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Abstract: As robotic arms are increasingly mounted on mobile platforms, traditional control methods, which often focus solely
on either the robotic arm or the mobile platform, scarcely address the integrated control of the entire system. This often leads
to inadequate handling of stochastic vibrations and environmental disturbances. This paper introduces a consensus protocol
designed to enhance rapid and precise collaboration among robotic arms on mobile robots. A distributed neural network-based
finite-time controller is proposed for a dynamic system model of robotic arms affected by random vibrations. The effectiveness of
this protocol in achieving finite-time convergence is substantiated through a Lyapunov-like function. Simulations are presented
to demonstrate the efficacy and advantage of the proposed approach, confirming its potential to significantly improve operational

performance for complex robotic systems.
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1 Introduction

In modern industry and services, fixed robotic arms play
a vital role in boosting productivity and flexibility. How-
ever, their limitations in tasks requiring high adaptability
have become evident. To address this, robotic arms are in-
creasingly mounted on mobile platforms such as wheeled
robots, legged robots, and drones, enhancing their manip-
ulative capabilities. This integration, however, introduces
significant complexities, transforming their dynamics into
nonlinear systems influenced by disturbances and stochastic
vibrations [1-3].

Addressing the nonlinearities inherent in these systems,
numerous nonlinear control strategies have been developed.
For instance, sliding mode control with observers has been
widely studied [4, 5] , alongside other robust control ap-
proaches such as adaptive neural network (NN) control[6, 7].
Despite these advancements, the single robotic arm often
falls short when tasked with complex operations due to me-
chanical and spatiotemporal constraints. This deficiency
has shifted research focus towards multi-robot collaboration,
where consensus problems become essential for coordinated
task execution. Networked robots employing simple trajec-
tory tracking under a consensus protocol can significantly
enhance operational efficiency and reduce costs.

In this paper, backstepping methods are recognized for
their effectiveness in constructing tracking protocols for
higher-order nonlinear systems. However, they suffer from
the “explosion of differential” issue[8, 9], which increases
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computational burden, thus impeding real-time performance
in systems with limited computational resources. On the
other hand, recent advancements have been made with finite-
time control techniques, known for their rapid convergence
and precision, garnering attention across theoretical and ap-
plied domains. Finite-time command filtered (FTCF) control
methods, addressing both the explosion of differential prob-
lem and achieving faster convergence rates, have proven ef-
fective in various studies[10-12].

Building upon these insights, this paper proposes an adap-
tive command filtering approach based on finite-time conver-
gence for a consensus protocol in robotic arms subjected to
stochastic vibrations. The main contributions of this study
are twofold:

o This work represents an innovative application of adap-
tive FTCF to nonlinear models of robotic arms expe-
riencing stochastic vibrations. It introduces a consen-
sus protocol that achieves faster convergence compared
to traditional backstepping controls. The effectiveness
of this protocol is demonstrated through simulation re-
sults.

o Considering the impacts of random vibrations and ex-
ternal disturbances on networks of robotic arms, this
study incorporates an adaptive approach to approximate
dynamic disturbances. The effectiveness of the pro-
posed method in achieving rapid consensus is validated
through a finite-time convergence proof.

2 Preliminaries and System Descriptions

In this section, a definition of finite-time convergence for
stochastic dynamic systems is first provided. Subsequently,
a stochastic dynamic system model of robotic arms is pre-
sented, accompanied by necessary assumptions and expla-
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nations.

2.1 Stochastic Dynamic Systems

The dynamic description of the stochastic system in con-
tinuous time is designed as follows

d¢(t) = F(C(t)dt + (¢ (t))dw(t), ((to) = Co, (1)

where ((t) is n-dimensional stochastic state variable, (j is
the stochastic initial condition, and w(t) is a set of white
gaussian noise process, which is independent of {(¢).

