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ABSTRACT

With the increasing interest in deeper understanding of the loss surface of many non-convex deep
models, this paper presents a unifying framework to study the local/global optima equivalence of the
optimization problems arising from training of such non-convex models. Using the local openness
property of the underlying training models, we provide simple sufficient conditions under which any
local optimum of the resulting optimization problem is globally optimal. We first completely charac-
terize the local openness of matrix multiplication mapping in its range. Then we use our characteri-
zation to: 1) show that every local optimum of two layer linear networks is globally optimal. Unlike
many existing results in the literature, our result requires no assumption on the target data matrix
Y, and input data matrix X. 2) develop almost complete characterization of the local/global optima
equivalence of multi-layer linear neural networks. We provide various counterexamples to show
the necessity of each of our assumptions. 3) show global/local optima equivalence of non-linear
deep models having certain pyramidal structure. Unlike some existing works, our result requires no
assumption on the differentiability of the activation functions and can go beyond “full-rank” cases.

1 INTRODUCTION

Deep learning models have recently led to significant practical successes in various fields ranging from computer
vision to natural language processing. Despite these significant empirical successes, the theoretical understanding
of the behavior of these models is still very limited. While some recent works have tried to explain these successes
through the lens of expressivity by showing the power of these models in learning large class of mappings, other works
find the root of the success in the generalizability of these models from learning perspective.

From optimization perspective, training deep models require solving non-convex optimization problems, where non-
convexity arises from the “deep” structure of the model. In fact, it has been shown by Blum & Rivest| (1989) that
training neural networks to global optimality is NP-complete in the worst case even for the simple case of three node
networks. Despite this worst case barrier, the practical success of deep learning may suggest that most of the local
optimal points of these models are close to the global optimal points. In particular, Choromanska et al.|(2015) uses spin
glass theory and empirical experiments to show that the local optima of deep neural network optimization problem are
close to the global optima.

In an effort to better understand the landscape of training deep neural networks, |[Kawaguchi| (2016); |Lu & Kawaguchi
(2017); [Yun et al.| (2017); Hardt & Ma (2016) studied the linear neural networks and provided sufficient conditions
under which critical points (or local optimal points) of the training optimization problems are globally optimal. For
non-linear neural networks, multiple works have shown that when the number of parameters of the model is larger
than the data dimension, local optima of the resulting optimization problems can be easily found using local search
procedures; see, e.g.,|Soltanolkotabi et al.|(2017)); Soudry & Carmon|(2016); Nguyen & Hein|(2017);|Xie et al.|(2017)).

Despite the growing interest in studying the landscape of deep optimization problems, many of the results and mathe-
matical analyses are problem specific and cannot be generalized to other problems and network structures easily. As a
first step toward reaching a unifying theory for these results, we propose the use of open mappings for characterizing
the properties of the local optima of these “deep” optimization problems.

To study the landscape of shallow/deep models, we study the general optimization problem

mii’liGH‘/l\i;ze U(F(w)), (1)



where £(-) is the loss function and F(-) represents a statistical model with parameter w that needs to be learned by
solving the above optimization problem. A simple example is the popular linear regression problem

minimize || Xw — y||3,
w

where y is a given constant response vector and X is a given constant feature matrix. In this example, the loss function
is the /3 loss, i.e., £(z) = ||z — y||3, and the fitted model F is a linear model, i.e., F(w) = Xw. While this linear
regression problem is convex and easy, fitting many practical models, such as deep neural networks, requires solving
non-trivial non-convex optimization problems.

In this paper, we use the local openness of the mapping F to provide sufficient conditions under which every local
optimum of (T)) is in fact global optimum. To proceed, let us define our notations that will be used throughout the paper.
We use A, and A. ; to denote the 1*" row and column of the matrix A, respectively. The notation I; € R%*4d jg used
to denote the d x d-dimensional identity matrix. Let ||A]||, N'(A), C(A), rank(A) be respectively the Frobenius
norm, null-space, column-space, and the rank of the matrix A. Given subspaces U and V, we say U L V if U
is orthogonal to V', and U = V' if U is the orthogonal complement of V. We say matrix A € R% >4 ig rank
deficient if rank(A) < min{dy, do}, and full rank if rank(A) = min{dy, do}. We call a point W = (W, ..., W),
with W; € R4*di-1 non-degenerate if rank(Wj, - - - W1) = ming<;<p d;, and degenerate if rank(W, - -- W7y) <
ming<;<p d;. We also say a point W is a second order saddle point of an unconstrained optimization problem if
the gradient of the objective function is zero at W and the hessian of the objective function at W has a negative
eigenvalue. Let us start by briefly explaining the training problem of feedforward neural networks which will also be
used as a motivation for our analysis:

Example: Training Feedforward Neural Networks. Consider the following multiple layer feedforward neural
network optimization problem:

1
inimize = || F,(W) — Y |2
minimize =7, (W) — Y|
where F, is defined in a recursive manner:
]:k(W) £ Ok (kak_l(W)), for k € {2, ey h},
with
fl(W) £ Ul(WlX).

Here h is the number of hidden units in our network; o (-) denotes the activation function of layer k; the matrix
W, € R%*dr-1 jg the weight of layer k with W = (W;)_, being our optimization variable. The matrix X € Rdoxn
is the input training data; and Y € R9*" is the target training data where n is the number of samples; see, e.g.

Goodfellow & Courville] (2016). Notice that this problem is a special case of the optimization problem in (I)) which
can be obtained simply by setting our loss function to the /5 loss, and setting F = F,.

A special instance of this optimization problem was studied in|Nguyen & Heinl (2017)) which considers the non-linear
neural network with pyramidal structure (i.e. d; < d;—1 Vi =1,...,h and dy > n). Note that this special network
structure does not allow wide intermediate layers. (Nguyen & Hein, 2017, Theorem 3.8) shows that under some
conditions, among which are the differentiability of the loss function ¢(-) and the activation function o(-), if W is a
critical point with W;’s being full row rank then it is a global minimum. In this paper, we will relax the differentiability
assumption on both £(-) and o (+); and we will show any local optimum is a global optimum of the objective function.
Another special case is the linear feedforward network where the mapping o (+) is the identity map in all layers, which
leads to the optimization problem:

1
minimize —||W},--- W1 X — Y | 2)
w 2

For this optimization problem, [Lu & Kawaguchi (2017) showed that every local optimum of the objective function is
globally optimal under some assumptions. More precisely, by using perturbation analysis, (Lu & Kawaguchi, 2017,
Theorem 2.2) prove that when X and Y are full row rank, every local optimum in problem (2) is a local optimum of
the following problem:

minimum 1HZX -Y|?

ZeRdnxdo 2

subject to rank(Z) < d, £ ming<;<p d;.

3)

Moreover, they show that when X is full row rank, every local optimum of problem (3) is a global optimum. Thus,
with the sufficient condition that X and Y are both full row rank, every local optimum of problem is a global



optimum. Another recent work [Yun et al.| (2017) shows the same result under similar set of assumptions. It is in fact
not hard to see that one cannot relax the full rankness assumption of Y due to the following simple counterexample:

1

X=1I Wgz[o

], W,=1[0], Wi=[1 0], Y:{g H

It is not hard to check that the point W = (W1, W4, W3) is a local optimum of a 3-layer deep linear model (problem
H with h =3 ) that is not a global optimum. However, we will show that if a given local optimum is non-degenerate
which is a simple checkable condition), the full rankness of Y can be relaxed. Moreover, for degenerate local optima,
we show that if there exist 1 < p; < ps < h—1withd;, > d,, and dy > d,,, we can find Y and X such that problem
has a local minimum that is not global. Otherwise, given any X and Y, we present a method for constructing a
descent direction from any given degenerate critical point that is not a global optimum; thus we show every degenerate
local minimum is global.

Other examples: Matrix Factorization and Matrix Completion. In addition to the training of deep neural networks,
the matrix completion problem also lies in the category of non-convex problems in (I). For the matrix completion
problem, Park et al.| (2016) shows that the non-convex matrix factorization formulation of the non-square matrix
sensing problem has no spurious local optimum under restricted isometry property (RIP) conditions. Similar results
were obtained for the symmetric matrix multiplication problem by |Ge et al.| (2016)), and the non-convex factorized
low-rank matrix recovery problem by Bhojanapalli et al.| (2016). Like the analysis in|Ge et al.| (2016)), we start with
the fully observed matrix completion scenario:

minimize 1\\ WoW, — Y |2 4)
Wi eRd1 xdo W, cRd2xd1 2

This problem, which is also referred to as the low rank matrix estimation problem in |Srebro & Jaakkola (2003)), can
also be viewed as a 2-layer linear neural network optimization problem with the input data matrix X = I. Clearly, this
problem is much simpler than the general matrix completion problem and we only study it as a first step. Moreover,
this optimization problem is a special case of (I)) with the loss function being the ¢5 loss, and the mapping F being
defined as F(W1, W3) = WoW;. In this paper, using our framework, we show that every critical point of (4) is
either a global minimum or a second-order saddle point. This result can be generalized to general loss function ¢(-)
for degenerate critical points.

In addition to these results, one of our main contributions is the complete characterization of the local openness of
the matrix multiplication mapping in its range. These results could be used in many other optimization problems for
characterizing the local/global equivalence.

