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ABSTRACT

We present the first mini-batch kernel k-means algorithm, offering an order of
magnitude improvement in running time compared to the full batch algorithm. A
single iteration of our algorithm takes O(kb?) time, significantly faster than the
O(n?) time required by the full batch kernel k-means, where n is the dataset size
and b is the batch size. Extensive experiments demonstrate that our algorithm
consistently achieves a 10-100x speedup with minimal loss in quality, addressing
the slow runtime that has limited kernel k-means adoption in practice. We further
complement these results with a theoretical analysis under an early stopping con-
dition, proving that with a batch size of Q(max {~*,7?} - ke~?2), the algorithm
terminates in O(+?/¢) iterations with high probability, where « bounds the norm
of points in feature space and e is a termination threshold. Our analysis holds
for any reasonable center initialization, and when using k-means++ initialization,
the algorithm achieves an approximation ratio of O(log k) in expectation. For
normalized kernels, such as Gaussian or Laplacian it holds that v = 1. Taking
e = O(1) and b = ©(klogn), the algorithm terminates in O(1) iterations, with
each iteration running in O(k?) time.

1 INTRODUCTION

Mini-batch methods are among the most successful tools for handling huge datasets for machine
learning. Notable examples include Stochastic Gradient Descent (SGD) and mini-batch k-means
(Sculley, |2010). Mini-batch k-means is one of the most popular clustering algorithms used in practice
(Pedregosa et al., 2011).

While k-means is widely used due to it’s simplicity and fast running

time, it requires the data to be linearly separable to achieve mean- KMeans Kernel kMeans
ingful clustering. Unfortunately, many real-world datasets do not e e
have this property. One way to overcome this problem is to project 1 ARE i
the data into a high, even infinite, dimensional space (where it is
hopefully linearly separable) and run k-means on the projected data
using the “kernel-trick”. A toy example is given in Figure[I]and a
more realistic example is given in Figure 2}

Figure 1: Kernel k-means
perfectly clusters the dataset,
while k-means cannot.

Kernel k-means achieves significantly better clustering compared
to k-means in practice. However, its running time is considerably
slower. Surprisingly, prior to our work there was no attempt to speed
up kernel k-means using a mini-batch approach.

Problem statement ~We are given an input (dataset), X = {x;}._,, of size n and a parameter
k representing the number of clusters. A kernel for X is a function K : X x X — R that can be
realized by inner products. That is, there exists a Hilbert space 7 and a map ¢ : X — 7 such that
Va,y € X, (p(x), d(y)) = K(x,y). We call H the feature space and ¢ the feature map.

In kernel k-means the input is a dataset X and a kernel function K as above. Our goal is to find a set C
of k centers (elements in H) such that the following goal function is minimized:% > pex Mingee [le—

#(x)||*. Equivalently we may ask for a partition of X into k parts, keeping C implicitﬂ

' A common variant of the above is when every = € X is assigned a weight w, € R™ and we aim to minimize
D e X Wz - Mincee llc — o). Everything that follows, including our results, can be easily generalized to
the weighted case. We present the unweighted case to improve readability.
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Mini-batch k-means
ARI: 0.069

Truncated Mini-batch Kernel k-means
ARI: 0.114

Truncated Mini-batch Kernel k-means
ARI: 0.655

Mini-batch k-means Truncated Mini-batch Kernel k-means
ARI: 0.096 ARI: 0.920

Figure 2: Qualitative comparison of mini-batch k-means and our algorithm (truncated mini-batch
kernel k-means) on selected images from the Berkeley Segmentation Data Set (BSDS)(Arbelaez|
2010) using the Gaussian kernel. ARI is the Adjusted Rand Index (Rand| [1971).

Lloyd’s algorithm The most popular algorithm for (non kernel) k-means is Lloyd’s algorithm,
often referred to as the k-means algorithm [1982). It works by randomly initializing a set of &
centers and performing the following two steps: (1) Assign every point in X to the center closest to it.
(2) Update every center to be the mean of the points assigned to it. The algorithm terminates when no
point is reassigned to a new center. This algorithm is extremely fast in practice but has a worst-case
exponential running time (Arthur & Vassilvitskii, 2006} [Vattanil, 201T).

Mini-batch k-means To update the centers, Lloyd’s algorithm must go over the entire input at
every iteration. This can be computationally expensive when the input data is extremely large. To
tackle this, the mini-batch k-means method was introduced by (2010). It is similar to Lloyd’s
algorithm except that steps (1) and (2) are performed on a batch of b elements sampled uniformly
at random with repetitions, and in step (2) the centers are updated slightly differently. Specifically,
every center is updated to be the weighted average of its current value and the mean of the points (in
the batch) assigned to it. The parameter by which we weigh these values is called the learning rate,
and its value differs between centers and iterations. The larger the learning rate, the more a center
will drift towards the new batch cluster mean.

Lloyd’s algorithm in feature space Implementing Lloyd’s algorithm in feature space is challeng-
ing as we cannot explicitly keep the set of centers C. Luckily, we can use the kernel function together
with the fact that centers are always set to be the mean of cluster points to compute the distance from
any point z € X in feature space to any center ¢ = IA%I > yea O(y) as follows:

lp(x) = cl|* = (¢(x) — ¢, ¢(x) — ) = <¢($)»¢( )) = 2((x), ) + (¢, 0)
1 1
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where A can be any subset of the input X. While the above can be computed using only kernel
evaluations, it makes the update step significantly more costly than standard k-means. Specifically,
the complexity of the above may be quadratic in n (Dhillon et al., 2004)).

Mini-batch kernel k-means  Applying the mini-batch approach for kernel k-means is even more
difficult because the assumption that cluster centers are always the mean of some subset of X in
feature space no longer holds.

