complete even for matrix games, we prove that V-
learning finds a NE for two-player zero-sum Markov games within O(H®S A/€?) episodes, where
H is the length of each episode, A = max;¢[,,] A; is the maximum number of actions of all agents,
and € is the error tolerance for the objective. We further prove that for multiplayer general-sum
Markov games, V-learning coupled with suitable adversarial bandit algorithms is capable of finding
a CCE within O(H®S A/€?) episodes, and a CE within O(H®S A2 /€?) episodes. All sample com-
plexities mentioned above do not grow with the number of the agents, which thus break the curse of
multiagents (See Table |l|for a summary and Appendix [A|for a more comprehensive discussion on
related literature.).
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2 PRELIMINARIES

We consider the model of Markov Games (MG) [Shapley| (1953) (also known as stochastic games in
the literature) in its most generic—multiplayer general-sum form. Formally, we denote an tabular
episodic MG with m players by a tuple MG(H, S, {A;}™,,P,{r;}",), where H, S denote the
length of each episode and the state space with |S| = S. A; denotes the action space for the i
player and |A;| = A;. Weleta := (aq,- - , ay,) denote the (tuple of) joint actions by all m players,
and A = Ay x ... X Ap. P = {Pp,}hea is a collection of transition matrices, so that P, (-|s, a)
gives the distribution of the next state if actions a are taken at state s at step h, and 7; = {74 4 }ne[n]
is a collection of reward functions for the i™ player, so that 7; (s, a) € [0, 1] gives the deterministic
reward received by the i™ player if actions a are taken at state s at step h. E] We remark that since
the relation among the rewards of different agents can be arbitrary, this model of MGs incorporates
both cooperation and competition.

In each episode, we start with a fixed initial state s;. E] At each step h € [H], each player i
observes state s, € S, picks action a; , € A; simultaneously, observes the actions played by other
playersE] and receives her own reward r; ,(sp, ap). Then the environment transitions to the next
state sp4+1 ~ Pr(:|sn, ar). The episode ends when s is reached.

Policy, value function A (random) policy m; of the i*" player is a set of H maps m; := {7ri7 ht
Qx (SxA1xS— Ai}he[H}’ where 7; ;, maps a random sample w from a probability space

Q and a history of length h—say 75, := (s1,a1,- -, $p), to an action in .4;. To execute policy 7,
we first draw a random sample w at the beginning of the episode. Then, at each step h, the i player
simply takes action 7; ,(w, 75,). We note here w is shared among all steps h € [H]. w encodes both
the correlation among steps and the individual randomness of each step. We further say a policy 7;
is deterministic if m; p,(w, 7,) = m; p(75,) Which is independent of the choice of w.

An important subclass of policy is Markov policy, which can be defined as 7; := {m R xS —
A; } helH]" Instead of depending on the entire history, a Markov policy takes actions only based on

the current state. Furthermore, the randomness in each step of Markov policy is independent. There-
fore, when it is clear from the context, we write Markov policy as m; := {7@ RS — Ay, } heH)
where A 4, denotes the simplex over .4,;. We also use notation 7, 1, (a|s) to denote the probability of

the i agent taking action a at state s at step h.

A joint (potentially correlated) policy is a set of policies {m;}!", where the same random sample
w is shared among all agents, which we denote as 7 = m © T2 ® ... ® m,,. We also denote
T =T1O...Ti_1OmTi41O...O T, to be the joint policy excluding the i player. A special case
of joint policy is the product policy where the random sample has special form w = (w1, ...,wpm),
and for any ¢ € [m], m; only uses the randomness in w;, which is independent of remaining {w; } ji,
which we denote as m = 71 X g X ... X Ty

We define the value function V™ (s1) as the expected cumulative reward that the i player will
receive if the game starts at initial state s; at the 1% step and all players follow joint policy 7:

Vii(s1) = Ex [Zthl 7i.n(5h, ah)‘ 81} : (1)

where the expectation is taken over the randomness in transition and the random sample w in policy
.

Best response and strategy modification For any strategy 7_;, the best response of the ™ player
is defined as a policy of the i player which is independent of the randomness in 7_;, and achieves
the highest value for herself conditioned on all other players deploying 7_;. In symbol, the best

2Qur results directly generalize to random reward functions, since learning transitions is more difficult than
learning rewards.

3While we assume a fixed initial state for notational simplicity, our results readily extend to the setting
where the initial state is sampled from a fixed initial distribution.

*We assume the knowledge of other players’ actions for the convenience of later definitions. We remark
that the V-learning algorithm introduced in this paper does not require knowing the actions of other players.
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response is the maximizer of max,: foxn_ (s1) whose value we also denote as VT “(s1) for
simplicity. By its definition, we know the best response can always be achieved at determmzsnc
policies.

A strategy modification ¢; for the i player is a set of maps ¢; := {¢; : (S x A1 xS x A; —
Ai}ﬂwhere ®;.1, can depend on the history 73, and maps actions in 4; to different actions in .4;. For
any policy of the i player ;, the modified policy (denoted as ¢; ;) changes the action ; 5, (w, 7
under random sample w and history Th, 10 ¢ (Th, T; p(w, T1,)). For any joint policy m, we define the

best strategy modification of the i™ player as the maximizer of max, V((WW’ Yom—s (s1)-

Different from the best response, which is completely independent of the randomness in 7_;, the best
strategy modification changes the policy of the i player while still utilizing the shared randomness
among 7; and 7_;. Therefore, the best strategy modification is more powerful than the best response:

formally one can show that max, V(‘Wﬁ”)@r (1) > max, V/'y X (s1) for any policy 7.

2.1 LEARNING OBJECTIVES

A special case of Markov game is Markov Decision Process (MDP). One can show there always
exists an optimal policy 7* = argmax, V7" (s1). Denote the value of the optimal policy as V*. The
objective of learning MDPs is to find an e-optimal policy 7, which satisfies V*(s1) — V{7 (s1) <.

For Markov games, there are three common learning objectives in the game theory literature—Nash
Equilibrium, Correlated Equilibrium (CE) and Coarse Correlated Equilibrium (CCE).

First, a Nash equilibrium is defined as a product policy where no player can increase her value by
changing only her own policy. Formally,

Definition 1 (Nash Equilibrium). A product policy m is a  Nash equilibrium if
Max; e (V-T’Li —V)(s1) = 0. A product policy 7 is an e-approximate Nash equilibrium if
maxie (Vi = Vi) (s1) < e

We remark that, except for the special case of two-player zero-sum Markov games where reward
Ton = —ruﬂ for any h € [H], the Nash equilibrium in general has been proved PPAD-hard to
compute |Daskalakis| (2013)). Therefore, we only present results for finding Nash equilibria in two-
player zero-sum MGs in this paper.

Second, a coarse correlated equilibrium is defined as a joint (potentially correlated) policy where no
player can increase her value by playing a different independent strategy. In symbol,

Definition 2 (Coarse Correlated Equilibrium). A joint policy « is a CCE if
MaX; ¢ (V;Tfr”' -Vi)(s1) = 0. A joint policy m is a e-approximate CCE if
maxie) (V7 = Vi)(s1) <e.

The only difference between Definition [T] and Definition [2] is that Nash equilibrium requires the
policy 7 to be a product policy while CCE does not. Thus, it is clear that CCE is a relaxed notion of
Nash equilibrium, and a Nash equilibrium is always a CCE.

Finally, a correlated equilibrium is defined as a joint (potentially correlated) policy where no player
can increase her value by using a strategy modification. In symbol,

Definition 3  (Correlated  Equilibrium). A  joint policy =« is a CE if
MaX;e [y, MaXep, (VE@M’)@L —V7)(s1) = 0. A joint policy 7 is a e-approximate CE if
maxic () maxg, (Viy ™7 = Vi)(s1) < e

In Markov games, we also have that a Nash equilibrium is a CE, and a CE is a CCE (see Proposition
[9)in Appendix [C|for more details).

SHere, we only introduce the deterministic strategy modification for simplicity of notation, which is suf-
ficient for discussion in the context of this paper. The random strategy modification can also be defined by
introducing randomness in ¢; which is independent of randomness in 7; and m—;. It can be shown that the best
strategy modification can always be deterministic.

STechnically, to ensure 725, € [0, 1], we choose ra;, = 1 — 71.5,. We note that adding a constant to the
reward function has no effect on the equilibria, which is our learning objective.
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Algorithm 1 V-LEARNING

1: Initialize: for any (s, a,h), Vi(s) < H + 1 — h, Np(s) « 0, mp(als) «+ 1/A.

2: forepisode k =1,..., K do

3:  receive sj.

4 forsteph=1,...,H do

5: take action aj, ~ 7p(+|sp,), observe reward rj, and next state sy, .
6: t = Np(sp) < Np(sp) + 1.
7.
8
9

Vi(sn) < (1 — o) Viu(sn) + ai(rh + Vay1(Snt1) + Be).

Vi(sp) < min{H + 1 — h, Vj,(sn)}-

7n(:|sn) < ADV_BANDIT_UPDATE(ay, %ﬂ(s’“)) on (s, h)™ adversarial ban-
dit.

3 V-LEARNING ALGORITHM

In this section, we introduce V-learning algorithm as a new class of single-agent RL algorithms,
which converts any adversarial bandit algorithm with suitable regret guarantees into a RL algorithm.
We also present its theoretical guarantees for finding a nearly optimal policy in the single-agent
setting.

