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ABSTRACT

Global solutions to high-dimensional sparse estimation problems with a folded
concave penalty (FCP) have been shown to be statistically desirable but are
strongly NP-hard to compute which implies the non-existence of pseudo-
polynomial time global optimization schemes in the worst case. This paper shows
that, with high probability, a global solution to generalized linear models with
minimax concave penalty (MCP), a specific type of FCP, coincides with a station-
ary point characterized by the significant subspace second order necessary condi-
tions (S?ONC). Given that the desired SONC solution admits a fully polynomial-
time randomized approximation scheme (FPRAS), we are able to demonstrate the
existence of an FPRAS for this strongly NP-hard problem. We further demonstrate
two versions of the FPRAS for generating the desired S?ONC solutions. One fol-
lows the paradigm of an interior point trust region algorithm and the other is the
well-studied local linear approximation (LLA). Our analysis thus provides new
techniques for global optimization of certain NP-Hard problems and new insights
on the effectiveness of LLA.

1 INTRODUCTION

This paper concerns global optimization of a folded concave penalized formulation of high-
dimensional learning generalized linear models, which belongs to statistical/machine learning prob-
lems such that the number of dimensions (or number of fitting parameters) p is (much) larger than
the number of samples n. This type of problem has recently become very common in a variety of
engineering and scientific applications (Fan et al|2014a} [Fan & Lil 2006)) including computational
biology, speech recognition and image processing (Huang et al.,[2016} [Algamal & Lee} 2015; Xing
et al.l 2001} [Palmer & Ostendorf], 2001; |Bagaria et al., 2012; |Paul et al.} |2013). Globally minimal
solutions to such a nonconvex learning formulation have been shown effective to guarantee desirable
statistical performance in order to address high dimensionality (Zhang & Zhang, 2012). Nonethe-
less, generating a global solution admits no pseudo polynomial-time algorithm, unless “P =NP”;
Indeed, global optimality is shown strongly NP-hard to achieve by (Chen et al.,[2017;|Huo & Chen,
2010) while|Chen et al.| (2014) show similar results for several related problems in regularized min-
imization. In contrast to the existing pessimistic result, we derive herein a fully polynomial-time
randomized approximation scheme (FPRAS, as defined in ) that theoretically ensures global mini-
mality to[2] with high probability.

Specifically, consider a high-dimensional generalized linear model (GLM) as follows. Let X =
(21, ..., x,)T be the nx p design matrix with z; = (241, ...,2p)7, i =1,...,n,andY = (y1, ..., yn)7T
be the n-dimensional response vector. We will assume the design matrix X is fixed, while the mean
of the response is given by E[y;] = ¢'(x] 3¢7%¢) for some known link function ¢ : © — R, where
© C Rand g = (B, ..., B57"¢) is the unknown vector of true parameters of the model.
Such a setup can be seen as a generalization of linear regression models with the link function
allowing for nonlinear transformations that enable a more flexible approach to model estimation.
The high-dimensional regression problem is to estimate 37"“¢ given knowledge of X, Y, and % in
the undesirable scenario where p > n > 0. To that end, traditional statistical learning schemes
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often resort to the following formulation:
n 1 n
= 14 iy Uiy = - T — Y T ’ 1
; (i 1. 5) n;[w(xlm yiw! f] (1
which, according to traditional statistical theories, would result in over fitting in general under the
high-dimensional setting.

To resolve over fitting, modern statistical theories favor a modified formulation as below:

min | Q(8) == L(§) + ZPA(IﬂjI) ; 2)

where Py (| - |) is sparsity-inducing regularization term that penalizes any nonzero dimensions in
the minimizer, and A > 0 is a tuning parameter. Under the assumption that the true regression
parameter 3¢"“¢ is sparse, a global optimizer to equationhas been shown effective to address over
fitting for many choices of specific regularization functions Py. Indeed, one of the most successful
choices of P) is the much studied Lasso-based regularized (Tibshiranil, [1996)), aka, the ¢;(-norm)
penalty, which has been demonstrated to entail desirable statistical properties (Bickel et al., 2009}
Negahban et al., 2012). Another admirable property of the Lasso is that, especially when applied to
least squares linear regression, it yields an extremely tractable problem via a variety of algorithms
(Friedman et al.l 2008} 2010). However, per (Zhao & Yu, [2006; Fan & Li, 2001)), Lasso is not
selection consistent without a strong irrepresentable condition and may sometimes introduce non-
trivial estimation bias.

As a popular alternative to Lasso, the folded concave penalty (FCP) was first introduced by (Fan
& Li, 2001). There are mainstream examples of FCP functions, including the SCAD by (Fan
& Li, [2001) and MCP by (Zhang, 2010). This paper will focus on MCP, defined as Py (|t|) =

Jo g % ds for some fixed parameter a > 0. In contrast to the Lasso, the FCP regulaizations
achleve variable selection consistency non-contingent on the irrepresentable condition and is demon-
strated to be unbiased (Fan & Li,2001). Furthermore, (Zhang & Zhang| |2012) demonstrated that the
global solution to the FCP-regularized formulation leads to desirable recovery of the oracle solution.

Nonetheless, FCP problems are significantly harder to solve than Lasso, the new penalty term moves
the problem outside the realm of convex optimization, (Chen et al., |2017) even showed that any
estimation problem with convex loss and folded concave regularization to be strongly NP-hard,
ruling out the possibility of a pseudo-polynomial-time global optimization algorithm. (Liu et al.,
2016) were seemingly the first to propose a global approach to the problem called MIPGO which
reformulates the problem into a mixed integer program. Yet, the worst-case complexity of MIPGO
is in exponential time.

Perhaps for this reason, current literature tends to focus on local algorithms for the FCP-regularized
learning problems. The local quadratic approximation algorithm by (Fan & Lil 2001) is an exam-
ple of a majorization minimization algorithm, an approach which is also related to the local linear
approximation (LLA) algorithm proposed by (Zou & Li, |2008). LLA was further explored by (Fan
et al., 2014b) showing the oracle property can be obtained with high probability despite the local ap-
proach. (Mazumder et al., 20115 Fan & Lv,[2011) demonstrate coordinate optimization approaches
for FCP while (Wang et al., |2014) used an approximate regularization path-following algorithm to
obtain the optimal convergence rate to statistically desirable local solution. (Wang et al., [2013)
analyzed the CCCP algorithm and showed under certain conditions that it asymptotically finds the
oracle estimator. (Liu et al.,[2017) took an algorithm agnostic approach by analyzing local solutions
satisfying second order KKT conditions and showed desirable statistical properties like recovering
the oracle solution and sparisty. These results discussed above primarily relate to FCP-regularized
linear regression, a special case of GLM where 1 is specifically the identity function. For analyses
which encompass GLM’s with FCP regularizers, (Fan & Lv,|2011) showed that GLM’s, even in ultra
high dimensional variable selection problems, have oracle properties when using FCP regularization
and demonstrated a coordinate optimization algorithm for finding local solutions. In the area of M-
estimators, which is a further generalization of our estimation method beyond even GLMs, (Loh &
Wainwright| 2013} [Loh et al.,|2017a) showed that under certain conditions all local solutions must
be within statistical precision of the true parameter and its support while (Loh et al.,[2017b) demon-
strate a two-step algorithm involving composite gradient descent to find a local solution. Bian &



Under review as a conference paper at ICLR 2020

Chen| (2014) demonstrate a optimality conditions for a class of nonconvex optimization problems
using nonlipscitz regularization.

From the numerous results pertaining to local solution schemes above, our research question is why
local solutions are repetitively successful. In other words, are there certain geometric properties of
the learning formulation equation [2| with FCP that allow all local schemes to perform well indepen-
dent of the specific designs of the algorithmic procedures? Our answer to this question is affirma-
tive; we show herein that all local solutions within an efficiently achievable sub-level set are actually
globally optimal. Those local solutions are characterized by the significant subspace second-order
necessary conditions (S?ONC) provable admit FPRAS’s. The S?ONC are weaker conditions than
the standard second-order KKT conditions. As per this result, all S*ONC-guaranteeing algorithms
(which include a large spectrum of local algorithms) belong to the class of FPRAS’s for global op-
timization of the strongly NP-hard FCP-based learning problem. We subsequently develop theories
for two specific algorithms of this type: one gradient-based method and the other is the same as the
LLA.