2 MATHEMATICAL FRAMEWORK

As discussed in the previous section, we are interested in solving

miniemize (F(w)), (5)
where F : W +— S is a mapping and ¢ : S — R is a loss function. Here we assume that the set WV is closed and
the mapping F is continuous. In non-convex scenarios, this optimization problem can only be solved up to “local
optimality” by local search procedures; see |Lee et al.[(2016)) for an example. To proceed, let us define the auxiliary
optimization problem

miniengize £(s), (6)

where S is the range of the mapping F. Since problem @) minimizes the function ¢(-) over the range of the mapping F,
the global optimal objective values for problems (5) and (6) are the same. Moreover, there is a clear relation between
the global optima of the two optimization problem through the mapping /. However, the connection between the local
optima of the two optimization problems is not clear. This connection, in particular, is important when the local optima
of (6) are “nice” (e.g. globally optimal or close to optimal). In what follows, we establish the connection between the
local optima of the optimization problems (3] and (6)) under some simple sufficient conditions. This connection is then
used to study the relation between local and global optima of (5) and (6] for various deep learning models. Let us first
define the following concepts, which will help us state our simple sufficient condition.



e Open mapping: A mapping F : W — S is said to be open, if for every open set U € W, F(U) is (relatively)
openinS.

e Locally open mapping: A mapping F () is said to be locally open at w if for every ¢ > 0, there exists 6 > 0
such that Bs (F(w)) € F(Be(w)). Here Bs(w) C W is an open ball with radius § centered at w, and
B.(F(w)) C S is the ball of radius € centered at F(w).

By definition, openness of a mapping is stronger than local openness. Furthermore, it is not hard to see that a mapping
is locally open everywhere if and only if it is open. A useful property of (locally) open mappings is that the composition
of two (locally) open maps is (locally) open.

The following simple intuitive observation, which establishes a connection between the local optima of (5) and (6), is
a major building block of our analyses.

Observation 1. Suppose F(+) is locally open at w. If w is a local minimum of problem , then § = F(w) is a local
minimum of problem ({6).

Figure 1: Sketch of the Proof of Observation

Proof. Let w be a local minimum of problem (5)). Then there exists an € > 0 such that £(F(w)) < {(F(w)), Yw €
B.(w). By the definition of local openness,

36 > 0 such that Bs(8) C F(Be(w)).

where § = F(w). Therefore, £(5) < {(s), Vs € Bs(8), which implies § is a local minimum of problem (6). O

The above observation can be used to map multiple local optima of the original problem (3] to one local optimum of the
auxiliary problem (6)); and potentially make the problem easier to understand. This mapping is particularly interesting
in neural networks since permuting the weights in each layer does not change the objective function. Hence, by nature,
the optimization problem has multiple (disconnected) global optima; and hence it is non-convex. However, collapsing
these multiple local optima to one could potentially simplify the problem. In other words, instead of understanding
the problem in the original variables, we can analyze it in the space of the resulted mapping. Let us clarify this point
through the following simple examples:

Example 2. Consider the optimization problem

minimize (w? — 1), (7
weR
and its corresponding auxiliary problem
minimize (z — 1), (8)
z>0

Plots of these two problems can be found in Figure [2a| and Figure Since F(x) £ w? is an open mapping in its
range, it follows from Observation[I|that every local minimum in problem (7)) is a local minimum of problem (8). Thus
the two local minima w = —1 and w = +1 in (/) are mapped to a single local minimum z = 1 of problem ().
Moreover, since the optimization problem @) is convex, the local minimum is global; and hence the original local
optima w = —1 and w = 41 should be both global despite non-convexity of (7).
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(a) Original Problem (b) Auxiliary Problem

Figure 2: Two local minima w = —1 and w = +1 in (a) are mapped to a single local minimum z = 1 in (b).
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Figure 3: All the points in the set {(w1,ws) | wywy = 1} are local minima in (a) and are mapped to a single local
minimum z = 1 in (b).

Example 3. Another example is related to the widely used matrix multiplication mapping W1 Ws. Let (W1, W) be
a local minimum of the optimization problem
minimize LWL W),
WIERm’Xk7 erRan
Then, any point in the set S £ {(Wﬁl QlLQQWQ) with Q1Q2 = I} is also a local minimum. If the matrix product
W1 W, is locally open at the point (W1, W), then all points in S are mapped to a single local minimum Z = W1 Wy
in the corresponding auxiliary problem. A simple one dimensional example is plotted in Figure [3dland Figure[3D|

This motivates us to study the local openness of the matrix multiplication mapping defined as
M R™E R Ry with M(W, W) 2 W W5, )
where Ry = { Z € R™*™ | rank(Z) < min{m,n, k}} is the range of the mapping M.

Although matrix multiplication mappings M (W7, W5) naturally appears in deep models and is widely used as a
non-convex factorization for rank constrained problems, see Wang et al.[(2016)); |Bhojanapalli et al.| (2016); Ge et al.
(2016); |Srebro & Jaakkolal (2003); [Sun|(2015)), to our knowledge, the complete characterization of the local openness
of this mapping has not been studied in the optimization literature before.

While the classical open mapping theorem in Rudin|(1973)) states that surjective continuous linear operators are open,
this is not true in general for bilinear mappings such as matrix product. In fact, by providing a simple counterexample



of a bilinear mapping that is not open, [Horowitz (1975)) shows that the linear case cannot be generally extended to
multilinear maps. Several papers, see Balcerzak et al.| (2013;[2005)); | Behrends|(201 1)), investigate this bilinear mapping
and provide a characterization of the points where this mapping is open. Moreover, |[Behrends| (2017) studies the
matrix multiplication mapping M which is a special example of bilinear mappings and provides an almost complete
characterization of the points where the mapping is locally open. However, the openness is studied in R™*"; while
the range of the mapping is R o¢; and the (relative) local openness should be studied with respect to this range in our
framework. This, in particular causes trouble when R™*"™ # R x(, i.e., when k < min{m, n}.

For the above reason, we study the local openness of the mapping M in its range R o and characterize it completely.
An intuitive (and unofficial) definition of local openness of M(-) at (W1, W3) in R is as follows. We say the

multiplication mapping is locally open at (W1, W) if for any small perturbation Z € R of Z = W; Wy, there
exists a pair (W1, Wy), a small perturbation of (W1, W), such that Z = W;W.

Notice that when k& > min{m, n}, we get R ps = R™*". However, in the case where k¥ < min{m, n} the mapping is

definitely not locally open in R™*™, but can still be locally open in R o¢. As a simple example, consider W = ;
and W, = [ 1 1 ]. In this example there does not exist Wl, W2 perturbations of W, and W, respectwely such

that W; Wy = Z when Z is a full rank perturbatlon of Z = W Wj; however, for any rank 1 perturbation Z, we can

find a perturbed pair (Wl, Wg) such that Z = W1W2 Motivated by Observation |1} we study in the next section the
local openness/openness of the mapping M. We later use these results to analyze the behavior of local optima of deep
neural networks.

3 LocCcAL OPENNESS OF THE MATRIX MULTIPLICATION MAPPING

When W, € R™** and Wy € R¥*" with k > min{m,n}, the range of the mapping M(W, W5) = W; W,
is the entire space R™*™. In this case, which we refer to as the full rank case, (Behrends, 2017, Theorem 2.5)
provides a complete characterization of the pairs (W7, W5) for which the mapping is locally open. However, when
k < min{m,n}, which we refer to as the rank-deficient case, the characterization of the set of points for which the
mapping is locally open has not been resolved before. We settled this question in Theorem [5|by providing a complete
characterization of points (W7, W5) for which the mapping M is locally open when & < min{m,n}. We start by
restating the main result in|Behrends| (2017):

Proposition 4. (Behrends, 2017, Theorem 2.5 Rephrased) Let M(W1, Wy) = W1 Wy, denote the matrix multipli-
cation mapping with W1 € R™** and Wy € R¥*". Assume k > min{m,n}. Then the the following statements are
equivalent:

1. M(-,-) is locally open at (W1, W3).

3 {7\71 e R™*k sych that W1W2 =0and W1 + Wl is full row rank.

2. or

3 \7\/72 € R¥*™ such that W1W2 = 0 and Wy + \7\7'2 is full column rank.

3. dim (M(W1) N C(W3)) <k—m or n— (rank(W3) — dim (M(W1) N C(W3)) < k — rank(W).

The above proposition provides a checkable condition which completely characterizes the local openness of the map-
ping M at different points when the range of the mapping is the entire space. Now, let us state our result that
characterizes the local openness of the mapping M in its range when k& < min{m,n}.

Theorem 5. Let M(W1, W3) = W W, denote the matrix multiplication mapping with W1 € R™* and W €
RF¥". Assume k < min{m,n}. Then if rank(W1) # rank(Ws), M(-, ) is not locally open at (W1, Wy). Else, if
rank(W1) = rank(Wy), then the following statements are equivalent:

i) 3 \7\71 e R™*F such that \A?/V1W2 =0and W, + Wl is full column rank.



i) EIWQ € RFX™ sych that Wlwg =0and Wy + WQ is full row rank.
iii) dim (N (W1) N C(Wy)) =0.

iv) dim (N(W3) nCc(WT)) =o.

v) M(-,-) is locally open at (W1, W) in its range R r4.

Note that the proof of Theorem [5] which can be found in the appendix section, is different than the proof of Propo-
sition [] as in the former we need to work with the set of low rank matrices. Besides, the conditions in Theo-
rem [5] are different than the ones in Proposition ] For example, while conditions i) and ii) are equivalent in the
rank-deficient case, they are not equivalent in the full-rank case. Moreover, unlike the full-rank case, the condition
rank(W) = rank(W3) is necessary for local openness in the low rank case.

