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ABSTRACT

In this paper, we propose a new loss function for performing principal component
analysis (PCA) using linear autoencoders (LAEs). Optimizing the standard Lo
loss results in a decoder matrix that spans the principal subspace of the sample
covariance of the data, but fails to identify the exact eigenvectors. This downside
originates from an invariance that cancels out in the global map. Here, we prove
that our loss function eliminates this issue, i.e. the decoder converges to the exact
ordered unnormalized eigenvectors of the sample covariance matrix. For this new
loss, we establish that all local minima are global optima and also show that com-
puting the new loss (and also its gradients) has the same order of complexity as
the classical loss. We report numerical results on both synthetic simulations, and a
real-data PCA experiment on MNIST (i.e., a 60, 000 x 784 matrix), demonstrating
our approach to be practically applicable and rectify previous LAEs’ downsides.

1 INTRODUCTION

Ranking among the most widely-used and valuable statistical tools, Principal Component Analysis
(PCA) represents a given set of data within a new orthogonal coordinate system in which the data
are uncorrelated and the variance of the data along each orthogonal axis is successively ordered
from the highest to lowest. The projection of data along each axis gives what are called principal
components. Theoretically, eigendecomposition of the covariance matrix provides exactly such a
transformation. For large data sets, however, classical decomposition techniques are infeasible and
other numerical methods, such as least squares approximation schemes, are practically employed.
An especially notable instance is the problem of dimensionality reduction, where only the largest
principal components—as the best representative of the data—are desired. Linear autoencoders
(LAEs) are one such scheme for dimensionality reduction that is applicable to large data sets.

An LAE with a single fully-connected and linear hidden layer, and Mean Squared Error (MSE) loss
function can discover the linear subspace spanned by the principal components. This subspace is
the same as the one spanned by the weights of the decoder. However, it failure to identify the exact
principal directions. This is due to the fact that, when the encoder is transformed by some matrix,
transforming the decoder by the inverse of that matrix will yield no change in the loss. In other
words, the loss possesses a symmetry under the action of a group of invertible matrices, so that
directions (and orderings/permutations thereto) will not be discriminated.

The early work of Bourlard & Kamp| (1988)) and |Baldi & Hornikl (1989) connected LAEs and PCA
and demonstrated the lack of identifiability of principal components. Several methods for neural
networks compute the exact eigenvectors (Rubner & Tavan, |1989; |Xu, [1993; Kung & Diamantaras)
19905 |Oja et al.,[1992)), but they depend on either particular network structures or special optimiza-
tion methods. It was recently observed (Plaut, 2018}, [Kunin et al.l [2019) that regularization causes
the left singular vectors of the decoder to become the exact eigenvectors, but recovering them still
requires an extra decomposition step. As [Plaut| (2018)) point out, no existent method recovers the
eigenvectors from an LAE in an optimization-independent way on a standard network — this work
fills that void.
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Moreover, analyzing the loss surface for various architectures of linear/non-linear neural networks
is a highly active and prominent area of research (e.g. Baldi & Hornik! (1989)); [Kunin et al.| (2019));
Pretorius et al.|(2018)); Frye et al.| (2019)). Most of these works extend the results of | Baldi & Hornik!
(1989) for shallow LAEs to more complex networks. However, most retain the original MSE loss,
and they prove the same critical point characterization for their specific architecture of interest. Most
notably |Zhou & Liang| (2018]) extends the results of |Baldi & Hornik| (1989) to deep linear networks
and shallow RELU networks. In contrast in this work we are going after a loss with better loss
surface properties.

We propose a new loss function for performing PCA using LAEs. We show that with the proposed
loss function, the decoder converges to the exact ordered unnormalized eigenvectors of the sample
covariance matrix. The idea is simple: for identifying p principal directions we build up a total
loss function as a sum of p squared error losses, where the i loss function identifies only the first i
principal directions. This approach breaks the symmetry since minimizing the first loss results in the
first principal direction, which forces the second loss to find the first and the second. This constraint
is propagated through the rest of the losses, resulting in all p principal components being identified.
For the new loss we prove that all local minima are global minima.

Consequently, the proposed loss function has both theoretical and practical implications. Theoret-
ically, it provides better understanding of the loss surface. Specifically, we show that any critical
point of our loss L is a critical point of the original MSE loss but not vice versa, and conclude that L
eliminates those undesirable global minima of the original loss (i.e., exactly those which suffer from
the invariance). Given that the set of critical points of L is a subset of critical points of MSE loss,
many of the previous work on loss surfaces of more complex networks likely extend. In light of the
removal of undesirable global minima through L, examining more complex networks is certainly a
very promising direction.

As for practical consequences, we show that the loss and its gradients can be compactly vectorized
so that their computational complexity is no different from the MSE loss. Therefore, the loss L can
be used to perform PCA/SVD on large datasets using any method of optimization such as Stochas-
tic Gradient Descent (SGD). Chief among the compellingly reasons to perform PCA/SVD using
this method is that, in recent years, there has been unprecedented gains in the performance of very
large SGD optimizations, with autoencoders in particular successfully handling larger numbers of
high-dimensional training data (e.g., images). The loss function we offer is attractive in terms of
parallelizability and distributability, and does not prescribe any single specific algorithm or imple-
mentation, so stands to continue to benefit from the arms race between SGD and its competitors.

More importantly, this single loss function (without an additional post hoc processing step) fits seam-
lessly into optimization pipelines (where SGD is but one instance). The result is that the loss allows
for PCA/SVD computation as single optimization layer, akin to an instance of a fully differentiable
building block in a NN pipeline|/Amos & Kolter|(2017), potentially as part of a much larger network.

2 THE PROPOSED L0OSS FUNCTION AND REVIEW OF FINAL RESULTS

Let X € R"™*™ and Y € R™ ™ be the input and output matrices, where m centered sample points,
each n-dimensional, are stacked column-wise. Let ¢; € R™ and y; € R" be the 4™ sample input
and output (i.e. the ™ column of X and Y, respectively). Define the loss function L(A, B) as

m

P P
2 2
L(A,B) =) > |y~ ALyBz;|, = > | |Y ~ AL, BX| @
i=1

i=1j=1

where (-, -)p and ||-||  are the Frobenius inner product and norm, I;., is a p x p matrix with all ele-
ments zero except the first ¢ diagonal elements being one. (Or, equivalently, the matrix obtained by

1 0 0
setting the last p — 7 diagonal elements of a p X p identity matrix to zero, e.g. Io.3 = lO 1 0|)In
0 0

what follows, we shall denote the transpose of matrix M by M. Moreover, the matrices A € R"™*?,
and B € RP*"™ can be viewed as the weights of the decoder and encoder parts of an LAE.

The results are based on the following standard assumptions that hold generically:
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Assumption 1. For an input X and an output Y, let 3., = X X', ¥, = XY', ¥, = EQy
and X, = Y'Y be their sample covariance matrices. We assume

o The input and output data are centered (zero mean).

o Yoo, Xy, Xya and Xy, are positive definite (of full rank and invertible).

Ty

e The covariance matrix ¥ = X, X3 is of full rank with n distinct eigenvalues
AL > Ao > > A

o The decoder matrix A has no zero columns.
Claim. The main result of this work proved in Theorem [2]is as follows:

If the above assumptions hold then all the local minima of L(A, B) are achieved iff A and B are
of the form

A =U,D,
B=D,'U/ %,.%,;

Trx
where the i column of Uy, is the unit eigenvector of ¥ := X, 313, corresponding to the i
largest eigenvalue and D, is a diagonal matrix with nonzero diagonal elements. In other words,
A contains ordered unnormalized eigenvectors of 3 corresponding to the p largest eigenvalues.
Moreover, all the local minima are global minima with the value of the loss function at those

global minima being
P

L(A,B) =p Tr(Zy,) — > _(p—i+ 1)\,
i=1
where ), is the i largest eigenvalue of ¥ := EWE;; X2y In the case of autoencoder (Y = X):
3 = ¥,,. Finally, while L( A, B) in the given form contains O(p) matrix products, we will show
that it can be evaluated with constant (less than 7) matrix products independent of the value p.

3 NOTATION

In this paper, the underlying field is always R, and positive semidefinite matrices are symmetric by
definition. The following constant matrices are used extensively throughout. The matrices T}, €
RP*P and S, € RP*? are defined as

(Tp)ij = (p —i+ 1) 51']'7 ie. Tp = dlag (pvp - 1, e al) ’ (2)
P p—1 2 1
p—1 p—1 2 1 4 3 21
(8,)ij=p— (i,5)+1, ie. S,=| . S_S 3 2 1 3)
p)ij =p—max(, j e Sp=| : 2 1| eg88i=]9 5 o 1|
2 2 2 21 1 1 1 1
1 1 1 11
Another matrix that will appear in the formulation is 5’,, = Tp_l.S'pr_l. Clearly, the diagonal

matrix T}, is positive definite. As shown in Lemma S, and S'p are positive definite as well.

4 MAIN THEOREMS

The general strategy to prove the above claim is as follows. First the analytical gradients of the
loss is derived in a matrix form in Propositions [1| and [2| We compare the gradients with that of
the original Minimum Square Error (MSE) loss. Next, we analyze the loss surface by solving the
gradient equations which yields the general structure of critical points based on the rank of the
decoder matrix A. Next, we delineate several interesting properties of the critical points, notably,
any critical point of the loss is also a critical point for the MSE loss but not the other way around.
Finally, by performing second order analysis on the loss in Theorem [2] the exact equations for local
minima are derived which is shown to be as claimed.
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Let L(A, B) and L(A, B) be the original loss, and the proposed loss function, respectively, i.e.,

m p
LAB) = Y |y — ABul; L(A,B) = > 3|y - AL,Buz;];
j=1 i=1 j=1
2
= |y - ABX|},

|Y — AL, BX |

|
_MB

@
I
—

The first step is to calculate the gradients with respect to A and B and set them to zero to derive the
implicit expressions for the critical points. In order to do so, first, in Lemma [5 for a fixed A, we
derive the directional (Gateaux) derivative of the loss with respect to B along an arbitrary direction
W € RP*" denoted as dg L(A, B)W , i.e.

L(A,B+W) - L(A, B)

dpL(A, B)W = im
sL(AB)W = lm Wi,

As shown in the proof of the lemma, dg L(A, B)W is derived by writing the norm in the loss as an
inner product, opening it up using linearity of inner product, dismiss second order terms in W (i.e.
O(||W||*)) and rearrange the result as the inner product between the gradient with respect to B,
and the direction W, which yields
dpL(A,B)W = -2Tr (W' (T,A'E,, — (S, 0 (A’A)) BX,,))
=-2T,A'E,, — (S,0(A’A)) BX,,,W)p, G))
where, o is the Hadamard product and the constant matrices T}, and S, were defined in the be-
ginning. Second, the same process is done in Lemma@ to derive da L(A, B)V; the derivative of
L with respect to A in an arbitrary direction V' € R"*P, for a fixed B, which is then set to zero

to derive the implicit expressions for the critical points. The results are formally stated in the two
following propositions.