In Section[d] we first derive a recursive expression that allows us to compute the distances of all points
to current cluster centers (in feature space). Using a simple dynamic programming approach that
maintains the inner products between the data and centers in feature space, we achieve a running
time of O(n(b + k)) per iteration compared to O(n?) for the full-batch algorithm. However, a true
mini-batch algorithm should have a running time sublinear in n, preferably only polylogarithmic. We
show that the recursive expression can be truncated, achieving a fast update time of O(kb?) while
only incurring a small additive error compared to the untruncated versio

While our main contribution is practical — achieving an order-of-magnitude speedup for kernel
k-means — we also provide theoretical guarantees for our algorithm (deferred to Appendix [B). This
is somewhat tricky for mini-batch algorithms due to their stochastic nature, as they may not even
converge to a local-minima. To overcome this hurdle, we take the approach of |Schwartzman| (2023)
and answer the question: how long does it take truncated mini-batch kernel k-means to terminate
with an early stopping condition. Specifically, we terminate the algorithm when the improvement
on the batch drops below some user provided parameter, e. Early stopping conditions are very
common in practice (e.g., sklearn (Pedregosa et al.,|2011))). We show that applying the k-means++
initialization scheme (Arthur & Vassilvitskii, 2007) for our initial centers implies we achieve the
same approximation ratio, O(log k) in expectation, as the full-batch algorithm.

While our general approach is similar to (Schwartzman, 2023)), we must deal with the fact that H
may have an infinite dimension. The guarantees of (Schwartzman, 2023)) depend on the dimension of
the space in which k-means is executed, which is unacceptable in our case. We overcome this by
parameterizing our results by a new parameter v = max,cx ||¢(x)||. We note that for normalized
kernels, such as the popular Gaussian and Laplacian kernels, it holds that v = 1. We also observe that
it is often the case that -y < 1 for various other kernels used in practice (see Appendix [C). We show
that if the batch size is Q(max {7*,72} ke~2log?(yn/¢)) then w.h.p. our algorithm terminates in
O(~?/¢) iterations. Our theoretical results are summarised in Theorem (where Algorithmis
presented in Section [4).

Theorem 1.1. The following holds for Algorithm ' (1) Each iteration takes O(kb*log®(v/€)) time,
(2) If b = Q(max {y*,7?} ke 2 log?(yn/e€)) then it terminates in O(~2/€) iterations w.h.p, (3)
When initialized with k-means++ it achieve a O(log k) approximation ratio in expectation.

Our result improves upon (Schwartzman, [2023)) significantly when a normalized kernel is used since
Theorem I.1)doesn’t depend on the input dimension. Our algorithm copes better with non linearly
separable data and requires a smaller batch size (2(1/€2) vs ((d/€)?)))f|for normalized kernels.
This is particularly apparent with high dimensional datasets such as MNIST (LeCunl [1998) where
the dimension squared is already nearly ten times the number of datapoints.

The learning rate we use, suggested in (Schwartzman| |2023)), differs from the standard learning rate of
sklearn in that it does not go to 0 over time. Unfortunately, this new learning rate is non-standard and
(Schwartzman| [2023)) did not present experiments comparing their learning rate to that of sklearn. We
fill the experimental gap left in (Schwartzman, [2023) by evaluating (non-kernel) mini-batch k-means
with their new learning rate compared to that of sklearn. Following our experimental evaluation, the
sklearn team accepted a pull request implementing this learning rate in future versions.

In Section [5| we extensively evaluate our results experimentally both with the learning rate of
(Schwartzman, 2023)) and that of sklearn. To allow a fair empirical comparison, we run each
algorithm for a fixed number of iterations without stopping conditions. Our results are as follows: 1)
Truncated mini-batch kernel k-means is significantly faster than full-batch kernel k-means, while
achieving solutions of similar quality, which are superior to the non-kernel version, 2) The learning

*Where O hides factors that are polylogarithmic in n, 1/¢, 7.
*In (Schwartzman, 2023)) the tilde notation hides factors logarithmic in d instead of ~.
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rate of (Schwartzman), |2023)) results in solutions with better quality both for truncated mini-batch
kernel k-means and (non-kernel) mini-batch k-means.

2 RELATED WORK

Until recently, mini-batch k-means was only considered with a learning rate going to O over time.
This was true both in theory (Tang & Monteleoni, [2017} Sculley, |2010) and practice (Pedregosa et al.|
2011)). Recently, (Schwartzmanl [2023)) proposed a new learning which does not go to 0 over time, and
showed that if the batch is of size Q(k(d/ 6)2 mini-batch k-means must terminate within O(d/¢)
iterations with high probability, where d is the dimension of the input, and ¢ is a threshold parameter
for termination.

A popular approach to deal with the slow running time of kernel k-means is constructing a coreset of
the data. A coreset for kernel k-means is a weighted subset of X with the guarantee that the solution
quality on the coreset is close to that on the entire dataset up to a (1 + €) multiplicative factor. There
has been a long line of work on coresets for k-means an kernel k-means (Schmidt, 2014} |[Feldman
et al., 2020; |[Barger & Feldman, [2020)), and the current state-of-the-art for kernel k-means is due to
(Jiang et al., 2021). They present a coreset algorithm with a nearly linear (in n and k) construction
time which outputs a coreset of size poly(ke™1).

In (Chitta et al.,|2011) the authors only compute the kernel matrix for uniformly sampled set of m
points from X. Then they optimize a variant of kernel k-means where the centers are constrained to
be linear combinations of the sampled points. The authors do no provide worst case guarantees for
the running time or approximation of their algorithm.

Another approach to speed up kernel k-means is by computing an approximation for the kernel
matrix. This can be done by computing a low dimensional approximation for ¢ (without computing
¢ explicitly)(Rahimi & Recht, 2007; Chitta et al., 2012} |(Chen & Phillips,[2017), or by computing a
low rank approximation for the kernel matrix (Musco & Musco, 2017; |Wang et al., 2019).

Kernel sparsification techniques construct sparse approximations of the full kernel matrix in sub-
quadratic time. For smooth kernel functions such as the polynomial kernel, (Quanrud) presents an
algorithm for constructing a (1 4 €)-spectral sparsifier for the full kernel matrix with a nearly linear
number of non-zero entries in nearly linear time. For the gaussian kernel, (Macgregor & Sun, [2024)
show how to construct a weaker, cluster preserving sparsifier using a nearly linear number of kernel
density estimation queries.