How much perturbation is needed? As previously mentioned, local openness can be described in terms of pertur-
bation analysis. For example, M(-,-) is locally open at (W7, W5) if for a given ¢ > 0, there exists § > 0 such
that for any Z = Z + R; € Raq with ||Rs| < 6, there exists Wy, Wy with ||[Wi|| < €, |Wa|| < e, such that
Z = (W1 + W;)(W3+ Ws). As a perturbation bound on &, we show that for any locally open pair (W7, W), given
an € > 0, the chosen § is of order ¢, i.e., § = O(e). The details of our analysis can be found in the proof of Theorem
in Appendix B.

Remark 1 It follows from Theoremthat when W1 is full column rank, and W is full row rank, the mapping M (-, -)
is locally open at (W7, W5). This result was observed in other works; see, e.g., (Sunl 2015, Proposition 4.2). Also
when k& < min{m,n} if only one of the two matrices is full rank, then the mapping is not locally open. We have
showed this result in the proof of Theorem[5] and below is a simple example for this phenomenon:

Let
1

1

Wl:[ 0 0 0 0

], W, =10,0], W1W2:{0 O}, R(;:{(S O},

then W1 W, + Rs is rank one and hence feasible perturbation. However, for any perturbation W, =

[ 2 } and Wy = [€3, €4], we have

- - 1+ €1)e 1+e€)e
(W1 + W) (Wy + Ws) = { El I 62362 El i ezgej } :

Hence, in order for this perturbation to be equal to W; W5 + R, we need €3 to be different from zero. But when €3 is

different from zero, for small enough €2, there does not exist such W1 and Wg, or equivalently, M (-, -) is not locally
open at (W7, Ws).

In the next sections, we use our local openness result to characterize the cases where the local optima of various
training optimization problem of the form (5) are globally optimal.

4 NON-LINEAR DEEP NEURAL NETWORK WITH A PYRAMIDAL STRUCTURE:

Consider the non-linear deep neural network optimization problem with a pyramidal structure

min‘i}{/nize é(]-'h(W)) with F (W) £ 0, (W1 X); Fr(W) 2 U'i(Wi]:i—l(W))a (10)

for i € [2, h], where o;(-) is the activation function applied component-wise to the entries of each layer, i.e., o;(A) =
[0i(Asj)]i,; with o; : R +— R being continuous and strictly monotone. Here W = (VV,)Ll where W, € R%i*di—1

is the weight matrix of layer i, and X € R%*" is the input training data. In this section, we consider the pyramidal
network structure with dg > n and d; < d;—; for 1 < i < h; see Nguyen & Hein| (2017) for more details on these
types of networks.

First notice that when X is full column rank and the functions o;’s are all continuous and strictly monotone, the image
of the mapping JF}, is convex and hence every local optimum of the auxiliary optimization problem (6) is global. We



now show that when W;’s are all full row rank and the functions o; are all strictly monotone, the mapping Fy, is
locally open at W

Lemma 6. Assume the functions o;(-) : R — R are all continuous strictly monotone. Then the mapping F}, defined
in is locally open at the point W = (W1, ..., W) if W, ’s are all full row rank.

Before proving this result, we would like to remark that many of the popular activation functions such as logsitic,
tangent hyperbolic, and leaky ReLu are strictly monotone and satisfy the assumptions of this lemma.

Proof. Let us prove by induction. Since linear mappings are open, and since o1 (-) is strictly monotone; by using the
composition property of open maps, we get that F; is open.

Assume Fjp_1 ((Wl)i:ll) is locally open at (Wl) i:ll, then using Propositionﬂ due to the full row rankness of Wy,

i=1

the mapping Wy 1 ((Wz) ,]L:ll) is locally open at (W, (W;)!_}'). Using the composition property of open maps

and strict monotonicity of o(-), we get Fy, ((Wz)le) is locally open at (Wl)f:1 O

Thus, by Observation 1} if W is a local optimum of problem with W;’s being full row rank, then Z = F,(W)
is a local optimum of the corresponding auxiliary problem:

minimize ¢(Z)
ZeZ

where Z is convex. Consequently, Z is a global optimum of problem (10) when the loss function £(-) is convex.
Nguyen & Hein| (2017) show that every critical point W of problem (10) with W;’s being full row rank is a global
optimum when both o(+) and ¢(-) are differentiable. Our result relaxes the differentiability assumption on both the
activation and loss functions; however, we can only show all local optima are global. A popular activation function
that is strictly monotonic and not differentiable is the Leaky ReL.U, for which our result follows. It is also worth
mentioning that Nguyen & Hein| (2017) allow wide intermediate layers in parts of their result. It is not clear if this
result can be extended to non-differentiable activation functions as well or not.

5 Two-LAYER LINEAR NEURAL NETWORK
Consider the two layer linear neural network optimization problem
1
minimize —||[WoW; X — Y |2 (11)
w 2

where W, € R%*4 and W, € R% > are weight matrices, X € R%*" is the input data, and Y € R%*" is the
target training data. Using our transformation, the corresponding auxiliary optimization problem can be written as

1
minimum §|\ZX -Y|]?
subjectto  rank(Z) < min{ds, d;,do}

(12)

(Lu & Kawaguchil 2017, Theorem 2.2) shows that when X is full rank, every local minimum of problem is
global. By using local openness, we first show that this result holds without any assumption on X or Y. The proof of
Lemma(7]can be found in Appendix A.3

Lemma 7. Every local minimum of problem is global.

Lemma [/| uses local openness to simplify the proof of (Lu & Kawaguchi, 2017, Theorem 2.2) and relax the full
rankness assumption on X. In another related work, (Kawaguchi, 2016, Theorem 2.3) shows that when X X T and
Y X7 are full rank, dy < do, and when Y X7 (X X?)~1 XY has dy distinct eigenvalues, every local optimum
is global and all saddle points are second order saddles. While the local/global equivalence result holds for deeper
networks, the property that all saddles are second order does not hold in that case. Another result by (Yun et al., 2017,
Theorem 2.2) shows that when X X7, Y X7, and Y X T(X X T)’lX YT are full rank, every local optimum of a
linear deep network is global. Moreover, they provide necessary and sufficient conditions for a critical point to be a



global minimum. However, in their proof, the full rankness assumption of Y’ X was not used in showing the result
for non-degenerate critical points and thus can be relaxed in that case. In this section, without any assumptions on
both X and Y, we reconstruct the proof that shows the latter result for 2-layer networks using local openness, and
then show a similar result for the degenerate case. The result for the degenerate case holds when replacing the square
loss error by a general convex loss function as we will see in Colorollary 0] The proofs of the theorem and corollary
stated below can be found in Appendices A.1 and A.2, respectively.

Theorem 8. Every local minimum of problem is global. Moreover; every degenerate saddle point of problem
is a second order saddle.

Corollary 9. Let the square loss error in be replaced by a general convex loss function £(-). Then every degenerate
critical point is either a global minimum or a second order saddle.

Baldi & Hornik| (1989) and |Srebro & Jaakkolal (2003)) show the same result when both X and Y are full row rank.
Theorem [8| generalizes their results by relaxing the assumptions on both X and Y.

6 MULTI-LAYER LINEAR NEURAL NETWORK

Consider the training problem of multi-layer deep linear neural networks:
1
minimize —||W},--- W1 X — Y | (13)
w 2
Here W = (Wz):lzl W, € R4*di-1 are the weight matrices, X € R%*" is the input training data, and Y € R9»*"

is the target training data. Based on our general framework, the corresponding auxiliary optimization problem is given
by

1
minimum =||ZX — Y]|[?
ZeRdh Xn 2

subject to  rank(Z) < d, £ ming<i<p d;

(14)

Paper [Lu & Kawaguchi| (2017) showed that when X and Y are full row rank, every local minimum of (T3} is global.

We now relax the full rankness assumption and reproduce similar results. However, as we will see, the local/global

equivalence does not always follow if we relax the full rankness. In such cases, we will provide detailed counter

examples. Before proceeding to the proof we define the following mapping:

M (Wi o W) AW, W = Ry, 2{Z =W,;... W; € RE*%-1 |rank(Z) < min_d;} fori>j
: Jo1<i<i

Now we state Theorem 3.1 of |[Lu & Kawaguchi| (2017) using our notation. The proof of the lemma stated below can

be found in Appendix A.4.

Lemma 10. If W is non-degenerate, then My 1(W) = Wy, - -- W1 is locally open at W.

We now demonstrate our main results for this optimization problem which shows that under a set of necessary condi-
tions, every local minimum of problem (I3)) is global. Although the result for the non-degenerate case directly follows
from (Yun et al.,[2017, Theorem 2.2), we provide in Lemma@] a more intuitive proof that uses local openness of M.
Moreover, Theorem [[2]extends the result to degenerate critical points.

Lemma 11. Every non-degenerate local minimum of is global minimum.

Proof. Suppose W = (W, ..., W7) is a non-degenerate local minimum. Then it follows by Lemma 10| that M, ;
is locally open at W. Then by Lemma Z = Mp(Wp,...,W7) is a local optimum of problem (14)) which is in
fact global by Lemmal[7]

We now state the desired result for degenerate critical points.

Theorem 12. Let p} £ argmin d; and py = argmin d;. If dp,~ < min{dy,do}, we can find a rank deficient Y such
0<i<h %P7

that problem (30) has a local minimum that is not global. Otherwise, given any X andY , every local minimum of

problem is a global minimum.

