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Abstract

Phylogenetic inference plays a central role in un-
derstanding evolutionary relationships, with appli-
cations ranging from tracking pathogen spread
to reconstructing the history of life. Conven-
tionally, practitioners obtain posteriors over the
phylogenetic tree of species using MCMC meth-
ods. However, such likelihood-based methods
are only tractable for simple evolutionary models
with restrictive assumptions. For more complex
and realistic evolutionary models, conventional
methods are prohibitively expensive, inaccurate,
or even impossible. We instead advocate for a
simulation-based inference approach, by using
simulated data from an evolutionary model to
train a neural network that predicts tree topolo-
gies conditioned on sequences. To accurately rep-
resent the complex posterior distributions over
tree topologies that can arise, we present flexi-
ble models that iteratively generate trees using
three natural paradigms: top-down, middle-out,
and bottom-up. We use a discrete diffusion frame-
work to train these models efficiently on large-
scale simulated datasets of phylogenetic trees. For
all three generative paradigms, our models fit the
data substantially better than the previous state-
of-the-art simulation-based method, Phyloformer
2, and obtain more accurate posteriors on real
datasets. Finally, our models outperform mis-
specified conventional methods on data following
complex evolutionary processes.

1. Introduction

To understand ancient evolution (Whelan et al., 2017), the
origins of pathogens (Bloom, 2025), and the function of
the immune system (DeWitt et al., 2018), biologists collect
DNA or protein sequences and try to infer a phylogenetic
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tree (Felsenstein, 2004). In addition to the topology of
the tree, biologists wish to infer parameters that describe,
for example, when a most recent common ancestor has
occurred (Tamura et al., 2012), whether there is selective
pressure (Goldman & Yang, 1994), or how fast a pathogen
is growing (Drummond et al., 2005). Just as important as
inferring the tree is representing our uncertainty (Huelsen-
beck et al., 2000). Bayesian inference provides a natural
framework: the posterior represents our belief in the tree,
including our uncertainty (Felsenstein, 2004, Ch. 18).

To sample from the posterior, in principle we can use
MCMC (Huelsenbeck & Ronquist, 2001; Suchard et al.,
2018). However, Bayesian inference tools like MCMC re-
quire access to a likelihood, which is only easy to calculate
for the simplest models of evolution. We can divide more
complex models of evolution into those where the likelihood
is tractable but expensive, and those where the likelihood is
completely intractable.

In models with expensive likelihoods, inference with
MCMC is prone to errors (Whelan & Halanych, 2017) and
time consuming, in some cases taking weeks to infer a tree
with a hundred species (Susko et al., 2018). These models
include those accounting for different mutation processes
at different sites (Banos et al., 2024; Lartillot & Philippe,
2004), changes of mutation processes over time (Wang et al.,
2007; Crotty et al., 2020), and different mutation rates at
different sites (Yang, 1994) and their correlation between
nearby sites (Felsenstein & Churchill, 1996). In practice,
practitioners speed up inference with strategies like taking
the values of evolutionary parameters from previously fit
models (Le & Gascuel, 2008; Le et al., 2012), alternate fit-
ting evolutionary parameters and the tree (Prillo et al., 2023),
or relying on simpler models. Unfortunately, these strate-
gies are the sources of many errors in the literature (Pisani
et al., 2015; Susko et al., 2018; Youssef et al., 2020).

Other models have completely intractable likelihoods
despite describing ubiquitous biological processes.
These include models of sequence insertions and dele-
tions (Fletcher & Yang, 2009), selection-dependence
between sites (Youssef et al., 2020), and context-dependent
mutation rates (Seplyarskiy et al., 2021). Such models are
often dealt with by making strong assumptions (Holmes
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& Bruno, 2001; Matsen & Ralph, 2022), discarding
data (Siepel & Haussler, 2004; Tan et al., 2015), or, more
often, ignoring these phenomena entirely.

Unlike likelihood calculation, simulation is simple in nearly
all models of evolution, including those with intractable like-
lihoods. Ideally we could learn to perform inference by train-
ing a model on data simulated from the prior (Papamakarios
& Murray, 2016), a framework known as simulation-based
inference. Indeed, this framework has been extremely suc-
cessful for Bayesian inference in astronomy (Dax et al.,
2021), neuroscience (Gongalves et al., 2020), and on tabular
data (Hollmann et al., 2025). The main challenge in apply-
ing simulation-based inference to this problem is exploring
the combinatorial space of tree topologies. Previous models
map sequences to parameters of a parametric distribution
over trees, limiting expressivity (Blassel et al., 2025).

To build flexible models that can support rich posterior dis-
tributions, we use iterative generative models that perform
multiple forward passes to sample a tree topology from the
posterior. We describe three natural paradigms for param-
eterizing iterative generative models for trees: bottom-up,
middle-out, and top-down. We train flexible attention-
based generative models for each paradigm using a discrete
diffusion objective which allows us to train efficiently on
large simulated data.