It is worth noting that (Zhang| 2010) provides conditions to establish the uniqueness of local so-
lutions to FCP-based learning. When local solutions are unique, then any local optimization al-
gorithms would ensure global optimality. However, a few critical assumptions are necessary to
achieve the uniqueness result and, furthermore, many report numerical experiments, e.g., those in
(Fan et al., 2014bj; [L1u et al., [2017; 2016; [Fan & Li, [2001) indicate the non-uniqueness of local so-
lutions, instead. In contrast, our results in this paper imposes only standard assumptions commonly
shared by a flexible set of high-dimensional GLMs and are applicable even if the local solutions are
non-unique. To our knowledge, this is the first geometric proof that global solutions coincide with
pseudo-polynomial-time computable local solutions in an FCP-based regression formulation with
high probability. The resulting algorithms are the first few FPRAS’s to this problem.

Two works with notable relations to our own are [Liu et al.| (2017) and [Liu & Ye|(2019). The first
applies a similar analytical framework to linear regression problems however our generalization to
GLMs adds significant flexibility and it was unknown for their result that the oracle solution implies
global optimality since it was only as of Zhang & Zhang|(2012) that global optimality was known to
potentially imply the oracle solution. Further, it is nontrivial to extend their existing result to global
optimal results. (Liu & Yel [2019) on the other hand is a more general setup than our own though
the tradeoff is that our rate is better and S?ONC solutions do not ensure global optimality to the
in-sample training error for their setup.

The rest of this paper is organized as follows. Section 2] goes through specific problem assumptions
and explains the S*ONC. Sectioncontains our main result for global optimality and uses it to make
additional claims for LLA. Section [4] contains numerical results to verify our theoretical findings.
Section 5] provides concluding remarks.

In this paper we will use ||-||, to denote the number of nonzero entries, | - | to denote the ¢;-norm if
the argument is a vector, or cardinality if the argument is a set, ||-|| to denote the ¢>-norm, |-||,,,.
to denote the maximum norm and ||-||,,,... to denote the absolute value of the entry with the smallest
magnitude. (-)4 is used equivalently to max(0, -). For any vector v, vg is intended as (v; : j € Q).
For any set Q, we denote the complement as Q°. In particular, let S be the true support set, that

is, S :={j : 6;-’"“6 # 0} and its complement is S¢. We occasionally use the term the “oracle
solution” to refer to the solution 3°7%“/¢ defined as 3°7%“! € argmin £(/3). The oracle solution
B:B;=0,Vj¢S

is a hypothetical solution which assumes prior knowledge of the true support set S and thus can be
considered a theoretical benchmark.

2 SETUPS, PRELIMINARIES, AND ASSUMPTIONS

2.1 SETUPS AND ASSUMPTIONS

Our analysis will focus on sparse GLMs that have a fixed design matrix and satisfy the following
assumptions:

(A1) Assume that
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(i) by > Y"(x]B) > b > 0forall z] B € ©;
(ii) There exists K > 0 such that the design matrix satisfies = || X I < K forall j € [p].

n

Let the tuning parameter a in Py satisfy K < (b,a)~!.

(A2) The vector of residuals W € R™ such that W := y — E[y|X] is subgaussian(c) which
means it satisfies that

P[(W,v)| > t] < 2exp(—t?/20?), forall v : ||v]| = 1 and any ¢ > 0;
(A3) There exists a sequence {rq > 0:d = 1,2, ..., p} such that the following are satisfied:
(i) Forany dy,ds : 1 < d; < ds <p,wehavery, > rq,;
(ii) There exists some p* : 2|S| < p* < p such that 75+ > 0;
(iii) Forall d : 1 < d < p, it holds that n~ | X 3]|* > r4 || 8]|” forany 5 € R : || 3|, < d.

Remark 1. Part[(i)]of (Al) states that our link function is both strongly convex and continuously
differentiable; that is, the gradient being Lipschitz continuous. Many types of traditional GLM
problems satisfy this constraint including those for normal (linear regression), categorical (logistic
regression), binomial, gamma and Poisson distributions, although in some cases the mild assumption
on the boundedness of © has to be made. Even though the original domain of the link function can
be unbounded, one may still consider its bounded subset given that it contains the vector of true
parameters. Part[(ii) of (A1) can be assumed without loss of generality by normalizing the design
matrix columns.

Remark 2. [(A2) is a common assumption in the literature, for example (Negahban et al.| |2012)
(Wang et al.| 2015).

Remark 3. Both [(i)| and are satisfied by a number of GLM setups, one example is linear
regression. In such a setup, the response Y takes a gaussian distribution, while the gradient of the
link function (encoding E[Y'|X]) is the identity. Note, it is difficult to have one without the other,
since the loss formulation[l|is simply a log-likelihood maximization applied to a distribution within
the class of exponential dispersion models (Jprgensen, |1987). Another classic example is logistic
regression which is used for a Bernoulli or binomial distributed Y along with a logit link function.
It should be noted that we treat the matrix X as fixed, so its generative distribution is not important
to the analysis outside of whether it satisfies the assumptions and constraints mentioned. In the
numerical experiments in Section |4} we use i.i.d. gaussian generation method since, as discussed
for Definition[l} it means our design matrices will satisfy[(A3)|with high probability.

Remark 4. Assumption|(A3)\can be understood to be a lower bound on the eigenvalues for principal
sub-matrices of X7X of dimension d x d for all d € [p]. For every d : d < p*, the lower bounds
are positive, meaning that the smallest eigenvalues of the d x d principal sub-matrices are assumed
positive.

According to (Liu et all |2017), Assumption for certain parameters, is provably a weaker
condition than the restricted eigenvalue (RE) condition, as defined in Definition [I| below and first
introduced by (Bickel et al.| | 2009) as a plausible assumption to allow for the desired recovery quality
of Lasso. The RE condition is a common assumption in the high-dimensional learning literature,
such as (Zhang et al.| |2014)) and (Fan et al.||2014b).

Definition 1. (RE condition (Zhang et al.| |2014)) The matrix X € R"*P is said to satisfy the RE
condition if, for some ro > 0, it holds that * | X68]%> > re |6]|° forall 6 € U|§|:S C(S) where
C(S) := {8 := (&) € WP : |dg.| < 3|04]},04. := (§; : 7 € 89, and 6 := (3; : j € 9).
Furthermore, the largest possible r. is said to be the restricted eigenvalue constant of X.

Random design matrices with with i.i.d. rows generated following subgaussian distributions as in
[(AZ)| have been shown to satisfy the RE condition with high probability (Zhoul [2009) while propo-
sition 1 in|Loh & Wainwright| (2013) includes a proof that with high probability, restricted strong
convexity (RSC) is satisfied for a setup equivalent to our own. Note that satisfaction RSC implies
the RE condition above. Thus, within our setup, [[A3)|is also satisfied with high probability for our
setting.

2.2 PRELIMINARIES ON S30ONC

Our results focus on the SONC solutions, which has been formerly introduced by (Liu et al.|[2017)
in the special case of high-dimensional linear regression as a relaxation of the standard second-order
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KKT conditions. The definition of S*ONC depends on the notion of first order necessary conditions
(FONC) as below.

Definition 2 (FONC). A solution 3* satisfies the first order necessary conditions (FONC) if

n

0€1/ny [ (@]6) —yilai+ (P8 N8} ), 1 < j < p) 3)
i=1
where O(| - |) denotes the subdifferential of | - |.
Definition 3 (S’ONC). A solution 3* satisfies the significant subspace second-order necessary con-
dition (SONC) if it satisfies FONC and for all j € {j : 5} # 0},
62
Q) @
(aﬁj) B=p*

if the second derivative exists.

