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Abstract

We study the problem of learning a low-degree spherical polynomial of degree ¢, = ©O(1) >
1 defined on the unit sphere in R? by training an over-parameterized two-layer neural network
(NN) with channel attention in this paper. Our main result is the significantly improved sample
complexity for learning such low-degree polynomials. We show that, for any regression risk € €
(0,1), a carefully designed two-layer NN with channel attention and finite width trained by the
vanilla gradient descent (GD) requires the lowest sample complexity of n < ©(d% /¢) with high
probability, in contrast with the representative sample complexity © (d‘ max {2, logd}), where
n is the training data size. Moreover, such sample complexity is not improvable since the trained
network renders a sharp rate of the nonparametric regression risk of the order ©(d* /n) with high
probability. On the other hand, the minimax optimal rate for the regression risk with a kernel of
rank ©(d%) is ©(d’ /n), so that the rate of the nonparametric regression risk of the network trained
by GD is minimax optimal. The training of the two-layer NN with channel attention is a two-stage
process. In stage one, a novel and provable learnable channel selection algorithm, as a learnable
harmonic-degree selection process, is employed to select the ground truth channel number in the
target function, ¢y, among the initial L. > ¢, channels in its activation function in the first layer with
high probability. Such learnable channel selection is performed by efficient one-step GD on both
layers of the NN, which achieves the goal of feature learning in learning low-degree polynomials.
In stage two, the second layer of the network is trained by standard GD using the activation function
with selected channels. To the best of our knowledge, this is the first time a minimax optimal risk
bound is obtained by training an over-parameterized but finite-width neural network with feature
learning capability to learn low-degree spherical polynomials.

Keywords: Nonparametric Regression, Low-Degree Spherical Polynomial, Neural Network, Gra-
dient Descent, Learnable Channel Attention, Feature Learning, Minimax Optimal Rate

1. Introduction

With deep learning achieving remarkable breakthroughs across a wide range of machine learning
tasks (LeCun et al., 2015), understanding the generalization capability of neural networks has be-
come a central topic in both statistical learning theory and theoretical deep learning. A large body
of work has established that gradient descent (GD) and stochastic gradient descent (SGD) can prov-
ably minimize training loss in deep neural networks (DNNs) (Du et al., 2019b; Allen-Zhu et al.,
2019; Du et al., 2019a; Arora et al., 2019; Zou and Gu, 2019; Su and Yang, 2019). Beyond opti-
mization, many studies investigate the generalization behavior of DNNs trained via gradient-based
methods, deriving algorithmic generalization bounds. A key insight from this line of work is that
with sufficient over-parameterization, meaning a large number of neurons, training dynamics can
be effectively described using a kernel method, particularly the Neural Tangent Kernel (NTK) (Ja-
cot et al., 2018) determined by the network’s architecture. Other results, such as (Yang and Hu,
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2021), demonstrate that infinite-width neural networks can still perform feature learning. The NTK
framework reveals that for highly over-parameterized models, the network weights stay close to
initialization, enabling a linearized approximation via first-order Taylor expansion that facilitates
generalization analysis (Cao and Gu, 2019; Arora et al., 2019; Ghorbani et al., 2021).

The generalization properties of neural networks can also be studied through the lens of learn-
ing low-degree polynomials. This direction is motivated by analyses of spectral bias in neural
networks (Rahaman et al., 2019; Cao et al., 2021; Choraria et al., 2022), which show that neural
networks tend to prioritize learning target functions lying within subspaces spanned by eigenfunc-
tions associated with NTK eigenvalues. For example, on uniformly distributed data over the unit
sphere S~1 in RY, degree-¢ polynomials can be expressed via spherical harmonics up to degree
¢, as formalized in Section B and Theorem 14. While (Yang and Hu, 2021) shows infinite-width
networks can perform feature learning, several works attempt to overcome the linear NTK regime
to learn low-degree polynomials on spheres in R%. The QuadNTK method introduced in (Bai and
Lee, 2020) applies a second-order Taylor expansion to improve over NTK’s linearization, achieving
more effective learning of sparse “one-directional” polynomials. Extending this idea, (Nichani et al.,
2022) shows that combining NTK and QuadNTK can capture dense polynomials with an additional
sparse high-degree term. Further contributions include (Damian et al., 2022), which uses two-
stage optimization for learning low-degree polynomials, and (Takakura and Suzuki, 2024), which
explores feature learning in the mean-field regime.

Despite these advances, existing work on training over-parameterized neural networks to learn
low-degree polynomials, such as (Ghorbani et al., 2021; Bai and Lee, 2020; Nichani et al., 2022;
Damian et al., 2022; Takakura and Suzuki, 2024), often lacks sharp characterizations of regression
risk. For instance, (Nichani et al., 2022) establishes that the regression risk € holds when sample
size n > d’ max {5_2, log d}. Separately, (Ghorbani et al., 2021) shows that for C:)(dzo) <n<
O(d%*+1=9) with ©(d%)/d* — oo as d — oo, NTK-based regression risk converges to zero under
restrictive conditions, but no convergence rate or sharpness is established. Moreover, in practical
settings where d is finite, which is commonly considered in sharp rate analyses for nonparametric
regression (Hu et al., 2021; Suh et al., 2022; Li et al., 2024; Yang and Li, 2024; Yang, 2025), the
results from (Ghorbani et al., 2021) fail to guarantee even the vanishing regression risk.

Understanding the sharpness of regression risk in learning low-degree polynomials remains a
significant open problem in statistical learning theory and theoretical deep learning. Furthermore,
it is an open problem how to explore the feature learning effect of neural networks in learning such
polynomials with sharp rates. In this paper, we consider a target function f* that belongs to the
Reproducing Kernel Hilbert Space (RKHS) associated with a positive definite (PD) kernel induced
by an over-parameterized two-layer NN, where f* is a degree-{y polynomial defined on the unit
sphere S91 in R? with ¢y = ©(1) > 1. Our main result, Theorem 2, shows that training such a
neural network using the vanilla GD achieves the minimax optimal nonparametric regression risk
of the order ©(d’ /n) with high probability. Comparatively, the minimax optimal rate for kernel
regression risk with a positive definite kernel of rank ry = ©(d") is known to be O(rg/n) =
O(d" /n), as established in (Raskutti et al., 2012, Theorem 2(a)), indicating that our result is in fact
minimax optimal. Our training algorithm includes two stages. In the first stage, a novel and provable
learnable channel selection algorithm is employed to select the channels in the activation function
in the first layer of the network by one-step GD, where each channel covers a particular degree of
spherical harmonics. It is proved that the number of selected channels is the ground truth channel
number, ¢, in the target function. In the second stage, the second-layer weights are trained by GD
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with the fixed activation function with selected channels in the first layer. Our analysis demonstrates
the potential of a new combination of feature learning and NTK-based analysis, where the feature
learning effect of the network is implemented by learnable channel attention, which is followed
by training the over-parameterized network by GD in the NTK regime. The discussion of existing
empirical and theoretical works about channel attention is deferred to Section E of the appendix. To
the best of our knowledge, our work is among the first to reveal the theoretical benefit of channel
attention with a novel and provable learnable channel selection algorithm for learning low-degree
spherical polynomials with a minimax optimal rate.

Feature Learning Capability of Our Method. The feature learning capability of our training
algorithm is in the training stage one, where the novel Algorithm 1 is used to decide the channel
number of the activation function of the NN, which is guaranteed to be ¢y with high probability
(w.h.p) by Theorem 1. In this way, w.h.p. stage two performs kernel regression with the oracle
kernel, achieving the minimax optimal rate. The estimation of ¢ is an important goal of feature
learning for learning the target function of degree-{y with sharp regression risk. To see this, as a
well-known fact widely discussed (Damian et al., 2022; Ghorbani et al., 2021), the target function
lies in a subspace with all spherical harmonics of degree < ¢, as its orthogonal basis. Therefore,
only the optimal sample complexity of ©(d’ /¢) is required to learn such a target function with any
risk € > 0 by our training stage two w.h.p. Furthermore, an inaccurate and conservative estimate
¢' > {y leads to worse sample complexity @(dgl /€) compared to our optimal sample complexity.
The literature studying the feature learning effect, such as (Lee et al., 2024; Damian et al., 2022),
learns the features of the subspace that the target function lies in so as to achieve sharp regression
risk. Our estimate of ¢y achieves the feature learning effect under the similar principle. During
the two-stage training, the kernel evolves as the activation function changes from stage one to two.
Thanks to the feature learning capability of our method, our result is stronger than the literature
in terms of learning general low-degree spherical polynomials. For example, existing works (Wei
et al., 2019; Glasgow, 2024; Lee et al., 2024; Abbe et al., 2022) do not consider the regression
problem where the target function is a degree-£y spherical polynomial with our sharp and minimax
optimal regression risk rate of ©(d® /n). In particular, (Wei et al., 2019) does not consider the
regression problem with the target function being a polynomial. The results of (Glasgow, 2024)
are limited to a very specific case where the target function is a quadratic XOR function. In (Lee
et al., 2024), the target function is a single-index function f*(x) = o*((x,8)) where the function
o™ has information exponent p, so that f* is limited to be a polynomial of a particular direction,
parameterized by 6, of the variable x, instead of being a more general non-single-index spherical
polynomial considered in this paper. (Abbe et al., 2022) studies the case that the target function
f* is a low-dimensional latent function of dimension P in the ambient space of dimension d with
P < d, and shows necessary and nearly sufficient condition that f* is strongly SGD-learnable in
the mean-field regime.

We organize this paper as follows. We first introduce in Section 2 the problem setup. The
training algorithm of the network is described in Section 3. Our main result is summarized in
Section 4 with the novel training algorithm by GD and the sharp risk bound for learning low-degree
spherical polynomials. The roadmap of proofs, the summary of the approaches and the key technical
results in the proofs, and the novel proof strategies of this work are presented in Section 5.

Notations. We use bold letters for matrices and vectors, and regular lower letters for scalars through-
out this paper. A (%) is the i-th column of a matrix A. A bold letter with subscripts indicates the cor-
responding rows or elements of a matrix or a vector. We put an arrow on top of a letter with subscript
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if it denotes a vector, e.g., x; denotes the i-th training feature. ||| > and ||-||,, denote the Frobenius
norm and the vector /P-norm or the matrix p-norm. [m : n| denotes all the integers between m and n
inclusively, and [1 : n] is also written as [n]. Var [-] denotes the variance of a random variable. I, is
an x n identity matrix. Iy zy is an indicator function which takes the value of 1 if event £ happens,
or 0 otherwise. The complement of a set A is denoted by A€, and |A| is the cardinality of the set
A. vec (+) denotes the vectorization of a matrix or a set of vectors, and tr (-) is the trace of a matrix.
We denote the unit sphere in d-dimensional Euclidean space by S¥1 := {x: x € R?,||x||, = 1}.
Let X denote the input space, and LP(X, 1) with p > 1 denote the space of p-th power integrable
functions on X with probability measure 4, and the inner product (-, -) ;»(,y and HH%p( ) are de-

fined as (f,g) = Jx f( du(e) and ||f|[7,, = Jx 17 (@)du(z) < co. B(x;r)is
the Euclidean closed ball centered at x with radius r. Given a function g: X — R, its L°°-norm
is denoted by ||g|| . = supycx |g(x)|, and L> is the function class whose elements have bounded

L*®-norm. (-, )4, and ||-|l,; denote the inner product and the norm in the Hilbert space . a = O(b)
or a < bindicates that there exists a constant ¢ > 0 such that a < cb. O indicates there are specific
requirements in the constants of the O notation. a = o(b) and a = w(b) indicate that lim |a/b| = 0
and lim |a/b| = oo, respectively. a < b or a = O(b) denotes that there exists constants c1,cy > 0
such that ¢1b < a < cpb. Unif (S?7!) denotes the uniform distribution on S?~!. The constants
defined throughout this paper may change from line to line. We use Ep [-] to denote the expecta-
tion with respect to the distribution P. Ps denotes the orthogonal projection onto the space S, and
Span(A) denotes the linear space spanned by the columns of the matrix A. A denotes the closure
of a set A. Throughout this paper we let the input space be X = S%~1,

2. Problem Setup

We introduce the problem setups for nonparametric regression with the target function as a low-
degree spherical polynomial in this section.