Training algorithm To begin with, we describe the V-learning algorithm (Algorithm ). It main-
tains a value V4 (s), a counter Vp,(s), and a policy 7, (+|s) for each state s and step h, and initializes
them to be the max value, 0, and uniform distribution respectively. V-learning also instantiates S x H
different adversarial bandit algorithms—one for each (s, k) pair. At each step h in each episode k,
the algorithm performs three major steps:

e Policy execution (Line[5H6): the algorithm takes action aj, according to the maintained 7y,
then observes the reward 7, and the next state sj, 41, and increases the counter Ny, (sy,) by

1.
e V-value update (Line[7H8): the algorithm performs incremental update to the value func-
tion:

Vi(sn) < (1 — ae)Vi(sn) + e (rn, + Vipa (sns1) + Be) (2)
here v is the learning rate, and f3; is the bonus to promote optimism (and exploration). The
choices of both quantities will be specified later. Next, we simply update V}, as a truncated
version of V.

e Policy update (Line EI): the algorithm feeds the action a;, and its “loss” %“(g““)

to the (sp,, h)™ adversarial bandit algorithm, and receives the updated policy 7 (+|s3).
Throughout this paper, we will always use the following learning rate ;. We also define an auxiliary
sequence {a:}!_, based on the learning rate, which will be frequently used across the paper.

t

t
H+1 p
oy = TR a?:]l;[l(l—aj), ozi:aijzl}_l(l—aj). 3)

We remark that our incremental update equation [2] bears significant similarity to Q-learning, and our
choice of learning rate is precisely the same as the choice in Q-learning (Jin et al., 2018). However,
a key difference is that the V-learning algorithm maintains V-value functions instead of Q-value
functions. This is crucial when extending V-learning to the multiplayer setting where the number
of parameters of Q-value functions becomes O(HS]!", A;) while the number of parameters of
V-value functions is only O(H.S). Since V-learning does not use action-value functions, it resorts
to adversarial bandit algorithms to update its policy.

ADV_BANDIT_UPDATE subroutine: Consider a multi-arm bandit problem with adversarial loss,
where we denote the action set by B with |B| = B. At round ¢, the learner picks a strategy (dis-
tribution over actions) f; € Apg, and the adversary chooses a loss vector ¢; € [0, 1}3 . Then the
learner takes an action b, that is sampled from distribution 6;, and receives a noisy bandit-feedback
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Protocol 2 ADVERSARIAL BANDIT ALGORITHM
1: Initialize: for any b, 6 (b) < 1/B.
2: forstept =1,...,7 do
3:  adversary chooses loss /.
4:  take action by ~ 6;, observe noisy bandit-feedback Zt(bt).
5. 0,41 < ADV_BANDIT_UPDATE(by, £, (b,)).

Algorithm 3 EXECUTING OUTPUT POLICY & OF V-LEARNING
1: sample k < Uniform([K]).
2: forsteph=1,...,H do
3:  observe sj,, and sett <~ NF(sp).
4:  setk < kj(sp), where i € [t] is sampled with probability c}.
5. take action aj, ~ 7r(+|sp).

(b)) € [0,1] where E[{Zt(bt)wt,bt] = (;(b;). Then, the adversarial bandit algorithm performs
updates based on b; and ¢;(b;), and outputs the strategy for next round 0¢11, which we abstract as
0:1+1 < ADV_BANDIT_UPDATE(by, ¢4 (b;)) (see Protocol.

Output policy We define the final output policy 7 of V-learning by how to execute this policy (see
Algorithm . Let V¥ N* 7% be the value, counter and policy maintained by V-learning algorithm
at the beginning of episode k. The output policy maintains a scalar k, which is initially uniformly

sampled from [K]. At each step h, after observing s, 7 plays a mixture of policy {7} (-|s5)}_;
with corresponding probability {«}!_; defined in equation [3} Here t = N} (s},) is the number of
times sy, is visited at step h at the beginning of episode k, and &’ is short for k! (sp) which is the
index of the episode when sy, is visited at step h for the i™ time. After that, 7 sets k to be the index
ki (sp) whose policy is just played within the mixture, and continue the same process for the next
step. This mixture form of output policy 7 is mainly due to the incremental updates of V-learning.
One can show that, if omitting the optimistic bonus, Vi (s1) computed in the V-learning algorithm
is a stochastic estimate of the value of policy 7.

We remark that 7 is not a Markov policy, but a general random policy (see Definition in Section 2)),
which can be written as a set of maps {7, :  x 8" — A;}. The choice of action at each step
h depends on a joint randomness w € ) which is shared among all steps, and the history of past
states (s1, . . ., s5). In Section[5| we will further introduce a simple monotone technique that allows
V-learning to output a Markov policy in both the single-agent and the two-player zero-sum setting.

Single-agent guarantees We first state our requirement for the adversarial bandit algorithm used
in V-learning, which is to have a high probability weighted external regret guarantee as follows. The
weights {a} }!_, are defined in equation 3]

Assumption 1. For anyt € N and any § € (0, 1), with probability at least 1 — §, we have

t

Gneli}; Z a;[<927‘€1> - <07£z>] < f(B,t,lOg(l/(S)) (4)
i=1

We further assume the existence of an upper bound Z(B,t,log(1/0)) >

Z€':1 &(B,t',log(1/8))where (i) £(B,t,log(1/6)) is non-decreasing in B for any t,d; (ii)
E(B,t,1og(1/9)) is concave in t for any B, .

Assumption [I] can be satisfied by modifying many existing algorithms with unweighted external
regret to the weighted setting. In particular, we prove that the Follow-the-Regularized-Leader
(FTRL) algorithm (Algorithm [5) satisfies the Assumption [I| with bounds &(B,t,log(1/d)) <

O(\/HBlog(B/)/t) and E(B, t,1log(1/6)) < O(y/HBtlog(B/d)). The H factor comes into
the bounds because our choice of weights {!} in equation [3| involves H. We refer readers to

Appendix [H|for more details.
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We are now ready to introduce the theoretical guarantees of V-learning for finding near-optimal
policies in the single-agent setting.

Theorem 4. Suppose subroutine ADV_BANDIT_UPDATE satisfies Assumption Foranyd € (0,1)
and K € N, let v = log(HSAK/§). Choose learning rate oy according to equation and bonus
{B:}E | so that 27;:1 aifi = O(HE(A, t,1) + \/H3./t) for any t € [K]. Then, with probability
at least 1 — 6, after running Algorithm/|l|for K episodes, we have the output policy 7t by Algorithm
[l satisfies

Vi*(s1) — Vi (s1) < O((H?S/K) - E(A, K /S, 1) + /H5S/K).

In particular, when instantiating subroutine ADV_BANDIT_UPDATE by FTRL (Algorithm [5), we
can choose 3; = c - \/H3Au[t for some absolute constant c, where Vi*(s1) — V{¥(s1) <

O(VH3SAJE).

The special cases of Theorem 4 and Theorem 5] (when the subroutine is instantiated by FTRL) were

firstly presented in the conference version of this paper (Bai et al., 2020), with an additional v/ H
factor in the error.

Theorem |4 characterizes how fast the suboptimality of 7 decreases with respect to the total number
of episode K. In particular, to obtain an e-optimal output policy 7, we only need to use a number
of episodes K = O(H®SA/e?). This is H> factor larger than the information-theoretic lower
bound Q(H3SA/e?) in this setting (Jin et al., 2018). We remark that one extra H factor is due
to the incremental update and the use of learning rate in equation [3| which is exactly the same for
Q-learning algorithm (Jin et al., [2018)). The other H factor can be potentially improved by using
refined first-order regret bound (counterparts of Bernstein concentration) in V-learning.

While V-learning seems to be no better than classical value iteration or Q-learning in the single-agent
setting, its true power starts to show up in the multiagent setting: Value iteration and Q-learning
require highly nontrivial efforts to adapt them to the multiagent setting, and by design they suffer
from the curse of multiagents (Bai et al., [2020; Liu et al.| |2021). In the following sections, we will
show that V-learning can be directly extended to the multiagent setting by simply letting all agents
run V-learning independently. Furthermore, V-learning breaks the curse of multiagents.

4 TWO-PLAYER ZERO-SUM MARKOV GAMES

In this section, we provide the sample efficiency guarantee for V-learning to find Nash equilibria in
two-player zero-sum Markov games.

In the two-player zero-sum setting, we have two agents whose rewards satisfy ry ;, = —ra j, for any
h € [H]. Our algorithm is simply that both agents run V-learning (Algorithm|I) independently with
learning rate oy as specified in equation Each player j will uses her own set of bonus {/3;;} that
depends on the number of her actions and will be specified later. To execute the output policy, both
agents simply execute Algorithm [3|independently using their own intermediate policies computed
by V-learning.

We have the following theorem for V-learning. For clean presentation, we denote A = max;¢[9) 4;.
Theorem 5. Suppose subroutine ADV_BANDIT_UPDATE satisfies Assumption Foranyd € (0,1)
and K € N, let « = log(HSAK/6). Choose learning rate o according to equation and bonus
{B;.i . of the j™ player so that Zle aiBi = O(HE(Aj b, L) + \/H3/t) forany t € [K].
Then, with probability at least 1 — 0, after running Algorithm[I| for K episodes, let 71,72 be the
output policies by Algorithm[3|for each player, then we have the product policy & = 7ty X o satisfies

max[ V" (51) = Vi (s1)] < O((H*S/K) - 2(A, K/S,0) + /HOS1/K).
J

When instantiating ADV_BANDIT_UPDATE by FTRL (Algorithm E]) we can choose 3y = c -
VH3Aju/t for some absolute constant c, which leads to max ;e[ [X/J»J[’lﬂ’j(s1) - Vfl (s1)] <
O(H5SAL/K).

Theorem [5] claims that, to find an e—approximate Nash equilibrium, we only need to use a number
of episodes K = O(H®SA/e?), where A = max¢9) A;. In contrast, value iteration or Q-learning
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based algorithms require at least Q(H3S A Ay /€?) episodes to find Nash equilibria Bai et al.[(2020);
Liu et al.[(2021)). Furthermore, V-learning is a fully decentralized algorithm. To our best knowledge,
V-learning is the only algorithm up to today that achieves sample complexity linear in A for finding
Nash equilibrium in two-player zero-sum Markov games.

We remark that V-learning only performs (1) operations and calls subroutine
ADV_BANDIT_UPDATE once every time a new sample is observed. As long as the adversar-
ial bandit algorithm used in V-learning is computationally efficient (which is the case for FTRL),
V-learning itself is also computationally efficient.