The proof of Theorem[I2]can be found in Appendix C.
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Appendix

A PROOF OF THEOREM [§], COROLLARY [9] AND LEMMA [10]

A.1 PROOF OF THE THEOREM

Proof. The proof for the degenerate case is done by constructing a descent direction if the point is critical but not
global. Let (W5, W) be a degenerate critical point, i.e. rank(WyW7;) < min{ds,d1,dp}. Then, based on the
dimensions of dy, d1, and ds, we have one of the following cases:

ds < dy then 3 b # O such that b € N(WQ)

do < dy then 3 b # 0 such that b € N'(W')

dy < dy,and d; < dj then either Wy is rank deficient and 3 b # 0 such that b € N'(W>) or

Wi is rank deficient and 3 b # 0 such that b € V(W)
So in all cases either N'(W3) # 0 or N'(W{') # 0. Also, let A = WoW1 X — Y. If AXT = 0, then by convexity
of the square loss error function, the point (W5, W) is a global minimum of . Else, there exists (7, j) such that

(X, Aj.) # 0. We now use first and second order optimality conditions to construct a descent direction when the
current critical point is not global.

First order optimality condition: By considering perturbation in the directions A € R%*% and B € R%*% for
the optimization problem

1
minimize 5\|(W2 +tA)Y (W, +tB)X — Y |? (15)
we obtain - B
(AW X + WyBX, A) =0, VAecR®2*h BeRuxb
Second order optimality condition:
2(ABX,A) + |AW,X + WyBX|? >0 VA€ R?*h BeRW*db

Suppose (Wo, W) is a critical point and there exists b # 0, b € N'(W5). We define
B, ab ifl =4, A, 2 b” itl=Jj,
’ 0 otherwise ’ 0 otherwise
where « is a scalar constant. Then, using the second order optimality condition, for ¢ = || AW X ||, we get
a|bl? (X, Aj)+e=0
SN~ ——
#0 #0
Since this is true for every value of o, b should be zero which contradicts the assumption on the choice of b. Hence

N(Wy) = 0.
Similarly, suppose (W, W) is a critical point and there exists a’ # 0, a” € N (WT). Let

4, L aa” ifl:j.7 p,ela ifl:i.,
’ 0 otherwise ’ 0 otherwise
where « is a constant.Then, for ¢ = ||[W,BX]||?, we get
o|al? (Xin A )+c>0
—————
#0 #0

Using the same argument, we can show that (W5, W) is a second order saddle point of problem .

We now show the result for the non-degenerate case. Let (Wz, Wl) be a non-degenerate local minimum, i.e.
rank(WoW 1) = min{ds, d1,dp}. Then it follows by Lemma [10| that the matrix multiplication M(-, ) is locally
open at (W2, W1). Then by Observation Z = W3y W] is a local optimum of problem which is in fact global
by Lemma

O
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A.2 PROOF OF COROLLARY [9]

Proof. We follow the same steps used in the proof of Theorem [§]to show the result.

First order optimality condition: By considering perturbation in the directions A € R%* and B € R% > for
the optimization problem
minitmize ((Wy+tA) (W, +tB)X - Y) (16)

we obtain - - o
(AW X + WoBX , V/(W,; WX —Y)) =0 VAcR2*Xh B RI*d

Second order optimality condition:
2(ABX, VI(WoW1X —Y)) +h(AW; X, WoBX, WoW X) >0 VA € R2*" B e R *d

where h(-) is a function that has a tensor representation. But we only need to know that it is a function of
AW X, WyBX,and Wo W X

If V{(WoW1X — Y)XT, then by convexity of £(-), (W2, W1) is a global minimum. Otherwise, there ex-
ists (i,7) such that (X; ., (V{(WW X — Y))j .) # 0. Using the same former argument in proof of Theorem
we choose A gnd ﬁ such that h(AVVlX , WQB‘X , W2W1X ) is some constant that does not depend on «, and
<ABX, V(W W1 X —-Y)) =« <Xi7;, (V@(WngX — Y)) > # (0. Then by proper choice of o we show

Jst

o #0
that the point (W5, W) is a second order saddle point.

A.3 PROOF OF LEMMA/[]]

Proof. Let rx = rank(X) and UxEx V¥ with Ux € R%*d Sy € R%>" Vx € R™ " be a singular value
decomposition of X. Then

12X - Y[? = |Z2Ux [(®x),,,,0] - YVx/*

=2Ux (=x), - (YVx) I+ I(YVvx) |12

JAirx Llirx srx+1lin

constant in problem
Since Ux (EX) i is full column rank, then the linear mapping ZU x (EX): Lirx is open, and

rank(ZUx (Zx) < min{rank(Z),rx} = min{ds,d1,do,rx }.

:,lzrx>

Consequently, every local minimum in problem (I2) corresponds to a local minimum in problem

1 .
minimum 5HZ7Y||2

ZeRd2Xrx B a7
subjectto  rank(Z) < min{ds,d;,do,rx}
where Y = (YVX): Lrx The result follows using (Lu & Kawaguchil 2017, Theorem 2.2).
O

A.4 PROOF OF LEMMA [10]

Proof. We construct a proof by induction on h to show the desired result. When h = 2, we either have d; <
min{ds, do} or d; > min{ds, dy}. In the first case,

dy = rank(WoW7;) < rank(W;) < d; < rank(W;) =d;, and d; = rank(WyW;) < rank(Ws) < d; < rank(W3) = d;.

12



Since W is full column rank and W5 is full column rank, then by Theorem Mo 1(+) is locally open at (W, Wh).
In the second case, either

dy = rank(WoW7) < rank(Ws) < ds < rank(Ws) = da,
or

dp = rank(WoW7) < rank(W7) < dy < rank(W7) = dy
Thus, either W5 is full row rank or W7 is full row rank, then by Proposition Mo 1 (+) is locally open at (Wo, W).
Now assume the result holds for the product of h matrices M, 1 (W), we show it is true for M, 1 1(W).

Since
d, = rank(Wj, ... Wy) <rank(W, 1 W,) < d, & rank(W, 1 W,,) = d,,

then using Proposition 4| we get M1 ,(-) is locally open at (W,11,W,). So we can replace W, 1 W,
by a new matrix Z, with rank d,. Then by induction hypothesis, the product mapping Mpi11 =
Wit Wy Z,Wy,_1 --- Wi is locally open at W. Since the composition of locally open maps is locally open,
the result follows.

O

B PROOF OF THEOREM [3]

In this section, we prove Theorem This theorem provides a complete characterization of points (W1, Ws) €
R™*F x RE*" for which the matrix multiplication mapping M (-, -) is locally open for the case of k < min{m,n}. In
particular, we show that if rank(W) # rank(Ws), M(-, -) is not locally open at (W1, Wy). Else, if rank(W) =
rank(Wy), then the following statements are equivalent:

i) IW, € R™** such that W; Wy = 0 and W, + W is full column rank.
ii) IW, € R¥¥" guch that W; Wy = 0 and Wy + W, is full row rank.
iii) dim (N (Wy) N C(W3)) = 0.
iv) dim (M (W3) N C(WT)) =0

v) M(-,-) is locally open at (W, Wy) in its range R = {Z € R™*" with rank(Z) < min{m, k,n}}.

To prove this result, we first show that the local openness of M(-, ) at (W7, Wa) is equivalent to the local openness
of M(-,-) at (UTW;, W, V) where the columns of' € R™*™ and the columns of V' € R"*™ are the left and
right singular vectors of the product W; Wy, respectively. This allows us to focus our study on the local openness
of the mapping M to matrix pairs whose product is a diagonal matrix. We then show in Lemma [I6] that when
rank(W7) = rank(W5), the statements i, i7, ¢4, and v are equivalent. Finally, we show in Proposition that these
conditions hold if and only if the mapping M (-, -) is locally open at (W7, W3). Before proceeding we state and prove
Lemma T3] that will be used later in the proof.

Lemma 13. Let V' € R™*™ be a matrix with rank(V') = r < m. Then there exist an index set B = {i1,...,i,} C
{1,...,m} and a matrix A € RU"=")%" such that

|A]| oo = max |Ay;| < oMl and Vge = AVg,
i,

where Vig € R™*™ is a matrix with rows {V; . },cp and Vg € RM=1)X" j¢ 4 matrix with rows {Vi.}tiepe.

Notice that in the above lemma, the bound on the norm of matrix A is independent of the dimension n and it also does
not depend on the choice of matrix V.

13



Proof. To ease the notation, we denote the ith row of V- by v;. We use induction on m to show that there exists a basis
B = {i1,...,i,} and a vector a; € R" such that ¥V j € B¢,

v = Z a;;v; with |aj)i| < om—r=l e B.
i€B

o Induction Base Case m = r + 1: Without loss of generality, assume B = {1,...,r}. Since the case of v,1 =0
trivially holds, we consider v,,; # 0. By the property of basis, there exists a non-zero vector a,41 € R" such that

vr+1 - Zz—l ar-i—l iUj.

Leti* = arg max |ar11.4|. If |@r11 4+ < 1, then the induction hypothesis is true. Otherwise, when |a, 41 ;| > 1, we
i€ ’

have
T
1 Qri1,4
Vix = P Ury1 — E P v;
r+1,i i=1; i r+1,%
S—— ——
Qri1,r41 Qri1,i
= E Qri1,4Y; where B* = (BU{r+1})\{i*},
i€eB*

i.e., we remove the item ¢* from 5 and include the item r + 1 instead. Since |@,+1,;| < 1, the induction base holds.

o Inductive Step: Assume the induction hypothesis is true for m > r, we show it is also true for m 4 1. Without loss
of generality we can assume that B = {1, ..., r}. By induction hypothesis,

'Uj = Z aj’l- v; with |a]2| S 2m*T71’ v] = {7'_|_ 1’ . ’m}.