Proposition 1. For any fixed matrix A € R"*P the function L(A, B) is convex in the coefficients
of B and attains its minimum for any B satisfying the equation

(S,0(A’A))BXY,, =T,A'S,,, (5)

where o is the Hadamard (element-wise) product operator, and S, and T, are constant matrices
defined in the previous section. Further, if A has no zero column, then L(A, B) is strictly convex in
B and has a unique minimum when the critical B is

B=B(A)=(S,0(A’A)"'T,A'S,, >} (6)

xx )

and in the autoencoder case it becomes

B=B(A)=(S,0(A’A)"'T,A’". (6"

The proof is given in appendix[A.2]

Remark 1. Note that as long as A has no zero column, S, o (A’ A) is nonsingular (we will explain
the reason soon). In practice, A with zero columns can always be avoided by nudging the zero
columns of A during the gradient decent process.

Proposition 2. For any fixed matrix B € RP*™ the function L(A, B) is a convex function in A.
Moreover, for a fixed B, the matrix A that satisfies

A(S,o0(BS,,B') =%,,B'T, %
is a critical point of L(A, B).
The proof is given in appendix[A.3]

The pair (A, B) is a critical point of L if they make dg L(A, B)W and d 4 L(A, B)V zero for any
pair of directions (V', W). Therefore, the implicit ~equations for critical points are given below, next
to the ones derived by [Baldi & Hornik|(1989) for L(A, B).
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For L(A, B): For L(A, B):
A'ABY,, = A%, (Spo(A’A)BXE,, = T,A'Z,,
ABX,,B' = X,B' A(S,0(BS,,B)) = X,,BT,

Remark 2. Notice the similarity, and the difference only being the presence of Hadamard product
by S, in the left and by diagonal T}, in the right. Therefore, practically, the added computational
cost of evaluating the gradients is negligible compare to that of MSE loss.

The next step is to determine the structure of (A, B) that satisfies the above equations, and find the
subset of those solutions that account for local minima. For the original loss, the first expression
(A’/ABY,, = A’'Y,,) is used to solve for B and put it in the second to derive an expression
solely based on A. Obviously, in order to solve the first expression for B, two cases are considered
separately: the case where A is of full rank p, so A’ A is invertible, and the case of A being of rank
r < p. Here we do the same but there is a twist; for us there is only one case. The reason is as
long as (not necessarily full rank) A has no zero column, S, o (A’ A) is positive definite and hence,
invertible. This is discussed in detail in Lemma [2] and we briefly explain it here. As shown in the
lemma, .S, is positive definite and by Shur product theorem for any A (of any rank), S, o (A’ A) is
positive semidefinite. However, as a result of Oppenheim inequality (Horn & Johnson|(2012)), Thm
7.8.16), that in our case translates to det(S,) [[,(A’A);; < det(S, o (A’A)), as long as A has no
zero column, [ [,(A’A);; > 0 and therefore, det(S, o (A’A)) > 0. Here, we assume A of any rank
r < p has no zero column (since this can be easily avoided in practice) and consider .S, o (A’ A) to

be always invertible. Therefore, (A, B) define a critical point of losses Land L if

For L(A, B) and full rank A: For L(A, B) and no zero column A:
B=B(A) = (AA) AT, 5] B =B(A) = (S,0(A'A)"'T,A'S,, 2},
ABY,.B'=%,B' A(S, o (B%,,B)) =%,,B'T,.

Before, we state the main theorem we need the following definitions. First, a rectangular permu-
tation matrix I, € R"*? is a matrix that each column consists of at most one nonzero element
with the value 1. If the rank of IL, is r with » < p then clearly, II,. has p — r zero columns.
Also, by taking away those zero columns the resultant r x 7 submatrix of II, is a standard square
permutation matrix.

Second, under the conditions provided in Assumption [1} the matrix ¥ = X,, 23 . has an

eigenvalue decomposition 3 = U AU, where the it" column of U, denoted as w;, is an eigenvector

of 3 corresponding to the i largest eigenvalue of 3, denoted as \;. Also, A = diag(\i,---,\,)
is the diagonal vector of ordered eigenvalues of 3, with A\; > Ay > --- > A, > 0. We use the
following notation to organize a subset of eigenvectors of 3 into a rectangular matrix. Let for any

r<p,L.={i1, - ,i}(1 <iy <--- <1, <n)be any ordered r—index set. Define Uy, € R"*P
as Uy, = [u;,,- -+ ,u;,]. Thatis the columns of Uy, are the ordered orthonormal eigenvectors of X
associated with eigenvalues \;; < --- < \; . Clearly, when r = p, we have Uy, = [u;,," - ,u;,]
corresponding to an p—index set I, = {i1,- - ,i,}(1 <41 < -+ < 4, < n). Similarly, we define

AL- € RPXP as AL- = diag(/\il, s ,)\Z‘,,_).

Theorem 1. Let A € R"*P and B € RP*™ such that A is of rank v < p. Under the conditions
provided in Assumption[I|and the above notation, The matrices A and B define a critical point of
L(A, B) if and only if for any given r—index set 1., and a nonsingular diagonal matrix D € R™*",
A and B are of the form

A=U,CD, (®)
B=B(A) =D 'IIcU| £,,%;]} 9)

rx
where, C € R"™ P is of of full rank v with nonzero and normalized columns such that e =
(Spo cre)t T,C' is a rectangular permutation matrix of rank v and CIl¢ = I,. For all
1 < r < p, such C always exists. In particular, if matrix A is of full rank p, i.e. r = p, the two
given conditions on ¢ are satisfied iff the invertible matrix C' is any squared p X p permutation
matrix IL. In this case (A, B) define a critical point of L( A, B) iff they are of the form
A =U,IID, (10)
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B=B(A) =D 'IIU; =,,%,. (11)

The proof is given in appendix[A.4]
Remark 3. The above theorem provides explicit equations for the critical points of the loss surface

in terms of the rank of the decoder matrix A and the eigenvectors of 3. This explicit structure allows
us to further analyze the loss surface and its local/global minima.

Here, we provide a proof sketch for the above theorem to make the claims more clear. Again as a
reminder, the EVD of X = EWZQIIEW is ¥ = UAU’. For both L and L, the corresponding

B(A) is replaced by B on the RHS of critical point equations. For the loss L(A, B), as shown in
the proof of the theorem, results in the following identity

U'A (S0 (BS..B')) AU = AA, (12)

where A = U’ AT, (S, o (A’A))"'T,A’U is symmetric and positive semidefinite. The LHS of
eq. is symmetric so the RHS is symmetric too, so AA = (AA) = A’A’ = AA. Therefore,
A commutes with the diagonal matrix of eigenvalues A. Since eigenvalues are assumed to be
distinct, A has to be diagonal as well. By Lemman(Sp o(A’A))~!T, is positive definite and U
is an orthogonal matrix. Therefore, r = rank(A) = rank(A) = rank(U’AU), which implies that
the diagonal matrix A, has r nonzero and positive diagonal entries. There exists an r—index set L.
corresponding to the nonzero diagonal elements of A. Forming a diagonal matrix Ay, € R"™*" by
filling its diagonal entries (in order) by the nonzero diagonal elements of A, we have

UAU/ — U]ITAHTUH/T Def of A

AT, (S, 0 (A'A))'T,A' = U, AL U], (13)

which indicates that the matrix A has the same column space as Ur,.. Therefore, there exists a full
rank matrix C' € R"*? such that A = Uy, C. Since A has no zero column, C has no zero column.
Further, by normalizing the columns of C we can write A = Uy, C D, where D € RP*? is diagonal
that contains the norms of columns of C'.

Baldi & Hornik|(1989) did something similar for full rank A for the loss L to derive (A i= U]Ip C’).

But their C can be any invertible p x p matrix. However, in our case, the matrix C € R"*P
corresponding to rank r < p matrix A, has to satisfy eq. (I3) by replacing A by U, C D and
eq. by replacing B(A) by B(U;, C D). In the case of Baldi & Hornik| (1989), for the original
loss L, equations similar to eq. and eq. appear but they are are satisfied trivially by any
invertible matrix C. Simplifying those equations by using A = Uy, CD after some algebraic
manipulation results in the following two conditions for C":

CT, (S, 0 (C'C))” ' T,C’ =A,, and (14)
C (Spo ((8,0(C'C)) 'T,C' A, CT,(S, 0 (C'C)) ™)) C' =Ay, Ay, (15)

As detailed in proof of Theorem [I} solving for C' leads to its specific structure as laid out in the
theorem.

Remark 4. Note that when A is of rank r < p with no zero columns then the invariant matrix C'is
not necessarily a rectangular permutation matrix but Il¢ := (S, o (C'C ))71 T,C’ is arectangular
permutation matrix with CIIo = I,.. It is only when r = p that the invariant matrix C' becomes a
permutation matrix. Nevertheless, as we show in the following corollary, the global map is always
Vr <p:G = AB = U,Uj 2,22, Itis possible to find further structure (in terms of block
matrices) for the invariant matrix C' when r» < p. However, this is not necessary as we soon show
that all rank deficient matrix As are saddle points for the loss and ideally should be passed by during
the gradient decent process. Based on some numerical results our conjecture is that when r < p the
matrix C' can only start with a r x k rectangular permutation matrix of rank r with » < k£ < p and
the rest of p — k columns of C' is arbitrary as long as none of the columns are identically zero.

Corollary 1. Let (A, B) be a critical point of L(A, B) under the conditions provided in Assump-
tion[I|and rank A = r < p. Then the following are true

1. The matrix BX,. B’ is a p X p diagonal matrix of rank r.



Under review as a conference paper at ICLR 2020

2. Forall 1 <r < yp, for any critical pair (A, B), the global map G .= AB becomes
G=U,U %,%). (16)
For the autoencoder case (Y = X)) the global map is simply G = Ut, U]fr.

3. (A, B) is also the critical point of the classical loss L(A,B) = Y0_, |Y — ABX||§,.

The proof is given in appendix[A.3]
Remark 5. The above corollary implies that L(A, B) not only does not add any extra critical point

compare to the original loss I?(A, B), it provides the same global map G := AB. It only limits
the structure of the invariance matrix C as described in Theorem[I]so that the decoder matrix A can
recover the exact eigenvectors of 3.

