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ABSTRACT

Why do biological and artificial neurons sometimes modularise, each encod-
ing a single meaningful variable, and sometimes entangle their representation
of many variables? In this work, we develop a theory of when biologically in-
spired networks—those that are nonnegative and energy efficient—modularise their
representation of source variables (sources). We derive necessary and sufficient
conditions on a sample of sources that determine whether the neurons in an op-
timal biologically-inspired linear autoencoder modularise. Our theory applies to
any dataset, extending far beyond the case of statistical independence studied in
previous work. Rather we show that sources modularise if their support is “suffi-
ciently spread”. From this theory, we extract and validate predictions in a variety
of empirical studies on how data distribution affects modularisation in nonlinear
feedforward and recurrent neural networks trained on supervised and unsupervised
tasks. Furthermore, we apply these ideas to neuroscience data, showing that range
independence can be used to understand the mixing or modularising of spatial and
reward information in entorhinal recordings in seemingly conflicting experiments.
Further, we use these results to suggest alternate origins of mixed-selectivity, be-
yond the predominant theory of flexible nonlinear classification. In sum, our theory
prescribes precise conditions on when neural activities modularise, providing tools
for inducing and elucidating modular representations in brains and machines.

1 INTRODUCTION

Our brains are modular. At the macroscale, different regions, such as visual or language cortex,
perform specialised roles; at the microscale, single neurons often precisely encode single variables
such as self-position (Hafting et al.,2005)) or the orientation of a visual edge (Hubel and Wiesel, 1962)).
This mysterious alignment of meaningful concepts with single neuron activity has for decades fuelled
hope for understanding a neuron’s function by finding its associated concept. Yet, as neural recording
technology has improved, it has become clear that many neurons behave in ways that elude such simple
categorisation: they appear to be mixed selective, responding to a mixture of variables in linear and
nonlinear ways (Rigotti et al., 2013} Tye et al., 2024). The modules vs. mixtures debate has recently
been reprised in the machine learning community. Both the disentangled representation learning
and mechanistic interpretability subfields are interested in when neural network representations
decompose into meaningful components. Findings have been similarly varied, with some studies
showing meaningful single unit response properties and others clearly showing mixed tuning (for a
full discussion on related work see Appendix [A]). This brings us to our main research question: Why
are neurons, biological and artificial, sometimes modular and sometimes mixed selective?

In this work, we develop a theory that precisely determines, for any dataset, whether the optimal
learned representations will be modular or not. More precisely, in the linear autoencoder setting,
we show that modularity in biologically constrained representations is governed by a sufficient
spread condition that can roughly be thought of as measuring the extent to which the range of the
source variables (sources, aka factors of variation) is rectangular. This sufficient spread condition
bears resemblance to identifiability conditions derived in the matrix factorisation literature (Tatli
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and Erdoganl [2021afb), though both the precise form of the problem we study and the condition
we derive differ (Appendix [A). This condition on the sources is much weaker than the case of
mutual independence studied in previous work (Whittington et al.| |2023), and commensurately
broadens the settings we can understand using our theory. For example, the loosening from statistical
independence to rectangular support enables us to predict when linear recurrent neural network
(RNN) representations of dynamic variables modularise.

Further, these results empirically generalise to nonlinear settings: we show that our source support
conditions predict modularisation in nonlinear feedforward networks on supervised and autoencoding
tasks as well as in nonlinear RNNs. We also fruitfully apply our theory to neuroscience data. We
provide an explanation for why grid cells only sometimes warp in the presence of rewards, on the basis
of the support independence properties of space and reward. Further, we use these results to suggest
other settings in which mixed-selectivity might appear beyond the traditional nonlinear classification
theory. In summary, our work contributes to the growing understanding of neural modularisation by
highlighting how source support determines modularisation and explaining puzzling observations
from both the brain and neural networks in a cohesive normative framework.

