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Abstract

Federated learning is typically considered a beneficial technology which allows
multiple agents to collaborate with each other, improve the accuracy of their models,
and solve problems which are otherwise too data-intensive / expensive to be solved
individually. However, under the expectation that other agents will share their
data, rational agents may be tempted to engage in detrimental behavior such as
free-riding where they contribute no data but still enjoy an improved model. In
this work, we propose a framework to analyze the behavior of such rational data
generators. We first show how a naive scheme leads to catastrophic levels of
free-riding where the benefits of data sharing are completely eroded. Then, using
ideas from contract theory, we introduce accuracy shaping based mechanisms to
maximize the amount of data generated by each agent. These provably prevent
free-riding without needing any payment mechanism.

1 Introduction

Data is a non-rivalrous good—once produced, it can be repeatedly used multiple times without
exhaustion. Thus, multiple firms can simultaneously use the data produced by any individual
firm, increasing societal utility/welfare [21]. To promote such multiple usage, data portability
requirements have been widely legislated, e.g., the GDPR in the EU, CCPA in California, etc [35].
As a consequence, services are required to enable a user to download any personal data collected and
potentially re-upload it to a different service. These desiderata form a solid economic and legal basis
for federated learning—a new paradigm in machine learning wherein multiple data-generating agents
collaborate with each other to train a model on their combined data so that all the agents end up with
a better model than they would have obtained on their own [22]]. Such collaborative data sharing is
already common in genomics research [51]], internet advertisement targeting [[18]], and is also gaining
traction between networks of hospitals [see, e.g., 45,152} 41 [16].

It is clear that once a certain amount of data has been produced, privacy issues aside, societal welfare
is maximized by allowing free access to the data thereby making it a public good. However, under
such an expectation, a rational agent may be tempted to free-ride, i.e., consume the benefits of the
data production by others without contributing any data themselves. This may lead to a collapse in
the data generation with everyone wanting to free-ride. Such a problem inevitably arises with any
public good [5]. Further, even if no agent actually free-rides and everyone intends to contribute data
out of altruism, the mere perception that others may be free-riding reduces pro-social behavior and
willingness to contribute [[11]]. Thus, the long-term success of federated learning in particular and data
portability in general critically require overcoming free-riding. This motivates our main question:

How do we design a system which incentivizes rational agents to contribute their

fair share of data, thereby maximizing the value of the resulting model and improv-

ing collaboration?
Contribution and summary of results.
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* We formulate a principal-agent model [31]] where each agent has a cost associated with
generating a data point and wants to improve the value of a model while minimizing said
costs (Sec. |[2). Our formulation borrows ideas from contract theory while introducing new
concepts that are specific to the federated learning setting.

* Using this framework we show how giving unconditional benefit of the combined data to all
agents (as is standard in federated learning) leads to catastrophic free-riding where almost
none of the agents contribute any data (Sec.|3)) at their optimal responses.

* Accordingly, we propose to tune the value of the model received by an agent to their
contribution. In the full-information setting when the agent’s cost of data generation is
known, we derive an optimal mechanism which overcomes free-riding and leads to maximal
collaboration and data generation (Sec. 4)).

* Finally, if the costs of an agent are unknown, we show (in App. |D) how to design truth-
revealing value curves at some cost to the principal (i.e., information rent) to incentivize the
agents to report their true costs.

Our framework can capture free-riding and the need for collaboration when faced with challenging
learning problems. The latter is novel to our framework—we show that if the learning task is too
challenging, then it is not economically viable for any single agent to tackle the problem. However,
using incentivizing data-sharing mechanisms, it may be possible to share the costs among participants
and solve it collaboratively.

2 Modeling an Individual Agent

We begin with modelling the learning task and objective for an individual agent. We then provide
a characterization of the optimal data contribution for each single agent without participating in a
federated learning scheme.