The practical finite-time stable equilibrium in mean
square is defined as:

Lemma 1 [13] The equilibrium ((t) = 0 of system (1)
is practical finite-time stable in mean square, if there is a
stochastic settling time T (e, (o) < oo and € is a positive con-
stant, for 't > to+T, the system will satisfy E[||((t)]|?] < e.

2.2 Stochastic Lagrangian System

Following the same line as in [14, 15], the kth stochastic
manipulator can be modeled in the form of the stochastic
Lagrangian as follows

Mi(q1)Gr + Cr(qr, dr)dr + hi(qr) = ur + Ag(gr)ée, (2)

where g, € R" is a vector of generalized coordinates,
My (qr) € R™ ™ is the inertia matrix (generalized mass)
which is symmetric positive definite, Cx(qx, gr) € R™*™
is the Coriolis/centrifugal matrix, hy(gx) € R™ is the poten-
tial force, and Ay (gy )¢ is the random excitation force caused
by the white noise £, € R™, ui, € R is the control force
acting on the system.

Based on the aforementioned description, several reason-
able assumptions are subsequently outlined.

Assumption 1 The Inertia matrix My, as well as the Corio-
lis matrix Cy, can be partitioned to the nominal part My, and
the unknown uncertain part AMj,.

Assumption 2 The  nominal — part M,  satisfies
Mymin|z]|? < 2TMz < My max||2||%, where 2 € R3,
Mk,max and M, k,min are known positive constants. For the
unknown uncertain part AMy, there exists an unknown

AM; > 0 such that || AMy|| < AM:.

Lemma 2 [13] For matrix M € R™" if M = M + AM,
there holds

M~'=M"1+AM, (3)
where AM = — M~ AM(I,, + MAM)~'M~,
According to Lemma 2 and Assumption 1, we have M, 1
]\7[,;1 +AM,, Ck_l = C’,;l + AC}, then (2) can be rewritten
as the following equations:

e = —Crae — W + M, ug + A Myug @
+ Ap + (A} + AAg)E,

where
Ci = My *Cy, hj; = My i (gr),
Ay = —AM;.Cy, — M7 ACy — AMyhy(qr),
i= M Ar(qr), AN, = AMAR(gr),
AN, = — M AM(I, + MyAM) " M,

Aék = —C'];lACk(In + C_YkACk)_lc_'kil.

Let v, = ¢x, the Ito stochastic differential equation of (4)
can be obtained

qu = det,
dvg = (M wg + pr)dt + prwpdwy,  (5)
Yr = 4k,
where ), = —Cfapy — hi + AMyuy, + Ay, §p =
AL+ AAy. iw is the power spectral density of the white

noise &, wy € R”™*™ is a positive matrix, and wy, is an
m-dimensional independent standard Wiener process. The
leader can be modeled as follows:

da = Vd, 6

where qq,vq € R? are the desired position and the constant
velocity, respectively.

3 Consensus Control Protocol

In this section, a new adaptive FTCF based control strat-
egy is designed to ensure that the output ¢ of the robot
manipulator in a random vibration environment can track a
given trajectory ¢4, where an adaptive is used to approximate
the unknown dynamics of the manipulator.

The tracking errors ey, ; are defined as follows:

N
{ k1= j—1 Pk,j (@ — 4j) + or(qk — qa), 7
€k 2=V — Q,

where &y, = [k.1, V2, k]’ € R™ is the output of
FTCF with the virtual signal ay = [ag 1, 2, - ,ozk,n]T
as the input. The FTCF is designed as:

Vi =Cr,i
1.
Chyi = — Ok,1 | Vi — 0| sign (Vi — i) + Vi i

Vi = — 0k,28ign (Vr i — Cii) -
®)

Lemma 3 [16]For the case of absent input noise, if choos-
ing o1 and o2 properly, the following equations are
achieved in finite time,

Vi1 = @ 0,C = Q. )

Then, in the case of present input noise, it means that o; =
a; 0. Assuming the input noise satisfies |; — a; 0| < Z;,
there the following inequalities hold in finite time

[hin — 0] < O;E; =7,
. 1 (10)
|Gi — o < TiEP = ma.

where ©; > 0 and Y; > 0 are constants.