Since the case of v,,,+1 =0 tr1v1a11y holds, we consider v,,, 11 # 0. Since B is a basis, there exists Qi1 = 0 such that
V1 = D iq Qm+1,i Vi Let i = argmax |@mt1,il- If |@me1,i-] < 2™77, the induction step is done. Otherwise,
eB

for the case of |a,,,+1.+| > 2™ ", we have
+1, )

T

_ 1 At 1,i
Vix = ———— Um+41 — P v;
Q41,0+ i=1; it Ap41,i*
Am+1,m+1 Am+1,i
= Z At 1,iVis
iEB*

where B* = (BU{m + 1})\{¢*} and clearly |@,+1,| < 1, Vi € B* according to the definition of i*. For all
je{r+1,....m

.
v = E Qj;i Vit Qj= Vi

i:l'i;ﬁi*
K
Qa; ;* a i Qg *
o Gy m+1,7 Ly
- § a;; v; + a —Um+41 — § a : v;
¥ *
i=1; ii* m+1,0 i=1; it AL
- a a a
_ g, Om+1,0 J,i*
= g (aj:— Jvi + Um+1
i=1; ii* Amt1,i* Fmt1,i*
’ S——
aj,i aj,m+1
= E Ezj,ivi.
ieB*
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It remains to show that |a; ;| < 2™~ " forall¢ € B*, j € {r +1,...,m}. Let us first consider ¢ € B*\{m + 1} and
je{r+1,....m}:

At . . .
—mtli by triangular inequality

laj| <laj:|+ ‘aj,i*
Am4-1,i*

< gm-r=l 4 gm=r-1 ‘ Gmli by induction hypothesis

am+1,i*
<2mTr by definition of i*.

aj,ix

‘ 2m7r71

Fori =m+1,|@jm41] = ‘

< 2™~". This concludes the inductive step and completes our

QAp+1,i* Ap+1,5*

proof.

O

Lemma 14. Let W, € R™** and Wy € RF*™. Assume further that WiWy = UXVT is a singular value
decomposition of the matrix product Wi Wo withU € R™*™ V € R™*™ and 3 € R™*". Then

M(-,-) is locally open at (W1, W) < M(-,-) is locally open at (UT W1, W, V).
Proof. We first show the direction “ = ”. Suppose M|, ) is locally open at (W7, W5), then by definition of local
openness, for any given ¢ > 0, there exists § > 0 such that
Bs(W1W2) N Ry € M(B(Wh),Be(W2)) = {(W1 + Wi)(Wa + W5) | [Wi|| < e, [[W5] <e}). (18)

‘We now show that
Bs(U"WiW,2V) N Ry € M(BA(UTW1),B(W2V)).

Consider ¥ € Bs(UTW,WLV) N Ry i, X = UTW, W,V +R; with rank(2) < min{m, k,n} and |Rs|| < 9.

Since U and V' are unitary matrices, we get USVT = W,W, + URsVT with rank(UEVT) = rank(E) <
min{m, k,n} and [URs;VT| = || Rs|| < 6. According to ( , we have

USVT € B (WiWa) N R C{(W1 + Wi)(Wa + W) | [|Wr| <, [[Ws| < e}
which implies,
2 e {(UWL +UTW§)(WaV + W5V) | |[Wi| <, [Ws]| <€}
={({UWL +UTW) (WL V + WoV) | [UTW|| < ¢, [W5V] < ¢}
Since 3 was arbitrarily chosen, we get Bs(UT W W,V) N Ry C M (B.(UTW,),B.(W,V)).

Proving the converse direction “ <= ” is similar. Suppose M (-, -) is locally open at (U W7, W, V'), then by definition
of local openness, for any given ¢ > 0, there exists § > 0 such that

B (UTW W2 V) N Ry € M(B(UTW,),B(W,V))

€ € € € 19)
={(UTW1 + W) (WL V + W5) | [[WS|| <, [[W5]|| < e} (

‘We now show that
IB[;(W1W2) NRam C M( ( ) B, (Wg))

Consider Z € Bs(W1W2) N Ry, ie. Z = W, W, + R with rank(Z) < min{m, k,n} and | Rs|| < 4. Since

U and V are unitary matrices we get UTZV = UTW, WQV + UTRsV with rank(UT ZV) = rank(Z) <
min{m, k,n} and |[UT Rs;V || = || R;s|| < 6. According to , we have

UTZV € Bs(U"W1W,V) N Ry € M(B(UTW1), B (W,V)).
which implies,
Z e (Wi +UWP)(Wa + WiV [|WS] < ¢, [We| < ¢}
= {(W1 + UW)(Wo + WiV [ [UWS|| < ¢, [W5VT|| < ¢}
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Since Z was arbitrarily chosen, we get Bs(W; W) N Ry C M (IBE(Wl), ]BE(WQ)), which completes the proof.

O

Lemma 15. Let W, € R™ % and W, € RFX™. Assume further that W Wy = UXV7T is a singular value
decomposition of the matrix product W Wy with U € R™*™, V € R™ ", and & € R™*". Define W, £ UTW,
and Wy = W, V. Then the condition (A) below holds true if and only if the condition (B) is true. Similarly, condition
(C) is true if and only if condition (D) is true.

(4) 3 \/7\\/'1 € R™** such that \/7\71W2 =0and W1 + ‘/7\\/'1 is full column rank.
(B) 3 Wl € R™*¥ such that W]_WQ =0and Wy + Wl is full column rank.
(C) 3 Wg € R¥*™ such that Wﬂ\vg =0and Wy + \/7\\/'2 is full row rank.
)

(D) 3 WQ € RE*" gych that W1{7\72 = 0and W, + \7\72 is full row rank.

Proof. Setting Wl = UT\/N\/'l and Wg = \/7\\/'2V leads to the desired result. O

Lemma [I4] and Lemma [I5] imply that for proving Theorem [3} without loss of generality, we can assume that the
product W1 Wy, is equal to a diagonal matrix. We next show in Lemmathat if £ < min{m,n} and rank(W,) =
rank(Wy), then statements 4, 4, 4%, and iv in Theorem 5] are all equivalent.

Lemma 16. Let W, € R™*F Wy € RF¥" with rank(W ) = rank(Wy) = r. Assume further that k < min{m,n}.
Then, the following conditions are equivalent

= \7\71 € R™*¥ such that W1W2 =0and W, + Wl is full column rank.

i) 4 Wg € RFX" such that W1W2 =0and W + Wg is full row rank.
iii) dim (N (W1) N C(Wy)) =0.

iv) dim (N(W3) nCc(WT)) =o.

Proof. To prove the desired result we show the equivalences it < ii¢, and ¢ < v. Then we complete the proof by
showing 17 < 1v.

We first show the direction “ii = i3”. Consider W; € R™*% W, € R**" with both being rank r matrices.
Suppose iz holds, then

C(Ws3) C N(W,) = rank(Ws) < dim (N (W,)) =k — 7. (20)
Also,
k = rank(Wq + Wg) < rank(Ws) + rank(Wg) =r+ rank(Wg). 21
From inequalities and (21), we get
k—r < rank(Wg) <k-r= rank(WQ) =k—r
Note that dim(C(W3) ) = dim( N (W) ) and C( W) C A'( W, ), which implies that C( Wy ) = N'( W ).
Then since rank(W + W) = rank(Wy) + rank(W5), we get

0 =C(W3)NC(W2)=N(W;)NC(Wy) = dim(N(W;) N C(Wy)) =0.
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We now show the other direction “ii < 4i7”. Without loss of generality, let Wy = [(Wy/)FX" Arxn=r (W, )kx7]
where columns of W' are linearly independent and let W5, = ¢ [wi,...,w{™",0,...,0] € R**" bearank k—r ma-
trix where w! are unit basis of N'( Wy ) which yields C( W3 ) = A’( W ). Then since dim (NM(W1)NC(Ws)) =0,
we get rank(Wy + \7\72) = k for generic choice of €. This completes the proof.

Note that by setting W1 = W] and W, = WL, the same proof can be used to show i <> iv. Next, we will prove the
equivalence 77t < tv. Notice that

dim(span(/\/(W1 )UC(Wo )))
— dim(N (W) +dim(C(W5)) — dim(NV' (W, ) NC(W5))
—k—r+r—dmN(W;)NC(Wy))
=k —dim(N(W1)NC(W2)).

Thus,
dim(N (W) NC(W3)) #0 & dim(span(/\/( YUC(W, ))
< Ja #0suchthata L C(W3), anda L N (W)
& Ja #Osuchthata € N(W32), anda € C(WT)
& dim(N(WJ) N C(WT)) #0,
which completes the proof. O

The next result shows that if the conditions in Lemma [16] hold, then rank(W;) = rank(Wj3). Moreover, for
r £ rank (W1 Wy), the last n — r rows of UTW, and last n — r columns of W,V are all zeros, where the columns

of U € R"™*™ and the columns of V' € R™*™ are respectively the left and right singular vectors of the product
W, Wo.