2.1 Value of data

There are n agents all of whom want to solve a common learning problem. This is often true in
federated learning since coalitions form around solving some particular task. Concretely, we assume
that all agents want to maximize a value function, v(D) : 2P ¥ [0; 1], for a dataset D. For simplicity,
we assume that every datapoint is exchangeable i.e. every datapoint has the same value as any
other datapoint. While this is a strong assumption, it holds true if the data is generated by manually
labelling a subset of an already public unlabelled dataset, as is common in machine learning; e.g.,
Cifar [30] and ImageNet [43]. This assumption is arguably also valid in our autonomous driving
example where each data point involves a random path taken under random external conditions. With
this, we can simplify the value function v( ) to depend only on the size of the dataset m = jDj. For
convenience, we will treat dataset sizes as a continuous real. Thus, every agent wants to maximize

v(im):R ¢ ¥ [0; 1] = max(0;b(m)); where b is continuous, non-decreasing and concave. (1)
We also assume w.l.o.g that v(0) = 0 and limy, » 3 v(m) > 0. Perhaps the most natural way of
defining the value of data is via the test accuracy obtained by training a model on the data. For
example, each accurate product recommendation may lead to a sale or correct digital ad placement
may lead to a click and hence ad revenue. This is also true if each error represents costly consequences.
Each error by a medical diagnostic model, a loan application evaluation model, or an autonomous
driving model may lead to significant suffering. In all of these cases, the value of data comes by
directly improving generalization and guaranteeing test accuracy.

2.2 Agent’s objective and optimal solution

Each agent i has a marginal fixed cost ¢j > 0 for producing a data point. Their cost for producing a
dataset D with m number of data points is then:

costj(m) = cim: ()
When manually labelling a dataset or when training an autonomous-driving model, this cost C; may
represent the time spent by researchers/employees or an amount paid to crowd-sourced workers. The
cost cjm may also represent the risk associated with privacy loss for the agent for revealing m of
their data points. By incurring this cost, they can obtain a model with value v(m). Thus, the net
utility of an agent is improve value for the least cost; i.e., to maximize

ui(m) =v(m) c¢im: 3)
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(a) (b) () (d)
Figure 1: lllustration of the optimal amount of data for a single ag@)t.Value and cost versus the
dataset sizéb)-(d): Utility function of a low/mid/high-cost agent versus the dataset size. Optimal
amount for low-cost agent is positive but zero for mid and high cost agents.

Theorem | (Optimal individual generation)Consider an individual agentwith marginal cost per
data pointc; and value functiow satisfying(1) working on their own. Then, the optimal amount of
datam; is: m = if maxm, oui(m;) O @)

! ,suchthat® ;)= ¢ otherwise.

Further, for agents;j with costsc; ¢, their utility satis esui(m;)  uj(m;) andm;  m;.
As Figure 1 shows, if the learning problem is too hard s large) or

if the marginal cost; is too high, the problem becomes infeasible for

an individual agent to solve witln; = 0. Such cases are especially

important in federated learning where we want to enable agents to

solve problems together which they cannot on their own. In other

cases, the agent colleets > 0 data points.

We can simulate the value function arising from the generalization
guarantees of an ERM problen8f, Theorem 11.8]) wittk mea-

suring different dif culty levels (highek means that the learning,_. i . L
problem is harder). Figure 2.2 shows the optimal data contribut@ﬂure 2: Optimal individual
m; versus the marginal cost for different number of total agents on ata contributionm; versus

a log-log scale in such a setting. We see that the optimal contribu(ﬁlaﬁ marginal cost; for dif-
erent number of total agents.

decreases with costas, / ¢ =3 matching the theory. The vertical
lines indicate the cutoff for minimum viability—beyond this, the cost is too high for the problem
to be solvable by an individual. This minimum viability cost is smaller for more harder problems
(largerk), but the optimum contribution increases with increadirance this threshold is crossed.

3 Modeling Multiple Agents and Catastrophic Free-Riding

In this section we will study how agents behave when collaborating with each other as they do in
federated learning. For this, we use a principaliti-agent framework where the server who sets up
the federated learning server is the principal.