Remark 1 Taking the virtual controller o as input, the &
and its first-order derivative v is obtained. Compared with
[16—19], the command filter in this paper not only guaran-
tees the filter effect of o, but also achieves stability in finite
time.
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The virtual signal oy and controller uy, are designed as
follows

N

N
ay = (o + 2)71(7%1%’1,{ + Zvj + orqa,
j=1 j=1

N
3

— —v,1(ok + kgt Sk,1))s
4 1( ;P J 1)) an

1
up = M(—tp 222" — 1(4 + 35,2 + ak,2)2k,2

. ékszBgBk

4Tk

);

where 0 < k < 1, k; > 0, and ¢; > 0,(: = 1,2) are
designed positive constants, 6 represents the estimate of 6
and 0 is a constant estimate of as § = max{||H||?}, where
I - || denotes the 2-norm of the vector. And the updating

process of 6 is designed as
b = —1xbr + 25 (uT v 2)? BT B 12
k= —lp0, + 1 (Vg 2Vk2)" By, By, (12)
Tk
where ¢;, > 0 is a constant.

2p1 = €k1 — Sk,1, Z2k2 = €k2 — Sk,2 — Pk- (13)

The g; is the error compensation system defined by

Sk,1 = —Sk,1Sk1 — Lk, 15k 1
N
+ (o + Zpk,j)[(dk — ag) + k2], (14)
j=1
k2 = —Sk,1Sk,2 — tk,25 25

with ¢;;(0) =0(i = 1,2).

Remark 2 The finite-time control of the closed-loop system
is achieved when 0 < k < 1, which means that fractional
power functions are included in the virtual control signal
« and the error compensation system s;. When k = 1, the
control algorithm no longer achieves finite-time convergence
and the closed-loop system can only converge asymptotically
over time, which is a special case of finite-time control.

Theorem 1 Consider the manipulator systems (2). It satis-
fies Assumption 1 and 2. Choose FTCF as in (8). Design
the error compensation system as in (14). Construct the vir-
tual signal o and controller w as in (11) with the adaptive
updating law (12). Then, the tracking error zy is practi-
cal finite-time stable in mean square. Also, all signals in
the closed-loop system are bounded in mean square in finite
time.

To prove Theorem 1, we have the following definition and
Lemmas:

Definition 1 [13] For V(¢) € C?, associated with stochas-
tic system (1), we define a differential operator L as follows:

ov 1 0*V

LV(Q) = 5e FIC®) + 5T{2(C0) Gz

= 5 2(¢(B)). (15)

where Tr represents a matrix trace.

Lemmad [I8] Forz; e Rii=1,--- ,K,0 < k <1, there
holds

K K K
Sl < Sl < K5 =D 6
=1 =1 =1

Lemma5 [/3] Forz,z € R,p > 0,q > 0and a(z,z) > 0,

ga(w,z)” 2Pt

rP+q

pou(z, z) x|
p+q

|z[P|2]7 < a7

Lemma 6 [I3] If there are three positive constants
AT,k € (0,1) and two koo —functions 31 and [ ,which
make a C? function V ({(t)) such that

{ Bulic@ll) < V(C(®) < Bx(ICOID,0 < s <,
W(C(1) =W (L(®) < =A [{WH(((v))dv +T(t = ).

Then, for ¥t > T, there holds ||((t)|| < €, where

vkwmm—(uféAkajv

e=B7 [T/ -a)a)) "] 0<o<1.

1

T=0"woA

Now, the design and proof of Theorem 1 are presented as
follow.