Remark 5. The S2ONC can be intuited as the second order necessary condition applied only to the
dimensions where 3; # 0, i.e., the significant dimensions. Since the S*ONC is weaker than the stan-
dard second-order KKT conditions, any algorithm that guarantees the second-order KKT conditions
can be used to obtain an S*ONC solution, by requiring a more stringent optimality condition, may
be slower than necessary. One specifically S*ONC guaranteeing approach, presented in (Liu & Ye)
2019), utilizes an interior point trust region algorithm in order to guarantee an S*ONC solution in
polynomial time. This is the scheme which will be used later in Section[d}

3 MAIN RESULTS

We now present our theoretical results for global optimization of FCP penalized GLMs. All proofs
can be found in the appendix. We will make use of a short-hand notation:

pLasse ¢ argmin L(8) + A|B|. (3)

Theorem 1. Suppose assumptions [(Al)| [(A2)| and |(A3)| with any p* : p* > 2|S|. Let 3* be

an arbitrary SSONC solution to equation 2 with Py specified as the MCP. Assume that Q(3*) <

Q(Btrue) + T for an arbitrary T > 0. (i) Let the sub-optimality gap satisfies T < Py(a\) —
o2 7 ’

;sz (P + 2/p*t + 2t); (ii) choose Py(a)) > %(1 + 2Vt +2t") + TISZI)S;{\/;Q?SHM and

(iii) assume that the minimal signal strength satisfy

2 2
1Baee|, . > \/ s (5 + 2Vt +2t) + —81) min {;\SL Pr(aN)[S| + F}
p

rsbin 501
then the following two statements hold
(a) B* is an oracle solution with probability at least 1 — exp(—t + p* In(%%)) — exp(—(p" +

1—exp(—(p—p*)(t' —In
1>(tl - hlp)) : : 1pf(ex(§(fpt’3r(lnp) p))'

(b) B* is both an oracle solution and an globally optimal solution to equation[2lwith probability

1= 2exp(—t + 5 In(29)) — 2exp(—(5° + 1)(t' — Inp)) - =ERCLr) —inp))

Remark 6. Theoreml[l|(especially in the second statement) is perhaps the first result that establishes
a set of conditions for any S?ONC solution to be globally optimal with high probability. Further,
this result is algorithm independent which allows for greater flexibility compared to most existing
results as in (Loh et al.| [2017b) and (Fan & Lv, 201 1) which rely on a specific algorithm choice.

Remark 7. The second part follows quite easily from the first due to the uniqueness of 3°7%°'¢ as
well as the fact that 3°P* must also be an SONC solution. Thus by applying the first part of the

Theorem to 3°P! we are able to show that both our arbitrary 3* and $°P! coincide with the unique
Boracle.
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Remark 8. The above constraints on T, Py(a) and |||, . may initially seem disparate but
can all be converted to constraints on the sample size n as is shown in Corollary[I| below. This is
possible because 1" can be bounded by some function of n=" for some v > 0. Given that, it can be
seen that the lesser side of inequalities (i),(ii) and (iii) go to 0 as n grows. Further discussion of
how this is achieved for Corollary[l|can be found in Remark|I2}

Corollary 1. Assume Inp > 1, by < 1, and s > 1. Let 5* be an S3ONC solution to equation
Let assumptions |(Al)| |((A2)] and the RE condition as defined in Definition |I| hold. Assume that
Q(B*) < Q(BL5°) almost surely, where 3125° is the optimal solution to the Lasso problem with

penalty coefficient \**%5° = ¢,/ nllffm where v € [0,1] is an arbitrary scalar. Let A = =/ ;3/”2
and a € [.8,1). There exist problem independent constants Cy > 0,Cy > 0 and Cy > 0 such that if

2/v

2 b7 true (6)

2
C T 2]
n > max b—l, [C S] ,lcg)%
! 18N i bi'Te

Then (* is the global solution to |2| with probability at least 1 — Cyexp(—Cssn?/?Inp) —
Cs exp(—C7b,n?/?In(p)) for problem independent constants Cy, Cs, Cs and C

Remark 9. Corollary[l]indicates that for v > 0, the global optimal solution coincides with com-

putable S2ONC solution with overwhelming probability given that the sample size meets certain
requirements. It should specifically be noted that the relationship between n and p require only
np — O(1), which ensures the applicability to the high-dimensional setting even if n < p.

nv/2
Remark 10. (Liu & Ye| 2019) has derived a gradient-based algorithm that provably ensures an
S3ONC solution at pseudo-polynomial-time complexity. When n is properly large, this pseudo-
polynomial-time algorithm enables a straightforward design of an FPRAS for generating the global
optimal solution as follows.

FPRAS: A pseudo-polynomial-time algorithm that generates global optimum at high probability

Step 1. Initialize the parameters 6, \, a, @, k = 0 and 37?%° by solving equation
Step 2. If Case 1: 35| € (0,a]) for some j = 1,...,p, then choose an arbitrary . € {j : |3} €
(0,aA)} and solve

Bt e afggnin[vﬁﬁk)h -6+ PA(IB])

st (B B2 <&
and let 6]’.“'1 = 6Jk Vj # . Go to Step 3.
Else Case 2: If—ﬁj’-€ ¢ (0,a)) forall j =1,...,pthenforall j = 1, ..., p:
—If B = O then B = a - [[[VL(B")];| = A], - sign(=[VL(BY)];).
—1If |8F] > a, then ﬁf“ = BF —a - [VL(B*)];. Go to Step 3.

Step 3. Algorithm stops if | 3¥] ¢ (0,a)) and ||8F — 8| < 4. Otherwise, let k := k + 1 and go
to Step 2.

Remark 11. Here, the above algorithm has iteration complexity of O((Q(BL‘”SO) — Q(ﬁ‘”’t)) .
max{(1/(2a) — b,/2)~1,2b, 1, (1/a — b, /2)"1} - 1/52> for any ~y-accuracy SONC solution. In

this iteration complexity, all the quantities are verifiably upper bounded by a polynomial function
of dimensionality p and the desired accuracy 1/~. Furthermore, 3%%%° is a solution to a convex
problem, which be generated within polynomial time and the per—iteration problem admits a closed
form, whose complexity is strongly in polynomial-time. Therefor, this algorithm is an FPRAS in
generating an SONC (global) solution where the term FPRAS is defined in Deﬁnition

Definition 4. (FPRAS) Let f : L — §R3‘ be a function representing the optimal solution to a
problem. Let A be a probabilistic algorithm, which takes as an input an instance of the problem
x € L, and a parameter € > 0. We call A a fully polynomial randomized approximation scheme, if
it has the following properties
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o the algorithm returns a value within the required precision with probability at least 1/2.

PllA(z,€) = f(z)| < ef(2)] > 1/2
o the running time of A is polynomial in both the size of the input x and the precision 1 /e

Note that the specific probability bound is fairly arbitrary as long as it is a constant probability
bounded away from 1/2 (Vazirani} 201 3|).

Remark 12. We are able to remove 1" from the result by bounding the performance difference
between B¢ and 3'**%° using similar techniques as in Bickel et al.| (2009). In order to use this
bound for our S*ONC solution, we require that Q(3*) < Q(Y%5°). However; this can generally
be obtained by initializing any S?ONC guaranteeing algorithm with BL*5° in a similar fashion to
(Fan et al.| | 2014b) for LLA. The FPRAS above follows the same initialization scheme.

Remark 13. The above specification of values for a, A\ and \*%*5° can be thought of as examples
rather than strict requirements. A closer examination of the proof for Corollary[I|will reveal that the
values for X and \***5° can be chosen in a much more flexible fashion, though the corresponding
values of Cy through C; may be different for different combinations of \ and \>5%°.

The techniques used in the proof of Theorem I|can be used to provide insights into other optimiza-
tion schemes. As an example, we can apply the same analysis to the state-of-the-art FCP-based
algorithm, LLA, using the framework in (Fan et al., 2014b)) as a starting point.

LLA: local linear approximation.

Step 1. Set k& = 0. Initialize the algorithm with 30 = 3L@55° where 37?5° is generated by solving
equation[5] Let N be the maximal iteration number.

Step 2. Forall k = 1, ..., N, solve the following convex program to generate 3¥+1:
BET € argmin £(8) + > PL(IBE]) - 1841,
Jj€lp]

where P is the first derivative of Py. Let k := k + 1.

We can show that in fact the LLA is another FPRAS that achieves the global optimal solution. The
proof of this can be found in the appendix.

Corollary 2. For problem equation If8g e, .. > (a + DA X >

Lasso 1/2 4 25t 12t 2 2\/5t2+2t L ..
max{ 32 B Uzl/(s;/bs)}; L U\/S;;\/%ﬁ 2} and the RE condition in Definition
. w .

holds, the following holds.