3.1 Interaction between agents and server

The interaction between the federated learning server and the agents is formalized by a mechanism
M (m):R",! [0;1]"; which maps agents' contributions to values. (5)

We assume that each agémenerates and transmitg data points to the server. Based on these
contributions, the mechanism assigns models to the clients with differing valuations ; i.e., if agent

then (ii) each agent generates and transmits somametia the server, and nally (iii) the server
returns a trained model to each agent following the mechanism. Note that the agents decide how
much data to generate adaptivafger knowing the mechanisi . However, they do not have any
bargaining power—they cannot re-negotiate the mechanism—nbut can only decide if they join or not.
We also disallow monetary compensation or exchanges between the parties since implementing them
adds additional complexity. The only guarantee is that the server truthfully executes the pkitocol

Given that the server necessarily needs to follow through on the mechanism, we need to make sure
the mechanism is implementable.



125 De nition A (Feasible mechanisth A mechanism which returns val{i (n)]; to agent is said
126 to befeasibleif for anyi 2 [n] and anym 2 R" , it satis es[M (m)];  v( ;mj).

127 This is because we can pool together all the agent contributioregd train a model to value

128 V( ; m; ). Sincev( ) is monotone, this is an upper bound on the value which can be obtained.
129 However, it is always possible to use a subset of this data, or degrade the model in a controlled way
130 USing noisy perturbations. Thus, this captures mechanisms which are implementable in practice.

131 Faced with a potential feasible mechanistn an agent has to decide whether to join or simply train
132 on their own. A mechanism which offers an especially bad value would discourage an agent and they
133 would likely leave the server and train on their own. We will formalize this next.

13« De nition B (Individual rationality (IR) ). Given data contributions by then agents with costs
135 C, the mechanism provides a model with valMe(m)]; to agenti. Such a mechanisiM s said to
136 satisfy IR if for any agenit2 [n] and any contributiomm,

M(m)i cmi  v(mi) cm;: (6)
137 A mechanism which satis es individual rationality guarantees that for any agent the value of the
138 model received (and hence their utility) will be no worse than if they trained on their own. Since

139 IR guarantees that all rational agents will participate in our mechanism, and participation is key to
140 success of any platform, we will restrict our focus henceforth to mechanisms which satisfy IR.

141 Given any mechanisiil , we would like to argue about how rational agents would respond and how
142 much data they would contribute. For this, we use the notion of an equilibrium.

143 Theorem Il (Existence of pure equilibrium)Consider a feasible mechaniséh which can be
144 expressed as:

M (mi;m )i =max(0; i(mi;m i));
s for a function j(m;; m ;) which iscontinuousn m and concaven m;. For any suchM , there
146 exists a pure Nash equilibrium in data contributian§9(M ) which for any agent satis es,

M (MM )i cm™ M (mi;m®(M) )i cm;; forallm; O: @)

147 Thus, under reasonable conditions on the mechaMsnvhich are satis ed for all the mechanisms

148 We consider, an equilibrium always exists such that no agent can improve their utility by unilaterally
149 changing their contribution. If all players are rational, then such an equilibrium point is a natural
150 attractor with all the agents gravitating towards such contributions. Thus, it is reasonable to use the
151 data contributions at this equilibrium to evaluate and compare different mechanisms.

152 Note that the mechanism is not concave because of the presenceaaf@ ), and the resulting

153 Utilities of the agents are not even quasi-concave. Despite this, our proof uses the speci c properties
154 Of our setting to prove existence. Our techniques may be more broadly applicable to study non-
155 concavities arising from “minimum viability”.

156 3.2 Free-riding in the standard federated setting

157 We now examine the behavior of rational agents in the standard federated learning. Returning a
158 model trained on the combined dataset to everyone corresponds to the mechanism

P
M (m)= v( ;my):8i2n] : ®)

159 Clearly, this mechanism is feasible (Def. Apand also satis es individual rationality (Def. B) since

160 the value functiorv( ) is non-decreasing and; m; ~ m; for anyi 2 [n]. In fact, given a data

161 contributionm, this mechanism may maximize the utility for all agents. This observation may at rst

162 seem like a strong argument in favor of this standard scheme. However, recall that the agents choose
163 their contributionm after the server publishes the mechanism Thus, we need to rst analyze

164 how much data rational agents would contribute.