Lemma 1. The loss function L( A, B) can be written as

L(A,B) =pTr(®,,) - 2Tr (AT,BX,,) + Tr (B’ (S, 0 (A’A)) BE,,) . (17)
The above identity shows that the number of matrix operations required for computing the loss
L(A, B) is constant and thereby independent of the value of p.
The proof is given in appendix[A.6]
Theorem 2. Let A* € R"*P and B* € RP*™ such that A* is of rank r < p. Under the conditions

provided in Assumption|l| (A*, B*) define a local minima of the proposed loss function iff they are
of the form

A" =U,,D, (18)
B* = D;IU{ 2y I S (19)
where the i column of Ui., is a unit eigenvector of ¥ = EWE;Q} X4y corresponding the i

largest eigenvalue and D), is a diagonal matrix with nonzero diagonal elements. In other words,
A* contains ordered unnormalized eigenvectors of 3 corresponding to the p largest eigenvalues.
Moreover, all the local minima are global minima with the value of the loss function at those global
minima being

P
L(A*,B*) =pTr(Zy,,) — > (p—i+1 (20)
i=1
where \; is the i" largest eigenvalue of 3.

The proof is given in appendix[A.7]

Remark 6. Finally, the second and third assumptions we made in the beginning in Assumption[I]can
be relaxed by requiring only 3., to be full rank. The output data can have a different dimension
than the input. Thatis Y € R"*™ and X € R™ %™, where n # n’. The reason is that the given
loss function structurally is very similar to MSE loss and can be represented as a Frobenius norm
on the space of n x m matrices. In this case the covariance matrix ¥ = X, 2713, is still
n x n. Clearly, for under-constrained systems with n < n’ the full rank assumptlon of 3 holds.
For the overdetermined case, where n’ > n the second and third assumptions in Assumption 1 can
be relaxed: we only require 3., to be full rank since this is the only matrix that is inverted in the
theorems. Note that if p > min(n’,n) then Ay, : the p x p diagonal matrix of eigenvalues of X for
a p-index-set I, bounds to have some zeros and will be say rank » < p, which in turn, results in the
encoder A with rank r. However, the Theorem I]is proved for encoder of any rank » < p. Finally,
following theorem [2] then the first 7 columns of the encoder A converges to ordered eigenvectors
of 3 while the p — r remaining columns span the kernel space of 3. Moreover, ¥ need not to
have distinct eigenvectors. In this case Ay becomes a block diagonal matrix, where the blocks
correspond to identical eigenvalues X . In this case, the corresponding eigenvectors in A* are not
unique but they span the respective eigenspace.

5 EXPERIMENTS

5.1 EXPERIMENTAL SETUP

LAEs with Two Loss functions We will verify the loss function L(A, B) defined in eq. (1)) by
setting the input matrix X € R™*™ equal to the output matrix Y € R™"*™ (Y = X)), where the
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linear autodecoder (LAE) becomes a solution to PCA. In order for comparison, we train another
. - . . 2
LAE using the MSE loss L(A, B) defined as L(A, B) = HY — ABXH , where Y = X is also
F
applied in our experiments.

The weights of networks are initialized to random numbers with a small enough standard deviation
(10~7 in our case). We choose to use the Adam optimizer with a scheduled learning rate (starting
from 1072 and ending with 1076 in our case), which empirically benefits the optimization process.
The two training processes are stopped at the same iteration at which one of the models firstly finds
all of the principal directions. As a side note, we feed all data samples to the network at one time
with batch size equal to m, although mini-batch implementations are apparently amendable.

Evaluation Metrics We use the classical PCA approach to get the ground truth principal direction
matrix A* € R™*?, by conducting Eigen Value Decomposition (EVD) to X X’ € R™*" or Singular
Value Decomposition (SVD) to X € R™ ™, As a reminder, A € R"™*P stands for the decoder
weight matrix of an trained LAE given a loss function L. To measure the distance between A* and
A, we propose an absolute cosine similarity (ACS) matrix inspired by mutual coherence (Donoho
et al., |2005)), which is defined as:

(A7, Aj)]

TATL A 2n
AN - 1A

ACS;; =

where A7 € R"*! denotes the i*" ground truth principal direction, and A; € R"*! denotes the j"
column of the decoder A, i,j = 1,2,...,p. The elements of ACS € RP*? in eq. take values
between [0,1], measuring pair-wise similarity across two sets of vectors. The absolute value absorbs
the sign ambiguity of principal directions.

The performances of LAEs are evaluated by defining the following metrics:

p
Ratiorp = ZI[ACS” >1-— 6]/]) (22)
=1
p
Ratiopp = Y  I[ACS;; >1—¢€/p, and (23)
ij=1
iJ?fj
Ratior,:,; = Ratiorp + Ratiopp, 24)

where I is the indicator function and € is a manual tolerance threshold (¢ = 0.01 in our case). If
two vectors have absolute cosine similarity over 1 — ¢, they are deemed equal. Considering some
columns of decoder may be correct principal directions but not in the right order, we introduce
Ratiorp and Ratiopp in eqs. and to check the ratio of correct in-place and out-of-place
principal directions respectively. Then Ratior,iq; in eq. (24) measures the total ratio of the correctly
obtained principal directions by the LAE regardless of the order.

Datasets As a proof-of-concept, both synthetic data and real data are used. For the synthetic
data, 2000 zero-centered data samples are generated from a 1000-dimension zero mean multivariate
normal distribution with the covariance matrix being diag(N,). For the real data, we choose to use
MNIST dataset (LeCun et al.l |1998)), which includes 60,000 grayscale handwritten digits images,
each of dimension 28 x 28 = 784.

5.2 EVALUATION AND ANALYSIS

Synthetic Data Experiments In our experiment, p, the number of desired principal components
(PCs), is set to 100, i.e. the dimension is to be reduced from 1000 to 100. Figures anddemon-
strate a few conclusions. First, during the training process, the loss ratio of both losses continuously
decreases to 1, i.e. they both converge to the optimal loss value. However, when both get close
enough, L require more iterations since the optimizer is forced to find the right directions: it fully
converges only after it has found all the principal directions in the right order.

Second, using the loss L results in finding more and more correct principal directions, with
Ratiorp continuously rising; and ultimately affords all correct and ordered principal directions,
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Performance of finding the principal directions

Convergence of L and L to for both L and L

<0541 their corresponding optimum loss %
2.00 310
L(4,B) B
L7 — (&) 2
- oS
150 L(4.B) 5%
LA A 2 . —=
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Figure 1: Convergence of losses to their corre- Figure 2: Performance of both losses L and L in
sponding optimal loss. Note that the correct shift finding the principal directions at the columns of
and scaling of the y-axis tick values is printed at their respective decoders.

the top left corner of the figure.

with Ratiorp ending with 100%. Notice that occasionally and temporarily, some of the principal
directions is found but not at their correct position, which is indicated by the rise of Ratiopp in
the figure. However, as optimization continues they are shifted to the right column, which results in
Ratiop p going back to zero, and Ratiorp reaching one. As for L, it fails to identify any principal
directions; both Ratiorp and Ratiorp for L stay at 0, which indicates that none of the columns of
the decoder A, aligns with any principal direction.

Third, as shown in the figure, while the optimizer finds almost all the principal directions rather
quickly, it requires much more iterations to find some final ones. This is because some eigenvalues
in the empirical covariance matrix of the finite 2000 samples become very close (the difference
becomes less than 1). Therefore, the loss has to get very close to the optimal loss, making the
gradient of the loss hard to distinguish between the two.

columns found in this case. As in Fig.[3] the mmm
reconstruction performance of L is consistently

better than L. That also reflects that L does not (a) Original  (b) Full decoder (c) 10 columns

identify PCs, while L is directly applicable to
performing PCA without bells and whistles.

Real Data: MNIST Experiments We set the
number of principal components (PCs) as 100,
i.e., the dimension is to be reduced from 784 to
100. We also try to reconstruct with the top-10

6 CONCLUSION

In this paper, we have introduced a loss func-
tion for performing principal component anal- ) ) ]
ysis and linear regression using linear autoen- Figure 3: Real data experimental comparison in
coders. We have proved that the optimizing the reconstruction performance of MNIST im-
with the given loss results in the decoder ma- g€ First column: .orlglnal image. Second col-
trix converges to the exact ordered unnormal- Umn: reconstructed image using full columns of
ized eigenvectors of the sample covariance ma- thg decoder. Third column: reconstructed image
trix. We have also demonstrated the claims on Using the first 10 columns of the decoder. Top
a synthetic data set of random samples drawn row: using L. Bottom row: using L .

from a multivariate normal distribution and on

MNIST data set. There are several possible generalizations of this approach we are currently work-
ing on. One is improving performance when the corresponding eigenvalues of two principal direc-
tions are very close and another is generalization of the loss for tensor decomposition.

(d) Original (e) Full decoder (f) 10 columns
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APPENDIX

A  PROOFS

A.1 PRELIMINARIES

Before we present the proof for the main theorems, the following two lemmas introduce some nota-

tions and basic relations that are required for the proofs.

Lemma 2. The constant matrices T, € RP*P and S, € RP*P are defined as

p p-1 2

p—1 p—1 2

(Sp)ij =p—- maX(iaj) + 17 ie. SI’ = 2
2 2 2 2

1 1 1 1

—_

—_ = =

,eg Sy=

4
3
2
1

— N WwWw

N NN

—

Clearly, the diagonal matrix T, is positive definite. Another matrix that will appear in the formula-

tion is Sp = TpilsPTpil

1

S = ('8, T, = ————— e T,'8,T ! =
(p)ij (T, 5,7, )u p—min(i,j)+lle pTPTR

e.g. S4 =

| [ s [

O[O | 0| s [ =

SRS

SIS e e

DO 00 | 00| s [ =

The following properties of Hadamard product and matrices T, and S),

1. For any arbitrary matrix A € R™"*P,

p
> I, =T, and
i=1

P
Z I, A'ALy, = Sy 0 (A'A),
i=1

where, o is the Hadamard (element-wise) product.

hS]
| | 1=
—_

iS]
) [
—_

i
L

ol Lo L L

2. For any matrices M, My € RP*P and diagonal matrices 9,8 € RP*P,
Q(Ml OMg)g = (ngéa) OM2 = M1 o (QMQéD)

Moreover, if 111, II, € RP*P are permutation matrices then

H1 (Ml o MQ) ].__[2 = (HlMll_[g) o (HlMQHQ) .

3. S, is invertible and its inverse is a symmetric tridiagonal matrix

1 i=j=1
_ 2 i=j#Al . o
SN = e S =
(p)] -1 |Z.7j|:17le P

0 otherwise

11

hS]
| |- 1=
-

[ SIS

o O

are used throughout:

‘»—I’E |

p—1

RO [

(25)

(26)
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4. S, is positive definite.

5. For any matrix A € R"*P, S, o (A’ A) is positive semidefinite. If (not necessarily full

rank) A has no zero column then S, o (A’ A) is positive definite.