We note that our results are complementary to coresets, dimensionality reduction, and kernel sparsifi-
cation, in the sense that we can compose our method with these techniques.

To the best of our knowledge, the only approach which cannot be directly composed with our work
is kernel sketching (Liu, |2021; [Yin et al., [2022). Here the kernel matrix is used to compute an
embedding of the points into a low dimensional Euclidean space, followed by running the standard
(non-kernel) k-means algorithm. We compare our algorithm with the state of the art results (Yin et al.|
2022) and observe that our algorithm achieves solutions of superior quality for most datasets.

3 PRELIMINARIES

Throughout this paper we work with ordered tuples rather than sets, denoted as Y = (y;);¢[¢], Where
[¢] = {1,...,£}. To reference the i-th element we either write y; or Y[i]. It will be useful to use set
notations for tuples suchasz € Y <= Jic ll,z =y;andY C Z < Vi€ [{],y; € Z. When

summing we often write ) - g(«) which is equivalent to Zle g(Y[i]).

We borrow the following notation from gKanungo et al.||2004) and generalize it to Hilbert spaces. For
every z,y € H let A(z,y) = ||z — y||*. We slightly abuse notation and and also write A(z,y) =
|l¢(z) — d(y)||* when z,y € X and A(z,y) = ||¢(x) — y||> when z € X,y € H (similarly when

z € H,y € X). For every finite tuple S C X and a vector z € Hlet A(S,z) = > o A(y, ). Let

“The original paper of (Schwartzman, 2023) states the batch size as Q((d/€)?), however there is a mistake in
the calculations which requires an additional k factor. We explain the issue in the proof of Lemma@
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us denote v = max,ex [|¢(z)||. Let us define for any finite tuple S C X the center of mass of the
tuple as cm(S) = g7 2,5 0(2).

Kernel k-means  We are given an input X = (z;)?_; and a parameter k. Our goal is to (im-
pllCltly) find a tuple C C H of k centers such that the following goal function is minimized:

;Z cx mingec Az, C).

Let us define for every x € X the function f, : H¥ — R where f,(C) = mingcec A(x, C). We can
treat ¥ as the set of k-tuples of vectors in . We also define the following function for every tuple

A= (a;)f_, € X: fa(€) = 1320, fu,(C). Note that fx is our original goal function.

We make extensive use of the notion of convex combination:

Definition 3.1. We say that y € H is a convex combination of X if y = )y p.¢(x), such that
Ve X,p, >0and ) v p. =1

4 OUR ALGORITHM

We start by presenting a slower algorithm that will set the stage for our truncated mini-batch algorithm
and will be useful during the analysis. We present our pseudo-code in Algorithm|l} It requires an
initial set of cluster centers such that every center is a convex combination of X. This guarantees that
all subsequent centers are also a convex combination of X. Note that if we initialize the centers using
the kernel version of k-means++, this is indeed the case.

Algorlthmlproceeds by repeatedly sampling a batch of size b (the batch size is a pararneter) For
the ¢-th batch the algorithm (implicitly) updates the centers using the learning rate o for center
7. Note that the learning rate may take on different values for different centers, and may change
between iterations. Finally, the algorithm terminates when the progress on the batch is below e, a
user provided parameter. While our termination guarantees (Appendix [B) require a specific learning
rate, it does not affect the running time of a single iteration, and we leave it as a parameter for now.

Input: Dataset X = (x;)7"_,, batch size b, early stopping parameter e. Initial centers (CJ) 2?:1

where C7 is a convex combination of X for all j € [k].
fori =1toocodo
Sample b elements, B; = (y1, - . ., Yp), uniformly at random from X (with repetitions)
for j =1to kdo
B! ={z € B; | arg minge|y] A(z,CH) = j}

ol = ’Bq‘

/b is the learning rate for the j-th cluster in iteration 4

Clyy = (1 —al)C] +af -em(B])
end for
if fBi (CiJrl) — fBi (Cz) < ereturn Ci+1
end for
Algorithm 1: Mini-batch kernel k-means with early stopping

Recursive distance update rule  Unlike k-means, the center updates and assignment of points to
clusters is tricky for kernel k-means and even harder for mini-batch kernel k-means. Specifically,
how do we overcome the challenge that we do not maintain the centers explicitly?

To assign points to centers in the (i + 1)-th iteration, it is sufficient to know ||¢(z) — ], ||* for
every j. This is because we are interested in the closest center to x in kernel space. If we can keep
track of this quantity through the execution of the algorithm, we are done. Let us derive a recursive

expression for the distances: ||¢(z) — Z+1||2 (p(x), p(x)) — 2(p(x ),Cf+1> <Czj+1?cz+1>
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Let us expand (¢(z), C1+1> and <C7+17Ci‘+1>:

(B(2),Cliy) = (6(a). (1 — o) + adem(B])) = (1 - al){é(x).CI) + ol (B(x), em(BI)).
(€1 Cliy) = (1= a])C] + adem(B)), (1~ af)C] + afem(BY))
= (1 - al)*(€],C]) + 20/ (1 — al)(Cl,em(BY) + (o) (em(BY), em(BY)).

17

The above is all we need to compute the distances. Furthermore, it is possible to use dynamic
programming to update the center for every iteration in O(n(b + k)) time and O(nk) space (proof
deferred to Appendix [A). This is a considerable speedup compared to the best known quadratic
update time. Next, we go a step further and show that it is possible to get an update time with only
polylogarithmic dependence on n.

4.1 TRUNCATING THE CENTERS

The issue with the above approach is that each center is written as a linear combination of potentially
all points in X. We now present a simple way to overcome this issue. We maintain C/ 1 as an explicit

sparse linear combination of X. Let us expand the recursive expression of Cl 1 for ¢ terms, assuming
t<i:

t

Cly =0 —al)C! +alem(B]) =Cl _o(1-al_)+ > al_em(B_ ), o ,(1-al).
£=0

The idea behind our truncation technique is that when ¢ is sufficiently large, the term Cf;tﬂzzo (1-

aff ,) becomes very small and can be discarded. The rate by which this term decays depends on the
learning rates, which in turn depend on the number of elements assigned to the cluster in each of the
previous iterations.