Proof 1 Step 1: Consider the stochastic system (5), accord-
ing to the Ito formula, the following equation is obtained:

N N
dziy = (0 + Y prg)ok = D PijVj — Okva — S )dt.
j=1 j=1
(18)
The following stochastic Lyapunov function is chosen:
1
Via=7(zr1" 211)% (19)
Based on Definition 1 and (14), the following is yielded
N
LVir = zk1" zka2kn” [(ok + Zpk,j)(ak + 2k,2)
j=1
R 20)
- Z PkjTj2 — Okdd + SkaSk,1 + traSk ]
j=1

By applying Young’s inequality, Lemma 4, and Lemma 5, the
following inequality is obtained
3+r
i1’ 2121 Shy < 3 (261" 2,1) 2,
" 21

3+kK
+

(sk1tse1) 2 .

K
K+3
When (11) is substituted, the following is obtained

34k th 1k

(Uk,lTUk,l) T s 3+r

(k1T ska) 2

tr 1K
LViy < ——2t

k—+3 K43
N
Sk, Ok + D51 Phyj
+ 41 (sk1lsr1)® + %(vk,zT%,z)Q-

(22)
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Step 2: Since zj, 9 = ej,2 — Sk,2, according to It formula,
the following equation is obtained

dzgo = (M ug + o — Lag — i2)dt + @rwdw,
(23)

where i, = @ — g?:. The candidate Lyapunov function is
chosen as
Vio=Vi1+—-(2x2 2 +—.
k2= Vi1 (Zh2 22 e

where N\, > 0 is a constant. Form the formula (18) and (14),
the following is obtained

+ Sk,1Sk,2 + tk,2§]':,2) - —

+ %{@kT(QZmZk,zT + 22 2ko D) Pr )
(25)
According to Young’s inequality, the following inequality is
obtained

2r2 " 2222 Sh2 < Z(Zk,zTZk,2)2 + Z(§k,2T§k,2)2o
(26)
And according to the property of norm, the following in-
equality is obtained

1
g{ﬁkT(%k,ﬂmT + 2k,2" 2k 2 D)1}
S/ @7

- 2

k2" 22| Pk Bl

Substituting (26) and (27) into (25), the following inequality
is obtained

LVio < LVi1 + 2k  2k02k2 " (M 'ug + o,

B 3 ékék
— Lay + =Sk 22k2 + tpask2™) — ——
4 Ak
Sk, 3my/m o
+ T2(§k,2T§k,2)2 +— 2k 22|85 Pl

(28)
Then, letting gbk:zkygT(gok — Lay,) + MH@E@@H’ we
adopt a FLS HY B(X) to approximate it. For Vej, > 0, the
following equality is obtained:

¢k = Hy Bi(X) +01(X), [0(X)[ < e (29

By using Young'’s inequality, the following inequality is ob-
tained

(Zk,zTZk,z)QHHkHQBgBk

+ 7+ Z(Zk,QTZk,Q)z + 5%

(22" 2r2) K <

where T;, > 0 is a constant. Substituting (12), (30) and (11)

into (28) yields

2
tk iR T 34k
LV < — E - (2k,i™ 2k) 2

i=1

2
tr ik 3+k
+ Z kd (§k,iT§k,i)T

+ ; %(%JT%,/L’)Q + %ekok + (Th + 7).
(€29)
Step 3: Based on Lemma 2 that the inequality
e — axl|| < mx,1 holds at a finite time. By employing the
Young’s inequality, one can obtain

_ 3 1
k1SS (@ — ay) < Z(gk,ngk,1)2 + 17%,14, (32)

3 1
T T T 2 T 2
Sk Sk 1Sk Sk2 < i(%,l k1) “1‘1(%,2 ko). (33)