6. For any diagonal matrix 9 € RP*P

S,092=T,9, and (27)
S,092="T,'9. (28)

7. Let 9,8 € RP*P be positive semidefinite matrices, where & has no zero diagonal element,

Proof. .

and D is of rank r < p. Also, let foranyr <p, J, = {i1, - i, }(1 <i1 < - <. <)
be any ordered r—index set. Then 9D and & satisfy

&(8,09)=(5,0¢6)9,
if and only if, the following two conditions are satisfied:

(a) The matrix D is diagonal with p — r zero diagonal elements and r positive diagonal
elements indexed by the set J,. That is for any i € J, : (2);; > 0 and the rest of
elements of 9D are zero.

(b) Foranyi,j € I, andi # j we have (€); ; = 0.

Clearly, if 9 is positive definite then J,, = N, and hence, both 9 and & are diagonal.

The proof of the properties are as follows.

. q. (23) is trivial. For eq. @P note that AT, selects the first ¢ columns of A (zeros out

the rest), and similarly, I;,, A" selects the first ¢ rows of A (zeros out the rest). Therefore,
I,,A' AT, is a p x p matrix that its Leading Principal Submatrix of order ¢ (LPS; )EIIS the
same as the LPS; of A’ A (and the rest of the elements are zero). Hence, ZZ 1 LipA'AL,
(counting backwards) adds LPS, of A’A (ie. A'A itself) with LPS,_; that doubles
LPS,_; part of the result and then adds LPS,,_, that triples the LPS,,_5 part of result,
the process continues until by the last addition LPS;is added to the result for the p"times.
This is exactly the same as evaluating S, o (A’ A).

. This is a standard result (Horn & Johnson, [2012)), and no proof is needed.

. Directly compute S, S, !

V)k—j|>1:(S; ")k =0

p
(Spszjl)ij = Z(Sp)
(Sp) 01085 1)1, HSp)i (S5 )i HSp)ij+a(Sy i 2<5&
_ J<p-—1
(Sp)i,pfl(sp_l)pfl,p + (Sp)i,p(sp_l)p,p J=»p
(8p)ii(Sy )11+ (Sp)i2(S, 2 j=1
—(Sp)ij—1+2(8p)ij — (Spij+1 2<j<p-—1
- _(Sp)i,pfl + Q(Sp)i,p j=np
(Sp)ii — (Spliz2 j=1
max(i,j — 1) — 2max(, j) + max(z,5 + 1) 2<j<p-1
=< —(p—max(i,p—1) + 1) + 2(p — max(i,p) +1) j=p
—max(7, 1) + max(4,2) ji=1

"For a p x p matrix, the leading principal submatrix of order i is an i X i matrix derived by removing the
last p — ¢ rows and columns of the original matrix (Horn & Johnson|(2012)), P17)

12



Under review as a conference paper at ICLR 2020

max(i,j — 1) — 2max(i,j) + max(i,j+1) 2<j<p-1

=< 1—p+max(i,p—1) Jj=p
max(7,2) — max(i, 1) ji=1
{o 12y 1o

- {é LR
{(1) 222 i=1

4. Firstly, note that S 1 is symmetric and nonsingular so all the eigenvalues are real and
nonzero. It is also a diagonally dominant matrix (Horn & Johnson|(2012), Def 6.1.9) since

Vie (L ph:Co= (8 ul = Y0 1S, M)l = R,
Jj=1,5#i
where the inequality is strict for the first and the last row and it is equal for the rows in
the middle. Moreover, by Gersgorin circle theorem (Horn & Johnson| (2012), Thm 6.1.1)
for every eigenvalue [; of S, ! there exists 4 such that [; € [C; — R;,C; + R;]. Since
Vi : C; > R; we have all the eigenvalues are non-negative. They are also nonzero, hence,
S, ! is positive definite, which implies S, is also positive definite.

5. For any matrix A € R"*P, A’ A is positive semidefinite. Also, .S, is positive definite so
by Schur product theorem (Horn & Johnson|(2012), Thm 7.5.3(a)), S, o (A’ A) is positive
semidefinite. Moreover, if all diagonal elements of A’ A are positive (i.e. A has no zero
column) by the extension of Schur product theorem (Horn & Johnson|(2012), Thm 7.5.3(b))
it is positive definite. This can also be easily deduced using the Oppenheim inequality
(Horn & Johnson| (2012), Thm 7.8.16); that is for positive semidefinite matrices S, and
A'A: det(S)) [[,(A"A);; < det(Sp0(A’A)). Since, S, is positive definite, det(S,) > 0
(in fact it is 1 for any p) and if A’ A has no zero diagonal then det(S, o (A’A)) > 0 and
therefore, S, o (A’ A) is positive definite.

6. Clearly, the matrix T}, is achieved by setting the off-diagonal elements of S, to zero. Hence,
for any diagonal matrix 2 € RP*P: S, 09 = T, 09. For the diagonal matrices Hadamard
product and matrix product are interchangeable so the latter may also be written as T, 9.
The same argument applies for the second identity.

7. This property can easily be proved by induction on p and careful bookkeeping of indices.

O

Lemma 3 (Simultaneous diagonalization by congruence). Let My, My € RP*P, where M is
positive definite and My, is positive semidefinite. Also, let D,& € R™™" be positive definite diagonal
matrices with r < p. Further, assume there is a C € R"*P of rank r < p such that

CM.C’' =92 and
CM,C' =98&.
Then there exists a nonsingular C € RP*P that its first r rows are the matrix C and
CM,C' =2 and
CM,C' =98¢,
where, D = D & I,._, is a p x p diagonal matrix and & = & @ & is another p X p diagonal matrix,

in which & € RP~"*P~7 s a nonnegative diagonal matrix. Clearly, the rank of My is v plus the
number of nonzero diagonal elements of &.

Proof. The proof is rather straightforward since this lemma is the direct consequence of Theorem
7.6.4 in{Horn & Johnson| (2012). The theorem basically states that if M, My € RP*P is symmetric

13
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and M is positive definite then there exists an invertible S € RP*? such that SM;S" = I, and
SM,S’ is a diagonal matrix with the same inertia as M>. Here, we have M> that is positive
semidefinite and C' € R™*? of rank r < p such that

(@%C) M, (@%C)/ =1, and

(27 c)m (27 C) =6

Therefore, since S is of full rank p and 2 = C'is of rank r < p, there exists p — r rows in S that

are linearly independent of rows of 2 = C. Establish C € RP*? by adding those p — r rows to C.
Then C has p linearly independent rows so it is nonsingular, and fulfills the lemma’s proposition
that is

CM,C' =9 and
CM,C' =98¢,
where, 9 = 9 & I,_,isap x p diagonal matrix and & = & & & is another p x p diagonal matrix,

in which & € RP~"*P~" js a nonnegative diagonal matrix. O

Lemma 4. Let A and B define a critical point of L. Further, let V. € R"*P and W € RP*"™ are
such that |V ||z, |[W|| = O(e) for some ¢ > 0. Then

L(A+V,B+W) - L(A,B)=(VT,BX,,B',V)p
—2(2,,W'T, — A(S, 0 (BE,.W' + WX,,B")),V)p
+{(Spo (A A))WE,,., W)r + O(*). (29)
Further, for W = W := (5,0 (A’A))" T, V'S, 2.}, the above equation becomes
LA+V,B+W) - L(A,B) =Tt (V'VT,BX,,B') — Tt (V’EVTP (S,0(A'A))"" Tp)
+2Tr (V/A (S, 0 (B, VT, (S, 0 (4'4)) ™
+ (S, o0 (A’A))_lTpV’Ewa’)» +O(ED). (30)

Finally, in case the critical A is of full rank p and so, (A, B) = (U, I1D, B(UHPHD)), for the
encoder direction V with ||V = O(e) and W = W we have,

L(A+V,B+W)—L(A,B) =Tt (V'VII'A, IT,D?) — Tr (V'SVT,D?)
+2Tr (V'U,TID (8, (D~'I'U; 5V D?) )
+2Tr (VUL IID (S, o (D*V'SUL IID™)))
+0(e%). (3D

Proof. As described in appendix the second order Taylor expansion for the loss L(A, B) is
then given by eq. (63), i.e.

1
L(A+V,B+W)—L(A,B) =daL(A,B)V +dgL(A, B)W + 5czi,L(A, B)V?
1
+dapL(A, B)VW + §dQBL(A, B)YW? + Ry w(A, B).
If |[V]gz, W]z = O() then |[R(V,W)| = O(g*). Moreover, when A and B define a
critical point of L we have dyL(A,B)V = dpL(A,B)W = 0. By set the derivatives
69).

d4L(A,B)V?, dapL(A,B)VW, d3L(A, B)W? that are given by eq. (69), eq. (68), and
eq. (66) respectively, the above equation simplifies to

14



Under review as a conference paper at ICLR 2020

L(A+V,B+W)—L(A,B) =(V (S,0(B%,,B")),V)r
—22,,W'T, — A(S, 0 (BE,,W' + WX,,B")),V)p
+{(Spo (A A))WE,,., W) + O(?).

Now, based on the first item in Corollary[1} BX,, B’ is a p x p diagonal matrix, so based on eq. (27):
S,o(BX,,;B’') = T,BX,,B’. The substitution then yields eq. (29). Finally, in the above equation

replace W with W = (S, o (A’A))”' T, V'S, S, 1. We have

LA+V,B+W)—-L(A,B) =
— (VT,BX,, B, V)p — 2(2,. 275, VT, (S, 0 (A'A)) ' T,, V)
F2(A(S, 0 (BEZ1) 5, VT (S,0(A'4)) ' 4(S,0(4'4) ' T,V'S,, 515, B) ) V)
+((Sp0 (A'A)) (Sy 0 (A'A) T T, V'S, 5 5, (Sy 0 (A'A) T T,V'E,, 500 r +0(%)
=Tt (V'VT,BS,, B') - Tr (V'EVT, (S, (4'4) "' T, )
+2T0 (V/A (8,0 (BS,, VT, (S, 0 (4°4) 1 + (8,0 (4'4)) ' TV, B'))) +0(=),
which is eq. (30). For the final equation, we have

T,B%,,B' =T,D"'II'U; %,,3 '%,,% /%, U, 1D

x

N—_——
=IT'A;, IIT,D?, and (32)