5 MONOTONIC V-LEARNING

In the previous sections, we present the V-learning algorithm whose output policy (Algorithm 3) is
a nested mixture of Markov polices. Storing such a output policy requires O(H SA,; K) space for
the j player. In Section we argue this approach has a significant advantage over directly storing
a general correlated policy when the number of agents is large. Nevertheless, this space complexity
can be undesirable when the number of agents is small.

In this section, we introduce a simple monotonic techique to V-learning, which allows each agent to
output a Markov policy when finding Nash equilibria in the two-player zero-sum setting. Storing a
Markov policy only takes O(HSA;) space for the j™ player. A similar result for the single-agent
setting can be immediately obtained by setting the second player in the Markov game to be a dummy
player with only a single action to choose from.

Monotonic update Monotonic V-learning is almost the same as V-learning with only the Line
in Algorithm I|changed to

Vi(sp) + min{H + 1 — h, Vh(sh), Vi(sn)}s 4)

This step guarantees V}(sp,) to monotonically decrease at each step. This is helpful because in two-
player zero-sum Markov games, all Nash equilibria share a unique value which we denote as V*. By
design, we can prove that the V-values maintained in V-learning are high probability upper bounds
of V* (Lemma|T8). This monotonic update allows our V-value estimates to always get closer to V*
after each update, which improves the accuracy of our V-value estimates.

Markov output policy For an arbitrary fixed (s,h) € S x [H], let ¢; be the last episode when
the value V1 j(s) is updated (i.e., strictly decreases), and let ¢2 be the last episode when the value
Va,1(s) is updated. Then the output policy for this (s, k) has the following form.

T1n(: g at27rlh ), Ton(: E atlﬂ'Qh (6)

where k! denotes the index of episode when state s is visited at step A is visited for the 7*" time.
Recall that 7r§“7 ,(:]s) is the policy maintained by the j™ player at the beginning of the k™ episode
when she runs V-learning. That is, the new output policy is simply the weighted average of policies
computed in the V-learning at each (s, h) pair. Clearly, the policies 7; and 72 defined by equation E]
are Markov policies.

We remark that although the execution of 71 and 75 can be fully decentralized, in equation [6] the
computation of 7y p,(-|s) depends on t2 while the computation of 75 5, (-|s) depends on ¢;. That
is, two players need to communicate at the end the indexes of the most recent episodes when their
V-values are updated. As a result, monotonic V-learning is not fully decentralized.

Theorem 6. Monotonic V-learning with output policy T = 71 X 7ty as specified by equation |6 has
the same theoretical guarantees as Theorem S|\ with the same choices of hyperparamters.

Theorem [6] asserts that V-learning can be modified to output Markov policies when finding Nash
equilibria of two-player zero-sum Markov games. As a special case, the same technique and results
directly apply to the single-agent setting.
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A RELATED WORK

In this section, we focus our attention on theoretical results for the tabular setting, where the numbers
of states and actions are finite. We acknowledge that there has been much recent work in RL for
continuous state spaces (see, e.g., Jiang et al., 2017; Jin et al.| 2020; |[Zanette et al., [2020; Jin et al.,
2021a; [Xie et al., [2020; Jin et al., [2021b)), but this setting is beyond our scope.

Markov games. Markov Game (MG), also known as stochastic game (Shapleyl |1953)), is a pop-
ular model in multi-agent RL (Littman| [1994). Early works have mainly focused on finding Nash
equilibria of MGs under strong assumptions, such as known transition and reward (Littman, 2001}
Hu & Wellman, 2003; Hansen et al., 2013; Wei et al., 2020), or certain reachability conditions (Wei
et al., |2017; [2021) (e.g., having access to simulators (Jia et al.l | 2019; Sidford et al., 2020} [Zhang
et al.,[2020)) that alleviate the challenge in exploration.

A recent line of works provide non-asymptotic guarantees for learning two-player zero-sum tabular
MGs without further structural assumptions. Bai & Jin| (2020) and Xie et al.| (2020) develop the
first provably-efficient learning algorithms in MGs based on optimistic value iteration. [Liu et al.
(2021) improves upon these works and achieve best-known sample complexity for finding an e-
Nash equilibrium—QO(H3SA; Ay /€?) episodes.

For multiplayer general-sum tabular MGs, [Liu et al.| (2021)) is the only existing work that pro-
vides non-asymptotic guarantees in the exploration setting. It proposes centralized model-based
algorithms based on value-iteration, and shows that Nash equilibria (although computationally in-
efficient), CCE and CE can be all learned within O(H*S? [, A;/€) episodes. Note this result

suffers from the curse of multiagents.

V-learning—initially coupled with the FTRL algorithm as adversarial bandit subroutine—is firstly
proposed in the conference version of this paper Bai et al.| (2020), for finding Nash equilibria in
the two-player zero-sum setting. During the preparation of this draft, we note two very recent
independent works |Song et al.| (2021); |Mao & Basar (2021)), whose results partially overlap with
the results of this paper in the multiplayer general-sum setting. In particular, Mao & Basar| (2021)
use V-learning with stablized online mirror descent as adversarial bandit subroutine, and learn e-
CCE in O(H®SA/€*) episodes, where A = max c(,,,) A;. This is one H factor larger than what is
required in Theorem|7]of this paper. [Song et al.| (2021)) considers similar V-learning style algorithms
for learning both €-CCE and e-CE. For the latter objective, they require O(H®SA?/e?) episodes
which is again one H factor larger than what is required in Theorem (8| of this paper. [Song et al.
(2021) also considers learning Markov potential games by algorithms that are not V-learning, which
is beyond the scope of this paper. We remark that both parallel works have not presented V-learning
as a generic class of algorithms which can be coupled with any adversarial bandit algorithms with
suitable regret guarantees in a black-box fashion.

Strategic games. Strategic game is one of the most basic game forms studied in the game the-
ory literature [Osborne & Rubinstein| (1994). It can be viewed as Markov games without state and
transition. The fully decentralized algorithm that breaks the curse of multiagents is known in the
setting of strategic games. By independently running no-regret (or no-swap-regret) algorithm for
all agents, one can find Nash Equilibria (in the two-player zero-sum setting), correlated equilibria
and coarse correlated equilibria (in the multiplayer general-sum setting) in a number of samples that
only scales with MAaX;e[m] A; [Cesa-Bianchi & Lugosi| (2006)); Hart & Mas-Colell| (2000); Blum &
Mansour| (2007). However, such successes do not directly extend to the Markov games due to the
additional temporal structures involving both states and transition. In particular, there is no compu-
tationally efficient no-regret algorithm for Markov games Radanovic et al.|(2019); Bai et al.| (2020).

Extensive-form games. There is another long line of research on MARL based on the model
of extensive-form games (EFG) (see, e.g., Koller & Megiddol [1992; |Gilpin & Sandholm, 2006;
Zinkevich et al.| 2007; Brown & Sandholm), [2018; 2019; |Celli et al., 2020). EFGs can be viewed as

"We remark that, while|Wei et al.|(2017) studies the infinite-horizon average-reward setting, a recent refined
analysis tailored to the episodic setting shows that the algorithms proposed in|Wei et al.|(2017) can learn Nash

equilibria in two-player zero-sum MGs without additional reachability assumptions in O(H*S2A; Az /€?)
(Wei, [2021).
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special cases of Markov games where any state at the h™ step can be reached from only one state
at the (h — 1)™ step (due to tree structure of the game). Therefore, results on learning EFGs do not
directly imply results for learning MGs.

Decentralized MARL There is a long line of empirical works on decentralized MARL (see, e.g.,
Lowe et al.l [2017; Igbal & Shal [2019; [Sunehag et al.l [2017; Rashid et al.| [2018}; |Son et al., [2019).
A majority of these works focus on the cooperative setting. They additionally attack the challenge
where each agent can only observe a part of the underlying state, which is beyond the scope of
this paper. For theoretical results, [Zhang et al|(2018) consider the cooperative setting while [Sayin
et al.| (2021) study the two-player zero-sum Markov games. Both develop decentralized MARL
algorithms but provide only asymptotic guarantees. |Daskalakis et al.|(2021) analyze the convergence
rate of independent policy gradient method in episodic two-player zero-sum MGs. Their result
requires the additional reachability assumptions (concentrability) which alleviates the difficulty of
exploration.

Single-agent RL  There is a rich literature on reinforcement learning in MDPs (see e.g. Jaksch
et al., 2010; |Osband et al., 2014} |Azar et al.. [2017; [Dann et al., 2017} [Strehl et al.l 2006} Jin et al.,
2018;2021a). MDPs are special cases of Markov games, where only a single agent interacts with a
stochastic environment. For the tabular episodic setting with nonstationary dynamics and no simu-
lators, the best sample complexity achieved by existing model-based and model-free algorithms are
O(H?SA/€®) (achieved by value iteration |Azar et al.| (2017)) and O(H*SA/e?) (achieved by Q-
learning [Jin et al.| (2018))), respectively, where S is the number of states, A is the number of actions,
H is the length of each episode. Both of them (nearly) match the lower bound Q2(H?3S A /€?) Jaksch
et al.[(2010);|Osband & Van Roy| (2016); Jin et al.|(2018).

B MULTIPLAYER GENERAL-SUM MARKOV GAMES

In multiplayer general-sum games, finding Nash equilibria is computationally hard in general
(which is technically PPAD-complete Daskalakis| (2013)). In this section, we focus on finding two
commonly-used alternative notions of equilibria in the game theory—coarse correlated equilibria
(CCE), and correlated equilibria (CE). Both are relaxed notions of Nash equilibira.