2 MODULARISATION IN BIOLOGICALLY INSPIRED LINEAR AUTOENCODERS

We begin with our main technical result: necessary and sufficient conditions for the modularisation
of biologically inspired linear autoencoders.

2.1 PRELIMINARIES

Let s 2 R% be a vector of dy scalar source variables (sources, aka factors of variation). We are
interested in how the empirical distribution, p(s), affects whether the sources’ neural encoding
(latents), z 2 R%, are modular with respect to the sources, i.e., whether each neuron (latent)
is functionally dependent on at most one source. Following |Whittington et al.| (2023)), we build
a simplified model in which neural firing rates perfectly linearly autoencode the sources while
maintaining nonnegativity (since firing rates are nonnegative):

Z=Ws+by;, sS=Woz+bo; z 0. )]

Subject to the above constraints, we study the representation that uses the least energy, as in the
classic efficient coding hypothesis (Barlow et al., 1961). We quantify this using the ‘> norm of the
firing rates and weights (other activity norms considered later):
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We remark that there are common analogues of representational nonnegativity and weight energy
efficiency in modern machine learning (ReLLU activation fuations and weight decay, respectively).
When the sources are statistically independent, i.e. p(s) = ?21 p(s;), then the optima of (2) have
modular latents (Whittington et al., [2023). We now improve on this result by showing necessary and
sufficient conditions that guarantee modularisation for any dataset, not just those that have statistically
independent sources.

2.2 INTUITION FOR SOURCE SUPPORT MODULARISATION CONDITIONS

To provide intuition, consider a hypothetical mixed selective neuron,
Z; = W;1S1 + Wj2S2 + by 3)
It is functionally dependent on both S; and S, i.e. it is mixed selective. Perhaps, however, a modular

representation, in which this neuron is broken into two separate modular encodings, would be better.
We can create such a solution with two neurons each coding a single source:

Zjo = W;1S1 + bjo; Zjo = W;2S2 =+ bjooi 4)

For simplicity, we assume the two sources are linearly uncorrelated, have mean zero, and are supported
on an interval centered at zero (Figure [Th top row; we relax these assumptions in our full theory).
Then, for fixed W;; and W, the optimal (energy efficient) bias should be large enough to keep the
representation nonnegative, but no larger:

b, = gnin [Wj1S1 +W;282]; bjp = minw;;Sy; bjw = minw;sSs; (@)
1,82 s1 S2
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where the minimisations are over the empirical distribution p(Sy; S2). Now that both representations
are specified, we can compare their costs. In our problem modularity is driven only by the activity
loss (Appendix [B)). Further, in this simplified setting, most terms in the activity loss are zero or cancel,
and one finds that the mixed selective (3) case uses less energy than the modular @) when

b? < b?o + b?oo: (6)

The key takeaway lies in how b; is determined by a joint minimization over S; and Sy (EI) Assume
positive W;; and Wjo; then if S; and S, take their minima simultaneously, as in the middle row of
Figure[Th, the mixed bias must be large:

b = min[w;i1S; +W;2S] = min[w;1S1]  mMin[w;2Se] = bjo + bjm @)
S 81 52

$1,82
In this case, the energy of the mixed solution will always be worse than the modular, since b? =
(bjo +bjw)? > b?o + b?oo. Alternatively, mixing will be preferred when S; and Sy do not take on their