=T,D~'II' U SUs, np'=7,D7'IIA, IID™"
N—_——

-1
T, (S, 0 (A’A)”' T, =T, (sp ° <D n'u;, UHPHD)) T,
————

~T, (S,oD*) ' T, = T,T, 'D T, = T,D°. (33)
Replace the above in eq. (30) and simplify:
L(A+V,B+W) - L(A,B) =Tt (V'VT,BX,,B') — Tt (V’EVT,, (S, 0 (A’ A)) " Tp)
+2Tr (V’A (Sp ° (Bzwv:rp (S, 0 (A'A))~"

b (8,0 (AT TS, R))) o) L8

L(A+V.,B+W) - L(A,B) =Tr (V'VII'A IIT,D ) - Tx (V'EVT,D?)
+2Tr (V'A (S, 0 (BE,,VD*> + D *V'E,,B’)))
A=U; II1D
+0(e?) —
B=B(U;,IID)
L(A+V,B+W) - L(A,B) =Tr (V'VII'A, IIT,D ) - Tx (V'EVT,D?)
12Ty (V’UHPHD (sp o (D‘lﬂ’U]prVD_Q)))
+2Tr (V'U, IID (S, o (D72V'SU;, IID™)))
+0(7),
which finalizes the proof. O

A.2 PROOF OF PROPOSITION[]]

For this proof we use the first and second order derivatives for L(A, B) wrt B derived in Lemmal[3]
From eq. , we have that for a given A the second derivative wrt to B of the cost L(A, B) at B,

15
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and in the direction W is the quadratic form
du.L(A,B)W? =2Tr (W' (S, 0 AA)WE,,).
The matrix X, is positive-definite and by Lemma [2| S, o A’ A is positive-semidefinite. Hence,
d%.L(A, B)W? is clearly non-negative for all W € RP*". Therefore, L(A, B) is convex in
coefficients of B for a fixed matrix A. Also the critical points of L(A, B) for a fixed A is a matrix
B that satisfies VW € RP*" : dg L(A, B)W = 0 and hence, from eq. (64) we have
—2T,A'S,, — (Sp0(A’A)) BX,,,W)r = 0.
Setting W =T, A'S,, — (S, 0 (A’A)) BX,, we have
T,A'Y,, — (S,0(A’A)) BE,, = 0.

For a fixed A, the cost L(A, B) is convex in B, so any matrix B that satisfies the above
equation corresponds to a minimum of L(A, B). Further, if A has no zero column then
by Lemma , S, o A’A is positive definite. Hence, VW € RP*" : d2BgL(A,B)W2 =
2Tr (W' (S, 0 A’A) WX,,) is positive. Therefore, the cost L(A, B) becomes strictly convex

and the unique global minimum is achieved at B = B(A) as defined in eq. @

A.3 PROOF OF PROPOSITION[Z]

For this proof we use the first and second order derivatives for L(A, B) wrt A derived in Lemmal6]
For a fixed B, based on eq. the second derivative wrt to A of L(A, B) at A, and in the direction
V is the quadratic form

d4:L(A,B)V? =2(V (8,0 (BX,,B")),V)r =2Tt (V (S, 0 (BZ,.B))V').
(

The matrix X, is positive-definite and by Lemma [2| S, o (BX,,B’) is positive-semidefinite.
Hence, d%.L,(A, B)V?is non-negative for all V' € R"*?. Therefore, L(A, B) is convex in
coefficients of A for a fixed matrix B. Based on eq. the critical point of L(A, B) for a fixed
B is a matrix A that satisfies for all V' € R**?

daAL(A, B)V = (~2(8,.B'T, — A(S, 0 (BS.,,B))),V)p =0 =
®,.B'T,=A(S,o(BX,,B)),
which is eq. (7).

A.4 PROOF OF THEOREMIII

Before we start, a reminder on notation and some useful identities that are used throughout the
proof. The matrix ¥ := ¥,, 213 has an eigenvalue decomposition £ = UAU’, where the i
column of U, denoted as u;, is an eigenvector of X corresponding to the i largest eigenvalue of
3., denoted as \;. Also, A = diag(Aq, -+, A,) is the diagonal vector of ordered eigenvalues of X,
with Ay > Ao > --- > X\, > 0. We use the following notation to organize a subset of eigenvectors

of X into a rectangular matrix. Let forany r < p, I, = {iy, - ;4. }(1 < i3 < --- < i < n) be
any ordered r—index set. Define Uy, € R"*? as U, = [u;,,- -, u;,]. That is the columns of Uy,
are the ordered orthonormal eigenvectors of 3 associated with eigenvalues A;, < --- < A;.. The
following identities are then easy to verify:
Uy Uy, =I,,
XU, =Up, Ay, (34)
Ul SU;, =A;.. (35)

The sufficient condition:

Let A € R"*Pof rank < p and no zero column be given by eq. , B € RP*™ given by eq. @),
and the accompanying conditions are met. Notice that U] U;, = I, implies that DC'CD =
DC'U; U;,CD = A’A, s0

Hci=(S,o(C'C)) ' T,C’

B=D'IIcU] £,,3,}
" D-'D=I,

16
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B=D"'(S,0(C'C))" ' D"'DT,C'U. 3, Lomml2,
o DT,=T,D

, -t p_— _, A'=D'C'Uj,
B=|S,0(DC'CD) T,DCU; ¥,.X,
—_——— —— DC'CD=A'A
B = (S0 (AIA))_l T,A'S,, 3, = B(A)a

which is eq. (6)). Therefore, based on Proposition I} for the given A, the matrix B defines a critical
point of L(A, B). For the gradient wrt to A, first note that with B given by eq. @) we have

BY,,B' =D 'lIcU] £,,3,}%,, %, %, U OzD ™!
=D o U] 2,28, U, MDD ' =

BX,,B' =D 'MIgA;, D" (36)

The matrix Il is a rectangular permutation matrix so IIcAjp IT,, is diagonal so as
D~ 'TIcA; IT; D~ Therefore, BY,, B’ is diagonal and by eq. in Lemma 6 we have

Sy o (BX,B') =T,B%;, B’ = BX,, B'T,
=D 'McA, TT,D'T, 25
A(S, 0 (BE.,B) =AD ' TloA, T DT, 2252

A(S, 0 (BE;,B')) =U;, CDD ™ 'NlcA; I D™'T, A=U.CD

=U;, Cl¢ Ay I, D~'T, £2e=Ly
N——
A(S, o (BX,,B") =Uy, Ay, T,D T, 28
N——
=3U, 0D 'T,
:EyrxgzlxmyUHr /CDflTp
=X, (D"'IcU{ 2,,3;}) T,

=3,,B'T,,

which is eq. (7). Therefore, based on Proposition Proposition[2] for the given B, the matrix A define
a critical point of L(A, B). Hence, A and B together define a critical point of L(A, B).

The necessary condition:

Based on Proposition |1 and Proposition [2| for A (with no zero column) and B, to define a critical
point of L(A, B), B has to be B(A) given by eq. (@), and A has to satisfy eq. . That is

A (Sp o (Bgmg/» =5,.B'T, B(A) on RHS

N (Sp . (BEMB’» =5, 5018, AT, (S, o (A’A)) T, X:A:l>
E:Emyzwz Elﬂ‘/

R . L Al g S=UAU"

A (sp o (Bsz )) A' =S AT,(S, o (A'A)) ' T, A" ="

U'A (Sp ° (Bzwwél)) A'U :U/UAU/ATP(SP © (A/A))_lTpA/U %
U'A(Syo (BS..B')) AU =AA, -

where, A = U’ AT, (S, o (A’ A))"1T, A’'U is symmetric and positive semidefinite. The LHS of
the above equation is symmetric so the RHS is symmetric too, so AA = (AA) = A’A’ = AA.
Therefore, A commutes with the diagonal matrix of eigenvalues A. Since, eigenvalues are assumed
to be distinct, A has to be diagonal as well. By Lemman(S’p o (A’A))~!T, is positive definite
and U is an orthogonal matrix. Therefore, » = rank(A) = rank(A) = rank(U’AU), which
implies that the diagonal matrix A, has 7 nonzero and positive diagonal entries. There exists an
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r—index set [, corresponding to the nonzero diagonal elements of A. Forming a diagonal matrix
Ay, € R™7 by filling its diagonal entries (in order) by the nonzero diagonal elements of A we
have

UAU' = U]IT A]IT UH/T Def of A
UU'AT,(S, o (A’A)) "' T,A'UU' = U;, AL Uj, YU =1y,
AT, (S, 0 (A'A))'T,A' = U, A, U, (38)

which indicates that the matrix A has the same column space as U, . Therefore, there exists a full
rank matrix C' € R"*P such that A = Uy, C. Since A has no zero column, C' has no zero column.
Further, by normalizing the columns of C we can write A = Uy C D, where D € RP*? is diagonal

that contains the norms of columns of C.. Therefore, A is exactly in the form given by eq. . The
matrix C' has to satisfy eq. (38) that is

AT,(S, 0 (A'A)"'T,A' = Uy, A U, 22225

B xUy,.,Ur, X
U]ITCDTP(SP © (A/A)) ITPDC/UH/T - UHTAHTUH/T A/A:HDCH"CD

CDT,(S, o (DC'CD))"'T,C'D = A;, ZmmiZ?
CT,DD '(S,0(C'C))"'D'DT,C' = A, =
CT,(S,0 (C'C))"'T,C' = Ay,. (39)
Now that the structure of A has been identified, evaluate B(A) of eq. @ by setting A = Uy, C'D,
that is

B

B(A) = (S,0(4'4)) ' T, A'S,, 5]
(S, ° (DC'CD))™'T,DC'V] B, ;) L2208
B :Dfl(sp o) (C/C))flTpC/UH/TEyzE;Q,

which by defining TI¢ = (S, o (C'C)) ™" T, C"’ gives eq. for B as claimed. While C' has to
satisfy eq. (39), A and B in the given form have to satisfy eq. that provides another condition
for C as follows. First, note that

S, o (BZMB’) = 8,0 (D7Y(S, 0 (C'C))"'T,C'U. UL, CT,(S, o (C'C))"'D™)

= 5,0 (D7}(S, 0 (C'C)) " T,C’' A1, CT, (5, 0 (C'C)) " D) Ll
=D ! (Sp o ((Sp o (C’C))*lTpC/ALCTp(Sp o (C’C))*l)) D!
Now, replace A and B in eq. by their respective identities that we just derived. Performing the
same process for eq. we have
A=U;,CD
_

UA (Sp o (sz'xél)) AU =AA xU',Ux

Uy, C (Sp 0 ((Sp 0 (C'C)) ' T,C' AL, CT,(S, 0 (C'C))™ 1)) C'Uf = UAAU’ U:U>
I %
C (5,0 ((8,0 (C'C))'T,C'A1,.CT,(S, o (C'C))™1)) C' = U, UNAU'U;, =
C (Sy0((Sy0(C'C))'T,C'A1,CT,(S, 0 (C'C))™ ")) C' = A1, Ay, (40)

Now we have to find C such that it satisfies eq. and eq. (#0). To make the process easier to
follow, lets have them in one place. The matrix C € R"*P have to satisfy

CT, (S, (C'C))” ' T,C’ =Ay, and (41)
C (Sp o ((Sp0(C'C)'T,C'A,CT,(S, 0 (C'C)) 7)) C' =As, Ay, (42)