Let us start with some definitions. Let us denote bZ = ‘BZ ‘ We would like to trim the recursive
expression such that every cluster center is represented using about 7 points, where 7 is a parameter
to be set later. We define Q7 to be the set of indices from i to i — ¢, where ¢ is the smallest integer
such that Zeng b! > 7 holds. If no such integer exists then @7 = {4, — 1,...,1}. Itis the case

that 3, s b/ < 7+ b. Intuitively, Q” is the most recent window of updates to cluster j that contains
enough points (at least 7) to serve as a sufficient approximation of the current cluster center.

Next we define the truncated centers, for which the contributions of older points to the centers are
forgotten after about 7 points have been assigned to the center:

i > teqi aZcm(BZ) HEEQJ;\{i}(l - ai), min Q7 > 1
C:L+1 p— j K2 K3 .
Ciy otherwise.

ey

From the above definition it is always the case that either C/f\j 11 = Cf 1 OF Xy b{ > 7. The

following lemma shows that when 7 is sufficiently large ||Cl 11 CZ 11 is small. Intuitively, this
implies that the truncated algorithm should achieve results similar to the untruncated version (we
formalize this intuition in Appendix [B)).

Lemma 4.1. Setting 7 = [bIn®(28v/€)] it holds that i € N, j € [K], ||CL,, — CL.,|| < ¢/28.

Proof. We assume that > ey bg > 7, as otherwise the claim trivially holds.

= ol
I eQd

1€ = CLall = €] oy Tocgr (1 = 0Dl < 1€, gy lle”

We have 30 @) = 3 pe i \/UR/D > /X geqi Ui/b > /7/b > In(28y/e). Plugging this back

_ g
ZZGQ{ %

into the exponent, we get that: ||Cilin{Qj} lle < yeln(e/287) < ¢ /28, O
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Algorithm implmentation and runtime To implement this, we simply need to swap Cf in

Algorithmwith (Z] (Lines 7 and 8). As before, the main bottleneck of each iteration is assigning
points in the batch to their closest center. Once this is done, updating the truncated centers is
straightforward by simply adjusting the coefficients in equation removing the last element from

the sum and adding a new element to the su If min {QZ is 1, then we also need to add

cin eQ? (1 ai) which guarantees that (?f = C/. The pseudo code is provided in Algorithm

Input: Dataset X = (z;)"_,, batch size b, early stopping parameter e. Initial centers (C]) 2?:1

where C! is a convex combination of X and € = C! for all j € [k].

for i = 1to oo do
Sample b elements, B; = (y1, - - ., yp), uniformly at random from X (with repetitions)
for j = 1to k do

Bj = {z € B; | argmingep Az, ! =3}

a is the learning rate for the j-th cluster in iteration ¢
Z[eQ7 ae cm(Bj) H[eQ7( 0‘2)

if min {Qf} =1 then

Cla=Cl,+0 Hngg\{i}(l - ay)

end if
end for_
if f5,(C 1+1> f5.(Ci) < e then

Return: Cerl
end if

end for
Algorithm 2: Truncated Mini-batch kernel k-means with early stopping

As before, let us consider assigning all points in the (¢ 4 1) iteration to their closest centers. Unlike

the previous approach, when computing distances between points in B; 1 and C;1 we can do this
directly (without recursion) and it is now sufficient to consider a much smaller set of inner products.

As before, the terms we are interested in computing are: (¢(z), C) 1) and @ 1 CAH_1> However,
there are several differences to the previogs approach. We no longer need (¢(z), Cf ) forallz € X,
but only for # € B;;;. Furthermore, C; 41 can be simply written as a weighted sum of at most
> reqi by < 7+Dbterms. Summing over all element in B; 1 and k centers we get O(kb(b+ 7)) time

to compute (¢(x), CAZJ 1) For <C:J 1 CAZJ 1) using the bound on the number of terms we directly get
O(k(7+b)?) time. We conclude that every iteration of Algorithmrequires O(k(1 +b)?) = O(kb?)
time. The additional space required is O(k7) = O(kb).

5 EXPERIMENTS

We evaluate our algorithms on the following datasets:

MNIST: The MNIST dataset (LeCunl [1998)) has 70,000 grayscale images of handwritten digits (0 to
9), each image being 28x28 pixels. When flattened, this gives 784 features. PenDigits: The PenDigits
dataset (Alpaydin & Alimoglu, 1998)) has 10992 instances, each represented by an 16-dimensional
vector derived from 2D pen movements. The dataset has 10 labelled clusters, one for each digit.
Letters: The Letters dataset (Slate, [1991) has 20,000 instances of letters from ‘A’ to ‘Z’, each
represented by 16 features. The dataset has 26 labelled clusters, one for each letter. HAR: The HAR
dataset (Anguita et al.} [2013) has 10,299 instances collected from smartphone sensors, capturing
human activities like walking, sitting, and standing. Each instance is described by 561 features. It has
6 labeled clusters, corresponding to different types of physical activities.

3In our code we use an efficient sliding window implementation to store and update the coefficients repre-
senting each cluster center.
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We compare the following algorithms: full-batch kernel k-means, truncated mini-batch kernel k-
means, and mini-batch k-means (both kernel and non-kernel) with learning rates from (Schwartzman|
2023)) and sklearn. We also implement the three kernel sketching algorithms of Yin et al (Yin et al.
2022) that use either sub-Gaussian, randomized orthogonal system (ROS), or Nystrom sketches.
After sketching, we run k-means. We set the dimension of the sketch to 150, the same as in the
experiments of 2022). We evaluate our results with batch sizes: 2048, 1024, 512, 256
and 7 : 50, 100, 200, 300. We execute every algorithm for 200 iterations. For the results below, we

apply the Gaussian kernel: K (z,y) = e~llz=vlI*/x \where the x parameter is set using the heuristic
of (Wang et al.| 2019) followed by some manual tuning (exact values appear in the supplementary
materials). We also run experiments with heat and knn kernels in Appendix [C} We repeat every
experiment 10 times and present the average Adjusted Rand Index (ARI) (Gates & Ahn|[2017; Rand|
, Normalized Mutual Information (NMI) (Lancichinetti et al., 2009) and Accuracy (ACC ‘
scores for every dataset. All experiments were conducted using an AMD Ryzen 9 7950X CPU with
128GB of RAM and a Nvidia GeForce RTX 4090 GPU. We present partial results in Figure[3|and the
full results in Appendix [C] Error bars in the plot measure the standard deviation.