2.1. Two-Layer Neural Network with Channel Attention

JEEN n
We are given the training data {(xi, yz)} where each data point is a tuple of feature vector

xZ € & and its response y; € R. Throughout this paper we assume that no two training features
coincide, that is, x; # x; forall 4,j € [n] and ¢ # j. We denote the training feature vectors by

NN n

S = { Z} X and denote by P, the empirical distribution over S. The response y; is given by
1=

yi = [*(x;) + w; fori € [n], where {w;};, are ii.d. sub-Gaussian random variables as the noise

with mean 0 and variance proxy o3, that is, E [exp(Aw;)] < exp(A203/2) for any A € R. f* is
the target function to be detailed later. We define y = [y1,..., yn}T, w = [wi,...,wy] ", and

[N — T
use f*(S) = [f*(xl), e f*(xn)} to denote the clean target labels. The feature vectors in S

are drawn i.i.d. according to the data distribution P = Unif (Sd_l) with o being the probability
measure for P. We consider a two-layer linear neural network (NN) with channel attention in this
paper whose mapping function is

1 & ~
f(T> a7X) == Zara‘r(xy qr)7 (D

N
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N m
where x € X is the input, Q = {qr} are the random weights drawn i.i.d. according to
r=1

P = Unif (X). o is the activation function which is a PD kernel defined as

L N(d\0)
or(x, Z Toto Y0 (%)Y (x'), ug7g:N_1(d,€) for0< (<L, Vx,x € X. (2)
=0 j=1

Here {Y; }j [N (d,0)] e the spherical harmonics of degree ¢ which form an orthogonal basis of
of dimension N(d, ¢), and H, denotes the space of degree-¢ homogeneous harmonic polynomials
on X. The background about harmonic analysis on S%~! is deferred to Section B of the appendix.
Each p, Y7 j(x)Y; ;(x') with £ € [0 : L] constitutes a channel in the output of the activation
function, and T = {Tg}ézo are the channel attention weights with L + 1 channels. It is noted
that in the two-layer NN (1), the first layer comprises the spherical harmonics as the activation
functions with channel attention weights, and @ = [a1, ..., a,] € R™ denotes the weights of the
second layer. It follows from the background in harmonic analysis on spheres in Section B that for
every given x,x € X, o(x,x’) can be efficiently computed with ©(L) time complexity through

L

or(x,x') = TgPK(d)«x,x’ )), where each channel, Pz(d), is the /-th Gegenbauer polynomial
which can be computed efficiently in ©(1) time for each ¢ € [0 : L] by dynamic programming, as
shown in Lemma 16 in Section B of the appendix. We let L. > /¢y. Intuitively, each Pg(d) covers
the information about the spherical harmonics of degree ¢, so that all the information in the target
function is captured with L > ¢y. With a constant £y € O(1), it is always feasible to set L > ¢y
with suitably large L, and the computation of o (x, x’) takes ©(L) = ©(1) time when L = ©(1).

We will first run a learnable channel selection algorithm described in Algorithm 1, which is

essentially a learnable harmonic-degree selection algorithm to be detailed in Section 3, to keep only

14
—~ 1 —~
the first £ channels with the updated attention weights {Tg =i, ; } ,and £ < L. The activation
") =0
function after applying such learnable channel selection becomes

N(d,0)

7 7 )
=S wP P (x 1)) =30 N w2 Vi(x)Ye,(x). 3)
/=0 j

The feature learning effect of the two-layer NN with channel attention (1) is that, the number of
selected channels, Z, is the ground truth channel number, ¢y, in the target function w.h.p., to be
detailed in Section 3. With the updated activation function (3) after learnable channel selection,
we will train the second-layer weights a by GD with fixed activation function o in the first layer.
Herein we define the following empirical kernel incurred during the training of the two-layer NN
(1) with selected channels by GD,

ZUT +)0r q’r" ,)’ “)

and its population version

7 N(d»0)

K(Xaxl) = IEerUnif()() [UT(X W)o:,- w, X Z Z NUZYZ] YK,]( ) )
=0 j—1
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K is in fact the NTK of the network (1) with respect to its second-layer weights a. We denote by
K € R™*" with K; ij = =K (x,, x j) fori,j € [n] the gram matrix of K over the training features
S, and let K,, = K/n Similarly, the gram matrix of K is K € R™*" with K;; = K(?l, 2])
for i,j € [n], and K,, = K/n. Let the eigendecomposition of K,, be K,, = UXUT where U

o~ n
is an n x n orthogonal matrix, and ¥ is a diagonal matrix with its diagonal elements {)\Z}
i=1
being the eigenvalues of K,, and sorted in a non-increasing order. It follows from Lemma 28 that

Supy wex K(x,x) = 7+ 1, so that it can be verified that \; € (0, U+ 1].

2.2. Kernel and Kernel Regression for Nonparametric Regression

Let H k be the Reproducing Kernel Hilbert Space (RKHS) associated with K Because K is of finite
rank, the integral operator T : L*(X, 1) — L*(X, p), (Tx f) (x) = [, K (x')dp(x') is a
positive, self-adjoint, and compact operator on L?(X, i1). By the spectral theorem and Lemma 28,
the eigenfunctions of T are {Yy;} 0€[0:7] JE[N ()] the spherical harmonics of degree up to . e =
toe = N(d,¢)~! is the eigenvalue corresponding to the eigenspace Hy, that is, Tx Vs = 116Y;
for every ¢ € [0 : Z] and j € [N(d,?)]. Let {1¢},~, be the distinct eigenvalues associated with
Tk, and let my be the be the sum of multiplicities of the eigenvalues { i/ } v—o- Thatis, my —my_q
is the multiplicity of p, with m_; = 0. We define 9 = my, = 20 N(d,¢) as the multi-
plicity of all the top ¢g + 1 distinct eigenvalues. For a positive constant ’}/(], we define Hy (y9) ==
{f € Hi: [ flly <0} as the closed ball in H  centered at 0 with radius 9. We note that HK(’yo)

N(d,b)
is also specified by Hc (v0) = {f € L*(X,pn): f = Zz OZ( O‘MYKWZ ](1 ozh/,ug

Y } H i (70) is in fact formed by the union of the space of homogeneous harmonlc polynomials up

to degree ¢ with RKHS-norm Y0, and H ¢ is a subspace of dimension m; in L?(X, it). We define a
Lo N(d,f0)

PD kernel K(0)(x,x') == > > ¥y ;(x)Vs;(x) for all x,x' € X, then K is a low-rank
— i—=1

kernel of rank rg. It is also shown in Lemma 15 in Section B of the appendix that 7y = ©(d").

The task of nonparametric regression. We consider the target function

o N(d,L by N(dt
Z Z BriYe;(x), st Z Z Beilme <5, Vx€EX, (6)

where ¢y = O(1) > 1, and f* lies in the space of homogeneous harmonic polynomials up to degree
{o. It can be verified that f* € H .(v)(70), and H o) (70) € Hi (70) if £ > £o. The task of the

~ N n
analysis for nonparametric regression is to find an estimator f from the training data {(xi, yz)}
i=1

- 2
so that the risk Ep [( f—f *) ] vanishes at a fast rate. In this work, we aim to establish a sharp rate

of the risk where the over-parameterized neural network (1) trained by GD serves as the estimator
I

Minimax Lower Risk Bound for Learning a Low-Degree Spherical Polynomial. The estab-
lished result in (Raskutti et al., 2012, Theorem 2(a)) gives the minimax optimal lower bound for ker-

2
nel regression with the kernel K, that is, mfA " SUPfren (o (o [(fn( ) — f*(x)) } > dto /n,

<



CHANNEL ATTENTION IN NEURAL NETWORKS LEARNS LOW-DEGREE SPHERICAL POLYNOMIALS

n
where the infimum is taken over all measurable functions of the training sample {xz, yz} . This

result suggests that the minimax optimal lower bound for the regression risk with K is @(ro /n) =
©(d’ /n), which is provably achieved by the two-layer NN (1) trained by GD, to be shown by our
main result in the next section.

3. Training the Two-Layer Neural Network by Gradient Descent

In the training process of our two-layer NN (1), both the channel attention weights 7 and the second-
m
layer weights a are optimized, and the first-layer weights Q = {qr} - are randomly sampled

and then fixed during the training. The following quadratic loss function is minimized during the
training process:

L(r,a) = % > (f(a, x;) — yi)2 : (7)
=1

The training process of the two-layer NN (1) consists of two stages. In the first stage, one step of
GD is applied to learn the channel attention weights 7. With the channel attention weights learned,

[
the activation function is set to (3), that is, o (x,x’) = >_ uagPé(d)«x, x')). We then train the
=0
second-layer weights a by minimizing the objective (7) through GD in the second training stage. We

1

introduce the following notations for the training process. Let {Y; }mL ={Y4}, <0<ije[N () 3
the enumeration of all the spherical harmonics of up to degree L. We define Y (S, mp) € R"*™z
where [Y/(S,mp)];; = Yj_1(x;) forevery i € [n]and j € [mp], Y(S,r0) = Y (S, my,) € R"*"
is defined similarly, and Y (S,¢) € R"*N(d4) where [Y(S,0)];; = YM(QZ) for all i € [n] and
Jj € [N(d,0)]. Similarly, Y(Q,mr) € R™ ™ with [Y(Q,mp)],; = Yj_l(ar) every r € [m]
and j € [mr]. and [Y(Q,0)],; = Yz;(q,) forall r € [m] and j € [N(d, £)].

Training Stage One: Learning the Channel Attention Weights 7. We have the initialization
a(0) = 0 and 74(0) = 0 for all £ € [0 : L], where 0 denotes a vector whose elements are all 0. In
this training stage, we first perform the one-step GD for a to obtain

1
a(1) = a(0) = m VaL(T,a)lq_o r,=p 1 veeio.r) = mY(Q,mL)YT(S,mL)y, ®)

where the learning rate 17; = 1. 7(1) is then obtained by one-step of GD with @ = a(1) by

doL(T,a) B y
I (ray=(0.a)) VM

forall ¢ € [0 : L], where 72 = N(d, ¢). We note that the initialization of 7(0) = 0 is used in the
one-step GD update for 7(1) in (9), and a different initialization 7(0) is used in (8). Theorem 1 be-
low shows that w.h.p., when min {n,m} > ©(mp,)log(4my,/¢), after performing the one-step GD
update for the channel attention weights by (9), the channel attention weights of all the informative
channels, defined as the channels with indices in [0 : £], are not smaller than 2¢( for a positive
threshold ¢y € (0, 33/3]. The absolute channel attention weights for the redundant channels, de-
fined as the channels with indices in [¢p + 1 : L], are smaller than £¢. As a result, Theorem 1 gives

(1) = 7(0) — 1o Y(8,0Y'(Q,0a(l) (9
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the strong theoretical guarantee for a novel and principled learnable channel selection algorithm, de-
1

scribed in Algorithm 1, which assigns updated attention weights u;g to every informative channel
with index ¢, and assigns updated attention weights O to all redundant channels. We use 7 to de-
note the number of channels with nonzero channel attention weights after running Algorithm 1, and
Theorem 1 guarantees that {= £y in (3), the activation function after running the learnable channel
selection by Algorithm 1. We note that Theorem 1 needs the minimum absolute value condition on
the target function that mingco.s) je[N(d,0)]] Bej| > Bo+/Hoe for some positive constant 3. Due
to the presence of noise in the response vector y, similar minimum absolute value conditions on the
target signal are in fact necessary and broadly used in standard compressive sensing literature such
as (Aeron et al., 2010) for signal recovery.

Theorem 1 Assume that the minimum absolute value condition on the target function holds, that
is, minge(o.0]je[N(d,0)] |Bes] = Bo/Boe holds for some positive constant [Sy. o is a positive
threshold such that ey € (0, 33/3]. Let {Tg(l)}ézo = 7(1) be computed by the one-step GD (9).
Suppose that

256~4 4
m>max{2%,4} mp, log <T;L> , (10)
€0
400~ 4 2 24 1) 8192+2 241
n > max{max{ 002%,4} mp, log ( mL) ) 32m (% + )7 519 %mg(% ha )}, (11)
50 5 €0 80

then for every ¢ € (0, 1), with probability at least 1 — exp (—O(mp)) — J, we have

12)

m0(1) > 20, L€ [0: L],
|e(1)| < €0, o< <L

Training Stage Two: Learning the Second-Layer Weights a. We use GD to train the two-layer
NN (1) with the channels attention weights updated in its activation function (3) in the first training
stage. In the (¢ + 1)-th step of GD with ¢ > 0, the second-layer weights a are updated by one-step
GD through

a(t+1) = a(t) - LZO(F () - y), (13)

where y; = y;, y(t) € R" with [y(t)], = f(a(t),;i). We also denote f(a(t),-) as fi(-) as the
neural network function with weighting vectors a(t) obtained right after the ¢-th step of GD. We
define Z(t) € R"*™ which is computed by [Z(t)],., = 1//m - UT(;i, ar) for every r € [m] and
i € [n] where o is specified by (3). We employ the initialization a(0) = 0 so that y(0) = 0, that
is, the initial output of the two-layer NN (1) is zero. The two-layer NN is trained by GD with T’
steps for 7" > 1. In the second training stage the channel attention weights 7 are not updated, so we
abbreviate the two-layer NN (1) mapping function f (7, a,x) as f(a,x).

4. Main Result

We present our main result about the sharp risk bound in Theorem 2, with its proof deferred to
Section C.1 of the appendix.
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Algorithm 1 Learnable Channel Selection Algorithm 2 Training the Two-Layer NN
I: T < Channel-Attention(S, y, £9) by GD
2: input: S,y 1: a(T) + Training-by-GD(T, Q, a)

input: 7, Q,n,a(0) =0
for t=1,...,7 do
Perform the ¢-th step of GD by (13)
end for
return a(7T')

3: Compute the channel attention weights 7(1) =
{70(1)}_, by the one-step GD (9).