For the error compensation system, choose the following
Lyapunov function

2 T 2
= Sk,i Sk,i
V=) (Skd” )" (34)

Differentiating it, one can get

> T T. T T.
LV = S0 Sk,1Sk,1 Skl 4 Sk,2” Sk,2k,2 Sk,2
2

2
T 2 T T
:—g Ski(Skyi~ Ski) — E thyiSkyi Sk,iSk,i Sk

i=1 i=1
N
+ (o + Z Pk,j)<k,1T§k,1§k,1T[(5ék — ) + Sk.2)-
j=1
- (35)
Then, let V = V5 + V and it can be obtained that
2 tr ik 34
k,i T i
LV, < —; ﬁ+3(3k,i Zhyi) 2
2 3t 3+ L
ki T 3tn k7o
_ > i i)z = — 0
;Hw(g’“* W
3 3 N
= (gsk1 = 5(on + > k) sk Tera)®
=1
3 1 al
— (Ssk2— <(ok + ) prg))(sk2 sk,2)” + Th,
4 4
=1
(36)

’r 2 1 4 N . Lk_p2
where T}, = 11, + ek + 37k (o + ijl Pr,j) + O
Moreover, there is

Yk 5 5 Lk 7o | Lk g2
— Okl < ———07 + —0;.
3 ROk AL k+2/\k k (37
; o3 K43
Based on Lemma 5, choosing x = o3, z = 1, p = ==,
g=1-p=15% a(z,z)= Ti:a’ it follows that

6]% K43 9]%

=5 1—/@( 4 ks
2 — 2\, 4 K+ 3

)R (38)

(
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(Ok-l-z

N
200k + Yo7 pig)s similarly, sp2 = %(0k + Y0 pr ).
Substituting that into (36), it is straightforward to show that

Let 2 $8k1 — 1Pk,7) = 0, it obtains sy =

2
tr ©
LV, < — Z Lm(zk,iTzk,i)%

= n+3
2, 3¢ 34 92
— kyi T VS 4 T
;KH_S(%,Z ki) bk(2)\k) +T%.
(39
~t3
where Fk = I + 1?%(%_‘_3)7ﬁ. Letting A, =
min{4"7 t"Jrlg AT itié , Lk }, then we have

Step 4: Based on the consensus error (7), the stability anal-
ysis for all agents is discussed below. Consider a Lyapunov
Junction as: 'V = Eszl Vi, Just like before, it is clear that

ZAka

Let A =min {A,}, T = Zk:l Ty, and based on Lemma 4
it can obtain

"4 Zrk (41)

N
LV <-AQ Vi) F +T=-AVF 4T, @)
k=1
Denoting V (x(t)) = V, the It6 formula allows it to obtain
the following result for 0 < 51 < o,

E[V(x(s2))] = EV(z(s1)) + /82 E[LV (x(t))]dt. (43)

S1

Taking equation (40) into (43) and applying the Jensen’s in-
equality, it yields

K+3

E[LV (z(1))] < —A[E[V (z(@)]] + +T. (@4)
Substituting (44) into (43), it yields
E[V(x(s2))] — B[V ((s1))]
A/ ’ ] = dt"’F(SQ —81) (45)
Using ((x(t)) =  EV (x(t)), and based on

Lemma 6, it can deduce that there is a setting time
Bl 1-r
T = goeallEV@)]T — (ﬁ)ﬁ%], such that

E[V (z(t))] < eforVt > T, e = 4((1 A )“"}r3. Because
of this, the following inequality is satisfied

N 2
E <Z Z(zk,iTzW)?) <AE[V(x(t))] < 4e,t > T.

k=1i=1

(46)

Using the mathematical expectation property, it can be in-
ferred that

E(szﬂ

")
N 2
(ZZ Zkz Zk,i 2) §467t2T

k=1 1=1
(47)

Thus
Ellzrill> < 2/, t > T. (48)

Similarly, it is concluded that
Ellskill* < 2Ve, Bllfra|* <2vet =T (49)
Since z1 = e; — <1, one has
Ellexal® < 2E||zu1l” + 2|k ||* < 4Ve,t > T. (50)

Q.E.D
4 Simulation Results

We consider a two-link multi-manipulator system sus-
pended from a randomly vibrating ceiling to validate the
proposed approach. Figure 1 illustrates the communication
topology of the system, consisting of one leader and four
followers, represented under a directed graph.