pendigits mnist 784
102
103
10t k)
102 §
S
100 101 :
)
g
0
10! 107 =
1071
1072
ACC
letter har
10?2
1
10 o
10! 3
10° E
10° v
()
£
101 10-1F
- 10_2 | | 1072
ARI NMI ACC time ARI NMI ACC time
B Kernel @@ MiniBatch Kernel I Kernel sketching (ROS)
B2 Truncated B-MiniBatch Kernel @A B-MiniBatch I Kernel sketching (Nystrom)
EzzA B-MiniBatch Kernel I MiniBatch [0 Kernel sketching (Sub-Gaussian)

Figure 3: Our results for a batch size of size 1024 and 7 = 200 using the Gaussian kernel. We use the
3 prefix to denote that the algorithm uses the learning rate of (Schwartzmanl| [2023). Black denotes
the time required to compute the kernel.

Discussion Throughout our results, we consistently observe that the truncated algorithm achieves
performance on par with the non-truncated version with a running time which is often an order of
magnitude faster. Surprisingly, this often holds for tiny values of 7 (e.g., 50) far below the theoretical
threshold (i.e., 7 < b). We also achieve considerably better quality solutions on most datasets
compared to kernel sketching. We believe that our approach achieves a good balance between speed
and performance, and is a valuable addition to the tool-box of clustering algorithms.

®We use the Hungarian algorithm to match labels to clusters such that the accuracy is maximized.
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A OMITTED PROOFS AND ALGORITHMS FOR SECTION 4]

Runtime analysis of Algorithm Assuming that (C7, C?) and (¢(x), C?) are known for all j € [k]

and for all z € X, we can compute (C, ;,C/, ) and (¢(z),CL, ) forall j € [k] and = € X, which
implies we can compute the distances from any point in the batch to all centers.

We now bound the running time of a single iteration of the outer loop in Algorithm[I} Let us denote
= ’Bf and recall that cm(B?) = éZyGBZ é(y). Therefore, computing (¢(x),cm(B?)) =

1
b]

O((b7)?) time. Let us now bound the time it requires to compute (¢(z), CfH) and <Cz+1 , CH_1>

yeB! (¢(x), p(y)) requires O(b!) time. Similarly, computing (em(B?),cm(B?)) requires

Assuming we know (6(x),C?) and (C/,C?), updating (¢(x ),Cf+1> forall x € X, j € [k] requires
O(n(b + k)) time. Specifically, the (¢(z), C7) term is already known from the previous iteration and
we need to compute o (¢(x), cm(B?)) for every € X, j € [k] which requires n D e b =mnb

time. Finally, updating (¢(x )7Cf+1> forall z € X, j € [k] requires O(nk) time.

Updating (CZJ +17Cg 1) requires O(b* + kb) time. Specifically, <ng , Cf ) is known from the previous
iteration and computing (cm(B?), cm(B?)) for all j € [k] requires O e (1)) = O(b?) time.
Computing (C/, em(B?)) for all j € [k] requires time O(b) using (¢(z),C}) from the previous
iteration. Therefore, the total running time of the update step (assigning points to new centers) is

O(n(b + k)). To perform the update at the (i + 1)-th step we only need (¢(z), C7), Cl ,CJ), which
results in a space complexity of O(nk). This completes the first claim of Theorem

B TERMINATION GUARANTEE

In this section we prove the second claim of Theorem [I.I] For most of the section we analyze
Algorithm [I] and towards the end we use the fact that the centers of the two algorithms are close
throughout the execution to conclude our proof.

Section preliminaries We introduce the following definitions and lemmas to aid our proof of the
second claim of Theorem [L1]

Lemma B.1. For every y which is a convex combination of X it holds that ||y|| < 7.

Proof. The proof follows by the triangle inequality: |ly[| = || 3=, c x P=@(x)[| < 3 cx IPed(2)| =
2wex PallO@)| < 3pex pay =1 O

Lemma B.2. For any tuple of k centers C C H which are a convex combination of points in X, it
holds that VA C X, fa(C) < 4~

Proof. 1t is sufficient to upper bound f,. Combining that fact that every C' € C is a convex
combination of X with the triangle inequality, we have that

Ve e X, fu(C )<maxA(x C) Zpyd)
yeX
= ll¢(x) = > pyd@II* < (le@)| + 11 D pyd@)I)* < 4. m
yeX yeX

We state the following simplified version of an Azuma bound for Hilbert space valued martingales
from (Naor, 2012), followed by a standard Hoeffding bound.

Theorem B.3 ((Naor, [2012)). Let ‘H be a Hilbert space and let Yy, ..., Y,, be a H-valued martingale,

o=t
such that V1 <i < m, ||Y; — Yi_1|| < a;. It holds that Pr[||Yy,, — Yo| > 6] <e (Zﬁélui),

Theorem B.4 ((Hoeffding| |1963). Let Yi,...,Y,, be independent random variables such that
Vi < i < mEY;] = pandY; € [amin,@maz)- Then Pr (‘%Zil Yk—u‘ >6) <
26—2m62/(am,,,m—amm)2_
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The following lemma provides concentration guarantees when sampling a batch.