4: Foreach £ € [0 : L], set g = Ty, (1y>2:0} M £ -

H
SAN AN

5: return the channel attention weights 7 = {77}7_

Theorem 2 Suppose the minimum absolute value condition Theorem I holds, and Z < L nonzero
attention weights are returned by the learnable channel selection algorithm described in Algo-
rithm 1 with the threshold €y € (0, 32/3], ¢; € (0, 1] is an arbitrary positive constant. Suppose the
network width m satisfies

4
n*log(2n/0)
R ph (14)
and the neural network f(a(t), ) is trained by GD using Algorithm 2 with the constant learning rate
n=0(1)¢c (0,1/(ly + 1)) and T < n/d®. Then for everyt € [c;T: T) and every § € (0,1/2),
with probability at least 1 — 7 exp (—O(rg)) —exp (—O(n)) —exp (—O(mr,)) —26 over the random
noise w, the random training features S, and the random initialization Q, f(a(t),-) = f; satisfies

Ep [(fi — )] S © <dz> : (15)

n
Here rg = my, = ©(d%).

Theorem 2 shows that the neural network (1) trained by GD enjoys a sharp rate of the regres-
sion risk for learning a degree-{y spherical polynomial, 6(d£0 /m), which is minimax optimal as
explained in Section 2.2. As an immediate result, (15) shows that the two-layer NN (1) trained GD
enjoys a sample complexity of n < ©(d’ /¢) for any regression risk ¢ € (0, 1), much lower than the
sample complexity © (déO max {5_2, log d}) in the representative work (Nichani et al., 2022). We
herein compare our result with the competing results in learning low-degree spherical polynomials
in Table 1 from the perspective of the sharpness of the regression risk and the algorithmic guaran-
tees, that is, whether a finite-width neural network is trained to obtain the corresponding bound for
the regression risk.

It is shown in (Nichani et al., 2022, Theorem 1) that a regression risk £ > 0 can be achieved with
sample complexity n > d‘ max {72 ,logd}, implying a convergence rate of order ©(+/d% /n)
when the regression risk is below 1/4/log d. This rate is not minimax optimal and is considerably
less sharp than our bound. The two-stage feature learning method of (Damian et al., 2022) requires
the restrictive assumption that the target function depends only on r < d input directions. Under
this assumption, vanilla GD ensures that the learned network function lies in a subspace of rank r
within the RKHS. Without it (i.e., » = d), the L!-risk bound in (Damian et al., 2022, Theorem 1)is
at least ©(/d%+1/n). In contrast, since LP-norm risks are non-decreasing in p, our L2-risk bound
in Theorem 2 immediately yields a sharper L!-risk bound of ©(y/d% /n). Furthermore, (Ghorbani
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Table 1: Comparison between our result and the existing works on learning low-degree polynomi-
als on the spheres of R? by training over-parameterized neural networks with or without
algorithmic guarantees. Almost all the results here are under a common and popular setup
that f* € H ; where K is the NTK of a specific studied neural studied in each work, and
the responses {y; }-_, are corrupted by i.i.d. Gaussian noise with zero mean, with (Nichani
et al., 2022) being the only exception where the responses are noise-free. It is remarked
that the sample complexity can be straightforwardly obtained from the regression risk. The
regression risk of (Damian et al., 2022, Theorem 1) is for the risk less than 1/1/Tog d, with
the meaning of r explained in Section 4, and O hides a logarithmic factor of log(mnd).

Existing Works and Our Result | Finite-Width NN is Trained Sharpness of the Regression Risk
(Ghorbani et al., 2021, Theorem 4) No Only matching the lower b.Ol.ll’ld for p.omtwme kernel learning,
not minimax optimal
(Bai and Lee, 2020, Theorem 7) Yes Not minimax optimal
(Nichani et al., 2022, Theorem 1) Yes (~)(\/ d% /n), not minimax optimal
1_ : : a 7 rD
(Damian et al., 2022, Theorem 1) Yes L7 -norm regression 'rls.k O(\/d‘r °/n+ \/, /m),
not minimax optimal
Our Result (Theorem 2) Yes Minimax optimal, © (%)

et al., 2021) shows that for O(d®) < n < O(d‘+1-9) with ©(d%)/d" — oo as d — oo, the
NTK-based regression risk converges to zero. However, their result requires restrictive conditions
on the activation function and assumes infinite network width (m — o0). In sharp contrast, our
result establishes that the minimax-optimal regression risk can be achieved by training finite-width
neural networks with the feature learning capability by channel attention.

Beyond such feature learning approaches that aim to escape the linear NTK regime (Table 1), the
statistical learning literature has long established sharp convergence rates for nonparametric kernel
regression (Stone, 1985; Yang and Barron, 1999; Raskutti et al., 2014; Yuan and Zhou, 2016). In
particular, training over-parameterized shallow (Hu et al., 2021, Theorem 5.2) or deep (Suh et al.,
2022, Theorem 3.11) neural networks with spherical-uniform training features on the unit sphere
achieves the minimax-optimal rate O(n_d/ (zd_l)) for the regression risk, when the target function
lies in H (o) where K is the NTK of the respective network.

As discussed in Section 2.2, since the target function f* is a degree-{y spherical polynomial, it
lies in the union of eigenspaces up to degree ¢y. Therefore, learning requires identifying the sub-
space Ugozo’Hg of dimension ro = my,, rather than the full L?(X, ). Crucially, with a carefully
designed learnable channel selection algorithm described in Algorithm 1, the goal of feature learn-
ing is achieved by setting the number of channels in the activation function of the first layer to £ = £,
w.h.p. In this way, the NTK of the two-layer NN (1) in the second training stage becomes a low-rank
kernel K = K (") (5) of rank r(, whose eigenspaces corresponding to nonzero eigenvalues span
all and only spherical harmonics of degree up to £y3. Consequently, vanilla GD on such a two-layer
NN with sufficient width m can fit the target f* using the r( eigenfunctions of K, thereby attaining
the minimax-optimal regression rate. The roadmap for the proof of this main result is provided in
Section 5, following the necessary background on kernel complexity.

10
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5. Roadmap of Proofs

The summary of the approaches and key technical results in the proofs are presented as follows.
We first introduce kernel complexity in Section 5.1, a key concept in our results and their proofs.
Section 5.2 details the roadmap, key technical results in the proofs, our novel proof strategies and
insights from our theoretical results.

5.1. Kernel Complexity

The local kernel complexity has been studied by (Bartlett et al., 2005; Koltchinskii, 2006; Mendel-
son, 2002). Let {Ai}g be the enumeration of the distinct eigenvalues of the integral operator T,
{ ,ug}gzo, where each eigenvalue repeat as many times as its multiplicity in the sequence { Al}znfl

We let A\; = 0 for all ¢ > mg For the PD kernel K, we define the empirical kernel complexity Ry
and the population kernel complexity Ry as

RN ON ot
Ri(e) = n;mm{)\i,az}, Rk (e) = n;mm{)\i,sg}. (16)

It can be verified that both oo Rk (¢) and UOEK(E) are sub-root functions (Bartlett et al., 2005) in
terms of £2. The formal definition of sub-root functions is deferred to Definition 10 in the appendix.
For a given noise ratio oy, the critical empirical radius €n > 01is the smallest positive solution to
the inequality Ry () < £2/0¢, where £2 is the also the fixed point of oo Rk (¢) as a function of
€2 oo R i (£,) = €2. Similarly, the critical population rate &,, is defined to be the smallest positive
solution to the inequality Ry (g) < &2/, where &2 is the fixed point of o9 R (¢) as a function
of €2: ogRk(en) = €2. In this paper we consider the case that ne2 — oo as n — oo, which is
also used in standard analysis of nonparametric regression with minimax rates by kernel regression

(Raskutti et al., 2014). We also define 7, := nt for all ¢ > 0.

5.2. Detailed Roadmap and Key Results

We present the roadmap of our theoretical results which lead to the main result, Theorem 2, in this
section. Before presenting the key technical results, we note the by performing learnable channel se-
lection algorithm described in Algorithm 1, Theorem 1 guarantees that l= £y w.h.p. Therefore, the
condition on / is satisfied in all the results of this section and Theorem 2. Moreover, all the technical
results in this section are for the second training stage, that is, training the second-layer weights a by
the standard GD. Our main result, Theorem 2, is built upon the following three significant technical
results of independent interest.

First, we can have the following principled decomposition of the neural network function at any
step of GD into a function in the RKHS associated with the NTK (5), which is H g (Bp,), and an
error function with a small L*°-norm.

Theorem 3 Suppose l= O(1) > 4o, the network width m is sufficiently large and finite, and the
neural network f; = f(al(t),-) is trained by GD with constant learning rate n = ©(1) € (0,1/¢).
Then for every t € [T, w.h.p., fi has the following decomposition on X: f, = hy + e, where

hy € Hi (By) with By, defined in (37) of the appendix, e; € L with sufficient small ||e;|| ...

11
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The proof of Theorem 3 relies on the uniform convergence of the empirical kernel K to the cor-
responding population kernel K, established by the following theorem, which is proved by the
concentration inequality for independent random variables taking values in the RKHS associated
with the PD activation function o, H,.

Theorem 4 Suppose { = O(1). For any fixed x' € X and every § € (0,1), with probability at
m

N

least 1 — 0 over the random initialization Q = {q,,} , we have
r=1

sup | K (x,x') — K(x,x)| <
xeX

Theorem 4 is proved as Theorem 25 in the appendix. Theorem 3 shows that, w.h.p., the neural
network function f(a(t), -) right after the ¢-th step of GD can be decomposed into two functions by
fla(t),") = ft = h+ e, where h € Hy (By,) is a function in the RKHS associated with K with a
bounded H i-norm. The error function e has a small L*-norm, that is, ||e||,, < w with w being a
small number controlled by the network width m, and larger m leads to smaller w.

Second, local Rademacher complexity is employed to tightly bound the risk of nonparametric
regression in Theorem 5 below, which is based on the Rademacher complexity of a localized subset
of the function class F (B, w) in Lemma 21 in the appendix. We use Theorem 3 and Lemma 21 to
derive Theorem 5.

Theorem 5 Suppose l= O(1) > 4y, the network width m is sufficiently large and finite, and the
neural network f; = f(a(t),-) is trained by GD with constant learning rate 1 > 0. Then for every
t € [T), w.h.p.,

0
Ep (o~ 1))~ 2Bn, [(fo~ V) £ & 4 a7

It is remarked that the regression risk E p [( fi—f *)2] is bounded by the sum of the training loss and
a small term d’ /n-+w through Theorem 5. w is an arbitrarily small positive number with sufficiently

large network width m. The sharp rate d“ /n on the regression risk bound (17) in Theorem 5 is due

to the finite rank m; = ©(d") of the kernel K with £ = ©(1).
Third, we have the following sharp upper bound for the training loss Ep, [( fe—1f *)2] .

Theorem 6 Suppose [ = ©(1) > o, the neural network trained after the t-th step of GD, fi =
f(a(t),-), satisfies u(t) = fi(S) —y = v(t) + e(t) with v(t) € V4, e(t) € & Ifn € (0,1/¢)
and T is suitably small, then for every t € [T|, w.h.p., we have

2
Ep, [(fi—f)?] <© (j}‘;) : (18)

We then obtain Theorem 2 using the upper bound (17) for the regression risk in Theorem 5 where
w is set to d*/n, with the empirical loss Ep, [(f; — f*)?] bounded by ©(d‘/n) w.h.p. by (18) in
Theorem 6, and £ = lo w.h.p.

Detailed proofs of all the technical results of this paper are deferred to the appendix. In particu-
lar, Theorem 17, Theorem 25, Theorem 18, and Theorem 19 in the appendix are the formal versions
of Theorem 3, Theorem 4, Theorem 5, and Theorem 6 in this section. The proof of Theorem 2 is
presented in Section C.1 of the appendix.

12
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5.3. Novel Proof Strategies

We remark that the proof strategies of our main result, Theorem 2, summarized above are signif-
icantly different from the existing works in training over-parameterized neural networks for non-
parametric regression with minimax rates (Hu et al., 2021; Suh et al., 2022; Li et al., 2024) and
existing works about learning low-degree polynomials (Ghorbani et al., 2021; Bai and Lee, 2020;
Nichani et al., 2022; Damian et al., 2022).

First, a novel learnable channel selection algorithm is used to select the informative channels in
the activation function of the first-layer of the network (1), and the selected channel number ¢ is the
ground truth channel number £, in the target function w.h.p. Such channel selection ensures that
the kernel K is in fact the low-rank kernel K ("), ensuring the sharp regression risk bound for the
second training stage.