(a) The LLA algorithm initialized with 3%*5° converges to the oracle solution in two iterations
with probability 1 — ¢ — ¢p1 — ¢po, where

— P(HﬁLQSSO ﬁtrue”
¢1 = P(Hvsggn(ﬁomcle) .-

¢2 — P ||6oracle|| < a/\ (%e)s eXp(ftg),

min

()\Lasso)an“a)

> A) < 2pexp(——¢+

max

>N < (%)S exp(—t1) + 2exp(M),

(b) If in addition [(Al)| and [(A2)| holds, while the parameters of (a,)\) satisfy that
2 22 |S|(142vE1+2t4)b

P,\(a)\) > (L + 2yt + 2ty) + = ‘bl‘((p —SI/SZ\H)QL and the and Py(a)\) >

B (p + 2/p*ts + 2t3) and let the minimal signal strength satisfy ||B&c| . >

VR (07 2V o+ 2ts) +

i‘—; |S|, Px(aX)|S|} then the LLA algorithm ini-

tialized by B1%°° converges to the global solution in two iterations with probability at least

1—¢o—¢1 — @2 — ¢3
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where
¢s i= P(B!¢ £ B") < exp(—ts + " In(Le))
p

1 —exp(—(p—p*)(ts — Inp))
1 —exp(—t4 + Inp)

+exp(=(p" +1)(ta —Inp)) - ;D

and t1,ts,ts,t4 > 0 are arbitrary constants.

Remark 14. Since each iteration of the LLA solves a convex program, which can be done within
polynomial-time. When n is properly large, the above theorem then indicates that the LLA is another
FPRAS in globally optimizing the FCP-based nonconvex formulation.

4 NUMERICAL EXPERIMENTS

4.1 EXPERIMENTAL SETUP

We focus our tests on sparse logistic regression. Our problem and data are implemented in a similar
way as (Fan et al., 2014b). We construct Birue as below: Firstly, Bf{“"‘ is constructed randomly by
choosing 10 elements of 3 and choosing the magnitude of each to be a uniform value within [1, 2].
Each value is chosen to be negative with probability .5. Then, the remaining entries S%.%¢ are set
to be 0. The design matrix X € R"*? is constructed by generating n iterations of z; ~ N,(0,X)

where ¥ = (.517-7'1),,,. We then generate Y using a Bernoulli distribution where P(y; = 1) =

(14 == )=1 With this data, we train a logistic regression model by invoking Algorithm 1 in
solving equation with MCP for S?0ONC solutions initialized with Lasso implemented in Python 3.
The tuning parameters A and a are obtained by cross validation following (Fan et al., 2014b).

We would like to ascertain whether our FCP classifier, obtained using S 30ONC methods, is actually
the global optimal solution. We do this by taking each element of the FCP classifier and perturbing
it to find a new potential solution. Each element’s perturbation is independent and generated by a
N(0,1/p*/?))-random variable. We then check if this perturbed classifier has better FCP regularized
performance on the training data than the FCP classifier. If not, we repeat until either a better solution
is found, or until 2000 perturbations have been tried.

Additionally, we compare our solution’s statistical performance to those of other popular regulariza-
tion methods. Using the data generation method above, we obtain two sets of data, both with 100
samples. One set is for training the model, and the other is the test set for out-of-sample tests. We
repeat the above process for 100 times to generate 100 training-and-test instances, each with 100
samples. We compare those trained using the method described above with Lasso solutions gener-
ated by the global minimizer to equation [5]and an estimator generated by solving equation [2] when
P, is substantiated by an /o penalty. The Lasso and /5 classifiers are solved using the scikit learn
python library.

We compare the above estimators in terms of statistical performance for both ¢ loss: |3* — S¢“¢|
and /5 loss: ||3* — gtrue||.

4.2 NUMERICAL RESULTS

Table 1: Percent of time FCP beat all perturbations

n=100 n =100 n = 100 n = 100
p=>500 p=1000 p=1500 p = 2000
% Best FCP 100% 100% 100% 100%

Table [T] contains the numbers from optimality analysis. This technique did not yield a single per-
turbed solution that could beat the FCP classifier obtained from the FPRAS in any of our thousands
of iterations.

Table [2]shows the numerical results for the statistical performance measurements. We show the two
performance measures for each of the three classifiers for tphree different problem types.
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Table 2: Statistical performance of the four classifiers.

n =100, p = 1000

n =100, p = 1500

n =100, p = 2000

Classifier Measure Mean Std. dev Mean Std. dev Mean Std. dev
MCP /1 loss 13.909907 1.471911 14.818059 1.698191 14.506226 1.480686
/5 loss 4.108019  0.320061  4.304993  0.374453 4.489184 0.399441

Lasso /1 loss 15.015975 1.039529 15.882654 1.29422 17.079414 1.545309
/5 loss 4.3255 0.25996 4397969  0.326336  4.433467 0.362707

{5 penalty /1 loss 22.211963 0.791955 26.026067 0.966091 28.485075 0.993699
{5 loss 4734209 0.241683  4.738025 0.296726  4.755959  0.296746

As expected, the FCP classifier generally outperformed the lasso and ¢5 classifiers. The margins are
fairly thin between FCP and lasso, especially compared to the standard deviation. Other values of n
and p were tried but the results generally followed the same pattern.

As a result we tentatively conclude that our numerical results align with our theoretical results
though further testing of the global optimality probability would be valuable.

5 CONCLUSIONS

This paper investigates both the theoretical and empirical performance of FPRAS’s on MCP regu-
larized GLMs. Despite such a problem being strongly NP-Hard, we have shown two FPRAS that
achieve global optimality. To our knowledge this is the first probability bound for global optimiza-
tion of FCP regularized GLMs using an FPRAS. Further, the same technique can be used to extend
other results in order to obtain global optimization bounds for a wide variety of problems.

Though this paper focuses on GLMs, further exploration will focus on the question whether similar
results can be found for more general problem classes under weaker assumptions. High-dimensional
M-estimation problems could potentially be a future avenue of investigation.
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A APPENDIX

The Appendix is organized as below: Section [A.T|presents the proofs for the main results, Sections
and[A 3| present central lemmata to be useful in Section[A.T}

A.1 PROOF OF MAIN RESULTS

A useful relationship in our proofs is that, for an S?ONC solution 3* within {3* : Q(3*
Q(ptrue) + T'} for any I > 0, we have the following useful inequality under Assumption (A1)

bl %112 1 * * true
o X017 = SWTX0™+ 3 PA(IB7) < D P18 + T, ®)
jES JES
where d* = B* — "¢, This is obtained by invoking the strong convexity of ¢, which leads to
w( ) 2 ( Tﬂtrue) + w ( gﬁtrue)(mgﬁ* _ mgﬁtrue) + 05 . bz(fCZTﬁ* _ x;l'ﬁtrue)z

Proof of Theorem([l] First, given our assumption that |(Al)| holds, that (i) p
S3ONC satisfying Q(8*) < Q(B“¢) + I for some I' > 0, and (iii) Py(a)) > %(1 + 2Vt +

2/) 4 i ‘Sll)fz;ri{;féliJerl we can apply Lemmawithﬁ = p*. This means that ||3* — S]], <

p* with probability at least 1 — exp(—(p* +1)(#' —Inp)) - 1_8"1"_(;((5 (__itl(ﬁ;;n 2)) From this, given

the additional assumption that [(A3)] holds, we can apply the second part of Lemma i with p = p*
to get that for any ¢t > 0, 1| X(8* — gtrue) || < g% (p* +2VPt+2t) + b‘%min{)\ZﬂS\ -
15*1, )r~* ,Pr(a))(|S] — [18*[l) + T'} holds with probability at least 1 — exp(—t + p* In(£)).
Given that for 2 arbitrary sets A and B

11
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P(AN B) = P(B)P(A|B) = (1 - P(B))(1 - P(A°[B))
=1-— P(A°|B) — P(B°) + P(B°)P(A°|B)
=1— P(A°|B) — P(B°)(1 — P(A°|B)) > 1 — P(A°|B) — P(B°)
©))
Therefor they hold simultaneous with probability at least 1 — exp(—t + pIn(£)) — exp(—(p* +

—exp(—(p—p*)(t' —In
1)(t' —Inp)) - AR,

The same sequence of arguments can be used to show that 3°P* also satisfies || 3°P* — g'"u¢|| < p*
and L [[X (57 — §7)|F < 32 (57 + 20/ + 20) + £ min{ XS] |6 )5, Pr(aA) (S|
[|5*[lo)+T'} with the same probability. Using again the union bound and DeMorgan’s law, we say 5*
and 3°P* satisfy the above conditions simultaneously with probability 1 — 2 exp(—t + p* 1n(§—f)) —
2exp(—(p* +1)(t' —Inp)) - 1’6"1‘5;)5;’(1?1%;;“ ) With this, our I assumption and our minimal
signal strength assumption, we can apply Lemma|§|to show that 3* = 3°P* with probability at least