Lemma B.5. Let B be a tuple of b elements chosen uniformly at random from X with repetitions.
For any fixed tuple of k centers, C C H which are a convex combination of X, it holds that:

Pr(|f5(C) — fx(C)| > 6] < 2e5°/87",

Proof. Letus write B = (y1, ..., ys), Where y; is a random element selected uniformly at random
from X with repetitions. For every such y; define the random variable Z; = f,,(C). These new
random variables are IID for any fixed C. It also holds that Vi € [b], E[Z;] = 1Y _\ f.(C) =

fx(C)and that f5(C) = § pep f2(C) = § 30, Zi
Applying the Hoeffding bound (Theorem [B.4) with parameters m = b, 4 = fx (C), Gmaz — Gmin <
4~? (due to Lemma we get that: Pr[|f5(C) — fx(C)| > 8] < 2e70°/8", O

For any tuple S C X and some tuple of cluster centers C = (C) tex) C H, C implies a partition
(S%) ¢e[x] Of the points in S. Specifically, every S* contains the points in S closest to C* (in ) and

every point in S belongs to a single C* (ties are broken arbitrarily). We state the following useful
observation:

Observation B.6. Fix some A C X. Let C be a tuple of k centers, S = (S%)sc(i) be the partition
of Ainduced by C and S = (?Z) ¢c[k) be any other partition of A. It holds that Z?Zl A(S7,00) <
YA 0.

Recall that Cf is the j-th center in the beginning of the i-th iteration of Algorithmand (Bf) te[k] 18
the partition of B; induced by C;. Let (X)) be the partition of X induced by C;.

We now have the tools to analyze Algorithm [I] with the learning rate of (Schwartzman| 2023).
Specifically, we assume that the algorithm executes for at least ¢ iterations, the learning rate is
o) = /0! /b, where b} = ‘Bf , and the batch size is b = Q(max {7*,7?} ke~2log(nt)). We show
that the algorithm must terminate within ¢ = O(v?/¢) steps w.h.p. Plugging ¢ back into b, we get
that a batch size of b = Q(max {7*, v} ke "2log®(yn/e)) is sufficient. We assume that € is chosen
such that v2 /e > 1/4. Otherwise, the stopping condition immediately holds due to Lemma

Proof outline  We note that when sampling a batch it holds w.h.p that fp, (C;) is close to fx,(C;)
(Lemma . This is due to the fact that B; is sampled after C; is fixed. If we could show that
fB,;(Ciy1) is close fx,(C;+1) then combined with the fact that we make progress of at least € on the
batch we can conclude that we make progress of at least some constant fraction of € on the entire
dataset.

Unfortunately, as C;11 depends on B, getting the above guarantee is tricky. To overcome this issue
we define the auxiliary value 5§+1 = (1—a])C] + alem(X]). This is the j-th center at step i + 1
if we were to use the entire dataset for the update, rather than just a batch. Note that this is only
used in the analysis and not in the algorithm. Note that C; 1 is almost independent of B;. Every
& J

Cf 11 depends only on C/, X f and a{ . While Cf , X f are independent of B;, the learning a{ is not.

Nevertheless, the number of possible values of {ozz } - is sufficiently small, and we can overcome
this issue by showing concentration for every possii)le learning rate configuration followed by a
union bound. This allows us to use C;1 instead of C; 1 in the above analysis outline. We show
that for our choice of learning rate it holds that €i+1 , C;41 are sufficiently close, which implies that
Ffx(Civ1), fx(Ciy1) and fp,(Civ1), fB,(Ciy1) are also sufficiently close. That is, C; 41 acts as a
proxy for Cj 1. Combining everything together we get our desired result for Algorithm [I]

We start with the following useful observation, which will allow us to use Lemmato bound the
norm of the centers by  throughout the execution of the algorithm.

Observation B.7. 1fVj € [k],CJ is a convex combination of X then Vi > 1,5 € [k],C/ ,@Z are also
a convex combinations of X.

12
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We state the following useful lemma. Although the original proof is for Euclidean spaces, it goes
through for Hilbert spaces.

Lemma B.8 ((Kanungo et al.,[2004)). For any set S C X and any C' € H it holds that A(S,C) =
A(S,em(S)) + |S| A(C, em(S)).

Proof.

C)=>Y A C)=> (z-C,a-C)

zes zes
= {(z = em(S)) + (em(S) = C), (x — em(S)) + (em(S) = C))
€S
= Z Az, em(9)) + A(C,em(S)) + 2(x — em/(S), em(S) — C)
€S
= A(S,em(9)) + |S| A(C, em(S +Z x —em(S),em(S) — C)
€S
= A(S,em(S)) + |S|A(C, em(S5)),
where the last step is due to the fact that
Z(x—cm(S) em(S Zx—|5\cm em(S) = C)
zes zeS
Z T — —| Z x, em( =0.

€S weS

We use the above to state the following useful lemma.

Lemma B.9. Forany S C X and C,C" € H which are convex combinations of X, it holds that:
[A(S,C7) = A(S,C)| < 4y [S][|C = C].

Proof. Using Lemma we get that A(S,C) = A(S,em(S)) + |S| A(em(S),C) and that
A(S,C") = A(S,em(S)) + |S| A(em(S),C"). Thus, it holds that |A(S,C") — A(S,C)| =
|S] - |A(em(S),C") — A(em(S), C)|. Let us write

[A(em(S), C") = Aem(S5), C)|

= [{em(S) — C',em(S) — C") — {em(S) — C,em(S) — C)|

= |=2(em(9),C") + (C",C") + 2(em(S),C) — (C,C)|

= |2(em(S),C - C") + (C" = C,C" + C)|

=|{C —=C",2em(S) — (C"+ )|

<€ = C[12em(S) — (C" + C)|| < HllC = 7).

Where in the last transition we used the Cauchy-Schwartz inequality, the triangle inequality, and the
fact that C, C’, cm(S) are convex combinations of X and therefore their norm is bounded by v. [

When centers are sufficiently close, these lemmas imply their values are close for any f 4.

Lemma B.10. Fix some A C X and let (C7) ¢, (Ej)je[k] C H be arbitrary centers such that
Vj € [k],||C7 — C|| < €/28. It holds that Vi € [t],|fa(Cit1) — fa(Cit1)| < /7.

13
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Proof. Let S = (S%) e, S = (?e)ge[k] be the partitions induced by C, C on A. Let us expand the
expression

k y ™ . .
Fa@ = £a(0) = = ST AF,T) - A(s7, )

< —ZA(S%@) A(S7,¢%) |A‘ Z47|S]’||C —d| < |A|Z|5] /7T =¢/T.