Second, GD is carefully incorporated into the analysis about the uniform convergence results
for NTK (5) in Theorem 4, leading to the crucial decomposition of the neural network function f;
in Theorem 3. It is remarked that while existing works such as (Li et al., 2024) also has uniform
convergence results for over-parameterized neural network, our results about the uniform conver-
gence for the NTK, rooted in the martingale based concentration inequality for Banach space-valued
process (Pinelis, 1992), do not depend on the Holder continuity of the NTK.

Third, to the best of our knowledge, Theorem 5 is the first result about the sharp upper bound
of the order ©(d’/n) with w = d’/n for the regression risk of the neural network function which
has the decomposition in Theorem 3. We note that the regression risk in Theorem 5 is ©(d‘/n) =
O(d" /n) w.h.p., which has the expected and the desired order since the target function is in a ro-
dimensional subspace of the RKHS H ¢ (7o) with ry = ©(d’). Moreover, the proof of Theorem 3,
Theorem 5, and Theorem 6 employ the kernel complexity introduced in Section 5.1. In fact, the
term ©(d’/n) corresponds to the fixed point of the kernel complexity R

6. Conclusion

We study nonparametric regression by training an over-parameterized two-layer neural network with
channel attention where the target function is in the RKHS associated with the NTK of the neural
network and also a degree-(, spherical polynomial on the unit sphere in R%. We show that, through
the feature learning capability of the network by a novel learnable channel selection algorithm, the
neural network with channel attention trained by the vanilla Gradient Descent (GD) renders a sharp
and minimax optimal regression risk bound of ©(d’ /n). Novel proof strategies are employed to
achieve this result, and we compare our results to the current state-of-the-art with a detailed roadmap
of our technical approaches and results.
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The appendix of this paper is organized as follows. We present the basic mathematical results
employed in our proofs in Section A, and then introduce the detailed technical background about

harmonic analysis on spheres in Section B. Detailed proofs are presented in Section C.
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Appendix A. Mathematical Tools
The Rademacher complexity of a function class and its empirical version are defined below.

Definition 7 Let o = {0;}" | be n i.i.d. random variables such that Prjo; = 1] = Pr[o; = —1] =
%. The Rademacher complexity of a function class F is defined as

1 N
R(F)=E;~\n . |sup — oif(x;)| . (19)
( ) {Xi}i:17{<72‘}i:1 [fe]:n; ( )]
The empirical Rademacher complexity is defined as
~ 1 & N
R(F) =Egonn  [sup— > oif(xi)|, (20)
(F) = Egoyn, Lefn ; ( )]

For simplicity of notations, Rademacher complexity and empirical Rademacher complexity are also

n —_ n —_—
denoted by E supfe]_—% > O'Z'f(XZ'):| and E4 supfe}—% > o*if(xi)], respectively.
i=1 =1

A\ N
For data {x}

=1

n —
and a function class F, we define the notation R, F by R, F := sup fer % > oif(xy).
i=1

RN n
Theorem 8 ((Bartlett et al., 2005, Theorem 2.1)) Let X, P be a probability space, {x} be
independent random variables distributed according to P. Let F be a class of functions thc;;map
X into [a,b]. Assume that there is some v > 0 such that for every f € F,Var [ f (21)} < r. Then,

xT

for every x > 0, with probability at least 1 — e ",
sub e (Bl (0]~ En[1(0]) < infoso (20 + 0By o [RF+ /%2 + 0= 0) (14 4) 8.
_ 1)

and with probability at least 1 — 2e™7,

supser (Ep[f(x)] - Ep, [f(x)]) < infac(oa) (221:?)1@{@};;1 [RaF] + /22 + (0 —a) (3 + 1+ 5225) f>
(22)

~\n n N
P, is the empirical distribution over {xl} with Ep, [f(x)] = 1 > f(xi). Moreover, the same

i=1 =1

results hold for sup jc » (Ep,[f(x)] — Ep[f(x)]).

In addition, we have the contraction property for Rademacher complexity, which is due to
Ledoux and Talagrand (Ledoux, 1991).

Theorem 9 Let ¢ be a contraction,that is,
function class F,

¢(z) — o(y)| < plz —yl for p > 0. Then, for every

E{Ui}?zl [Rn¢ o ]:] < ,UE{UZ.}Z}Zl [Rn]:] , (23)
where ¢ o F is the function class defined by p o F = {¢po f: f € F}
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Definition 10 (Sub-root function,(Bartlett et al., 2005, Definition 3.1)) A function: [0,00) —
¥(r)
\/,F

[0, 00) is sub-root if it is nonnegative, nondecreasing and if is nonincreasing for r > 0.
Theorem 11 ((Bartlett et al., 2005, Theorem 3.3)) Let F be a class of functions with ranges in
[a, b] and assume that there are some functional T: F — R+ and some constant B such that for
every f € F, Var[f] < T(f) < BP(f). Let ¢ be a sub-root function and let r* be the fixed point
of 1. Assume that 1) satisfies that, for any r > r*, (r) > BR{f € F: T(f) <r}). Fixz > 0,
then for any Ko > 1, with probability at least 1 — e™*,

K 704K z (11(b — a) + 26 BK,

<
VfEF, Eplfl < 5 -

Also, with probability at least 1 — e 7,

<K0+1

VfeF, Ep [f] < Ep[f] + 104K L7 (11(b — a) + 26 BK))

KO B n

Lemma 1A2 ((Bartlett et al., 2005, Lemma 3.4)) If a function class F is star-shaped around a
function f, and T: F — RT with RT being the set of all nonnegative real numbers is a (possi-
bly random) function that satisfies T'(af) < o*T(f) for every f € F and any o € [0,1], then the
(random) function v defined for v > 0 by ¢(r) = E, 30 | [Rn {f —fifeFT(f-f)< 7“}]
is sub-root and r — E{;Z}n 1 [ (1)] is also sub-root.

Appendix B. Detailed Technical Background about Harmonic Analysis on Spheres

In this section, we provide background materials on spherical harmonic analysis needed for our
study of the RKHS. We refer the reader to (Chihara, 2011; Efthimiou and Frye, 2014; Szegd, 1975)
for further information on these topics. As mentioned above, expansions in spherical harmonics
were used in the past in the statistics literature, such as (Bach, 2017; Bietti and Mairal, 2019).

With £ > 0, let Péhom) denote the space of all the degree-¢ homogeneous polynomials on X =
S%-1, and let H, denote the space of degree-¢ homogeneous harmonic polynomials on X, or the
degree-¢ spherical harmonics. That is,

M= P: X 5 R: P(x) = Y cax®, AP =0, (24)
|a|=¢
where a = [av, ..., a4, X* = Hle X, la| = Zle «;, and A is the Laplacian operator. For

¢ # (', the elements of H, and H, are orthogonal to each other. All the functions in the fol-
lowing text of this section are assumed to be elements of L?(X,v4_1), where vy_; stands for the
uniform distribution on the sphere X = S%~!. We have (f,g),> = [ f(z)g(z)dvg_1(z). We
denote by {Y}; }j EIN(d )] the spherical harmonics of degree k£ which form an orthogonal basis of
Hy,, where N(d, k) = 2£d=2(k14°3) is the dimension of H;. They form an orthonormal ba-

sis of L?(X,v4_1). We have Z;V:(f’k) Yij(x)Yi;(x') = N(d, k)P,gd)(<x,x’>) for all x,x" € X,
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where P,gd) is the k-th Legendre polynomial in dimension d, which is also known as Gegenbauer
polynomials, given by the Rodrigues formula:

1, (% - a\* _
PO(t) = (_2)kr(k(+2d2)1)(1_t2)(3 hi2 <dt> (1—2)FH 32 (25)

The polynomials {P,gd) are orthogonal in L?(X, dvg_1) where the measure dvg_; is given by
dvg_1(t) = (1 — t?)(4=3)/2d¢, and we have

1
(d)? (d—3)/2 -1 1
[ oo - e = o s,

where wg_1 = F ( v /2) denotes the surface of the unit sphere S~ 1. It follows from the orthogonality
of spherical harmonics that

/X P (%, w)) P ((x, w))dvg_1 (w) = N?c];jk) P9 ((x,x')),

where §;; = 1j—;;. We have the following recurrence relation (Efthimiou and Frye, 2014, Equa-
tion 4.36),
k k+d—2

P + (d)

(@
) = g O+ g o e )

(26)

forall k > 1, and tP\”(t) = P{(t), and P{") = 1. It follows that P{*)(1) = 1 for all k > 0, and
it can be verified that ‘P,gd) (t)‘ <1forallk >0andt € [-1,1].

The Funk-Hecke formula is helpful for computing Fourier coefficients in the basis of spherical
harmonics in terms of Legendre polynomials. For any j € [N(d, k)], we have

/ FU, X)) Vi () dvg_ (x) = =22y, / F(t) _ 2)(d-8)/2qy.
X

For a positive-definite kernel K (x,x’) = r((x,x’)) defined on X, we have its Mercer decomposi-
tion as follows.

N(d,0)
= " we Y Y)Y (x) = 3 weN(d, P ({x, %)),
>0 j=1 >0

where 1y is the eigenvalue of the integral operator T’; associated with K corresponding to Hy. It
follows that

1
fg = 242 / k()P (1)(1 — 7))/ 2qt,
Wd—1 J-1

Proposition 13 ((Krylov, Theorem 4.2)) Letp € Plﬁhom). Then there exists unique hy,,_o; € Hp_o;
forie {0,1,...,|n/2]} such that

p(x) =hp+hp—o+ ...+ hp_ok.
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Theorem 14 Every polynomial p defined on S*=' of degree k for k > 0 can be represented as a
linear combination of homogeneous harmonic polynomials up to degree k, that is,

k

p=>_cpi

i=0
where p; € H; fori € {0,1,...,k}.

Proof Every polynomial p defined on S*~! of degree k can be represented as the sum of homo-
geneous polynomials on S*~! by grouping the terms of p of the same degree together. It follows
from Proposition 13 that every homogeneous polynomial is a linear combination of homogeneous
harmonic polynomials up to degree k. As a result, the conclusion holds. |

Lemma 15 For {y = O(1) and d > O(1), we have
ro = O(d%). (27)

Proof It follows from the direct calculation that N (d, £) =< d’ under the given conditions, so that
ro = S0 N(d, £) < d. |

Lemma 16 (Efficient Computation of the Activation Function o Defined in (2)) Forevery given
x,X € X and the channel attention weights T, o+(x,x’) can be computed in ©(1) time.

L
Proof We note that o, (x,x’) is computed by o, (x,x') = TgP(d) (t) with t = (x,x’). Using
=0

the recursive formula (26) and standard dynamic programming, {P(d)( )}Z o can be computed

in ©(L) time. To see this, we note that Péd) (t) = 1, and the computation of P (t) for every
-1

¢ € [1: L] takes O(1) time by (26) using the stored values of {Pg(d) (t)}é . Summing all the

Tng(d) (t) takes O(L), so the computation of o, (x,x’) takes ©(L) time in total. [

Appendix C. Detailed Proofs

We present detailed proofs for the theoretical results that lead to our main result, Theorem 2, in this
section. The proof of Theorem 2 is presented in Section C.1, followed by the basic definitions and
the detailed proofs of our other technical results. We first introduce the definition of stopping time
which serves as the upper bound for the number of steps 71" in Algorithm 2.

Definition of Stopping Time. Recall that 7, = nt for all ¢ > 0, we then define the stopping time T
as

T := min {t: R (/1)) > (0077,5)_1} — 1. (28)

The stopplng time in fact is the upper bound for the number of steps T" for Algorithm 2, that is,
T < T. In the proof of Theorem 2, we will show that T=n / dﬂ so that it is always feasible to
choose T' < T such that T < n / dl. Throughout this appendix we let 7' < T
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C.1. Proof of Theorem 2

Proof of Theorem 2 We use Theorem 18 and Theorem 19 in this appendix to prove this theorem.
Theorem 18 and Theorem 19 are the formal versions of Theorem 5 and Theorem 6, respectively.
First of all, it follows by Theorem 19 that with probability at least 1 — exp (—©(n£Z)) over w,

1
E — M <el=).
P [(fe = FF)°] < (7715>
Plugging such bound for Ep, [( fi—f *)2} in (40) of Theorem 18 leads to

n
Ep[(fi — )] S © (;) + % + w. (29)

By the definition of 7 and 22, we have

~L

3

S0
IN

< 282,

so that T = £.,2. Furthermore, it follows from (Raskutti et al., 2014, Corollary 4) that £2 < rq/n.
In addition, Lemma 31 suggests that with probability 1 — 4 exp(—0(ne2)) = 1 — 4exp(—0O(rp)),
22 =2 Asaresult, T =< n/dz, and we choose T < T such that T =< n/dz.

Due to the setting that 7" < n/dz and n = O(1), we have

— = — = —. 30)
n

Let w = d’ /n, then w € (0,1) with n > d’. (15) then follows from (29) with w = d’/n, (30) and
the union bound. We note that ¢, is bounded by a positive constant, so that the condition on m in

(38) in Theorem 17, together with w = dt /m and (30) leads to the condition on m in (14).