1~ 2exp(—t + 5" In(25)) — 2exp(~(5" + 1)(¢' — Inp)) - IRl —tnp)) O

Proof of Corollary[l} First we need to bound I'. In order to do this we use the lasso problem

Qlasso(B) = 3.\ A(B, i yi) + Y Aes5°|3;] as well as the concavity of MCP over positive
jEP
values to get the following 2 inequalities

Qlasso (ﬁlasso) < Qlasso(ﬁtrue)

Z g(ﬁé_aSS()’xi’yi) _ g(ﬂ;rue,xi,yi) < Z )\lasso(‘ﬂﬁruﬂ _ |ﬁéaéso|)
ieN JEP (10)

< Z )\lasso‘/@;asso _ IB;rue|

JjEP

and

Z P)\(B;rue) _ Z P)\(ﬁéasso) < Z P)/\(Bé'asso)(‘ﬁ;Tuﬂ - |ﬁ§asso|) < Z >\|B§'GSSO _ B;rue|

JEP JEP JEP JEP
1D

We also need 2 results from the proof for ¢ in Corollary [2| which shows that both |5§c| < 3|8%|

2 . ) )
and %1 HX(SEH < 3Alasso|§%| conditional on A where ¢ = 31955 — gtrue Given our restricted

) . x6¢||? )
eigenvalue assumption % > r., this can be used to show

212 o112
|0°| < 4]65| < 4\/5H556H < 4\/§||6€H
5] I N
4\/§HX6/H2 4\/53/\lasso|6§‘ 4\/53)&@880\5“6‘63“
< i < 195] :
N Y 4 N

6Z| < 12>\lassos

which means 5
1Te

—(Ale50)2 g

2pexp(——gz—)

Finally we are able to bound gamma by combining the above

with conditional on A which occurs with probability at least 1 —

12
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T S Q(B*) _ Q(ﬁtrue) S Q(Blasso> _ Q(Btrue) (13)
< B i) = > PABT0) = D 0BT i) — Y PABYM)] (14
ieN JjeP ieN jeP
S Z()\lasso‘ﬂéasso _ IB§TUE| + /\|l6§asso _ ﬂ;rueD (15)
jeEP
lasso
< ()\lasso +)\)|5é‘ < (/\lasso _’_)\)% (16)
1Te

Next consider the conditions necessary to apply Theorem [I] We have assumptions [(AT)| and
and [(A3)] per our assumption that the RE condition holds combined with [7] That leaves the 3 re-

quirements on I, Py(aX) and ||| . . We will convert each of these to inequalities on n

Utilizing|16|and substituting A = Q” np and Alesso = ey / %, where ), € > 0 are arbitrary

nv/2

constants, and setting p* = 4s, t = p*n?/?Inp, t' = n?/?In p we get the following

o2 2 s(14 2V +2t') + T,
_ 2
Py(a)) > o (L+2Vt +2t') + o 251 1) (17)
8 + 12¢2 + 12¢QQ
W = C'1/l7l (18)
I < Py(a)) — b— (p N 2t) (19)
n
12¢ 204122\ s | Bk

80
[ \/b2 ( +2\ﬁ+2t)+—mm{ ISI Py(a))[S|+T'} (21)

so?lnp ]2/7_ [ so?lnp r/'y
) * )

(Hﬁtrue Hmm T4sblre 2 |6true ||min 7"4sbl7qe 2

> [(160 +8Q%) (22)

For some constants C'y, Cy and C3

We can then apply Theorem|T](conditional on .A) substitute our values and simplify to get that 3* is
the global solution with probability at least

1 —exp(—(p — p*)(t' —Inp))
1 —exp(—t'+1Inp)

1—2exp(—t+p* ln(z—f)) —2exp(—(p* + 1)(t' —Inp)) -

p—p"

>1— 2exp(—(n"/? —1)4slnp) — 2 Z exp(—(p* + k)(n"/? — 1) Inp)
k=1

>1— 2exp(—(n"? = 1)4sInp) — 2exp(—[(4s + 1)(n"/? — 1) — 1] Inp)

>1— Cyexp(—Cssn?/?Inp)
(23)

We then use the same technique as in Theorem I]to combine this number with the probability of A
to get the final non-conditional probability that 3* is the global solution with probability at least

13
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_ )\lasso anua
> 1 — Cyexp(—Cssn?/? 1np)—2pexp(%)

—(e®byan?/? — 8)1 24
> 1 — Cyexp(—Cssn?/?Inp)—2exp( (e cm8 ) np) @4

> 1 — Cyexp(—Cssn?/?Inp)—Cg exp(—Crb,n/? In(p))

For some constants Cy, Cs Cg and C5.

Note that these constants, as well as C', C5 and C'3, are dependent only on the value of a ) and €, as
far as problem dependencies are concerned. Thus given that a () and € are chosen to be any positive
constant value, as in the statement of Corollary [T} C; through C7 are problem independent, which
is the desired result. O

Proof of Corollary[2] The first result is simply Corollary 2 in (Fan et all 2014b). If we initialize the
LLA algorithm with 3/%55°, the solution to LASSO using A\!**%° as the LASSO constant, then the
LLA algorithm converges to the oracle solution in 2 iterations with probability 1 — ¢g — ¢1 — 2.
However we still need to solve for the actual values of ¢g, ¢1, ¢po for GLM.

First consider ¢o = P(||g"***° — gr¢|| > agA). Similar to Lemma B.1. in Bickel et al.
(2009), to bound this we will start by noticing that for the lasso penalized loss function Ql‘“so(ﬁ ) =
Zie/\/ l(ﬂv zi, yv) 4 )\lasso Zje’P |B]‘ we have that Qlasso(ﬂlasso) < Qlasso(ﬂtrue). If we then
let ¢ = plasse _ gitrue we can use the same tactic as in the derivation of to get 2% ||X5£||2 —
Lyyrx st < Nasse djep Bl = |B§a55° , which can then be rearranged to get.

b

1
LY = = S WX 18] < Ao S (i — ). 25)

JjEP JEP
_ 1wTt Y. lasso : : . by 21|12
Nextlet A = [, cp{l;; WTX;| < A"#*°/2}. We can combine this w1tht0 get that 2L || X 6"+

las: las: true las: las: true las? true las:
A asso/z Zjep ‘ﬁjasso _ Bjrup‘ S \lasso ZjeP Iﬁjasso _ ﬁjruel + \lasso Zjep |Bjrue‘ _ ‘ﬁjaseo'
conditional on A. From this notice that the right term goes to zero when ﬁ;"“e = 0 so we then have

2
that % HX(SZH + )\lasso/Q Zje’P |B§asso _ 6§rue| S )\lasso ZjES |B§asso _ 6§'rue| + ‘5§Tue| _
| Bé—“ss"\. Using the triangle inequality and the definition of §¢ we can simplify this to

b )\lasso
g [1X0°| + Sglaf] < 2xteswola] 26)

conditional on .4. By relaxing different parts of the equation, this can be further simplified to both
b HX(SZH2 < 3Alasso|5L| < 3Alassog1/2||6% |5 and |05 | < 3|6%|. Note that the second of these

. . . x|
shows that &¢ satisfies the constraint for the RE condition |1l Therefor we have that |LH WI‘\L > re.
. . . . lasso 1/2
If this is combined with the first of the two equations, we can get that ﬁ HX 5 < %
conditional on A.
Next, using this we can show that conditional on 4 we have that HéZH < HéZH <

max
assosl/z

||X5£H§ /(|6 nre) < 2 o < aoAif A > 22p——=2—_ This is the inverse of the con-
dition that defines ¢o. Thus, we can bound ¢y with ¢p9 < P(A°) = P(U,cp \%WTXJ»| >