The system is modeled as a double pendulum on a verti-
cal plane, neglecting air resistance. Let &, 1 and &y, o repre-
sent the horizontal and vertical accelerations of the suspen-
sion point O, respectively. These accelerations are modeled
as independent white noise. The parameters my, ; and [}, ;
(k € N,i = 1,2) denote the masses and lengths of the "up-
per” and "lower” pendulums, with their specific values listed
in TABLE I. The gravitational acceleration is denoted by g
(unit: m/s?).

The generalized coordinates gy ; (¢ = 1,2) represent the
angles (in radians) between the pendulums and the vertical
axis, while the control inputs ug ; (¢ = 1,2) are the torques
applied at the joints (unit: N - m).

Fig. 1: Communication topology.

Table 1: Parameters in all two-link manipulator systems.

Parameters | Description Values Unit
m the mass of the link m = [0.5,0.6]" kg
l the distance of the link | [ =[0.8,1.2]" m
g acceleration of gravity g=938 m/s?

Refer to the example given in [15], the system functions
is of the form of Equation (2),

in which g, = [qx,1, qr2), Mi(qr) =
Cr(qr, 4x) € R?*2 are given by

[M,,,] € R?*2 and

_ (m1 +mo)l? malyly cos(qr,2 — qr1)

My, =

moalila cos(qr2 — qi,1) mal3 7
|0 Cr2
Ck — |:C21 1 :| 9
where
Cro = —malila sin(qr,2 — qk,1)dk 2,
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C1 = malila cos(qr,2 — qi,1)qrk,1-
hi(q) € R? and Ag(q) € R?>*? are given by

b — |+ ma2)gli sin(gx.1)
magla sin(qy,2)

A1 = —maly cos(qr,1)+0.5maly sin(ge1) sin(2(qr,2—qr,1))s
Aio = —myqly sin(gy,1)—0.5malq cos(gr,1) sin(2(gr,2—qr,1)),
)
)

Az1 = mola sin(gy,1) sin(2(gk,2 — qr,1)),
Ago = —mals cos(gk,1) sin(2(qk,2 — qk,1))-

The control parameters are chosen as 1 = 2,fp2 =
1/3, 511 = 2, 85,2 = 45, o1 = 750, o 2 = 180, ¢, = 100,
br,1 = b2 =1,and kK = 3/5.

Choosing the reference signal ¢; = [1.5sin(t),sin(2¢t)]T
and initial conditions ¢,(0) = [-0.1,0.25]T, ¢,(0) =
[—0.3,0.45]T, Fig. 2 shows the trajectories of ¢ and desired
signal g4 under the proposed control scheme.

1,2,3.4)

CH and q,, (k

Time(s)

Fig. 2: Schematic diagram of trajectory tracking for ¢4 and
qk

Finite-time control
Asymptotic control

Time(s)

Fig. 3: The overall tracking error comparison by Finite-time
and Asymptotic control.

To evaluate the effectiveness of the finite-time control al-
gorithm proposed in this paper compared to the asymptotic
control method in [19], we define the overall tracking error
as ERR = |¢ — qq4].

Figure 3 illustrates the the overall tracking error under
varying values of «, while keeping all other parameters con-
stant. Clearly, the proposed finite-time CFAB algorithm
demonstrates a faster convergence rate and higher tracking
accuracy compared to the asymptotic control method.

5 Conclusions

The finite-time tracking control problem of an n-linked
manipulator system with parameter uncertainty in a ran-
dom vibration environment is investigated in this paper. Af-
ter establishing a model based on a stochastic Lagrangian
control system, an adaptive neural network control strat-
egy combining the command filtered backstepping method
is given. Even with inertial uncertain parameters, random vi-
brations and input saturation, the proposed scheme is able to
overcome the complexity explosion problem of conventional
backstepping and guarantee that tracking error be practically
finite-time stable in mean square.
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