This theorem is then proved by noting that Theorem 1 guarantees that [ = £y holds with proba-
bility at least 1 — exp (—O(my)) — 9, where 7 is the number of channels selected by the learnable
channel selection algorithm described in Algorithm 1.

|

C.2. Basic Definitions
We introduce the following definitions for our analysis. We define
u(t) =y(t) -y €2))

as the difference between the network output y(¢) and the training response vector y right after the
t-th step of GD. Let 7 < 1 be a positive number. For ¢ > 0 and T > 1 we define the following
quantities: ¢y = O(y0) + 0o + 7 + 1,

Vo= {veR":v=—(I,-nK, f(S)}, (32)
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Sm = {e: e = 31 + E\Q € ]R”,_e\l = — (In — T]Kn)tw,

ef <var}. 33

In particular, Theorem 20 in the appendix shows that w.h.p. over the random noise w and the
random initialization Q, u(¢) can be composed into two vectors, u(t) = v(t) + e(t) such that
v(t) € Vy and e(t) € & .. We then define the set of the neural network weights during the training
by GD as follows:

t—1
A(S,a,T) = {a: dtelT)st.a=— Z %Z(t')u(t’),
=0

u(t') e R" u(t’) =v(t') +e(t),v(t') € Vv, e(t') € &y, forallt’ € [0,¢ — 1]} . (34)

The set of the functions represented by the neural network with weights in A(S, a, T') is then defined
as

InN(S,a,T) = {fi = f(a(t),"): I3t € [T],a(t) € A(S,a,T)}. (35)
We also define the function class F (B, w) for any B, w > 0 as
F(B,w) ={f: f=h+e,heHg(B), el <w}. (36)

We will show by Theorem 3 in the next subsection that w.h.p. over w, Fxn (S, a,T) is a subset of
F(B,w), where a smaller w requires a larger network width m, and By, > 7y is an absolute positive
constant defined by

B = +V2+1. (37)

C.3. Proofs for Results in Section 5.2

We present our key technical results regarding optimization and generalization of the two-layer NN
(1) trained by GD in this section. The following theorem, Theorem 17, is the formal version of
Theorem 3 in Section 5.2, and it states that w.h.p. over w, Fyn(S, a,T) C F(Bp, w).

Theorem 17 Suppose { = O(1) > ly. Suppose w € (0, 1), the network width m satisfies
m > max {T2d2?1og(2n/5) Jw?, T2 1og(2n/5)} , (38)

and the neural network f; = f(a(t),-) is trained by GD with the constant learning rate 1 €
(0,1/(€ + 1)) and ) = O(1). Then for every t € [T and every § € (0, 1), with probability at least
1 —exp (—O(ng2)) — exp (—O(n)) — & over the random initialization Q and the random noise w,
fr € Fnn(S,a,T), and f; has the following decomposition on X :

Jt = he + ey, (39
where hy € H(By) with By, defined in (37), e, € L™ with ||es|| ., < w.

Based on Theorem 17 and the local Rademacher complexity based analysis (Bartlett et al.,
2005), Theorem 18 presents a sharp upper bound for the nonparametric regression risk, E p [( fi—f *)2] ,
where f; is the function represented by the two-layer NN (1) right after the ¢-th step of GD. Theo-
rem 18 is the formal version of Theorem 5 in Section 5.2.
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Theorem 18 Suppose V= O(1) > by, w € (0,1), m satisfies (38), and the neural network
fi = fla(t),") is trained by GD with the constant learning rate ) € (0,1/(£ + 1)) and n = ©(1).
Then for every t € [T] and every 6 € (0,1), with probability at least 1 — exp (—O(né3)) —
exp(—mj) — exp (—O(n)) — J over the random noise w, the random training features S, and the
random initialization Q,
dl
Ep [(fi = £)?] = 2Bp, [(fi = f)] S - +w (40)

Theorem 19 below shows that the empirical loss Ep, [(f; — f*)?] is bounded by ©(1/(nt))
w.h.p. over w. Theorem 19 is the formal version of Theorem 6 in Section 5.2. Such upper bound
for the empirical loss by Theorem 19 will be plugged in the risk bound in Theorem 18 to prove
Theorem 2. The proofs of Theorem 2 and its corollary are presented in the next subsection.

Theorem 19 Suppose 7= ©(1) > Ly, the neural network trained after the t-th step of GD,
fr = f(a(t),-), satisfies u(t) = fi(S) —y = v(t) + e(t) withv(t) € V;, e(t) € & 7. If

ne©1/(+1), 7<— 41)

then for every t € [T, with probability at least 1 — exp (—O(né2)) over the random noise w, we

have

Ep, [(fi— )] < © (;) . 42)

C.3.1. PROOF OF THEOREM 17

We prove Theorem 17 in this subsection. The proof requires the following theorem, Theorem 20,
about our main result about the optimization of the network (1). Theorem 20 states that w.h.p. over
the random noise w and the random initialization Q, the weights of the network a(t) obtained right
after the ¢-th step of GD belongs to A(S, a,T'). The proof of Theorem 20 is based on Lemma 22
and Lemma 23 deferred to Section C.4 of this appendix.

Theorem 20 Suppose { = O(1) > 4y,
m > T2 log(2n/8) /72, 43)

and the neural network f(a(t),-) trained by GD with the constant learning rate n = (1) €
(0,1/(£ + 1)). Then with probability at least 1 — exp (—©(n)) — 0 over the random noise w and
the random initialization Q, a(t) € A(S,a,T) for every t € [T]. Moreover, for every t € [0,T],
u(t) = v(t) + e(t) where u(t) = y(t) —y, v(t) € V4, e(t) € &+, |u(t)]y < cuv/n

Proof of Theorem 20 First, when m > T2d% log(2n/8) /7% with a proper constant, it can be
verified that E, , ,, < 7/n/T where E;.n,y 1s specified by (76) of Lemma 23. We then use
mathematical induction to prove this theorem. We will first prove that u(t) = v(t) + e(¢) where

v(t) € Vi, e(t) € & -, and ||u(t)||, < cyy/nforallt € [0,T].
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When ¢ = 0, we have
u(0) = —y = v(0) + e(0), (44)

where v(0) = —f*(S) = — (I —1K,)" f*(S), e(0) = —w with e(0) = — (I —7K,)’ w.
Therefore, v(0) € Vy and e(0) € & . Also, it follows from the proof of Lemma 22 that |[u(0)||, <
cuy/n with probability at least 1 — exp (—O(n)) over the random noise w.

Suppose that for all t; € [0,¢] with ¢ € [0,T — 1], u(t1) = v(t1) + e(t1) where v(t1) € Vy,,
e(t1) € &, 7. and ||u(ty)]| < cuy/n. Then it follows from Lemma 23 that the recursion u(t'+1) =
(I—nK,)u(t')+ E(t' + 1) holds for all ¢’ € [0,¢]. As a result, we have

ut+1)=1I-nK,)ut)+E(t+1)

t+1
= — (T—yK,)™ f7(8) = (T—nK,) w4 Y (I—nK,) T E()
t'=1
=v(t+1)+e(t+1), (45)
where v(t 4+ 1) and e(t 4 1) are defined as
v(t+1) = —(I—nK,) ™ f5(S) € Viu, (46)
t+1 ,
e(t+1) = —(IT-nK,) ' w+ > (I-7K,) " E(t). (47)
e1(t+1) =
ea(t+1)

We now prove the upper bound for Eg(t + 1). With n € (0, 1/(Z+ 1)), we have ||I — nK,||, €
(0,1). Tt follows that

t+1
S SIS A
t'=1

E()|, < v, (48)

where the last inequality follows from the fact that ||E(¢)||y < Ey, .y < 74/n/T forallt € [T]. It
follows that e(t 4+ 1) € & 41,-. Also, since £ > £y, it follows from Lemma 22 that

[+ Dll, < Iv(E+ Dlly + o1t + 1) + ezt + 1)

< (720677+00+r+1>\/ﬁ§ caV/n.

The above inequality completes the induction step, which also completes the proof. |

2

Proof of Theorem 17 In this proof we abbreviate f; as f. It follows from Theorem 20 and its proof
that conditioned on an event 2 with probability at least 1 — exp (—©(n)) — 4, f € Fnn(S,a,T).
Moreover, f = f(a,-) witha = {a,;}-, € A(S,a,T), where u(t') € R", u(t') = v(t') + e(t')

with v(t') € Vy and e(t') € &y, forall t’ € [0,t — 1]. a is expressed as
=L,
=a(t)=-Y —Z({")u 49
a=a(f) == 3 T2l 9)
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for some ¢ € [T]. Using (49), g(x) is expressed as

t—1 1 m N ) )
J6) = flax) = =30 =3 ol a,) [Z(t)], u(t)
t'=0 r=1
t—1 n
n > ’
=— - K(x,x;) u(t)]., (50)
; n = J |: :|]
=Gy (x)
For each GGy in the RHS of (50), we have
_n o — n ©n . — / n - ) /
Gt’(x) - EZK(X7 X]) [u(t )]j - ;ZK(Xa X]) [U_(t )]] + EZQJ [u(t )]j : &)
j=1 Jj=1 J=1

where ¢; = K(x, 2]) K(x, ;j) forall j € [n]in @ We now analyze each term on the RHS of

(51). Let h(-,t'): X — R be defined by h(x,t') =1 Z K(x, X]) [u(?')];, then h(-,t") € H for
"o
each t’ € [0,¢ — 1]. We define

Z B(- ) € Hae, (52)

We note that w.h.p., u(t') < cuy/n. Since £ = ©(1), it follows from (89) in Theorem 25 that

lgil < dZ\/ % for all j € [n]. As aresult, we have
- 7 [log(2n/é 7 [log(2n/d
1B = | TS as@)]| < Deavin vindy B < gt [RECNO) 53
j=1

[e.o]

Combining (51) and (53), any ' € [0,¢ — 1],

>~ [log(2n/é
sup |G (x) — hix, )] < 1]l S nead’y £, (54)
xeX m
Define e; := f(a,-) — hy. It then follows from (50) and (54) that
lletlloe < sup |f(a,x) x)| < Z Sup |Gy (x) = h(x,t)]
= xE
log(2n/0)
S neaTd" Og(nff/ = Ampn - (55)

It follows that, for any w € (0, 1), when m 2 T2d2?log(2n/5)/w2, we have Ay, 7 < w.
It follows from Lemma 24 that with probability at least 1 — exp (—©(n£;.)) over the random
noise w, || Al|y,, < Bp, where By, is defined in (37), and 7 is required to satisfy 7 < 1/(nT).
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Theorem 20 requires that m 2 7242 log(2n/8)/72. As a result, we also need to have
m 2 7]2T4d2zlog(2n/5),

which leads to the condition (38) on m with n = ©(1). [ |

C.3.2. PROOF OF THEOREM 18

We need the following lemma, Lemma 21, which gives a sharp upper bound for the Rademacher
complexity of a localized function class as a subset of the function class F (B, w), and then prove
Theorem 18 using Lemma 21.

Lemma 21 For every B,w > 0 every r > (),

R({feFB,w):Ep[f <r}) <epuwl), (56)
where
00 1/2
Q %:+1 A
. Q -
PBw(r) = o (Vr+ w)\/: +B| — — + w. (57)

Proof of Theorem 18 It follows from Theorem 17 that for every ¢ € [T'], conditioned on an event
Q with probability at least 1 — exp (—O(né2)) — exp (—O(n)) — § over Q and w, we have a(t) €
A(S,a,T), and f(a(t),:) = fi € Fnn(S,a,T). Moreover, conditioned on the event €2, f; =
hi + e; where hy € H(By) and e; € L™ with ||le]| , < w.

We then derive the sharp upper bound for Ep [( fi—f *)2] by applying Theorem 11 to the

function class F = {F =(f—f"%:fe ]-"(Bh,w)}. Since By = (B + v0)VI+1+1 >
(B + 70)VE+ 1 + w, then ||[F||,, < B2 with F € F, so that Ep [F?] < B2Ep[F]. Let
T(F) = B{Ep [F] for F € F. Then Var [F] < Ep [F?] < T(F) = B3Ep [F).