)\lasso

Nass0/2) = P(Ujep IWTX;I/ XG0 > nd'es/2]IX5])) < pP((Wov)| > Fpegt) <

pP(|(W,v)| > w) < 2pexp W which uses both|(A1)(ii) and |(A2)|as long

lasso ,1/2
as A > ?”}WTS;) per|/(A2)

g\lasso 1/2

Z al)\)

max

Next consider ¢ = P( H Vs £, (Boracle

14
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o1 =P(|[Tsgtu (87| = arn) @7)
=P(3jeP: \vj W (BT > ay\) (28)
—P(3jeP: \f > W (@] Bz — yiwa 4] > a1 ) (29)

ZEN
=P(3jeP: ‘E D W @] B i — o (] BT+ Wi ]| > a1 ) (30)
iEN
1
P(E|X]T(1/}/(Xﬂorade) . ,l/]/(Xﬁtrue) + W)| > a1>\) (31)
1
fP(ﬁlX} (@' (XBorecte) — " (XB))| + [WTX;| > ar)) (32)
1
<P(~ 16 [l (X 87) — ¢/ (X7 || + [WTX| > a1 )) (33)
1 _
<P [l (o) — ' (XB )| + W1/ 1] > anh 12X ) (34)
<P(|[¢ (XY — " (XBI) || + IWT X[/ [1X]| > (abun)'/?ai)) (35)
<P(b, || XBorete — X B + |WTo| > (abyn)*/?a1 N) (36)
<P(b, || X6°| + [WTuv| > (abyn)/?a1\) (37)

where v € R is some vector with ||v|| = 1 as indicated in[(A2)|and §° = gorecle — ptrue,

From this, using Demorgan’s law and the union bound, we notice that P(A+ B > C) < P(A >
C/2) + P(B > C/2) which can be used to further simplify

¢1 < P(by || X8°) + [WTo| > a1 Mabyn)'/?) (38)
< P(|X68°|| > (1/2)arMan/by)Y?) + P((WTo| > (1/2)ai A(abyn)'/?) (39)

We can then simplify both terms individually.  For the first term, P(b, || Xd°| >
(1/2)aiA(ab,n)'/?), given the fact that the oracle solution and true solution have the same sup-

port, the oracle solution must be in the F =0 level set of the true solution. Using simi-
lar arguments to Lemma |5} we have that - ||X 5| < LWTX4§° From here Lemma [ can
be applied since we know || poracte _ 5”“€H s. Wlth some simplification this gives that

[X6°] < #(maxs,:s,|=s

Ul 3. WH Ut1l1z1ng Lemma I with s in place of p shows that

US Wi > s+ 24/stq +2t1] < ()% exp(—t1). This is the first half

of ¢1 as long as (1/2)a1)\(an/b )1/2 > 20V/s+2V/st + 2t which is equivalent to the as-
4o/ s+2+/st1+2t1

biai(an/by) 1/2
24,2
P(WTo| > (1/2)arMabyn)"/?) < 2exp(— 25 5")

Pmaxs :|Sp1= Sbl‘

sumed condition A > Next, the second term can be easily bounded using [(A2)

80-2
Therefor ¢1 < (2°)° exp(—t1) + QQXP(M)
Next consider ¢ = P( H ﬂgmclenmin < a)) First, given the assumption H ﬁtrue]“mln > (a+
A we can see that g2 = P([|fgecte|| . < a\) < P(||gecte — gy > N <

P(||poracte — ptrue||, > A) = P([|6°]l, > A). Next, since we know that the support of o7

and 3*¢ is S, we know that [0 | = 0 < 3]0g| which is the constraint for the RE condition.
[ X387
nfjoe]*

that ¢ < P(|6°] > A) < P(|X6°| > Ay/are) < P(2(maxs, .|s,/=s

Therefor we know that

> 1. With this and a similar line of argument as in ¢; we get

UL,W| > Avare) =
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U;pWH > )\blfv;re > 0v/s 4 24/sty + 2t) < (£°)% exp(—t2) assuming that

'e . . . .. & &
Ab/nre e > 04/ + 24/st + 2t which is equivalent to the condition A > 20V st2ysta 2ty ”9;_\2/77 L:f’“%

This, combined with the fact that for MCP, ag = a; = a9 = 1 shows the first result.

P(maXSﬁ :|S{; ‘ =S

The second result can be seen by first noting all assumptions of Theorem [I| part 2 are satisfied,
where [(A3)] with 74, is implied by [7] Thus by using the same arguments as in Theorem [I] part 2
which shows that the oracle solution is unique and that the global solution is the oracle solution
with some probability, since the global solution is almost surely SSONC with ' = 0. If we use
t = t3 and t' = t, we get that the probability that the global solution is not the oracle solution as

¢3 < exp(—ts + pIn(E)) + exp(—(p* + 1)(ts — Inp)) - F=2RECFILRD) This combined
with the first result shows that the LLA algorithm converges to the global solution in 2 iterations

with probability 1 — ¢g — ¢1 — @2 — ¢35 which is the second result. O

A.2 CENTRAL LEMMAS AND THEIR PROOFS

Lemma 1. Let B* be a S2ONC solution to If assumption ((Al) holds, then
PlIB;| ¢ (0,a),Vj € {1,2,...,p}] = 1.

Proof of Lemmall] First, define events +y; and §; as

9”9(8) ‘
V= >0 (40)
! { (aﬁj)z B=p*
65 :={IB;] € (0,aN)} . (41)
First, for any given j € P, we solve for P[y; N ;] given our assumptions. We can start with
?2%%@ - > 0 which gives us 1/n l; " (a] B*) 7 ; + P{(|8;]) > 0. We can rearrange this

togetby Y x7; > Y 9" (] 5*)x}; > —nP{(|5*]) = n/a where we get the leftmost inequality

i=1 i=1 '
from assumption[@Lpart (i) and the rightmost equality from the definition of MCP. More concisely
we have that b,, || X;||° > n/a which contradicts|(A1)|part (ii). Therefor we know P[y; N d;] = 0.
It should also be noted that P[v$] = 0 since 3* satisfies S30NC conditions. Thus, by applying
Demorgan’s law and then the union bound, it can be obtained that

0=Ply; Nl =1—PH5US] >1— P — Pl =1— P[] = Pl5;]. (42

We can then apply this result to all indices to get that P[¢;] = O forall j € {1,2,...,p}, which is the
desired result. O
Lemma 2. Consider an arbitrary S?ONC solution 3* towith MCP. Given the event that for some
integer p : ||3* — B'"¢||, < b, then [WTX6*| < (maxsf,:wﬁ\:i’ HngWH) X5, as.

Where

7 L US;;7 l:fj € Sﬁ
(s, )ig = {O7 else

and Ug, € R"XP is defined as in the following Thin SVD: Xs;, = Us;Ds;Vs,.

Proof. Denote 0* := (d;) = B* — B¢, S5 == (j : 07 #0) C P, 05, = (d; : j € Sp) and

X, = (x5 : 1 € N,j € Sp). By assumption, we know that [|§*[|, < |S;| = p.
First decompose Xg, using Thin SVD to get Xg, = Us,Ds,Vs, where Ug, € RxP,
Note that since and UgﬁUsﬁ = [ we have that for any v € RP? we have HDgﬁVsﬁv||2 =
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(Ds,Vs,v)TI(Ds,Vs,v) = UTVSTﬁD;ﬁUgﬁUSﬁDSﬁVSI;U = UTX;ﬁXsﬁv = ||Xgﬁv||2. therefor
we can obtain that

WTX6"| = W7 Xs,05,| < |[WTUs, ||| Ds, Vs, 05,

N (43)
:HU;.WHHXSﬁdg_ §< max Ug.WH) 1X6*|, as.
’ 7l = \spispi=pll 57
Where
~ o US;'H iijSﬁ
(Us; )i = {0, else ’
O]

Lemma 3. Consider an arbitrary S*ONC solution (3* to@with MCP. If|(A2) holds, then for some
U;pWH <ovp+2vpt + Qt} >1- (%)ﬁ exp(—t). Where

7 L US;;? l:fj € Sﬁ
(Us;)ig = {O, else

integer p < p, P [maXS;a:ISﬁIZﬁ

and Ug, € R"XP is defined as in the following Thin SVD: Xs, = Us;Ds,Vs,.