Lemma 17. Let W, € R™*F, W, € R¥*" with k < min{m,n} and let r = rank(WWy). Assume further that
WiW, = USV 7T is an SVD decomposition of W1 Wy with U € R™*™ and V. € R™*™, and & € R™*", If

)3 {7\71 e R™*F sych that Wl Wy = 0 and W1 + Wl is full column rank.
and
ii) AWy € R¥X™ such that Wiy Wo = 0 and Wy + W is full row rank.

e rank(W1) = rank(Ws), (WoV), . =0, and (U'Wi) ., =0
Proof. Suppose that ii) holds, then
C(W3) CN(W,) = rank(Wy) < dim(N(W;)) = k — rank(W,). (22)
Also,
k = rank(Wy + Ws) < rank(Ws) + rank(W). (23)
From inequalities (22)) and (23), we get
k — rank(W3) < rank(Ws) < k — rank(W;) = rank(W3) > rank(W). (24)
Similarly, condition ¢) implies
C(WT) CN(WT) = rank(W,) < dim (N(WF)) = k — rank(W5). (25)
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Also,

k = rank(W; + Wl) < rank(W7) + rank(wl). (26)
From inequalities and (26), we get
k — rank(W7) < rank(wl) < k — rank(W3) = rank(W7) > rank(Ws). 27

From inequalities and , we get rank(W7) = rank(W5), which combined with Lemma implies
dim(N(W71) N C(W2)) = 0. Let r £ rank(W;Wy). It directly follows from the SVD decomposition of the

matrix Wi Ws, that UT W, (WQV):7T+1:n = 3. ,41.n = 0, or equivalently Wy (WQV): riln — 0. On the other
hand, since C(W32V. 11, ) C C(W2) and N (W7 ) N C(W3) = 0, we conclude that (W3V). 41, = O.
Similarly, one can show that (U7 W), 1., = 0. 0

Proposition 18. Let M(W 1, Wy) = W W, be the matrix product mapping with W1 € R™*F W, € RF*",
and k < min{m,n}. Then, M(-,-) is locally open in its range Ry = {Z € R™*" : rank(Z) < k} at the point
(W1, Ws) if and only if the following two conditions are satisfied:
)3 {7\71 € R™** such that W1W2 =0and W, + Wl is full column rank.
and
1) 3 Wg such that W1W2 = 0and Wy + \7\72 is full row rank.

Proof. First of all, according to Lemma[I4] and Lemma [T3] without loss of generality we can assume that the matrix
product W Wy, is of diagonal form.

Let us start by first proving the “only if” direction. Notice that the result clearly holds when rank(W;) =

rank(W3) = k by choosing W; = W, = 0. Moreover, the mapping M(-,-) cannot be locally open if only
one of the matrices W1 or Wy is rank deficient. To see this, let us assume that Wy is full column rank, while W5 is
rank deficient. Assume further that the mapping M(-,-) is locally open at (W7, W), it follows from the definition

of openness that the mapping M (W, W1) £ W; W1 is locally open at (W, W) where W1 £ (W5). 1., only
contains the first & columns of W5. Since the range of the mapping M at (W, W1) is the entire space R™*¥,
Proposition [ implies that
3W, such that W; W1 = 0 and W + W1 is full row rank.
or
FW! such that Wy W} = 0 and W1 + W1 is full rank.

Moreover, since Wy € R™*k and m > k, itis impossible for Wl + W to be full row rank. On the other hand, since

W1 is full column rank, Wi W1 = 0 implies that W} = 0; and hence W3 + W1 is not full column rank. Hence
none of the above two conditions can hold and consequently, M(-, -) cannot be open at the point (W7, W3) in this
case. Similarly, we can show that when W is rank deficient and W5 is full row rank, the mapping M (-, -) cannot be
locally open. Hence, if W1 and Wy, are not both full rank, then they both should be rank deficient.

Assume that the matrices Wy and W, are both rank deficient and M, -) is locally open at (W7, W5). It follows that
M (W, W2) W, W1 is locally open at (W7, W2) By Proposition @ and since there does not exist W such
that W, + W/ is full row rank, there should exist W2 such that W1W2 = 0and W1 + W2 is full rank. Defining
Wg = [ W2 ‘ 0 ], we satisfy the desired condition 7).

Similarly, by looking at the transpose of the mapping M, we can show that condition ) is true when M is locally open.

We now prove the “if”” direction. Suppose ) and #4) hold, i.e.,

3IW, such that W; W, = 0 and W, - W is full column rank.
and
3I'W,, such that W; Wy = 0 and W4 + W, is full row rank.
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Let ¥ = WiW, = [ 3.1, 0 ] bearank r matrix. Lemma [17]implies that rank(W1) = rank(W5), and the last
n — r columns of W5, are all zeros. We need to show that for any given € > 0, there exists § > 0, such that

Bs (WiW2) N Rt € M(B, (Wh), B, (W2) ).

Consider a perturbed matrix NS Bs (2) N R, we show that e M (IBC (‘7[7/1),18E (Wg)) Without loss of

generality, and by permuting the columns of 3 if necessary, 3 can be expressed as

8 S+ Ry | R} | (B0 + R})A; + R}A, ]
y = —_——— ~— .
mxr mx (k—r) mx(n—=k)

Here A; € R™("%) and A, € R(F—7)*(n—k) exist since rank(X)< k. Moreover, | X — X|| < & implies that the
perturbed matrix
R; = [ R<15 ‘ R?S ‘ (E:,1:T+R(1;)A1 —‘rR(QSAQ ]

has norm less than or equal ¢, i.e. || Rs|| < 4.

Since rank(Wo+W5) = k, there exist a unitary basis set {w3, ..., W&~} for Wy such that span{w}, ..., w5~} n
C(W3) = 0. Define
kX kx(k—r)
W/ € it ~ k—r
W% = o 0 w% N U , (28)

and let us form the matrix W3 € R¥** using the first & columns of W. Since the last n — 7 columns of the matrix

W, are zero, W} + W1 is a full rank k x k matrix and W, W} = 0. Let us define
Wi £ [ Ry | R} [ (W3 +W3)™h,

and . B . B .

WO L[ Wi | (Wh+ W) | A+ (WE+ W) Ay |

51 r+1:k

Using this definition, we have
(W1 + WY) (W, + W)
(W + W(Wa + W)k | (Wh + W)W + W) k]

= [(W1 + W)W+ W) | (Wi + W) (Wa + W),
| B+ WiW3 + [ RE | R2 ] (W + W)~ {(W + W)
= —_2 ~~
L =0 mx(n—k)
o | awo [ (wiewn Wi+ Wl Ay
+ ~— ( 1+ 1) [ ( 2t 2):,1:r ( 2+ 2):,r+1:k } Ay
|l mxk
—WAW,+ [ R | R2 | (8.1, + RNA, + R2A, |
=W1Ws + R;
=3 (29)

O

To complete the proof, it remains to show that for any € > 0, we can choose § small enough such that | W?|| < e and
[W9]| < e. In other words, we will show 3 € M (IBE (Wh), B, (Wg))
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Let 7, with k& > 7 > r, be the rank of 3. According to Lemma and by possibly permuting the columns, 3 can be
expressed as

=% | 4],

where 3, € R™*7 is full column rank, and A has a bounded norm || A|| < n2"~"~!. Notice that for given W and
W) satisfying , permuting the columns of > corresponds to permuting the columns of (W5 + W9). If we can
show that the first  columns are not among the permuted ones, then using the fact that W5 has only its first  columns
non-zero, it follows that the permutation of the columns of 33 corresponds to the same permutation of the columns of
WJ. Moreover, if the first  columns are not among the permuted ones, then without loss of generality we can express
the perturbed matrix

= 2:,1:7’ + R}; R% (2:,1:7“ + R}S)Al + R(%AQ
Y = —— ~— ,
mxr mXx (k—r) mX(n—Fk)
and the perturbation matrix
R}S R% (2:.1:1‘ + R}S)Al + RgAQ
Rs; = ~— ~— . ,
mxXr | mx(k—r) mx(n—k)

where [ :31 } = A has a bounded norm.
2

We now show that the first 7 columns of ¥ before permutation X. 1., + R} - 521. Assume the contrary, then there
exists at least a column 3. ; + (Ré) ; that is not a column of 3, which implies . ; + (Ré) ; is a column of ¥ A.

i B

Without loss of generality let . ; + (Rj). ;= 3, A. ;. Tt follows that

EJJ + (R}S)m- = (il)j,:A:,L

But since X ; + (R};)j ; is a non-zero perturbed singular value, and since elements of (21) j,: are all of order ¢, then

by choosing ¢ sufficiently small, we get || A|| > 2"~"~!, which contradicts the bound we have on A.

We now obtain an upper-bound on |[WJ]|. Since the norm of A is bounded, the norm of Aj is also bounded by some
constant K £ n2" > n2" "1, Hence,

§ > |Rs|| > [[(Z:1:r + R5) A + R} As|
> [|(B: 10 + R5) As || — | REA||
> ||(2:,1:r + R(lg)AIH - K¢

Omin | ¥
> T 44| - Ko,

where o,y is the minimum singular value of the full column rank matrix X. ;., which is bounded away from zero.

Here, we have chosen § < oyin/2 so that [|(2. 1., + R}) A4 < Un;n | A1||. Rearranging the terms, we obtain
214 K)S
AL < =———.

min

Thus, for some constant C' 2 ||[W3 ||, we obtain
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WY1 < W%+ [W5|? | A1]|> + [[W3]? |A2]>  (by triangular inequality and Cauchy Shwarz)

2
G +§202<2+2K>

— 4n2 22n 4n2 22n Omin

2
2 27172
@2 K +5202<2+2K>

=K AR Crmin
2
2+ 2K>

Omin

S 62/2+5202<

For a given € > 0, choose

€

1+max{|(vv; +W§)1||,ﬁc<2+2K>}

6 < min

) CTmin/2

min

This choice of J leads to ||[WJ|| < e. Moreover,
Wl < [[Rs|I(W3 +W3)~!|
< 3[(W3+ W5~
(W3 + W)
T+ (W WY
<e€

f— 3

which completes the proof.

We now use Proposition[T8] Lemma[I6] and Lemma [7]to complete the proof of Theorem [3]restated below.