B.1 FINDING COARSE CORRELATED EQUILIBRIA

The algorithm for finding CCE is again running V-learning (Algorithm [I)) independently for each
agent j with learning rate o (as specified in equation [3) and bonus {3; .} (to be specified later).
The major difference from the case of finding Nash equilibria is that CCE and CE require the output
policy to be joint correlated policy. We achieve this correlation by feeding the same random seed
to all agents at the very beginning when they execute the output policy according to Algorithm
[l That is, while training can be done in the fully decentralized fashion, we require one round of
communication at the beginning of the execution to broadcast the shared random seed. After that,
each agent can simply execute her own output policy independently. During the execution, since
the states visited are shared among all agents, shared random seed allows the same index ¢ to be
sampled across all agents in the Step ] of Algorithm [3]at every step. We denote this correlated joint
output policy as 7 = 1 @ ... ® Ty,

We remark that to specify a correlated policy in general, we need to specify the probability for taking
all action combinations (ay, ..., a.,) for each (s, h). This requires at least Q(H .S H;”:l A,) space,
which grows exponentially with the number of agents m. The way V-learning specifies the joint
policy only requires agents to store their own intermediate counters and policies computed during
training. This only takes a total of O(HSK (37", A;)) space, which scales only linearly with the

number of agents. Our approach dramatically improve over the former approach in space complexity
when the number of agents is large.

We now present the guarantees for V-learning to learn a CCE as follows. Let A = max;¢(,) 4;.

Theorem 7. Suppose subroutine ADV_BANDIT_UPDATE satisfies Assumption|l| For any 6 € (0,1)
and K € N, let . = log(mHSAK/d). Choose learning rate o according to equationand bonus

{B;.: £, of the ™ player so that 25:1 aiBji =O(HE(Aj, t,0)++/H3u/t) foranyt € K. Then,
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with probability at least 1 — 0, after all the players running Algorithm|l|for K episodes, let 7t; be
the output policy by Algorithm Elfor the ™ player, then we have the joint policy & = 71 ® ... ® iy,
satisfies

max [V (1) — V7, (s1)] < O((H?S/K) - (A, K/8,1) + /HSL/K).

. 1 s

When instantiating ADV_BANDIT_UPDATE by FTRL (Algorithm El), we can choose B;; = c -
VH3 AL/t for some absolute constant ¢, which leads to max ¢y, [Vj]:’fr_j (s1) = Vii(s1)] <

O(VH?SAJE).

Theorem [/| claims that, to find an e—approximate CCE, V-learning only needs to use a number of
episodes K = O(H°SA/e?), where A = max; e[, A;. This is in sharp contrast to the prior
results for multiplayer general-sum Markov games, which use value iteration based algorithms, and
require at least Q(H*S?(J]/", A;)/€?) episodes Liu et al. (2021). As a result, V-learning is the first
algorithm that breaks the curse of multiagents for finding CCE in Markov games.

B.2 FINDING CORRELATED EQUILIBRIA

The algorithm for finding CE is almost the same as the algorithm for finding CCE except that we
now require a different ADV_BANDIT_UPDATE subroutine, which has the following high probability
weighted swap regret guarantee.

Assumption 2. For anyt € N and any § > 0, with probability at least 1 — §, we have
t

We assume the existence of an upper bound =y,,(B, t,log(1/9)) > ZE,:I & (Bt log(1/8))where
(i) &w(B, t,1og(1/6)) is non-decreasing in B for any t,d; (ii) Zg,(B, t,1og(1/0)) is concave in t
for any B, 6.

Here ¥ denotes the set {¢) : B — B} which consists of all maps from actions in B to actions in
BB. Meanwhile, for any 0 € Ap, the term ¢ © § € Ap denotes the distribution over actions where
hob(b) =3, B(b)=b 6(b"). We note that bounded swap regret is a stronger requirement compared

to bounded external regret as in equation [ since by maximizing over a subset of functions in W
which map all actions in B to one single action, we recover the external regret by equation [7}

Assumption [2] can be satisfied by modifying many existing algorithms with external regret to the
swap regret setting. In particular, we prove that the Follow-the-Regularized-Leader for swap regret
(FTRL_swap) algorithm (Algorithm [6) satisfies Assumption [2] with bounds & (B, t,log(1/6)) <

O(B+/Hlog(B/0)/t) and Esy (B, t,log(1/6)) < O(B+/Htlog(B/d)). Both bounds have one
extra /B factor comparing to the counterparts in external regret. We refer readers to Appendixfor
more details.

We now present the guarantees for V-learning to learn a CCE as follows. Let A = max;¢[,n) A;.

Theorem 8. Suppose subroutine ADV_BANDIT_UPDATE satisfies Assumption Foranyd € (0,1)
and K € N, let . = log(mHSAK/d). Choose learning rate o according to equationand bonus
{B;.i £, of the j™ player so that 22:1 aiBji = O(HE(Aj,t,0) + \/H3/t) for any t € [K].
Then, with probability at least 1 — 0, after all the players running Algorithm Elfor K episodes, let 7;

be the output policy by algorithm 0r the j™ player, then we have the joint policy & = T, ®...O%y,
satisfies

mex max([V}5 " (s1) = Vi (51)] < O((HS/K) - Zoul(A, K/5,0) + /SHUEK).
JE[mM] ¢; ’ ’

When instantiating ADV_BANDIT_UPDATE by FTRL _swap (Algorithm @) we can choose B = c -
Aj+/H3./t for some absolute constant c, which leads to max je[m,) maxy, [Vflj (s1)— Vfl (s1)] <

O(A/H3SU/K).
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Algorithm 4 EXECUTING POLICY #7
1: forsteph/ =h,h+1,...,Hdo
2:  observe sj/, and sett < NP (sp).
3: setk <« ki, (sp), where i € [t] is sampled with probability o.
4 take action aj ~ 75, (+|spr).

Theorem (8| claims that, to find an e—approximate CE, V-learning only needs to use a number of
episodes K = O(H?SA?/e?), where A = max;c[,,] A;. It has an extra A multiplicative factor
comparing to the sample complexity of finding CCE, since CE is a subset of CCE thus finding CE is
expected to be more difficult. Nevertheless, the sample complexity presented here is far better than
value iteration based algorithm, which requires at least Q(H*S?([[;~, A;)/€?) episodes for finding
CE [Liu et al.|(2021)). V-learning is also the first algorithm that breaks the curse of multiagents for
finding CE in Markov games.

C NOTATIONS AND BASIC LEMMAS

C.1 NOTATIONS

In this subsection, we introduce some notations that will be frequently used in appendixes. Recall
that we use V¥, N* 7% to denote the value, counter and policy maintained by V-learning algorithm
at the beginning of the episode k.

We also introduce a new policy fr}’f for a single agent (defined by its execution in Algorithm, which
can be viewed as a part of the output policy in Algorithm [3| The definition of fr;f is very similar to
7 except two differences: (1) fr}j is a policy for step h, ..., H while 7 is a policy for step 1, ..., H;
(2) in 7 the initial value of k is sampled uniformly at random from [K] at the very beginning while
in A% the initial value of k is given.

We remark that fr,’j is a non-Markov policy that does not depends on history before to the 2™ step. In
symbol, we can express this class of policy as 7j == {mjn : Qx (Sx AP xS — A;}E_, . We
call this class of policy the policy starting from the h' step, and denote it as IT,. Similar to Section
[2l we can also define joint policy 7 = m; ©@ ... ® 7, and product policy 7 = 71 X ... X m,, for
policies in ITj,. We can also define value V;7 () for joint policy 7 € IIj as

Vi (s) = Ex S i (Sh, an)

ShZS}.

This allows us to define the corresponding best response of m_; as the maximizer of
max, e, V7“7 (s). We also denote this maximum value as V,L.T;:r‘i(s). We define the strat-

egy modification for policies starting from the ™ step as ¢; := {¢; = (S x A" 7" x S x A; —
A;}E_, | and denote the set of such strategy modification as ®,.

Finally, for simplicity of notation, we define two operators [P and D as follows:

{Ph[V](S, a) = ]ES’NIP’h(~|s,a) [V(s/)]v
D [Q](S> = anﬂ(<|s)[Q(57 a)],

for any value function V, () and any one-step Markov policy 7.

(®)

C.2 BASIC LEMMAS

We first present a proposition which clarify the relations among the three different kind of equilibria.
In particular, we show that, similar to strategic games, we also have Nash C CE C CCE in Markov
games.

Proposition 9 (Nash C CE C CCE). In Markov games, any e-approximate Nash equilibrium is an
e-approximate CE, and any e-approximate CE is an e-approximate CCE.
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Proof. We prove two claims separately.
For Nash C CE, let m = m; X w2 X - - - 7, be an e-approximate Nash equilibrium, then

R “ . ®)
masc V7™ (51) © max VI (1) < V() + e

7

Step (a) is because that 7 is a product policy, where the randomness of different agents are com-
pletely independent. In this case, maximizing over strategy modification ¢; is equivalent to max-
imizing over a new independent policy. Step (b) directly follows from 7 being an e-approximate
Nash equilibrium. By definition, this proves that 7 is also an e-approximate CE.

For CE C CCE,letm =7 ® 7Ty ® - - - T, be an e-approximate CE, then we have

x (c) O (d)
mE/LXV;-’fX “(s1) < n;ﬁax‘/(d)l<> Jom- ‘(1) < V(s1) +e

Step (c) is because by definition of strategy modification ¢; := {¢i,h (SEXATIXSx A — A},
we can consider a subset of strategy modification ¢; := {¢; ) : (S x APt x & — A;} which
modifies the policy ignoring whatever the action ; takes. It is not hard to see that maxmizing over
the strategy modification in this subset is equivalent to maximizing over a new independent policy
;. Therefore, maximizing over all strategy modification is greater or equal to maximizing over 7.
Finally, step (d) follows from 7 being an e-approximate CE. By definition, this proves that 7 is also
an e-approximate CCE. O

Next, we present some basic lemmas that will be used in the proofs of different theorems. We start
by introducing some useful properties of sequence {«}} defined in equation

Lemma 10. ((Jin et al||2018, Lemma 4.1),(Tian et al., 2021, Lemma 2)) The following properties
hold for ag:

Lh sy S G ad} <S8 < foreveryt > 1.

2. max;ep of < 22 and 22:1(0@2 < 28 forevery t > 1.

32 ai=1+ 3 foreveryi > 1.

Finally, we have the following lemma which express the V maintained in V-learning in the form of
weighted sum of earlier updates.