The first inequality is due to Observation [B.6] the second is due Lemma@] and finally we use the
assumption about the distances between centers together with the fact that Z =1 ‘Sj | = |AJ. Using
the same argument we also get that f4(C) — f4(C) < €/7, which completes the proof. O

Now we show that due to our choice of learning rate, Cf 41 and [ 1 are sufficiently close.

Lemma B.11. It holds w.h.p that Vi € [t], j € [K], |C,, —Clpyll < o5

Proof. Note that C/ = @Z 11 = & (em(B]) — em(X7)). Let us fix some iteration i and center
j. To simplify notation, let us denote: X’ = X7 B’ = B/ )/ = b/ o/ = of. Although V' is a
random variable, in what follows we treat it as a ﬁxed value (essentlally conditioning on its value).
As what follows holds for all values of b’ it also holds without conditioning due to the law of total
probabilities.

For the rest of the proof, we assume b’ > 0 (if &’ = 0 the claim holds trivially). Let us denote by

{Yg}lé:l the sampled points in B’. Note that a randomly sampled element from X is in B’ if and
only if it is in X’. As batch elements are sampled uniformly at random with repetitions from X,
conditioning on the fact that an element is in B’ means that it is distributed uniformly over X'. Note

that ¥/, E[¢(Yy)] = 1377 Xgex #(2) = em(X') and E[em(B')] = B Xy Elp(Y2)] = em(X"),

Let us define the following martingale: Z, = > ,_,(¢(Yz) — E[¢(Y2)]). Note that Z; = 0, and
whenr >0, Z, = > ,_, ¢(Ys) — - em(X’). It is easy to see that this is a martingale:

E[Z, | Zy] Z¢ Ye) =r-em(X') | Zya] = Zr1 + E[O(Y;) —em(X') | Z,1] = Z 1.

We bound the differences: | Z, — Z,_1|| = ||¢(Y;) — em(X")|| < |o(Y,)]| + [[em(X)|| < 27.

_o(32
Now we may use Azuma’s inequality: Pr[||Zb/ —Zp|| =4 <e ©G%7) | Let us now divide both
sides of the inequality by b’ and set § = We get Prljem(B’) — em(X')|| > w55] =

28'704
Prl|+ 22/:1 P(Ye) —em(X')|| = g5 <e <W’>2). Using the fact that o/ = /b’ /b together
with the fact that b = Q(max {y*,7?} ke~?log(nt)) (for an appropriate constant) we get that the

above is O(1/ntk). Finally, taking a union bound over all ¢ iterations and all k centers per iteration
completes the proof. O

—9(

Let us state the following useful lemma.

Lemma B.12. It holds w.h.p that for every i € [t],

fx(Civa) —fX( i+1) > —€/7 @
fB:(C z+1) B (Ciy1) > —¢/T 3)
Ix(Ci) — ( i) > —e€/T 4)
IB; (€ z+1) (Cz+1) —e/7 &)

14
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Proof. The first two inequalities follow from Lemma[B.10] The third is due to Lemma [B.5]by setting
d=¢/7,B=B;

Pr{|f(C:) = fx(Co)| > 8] < 2¢70/5" = 700D

= ¢~ 2eeD) = O(1/nt).
The last inequality is a bit more involve‘ Let € N* be a vector whose entries sum to b. For every 7

we can define C; 1 (¢ ) such that C7; (¢ /) = Cl(1 = \/0;]b) 4+ \/0;]b - em(X7). For every choice of

7it holds that Cis1 (6) is independent of B; and we can apply Lemmafor every possible C; 1 (F)
by setting § = €¢/7, B = B;

Prl|f5,Cosa(B)) = fx(Coa ()| = 8] < 277/
_ e—@(bez/'\/ ) — e—Q(k log(nt)) — O(l/(nt)k),

where last inequality is due to the fact that b = Q(max {~?,7?} ke~%log(nt)) (for an appropri-

ate constant). Finally, we take a union bound over all possible vectors 7, a total of (bZizl) <

b+k—1)-e\k—
((+k71) )k 1

= O(n*F=1). As C;4; corresponds to at least one C;.1 (£) we are done.

Taking a union bound over ¢ iterations, we obtain the result. O

Putting everything together ~We wish to lower bound fx (C;) — fx (C;+1). We write the following,
where the =+ notation means we add and subtract a term:

Ix(Ci) — fx( i+1) = fx(Ci) £ fB,(Ci) — fx(Cit1)
> fB,(Ci) = fx(Ci1) — €/7
= fB,(Ci) £ fB, ( i+1) — fx(Ciy1) — €/7
> fB; ( z+1) (Cz+1)+66/7

= [5,(Cis1) £ f5,(Cit1)

+ fX(Ei+1) — fX(C,-H) + 66/7 > 36/7

Where the first inequality is due to inequality 4| in Lemma (fx(C;) — fB,(C;) > —€/T), the
second is due to the stopping condition of the algorithm (fp,(C;) — fB,(Cit+1) > €), and the last is
due to the remaining inequalities in Lemma([B.T2] The above holds w.h.p over all of the iterations of
the algorithms. Using these guarantees for Algorithm[I]we can easily derive our main result for the
truncated version.
Truncated termination ~ Using Lemma4.1]together with Lemma and the fact that fx (C;) —
Ix(Ciy1) > 3¢/T we get that: fX(Ci) fx(C z+1) > fx(Ci) = fx(Cit1) —2€¢/7 > €/7. We
conclude that when b = Q(max {7*,72} ke~2log*(yn/e)), w.h.p. Algorithmterminates within
t = O(~? /) iterations. This completes the second claim of Theorem The final claim of Theorem
[I.1)is due to the following lemma.

Lemma B.13. The expected approximation ratio of the solution returned by Algorithm[2)is at least
the approximation guarantee of the initial centers provided to the algorithm.

Proof Let p=1—0(e/ny?) = 1 — O(1/n) be the success probability of a single iteration. By
“success" we mean that all 1nequahtles in Lemma [B.12]hold. The value of p is due to the fact that we
take t = O(7?/e) and that v% /e > 1/4.