most negative values at the same time, as in the bottom row of Figure , since then bj can be smaller
while maintaining positivity, and the corresponding energy saving satisfies the key inequality (6).
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Figure 1: a) Top row: Values of two sources across a dataset and their modular encoding with associated costs
(shaded regions). Middle row: If the dataset includes the red datapoint (left) then the two variables take their
minimal value at the same time, and the mixed encoding must include a large bias, using more energy (right).
Bottom row: If the red point is instead missing (left) then the mixed encoding can use a smaller bias while
remaining positive and save energy (right). b) Our modularisation conditions (Theorem 2:I) are equivalent
to whether the convex hull of the data (orange regions) encloses a data-derived ellipse (Theorem [2.2). The
precision of these conditions is validated in two experiments (rows) in which the source support differs by a
single datapoint. Removing this datapoint stops the convex hull from enclosing the key ellipse, resulting in
a mixed-selective representation. In the middle column, we plot the weight vectors of the neurons. The top
representation is modular as all weight vectors are axis aligned, whereas the bottom contains mixed selective
neurons. This is reiterated by extracting the most mixed selective neuron (orange dot) and plotting its activity as
a function of the sources (right column). c¢) Our conditions (left) predict modularisation better than measures
of statistical independence such as source multiinformation (right). Here the y axis measures how mixed the
representation is by the largest angle between a neuron’s weight vector and one of the source axes, and the left x
axis measures how much the inequalities are broken by - a rough heuristic for how mixed the optimal solution is.

2.3 PRECISE CONDITIONS FOR MODULARISING BIOLOGICALLY INSPIRED LINEAR
AUTOENCODERS

We now make precise the intuition developed above. All proofs are deferred to Appendix [B]



Published as a conference paper at ICLR 2025

Theorem 2.1. Lers 2 R%, z 2 R%, W, 2 R%*ds b, 2 R% W, 2 R%*% gnd by, 2 R,
with d, > d,. Consider the consDtrained Eptimization problem
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where 1 indexes a finite set of samples of S. At the minima of this problem, the representation
modularises, i.e. each row of Wiy, has at most one non-zero entry, iff the following inequality is

satisfied for allw 2 R% :

infw sl P gt 5 < inst!

minfw st + WiWj S;'S;0 > w;mins:® ©)]
' 5.7 b=t '

wheres :=s sl ; and assuming that min; Sy] max; Sy] 8] 2 [ds] w.lLo.g.
Our theory prescribes a set of inequalities () that determine whether an optimal representation
is modular. These inequalities come from the difference in activity energy between a modu-
lar and mixed solutions, just like the intuition we built up in Section 2.2, and in particular (6).
If a single inequality is broken, the optimal representation is mixed (at least in part); else, it
is modular: optimally, each neuron’s activity is a function of a single source. These inequal-
ities depend on two key properties of the sources: the shape of the source distribution’s sup-
port in extremal regions, and the pairwise source correlations. Remarkably, they do not de-
pend on the energy tradeoff parameter . These inequalities can be visualised, g donegn the
il ld]
S0

wrapped figure below. For a given dataset, fsl/g (blue dots), we can calculate S; ~and

[&]

each min; s, as they are simple functions of the dataset. For all unit w, we can draw the line
o1
%X L2 X -
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where we have defined the following matrix:
(min; s[f])2 hs[f]s[;] i; hs[f]sg] i;
E = hs[f]s[;] i (min; s[;])2 hs[;]s[;] i;
— o nsllslli;  hsllslli;  (min; sil)2

Each w gives us a line, and if there is at least one line that bounds the source support (such as the red
one), then an inequality is broken and the optimal representation is mixed. Else it will be modular.
This exercise also motivates the following equivalent statement of our conditions.

Theorem 2.2. In the same setting as Theorem define the set E = fy : yT'F ~ly = 1q. Then an
equivalent statement of Theorem[2.1|is the representation modularises iff E lies within the convex

hull of the datapoints.

This therefore provides a simple test: create F and draw the set E which, if F is positive definite (as it
often is), is an ellipse as shown in the wrapped figure above. The optimal representation modularises
iff the convex hull of the datapoints encloses E, Figure[Ip. If F has some positive and some negative
eigenvalues, then the set E is unbounded, and the optimal representation must mix.

2.4 RANGE INDEPENDENT VARIABLES MODULARISE

To clarify our result we present a particularly clean special case.