Since C'is a rectangular matrix, solving above equations for C' in this form seems intractable. We
use a trick to temporarily extend C' into an invertible square matrix as follows.
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e Temporarily, let M, = T,(S,0(C'C)) 'T,, and M, = S, o
((Spo (C'C))™'T,C' Ay, CT,y(S, 0 (C'C))~1). Then M, is positive definite and
M is positive semidefinite, so they are simultaneously diagonalizable by congruence that
is based on Lemma [3|and eq. and eq. (42), there exists a nonsingular C' € RP*? such
that C consists of the first  rows of C' and

CT, (S, 0 (C'C)) "' T,C' =Ay,, 43)
C (8,0 ((8,0(C'C) " LO'ALCT, (S,0(C'C)) ') ) O =Ko, A, (@44

where, Aj, = Ay, @ I,_, is ap x p diagonal matrix and Aj, = Ay, @ A is another p x p
diagonal matrix, in which A € R"~P*"~P ig a nonnegative diagonal matrix.

e Substitute Ap, from eq. in eq. (44), then left multiply by C’~!, and right multiply by
C'I.,:

c (sp o ((sp o (C'C)) ' T,C' Ay CT, (S, o (C’C))*l)) C' =

A1, CT, (S, 0 (C'C)) ' T,0' =22
xC'—1

C'1yC (Sy0 (S, (C'C) ™ T,C'ALCT, (S, 0(C'C)) 7)) =
C'I.,A1 CT, (S, 0 (C'C))” ' T,.
e Now we can revert back everything to C' again. Since C' consists of the first 7 rows of C

we have C”Ir;pC = C'C, and C”Ir;pAHTC' = C'A;, C, which turns the above equation
into

c'C (Syo (1,(8,°(C'C)) " T,C'ALCT, (8,0 (C'C) ' ) ) =
I,C'A; CT, (S, (C'C))” ' T,.

e In the above equation, replace I, by Tp_lTp in LHS and by
T, (S,0(C'C)) T, 'T, (S, 0 (C'C)) ' T, in the RHS. Use Ig =

p

(Spo c'e)™ T,C’ to shrink it into :
C'C (Syo (T, ' T,cAL I T, T, ")) =T, (S, 0 (C'C)) T, ' T,IIc A T,

e By the second property of Lemma we can collect diagonal matrices Tp_1 ’s around S, to
arrive at

(c'C) (Sp °© (TpHCAJITH/CTp)) = (S’p °© (C/C)) (T,MIcALIICcT,),

where, S’p = Tp’lsprfl.
o Define p X p matrices &, := C'C and 9, := T,IIc A, II-T,. Substitute in the above to
arrive at:
8. (8,02.) = (S,06.) 9,
Both 2,. and &, in the above identity are positive semidefinite. Moreover, since by as-

sumption C has no zero columns, &, has no zero diagonal element. Then the 7" property
of Lemma 2] implies the following two conclusions:

1. The matrix 2, is diagonal. The rank of 9, is r so it has exactly r positive di-
agonal elements and the rest is zero. This argument is true for Tp’lngp’l =
IIcA; II. Since Aj, is a diagonal positive definite matrix, the p x r matrix
Mg = (S,0(C'C)) " T,C’ of rank r should have p — r zero rows. Let J, be
an r—index set corresponding to nonzero diagonal elements of IIc Ay, IT,. Then the
matrix IT¢[J,, N,.] (r X r submatrix of I consist of its J,. rows) is nonsingular.

2. Forevery i,j € J, and i # j, (€,);; = 0. Since &, = C'C and so (&,);;
is the inner product of i™ and jth columns of C, we conclude that the columns of
CIN,.,J,] (r x r submatrix of C consist of its J,. columns) are orthogonal or in other
words C|N,., J,.]'C[N,., J,] is diagonal. The columns of C' are normalized. Therefore,
C|N,,J./C|N,,J,] = I, and hence, C|N,., J,] is an orthogonal matrix.
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e We use the two conclusions to solve the original eq. (41) and eq. (#2). First use Il¢ =
(S, 0 (C'C))™" T, C’ to shrink them into :

CT,Ilc =Aq,, (45)

C (S, o (TIcA,T,)) C' =A; A, . (46)

Next, by the first conclusion, the matrix Tpflngpfl = HCAHTH’C is diagonal and so
eq. (@6) becomes

CT,Ic Ay TTLC' =Ay, Ay, S8
——

A]I,‘A]ITH/CC/ :AHTAHT —

cC' =CIl¢c =I,, (47)
which is one of the two claimed conditions. What is left is to show that Il is a rectangular
permutation matrix. From the first conclusion we also have Il has exactly r nonzero
columns indexed by J, so

C[N7’7JT‘]HC[J7’7NT’] :Ir-

By the second conclusion CIN,.,J,| is an orthogonal matrix therefore, II[J,., N, ] is
the orthogonal matrix C[N,,J,]’. Moreover, we had T,'2,T,! = IlcAy Il
is a p x p diagonal matrix with exactly r nonzero diagonal elements. Hence,
I[N, J.]JArL I[N, J.] is an r x 7 positive definite diagonal matrix with Ay, having
distinct diagonal elements, and II¢ [N, J,.] being orthogonal. Therefore, I1[J,, N,] (as
well as C[N,, J,]) should be a square permutation matrix. Putting back the zero columns,

we conclude that C should be such that TI¢ = (S, o (C'C))” " T,C" is a rectangular
permutation matrix and CII¢c = I,.. Note that it is possible to further analyze these con-
ditions and determine the exact structure of C. However, this is not needed in general for
the critical point analysis of the next theorem except for the case where r = p and C'is
a square invertible matrix. In this case, square matrix Il¢ is of full rank p, J,, = N, and
therefore, C|N,, J,] = C|N,,N,] = C. Hence, C is any square permutation matrix IT,

C'C =TT = I,and ¢ = (S, o (C'C))” " T,C’ = T;'T,II' = IT', which verifies

p

eq. and eq. for A and B when A is of full rank p.

A.5 PROOF OF COROLLARY[I]

1. We already show in the proof Theorem (1] that for critical (A, B) the matrix BX ., B’ is
given by eq. that is
BX,.B' =D 'TIcA;, TIoD .

The matrix Il is a p X 7 rectangular permutation matrix so IIc Ay, II is diagonal as
well as D*IHCAHT H’CD’l. Therefore, BY. ., B’ is diagonal. The diagonal matrix Ay
is of rank r therefore, BX,, B’ is of rank 7.

2. Again by Theorem [I] critical (A, B) is of the form given by eq. (8) and eq. (9) with the
proceeding conditions on the invariance C. Therefore, the global map is

G =AB=U;, CDD 'lIcU| ,,%;,;
= U, ClcU 2,5, £5e=h
G=U,U =,,%,].
3. Based on [Baldi & Hornik| (1989) (A, B) define a critical point of L(A, B) =
P Y — ABX]||;, iff they satisfy
A'ABY,, =A'S,, and (48)
ABS,,B' =%,,B'. (49)

Again by assumption (A, B) define a critical point of L(A, B) so by Theorem ]| they are
of the form given by eq. (8) and eq. (9) with the proceeding conditions on the invariance
C'. Hence,

A'ABY,, =DC'U; Ui, CDD_'NIcUL %, 1%,
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=DC'ClIc U} %, <2e=k
N—— T

A'ABY,, =DC'U| =, = A'S,,.
Hence, eq. (48) is satisfied. For the second equation we use the first property of this corol-
lary that is BX,,, B' is diagonal and satisfy eq. (7) of Proposition 2] that is

A(S, 0 (B%,,B') =%,, B'T, 2=zl b

BX, . B’ is di 1
AT,B%,.B' =%,,B'T, —Zwe D 1 ClEEONA,

ABX,,B'T,=%,,B'T, —
ABY,,B =%,,B'.

Hence, the second condition, eq. is also satisfied. Therefore, any critical point of
L(A, B) is a critical point of L(A, B).

A.6 PROOF OF LEMMA ]

Proof. We have

p
|Y — AL, BX|;. = > (Y — Al;;, BX,Y — AL,;,BX)p

i=1 i=1

NE

L(A,B) =

(Y, Y)p+(Y,-AL,,BX)r + (—AI,BX,Y)p

\'M@

1=1
+(—Al;;,BX,-Al;;,BX)r)

p p
=p(Y,Y)r—2(Y,A (Z Iz-;p> BX)p+ Y (Al;,BX,Al;,BX)p <o @)

i=1 i=1

P
=pTe(YY') - 2Tr (AT,BXY') + > Tr(X'B'I;;,A'AlL;, BX)
i=1
b
= pTr(8,,) — 2Tr (AT, BS,,) + Tr (XX’B’ 3 LipA'AlL,) B) @9
1=1

=pTr(%,,) - 2Tr (AT,BX,,) + Tr (B’ (S, 0 (A’A)) BX,,),
which is eq. (17). O

A.7 PROOF OF THEOREM [Z]

Proof. The full rank matrices A* and B* given by eq. and eq. are clearly of the form given
by Theoremwith I, =N, = {1,2,---,p}, and II, = I,,. Hence, they define a critical point of
L(A, B). We want to show that these are the only local minima, that is any other critical (A, B)
is a saddle points. The proof is similar to the second partial derivative test. However, in this case
the Hessian is a forth order tensor. Therefore, the second order Taylor approximation of the loss,
derived in Lemma] is used directly. To prove the necessary condition, we show that at any other
critical point (A, B), where the first order derivatives are zero, there exists infinitesimal direction
along which the second derivative of loss is negative. Next, for the sufficient condition we show that
the any critical point of the form (A*, B*) is a local and global minima.

The necessary condition:

Recall that Uy, is the matrix of eigenvectors indexed by the p—index set I, and II is a p X p
permutation matrix. Since all the index sets I,., » < p are assumed to be ordered, the only way to
have Uy, = Uy, IT is by having I, = N, and IT = I,. Let A (with no zero column) and B define
an arbitrary critical point of L(A, B). Then Based on the previous theorem, either A = Uy C
with 7 < p or A = Uy, II1D while in both cases B = B(A) given by eq. If (A, B) is not
of the form of (A*, B*) then there are three possibilities either 1) A = Uy, C'D with r < p, or 2)
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A = Uy IID with I, # N, or2) A = Uy, IID but IT # I,,. The first two cases corresponds to not
having the “right” and/or “enough” eigenvectors, and the third corresponds to not having the “right”
ordering. We introduce the following notation and investigate each case separately. Let € > 0 and
U;.;; € R"*P be a matrix of all zeros except the i column, which contains u;; the eigenvector of
3 corresponding to the j1 largest eigenvalue. Therefore,

U, 2U,; = U, ,UAU'U;; = \E, (50)

where, E; € RP*? is matrix of zeros except the i diagonal element that contains 1. In what follows,
for each case we define a encoder direction V' € R"*? with ||V = O(e), and set the decoder
direction W € RP*" as W = W = (S, 0 (A’A) ! T,V'S,. 2. Then we use eq. and
eq. of LemmaE], to show that the given direction (V, W) infinitesimally reduces the loss and
hence, in every case the corresponding critical (A, B) is a saddle point.