We have

R((F € F: T(F) <r}) =% ({(f P f € F(Brow)Ep [(f - £ < B})

() )

Samn ({71 s e FBLwER (- 17 < 7))

2
< 4By% ({f [ € F(By,w).Ep [f] < 47"32}) . (58)
0

where (D is due to the contraction property of Rademacher complexity in Theorem 9. Since f* €

F(Bp,w), f € F(Bp,w), we have f—2f* € F(Bp,w) due to the fact that 7 (Bp,, w) is symmetric

and convex, and it follows that @ holds.
It follows from (58) and Lemma 21 that

BXR({F € F: T(F) <r}) <4B3R ({f: f € F(Bp,w),Ep [f?] < })
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< 4B3¢p, w (47’32> = (r). (59)
0

1) defined as the RHS of (59) is a sub-root function since it is nonnegative, nondecreasing and %

is nonincreasing. Let r* be the fixed point of ¢, and 0 < r < r*. It follows from (Bartlett et al.,
2005, Lemma 3.2) that 0 < 7 < (r) = 4B3¢p (é). Therefore, by the definition of ¢ in (57),
0

for every 0 < @ < n, we have

) 1/2
> A
r Vr Q q=Q+1
— < | = —~+ B, | ———— : 60
4Bg_<2Bo+w>\/n+ h n w (60)
Solving the quadratic inequality (60) for r, we have
) 1/2
> A
8B Z
r< SB0Q | g w<\/Q+1>+Bh =l . 61)
n n n
(61) holds for every 0 < @ < n, so we have
oo 1/2
> A
B =
r <8B3 min 0Q+w<\/Q+1>+Bh =t . (62)
0<Q<n n n n

It then follows from (59) and Theorem 11 that with probability at least 1 —exp(—x) over the random
training features S,

. K . z (11B3 + 26 B2K, 704K, |
Ep [(fi = £ = =B [(f = £97] - (15 — O Bg% . (63)
or
Ep [(fi = £)?] = 2Ep, [(fi— )] S+ =, (64
with Ky = 2 in (63). It follows from (62) and (64) with ) = m; that
o 1/2
ms Q q:n;ﬂ—l )\q T
N (R R e
n n n n
(65)
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We note that A\, = 0 for all ¢ > my in (65), and the above argument requires Theorem 17 which
holds with probability at least 1 — exp (—©(né2 )) — exp ( ©(n)) — 0 over the random noise w.

Setting = my in (65) and noting that m; = @(de) due to £ = O(1) prove (40).
|

Proof of Theorem 19 We have
fe(8) = f(8) + w + v(t) + e(t), (66)
where v(t) € V. e(t) € & e(t) = ei(t) + ex(t) with e;(t) = — (I, — nK,)' w and
H&(t)”z < /nr. We have Ay € (0,1) it 5 € (0,1/(Z+ 1)). It follows from (66) that
b [ 17 = TUA(S) — £ S = LI+ w o+ (0
_ %H_ 1K) 7(8) + (L - (1, —:Kn)t> w+ EQ(t)HZ
LIE ) e (- (o)) e e

i=1

2

D 32 3 2 2
< 2Ho oy 2 (1f 1— A, t) UTwl]’ + 372
- Zent+n; ( nAi) [ W]z+37

<0 (nlt) +3 %Z (1-0- n/\i)t>2 UTw] =0 <1t> +3E.. 67)

i=1 N

=F.

Here (D follows from the Cauchy-Schwarz inequality, @ follows from (74) in the proof of
Lemma 22. We then derive the upper bound for E. on the RHS of (67). We define the diagonal

matrix R € R"" with R;; = (1 -—(1- nAi)t)Q. Then we have
BE.=1/n-tr (URUTwa)
It follows from (Wright, 1973) that
Pr [l/n - tr (URUTWWT> -E [1/n - tr (URUTWWTH > u}
< exp (—cmin {nu/[R]ly, n*u?/| R} }) (68)

holds for all v > 0, and c is a positive constant. With 7; = nt for all £ > 0, we have

E [l/n-tr (URUTWWT>] < ‘fzn: (1 - (1 _nXi)t>2 ¢ ‘fgmin{l,nfif}

QD o2y & 1 ~
< Jont E mln{ 777t)\2} < o' E min{,)\i}
n “ Mt
i=1
1
= oo R (\/1/m) < — - (69)
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Here (D follows from the fact that (1 — nxi)t > max {O, 1-— tnxi}, and @ follows from

min {a, b} < v/ab for any nonnegative numbers a, b. Because t < T < T, we have Ry (/1/n;) <
1/(oom:), so the last inequality holds.
Moreover, we have the upper bounds for ||R||, and || R|| as follows. First, we have

lmm§2%<1(17@YYSmm@m§ﬂ3L (70)

We also have

ORI ~ 1 5 1
< %Zmin {)\i, 77t} = nRE(V1/m) € —— (71

If 1/m < n?@)‘*, then min{l/nt,nf’(xi)‘l} = 1/n;. Otherwise, we have nf}X? < 1, so that
mAi < 1 and it follows that min {1 /e, 3 (X,)‘l} < ngﬁf < Ai. As aresult, @ holds.

Combining (68)- (71), we have
Pr [1/71 - tr (URUTWWT> —E [1/71 - tr <URUTWWT)} > u} < exp (—cnmin {u, u20(2)77t}) .

Let u = 1/n, in the above inequality, we have

exp (—cnmin {v, u20(2]77t}) =exp (—n/m;) < exp (—c’né\i) ,

where ¢ = c¢min {1, 03 }, and the last inequality is due to the fact that 1/n; > £2 since t < T’ < T.
It follows that with probability at least 1 — exp (—O(né2)),

1 2
E.<u+—=—. (72)
m Mt

It then follows from (67), (68)-(72) that

Eaﬂﬂ—fﬂﬂ<®<l>

holds with probability at least 1 — exp (—c’ né\%)

C.4. Proof of the Lemmas Required for the Proofs in Section C.3

Lemma 22 Suppose (> 0y Lett €[0:T), v=—(I-nK,) f*(S), e=—(I-1Ky)' w, and
n € (0,1/(£ + 1)). Then with probability at least 1 — exp (—©(n)) over the random noise w,

Ivlly + llelly < (©(y0) + 00 + 1) - /1. (73)
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Proof When ¢ € [T, we have

WE=3 (1-R) uTrs)
=1 %

(1 — nXi)Qt [UTf*(S)]2

i

I

1

(1) forre] 28 o)
@ L’Yg < O() - n. (74)

— 2ent —

Here D follows from Lemma 30. @ follows from Lemma 29. This is because with 7 > Ay, [ €
H o) (70) € Hi(70). Moreover, it follows from the concentration inequality about quadratic
forms of sub-Gaussian random variables in (Wright, 1973) that

Pr[[wl3 — E [Iwl3] > n] < exp(—0(n)),

sothat ||e||, < [|w|y, < 4/E [HWH%}—F\f = y/n(0p+1) with probability at least 1 —exp (—©(n)).
vlly < O(0)vn,

As a result, (73) follows from this inequality and (74) for ¢ > 1. Whent = 0,
so that (73) still holds.

Lemma 23  Suppose ! = O(1). Let 0 <n < 1,0 <t <T—1forT > 1, and suppose that
|y(t') — ylly < cuv/n holds for all 0 <t < t. Then for every ¢ € (0, 1), with probability at least
1 — § over the random initialization Q,

y(t+1) —y=>T-1Ky) (F() —y) +E(t +1), (75)
where |E(t +1)|y < Ep, .y, and By, p, 5, satisfies

By < ncadly/ 20 (76)
m

Proof Because ||y(t') — y|l, < v/ncy holds for all ¢ € [0,¢]. We have

F(t+1) - §(t) = \/1% > (or(t+ 1) — ) or(Xi,4,)
= —JK@E0 -y)
= TK@F0) ~y)+ 7 (K-K) F() ). an

Since ¢ = ©(1), it follows from (91) of Theorem 25 that with probability at least 1 — § over Q,

HR" -K, , < d’ %. As aresult, |[E(t + 1)||, can be bounded by
7 [log(2n/0
BG4 Dl < new - dy2E2 78)
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(77) can be rewritten as
~ o n =
i+ 1) -y = (1- 1K) () —y) + E(t+1),

which proves (75) with the upper bound for || E(t + 1)||, in (78).

Lemma 24 Suppose { = ©(1) > ly. Let hy(-) = i’;lo h(-,t') fort € [T], T < T where

where v(t') € Vy, e(t') € Ey; forall 0 < t' < t — 1. Suppose that T < 1/(nT'), then with
probability at least 1 — exp (—G(na%)) over the random noise w,

elly,. < Br="+V2+1, (79)

and By, is also defined in (37).

RN

Proof We have v(f) = — (I - K f5(S), e(t) = e1(t)+ ea(t) with e1(t) = — (I — nK,)f w,
Heg(t)H2 < y/nT. We define

e (1) = —ZiK@j,x) [zl(t’)]j, ) = ZK x;,%) [ea(t )L. (80)
j=1

Let 3 be the diagonal matrix containing eigenvalues of K,,, which are Xl > /):2 > X,« > XTH =
.. Ap = 0 where r < n is the rank of the gram matrix K,,. Then we have

t—1 n t—1

Zv(x,t/)znZZ[I—UK r(8)] K (x;%)
t'=0 Jj=1t'=
n t—1
=1 ZZ [U (I— ) Ul (S)] K(x;,x). 81)
] 1t'=

It follows from (81) that

t—1 2 9 t—1 t—1
Sty = %f*(S)TU > (1— =) UTKU Y (1-n2)" UTf*(8)
t'=0 Hy =0 =0
2
_ 1/2U UT
- Z f(8) 2
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~\H) 2
: <1_(1—m)> [UTf*<S>]?S1ZT:W93’ *

1
SHZ s

B\\i 1 n i1 i
where the last inequality follows from Lemma 29.

Similarly, we have
) 2
2 1 T <1—<1—77)\1>>

t—1
t;)ao,t’) = ”Zl < Ut (83)
. g

It then follows from the argument in the proof of (Raskutti et al., 2014, Lemma 9) that the RHS of

(83) is bounded w.h.p. We define a diagonal matrix R € R™ " with R;; = (1 — (1 — nxi)t)Q/Xi
for i € [n]. Then the RHS of (83)is 1/n - tr (URU " ww ). It follows from (Wright, 1973) that

Pr [1/n - tr (URUTWWT> —-E [l/n - tr (URUTWWTH > u}

< exp (—cmin {nu/\|R||2,n2u2/\|R\|§}) (84)
for all w > 0, and c is a positive constant. Let n; = nt for all £ > 0, we have
(1-(-n))
1— (1 Y ) ) ,
2 ’ D o2 1 ,e
g g
E[1/n-uw(URUTww )| <%0 _ % o
/n-tr \AM < Z N = Zmln o Tl Ad
=1 ? =1 )
' T
1 ~19¢ ~
< Toe me{A,ny\i} < mz:mm{l,m)\z}
(" NN no=
027%2 - 1y [2)
= 2N min {n ' N | = 0B RR(VI/m) <1 (89)
=1

Here @ follows from the fact that (1—77Xi)t > max {0, 1-— tnxi}, and @ follows from min {a, b} <
V/ab for any nonnegative numbers a, b. Because t < T < T', we have Ry (\/1/n;) < 1/(com), so

the last inequality holds.
Moreover, we have the upper bounds for ||R||, and || R|| as follows. First, we have

)2

<1—<1—n/\i>> L

< = <maxmin{,\,?7t2)\i} < 1. (86)
i€(r] i i€(r] i

We also have

A
r - 1_77)‘Z> r
1 2 1 < < ) n; . 1 T2
ﬁHRHF = —Z < = me 37’)\\2’7%/\1'

n
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Fw

i
n

Ezj m{ }—nt 2(V/1/m) < "g 87)

where @) follows from

1 ~ ~ 1 ~ ~
min {3/\277716)\12} = \; min {3/\377715)\2'} <\
M A7 nyA;

Combining (83)-(87) with u = 1 in (84), we have
Pr [1/71 e (URUTwa) _E [1 /n-tr (URUTWWT)} > 1]
< exp (—cmin {n/m,nog/m}) < exp (—nc /n;) < exp (—c'né2),

where ¢ = cmin {1, 08}, and the last inequality is due to the fact that 1 / Ny > ?% sincet < T < T.