15 Theorem Il (Catastrophic free-riding)Considem agents with costkc; g with a unique least cost

166 agentcmin = min; ¢. Letf m; g be the equilibrium contributions of agents when alone. The standard

167 federated learning mechanism correspondingMo(m)]; = v( ; m; ) for all clientsi is feasible

18 and IR, and has anniqueequilibrium. At this equilibrium, only the lowest cost agent contributes:

eq _ m; if G = Cmin
mi 0 otherwise. ©)



169 The agent with the least coskin = min; ¢ would have collectedh,;,, amount of data on their own.
1o For any other agent ¢,  cnin and som, m.,i, - Thus, agent would already have access to
171 data suf cient to satisfy them by the federated learning mechanism. The increase iv{alios
172 collecting an additional data point beyond this is less than the marginatjdosurred. This results
173 in catastrophic free-riding, with only a single agent collecting data.

17+ Remark 1 (Collapse of collaboration)Consider the case whers; = 0 for all agentsi, either

175 because the learning problem is too hard or because the cost of data collection is too high for any
176 individual agent. Theorem Ill implies thab datawill be collected even with collaboration. Thus, if

177 a problem is too costly to solve by an individual, it will remain insurmountable via standard federated
178 learning. This is because everyone rationally assumes that everyone else will free-ride, defeating the
179 main motivations of federated learning.

1o 4 Value Shaping under Veri able Costs

181 How do we design mechanisms which prevent free-riding? In this section we will study this question
182 assuming everyone (the server and the agents) know thecimstslved in producing the data (we

183 study the unknown costs setting in Section D), or that the costs can be veri ed; i.e., the agent cannot
184 incur costc and report a different cost This is justi able in some cases—the cost of labelling a data

185 point by a crowd-worker can be estimated by all parties. We formalize our goal of data maximization
186 and give a simple optimal mechanism for it.

187 4.1 Value shaping mechanism

188 A mechanismM is data-maximizing given costsif
189 it maximizes the data collected at equilibrium.

190 De nition C (Data Maximization). Suppose that
101 given a mechanisi , letm®4(M ) correspond to the

192 amount of data generated by the agents at equilibrium.
13 M is data-maximizingf it maximizes the amount of
104 data collected at equilibrium

Figure 3: lllustration of value shapin¢red
curve} model value returned to ageniy
the mechanism(grey curve) model value
195 Subject toM being feasible and satisfying IR. for agenti without participation;(green
curve) model value if ageni receives all

196 Mechanism description. If we give m; free data the data from the other agents.

197 to agent, then at equilibrium they will reduce the data

198 they generate—they will only generg; m;) additional data. To prevent this, our key insight
199 is to condition the amount of extra data on their actual contribution. For a given set ot @sds
200 some small' > 0, consider the following mechanism:

M2 arg max. ; [mea(M )] ; (10)
M

gv(mi) form; m,
M (m)li = v(gi)+(c+")(mi  m;) form; 2 [m;;mm] (11)
SV mp) form; mMa;

200 wherem{"™® is de ned such that/(m{"® + P jeiMj) = v(m;) +(c + “Y(mM o m; ). We

202 illustrate the mechanism in Figure 3. Even without any external incentivization, agéhtompute

203 m; data points. Thus, fan; m; (10)returns a model trained on solely their own data. After,

204 however, the marginal gain in value becomes smaller than the additiona&l cb&nce, the agent
205 requires active incentivization here afid) ensures that for every additional data point computed,
206 the marginal gain in value is strictly more than the agstHowever, the mechanism cannot provide
207 unlimited value either and has to remain feasible, giving us our nal constraint.

208 4.2 Analysis

209 Theorem IV (Data maximization with known costs)The mechanisriv de ned by(11)is data-
210 maximizing for' ! 0" . At equgiibrium, a rational agenitwill contributem{™* data points where
au ™ m;, vyielding atotal of ; m"™ data points.

5
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Figure 4. Equilitg?l)um simulations of our mg?:hanism: the total data cgliected at equilibrium (a)
increases linearly with the number of agenj¢b) decreases as 1 with increasing marginal cost

per data point, and is relatively unaffected by the compldxkitfc) The number of agents required

to cross the minimum viability threshold (i.e. smallasfior whichm{"™ > Q) increases linearly
with both the marginal cos and complexityk. Optimal individual contribution for all settings is

m; = 0; i.e., no data would be generated by standard federated learning.