Lemma 11. Consider an arbitrary fixed (s, h, k) tuple. Let t = NF (s) denote the number of times
s is visited at step h at the beginning of eplsode k, and suppose s was previously visited at episodes

kE',... k* < k at the h-th step. Then the two V-values VandV in Algorithm Isatlsfy the following
equanon

t

Vi) = al(H —=h+ 1)+ af [rin(s,af) + Vi (k) + 8], jeml ©

i=1

Proof. The proof follows directly from the update rule in Line Algorithm Note that o is equal
to zero for any ¢ > 1 and equal to one for ¢ = 0. O

D PROOFS FOR COMPUTING CCE IN GENERAL-SUM MGS

In this section, we give complete proof of Theorem [/| To avoid repeatedly state the condition of
Theorem [7]in each lemma, we will use

e Condition of the adversarial bandit sub-procudure (Assumption|[I)) and

e Setthe bonus {3, ;}/<, of the j® player so that 3'_, i 3;; = O(HE(A, t,1)+~/H3L/t)
for any ¢ € [K].

17
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throughout the whole section.

The following Lemma is a direct consequence of Assumption |1} which will play an important role
in our later analysis.

Lemma 12. Under Assumption [l} the followmg event is true with probability at least 1 — §: for
any (s,h, k) € S x [H] x [K], let t = NJ (s) and suppose s was previously visited at episodes
k.. .,k‘t < k at the h-th step, then for all j € [m]

¢ ¢
m3x§aiﬂ)#xﬂ,fj’h (rj,h + PrV; h+1> (s) — ;a;Dﬁﬁi (rj’h + PV h+1) (s) < HE(Aj,t,0),
where . = log(mHSAK/9).

Proof. By Assumption [T]and the adversarial bandit update step in Algorithm[I] we have that with
probability at least 1 — ¢, for any (s, h, k) € S x [H| x [K],

‘L H—rj—PVE, ‘L H—rj,—PyVE
i +1 i h h+1
max ;:1 atID)ﬂ],;i ( (s)—;:1 atDuxr"_’;h (s) <&(Aj,t,0),

which implies the desired result by simple algebraic transformation. O

Then we show V is actually an optimistic estimation of the value function of player j’th best re-
sponse to the output policy.

Lemma 13 (Optimism). For any § € (0, 1], with probability at least 1 — 6, for any (s, h, k,j) €
#* s
8 % [H] x [K] x [m], V5 (s) = Vi7" ().

Proof of Lemma We prove by backward induction. The claim is trivially satisfied for h = H+1.

~ L
Suppose it is true for h + 1, consider a fixed state s. It suffices to show ijh(s) > th )
because V]kh (s) = min{vj’fh(s), H — h+1}. Lett = N} (s) and suppose s was previously visited
at episodes k', ..., k' < k at the h-th step. Then using Lemma

t

kah( ) =alH + Zo‘t {r] n(s,al ) +Vj h+1($h+1) + B, z}

=1
@ H3,
>7lzlaD ki (T‘Jh‘i‘Ph h+1) +Zatﬂjz_ (\/T)
(1) 75,
> max;at #Xﬂm,h (rj,h -HP’hV h+1> + Zo‘tﬁm t HE(AJ,t L)

(i4%)
> maXZat k| (7“] n+ PV h+1) (s)

i=1

(iv) F (v) FLy
> maxzat (w+Pthh+'f ) () 2 Vi (s)

where (i) is by martingale concentration and Lemmal2] (ii) is by Lemmal[12} (éii) is by the definition
of 3;.;, and (iv) is by induction hypothesis.

Finally, we remark that (v) is not directly from Bellman equation since 7% ;. is non-Markov policy,
and the best reponse of a non-Markov policy is not necessary a Markov policy. We prove (v) as
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follows. Recalls definitions for policies in IIj, as in Appendix[C| by the definition, we have

tAS S n i
V., 77" (s) = max V
7 pelly Ik

i ) ) H(h+1):H> 777] h41 /
max max E atEaN,“LxHj’j . <r],h(s, a) +Eqs V0 (s,a,s’)

Hh  H(h+1):H

(@)

Ak
) H(h+1):HsT—j h41 /
< IIIIL?;X E AE aropin X (rj,h(& a)+Ey max V] Bl (s,a,s)

(C) 7 T T(f_] h+1
- H}L%X Z at]EGNHh Xﬂ-;il:j h Tj’h(57 a) + ]Eq/‘/ﬂ h+1 (S )
i=1 '

t
; T 7250
_ i ) h 41
_m,?xz O‘tDMXw’j; X (rj_,h + IP’hVJ h+1j ) (s)
i=1 '

where V7, (s, a, s') for policy 7 € 11, is defined as:

H
Vifrh+1(sa a, 5/) =E, {Zh’:h—i-l Th,’(Sh/a ah’) Shp = S,ap = @, Sp41 = s
Step (a) uses the relation between 7 7k ih and {7r 41 };. Step (b) pushes max inside summation and

expectation. Step (c) is because the Markov nature of Markov game and that {7r7 41 }; are policies

that does not depend on history at step h, we know the maximization over ji(;41). 7 is achieved at
policies in IT; 4 1. This finishes the proof. O

To proceed with the analysis, we need to introduce two pessimistic V-estimations V' and V_ that are

defined similarly as V and V. Formally, lett = N ¥ (s) denote the number of times s is visited at
step h at the beginning of episode k, and suppose s was previously visited at episodes k', ..., k! < k
at the h-th step. Then

t
=" i [ran(s.ab) + Vi (ki) = B (10)

i=1

V5 i (s) = max{0, V%, (s)}, (11)

for any player j € [m] and k € [K]. We emphasize that V and V are defined only for the purpose
of analysis. Neither do they influence the decision made by each agent, nor do the agents need to
maintain these quantities when running V-learning.

~ K
Equipped with the lower estimations, we are ready to lower bound Vf,’;

Lemma 14 (Pessimism). For any § € (0, 1], with probability at least 1 — §, the following holds for
~k
any (s, h,k,j) € S x [H] x [K] x [m] and any player j, Zjh(s) < Vf,’; ().

Proof of Lemma We prove by backward induction. The claim is trivially satisfied for h = H+1.
~k

Suppose it is true for h + 1, consider a fixed state s. It suffices to show ijh(s) < Vﬁ; (s) because

Zﬁ (s) = max{yj’fh(s), 0}. Lett = N} (s) and suppose s was previously visited at episodes
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k',..., k' < k at the h-th step. Then by Equation[10]

t
V() = af [rin(s,ab ) + Vo (sh0) = s

i=1

B K : gy H3,

23 i (ot i) - Yoo (|

(i1)

< Zat o (A PV ) (9)

i=1

(27)

< Zat ki Th+]P)th+1 ()

= ‘/jﬂ—}}; (s)
where (4) is by martingale concentration, (i7) is by the definition of §; ;, and (4¢) is by induction
hypothesis. O

To prove Theorem it remains to bound the gap Z§=1 max; (Vlkj - K’f ;)(51)-

Proof of Theorem[]} Consider player j, we define 5;% = ijh(s’fb) V] n(s¥) > 0. The non-

negativity here is a simple consequence of the update rule and induction. We want to bound (52 =
max; 6%,. Let nff = N} (sf) and suppose sf was previously visited at episodes k', ..., k" < k
at the h-th step. Now by the update rule of ijh(sh) and Vj n(sh),

6§,h :lefh(sh) V] n(sh)

h
SO‘(BLZH + Za;ﬁ {(Vj],ch+1 *Zj,h,+1) <Slf,,+1) + 251;1}

i=1
ny
:a?LfH + Za%éﬁ;ﬁl + (’)(Hé“(Aj,nﬁ, L)+ \/H?’L/n’,j)
, i

where in the last step we have used Y!_, i, = O(HE(A , t,0) + /H3L/t).

Now by taking maximum w.r.t. j on both sides and notice £(B, t, ¢) is non-decreasing in B, we have
k

OF <% H + Y alydfyy + O(HE(A, nf, 1) + \/ H3u/nf).
=1

Summing the first two terms w.r.t. k,

K K
Y apH =Y Hl{n} =0} < SH,
k=1 k=1

k
K np

9] (i) K
ZZO‘ k5h+1 § Z5h+1 Z 0‘?: = (1+I%I) ;5i]§+1'

1 = K/
k=1 i= k'=1 i=nk +1

where (i) is by changing the order of summation and (i) is by Lemmal[l0] Putting them together,

k

K ny
Zéh—Za kH—&—ZZa k6h+1—|—2(9 HE(A,nf 1) + 1/ H3u/nk)
k=11i=1

1
<HS + (1 + H> ;aﬁﬂ + ;O(Hg(A,néj,L) +y/ H3u/nk)
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Recursing this argument for h € [H] gives
H K

Za’f <eSH?+e» > O(HE(Anf,0) +/H31/nf)

k=1 h=1k=1

By pigeonhole argument,

K Ny (s)
> (HE(Any, o) + \/H3u/nf) Z Z (H,gAnL) MT)
k=1
<0 (1) Z (HE(A,N}f( (s),0)+ \/H?’N,f((s)L)

<0 (HSE(A, K/S,0) + \/H3SKL) ,
where in the last step we have used concavity.

Finally take the sum w.r.t. h € [H| we have
K
> max(VE; = VE (1) < O (H2SZ(A, K/8,0) + VHPSKL)
¢ : :
=1

which implies
max [V (s1) = Vi (s1)] < O((HS/K) - E(A, K/S,0) 4V HSUK). O
JjEMm

E PROOFS FOR COMPUTING CE IN GENERAL-SUM MGS

In this section, we give complete proof of Theorem |8} To avoid repeatedly state the condition of
Theorem [§]in each lemma, we will use

e Condition of the adversarial bandit sub-procudure (Assumption [2)) and
e Set the bonus {3;:}5, of the j™ player so that 3/, aif;; = O(Héw(Aj,t,0) +
\/ H3./t) for any t € [K].
throughout the whole section.