With probablllty at least p, it holds that fx (C;+1) < fx(C;) — 2¢/7. On the other hand, fx is upper
bounded by 4v2. Let us denote Z = fx(C;) — fx(Ci+1) the change in the goal function after the
i-th iteration. Consider the following:

EZ)=E[Z|Z >¢€/TPr(Z >¢€/T+ E[Z| Z < €¢/T|Pr|Z < €/7]

"In (Schwartzman| [2023) this case is treated the same as the third inequality, which is incorrect. Using our
approach the analysis can be fixed, with an additional multiplicative k factor in the batch size.
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We show that E[Z] = E[fx(C;) — fx(Ci+1)] > 0 which implies that E[fx (Ci+1)] < E[fx(C;)]
and completes the proof. Note that if E[Z | Z < €/7] > 0 then we are done as we simply have a
linear combination of two positive terms which is greater than 0. Let us focus on the case where
E|Z|Z <¢€/T] <.

E[Z)=E[Z|Z >¢/TPr(Z > ¢/TV+ E[Z | Z < ¢/T|Pr|Z < ¢/T7]
> pe/T+ B[Z | Z < ¢/T)(1 —p) 2 pe/T — 47*(1 — p)
= (1 —-0(1/n))e/T —4y20(e/v*n) = (1 — O(1/n))e/T — O(e/n) > 0

Where the first inequality is due to the definition of p and the fact that E[Z | Z < €/7] < 0, the
second is due to the upper bound on fx, and the last inequality is by assuming n is sufficiently large.

O

C FULL EXPERIMENTAL RESULTS

We list our full experimental results in this section. We use the /3 prefix to denote that the algorithm
uses the learning rate of (Schwartzman, [2023)). 7 denotes the maximum number of data points
used to represent each truncated cluster center. We investigate 3 kernel functions: 1) The Gaussian
kernel, as presented in Section[5} 2) The k-nearest-neighbor (k-nn) kernel, where the kernel matrix
is D"'AD~1, A is a k-nn adjacency matrix of the data and D is the corresponding degree matrix,
and 3) the heat kernel (Chung, |1997) where the kernel matrix is exp(—tD~'/2AD~'/2) for some
0 <t < 00, Ais ak-nn adjacency matrix and D is the corresponding degree matrix. All parameter
settings can be found in the supplementary material.

Unlike for the Gaussian kernel where v = 1; We observe empirically that for both the k-nn and heat
kernels, v < 1. In this case, the dependence on max{~v*, 2} in the batch size required for Theorem
[I.T)actually helps us. We found the parameters for these kernels to be easier to tune in practise than
the Gaussian kernel parameter o. For each kernel, we recorded the empirical value of gamma as
follows:

Dataset Kernel Type | v
pendigits | knn 0.00100
pendigits | heat 0.0477
pendigits | gaussian 1

har knn 0.000500
har heat 0.0468
har gaussian 1
mnist_784 | knn 0.00220
mnist_784 | heat 0.0612
mnist_784 | gaussian 1

letter knn 0.00100
letter heat 0.0399
letter gaussian 1

16

Table 1: « values for various datasets and kernel types, rounded to 3 significant figures.
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Dataset: mnist_784

Batch size: 256 Batch size: 512 Batch size: 1024

Batch size: 2048
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Figure 4: Experimental results on the MNIST dataset where the kernel algorithms use the Gaussian
kernel.
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Figure 5: Experimental results on the MNIST dataset where the kernel algorithms use the k-nn kernel.
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Figure 6: Experimental results on the MNIST dataset where the kernel algorithms use the Heat kernel.
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Figure 7: Experimental results on the Har dataset where the kernel algorithms use the Gaussian
kernel.
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Figure 8: Experimental results on the Har dataset where the kernel algorithms use the k-nn kernel.
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Figure 9: Experimental results on the Har dataset where the kernel algorithms use the Heat kernel.
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Figure 10: Experimental results on the Letter dataset where the kernel algorithms use the Gaussian
kernel.
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Figure 11: Experimental results on the Letter dataset where the kernel algorithms use the k-nn kernel.
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Figure 12: Experimental results on the Letter dataset where the kernel algorithms use the Heat kernel.
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Figure 13: Experimental results on the Pendigits dataset where the kernel algorithms use the Gaussian
kernel.
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Figure 14: Experimental results on the Pendigits dataset where the kernel algorithms use the k-nn
kernel.

27



Under review as a conference paper at ICLR 2026

Dataset: pendigits_heat

Batch size: 256

Batch size: 512 Batch size: 1024

Batch size: 2048

)
©
b
o =
T:50 § K
(LR o
v
£
E
NMI  ACC time ACC NMI ACC time NMI ACC time
0.8
2
0.6 10t 10t §
b
o o
T:100 8 2
90.4 =
[ [l
10° 10° E
0.2 E
-1 -1
0.0 ARl NMI  ACC time 10 ARl NMI  ACC time NMI ACC time ARl NMI  ACC time 10
2
10! P 10t 8
b
° o
7200 5 | | 2
30 2
10° 10° g
I ] E
E
107t n n 107t
NMI  ACC time ARl NM|  ACC time NMI  ACC time ARl NMI  ACC time
Q@
10 10t 10t §
b
o =3
73006 | | °
&0 2
10° 10° 10° o
£
E
1 -1 -1 -1
NMI ACC  time 10 ARl NMI  ACC time 10 ARl NMI  ACC time 10 ARl NMI  ACC time 10
2 Kernel ez B-MiniBatch Kernel — #2 B-MiniBatch  HEE Kernel sketching (ROS) [0 Kernel sketching (Sub-Gaussian)
EZ@ Truncated B-MiniBatch Kernel @ MiniBatch Kernel B MiniBatch mE Kernel sketching (Nystrom)

Figure 15: Experimental results on the Pendigits dataset where the kernel algorithms use the Heat
kernel.
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D LLM STATEMENT

LLMs were used to assist with typesetting, code autocomplete and to polish writing.
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