Theorem [5|[Restated]: Let M(W;, W3) = W; W, denote the matrix multiplication mapping with W, € R™xk
and Wy € RF*" Assume k < min{m,n}. Then if rank(W;) # rank(Ws), M(,-) is not locally open at
(W1, W3). Else, if rank(W;) = rank(W3), then the following statements are equivalent:

i) IW, € R™** such that W; W, = 0 and W, + W is full column rank.
i) 4 Wg € R¥*" such that Wlwg = 0and W, + Wg is full row rank.
i) dim (N(W7) N C(W3)) = 0.
iv) dim (NV(WZ) n C(WT)) =0.
v) M(:,-) is locally open at (W, Wy) in its range R = {Z € R™*" with rank(Z) < min{m, k,n}}.

Proof. Firstof all, if M(-, -) is locally open at (W1, W), according to Proposition the conditions ¢) and ¢) must
hold; and hence rank(W;) = rank(W3) due to Lemma Thus, M(-, -) cannot be locally open if rank(W) #
rank(W5). On the other hand, when rank(W) = rank(Ws), the conditions ), i%), i¢), and iv) are equivalent due
to Lemma|[I6] Moreover, these conditions imply local openness according to Proposition[I8]

O
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C PROOF OF THEOREM [12]

Consider the training problem of a multi-layer deep linear neural network:

1
minimize ~|W}, - W1 X — Y | (30)
w 2
Here W = (Wi)?zl, W,; € R%*di-1 gre the weight matrices, X € R%*" is the input training data, and Y € R%»*"

is the target training data. Based on our general framework, the corresponding auxiliary optimization problem is given
by
. 1
minimum ~||ZX - Y|?
ZcRn xdo 2
subject to rank(Z) < dp £ minogigh di

€1y

Let p; £ argmin d; and p5 £ argmin d;. In this section we show that if d,. < min{dp,do}, we can find a rank
0<i<h 7P}
deficient Y such that problem has a local minimum that is not global. Otherwise, given any X and Y, every
local minimum of problem is a global minimum. We start with a Lemma that will be essential in our main proof.
Lemma 19. Consider a degenerate point W = (Wy,, ..., W) with ./\/'(Wl ) and N( wl ) forh—1<i<2all
non-empty. If ~ ~
./\/( W, ) is non-empty or N( Wf ) is non-empty,

then W is either a global minimum or a saddle point of problem (@)

Proof. Suppose that N( W, ) is non-empty. Let A = W, ---W; X — Y. If AXT = 0, then by convexity of the
square loss error function, the point W = (W, ..., W) is a global minimum of . Else, there exist (7, j) such
that ( X;., A;.) # 0. We define the set K £ {k[3 < k < h, N(Wj) L N(WipoiWji_z---W2)T)}. We
split the rest of the proof into two cases that correspond to & being empty and non-empty.

Case a: Assume K is non-empty. We define k* £ mazir’ncum k.
€

By definition of the set K and choice of k*, the null space N (V_Vk*) is orthogonal to the null-space
N((Wpe_1---W2)T).  This implies there exists a non-zero b € R% -1 such that b € N (W) N
C(Wye_1--- Wy ). By considering perturbation in directions A = (Ay,..., A;), A; € R%*di-1 for the opti-
mization problem

1 - _
minitmize g(t) & §||(Wh +tA) - (Wi +tA)X — Y| (32)

we examine the optimality conditions for a specific direction A.

Let

. ) . ) b.pl ifk*+1<k<h-1
< T ifl=j - arby ifl=1 - k
A‘éahphl , A, A 101 , AL T k= b
(A {0 otherwise (A1): 0 otherwise k bib ik =k

0 if2<k<k —1,

where oy, and oy are scalar constants, by € R? such that Wy«_q - -- Woby = b, and
P EN(Wi_i - Wo)T), b1 € N(Wy), and (pi, br—1)#0 VE*+1<k<h. (33)

Notice that such pj, and by_; exist from the definition of K and choice of k*. For this particular choice of A =
(Ap,..., A1), we obtain

Wi 1A, =0 fork*<k<h-1 and AWj_;---Wy=0 fork*+1<k<h. (34)
We now show that (Ay,, ..., A;) is in fact a descent direction. Before proceeding we define some notation that will
ease the expressions of the optimality conditions. Let V be an index set that is a subset of {1,...,h}. We define

the function f(AY, W~Y) which is the matrix product attained from Wy, - -- W1 X by replacing matrices W, by
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matrices A, for every v € V. For instance, if h = 5 and V = {2,3,5}, then f(AY, W) = A;W,A3A,W; X.
We now determine index sets V, with |[V| > 1, that correspond to non-zero f(AY, W~V). First note by definition

of A, if V N {k* — 1,...,2} # 0, then f(AY,W~Y) = 0. Also by (34), forany k* < v < h —1,ifv € V

then either {k*,...,h} € V or f(AY,W~Y) = 0. This directly imply that A, -+ Ajx Wp._1--- WX and

Ap - A=W _1 - W5 A1 X are the only terms that can take non-zero values. Using the definition equation li

we obtain

1 * _ = - o _ o _
g(t) = §ch—k LA A Wy W X+t F 424, AL W - WHhA X + A%

It follows that
d"g(t)
otr

=0 forallr <h-—k"*.

t=0
and
h—Fk +g(t)
oth—k +1

t=0

(kD Ay A Wiy WX, AD.

If < Ay Ap Wi 1 W X, A > # 0, then by properly choosing the sign of «y, such that
< Ap - ApWie_1--- W X, A > < 0, we get a descent direction. Otherwise, we examine

ah—k* +2_g(t)
Jth—k*+2

t=0

where h(-) is a function of Ay, -+ Ap-Wp-_1--- W X.

(=K 2 Ay AWy WA X, A) + h(Ay - A Wiy - W, X).

We now evaluate the term <Ah AW WAL X, A > Since (Ap);. = Oforalll # jand (A1).;, =0
for all [ # i, we only need to compute the (j,4) index (fih e A Wigs _q - ~W2A1)(j 3 3 all other indices are

zero. For some constant ¢ = pj. b,_1p}_ bu_2 - - - p{.  be-b" b, we obtain

(Ah o AW g - W2z‘i1)(j7i) = ahalpzbh—lpg—lbh—Q e 'Pg*ﬂbk*bTWk*—l - Wby

= apa1py bp_1P}_1bh—2 Pl bp-bTb

= pa1C,

where c is non-zero by our choice of b, pj, and by_q for h < k < k* — 1 as defined in (33). For a fixed a, # 0,
h(Ap -+« A= Wi«_1--- W1 X)) is a constant scalar we denote by c,,. Then by properly choosing « such that

ap 1 C <Xi,:7Aj,:>+Ca < 0,
#0 #0 #0

we get a descent direction. This completes the first case.

Case b: Assume K is empty. We consider

- T ifl = _ by, ifl=i _ bipl  if3<k<h—1
A ) AL ahph 1 Js Aq). A 191 ) A A kP iy ay
(An) { 0 otherwise (Av)s 0 otherwise F b.bT if k=2,
where v, and oy are scalar constants, by € N'(W3), and
pr EN(Wioy- W)T), b1 € N(Wy), and (py, br_1)#0 V3<k<h. (39

For this particular choice of A = (Aj, ..., A1), we obtain

Wi 1A, =0 for2<k<h—-1 and AW, ;---Wy=0 for3<k<h.
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We now determine index sets V), with ’V‘ > 1, that correspond to non-zero f (AV, V_V_V). By , forany 2 < v <
h —1,if v € V then either {2,...,h} € V or f(AY,W~Y) = 0. This directly imply that A} --- AoW; X and

Ay, --- A X are the only terms that can take non-zero values. Using the definition of equation (32)) we obtain

1 _ R _ _
g(t) = SIt" A AW X 1" Ay A X+ A

It follows that

9"g(t) =0 forallr <h-—2.
otr
t=0
and
ah—l t = 1 YA
anJS) = (=D An - HWIX, A).
t=0

If (A -+ A;W1 X, A) # 0, then by properly choosing the sign of v, such that { Ay, --- A, W1 X, A) < 0, we
get a descent direction. Otherwise, we examine

d"g(t)

oth =(Ap AX A )+ h(Ap - AW X),

=0
where h(-) is a function of A, --- AW X. We now evaluate the term ( Aj, --- A1 X, A ). Since (Ap);,, = 0 for
all | # j and (Ay).; = O for all | # 4, we only need to compute the (j, i) index (A, - - - Al)(j ;) as all other indices
are zero. For some constant ¢ = pLby,_1pl_ by - plbyb by, we obtain

(Ap--- A1)(j7i) = apo1 P bp-1Pf_1br—2 - p3 babi by
= apaic,

where c is non-zero by our choice of b, p;, and by_; for 3 < k < h as defined in . For a fixed ay, # 0,
h(Ay, --- AoW1 X)) is a constant scalar we denote by c,. Then by properly choosing «; such that

ap a1 ¢ <Xi7:,Aj7;>—|—ca <0,
#0 #0 £0

we get a descent direction. This completes the second case.

Now if N'(WT') is non-empty, we define the set
K2{k|1<k<h—2, N(W,_1--- W) L N(WH},
and use a similar proof scheme to show the result. More specifically, we split the proof into two cases that correspond

to /C being empty and non-empty.