We begin with a swap regret version of Lemma [12]

Lemma 15. The following event is true with probability at least 1 — §: for any (s,h, k) € S x
[H] x [K], let t = N} (s) and suppose s was previously visited at episodes k*, ... k' < k at the
h-th step, then for all j € |m]

t

maxz ozt pyomt ki | [ij;,, + thﬁ&l} (s)fz aiID)ﬂﬁi (rjﬁ + Ph,‘/j’f;+1) (s) < Hé&aw(Aj,t,0),
’ i=1

where . = log(KHS/9).

Proof. By Assumption [2] and the adversarial bandit update step in Algorithm[I] we have that with
probability at least 1 — 0, for any (s, h, k) € S x [H] x [K],

t t
H - Tj,h + ]th h+1 i H — Tj.h + th h+1
max; aiD byoml ki < i (s) — ; atDﬂ,ﬁi 7 (s)
§§SW (Aj7 ta l’)'

O

We begin with proving V is actually an optimistic estimation of the value function under best re-
sponse.
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Lemma 16 (Optimism). For any 6 € (0, 1), with probability at least 1 — ¢, the following holds for
onk #k

any (s, h,k,j) € 8 x [H] x [K] % [m], VE, (s) > maxg, V"0 (),

Proof of Lemma[l6] We prove by backward induction. The claim is trivially satisfied for h

H + 1. Suppose it is true for h + 1, consider a fixed state s. It suffices to show ijh(s)

jortk York ~
maxg, Vfﬁjo 3n)® /" (s) because V5, (s) = min{V}5,(s), H — h + 1}. Lett = N} (s) and

suppose s was previously visited at episodes k!, ..., k" < k at the h-th step. Then using Lemma

AVAN|

t
Vi) =al(H-h+1)+> af [T‘j,h(sv ay )+ Vi (sh) + ﬁm}

i=1

i . ¢ t ‘ ];l-B
S ZazDﬂEi (r]—,h + thjl,ch+1> (s) + ; ;i — O (\/7>

i=1

(1) i [H3,
> maxZat (gyomth )k (rh + PnVj h+1) + Zatﬁjz - ( ; > HE(Aj,t,0)

—~
=

i=1
(#47) ¢

5
= Héaxzat ($50mky ) xm’, (T’”LP’”LVM“) (s)

(g) maxZa D

ki ki
(@50mF L )XTZ 5

(rh + Py, rré)ax V((zb )07, h+1> (s)

Q (65075 )OF"
> HzlzaaXVJh7 gt I (s)

where (4) is by martingale concentration and Lemmal2] (i) is by Lemmal[I3] (ii) is by the definition
of B8;,, and (iv) is by induction hypothesis. Finally, (v) follows from a similar reasoning as in the
proof of Lemma|[I3] which we omit here. O

We still need to lower bound V " To do this, we estimate V' and V' defined by Equation [10|and
Equation [T} These quantities are 1ndeed the lower bounds we need.

Lemma 17 (Pessimism). For any ¢ € (0, 1), with probability at least 1 — 0, the following holds for
Ak
any (s, h,k,j) € S x [H] x [K] X [m], K?h(s) < V,:r’”‘(s)

Proof of Lemmal(I7} We prove by backward induction. The claim is trivially satisfied for h = H+1.
Ak

Suppose it is true for & + 1, consider a fixed state s. It suffices to show Y]kh(s) < Vf[[ (s) because

Vj'h( s) = max{V}% (s),0}. Lett = N} (s) and suppose s was previously visited at episodes

k',... k' < k at the h-th step. Then by equation equatlon.

t

ijh(s) = Zat [73 n(s, aj; ) + Vg h+1(3h+1) B, 2}

i=1
() H3.
<D oD (rh + thﬁ,h#) Zatﬁﬂ i+t0 < Tt
i=1 i=1

< Zat kz (’I”h-i-PhV] h+1)( )
=1

(#i7)

< Zat k’ <7"h —l—]P)hV h+1> (S)
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where (4) is by martingale concentration, (i7) is by the definition of 3} ;, and (4i¢) is by induction
hypothesis. O

To prove Theorem it remains to bound the gap 22{21 max; (V¥ — K’fy ;)(51).

Proof of Theorem 8] Consider player j, we define 5;?7 : th(sh) V] n(s8) > 0. The non-

negativity here is a simple consequence of the update rule and induction. We want to bound 65 =
max; 8% ,. Let nf, = NJ (sf) and suppose s} was previously visited at episodes k', ..., k" < k
at the h-th step. Now by the update rule of V¥, (sf) and V5, (s§),

(S;Ch :Vj]fh(sﬁ) - V?,h(sﬁ)

k
SapcH+ ) any {(lefhﬂ —Kﬁhﬂ) (S’fm) + 25]'#}
i=1

n h

”;LH+ZQ k(s] h+1 +O<H£5W(Aj,nh7 )+ \/HTTL}L)

where in the last step we have used Zi:l aifBji = O(HEw(Aj t,0) + /H3 /).

Now by taking maximum w.r.t. j on both sides and notice & (B, t,¢) is non-decreasing in B, we

have

k
n h

or gang + Zaiﬁ.é,’i;l + O(Hégw (A nf 1) +\/H3t/nk).

=1

Summing the first two terms w.r.t. k,

K K
Y amH =Y Hl{n} =0} < SH,
k=1 k=1

k
K ny 00

I WTIUED LMD DILE N (s oL

k=11i=1 k=1 i=n} 41
where (i) is by changing the order of summation and (i) is by Lemma([l0] Putting them together,

K K K ny
25522 n,H“‘ZZa k5h+1+ZOH§sw(A i, )+\/H3L/nh)
k=1 k=1 k=1i=1 k=1
§H5+( 1)25%1*20 Héo (A, ny,0) +\/H3u/nf)
Recursing this argument for h € [H] gives -
25’“ < eSH2+e§H:§:o (HEw (Al 1) + \/H30/nk)
k=1 h=1k=1

By pigeonhole argument,

N (s)
:_(1 (H{sw(A,nh, L)+ \/H3L/nh XS: Z (ng (A, n, )+ \/7>
<oy (H_gw(A NI (s),0) + / H3N}<(s) )

S

<0 (HSESW(A, K/S,0) + \/H3SKL) ,
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where in the last step we have used concavity.

Finally take the sum w.r.t. h € [H| we have
K
3 max[V; - VE ](s1) < O (H?SESW(A, K/S, 1) + \/H5SKL> ,
j
k=1

which implies
T (s1) = Vi (s1)] € O((H2S/K) - E(A, K /S, 1) + VHSUE).

F PROOFS FOR MDPS AND TWO-PLAYER ZERO-SUM MGS

In this section, we prove the main theorems for V-learning in the setting of single-agent (MDPs) and
two-player zero-sum MGs.

Proof of Theorem[5] To begin with, we notice an equivalent definition of two-player zero-sum MGs
is that the reward function satisfies r; , = 1 —r3 p, forall h € [H]. The reason we use this definition
instead of the common version 7 j, = —rs j is we want to make it consistent with our assumption
that the reward function takes value in [0, 1] for any player. Although this definition does not satisfy
the zero-sum condition, its Nash equilibria are the same as those of the zero-sum version because
adding a constant to the reward function of player 2 per step will not change the dynamics of the
game.

In order to show ™ = 7 X 9 is an approximate Nash policy, it suffices to control
max Vi 2 (s1) — min Vlﬂi 2 (s1).
T ’ T ’
Since 11,5, = 1 — ro, for all h € [H], with probability at least 1 — ¢

max Vﬁ’ﬁz (s1) — min Vﬁ’m (s1)

1 ™2

= max Vﬁ’ﬁz (s1) — (H — max V;i“ (31)>
T T2

= (e i ) = V7)) (s V7200 = V1% )

<O((H?S/K)-Z(A,K/S,1) + VH3S/K),

where the last inequality follows from Theorem [/} The reason we can use Theorem [/| here is the
precondition of Theorem [5]is a special case of the precondition of Theorem 7}

Proof of Theorem{d} Since MDPs is a subclass of two-player zero-sum MGs by simply choosing the
action set of the second player to be a singleton, it suffices to only prove Theorem 5] from which the
single-agent guarantee, Theorem [ trivially follows. O

G PROOFS FOR MONOTONIC V-LEARNING

In this section, we prove Theorem[6] The algorithm is V-learning with monotonic update, and the
setting we consider is two-player zero-sum Markov games. As before, we assume 71 j,(s,a) = 1 —
r2.5(s, a) for all s, a, h. The reason for assuming 71 5, (s, a) = 1 —r9 5 (s, a) instead of 1 1, (s, a) =
—72,(s, a) can be found in Appendix [F

For two player zero-sum MGs, we can define its minimax value function (Nash value function) by
the following Bellman equations

ij’:h(s) = MaXx; , minﬂ'—j,h ]D)Trj,hXTr—j,h,[ ;,h](s)7
Q5 n(s,a) =rin(s,a) + PulV55, 141](s,a), (12)
Vi (s) = Qf pia(s,a) = 0.
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Lemma 18 (Optimism of V-estimates). With probability at least 1 — 6, for any (s, h,k,j) € S %
(1] % [K] % [2), ~ o
VE.(s) = VI (s) = Vi (s) > Vig(s), (13)

where Vj*h is the minimax (Nash) value function defined above.

Proof of Lemma[I8) Note that V¥, (s) > V}F, (s) is straightforward by the update rule of V-learning,

and V}Tf"' (s) > V},(s) directly follows from the definition of minimax value function. Therefore,
we only need to prove the second inequality. We do this by backward induction.