Thus, to encourage collaboration we can set up a central repository of the data to which each agent
is required to contribute. The cost for collecting a data point aan easily be estimated and
assumed to be the same for all agents. Using this estimate, we can compute a threshold. The agents
don't receive any additional data for contributing up to this threshold. For each data point contributed
beyond the threshold, the agents receive an increasing amount of additional data. By Theorem IV,
this would prevent free-riding by the agents and ensure the best trained model reaches the consumers.

Remark 2 (Deterrence) At equilibrium, mechanisiil in (11)ensures all agents contribuba"®

m; ; i.e., they generatenoredata than they would pn their own. Further, every agent receives a
model trained on this combined dataset with vahje ; m"™®). One can view our mechanism as
using a deterrent which punishes free-riding, ensuring that all agents fully utilize the combined data.
At equilibrium, such a deterrent is never actually invoked but just forms a credible threat.

Suppose all agents have the same co3theorem IV shows that the mechanism colleuts™®

data points in total. Howevem™® also depends on. This is because with a larger pool of data
contributions, the server can more strongly incentivize an individual and extract more data. There is
a natural ceiling to this though—the value caps at 1. Thus, the absolute maximum data that can be
extracted from an individual agentns which satis esv(m )+ ¢(m m ) =1. This gives us the

range for the total data contributions toflsen ; n(m + @ v(m )=)].

Remark 3 (Collaboratively overcoming minimum viability)Whenm = 0, i.e., the problem is
not solvable by an individual agent, the net contribution from our mechanisff®™* may still be
positive. Suppose that the cost for all agents is the sanTden, the total data collected 8™

which satis es tot tot
= m=vy(m:

This implies that for suf ciently large, the cost is successfully shared and we obtain a positive
data contribution. However, note that'® = 0 is also a valid solution and remains an equilibrium.

If all other agents don't contribute, there is no extra data to share and so there is no incentive to
compute extra data. In practice, this undesirable equilibrium is unlikely to be encountered since it has
lower utility. It can also be prevented by the platform itself taking part as an agent and committing to
non-zero data collection.

Empirically, in Figure 4 we compute the equilibrium for value shaping assuming the value of the data

is test accuracy. We assume all agents have the same cost, and observe the effect on the equilibrium
data contribution as we vary the casand the total number of agents We used the following

default parameters unless otherwise states: optimal valag,of 0:95, marginal cost; = 0:1,
participantsn = 104. Under all parameter con gurations of this experiment, the optimal individual
contribution ism; = 0, while the equilibrium data contributions are signi cantly larger as expected,
validating our theory.

Finally, in App. B we discuss the incentive compatibility of our schemes, App. C performs additional
simulations and detailed comparisons with prior work, and in Appendix D we extend our framework
to the setting of unveri able costs. Our conclusions translate to this unveri able cost setting as well.
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A Review on the Related Work and Contract Theory Background

The literature on mechanism design and federated learning is vast. We discussed the most closely
related work in three verticals in the main text; we include a detailed review of the broader literature
in this section.

Over the past decade, federated learning (FL) has emerged as an important paradigm in modern
large-scale machine learningg, 27, 22, 32, 41]. Speci cally, FL research has resulted in many
applications to overcome practical challenges such as data silos and data sensitivity: on one side,
since more training data often gives better model performance, data silos results in scarcity of
labeled training data and puts limit on the industrial performance; on the other side, in high-stakes
applications the data may contain private user information and thus the sharing of data is constrained
by regulations and laws1p, 4, 10, 35]. Given these challenges, FL provides a useful scheme for
different agents / parties to train collaboratively and leverage the bene t from other agents' data,
while the training data remains distributed over the agents. Such a framework has been shown to
be able to bring improved model performance to all the participants. Indeed, many prior works
have been devoted to develop more scalable and communication-ef cient distributed optimization
algorithms for FL [29, 37, 8].