Corollary 2.3. In the same setting as Theorem [2.1|the optimal representation modularises if all
sources are pairwise extreme-point independent, i.e. if for all j;j' 2 [ds]%:
o
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In other words, if the joint distribution is supported on all extremal corners, the optimal representation
modularises.

As presented, our theory has some limitations. It focuses on sources that are 1-dimensional, and uses
a specific choice of activity norm, the L2, when others might be more reasonable. In fact, however,
the core result that it is the independence of the variables’ range (i.e. how rectangular they are) that
drives modularity is very broadly true. In Appendix [B.4]we show that this core result generalises
to other activity norms, and in Appendix we show that it also applies to the modularisation
of multi-dimensional variables such as angles on a 2D circle. Thus, our key takeaway is that the
independence of variables’ range is what determines whether the optimal representation is modular.

2.5 EMPIRICAL TESTS

Validation of linear autoencoder theory. We show our inequalities correctly predict modularisation.
In particular, as an illustration of the precision of our theory, we create a dataset which transitions from
inducing modularising to mixing via the removal of a single critical datapoint (Figure[Ip). Further,
we generate many datasets, create the optimal representation, and measure the angle between the
most-mixed neuron’s weight vector and its closest source direction, a proxy for modularity. The left
of Figure[Ik shows that our theory correctly predicts which datasets are modular (= 0). Further,
despite our theory being binary (will it modularise or not?), empirically we see that the degree
to which the inequalities in Theorem [2.1] are broken is a good proxy for how mixed the optimal
representation is. Finally, on the right of Figure [Tk we show that on the same datasets a measure of
source statistical interdependence, as used in previous work, does not predict modularisation.

Predictions beyond our theory. From our theory we extract qualitative trends to empirically test in
more complex settings. Since extremal points play an outsized role in determining modularisation,
we consider three trends that highlight these effects. (1) Datasets from which successively smaller
corners have been removed should become successively less mixed, until at a critical threshold the
representation modularises. (2) It is vital that it is not just any data but corner slices that are removed.
Removing similar amounts of random or centrally located data from the dataset should not cause as
much mixing. (3) Introducing correlations into a dataset while preserving extreme-point or range
independence should preserve modularity relatively well.

3 MODULARISATION IN BIOLOGICALLY INSPIRED NONLINEAR
FEEDFORWARD NETWORKS

Motivated by our linear theoretical results, we explore how closely biologically constrained nonlinear
networks match our predicted trends. We study nonlinear representations with linear and nonlinear
decoding in supervised and unsupervised settings. Surprisingly, coarse properties predicted by our
linear theory generalise empirically to these nonlinear settings (Figure 2)).

Metrics for representational modularity and inter-source statistical dependence. To quantify the
modularity of a nonlinear representation, we design a family of metrics called conditional information-
theoretic modularity (CInfoM), an extension of the InfoM metric proposed by |Hsu et al.| (2023).
Intuitively, a representation is modular if each neuron is informative about only a single source. We
therefore calculate the conditional mutual information between a neuron’s activity and each source
variable given all other sources. The conditioning on other sources is necessary to remove the effect
of sources leaking information about each other; prior works consider independent sources or do not
account for this effect. CInfoM then measures the extent to which a neuron specialises to its favourite
source, relative to its informativeness about all sources. In order to compare multiple schemes that
change p(S) in different ways, we report normalised source multiinformation (NST) as a measure of
source statistical interdepe(Sdence. NSI involves estimating It:];e source multiinformation (aka total

correlation) Dgy (p(s) k ds 1 P(s;)) and normalizing by f; H(s;) max; H(s;). We defer

further exposition of the ClnfoM metric to Appendix [E]

What-where regression. Inspired by the modularisation of what and where into the ventral and
dorsal visual streams, we present nonlinear networks with simple binary images in which one pixel is
on. The network is trained to concurrently report within which region of the image (“where”), and
where within that region (“what”) the on pixel is found, producing two outputs which we take as our
sources, each an integer between one and nine. (More complex inputs or one-hot labels also work,
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