Proof. We attempt to bound (max Sp:S5|=p HU gﬁ WH) . Given that we now have W multiplied by a
square matrix, we can apply Lemma@ In the Lemma, let X, = 051., U ;p The fact that ¥, = X,
means that ¥,, is an idempotent matrix with ||2,| < 1 and T'r(%,) = rank(Z,) < rank(ffsﬁ) <

rank(Us,) < p. Lemma|§|then states that that P {HUEPWH <o\p+2ypt+ 24 > 1—exp(—t).
From this we can show that

P [ max U;WH <o\/p+2Vpt+ 2t} >1- <7f> exp(—t) > 1 — (PP exp(—t). (44)
S5:|Ss|=p P D D

Where the first inequality can seen by noting that if 77, € R* is a sequence of i.i.d random variables
and 0 € R is a scalar, by applying De Morgan’s Law and then using the union bound, it can be
obtained that Plmaxgex N < 0] = P[(yex M < 0] = 1=PlUpex ns > 0] > 1=3 2 i Pl >
0] =1 — |K|(1 — P[ny < 6]) which yields the same inequality as in[44]

This is the desired result. O

Lemma 4. Consider an arbitrary S ONC solution 3* to|2| with MCP. Let Assumptions [(Al) and
(A2) hold. Given the simultaneous occurrence of (i) the event that Q(5*) < Q(B!"*¢) + I holds
for some T > 0; (ii) the event that for some integer p : ||3* — B'""¢||, < p. Then for any t > 0,

* rue) |2 o (= = : * * *
LX (8% — 4e) | < 4825 2P+ 20)+ £ min{ g PLBDIGS L Pr(@N(S] — 187+
'} holds with probability at least 1 — exp(—t + pIn(5)).

If in addition (A3) holds with p* >

s min{N*(|S| = [[8*[lg)r5, Pa(ad)(|
probability at least 1 — exp(—t + pIn(

=

then L|IX (8" = B)|® < 3 (5+ 2V + 2t) +
— |8*|ly) + L'} holds where r5 > 0 for any t > 0 with

))-

%)

<R

Proof. First, denote 0* := (d;) = * — ¢, S := (j : 07 #0) C P, 6% = (d5 : j € Sp) and
Xg, := (w5 : i € N,j € Sp). By assumption, we know that ||0*||, < |S| = p. Further, let us
denote

17
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To=min ¢ > PAIBIDIBT L, D PAUBNIBT = Bl Pa(aA)(IS| = [IB%]lo) +T ¢ . (45)

JES jES

We now start to define the desired bound by applying the second part of Lemma [§] The result
simplified using the above definitions becomes

b 1
ﬁ X6 < SWIXG+ i, as. (46)

Next, since all assumptions for Lemma 1 are satisfied, we can apply it to get

b 1 )
2L X6 < = ( max HUgWH) 1X0%|| + 7. 47)
2n n \Sp:|Ss|=p P

We can then complete the square, solving for ﬁ [|X 0% to get

1
max
binv/n Sp:|S51=p

1
<2 max
B \/<bl\/ﬁ Spi|Spl=p

where the last inequality holds due to the value inside the square root being larger than the term
outside. From here, squaring both sides gives us

o] (e Ja) 2

U;ﬁWH>2+leT1, (49)

1
— || X <
VARG E

o0 < oz, w| i (50)
— - max — .
n ~ bin sﬁ:|s&};|:ﬁ Sp bt

Finally, by applying the second part of Lemma 1 we get

Lxor? < (~+2\/Tt+2t> + 37 (51)
n - b?n p p by 1'

With probability at least 1 — (%)13 exp(—t). Thus by the definition of 77, the first result of the
lemma has been shown.

For the second part we look to bound the central term of 77. We first notice (a) that since assumption

(A1) holds, Corollary 4 indicates that if 35 # 0 = |B;| > a\ for all j € P; (b) that for this range

of 87, P{(|87]) = 0; (c) that per the definition of MCP 0 < Py (|8;]) < A for any 37 € R. If we

combine these observations with|45/and the definition of §*, we can see that 71 < > P{(|57])|6"|
JES .

IS| = 1[B%lly - [[6™||. From this, given that assumption that, for this second result|(A3){holds

with 5* > p,and 5 > rp- > 0 we can use((A3)[part (iii) to show that T < A\/|S| — |85 ]|, lijj‘ .

Since this holds almost surely, it can then be combined with[#7to get

b 1 ~ Xo*
l|X6*||2s( max ~HUST.WH) 155° + A 1ST— gl - 2L (s2)
n n \Sp:[Syl=p |l P Vs

We can then multiply by 21/n/b; || X §*|| to get

1 2 ~ 2\
L ixsll < L el
e X < o e 03w+ 5= i) = el (53)
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We then square both sides and use the rule that (A + B)? < 242 + 2B to get

2
Lxa)? < [blfs max |07, +bf}_ ISI—IIw"‘sIIo} (54)
< o g TL [+ S = a3 )
Combining this with[50]yields that
8 ~ 2 8 A2
x| < o o 1 ogw| +mmin{rﬁ<|8|—||xz||o>,71}. (56)

Finally, by applying the second part of Lemma 1 and noting from that 71 < Py(aN)(|S| —
[18*1ly) + T we see that

Loz 8 5 . - 8 . [\ . .
~[|X6" < om0 (B + 2V/pt + 2t) + - min {~(|3| = llzsllo), Palad)(SI = 118%[lg) + T
n R I Tp
(57
With probability at least 1 — (£ )P exp(—t) which is the desired result. O

Lemma 5. Let Assumptions |[(Al) and [(A2)| hold. Consider a solution 5* satisfying SSONC of
Assume that Q(8*) < Q(B'"“¢) + T holds for an arbitrary I’ > 0. For any integer]b' 28| <p<p
if the penalty parameters (a, \) satisfy that Py(a\) > 57 (1 + 2Vt +2t) + = |S|((1;f;f;r|§zi))+rb,,
for an arbitrary t > 0, then ||3* — 5'"¢||, < p with probability at least 1 — exp(—(p + 1)(t —

1—exp(—(p—p)(t—In
lnp)) : 1E(cx1(312—f-)1-(1tn p) p))

Proof. We start from the useful inequality defined in|g]

bl %112 1 * * true
o X = ~WTX8" + 3 PA(IB]) < D Pa(IBi™ ) +T, (58)

JjES JjES

where 6* = * — B¢, Next, conditioning on the fact (i) that 8* is SSONC, (ii) that all as-
sumptions for Corollary 4 are satisfied (which implies that Py (|3;]) € {0, Px(a)\)}) and (iii) that

Py(|857¢]) < Px(a)) we have that

b 1
o | X6 = —WTXE" + (|5l - Pa(a)) < |S]- Pa(ad) +T (59)

Now consider an event £; := {||3* — 3"""¢||, = p + k} for an arbitrary integer k : 1 <k <p—p
Conditioning on this event, we may denote and S5+ C P such that 67 # 0 for all j € Sp4x. By
assumption we can ensure that [S5 | = p + k. Also denote by X, = (x5 : i € N,j € Spip)
and let 65 = (07 : j € Spyx). Note that conditional on £y, the first part of Lemma 1 (using
P + k in place of p in Lemma 1) can be used to bound WTX¢* in[59 Additionally, by definition
I ﬁ”“eH |S| and conditional on £; we can apply the substitution ||5*||, > p + k — |S|. This
gives us

b
2

—(p+k—2|S]) Px(aX)+T (60)

= ( Jo3,..w() | %
— -—= max
Vn VI \SpinilSpnl=ptk | 745

In order for this equation to be feasible, we know that the quadratic formula must have real roots.
Therefor
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) — Al /2[5 + k- 2S) - Pa(a)) ~T1 =0 (6])

0gﬁ+kw|

n

max
Sptk:|Spyr|=ptk

Now consier another event E(t) := {max|s_ , |=p+k ||U§p+kW|\ <oVpt+k-V1+2vVt+2t}

for an arbitrary ¢ > 0. Conditioning on the occurence of £ N &3(t) we can show, using first

. 2
ol w
E>(t) and then | that Z (p+k) (14 2Vt +2t) > (max|sﬁ+k|=1§+k w> > 2bi[(p +

k — 2|S|) - Px(aX) — I'] almost surely, which contradicts with the assumption on the parameters
(a,\). This can be seen starting from our original assumption that Py(aX) > 2(7sz (1+ 2Vt +