The claim is true for h = H + 1. Assume for any s and k, leth(S) > thi’f (s). For a

fixed (s,h,k) € S x [H] x [K], lett = N} (s) and suppose s was previously visited in episode
k',... k' < k at the h-th step. By Bellman equation,

¢
fr - f7
VjJZr I(s) <aX(H —h+1) + mjmxz Q;Duxﬂfjlh (erL + ]P’h\/j7h:_f) (s)
i=1 ’

t
<af(H —h+1)+ mﬁxz aimuxﬂyj ., (Tj,h + thjlf;uﬂ) (s)
i=1 "

t
<al(H—h+1)+ Y aiD (r],h + thj'f,;ﬂ) (s) + HE(A;, t,0)

i=1
0 ~ k' k' K 2H%
<af(H —h+1)+ Y af [run(s.af) + Vi (k)] + 0 (/= | + He(A,. 10
=1

where the second inequality follows from our induction hypothesis and the monotonicity of V*, the
third inequality follows from Lemma[I2] and the last one follows from martingale concentration as
well as Lemma[T0} By Lemma[IT]and the precondition of Theorem|[6] we know the RHS is no larger
than f/th (s). Note that V* can be equivalently defined as

Vin(s) = min{min V5, (s), H — A+ 1},

we conclude V*

n(s) > V;}f’j(s) for any k € [K]. O

Now we are ready to prove Theorem [6]

Proof of Theorem|6] By the monotonicity of V' and Lemmal|I8]
VI (s1) — min V{7 (s1)
T2
= Vi (1) = (H = Vi (1)
< VA (s1)+ Vii(s1) — H
1

K
K Z (V1k,1(51) + ‘/2]?1(31) - H)
k=1

23 (Vo) + Vi (51) — H),
k=1

IN

IN

where the first equality follows from the definition of two-player zero-sum game, i.e., 71, = 1—72 }.

Now we can mimic the proof of Theorem Define 6F := Vlkh (sh)+ ‘N/zkh(sﬁ) —(H —h+1). The
non-negativity here follows from Lemma|18|as below

VER(sh)+Va (sih) —(H—=ht1) > Vi (s5)+ Vo, (sh) —(H—h+1) = (H=h+1)~(H~h+1) = 0.
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Algorithm 5 FTRL for Weighted External Regret (FTRL)

1: Initialize: for any b € B, 6,(b) < 1/B.

2: for episodet =1,..., K do

3:  Take action b; ~ 6,(-), and observe loss Iy (b;).
1(b) <= 1(b)T{by = b}/ (6,(b) + ) for all b € B.
O141(b) o< exp[—(ne/wy) - 22:1 w;l;(D)]

Al

Let nf = NF (s)) and suppose sf was previously visited at episodes k..., k" < k at the h-th
step. By Lemma|l I|and the fact that 1 ;, = 1 — 723, for all h, we have

Sh :th(sﬁ) + ‘72kh(5§) —(H-—h+1)

k
h i ~ 7.1 i
ZQO‘?L’;H + Z a;g {(Vllfhﬂ - VZk,h-H) (3i+1> —(H —=h)+ Pri+ 52,1}
i=1
k

=2« LH—}—Za k6h+1+(’)(H§(A nk, 1) +\/ H3u/nk)

where in the last step we used Zi:l aiBji =O(HE(Aj, t, ) + /H3u /).

The remaining steps follow exactly the same as the proof of Theorem[7] As aresult, we obtain

Vi (s1) - mlnvmxm(sl ) < E (Vl 1(s1) + Vi (s1) — H)
k=1
H5S
<0 ( CE(A,K/S, ) + L) :
K
which completes the proof. O

H ADVERSARIAL BANDIT WITH WEIGHTED EXTERNAL REGRET

In this section, we present a Follow-the-Regularized-Leader (FTRL) style algorithm that achieves
low weighted (external) regret for the adversarial bandit problem. Although FTRL is a classial al-
gorithm in the adversarial bandit literature, we did not find a good reference of FTRL with changing
step size, weighted regret and high probability bound. For completeness of this work, we provide
detailed derivations here.

We present the FTRL algorithm in Algorithm[5] In Corollary [I9] we prove that FTRL satisfies the
Assumption [T| with good regret bounds. Recall that B is the number of actions, and our normaliza-
tion condition requires loss I; € [0, 1]Z for any ¢.

—1
Corollary 19. By choosing hyperparameter wy = oy (H§:2 (1- ozi)> and ny = v =
JVE logB , FTRL (Algorzthml) 5) satisfies Assumpttonwzth
&(B,t,log(1/0)) = 10n/HBlog(B/d)/t, E(B,t,log(1/d)) = 20/ HBtlog(B/J)

To prove Corollary . we show a more general weighted regret guarantee which works for any set
of weights {w; }°, in addition to {a{}!_;. In particular, a general weighted regret is defined as

t
aXZwi <91 —9*,li> (14)
i=1

Theorem 20. For any t < K, following Algorithm[3] if n; < 2~; and n; is non-increasing for all
1 <t let L =log(B/d), then with probability 1 — 39, we have

t

QLZ’LU + mawaL/’yt
i=1

log B B
R(t) < ;g + 5 Q2 miwi 41 5 maxw;+ B Z%wz
1=1
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We postpone the proof of theorem[20]to the end of this section. We first show how to obtain Corollary
from Theorem

Proof of Corollary[T9) The weights {w; }{£, we choose satisfy a nice property: for any ¢ we have
wi_ %

. J’
w; oy

We prove this for 7 < j and the other case is similar. By definition,

J

oS TT -,

W o
J I k=it1
and
al oy J
al
t J k=i+1

We can easily verify that the RHS are the same.

. _ -1
Define R(t) = maxoean Sty ail(6:, &) — (6,6:)]. By plugging w, = ay (TTi_y (1 - o))
into Theorem [20] and using the property above, we have the regret guarantee

- log B B
R(t)§%+f i+

t
1 .
” 5 *Oéﬁﬁ*BZ’ﬁOéiJr

2 -
=1 =1

By choosing 1y = v = 4/ A log and using Lemmal we can further upper bound the regret by

~ (H+1)logB
<
R(t) < Tt ,/HIOgB \/HBlogBZ\[

H+1 (H+1 B
(H+1): QLZ t0. [ B
2(H +1) (H+t) \| HlogB

\/HB log B \/HBlogB HL /HL /HB logB

HBu/t + Hu/t.

_|_

To further simplify the above upper bound, consider two cases:

o If Hi/t <1, \/Hu/t > Hu/t and thus R(t) < 10\/HBu/t.

o If Hi/t > 1, /JHBu/t > 1 > R(t) where the last step is by the definition of R(t).
Therefore we have R(t) < \/HBu/t.

Combining the two cases above gives R(t) < 10/HBL/t.

Finally, we pick &(B,t,log(1/0)) := 104/HBu/t, which is non-decreasing in B. Since
S, &(B, t,10g(1/8)) < 20v/HBt1, we choose Z(B, t,1og(1/8)) = 20v/H Btt, which is con-
cave in . 0
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To prove Theorem [20] we first note that the weighted regret equation [I4] can be decomposed into
three terms

t t
Zwi <92 — 9*, ll> :sz <92 — 0*7 l,)
i=1 i=1

t

t
PR M (osti=l)+ i (005 1) 9

i=1 i=1

(4) (B) (©)

The rest of this section is devoted to bounding three terms above. We begin with the following
useful lemma adapted from Lemma 1 in Neu| (2015), which is crucial in achieving high probability
guarantees.

Lemma 21. For any sequence of coefficients c1,ca, . .., ct s.t. ¢; € [0, 2%»]3 is F;-measurable, we
have with probability 1 — 9,

t
E W; <cl, i — > < max w;t.
1<t

i=1

Proof. Define w = max;<; w;. By definition,

wili (b) ~wil; (b)1{b; = b} < w;l; (b)1{b; = b}
0 (D) +v T g, (p) 4 whOLUb=b)

w

w T O w o (g4 2wl i (b) T{b; = b}
T2y, 4 il IOTTE = 9, %% wb; (b)

where (%) follows from <log(1+ z) forall z > 0.

1+z/2

Defining the sum

we have

Ci(b) 2%“}12()]1{[7—17}
S (=)

=1+5; <exp(S))

where (i) follows from z1 log (1 + 22) < log (1 + 2z122) forany 0 < z; > 1 and 22 > —1. Note
that here we are using the condition ¢; (b) < 2~; for all b € [B].
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Equipped with the above bound, we can now prove the concentration result.

P lzt: (8:-s:) >L1 — P |exp li (8- s1)

i=1 =1

B
> 2
)

IA
\
H

) N .
< E]Etfl exp [; ( i Sz) E; [GXP (St - St)”
5 t—1
< SEi-q |exp l (Si - Sz)]
B i=1
)
<<=,
- - B
We conclude the proof by taking a union bound. O

With Lemma21] we can bound the three terms (A),(B) and (C) in equation[15]separately as below.

Lemma 22. For any t € [K)|, suppose n; < 2v; for all i < t. Then with probability at least 1 — 6,
for any 6* € AB,

locB B 1
Zwl <9 - 0%, l; > Wi 08D + = nw; + = max w;t.
Mt 2 =1 2 i<t

Proof. We use the standard analysis of FTRL with changing step size, see for example Exercise
28.13 in|Lattimore & Szepesvari|(2018)). Notice the essential step size is 7, /wy,

! - wy logB
sz <9 _9* > anwz <‘91all>
=1
g Wt IOgB Zznlwl .

i=1 beB
(Z) 1 B 1
Yoo Z mez i —|— mawaL
i=1 beB =t
wylogB B 1
< + — ;Wi + — Max w;t
Mt 2 i=1 2 i<t

where (i) is by using Lemma 21] with ¢;(b) = 7; for any b. The any-time guarantee is justifed by
taking union bound. O

Lemma 23. For any t € [K], with probability 1 — 6,

t t
qu', <9i7li - [i> < BZ%‘W +
=1

i=1

Proof. We further decopose it into

S (o= = S (8- )+ Y ().

i=1 =1

~
N
~—
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The first term is bounded by

zt:wi (i1 — Bily)

i=1

0;
w; <0i7li T h - ll>

¢
Yi
w; { 05, ———1; SBE Wi
< 9i+%‘> i:1’y

i~ IM-
— [N

To bound the second term, notice
. ]I
<9iali> ZQ {bt <Z]I{b =b} =1,

thus {w; <9i7]Ei[i — l;>}§:1 is a bounded martingale difference sequence w.r.t. the filtration
{F;}t_,. By Azuma-Hoeffding,