Case a: Assume K is non-empty. We define k* = miII:ir?Cum k.
€

By definition of the set K and choice of k*, the null space N (WZ*) is orthogonal to the null-space
N(Wyj_y--+Wyeiq). This implies there exists a non-zero p € R%* such that p € N(WL ) N
C( (Wp_q- 'Wk*H)T). By considering perturbation in directions A = (Ap,..., A;), A; € R%*di-1 for the
optimization problem
1 - _
minimize g(t) = §||(Wh +tAp) - (Wi +tA1)X — Y| (36)

we examine the optimality conditions for a specific direction A.
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bipl if2<k<k*—1

T . . 1 >
_ anpy  ifl=j, i s Jaiby ifl=4, i, 2 T - *
(Ap): £ { : (A1) = { ' Ar = PP ith =k
, h ’ h
0 otherwise 0 otherwise 0 ifk*+1<k<h-1,

where oy, and o are scalar constants, p;, € R% -1 such that pf Wj,_1 -+ Wy« = pT, and
pr EN(Wi_)), b1 € N(Wpo1---Wy), and (pr, bp_1) #0 V2 <k <k" (37)

Notice that such pj, and by_; exist from the definition of K and choice of k*. For this particular choice of A =
(Ap,..., A1), we obtain

AW, 1 =0 for2<k<k* and Wj_;--- Wy 1A, =0 forl<k<Ek*—1. (38)

The same argument used above can be used to show that (Ay,, ..., A;) is actually a descent direction. This completes
the first case.

Case b: Assume K is empty. We consider

_ T o= ~ 1= - T o< k< h_9
(Ah)l,: = hPh 1 : j’. (Al):,l £ albl it Zj A & bkpl%’ 1 : g B i,
0 otherwise 0 otherwise DPhD} ifk=h-1,

where o, and o are scalar constants, p, € N (W7_,), and

pr EN(Wi_)), b1 €N(Wp_1---Wy), and (pg, bp_1) #0 V2<k<h-—1. (39)

For this particular choice of A = (Ay,, ..., A;), we obtain
AW, 1 =0 for2<k<h—-1 and Wj,_;--- W, 1A, =0 forl<k<h-—2 (40)
The same argument used above can be used to show that (Ay,, ..., A;) is actually a descent direction. This completes
the first case and thus completes the proof. O

Note that following the same steps of the proof in Lemma [I9] we get the same result when replacing the square loss
error by a general convex and differentiable function £(-). We are now ready to prove the main result restated below.

Theorem (12| Let p; £ argmin d; and p} = argmin d;. If dp,. < min(dy,dp), we can find a rank deficient Y such
0<i<h J#0;

that problem (30) has a local minimum that is not global. Otherwise, given any X and Y, every local minimum of

problem (30) is a global minimum.

Proof. Suppose d,; < min{dy,do}, we define

p2 £ max(p},ps) and p; = min(p},p3).
Let X =1,
[ I, 0] ifdy <dj_q,

(1>

% 1 if (4, j) = (dn, do) W
Y o é ) 9
(¥) ) {O otherwise F

[ Idgfl ] it dy, > di_1,

for k € {h,...,p2 + 1} U {p1,...,1}, and W, = 0 fork € {ps,...,p1 + 1}. Since Wj,---W,, .1 and
W), - - Wy are both full rank, then using Lemma the matrix products My, ,,+1 and M, ; are locally open
at (Wp, ..., Wy,41)and (W,,, ..., Wy), respectively. Moreover, using Propositionand the composition property
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of open maps, the matrix product mapping M, ,, +1 is locally open at (W,,, .. ., W, +1). It follows by Observation
that if W is a local minimum of

1 _
minimize ~|W),---W; — Y ||%. (41)
w 2
then (Z3, Z5, Z) is a local minimum of

S 1 _
minimize 23222, — Y | 42)
ZseR4 X p2 | Z, cRép2 X b1 | 7, cRIP1 X0 2

where

_ - - T _ - -
ZSZWh"'Wp2+1:|: ‘8’2], Zy=0, and Z; =W, - W;=[1I,

The point (Z3, Z>, Z1) is obviously not global, we show using optimality conditions that the point is a local minimum.
By considering perturbations in the directions A = (A3, Ay, A1) for the optimization problem

1 o L _ _
minitmize gty & §||(Z3 +tA3)(Zy +tA)(Zy +tA)) — Y |?

(43)
1, 5 - = _ _
= 5llt(Zs +tA5)As(Z1 + A1) = Y I12.
It follows that
WO _(2,4,2,,-7)
ot
=0 > 1 5 . (44)
= _(Z3A2Z1)dh do dl’udo
= O’
where the last equality holds since the last row (d',;h row) of Z3 is zero. Also,
D?g(t o o
512 ) = 2< Z3A2A, + A3A27,, —Y> + |1 Z3A2Z1|)?
=0 > A A 5 o _ o (45)
_ Nzi(%AzAl)dh,doYdh»do ~2(A34221), , Ya, a0+ 125422, |7
= 2 5

where the last equality holds since the last row (dzh row) of Z5 and the last column (df)h column) of Z; are both zeros.

Then for || Az|| # 0, it follows from the second-order optimalty condition that the point is a local minimum, and if
[|Az|| = 0 we get

1 5 1

9 = 5I¥l = 5

which implies (Z3, Zo, Z;) is a local optimum that is not global.

Note that the same method used to construct the example above can be used to find a local minimum that is not global
whenever the rank(Y") < min{dj —d,,, do—d,, }. When Y is full rank, we know from the results of|[Lu & Kawaguchi
(2017); [Yun et al.| (2017) that every local minimum is global. To have a complete characterization of problems for
which every local minimum is global, it remains to either prove or disprove the statement when Y is a rank deficient
matrix with rank(Y") > min{dy, — d,,, do — dp,, }. We now provide a counterexample that disproves the statement. In
particular, we construct a three layer network with input X and output Y with rank(Y") > min{d;, — d,,,do — dp, },
and then find a local minimum (W3, W5, W) that is not global. Let X = I,

1 0 -1 ~ 1 -1 - 11 ~ ~
Y2| 0 4 o], W;;é[—l —1], WQé[l 1}, and W; 2 W7,
-1 0 1 1 -1
Obviously (Wg, Wg, Wl) is not a global minimum. We define A £ W;3WyW; — Y. Then we get
wia =Aw! =o. (46)
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By considering perturbations in the directions A = (As, A2, A7) for the optimization problem
L 1, = - -
minimize g(t,A) = §H(W3 +tA3) (W3 +tA) (W1 +tA;) — Y |?,

it follows that

dg(t, A — - - o
% = (W3W2A; + W34, W, + A;WoWi, A) =0,
t=0
where the last equality is directly implied from (#6)). Also
N 829(75’ A)

9(2) (0,A) = = 2< A3 AW, + AsWoAg + W3A2A17 A> + ||W3W2A1 + W34, W; + 14:),‘77\72‘K71||2

ot?

t=0 _ _ _ _ _ — —
= 2< AsWy A, A > + ||W3W2A1 +W3A W, + A3W2W1||2.

which is a quadratic function of A we denote

fA £ §aTHAa.

Here a € R'6*! is a vectorization of matrices A3, A, and A, and H 4 is the hessian of f4. By computing the
eigenvalues of H 4 we get that H 4 > 0 which directly implies

g?(0,A)>0 VA.
Moreover, let agpt be the optimal solution set of the problem
minimize f4.
a
Then agpy = {a|a € N(H,}. We notice that for any a € @opt, the corresponding direction A has
WgWgAl + WBAQWl + AngWl =0 and <A3A2A1, A> =0.
Then, it follows that

oo Pyt A .
g9 (0,A) & % 6( AzAsA;,A) =0,
t=0
and
_ A O%(t A o o .
g0, A) & % — 12| A3 AW, + A W2 A, + W3 Ao A2 > 0.
t=0

If AsA; W, + AsWo A + W3 A5 A4 # 0, then using the fourth order optimality conditions (Wg, W, Wl) is a
local minimum. Otherwise, we get

o o g(t,A)
9(0,4) £ ;| U
t=0
and
s Og(t, A .
g0, 4) =TI A Al 2 0
t=0

which also implies that (W3, W5, W) is a local minimum.

We now show that if d,; > min{dp, do}, every local minimum of 1} is global. In particular, we show that for any
X and Y, if W is not a global minimum, we can construct a descent direction.

First notice that if for some 1 < i < h—1, W, is full column rank, then using Proposition M+1,:(+) is locally open
at (W;11, W;)and W, 1 W, € Réi+1Xdi-1 Using Observation we conclude that any local minimum of problem
(30) is a local minimum of the problem obtained by replacing W; 1 W, by Z;1,; € Ré+1xdi-1 By a similar
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argument, we conclude that if W is a full row rank for some 2 < i < h, any local minimum of problem is alocal
minimum of the problem obtained by replacing W, W,_; by Z, ;_; € R4*di-2_ Thus, if W = (Wy,..., W)
is a local minimum of problem , the new point Z = (Z},,...,Z}), where Z; € REG*di1 and B/ < h, is a
local minimum of the problem attained by applying the replacements discussed above. If i/ = 1, we get the desired
result from Lemmal[7} Else, if A’ = 2, the auxiliary problem becomes a two layer linear network for which Theorem
provides the desired result. When h’ > 2, examine dj,,d),_,,d} and dj,. If d}, > d},_, and d, > d}, then
dp; < min{dy,, do} which contradicts our assumption. It follows by construction of Z,, that either dy, <dj,_, and
Z;, is not full row rank or dj < d{ and Z{ is not full column rank; thus at least one of the null spaces N'( (Z;,)” ),
N ( A ) is non empty. Moreover, Z; has non-empty right and left null spaces for 2 < i < h — 1. The result follows
using Lemma

O
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