2t)+ = ls‘((lgfl\[;?‘);rrbl > 5 (1 +2v/t+2t) + = |S|((11:r2];/;?|))+rb, We can then multiply both
(outer) sides by 2b;(p+ k — 2\S|) and rearrange to get 7(17"‘ k) (142t +2t) < 2b)[(p—2|S| +
k) - Px(a\) —T]. Given this contradiction, we know that P[€; N E3(t)] = 0. Therefore, again using
the union bound combined with DeMorgan’s law we get that P[E1 N Ey(t)] > 1 — P[ES] — P[Ea(t)“]

which, can be simplified to

P& ()] > Pl&1] (62)

Since all assumptions of the Lemma |§| are satisfied, we can next use it to bound
P[&>(t)¢]. By taking the compliment of the result in the second half of Lemma 1, we get,

for some #', that P |:maxsé+k:|5'ﬁ+k|—(ﬁ+k) Hﬁgwka 2 U\/(ﬁ +k) 2P+ R 2| <
(FF)PFexp(—t') < pPRexp(—t).  If we then let ¥ = (p + k)t we get

P |maxg_,,.|5,, . |=(5+k) HUS +kWH >oVp+ k- \/1—!—2\[4—2] < pPRexp(—(p + k)b).
Thus we have that pP+* exp(—(p + k)t) > P[£2(t)°] which can be combined w1th.t0 show

PP exp(—(p+ k)t > P[||g* — B"¢||, =P+ k] VkeZ:1<k<p—p (63)

With this, we can solve for our desired value

Pll|g* =87 lly <] = 1= P87 = 8"y 25 +1] =1 =3 P[||8" = 8"y = 5+ 4]
k

hS]

—

> 1= expl((7 + k) (np — 1)
k=1
1 —exp(—(p — p)(t — Inp))
1—exp(—t+1Inp)

=1—exp(—(p+ 1)t —Inp)) -
(64)
Which is the desired result.

O
Lemma 6. Consider an arbitrary SSONC solution 5* to|2| with MCP. Let Assumptionsand
with p* > p hold. Assume the satisfaction of H,B* prrue|l, < p and Event E,(p) =
{L]x(B8 - )| < 3¢ 7 (P+2vDt+2t)+5; mln{ = (1S1=18*llp), Pr(aX)-(IS] 118l ) +
T'}. If the sub-optimality gap satisfies T' < Py(aX) — b—n (p +2/pt + Zt). If the minimum signal
strength satisfies ||SZ| . > \/7 v (P + 2Pt + 2t) + ~8bz min{;\—z\SL Py (aN)|S| +T'} then

B* is the oracle solution to[2]
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If in addition we have the satisfaction of ||B°Pt — ﬁ”“eH s p and the event &(p) =
{LlIx(8ort = grree)|® < 3 (5+2v/Bt+2t) + S min{2 (S| — [8*],), Pr(ad) - (IS] —
16*|lo) + '} then 5* is both the oracle solution and the global solution 102}

Proof. First, let us denote 3* — §4"“¢ = §*. We start by combining &, (p) and |(A3)jii, which is
possible due to our assumption ||3* — 37“¢||; < p. This gives us

80’2 - = 8 . >\2 * *
s (5 2V/E 4+ 28) + 2 min{2= (8]~ 18°o), Pa(a) - (] = 187 lp) + T}
bPn by (65)
1 * (12 *)12
2 X" 2 rp |87 as.
From here if we relax |S| — ||35]|, to just |S|, the definition of 6* and note that ||0* or ||, we
can obtain the following
802 8
2 2t — S|, Pa(aM)|S|+T
\/Tﬁb%n(m VBt +2t) + - blmm{ IS, PA(a\)1S] + T )

> |85 = Bl = 1857 = 1851,
almost surely. From this we can bound |3; *| using the square root term and |357¢|, so we know that

if | girue| —\/f‘gf (P +2v/pt +2t) + - &, min{ 2 A2 ~|S], PA(aA)|S| + '} > 0 then |5} > 0. From
Pl
this we can obtain the inequality

8
||ﬁs||o>211</3”“6| \/ T (7 2V +2t)+71mm{ 151, PA<aA>|S|+r}>o>
jES Tp

(67)

almost surely. We can then combine this with our minimum signal strength assumption to get that

1Bsllo = S| a.s. (68)

We can combine this with equation [63] by focusing on the second part of the minimum term and
noting the right side is always positive to get

(p+2f+2t) (=Px(a)) [|Baelly +T) > 0 a.s. (69)

which can be simplified into

2
g ~ = *
o (p +24/pt + Qt) +T > Py(a)) [|B5cly a-s. (70)

thus, it can be seen that if Py(a)) > lfl—i (p+2ypt+2t) + ' then 1 > ||B%[|, = 0. This is
satisfied by the assumption that Py (a\) — I;TTZ (p+2vpt+2t) >T.

Finally, because 5* is an S3ONC solution, it has to satisfy FONC. Per this means that 8* €
arginf{X 3.\ 0(B,x;,y;) + > jer PAUIB;1)1Bj] = B € RP}. Due to Corollary 4, we know that

the penalty term goes to 0 since either 35 = 0 or P'(|3;]) = P'(|a)|) = 0. Further we know that
B; = 0 forall j € S° Threfore we know that

B* eargmf{ > UB,xi ) BER, B =0,Yj €S as. (71)
zEN
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Given that the expression on the right is the definition of the oracle solution, we have shown the first
result.

Next, Consider 3°P* which is the global optimal solution to 2| Given that the S?ONC conditions
are necessary, 5°P* must be an S3ONC solution. With this fact and the assumption of & (p), we
have the same set of assumptions for 3°P* as we had for 3*. Thus the same sequence of arguments
can be used to show that

1
BoPt € arginf{g Z LB, xiy:) : BeR?,B; =0,Vj €S as. (72)
ieN

Finally, per the strict convexity of our loss function as implied by we can see that the infimum
of the above problem is unique. Therefor

1
B* =arginf{= Y " l(B,x;,y;): B € R, B =0,Vj €S} =" as. (73)
n ieN
Which is the second result.
O
A.3 ADDITIONAL LEMMAS
Lemma 7. The RE condition in[l|implies[[A3)|with r45 > re > 0 and p* > 4s.
Proof. Asin Lemma 1 in (Liu et al., 2017). O

Lemma 8. Let 8* be a SSONC solution toGiven (Al) and that Q(*) < Q(B!“¢) + T holds
for some I > 0 then

] 1 X6%]* — Ly xse
2n n
<min§ > PBINIBTL Y P8 NIB; — B L, Pa(aN)(IS| = [187llg) +T ¢, a.s.
jES jES
(74)

n p
Proof. First, we know that 5* € argmﬁin{z 0B, xi,y:) + > Py(I8*])|5;]} because the KKT
i=1 j=1

conditions are the same as FONC which * satisfies. This gives us that > ¢(8*,x;,vy;) +
i=1
n p

P
> PBDIBT < X BT @y y) + 30 PA(IB*[)B;7¢|. This can be used along the
j=1 i=1

i=1 i=
same lines as the level set inequality in the derivation for (8] to get 2L || X&*[|* — iwrxe <

2n
p

Zl PLB;) 185 e = 1851)

J:

The first two terms of the min function are easily obtained from this. The last term can be obtained
from 8| by noting that due to Corollary 4, 3* ¢ (0,a)) and that Py(a)) = Py(3) VS > a\. This

gives us that 2L || X 6* = LWTX6* < Py(aX)(S—|8*[|,)+T Which is the final term to complete
the desired result.

[
Lemma 9. Consider a subgaussian n-dimensional random vector W e R as defined in|(A2)| Then
o ~ 2
forany V € 7 and X, = VTV then P[‘ VWH <02 (Tr(S,) + 20/Tr(Z2)E + 2|8, 8)] >
1 — exp(—t) for any t > 0 where Tr(-) denotes the trace of a matrix.
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Proof. We apply Theorem 2.1 in (Hsu et al.| |2012) where our W,V and X, are equivalent to their
x, A and X. Note their expectation condition is equivalent to our [(A2)| with ¢ = E[W] = 0. This
gives us that for all £ > 0

PI|[VW|? > o2 (tr(Sy) + 21/tr(So)t + 2 || S0 1)

T . ”EvH2 1/2 _
A (Sop™) - (1420 st )] < exp(—t).

(75)

Given that . = 0, the term involving ¢r(32,uuT) goes to zero and therefor the statement in@]can be
obtained by taking the complement of the probability bound.

O
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