O
Lemma 24. For any t € [K|, with probability 1 — §, for any 0* € AP, if v; is non-increasing in i,

Zwl <9* i — 1, > < maxwzb/’yt

i=1

Proof. Define a basis {e; }le of R? by

ej(b>_{lifa=j

0 otherwise

Then for all the j € [B], we can apply Lemma. 21 with ¢; = ~ye;. Sincee ¢;(b) < v < 7, the
condition in Lemma [21]is satisfied. As a result,

¢
Zwi <ej,[i — li> < max w;t /.
i<t

i=1

Since any 0* is a convex combination of {ej} by taking the union bound over j € [B], we have

i—=1°

t
ler . —1.\ < . .
sz <9 711 lz> = I?é‘ig(wzb/’)’t

Finally we are ready to prove Theorem [20}

Proof of Theorem |20} Note the conditions i 1n Lemma[22)and Lemma@ are satlsﬁed by assumptions.
Recall the regret decomposition equation[15] By bounding (A) in Lemma[22] (B) in Lemma[23|and
(C) in Lemma 4] with probability 1 — 36, we have that

t
ZLZU) + maxwzb/% O

i=1

logB B
R(t) < cwilog B + 5 NiW; + 5 maxsz + B Z%wl
Mt i=1
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Algorithm 6 FTRL for Weighted Swap Regret (FTRL_swap)
1: Initialize: for any b € B, 6,(b) < 1/B.
2: for episodet =1,..., K do ~
3:  Take action b; ~ 0;(-), and observe loss I;(b;).
for each action b € B do
Le(+]b) <= B(b)1¢ (b )I{bs = }/t(et() + 7).
Or41(:|b) o< exp[—(ne/we) - 325y wili(-|)]
Set 01 such that 6,11 (-) = >, Or41(0)041(:|b).

A A

I ADVERSARIAL BANDIT WITH WEIGHTED SWAP REGRET

In this section, we adapt Follow-the-Regularized-Leader (FTRL) algorithm that achieves low
weighted swap regret for the adversarial bandit problem. We follow a similar technique presented in
Blum & Mansour| (2007)) which adapts external regret algorithms to swap regret algorithms for the
unweighted case.

We present the FTRL_swap algorithm in Algorithm [6] Different from FTRL (Algorithm [5),
FTRL_swap maintains an additional B x B matrix 6,(-|-), and uses its eigenvector when taking
actions. The matrix will be updated similarly to FTRL, with a subtle difference that the loss estima-
tor here /;(+|b) is 6;(b) times the loss estimator /(-) in the FTRL algorithm (Line @ in Algorithm
).

In Corollary 23] we prove that FTRL_swap satisfies the Assumption[2]with good swap regret bounds.

Recall that B is the number of actions, and our normalization condition requires loss I; € [0, 1]Z for
any t.

-1

Corollary 25. By choosing hyperparameter w; = (HEZQ (1- ai)) and ny = v =
Hlog B ; . . .

\/ —=, FTRL swap (AlgonthmH) satisfies Assumptwnwzth

Ew(B,t,log(1/6)) = 10B+/H log(B?/8)/t, Zs(B,t,1og(1/6)) = 20B+/ Htlog(B?/4)

Again, we prove Corollary [25/ by showing a more general weighted swap regret guarantee which
works for any set of weights {w; }$°, in addition to {a!}!_,. A general weighted swap regret is
defined as
t
stap(t) = glé\rpl - wz[<9“ lz> — <1/J <o 91’7 l2>] (16)
Theorem 26. For any t < K, following Algorithm[6} if n; < 2~; and n; is non-increasing for all
i < t, let L = log(B?/§), then with probability 1 — 36, we have

t t t
w;BlogB B 1 9
() < 2002 L 2 w4 = . S yow; 3w _
Reswap(t) < o + 5 2 nw; + 3 I?SatwaH—B 2 Yiw; + By | 2t 2 w; —|—Br£1§a§(w¢/%

We postpone the proof of Theorem [26] to the end of this section. We show first how Theorem [26|
directly implies Corollary 23]

Proof of Corollary[23] As shown in the proof of Corollary[19] the weights {w; }/<; we choose sat-
isfies a nice property: for any ¢ we have
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Define Rowap(t) = maxyew Sor, oi[(0:,1;) — (1 o 0;,1;)]. Plugging our choice of w; =

oy (Hf:g (1- ai)) into Theorem we have

. oBlogB B
Rewap(t) g% + 5 2 mai+

i=1

—Qitl
2

¢
+ BZ’yiai + B 2LZ (a§)2 + Bayt /7.

=1 =1

By choosing 7, = ¢ = 4/ @ and using Lemma we can further upper bound the swap regret
by

. (H +1)Blog B 3B
(1) < - VHlogB
Revap(t) <=5 HlogB 8 ;\/
(H+1): . )2 (H+1). ¢
B.|2 0’1+ B
2(H + 1 )+ ‘Z o)+ (H+t) \ HlogB

log B HloeB H 7 Hlog B
<23,/H0g +3B Og +—L+2B1/TL—|—2B ‘zg

<9B+\/Hi/t+ Hu/t.

+

To further simplify the above upper bound, consider two cases:

e fH/t <1,\/Hi/t > HL/tamdthusRSwap ) <10B+\/H./t

o If Hi/t > 1, By/Ht/t > 1 > Rayap(t) where the last step is by the definition of Rayap(t).
Therefore we have Rwap(t) < B/ Hu/t.

Combine the above two cases, ﬁswap (t) <10B/H./t.

Finally, we pick & (B, t,log(1/0)) := 10B+/Ht/t, which is non-decreasing in B. On the other

hand, since Zi/zl &w(B,t,log(1/9)) < 20Bv Hti, we choose Zgy (B, t,log(1/6)) = 20BvV Ht,
which is concave in ¢. O

To prove Theorem we again first decompose the swap regret. We first note that by Line /] of
Algorithm|[6] we have:

wi (03, 1) =Y wi(0;(:[b), 0:(b)1: ().

beB

On the other hand, by the definition of strategy modification ¥, we have

mmel Yol l;) Z H%lﬁ)zwl i(b) - (07 (-|b), i (+)).
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Therefore, we have the following decomposition of the swap regret

t

Rewap(t) :=min ¥y w;[(0;,1;) — (1 03, 1;)] ZZwl (-[b) — 6*(-|b), 6;(b)11)]

we‘yifl beB i=1
SO (A0~ )+ 33 (1), 0:):) — L 10))
beB i=1 beB i=1
(A) (B)
+zzwz<e* 1), () = B:B)1i()) a7
beB i=1
(&)

For the remaining proof, we bound term (A), (B),(C) separately in Lemma Lemma
Lemma[29

Lemma 27. Foranyt € [K), suppose n; < 2v; for all i < t. The with probability 1 — 6, for any 6*,

. _ wBlogB B 1
ZBZM (o) = 0°C10), B 1)) < == +2“mwz+2m<aw

Proof. Similar to Lemma[22] we have,

iwl< (-1b) — 0 (-Jp), 1 (|b)>§wt1°gB mez< ), E2(1b) )

i=1

_wtlogB 1 , 92() (b)) I{b; =b'}
= ZbZB” O o w) 702

wy 1ogB b (b'|b)8; (b) L;(b'|b)
ST Z D mw () 0;(b)

i=1b'eB

Summing over b and using the fact that ), 0;(b'|b)0;(b) = 6; (1),

Zwt< (-|b) = 6*(-|b), 1 (|b)> M+%Z niwili(?)/|b)

beB i=1 Nt i=1b'eB 0:(b)
@) w;BlogB 1
Q wiBlogB 3 Z nw;l; (b') + = max w;e
UG i=1b/EB ¢
w;BlogB B <
< + = n;w; + = Mmax w;t
us 2 i<

where (%) is by using Lemma with ¢;(b) = n,. Notice the quantity 19( i ll)) actually doesn’t depend
on b, so it is well-defined even after we take the summation with respect to b. The any-time guarantee

is justified by taking union bound. O

Lemma 28. For any t € [K], with probability 1 — ¢,

oD wi (BuCD). D)) — L(1D)) < BY yiws + By |20y w?.

beB i=1
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Proof. We further decompose it into

S s (BB — L) = 3w (B, (DAL Eiii<~|b>>+iwi (B.10). B (16) = i(10)).

=1 =1

The first term is bounded by
t
3w (B010). (b)) ~ Bl (1)) = Zwu ) (A1 1= 550
i=1 i Yi
) i
=Y w;0;(b) { 6;( —; ).
Z Qo=

So by taking the sum with respect to b, we have

t B R t 5 i
SO wi (BiC10), BB () — Eili(6) ) < 30> wibi(0) <91:(-|b), 9()+vl>

beB i=1 beB i=1

< Z sz‘%‘li(b )

v eB i=1
t
<B Z Vi Wy
i=1
To bound the second term, notice 8;(b'|b)6; (b) < 6;(b') for any b, b’ € B,

<é-( > AL E{bt < S I =v}=1,

b eB Ti pen

thus {w; <§1(|b),]EZlAZ(|b) Li(- |b)> !_, is a bounded martingale difference sequence w.r.t. the
filtration {F;}!_,. By Azuma-Hoeffding,

Zw( () EdiC1B) — TClb)) <

The proof is completed by taking the summation with respect to b and a union bound. O

Lemma 29. For any t € [K], suppose ~y; is non-increasing in i, then with probability 1 — 9, and
any 6%,

Zzwz@* [6). L (10) = 6:(8)1i()) < Bmascwie/ .

beB i=1
Proof. The proof follows from Lemma[24] and taking the summation with respect to b. O
Finally, we are ready to prove Theorem [26]

Proof of Theorem@ Recall the decomposmon of swap regret equation “ We bound (A) in
Lemma. ) in Lemmam 28|and (C') in Lemma. Putting everything together, we have

BlogB B 1
u+i nw; + = maxwlb—kBZ'ylwz—f—B QLZ’U)Q—&-BHIE%XIUZL/’W

stap<t) <
Mt 2 =1 2 ist =1 =1
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