1. For the case A = U, C'D, with » < p, note that based on the first item in Corollary
BY,, B'is apxpdiagonal matrix of rank r so it has p—r zero diagonal elements. Pick an
i € N, such that (BX,,B’),, iszeroandaj € N, \ L. Set V = eU;;;D and W = W
Clearly,

V'A =eDU];U; CD =0, (51)

V'VT,B%,,B =*DU},U;;; DT,B%.,, B/,
N—_——
=e’DE,;DT,BY,, B’ = ¢*D*T,E;(BX,,B') =0and (52)
V'SV =*DU, ,;UAU'U,,;D = °\; D*E,;. (53)

Vg, IW] = O(e), so based on eq. of Lemma[4] we have
LA+V,B+W)-L(A,B) =
Tt (V'VI,BS,,B') — Tr (V’EVTP (S,0(A'A)) " Tp)

Notice,

+2Tr (V’A (s,, o (BZIyVTp (S, 0 (A’A) " + (8,0 (A'A)) ! T,,V’EWB')))
+O(e%) %
LA+V.B+W) - L(A,B) =

, /Ay —1 3 eq- B3)
—TIr (V IVT, (Spo (A’A)) Tp) +0(e%) m
L(A+V,B+W)—L(A,B) =

-1
— 2\ Tr <D2EiD1 ((Tplsprl) o (C’C)> D1> +0(%) =
N————’

— &2, ((sp o (C’C))_1>ii +O().

Therefore, since (Sp o(C' C)) is a positive definite matrix, as € — 0, we have L(A +

V,B + W) < L(A, B). Hence, any (A, B) = (U;, CD, B(U;, CD)) with r < pisa
saddle point.

2. Next, consider the case where A = UHPHD with I, # N,,. Then there exists at least one
j €I, \Nyand ¢ € N, \ I, such that ¢ < j (so A; > A;). Let o be the permutation
corresponding to the permutation matrix IT. Also, let ¢ > 0 and U, ;),; € R™*? be

a matrix of all zeros except the o(j )th column, which contains u;; the eigenvector of X
corresponding to the i largest eigenvalue. Set V' = eUq(jy;iD and W = W. Then, since
i ¢ I, we have

V/U]Ip ZEDU;-(J‘);iUHp - O, (54)
V'V =e’DU}, ;). U, (j)i D = e D*E, ), and (55)
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V'SV =?DU, ;) UAU'U,;);D = *X\; D’ E, ;). (56)

Since ||V ||, [W/| » = O(e), based on eq. of Lemmafd] we have

L(A+V,B+W)—L(A,B) =Tt (V'VII'A, IIT,D %) — Tr (V'SVT,D?)
+2T (V/U, 1D (S, 0 (D' 'Y, BV D~?) )
+2Tr (V'U,IID (S, o (D*V'SUL, IID™)))
O s

L(A+V,B+W) - L(A,B) =Tt (?D*E,;)IT'A;,TIT,D?)
—Tr (2A\:D*E, ;s T,D?) + O(%)

252 T‘I‘ (Eg(j)H/AHpH Tp> —52)\1‘ T‘T(Eg(j)Tp) +O(€3)
N————’

=’\; Tr (E,(yTp) — 2\ Tr (B, Tp) + O(e%)
=—*(p—0o(j) +1) (N — Aj) + O(e?).

Note that in the above, the diagonal matrix IT'Ay IT has the same diagonal elements as
Aj, but they are permuted by 0. So E,;II' Ay II selects o(j)™ diagonal element of
Ir Ay, II that is the j‘hdiagonal element of Ay, which is nothing but A;. Now, since i < j
so\; > Ajand o(j) < p,ase — 0, wehave L(A+V,B+ W) < L(A, B). Hence, any
(A,B) = (U, IID, E(UHPHD)) is a saddle point.

3. Finally consider the case where A = Uy IID with IT # I,. Since IT # I, the per-
mutation o of the set N,,, corresponding to the permutation matrix II, has at least a cycle
(i1i9---ix), where 1 < 43 < ig--- < i < pand 2 < k < p. Hence, IT can be decom-
posed as IT = H(iliz...ik)ﬂ, where I is the permutation matrix corresponding to other cy-
cles of 0. The cycle (iyig - - - ix) can be decomposed into transpositions as (i1iz - - - i) =
(ixig—1)--- (igx71), which in matrix form is T1(; 5,...i,) = ()i - Wiy

Therefore, IT can be decomposed as II = H(ikil)f[, where IT = IX(0) H(ikik,l)ﬂ-

Note that IL(;, ;,), the permutation matrix corresponding to transposition (ixi1) is a sym-

metric involutory matrix, i.e. H%ikil) =1I,.SetV = e(Ui, i, ~ U, ., )TID and W = W.

Again we replace V and W in eq. of Lemmad] There are some tedious steps to sim-

plify the equation, which is given in appendix The final result is as follows. With

the given V' and W, the third and forth terms of the RHS of eq. are canceled and the
first two terms are simplified to

Tr (V'VIU Ay, IIT, D ?) =£*\;, (p — i1 + 1) + €N, (p — i + 1), and  (57)
Tr (V'EVT,D?) =X, (p— i1 + 1) + 2 Xi,,(p — i + 1), (58)
in which, m = max{k — 1, 2}. This means that If the selected cycle is just a transposition

(i1i2) then i,, = io. But if for the selected cycle (i1is - - i), k is greater than 2 then
im = ix—1. Using above equations, eq. (31)) yields

L(A+V,B+W)-L(A,B)=Tr (V'VII'A;, IT,D %) —-Tr (V'EVT,D ) +0(*)
=2\, (p—ir + 1)+ 2N, (p—im + 1)
—2 A (p— i1 +1) = 20, (p — i + 1) + O(°)
=— 52i1>‘ik — EZZ'm)\il + 621'1)\1'1 + 52im/\ik
=— > ((Aiy — Xi) (i — i1)) + O(°). (59)

By the above definition of i,,, we have i, —¢; > 0 and since i1 < ig, Aj; — Ay, > 0.
Hence, the first term in the above equation is negative and as ¢ — 0, we have L(A +
V,B+ W) - L(A, B) < 0. Therefore, any any (A, B) = (U IID, B(UHPHD)) with
II # I, is a saddle point.
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The Sufficient condition:

From Lemma we know that the loss L(A, B) can be written in the form of eq. . Use this
equation to evaluate loss at (A*, B*) = (UN,, D,,D,'U}, ZyIE;;) as follows

L(A*, B*) = pTr(S,,) — 2Tt (A*T,B*S,,) + Tr (B*' (sp o (A*'A*)) B*Zm) —

L(A*,B*) =pTr(Z,,) - 2Tr (UNPD,D:I;,,DplUgI zymzm}zw>
P e ——

+ Tr ( <sp o (D,, U, U, D,,>) D, 'UYy 2,3, 80X, 0y UNprl) —
N——
L(A*,B*) =pTr(Z,,) - 2Tr (Tp D,D," U&pEUNp>
S———

+ Tr ((Sp ° (Ip)) D,D,' U, ZUpy, D;lpp) =

N— ] e —\ S N———

L(A*,B*) =pTr(%,,) — 2Tr (T,Ay,) + Tr (TyAy,) =
P
L(A", B") = pTr(3yy) — Tr (TpAw,) = p Tr(Zy,) - Z (p—i+1)A,
i=1

which is eq. , as claimed. Notice that the above value is independent of the diagonal matrix D,,.
From the necessary condition we know that any critical point not in the form of (A*, B*) is a saddle
point. Hence, due to the convexity of the loss at least one (A*, B*) is a global minimum but since
the value of the loss at (A*, B*) is independent of D,, all these critical points yield the same value
for the loss. Therefore, any critical point in the form of (A*, B*) is a local and global minima. [J

A.7.1 SUPPLEMENTARY DETAILS OF THE PROOF OF THEOREM [2]

To verify eq. (57), eq. (38), and eq. (59) in the proof of Theorem[2} we want to replace V_and W' in
eq. of Lemmal| with V = e(Us,.;, — Uj,.;, )TID and W = W and simplify. eq. is

L(A+V,B4+W)—-L(A,B) =Tt (V'VI''A, ,IIT,D?) — Tr (V'EVT,D?)
+2Tr (V'U, 1D (S, o (DU £V D2)))
+2Tr (V'U,IID (S, o (D *V'SUL IID™)))
+0(e%).

We investigate each term on the RHS separately. but before note that

ENT,IT = (f[Tpf[’) Ei=(T), s Bi=0—5"()+DE,  (60)

where, & and its function inverse &' are permutations corresponding to IT and IT’ respectively.

TIT,IT is a diagonal matrix where diagonal elements of T}, are ordered based on 5~!. More-
over, recall that we decomposed the permutation matrix IT in A with a cycle (i1ig---ix) as
I =114, Mapa0) - I(s6, - ) I1 = Iy 4, 1L, where @4, 2o, - - - iy are fixed points of IT. There-

fore, with & being the permutation corresponding to IT we have
5(iy) =iy = & (i) = i1, and (61)
G(ip—1) =im = & (i) = im, (62)
where, m = max{k — 1, 2}. This means that If the selected cycle is just a transposition (i1i2) then
im = io. Butif for the selected cycle (i1iz - - - ix ), k is greater than 2 then i,,, = i_1.
For the first term we have

V'V =2DIV (U, ., — U . (Ui, — Ui, )JJID i Y=
- kilk 21521 Tkitk

91381 7
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U, . Ui .i,=E;

2 l / i 2 13ty —°
V V =€ D]'_‘[ (Ull ’LlUil:,'ll + U’Lk 1k UZkvlk)HD A
Ui sig, Uirsin =Biy,

(El1 +E; )ﬁ is diagonal

V'V =2DIT'(E;, + E; )IID
V'V =1 (E;, + E;,)ID> —

A~ . _
Tr (V/VH/ANPHTPD72) =Tr <V’V DQH/H(ilik)ANPH(ilik)HTp>

=Tr | 1T (E;, + E;, ) ID*D°TU T ;,;, ) An, T1(;, 5, TIT,,
IP

((Ezl + E; )H(ilik)ANpH(ilik)f[Tpf[/>
=c* Tt ()‘ E; HT ' + )\ilEikﬂTpl:I'>

Tr (V'VII'Ay, IIT,D?)

52)‘% (p 5_1<i1) + 1>Ei1 + 52)‘i1 (p - &_1(ik) + 1)Eik eq'@
eq.
(p

k

Tr (V'VII' Ay, TIT,D?) =£%);
which is eq. (57) as claimed.