2
It follows that with probability at least 1 — exp (—©O Hzt Lei(,t) N <2
K
We now find the upper bound for Hzt, ea(- H . We have
2
€215, < %62 (tKes(t') < n’Air?,

so that

t—1 - -

doalt) <> @b, < T ar <1, (88)

t'=0 Hx

if 7 < 1/(nT) since A€ (0,©(1)) due to the fact that A < supyecyx K(x,x) = O(1).
Finally, it follows from (82), (84), and (88) that

t—1 t—1 t—1
1Paellgq e < Zi}\(',t/) + Zé\l('vt/) + 282(',75/) <9 +V2+1=B.
t'=0 H t'=0 Hy t'=0 Hi

Theorem 25 Suppose [ = O(1). For any fixed x' € X and every 6 € (0, 1), with probability at
least 1 — 6 over the random initialization Q = {qr} e have

~ 7 [log2
sup | R (x,x') — K (x,x)| < dfy/ 2220 (89)
xXEX m
As a result, with probability at least 1 — § over Q,
~ SN — 7 1 2
sup  |K(x,x;) — K(x,x;)| < d 70g( n/é)’ (90)
x€X i€[n] m
log(2
m
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Proof First, it follows from (95) in the proof of Lemma 26 that for all x,x’ € X,

¢

7
e (6,X)| < sup [l (@), = S 2 N(d, ) = 3T N3 (d 0) = 6(d?) = po,
as £=0 =0

which follows from the fact that N2 (d,0) < dz for every £ € [0 : Z] with £ = ©(1). The following
arguments hold for every given x’ € X'. We have

E. [aT(-,?v)aT(v?-,x')} — K(-,%).

It then follows from (94) of Lemma 26 that for every ¢t > 0,

2
<t >1-2exp (" ) (92
@(d3£/2)

Ho

m

Noting that 1/m - 3 o+ (-, q,)or(q,,x") = K(-,x'), it then follows from (92) that

r=1
2
<t} S1—2exp (- ). (93)
Ho O(d3t/2)

o

(89) then follows from (93) and the fact that

‘I/(\'(-,x') — K(,x)

sup | K (x,x') — K(x,x')
xXeX

and (90) and (91) follow from (89) by the union bound. |

< Hf{(-,x/) ~K(-,%)

-sup [lor (4, %), ,

o xXeX

Lemma 26 Suppose [ = ©(1), and p is a function defined on X and supycy |p(x)| < po for a
positive number pg. Then for every r > (),

2

mr
>r| <2exp|—-——1]. (94
( G(df”)p%)

Proof Let B = Hyx C L%*(S% ', u), then B € D(1,1) (Pinelis, 1992). We then construct the
martingale { f.};.c(,,)- First, for every q € X, we have

3 oe(ap(a,) — By [or( win(w)]

Ho

Ni(d, £) = ©(d?). (95)

||
7~

7

d

lor ()i, = or(aa) =D u,; 2 pld)(
=0

~
Il
o

We define p1 := 2po||or (-, )|l @(dg/‘l) po for every q € X. For each k € [m], we also define

m

i ::E[ "> (0-(.d,00(d,) ~ By [of(-,v?>p<v?>})|fk],vzee[m1,

pl\/m r=1

36



CHANNEL ATTENTION IN NEURAL NETWORKS LEARNS LOW-DEGREE SPHERICAL POLYNOMIALS

Nk
where { Fj, };-_, is an increasing sequence of o-algebras, F, is the o-algebra generated by { qr} X
and Fy is the trivial o-algebra so that f = 0. We note that "

fm =

- fz (0= dp(a,) — Eg K wip(w)] ).
= = it = o (o () = B [or (W) ) ¥ € [,

and f* = maxye[y, || fx||. For every k € [m], we have

i = | o (@) — B o] |
2 (et an)],, +mmg [t ) 25 00

where (D follows from the triangle inequality and the Jensen’s inequality, and @) follows from (95).
It follows from (96) that 3_°° | ||dx||> < 1. Applying Lemma 27 with the martingale { Tetieo

and B = H, C L*(S%!, p) with B = 1, we have Pr [f* = maxye ) || frll > r] < 2exp <—§)
As aresult, for every r > 0,

Pr

- \ﬁz( L a,)p(a,) — Eg [or (- wp(w)))

and it follows that

which completes the proof of (94).

In order to prove Lemma 26, we need to the following concentration inequality for independent
random variables taking values in a Hilbert space B of functions defined on a measurable space
(S,%s, us). Let { fr},—, be a martingale over a separable Banach space (B, ||-||) with respect to
an increasing sequence of o-algebras {F} ", and fo = 0. Define dy, = f — fr—1 for k > 1,
do = 0, and f* := sup,,~¢ || fx||. The following lemma is about the martingale based concentration
inequality for Banach space-valued random process (Pinelis, 1992).

Lemma 27 ((Pinelis, 1992, Theorem 2)) Suppose that Y -, esssup||dj, |? < 1 where esssup(f) =
inf,ecr { w(f~(a,+00)) = O} for a function denotes the essential supremum of a function, and
B € D(Ay, Ag) or B C LP(S, %, u) with p > 2. Then for every r > 0,

2
Prif* >r] <2exp <—2TB> o7

with B =p — 1 for BC LP(S,Xg, us).
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Lemma 28 The integral operator Ty : L*(X, 1) — L*(X, 1), (Tk f) (x = [, K (x")dp(x")
is a positive, self-adjoint, and compact operator on L*(X, ). {Yy; }]e[N(d o) are the elgenfunctlon

of Tk with pu = 15 ¢ being the corresponding eigenvalue for every { € [0 : (. Furthermore,

N(d,0)

0
=3 > Yo (0Y(x), x,x €X, (98)
=0 j=1

and supy e | K (%, X')| = {+1=0().

Proof It follows from the definition of the activation function o in (2) and the definition of K in (5)
that

¢ N(@do) | 7 N(d0)
— [ [ 3 st | (303 sl Yis(w)¥ix) | dutw)
X \e=0 j=1 =0 j=1
¢ N(d\f)
=303 V(Y (), ©9)

where the last inequality follows from the orthogonality of the orthogonal set {Y;} tel0:8 jeIN(d,0)"

It follows from (99) that K is PD kernel of finite rank over the compact set X', so that TK is
a positive, self-adjoint, and compact operator on L?(X, ). Furthermore, for every ¢ € [0 : é]
and every j € [N(d,?)], TkYs; = 1Yy j, showing that p is the eigenvalue for every function in

{Yes }ZE[O:Z],je[N(d,K)}'
Finally, considering the RKHS associated with the PD kernel K, we have

)<K ), K(-,x)) < sup K(x,x)

xeX

|
w
N
’U

sup ‘KXX) =

x,x'€X x,x'€X Hi

¢
which is due to the fact that Plid) (1) = 1 for all £ > 0 discussed in Section B of this appendix. H

Lemma 29 (In the proof of (Raskutti et al., 2014, Lemma 8)) Let r be the rank of the gram ma-
trix K for the kernel K over the training features S. Then for any f € Hx (o), we have

UT
- Z f < (100)

Lemma 30 For any positive real number a € (0, 1) and natural number t, we have

1
1—a)f<elr< —, 101
(1-a)<e < (101)
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Proof The result follows from the facts that log(1 — a) < a fora € (0, 1) and sup,,cg ue ™™ < 1/e.
|

Lemma 31 ((Yang and Li, 2024, Lemma B.7)) With probability at least 1 — 4 exp(—0(ne2)),
en SE EnSen. (102)

Proof of Lemma 21 We first decompose the Rademacher complexity of the function class {f €
F(B,w): Ep [f?] <r} into two terms as follows:

R({f: feFB,w),Ep[f}<r})
1 N

< -E sup oih(x;)
" | feF(Bw): Eplf2]<r ;

n n

sup Ule(xz) : (103)
feF(Bw): Ep[f2]<r ;5

1
+-E
n

=R =R

We now analyze the upper bounds for R1, R2 on the RHS of (103).

Derivation for the upper bound for R;.

According to Definition 36 and Theorem 17, for any f € F(Bw), we have f = h + e with
heHg(B),ec L™, el <w

When Ep [f?] < r, it follows from the triangle inequality that ||h| 2 < [|fl 2 + [le] 2 <
/T + w = rj,. We now consider h € Hy (B) with ||| 2 < 7}, in the remaining of this proof. We
have

= <h,ZaiK(~,;i)> + 3 gie(xi). (104)
: .

i=1

Because {vq} >1 1s an orthonormal basis of # f, for any 0 < @ < n, we further express the first
term on the RHS of (104) as

<h’.zn:0iK(";i)>HK <Z\ﬁthqu,z\ﬁ<2m ,Xi), >HKUQ>HK

<h Z <Zal xZ > vq> . (105)
>Q Hi H

K

o0 o0
Due to the fact that b € Hye, h = 3 B0, = 3 /A8 e, with v, = /Ageq. Therefore,
q=1 q=1

o0 h2
|w§=;%@%md
q:

< (h)?
S8 < Bl < e (106)
q=1

Q Q
Z \/E (h, UQ>HK Uq = Z \/)‘»qﬁz(lh)”q
q=1

Hi =1 Hi

39



YANG

According to Mercer’s Theorem, because the kernel K is continuous, symmetric and positive defi-
nite, it has the decomposition

xi) = Y Ajei()ej(x0),
j=1

%

so that we have
<Z o K xZ vq> < aiZ)\jejej(;i),vq> <ZU’Z\/)‘76] v],vq>
Hr i=1  j=1 Hy J Hi
=3 o/ Ageq(x0). (107)
i=1

Combining (105), (106), and (107), we have

n N @ Q Q n
<h,ZaiK(-,xi)> < Z\/)TQUL, vq>HK Vg Z <Zaz xz > Vg
i=1 q=1 = Hi

Hi Hi
Sl | 3 <Zaz 2 > o
q=Q+1 Hx My
Q n © n
< [[hll 2 Zzaieq(;i)vq +B Z Zai\/rqeq(Qi)vq
g=11=1 Hx q=Q+1 i=1 Hac
Q n 2 s n 2
> (Zaieq(;i)> +B,| > (Zai@eq(Qi)> , (108)
q=1 \i=1 q=Q+1 \i=1

where (D is due to Cauchy-Schwarz inequality. Moreover, by Jensen’s inequality we have

Q n 2 2 Q n
E Z(Zmeﬂ?ﬁ) < |E Z(Zaleq Xl> < |E Zzeg(il) :\/@.

g=1 \i=1 ¢=1 g=1i=1
(109)
and similarly,
oo n 2 o0 n
E > (Zam//\qeq(xi)> < JE| DY A e(xi)| = (110)
¢=Q+1 \i=1 =Q+1 =1

Since (108)-(110) hold for all @ > 0, it follows that

sup 120ih(;i)] < mn; rov/nQ + B |n Z Ag |- (111)

heM i (B),[|b]l 2 <rn T ;=4 g=0+1

E
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It follows from (103), (104), and (111) that

o0 1/2
n 2 A
1 = ) Q q=Q+1
Ri1 < -E sup oh(x;)| < min | rpy/ =+ B . (112)
" |heHxB)|hll2<rn i Q: Q=0 n
Derivation for the upper bound for R».
Because ‘1/n Dy oie(;i) < w when |le|| , < w, we have
1 n
Ro < —E sup Zaie(xi) < w. (113)
n e€Lo: |lefl ,<w ;7
It follows from (112) and (113) that
oo 1/2
Q % 1/\q
R({f: fecFB,w),Ep[f2]<rl)< mi yp|Eert :
({f: f € F(Bw).Ep [f] <r}) < min | g/ 5+ ” +w
Plugging r, in the RHS of the above inequality completes the proof. |

Appendix D. Proofs for Channel Selection

Proof of Theorem 1 We denote 74(1) as 7 for all £ € [0 : L] in this proof. Let 3 € R" be the
vector with the elements {3, ;: £ € [0: 4], j € [N(d, ()]}
We note that f*(S) = Y (S,rp)B and y = f*(S) + w, so that 7y = Ty s + Tw ¢ + Tw, and

Tt = ﬁ,@TYT(S,ro)Y (S,0Y"(Q.0Y(Q,mr)Y ' (S,mr)Y(S,r0)B,
rwt = W (8, 0YT(QOY(Qmi)YT (S, mp)w,
Pt = BT (8,70 Y (S, 0¥ T(QOY(Qme) YT (S, mp)w,

where 3 € R0, and the elements of 3 form the enumeration of { ng}o <0<to JE[N(d,0)]" We let
YT (S, 70)Y(S,0)/n = By + Dot Brye = E [YT(S,70)Y(S,0)]
YT (S,m1)Y(S,70)/n = Emp g + Amgrs By vy = B [ Y (S,m1)Y(S,70)
YT(Q7€)Y(Q7 mL)/m = EE,mL + AZ,T)’LLJ EE,mL = YT(Q7 K)Y(Q7 mL)‘

Here ETO,£7 A’r‘o,ﬁa € RTOXN(d.()’ EmLJO’ AWLL,?"O € RmLXro’ and Ef,mLa AE,mL S RN(d'g)XmL.
We let A, to denote the submatrix of A formed by rows of A with row indices in [s : t], and
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A5 to denote the submatrix of A formed by columns of A with columns indices in [s : ¢]. Then
if 0 < ¢ < 4y,

[ET(),E] [mg_1+1:mg] = IN(‘L@’ [ETOAJ‘ =0 fOI' all] ¢ [mg,1 + L: mf]?
and E, , = 01if £ > {y. Similarly,
[EmL,TO][l;ro] = Ly, [EmLyro][r0+1;mL] =0,
and
(B )1 = Iy, [Eom, )Y = 0forall j ¢ [me_y +1:my).