However, one cannot ignore an important aspect in the standard FL scheme, which is the incentives
aspect. The standard FL scheme may incentivize strategic agents to contribute less data in order
to minimize their data collection cost and maximize the gain from participating in the federated
learning mechanism. Although the participation and contribution of each agent is often legislated
by certain protocols, such free-riding behavior has been notoriously hard to regulate and prevent
in practice L7, 19]. Recently, a few works have started to explore such free-riding behavior in FL,
with various incentive models proposetD[ 44, 34, 17, 13, 55]. However, the majority this work

has focused on a taxonomy of free-rider attacks or the detection of attacks under the existing FL
scheme, instead of proposing mechanisms that incentivize maximal data contribution. In this work,
we strive for a mechanism for information sharing under the standard federated learning setting such
that rational agents are incentivized to contribute their maximal amount of data.

In this work, we focus on the free-riding behavior of FL agents in terms of data collection. In FL,
the data collection happen on the agents' side before they join the mechanism for training models.
Therefore, the cost of collecting data is ofigtivateinformation to each agent. Such an information
asymmetry brings dif culty to prevent free-riding, because the agents might simply report fake costs.
This brings the need to desigmcentivemechanisms for FL, under which the agents are incentivized

to behave truthfully, which is also guaranteed to lead to the best utility.

Indeed, designing incentive mechanisms under private costs is not new, and has been a main focus
of the contract theory literature Smif7], Laffont and Martimor{31], Bolton and Dewatripont

[7]. Moreover, the existence of a central server (a “principal”) in FL brings further convenience to
apply a principle-agent model. An emerging line of recent works have been exploring the application
of contract theory for federated learnirg] 25, 23, 33, 48, 12, 54]. In particular, Tian et al[48]
proposed a contract-based aggregator under a multi-dimensional contract model over two possible
types of agents and showed improved model generalization accuracy under that contract. However,
their mechanism focused on eliciting the private type information instead of maximizing the data
contribution. To the best of our knowledge, our work is a rst step to use contract theodatar
maximizatiorin federated learning. Further, prior work has focused on how to design payments to
agents, rather than the value-shaping problem that we focus on here.

This work is related to the active line of research on mechanism design for collaborative machine
learning, which involves multiple parties each with their own data, jointly training a model or making
predictions in a common learning tagkg] 53]. In collaborative machine learning, a major focus has
been the design of model rewards (i.e., data valuation) in order to ensure certain fairness or accuracy
objectives. Towards that goal, there has been model rewards proposed based on notions from the
cooperative game theory literature such as the Shapley v20uB(Q]. However, the guarantees of

these model rewards depend on the assumption that the agents are already willing to contribute the
data they have. In this work, we study a different incentivization task for data maximization.

More broadly, apart from data maximization, there are other objectives which are of interest in
federated learning, such as fairness and welfare objectives, that have been under actiibsidly [
39]. We defer a thorough analysis of the tradeoffs among various objectives to future research.
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B Incentive compatibility under Veri able Costs

One of our motivating reasons for preventing free-riding was to ensure that none of the participating
agents feel taken advantage of. That is, we wish to satisfy some notion of fairness. However, there
may potentially be new sources of unfairnesglih). In particular, consider two agentsj, 2 [n],

with different costs:if ¢ ¢ thenm, m; : Here, an agenit with smaller cost; faces two
disadvantages under mechanig): (i) they have a larger threshold amount of datathey have

to contribute before receiving any bene t, and (ii) they receive a smaller increase in(eatué') for

each additional data point computed.

If the cost for generating each data point is inherently xed (such as the cost of driving a vehicle) this

is arguably not an issue. However, in many other settings an agent may innovate and develop new
methods to reduce their cost of collecting a data point. In fact, the business model of large internet
advertising providers is based on systems which can cheaply capture consumer data in order to show
them better advertisements. Would our data-sharing mechgta®ydisincentivize agents from such
innovations? We show this is in fact not true.

Theorem V (Incentive compatibility) Under given costs, consider our optimal mechanisfhl)
with equilibrium contributionsn ™ | and agents working individually with equilibrium contributions
of m . The utility of the every agentremains unchanged:
P
v mM)  gmP = y(m;) G,

Thus, our mechanism does not induce any distortions in the incentive structure. Further, recall by
Theorem |, the utilityui(m;)  uj(m;) if ¢ ¢ . This implies that users with smaller costs
continue to receive a higher utility, encouraging them to innovate and reduce the costs; i.e., our
mechanism is incentive compatible. Of course this is assuming that the costs incurred by an agent is
veri able. They cannot lie about the true cost, but may be able to choose between different collection
strategies.