— i1+ D)E;, +&*\i,(p — i + 1) B,

For the second term we have
V'SV =’DII' (U, , — U, ., UAU'(U;

1301 Qi 1381

=?DIT'(U!, UAU'U;,;, —U!. ., UAU'U;

91301 41301 91381 Thsik

—U:

Tk ik

JIID

Aiy Eiy 0
U, ., UANU'U;, 4, + U, UAU' Ul,““) D

ikt

0 Xip Ei,
2621:.[/()\1'1Ei1 + ALkEzk)ﬂD2 —
Tt (V'EVT,D2) =Tr (EQfI’()\il E;, + ,\ikEik)ﬂDQTpD*2)
252 Tr (AilEilﬁTpﬁ/ + )\ik Eik-, ﬁTpﬁ/) @
Te (V/SVT,D~2) =22\, (p — 5~ (i) + 1) + e2i, (p — 5 (ix) + 1) %
eq
Tr (V'EVT,D %) =e*X\;, (p — i1 + 1) + Xi, (p — im + 1),
which is eq. (58) as claimed.

Finally, we have to show that the third and the forth terms of the eq. @ are canceled. First, observe
that

Tr (V'Uy, 11D (S, 0 (D7 'V}, VD)) ) =
(EDH’(U{l o = UL U TT (Sp o (H’U&pEVD*Z)

eTr (fI’(E,»l _E)II (Sp o (H’U&pﬁVD*)) D

2Tr (I:I’(Eil _E ) (sp o (H’()\ilEil - AE)H))

2Tr ((Eil ~E,) ((Hspﬁ') 0 (HH’(A“E“ i E; )HH’))

2Tr<<HSp1:[’)o((Eil—Eik)(/\ilE“ N Es))

T (V/U, IID (S, o (D*V/SUs, IID 1)) =
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(EDH’(Uz/l i = UL U TL(S, 0 (D7'V/SUy, TID" ) -
eTr (ﬂ'(Ele — B, )IL(S, 0 (D~'V/SUy 1T ) _
2Ty ((E _E,)II (Sp 0 (fI’()\ilEil — X Ei, )) ’) -
2Ty ((Ei _E;,) ((HS f[’) o (Hﬂ’(/\ilEil ))) -
21 (B, - By (118, H) ;) (i By — Miyiy))) =
*Tr (B~ By ((TIS,0) o (O, Bi — N Bw))) ) =
D ((nspn') o ((Eiy — i)\ By — M Ey))) ) =
Ty ((Hspf{’) (A, B, + Ni B 1)) -
Ty ((Hspﬁ’) o (A, Es, + )\ZkE“))

Now, note that in both cases the matrices that are multiplied elementwise with HSpf[’ are diagonal
and hence, we only need to look at diagonal elements of ILS,II'. Moreover,

NI B R §VEIRY | I RERD § ITRMEIS 8 1o/ § ) § EPMNRERD § IFEA

where, i - - - 1), are fixed points of permutation corresponding to II so ﬂSpf[’ has the same values
at diagonal positions ¢; and i, as the original matrix S,. The only permutation that is only on the
left side is II(;,;,) which exchanges the i; and iy rows of S;,. Since S, is such that the elements
at each row before the diagonal element are the same and i, > i1, we have the ¢; and ¢, diagonal
elements of IS, IT have the same value. Let that value be denoted as s. Then the sum of the above
two equations yields m(A;, + A;,) — m(A\;; + i) = 0, as claimed.
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B DERIVATIVES OF THE LOSS FUNCTION

B.1 FIRST AND SECOND ORDER FRECHET DERIVATIVE

In order to derive and analyze the critical points of the cost function which is a real-valued function
of matrices we use the first and second order Fréchet derivatives as described in chapter 4 of |Zeidler
(1995)). For a function f : R®*™ — R the first order Fréchet derivative at the point A € R"*™ is a
linear functional df (A) : R™*™ — R such that
A+V)—-f(A)-df(A)V

i [FAV) = F(A) —dra)V] _

V-0 Ve
where we used the shorthand df (A)V = (df(A))(V). Similarly, the 2nd derivative is a bilinear
functional d? f(A) : R™*™ x R™ ™ — R such that

lim |df(A+ VK —df(A)K — d*f(A)V K| _
V-0 IV

for all | K|| < 1, where again d? f(A)V K = (d*f(A))(V, K). The generalized Taylor formula
then becomes:

0,

FA+V) = f(A) + dF AWV + S FAV +of V),

Moreover, we derive functions Vf : R™*™ — R"™ and H(A) : R™*™ — R™ ™ such
that df(A)V = (Vf(A),V)p and d*f(A)V? = (H(A)V,V)p, where again H(A)V =
H(A)(V). Then clearly, A € R"*™is a critical point of f iff Vf(A) = 0 and for such As
the sign of the bilinear form (H (A)V', V)over directions V determines the type of the critical
point.

Extending the generalized Taylor theorem of |Zeidler| (1995), the second order Taylor expansion for
the loss L(A, B) is then given by

1
LA+V,B+W)—L(A,B) =dsL(A,B)V +dgL(A,B)W + 5czi,L(A, B)V?

1
+dapL(A,B)VW + 5d‘ZBL(A, B)W? + Ry w(A, B),

(63)
where, if |V, [[W|| = O(e) then |[R(V,W)|| = O(£3). Clearly, as at critical points where
daL(A,B)V +dgL(A, B)W = 0,ase¢ — 0 we have Ry w (A, B) — 0 and the sign of the sum
of the second order partial Fréchet derivatives determines the type of the critical point very much
similar to second partial derivative test for two variable functions. However, here for local minima
we have to show the sign is positive in all directions and for saddle points have to show the sign is
positive in some directions and negative at least in on direction. Finally, note that the smoothness of

the loss entails that Fréchet derivative and directional derivative (Gateaux) both exist and (foregoing
some subtleties in definition) are the same.

B.2 FIRST AND SECOND ORDER DERIVATIVE OF THE LOSS WRT TO B

Lemma 5. The first and second (partial Fréchet ) derivative of the loss L(A, B) wrt to B is derived
as follows.

dpL(A, B)W= —2Tr (W' (T,A’S, — (Sp o (A'A)) BX,.)) (64)
= 2(T,A'S,, — (S,0(A’A) BE,,,W)p. (65)
d5:L(A, BYW? = 2((S, 0 (AA)WE,,, W)p =2Tr (W' (S,0 (A A)WE,,). (66)

Proof. Directly compute

P
LA, B+W)=> |V — AL,(B+W)X|[},
i=1
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M=

(Y — AL, (B + W)X,Y — AL, (B + W)X)
1

o
Il

P
(Y - AL,BX Y — AI,BX)p + Y (Y — AL,;,BX, - AL,WX)p
1 =1
p
(~AL,WX,Y — AL,BX)p + Y (-AL,WX,-AL,WX)p

i=1

NE

.
I

+
-

<
Il
—

=L(A,B) - Y 2(Y - AI,BX AL,,WX) + O(|W|}) =

i=1

p
L(A,B+ W)~ L(A,B) = 23 (Y — AL, BX, AL ,WX) + O(|W|[3) ="

i=1

p
dpL(A,B)W = -2 Tr(X'W'I;,A'(Y — AI,,BX))
i=1

p p
= 2Tr (W’ ((Z Ii;p> AYX' - (Z Ii;pA’AIWJ) BXX’))
1=1 =1

=2Tr (W (T,A'YX' —(S,0(A’A)) BXX")),
which can be written as the given form. For the second derivative wrt B we have
dpL(A,B)\W = —2(T,A'S,, — (S, 0 (A’A)) BE,,,W)r —
dpL(A,B+ W)W = —2(T,A'S,, — (S, 0 (A’A)) (B+ W)X, W)r
= —2(T,A'S,, — (Sy0(A’A)) BS,,,W)p
+2((Spo (A A)) WXy, W)p =
dpL(A,B+ W)W —dgL(A, B)W =2((S,0 (A'A) WE,,,W)p,

which by having W — 0 results in the second order partial derivative. O

B.3 FIRST AND SECOND ORDER DERIVATIVE OF THE LOSS WRT TO A

Lemma 6. The first and second (partial Fréchet ) derivative of the loss L(A, B) wrt to A is derived
as follows.

daL(A,B)V=-2(%,,B'T,— A(S, 0 (BZ,,B")),V)r, (67)
d4sL(A,B)VW= -2(3,,W'T, — A(S, 0 (BE,,W')) — A(S, 0 (WX, B")),V)p,

(68)

d4:L(A, B)V?=2(V (S, 0 (BX,.B)),V)p. (69)

Proof. Directly compute

P

LA+V,B)=Y (Y~ (A+V)I;,BX,Y — (A+ V)I;,BX)p

1=1
p p
=> (Y - AIL,BX,Y - AIL;,BX)p - Y (Y — AI,,BX,VI;,BX)p
=1 =1
P p
+Y (-VI;;,BXY — AL, BX)p + Y (-VI;,BX,-VI;;,BX)p
i=1 =1

P
=L(A,B)-> 2(Y-AI;,BX,VI;;,BX)p+» (VI;;,BX,VI;,BX)p

i=1 i=1
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p
L(A+V,B) - Z (Y — AI,BX,VI,,BX)r + O(|V|2) &=’

5

daL(A, B)V Z (Y — AI;,,BX,VI;,BX)p
- p p

= 2Te(V'(2y.B' > ILip— A I;,BX,,B'I;)) =
=1 =1
daL(A,B)V = —2(%,,B'T, — A( 0 (BX%,,B"),V)p —
dAL(A+V,B)V = -2(%,,B'T, — (A+V)(S,0(BX,,B")),V)r
daL(A+V,B)V —daL(A,B)V =2(V (S, 0 (BX,,B)),

2AV .B). V) =
2<V(S O(BzzzB/))7V>F ==
=2(V (S, 0 (BX,,B")),V)

d%:L(A,B)(V,V)
2

d42L(A, B)V F

dAL(A, B+ W)V =—2(3,,(B+W)'T,,V)r
—2(=A(Spo ((B+W)Zuu(B+W))),V)r
~2(2y, B'T, — A(Sy 0 (BX:,B')),V)F
=daL(A,B)V - 2(X,,W'T,,V)r
~2(=A(S, 0 (BX:uW')) = A(S, 0 (WX, B)), V)r + O(|W]}) =

daL(A,B+ W)V —daL(A,B)V = -2(2, ,W'T, V)r
- 2<_A (S © (BzxxW/)) —A (Sp © (WEmB/)) s V>F
W
+o(wz) "=

d4sL(A,B)VW = -2(%, W'T, — A(S, o (BX,,W')) — A(S,0 (WE,,B)),V)p.
O
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