With min {m,n} > 4my log(4mp/J), it follows from Lemma 34 that, with probability at least
1 — ¢ forevery § € (0,1),

dmyp \ dmp, dmp '\ 4my,
maX{HAngH? HAmL,TOHQ} < \/log <5> T <1, ”A@,mLHQ < \/log (5> 7 <1,
(114)

Whichareduetothefactthatmax{||Ar0,g|]2, \\AmL7r0\|2} < HASMLHQand HAZ,mLHz < ]\AQmL||2,
where Ag 1, , AQ,m, are defined in (137)-(138). We have

rer = Y (S, )Y (8.0 YT (QOY(Qmr) YT (S,m1)Y(S,r0) 8

=D
1 1
= —B'E,DiB+ —B' Ay D1 (115)
nm nm
=F
It follows from (114) that
HYT(Q,z)Y(Q,mL)H2 < 2m, HS{*T(s,mL)Y(s,7~0)H2 < 2n. (116)
It follows from (116) that
D1y < 4mn. (117)
It then follows from (114) and (117) that
1 9 4mL 4mL
Bl < 11 A ], D, < zw&\/log (H5e) e an

We have
1 1
— B Er DB = —B By (B, Y ' (S,m1) Y (S,70)8

1
+ =B By B, Y (S,me)Y(S,70)8, (119)

=F>
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and

4mL 4mL

1 2 T 2
< — < — ) —=.
Bal < 1831 A m, [ ¥ <s,mL>Y<s,ro>H2_270\/10g< ) A

‘We further have

1
—B Ero 1 Erm, Y ' (8,m1)Y(8,70)8 = B' Ey ¢ Etomy Emy o3

+IBTET0,€E€,mLAmLJ0/87 (121)
=F3
and
4 4
|Bs| < 73\/ log (mL> L (122)
) n
‘We note that
0 bo <€ <L
B ErytBtmy By roB = ) (123)
> jenwn Bi; €€ [0: L]

It follows that when ¢ € [0 : £g],

BT ErtEomy Emy o3 > N(d, ) Bi; > B (124)

min
£€[0:40],5 €[N (d,0)]]
For g9 < 33/3, with

4 4 2 2 2
> 25677;,;70 log <47;1L> > maX{400n;L70 log <4rgL) 7 32mp(of + 1)’ 81927077115(00 +1) } 7
€0 €0

m

€0 €0

by Lemma 32 and Lemma 33 we have

4 4 4 4
Bt B < wvlog TN zyg\/log () s o

dmp(od +1)
n

<e0/8, |Twil <8V27 <&9/8,

2
mpr(os5 + 1
] < o)

which hold for all £ € [0 : L]. Combining the above results, we have

To > BE—E1—Ey—E3>%0 (€[0:4), (125)
Tes| < By + By + B3 < 30, by <t<L.
As aresult, when ¢ € [0 : {], we have
~ 980 €0 €0
Te=Tap +Twe+Twye > — — — — — > 2e0. (126)

4 8 8
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When ¢y < ¢ < L, we have

380

400 (127)

6] < Vel + [l + e < 20+ 2 4 2

which completes the proof with the union bound.
|

Lemma 32 Forevery 0 € (0, 1), suppose min {n,m} > 4my, log(4my/d). Then with probability
at least 1 — exp (—O©(myp)) — 0, for every £ € [0 : L],

dmp(od +1)
- .

Proof We first define M = Y (S,0)Y " (Q, )Y (Q,m)Y " (S,mr)/ (n?m) € R™*", then 1, =
w ! Mw. With n > 4m log(4mp,/6), it follows from (139) in Lemma 34 that both Y (S, ¢) and

Y (S,mp) are of full column rank. We let the singular value decomposition of Y (S,my,) and
Y(S,?) be

[Tw,e| < (128)

T

Y(S,my) = UDsOVOT y(s ) =uOsOvO " (129)

where UL) ¢ Rxme (L) ¢ Rmoxme ) ¢ RrxNdd) () ¢ RN(OHXN(L) are orthogonal
matrices, (1) € R7mxmL 530 ¢ RN(GOXN(L) gre diagonal matrices. We can then express M
as

M = U0 0/ vV (YT(Q0¥(Qma) mVI(EH ym uh T a30)

=D

The operator norm of D in (130) can be bounded by
Dl < 4, (131)

which holds with probability at least 1—¢. It follows from (139) in Lemma 34 again that HE(@ /\/n H2 <
V2, HE(L)/\/HH2 < V2, and |[(YT(Q,0)Y(Q,mz)/m)||, < 2, so that (131) holds. Moreover,
because the column space of Y (S, /) is a subspace of the column space of Y (S, my), we have

HU(@TWH2 < HU(L)TWHQ. It then follows from this fact and (130)-(131) that

4 2
Twi = W Mw < —HU@)TWHQ. (132)
n

It follows from the concentration inequality about quadratic forms of sub-Gaussian random vari-
2 2
ables in (Wright, 1973) that Pr [HU(L)TW‘L —-E [HU(L)Tw’u > mL} < exp (—O(my)). Then

with probability at least 1 — exp (—©(my)), we have
2 2
HU(L)TWH2 <E [HU(L)TWH2] +mp < o <U(L)U(L)T> Ymp=mp(o2+1).  (133)

(128) then follows from (132) and (133). |
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Lemma 33 Forevery 0 € (0, 1), suppose min {n,m} > 4my, log(4my/d). Then with probability
at least 1 — exp (—O©(myp)) — 0, for every £ € [0 : L],

211
] < 8V270 ”””L“;;*) (134)

Proof Recall that the singular value decomposition of Y (S, mp) is Y (S, mp) = 8[02)>AvON
as that in (129). Then we have

Pue = =BT (YT (S,10)Y(8,0/n) (Y (Q OY(Qm)/m) VI (M /i) UM

NG ~
2

It follows from Lemma 34 that with probability at least 1 — ¢,
IDully < 4V2. (135)

Moreover, it follows from (133) in the proof of Lemma 32 that with probability at least 1 —

exp (—©(mr)),
HU@)TWH2 < \Jmp(o2 +1). (136)

(134) then follows from (135), (136), and the fact that ||3||, < ¥o.

|
Lemma 34 With 7, = 1 forall { € [0 : L] in the activation function
L N(d\0)
or(x,x) =) TeboeYe,5(%)Ye (X)),
=0 j=1
we have supy yicx |0+ (X, X')| < L + 1. Moreover, define
Y (S,mL)Y (S, mp)/n =L, = Agm,, (137)
Y (Q,m)Y(Q,mp)/m) — L, = Aqum, - (138)
When n,m > 4mp, log(4mr/0), for every § € (0, 1), with probability at least 1 — 9,
max {As m, , Aqm, } < 1. (139)

Proof First, we note that with 7y = 1 for every £ € [0 : L],

L
or(x,x) =Y PP((x,x)) <L+1,
/=0
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which follows from the fact that sup;c_ 1) x>0 )P,E,d) (t)‘ < 1 in Section B of the appendix. Fur-
thermore, it follows from Lemma 35 that with probability at least 1 — ¢ for every 6 € (0,1),

J

max { HYT(S, mr)Y(S,mz)/n — I,

(YT (Qm)Y(Qmy)/m) =L,

)
2

< maX{\/IOg <4T;L> ﬂ, \/log <47:;L> 4mL} <1,
n m

which proves (139). It is noted that we use S and Q to replace the sample {v?rr} in Lemma 35 to
obtain (139). [

Lemma 35 Recall that {Y}};.":LO_I ={Ye} o<r<r c[N(d,0)] 98 the enumeration of all the spherical
harmonics of up to degree L. Suppose A, B are two nonempty subsets of [0 : mp, — 1] containing
consecutive integers starting with 0 with |A| = r1, |B| = ro, and Yo = {Y;: j € A} and Yp =
{Y;: j € B}. For any vector w € X, we define Ys(w) € R™ as a vector whose elements are

{Y;(w): j € A}, and Yg(w) is defined similarly. Let {VT/T} iid

~ Unif (X). We define A1) ¢

relm]

R™ with A" = Yy (w,) forallr € [m], and A = [AY), ... A™] € R"X™_ Similarly, we define
B € R™ with B(") = YB(\?VT)for allr € [m}, and B = [B(l), e B(m)] € R™*™_ Suppose that
Ye(w)|3 € [1,myz).

|Ya(W)||3 and | Y(w) |3 are not varying with w, and || Ya(w) |3 € [1,mp],
Then for every § € (0, 1), when m > 4myp, log(2mp/9),

> \/log (2%) 4mL] <. (140)
9 ) m

Remark 36 When Y4 contains spherical harmonics of several degrees, for example, there exists
l1,0e € [0 : L) and 1 < ly such that Y, = {ng}equ2 JEIN(d0)] then it can be verified that

|Ya (W)HS = Zﬁia N(d, £) which does not vary with w € X. The same argument applies to Yp.
Throughout this paper we would apply Lemma 35 for such cases.

Pr

m m

T T
HAB E [AB }

Proof First, we have

T m
AB 1 S AMBOT
m m —

E [ABT/m} — E e R*"2,

Let A={0,1,...,71 — 1} and B = {0,1,...,79 — 1}, then it follows from the orthogonality of
{XQ}T:LO_I that Bt = Tgo—py - Lsaminfr,,my) forall s € [ri] and j € [ro]. It follows that the
off-diagonal elements of EE" and ETE are 0, and the diagonal elements of EET and ETE are
either 0 or 1. We now apply the matrix Bernstein inequality in Theorem 37. We define X (") :=
AMBM T _E ¢ R"1*"2 Then we have E [X(")] =0, and

e

<l

‘Bm

2‘ FlSmitL, (141)
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2

where we use the fact that max{HYA(w)Hg, ”YB(W)Hg} <mp.LetV =
2

T;E [me(rﬁ}

then we have

E [(A(mBmT ~E) (A<r>B<r>T _ E)T]

2

T

~APBNET —EBVAC +EET| H2

2
~EE'

@
) < m(mg —1), (142)

2

where (D follows from E {A(T)A(T)T] = I,, due to the orthogonality of the set Y4. @ follows
from the fact that HBW H; is a constant and 1 < HB(’") H; < mp,. It can be verified in a way similar
N0 [X(’”)TX(”} H < m(mg, —1).
Asa resultji:tlfollows from the n?latrix Bernstein inequality in Theorem 37, (141), and (142) that,
forevery t € (0,1],

o

which proves (140). |

to (142) that

m m

T T
AB _E{AB }

m2t2
>t <2 —
5 } = 4L eXp ( 2m(myp — 1) + 2(mg + 1)mt/3>

Theorem 37 (Matrix Bernstein Inequality, (Tropp, 2015, Theorem 6.1.1)) Let {X(’”) }:.L:l be in-

dependent, centered, self-adjoint random matrices in R4Xd2 gych that B [X(T)] =0, HX(T) H2 <L
foralli € [n]. Let the total variance be
2 }

o? = max{ ZIE [X(T)X(T)T}
i=1
Then, forallt > 0,
Pr >t| < (dy+ds)e 2 (143)
£ Lo T T e s )

Zn: x ()
i=1

n

Z E {X(T)Tx(r)}

=1

Y

2

Appendix E. Existing Empirical and Theoretical Works about Channel Attention
and General Attention Mechanism

Channel attention mechanisms (Fu et al., 2019; Wang et al., 2020; Ali et al., 2021) have emerged as
an effective method to enhance feature representations learned by DNNs by adaptively reweighting
channel responses. DANet (Fu et al., 2019) incorporates a channel attention branch alongside spatial

47



YANG

attention to capture inter-channel relationships, enabling feature refinement for the image segmen-
tation task. Following that, ECA-Net (Wang et al., 2020) introduces a parameter-efficient channel
attention module based on the 1D convolution. XCiT (Ali et al., 2021) interprets channel attention
as a cross-covariance operation across feature dimensions, and demonstrates its effectiveness for
image classification by replacing the self-attention module in the vision transformer. More recently,
(Chen et al., 2025) establishes a theoretical framework for covariance-based channel interactions,
which is also referred to as covariance pooling, demonstrating that matrix function normalizations,
such as logarithm, power, or square-root, applied to Symmetric Positive Definite (SPD) covariance
matrices implicitly induce Riemannian classifiers, thereby offering a principled explanation of how
second-order channel statistics improve discriminability and enhance the stability of DNNs for im-
age classification.

Building on the same theoretical perspective, (Song et al., 2021) analyzes why approximate
matrix square root computations via Newton—Schulz iteration consistently outperform exact singu-
lar value decomposition (SVD) in covariance pooling, attributing the superiority of the approxi-
mate method to improved numerical stability and gradient smoothness. Furthermore, (Wang et al.,
2023) investigates covariance pooling from an optimization perspective, showing that it smooths
the loss landscape, yields flatter local minima, and acts as a feature-based preconditioner on gra-
dients, thereby explaining its ability to accelerate convergence, improve robustness, and enhance
generalization of deep architectures.

Kernelizable attention has been investigated in (Choromanski et al., 2021; Peng et al., 2021;
Zheng et al., 2023) for efficient approximation of attention matrices, and (Hron et al., 2020) ana-
lyzes multi-head attention architectures in the Gaussian process limit with infinitely many heads.
Although a few works, such as (Kim et al., 2024), study the optimality of attention-based neural
networks for in-context learning (ICL) tasks, the theoretical benefits of attention mechanisms, par-
ticularly channel attention, for standard nonparametric regression tasks remain largely unexplored.

However, to the bet of our knowledge, most existing works in attention mechanisms, including
channel attention, do not give sharp rates for nonparametric regression with target function being
low-degree spherical polynomials. Our work is among the first to reveal the theoretical benefit
of channel attention with a novel and provable learnable channel selection algorithm for learning
low-degree spherical polynomials with a minimax optimal rate.
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