Remark 4 (Distribution of surplus) One may ask where the additional surplus which is generated

by agents collaborating has disappeared, since the agents receive none of it. Our mechanism utilizes
this surplus in order to extract additional datm™®  m, , from the agents. Thus, all the additional
surplus goes into improving the value of the model and hence to the end consumers of the model.

C Additional Simulations and Comparisons

C.1 Simulating collaborative training of GPT-3

We illustrate through a pedagogical example how one may use our theory in practice. We rst extract
the data of loss values obtained by training GPT-like language models on dataset of varying sizes
from [26, Fig. 1] using WebPlotDigitizer42]. Then, we t a simple linear regression model in the

log-log space to obtain a close losgm) = ( 5:4m71°13)°:95. We use this to model how the loss
would decrease as data increases. Then, we can de ne accur@dcy &sgm)). To de ne the value
function, we need to assign a dollar value to a perfectly trained model. Microsoft reportedly paid 1
billion (10%) 2019 dollars for a license to GPT-2][and hence this forms an estimate of the value of

a fully trained model to one company. Thus we have
v(m) =10 9(1 (5:4 mlO13 )0:95) :

GPT-3 was trained on 500 billion toker@].] OpenAl has raised an estimated 1 billion USI). [
Suppose that accounting for salaries of all personnel involved etc., we allocate half of this money as
being spent on training GPT-3, this gives an estimate of the marginal cost per datampintE 3

USD. With these numbers, we see that we need at least 1000 companies (each for whom the trained
model is worth 1 billion USD) collaborating together to make it feasible. Note that with our estimated
costs and bene ts, it seems like OpenAl is at a loss. This is true—it would likely need to license GPT-3
(or its sucessors) to many more companies before it breaks even. Finally, we emphasize that this was
more of a pedagogical exercise and not an actual prediction about outcomes. The stylized framework
here is meant to provide qualitative insights about the incentives at play.
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(a) (b) (c)
Figure 5: Simulating training of GPT-3. In (a), we take real world data (yellow dots) of how loss
scales with data size and show t(g&¢-10)%:% is a good t (dashed green). We combine this
with an estimate of the value of model and compute the optimal individual data contribution in (b)
for different marginal data costs. The blue star shows the estimated marginal cost and total data
collected by open-Al for training GPT-3. Finally, (c) shows the data collected by our data-maximizing
mechanism with the estimated utility function. It shows that we need atl@@€8collaborative agents
to train the GPT-3 model. The data collected initially grows super-lineamy ut asymptotically
becomes linear.

C.2 Comparison with baselines

We compare with some alternative fairness inspired deterrence mechanisms which do not rely on our
contract theory framework. These can be summarized as if you do not contribute as much as your
peers, then you may be punished. Suppose the agents submitnber of data points. Then, the
server chooses a feasible mechanism which returns a model of value les¢ tham; ) to the client

i. We consider the following mechanisms:

» Proportionate data (PD). Penalize ageritif they submit less number of data points than
their peers as
P

i P
M (m)]; = %,m, (', my) forp2[0;1] (12)

 Proportionate value (PV).Penalize agernitfor contributing less value than their peers:

. p
M ()= )

P
W v( ;mj) forp20;1] (13)

 Proportionate Shapley (PS) #6]. Shapely values has a long history of being used a fair
contribution measure. Thus, we can compute the Shapely value for each agent's contribution
i(m) and penalize as
i(m) P
max; j (m)
If all other agents are contributimg datapoints, the shapely value for ageftr contributing
m; datapoints simpli es as

P
M (m)]i = v( jm;) forp2[0;1]: (14)

1 X
i(m)= = v(km + m;) v(km):
n k2[n]
In all casesp = 0 returns to the standard federated learning scheme which, as we saw in Section 3,

has catastrophic free-riding. These measures have numerous shortcomings which we explore in
seguence.

C.2.1 Many bad equilibria

Because the mechanism only penalizes on relative performance among the different agents, there are
multiple stable equilibrium. Consideridentical agents with same cashere in aow-costsetting

with positive optimal individual contributions > 0. Our conclusions also hold in more general
settings, but we focus on this setting for simplicity.
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