We show that our generative models learn to accurately rep-
resent the posterior in cases where Bayesian inference is
tractable, outperforming previous simulation-based models.
Moreover, we show that our models successfully learn pos-
teriors under complex evolutionary models where Bayesian
inference is intractable, significantly improving the fit on
simulated data. Overall, our work unlocks a new frontier in
Bayesian phylogenetic inference by enabling accurate and
efficient training of deep learning architectures to learn the
posteriors under realistic evolutionary models.

In Section 2, we introduce the phylogenetic inference prob-
lem, discuss limitations of conventional methods, and mo-
tivate our simulation-based approach. In Section 3, we
discuss how to construct flexible generative models over
trees using the three paradigms and iterative generation. In
Section 4, we describe how to efficiently train these mod-
els using a discrete diffusion approach. In Section 6, we
present our empirical results. We conclude in Section 7.

Our code is available at https://anonymous. 4open.

science/r/PhyloPFN-3DEE.

2. Background and motivation

In this section, we introduce Bayesian phylogenetic infer-
ence, explain why conventional methods cannot be used
under realistic evolutionary models, and advocate for a
simulation-based inference approach instead.

2.1. Overview of phylogenetic inference

Let X1,..., Xn € VI beaset of DNA sequences of length
L from the genomes of N species (also known as “taxa”)
descended from a common ancestor. We represent how
these sequences evolved with a phylogenetic tree 1" with N
leaves, one representing each species. In a phylogenetic tree,
each internal node represents the common ancestor of its
two children. Phylogenetic trees are bifurcating, meaning
each internal node has exactly two children, representing
the fact that speciation events give rise to two new species.

In Bayesian phylogenetic inference, we wish to sample from
the posterior p(T | X1.n) under some prior base distribu-
tion over tree topologies p(71") and likelihood corresponding
to an evolutionary model p(Xi.x | T). In this paper, we
consider inferring the topology of the tree T" without predict-
ing each branch length, though we believe our methods can
be easily adapted to accommodate branch length prediction.

2.2. Priors over tree topologies

There are several canonical choices for the prior over tree
topologies p(T'). The PDA distribution (also known some-
times as simply the uniform model) assigns a uniform prob-
ability to each topology, typically producing less balanced
trees. In contrast, the Yule model assumes a uniform rate of
speciation at all nodes, producing relatively balanced trees.
In practice, published trees are generally less balanced than
Yule trees but more balanced than PDA trees. Ford’s alpha
model (Ford, 2005) and Aldous’ beta model (Aldous, 1996)
offer two ways to interpolate between these extremes.

2.3. Evolutionary models

The simplest evolutionary model is known as the Jukes-
Cantor (JC) model (Jukes & Cantor, 1969). The JC model
simulates an independent Markov substitution process at
each position of the sequence for each species.

Formally, JC parameterizes the evolution of species along
a tree T' with given branch lengths r,_,, for all parents
and children u, v in T. We start with a single species Y
at the root, whose sequence is sampled uniformly at ran-

dom YY), ~ Uniform{A,T,C,G} forall ¢ =1,2,... L.
For each branch, we then simulate an independent uniform
Markov substitution process for time 70t , Mutating y®
into a different random letter every At ~ Exp(1). We con-
tinue similarly, simulating the Markov process down the
tree T' until we have simulated the sequences at all of the

leaves X1,..., Xn.

Despite the simplicity of the JC model, it is not obvious how
to calculate p(X1.5 | T), since it requires marginalizing
out all ancestral sequences. For this calculation, Felsenstein
(1973) developed the pruning algorithm, which continues
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to be the backbone for likelihood calculations in phyloge-
netic inference. Felsenstein’s pruning algorithm can also
be applied to calculate likelihoods for some more elaborate
models, such as ones that allow different sites to mutate with
different rates. However, it strongly relies on the assumption
that evolution occurs independently at each position.

Imagine if, when simulating the JC model, the rate of mu-
tation of a letter Y() was not independent, but rather de-
pended on the identity of its neighbors Y1) and Y (+1),
Alternatively, imagine if there was a chance for a random
chunk of five contiguous letters to be inserted or deleted.
These sorts of phenomena are ubiquitous in real data, and
while it is straightforward to simulate X1,y | T with these
effects, computing the likelihood becomes intractable, mak-
ing typical strategies for posterior inference impossible.

2.4. Simulation-based posterior inference

When we use simple evolutionary models like JC, we can
compute likelihoods with Felsenstein’s pruning algorithm
and perform Bayesian inference with MCMC. However,
when likelihood evaluation is expensive or impossible, we
cannot perform Bayesian inference with these methods.
How can we perform posterior inference when we cannot
compute the likelihood p(X;.n | T'), but we can only sam-
ple from this distribution?

We suggest simulation-based inference, in which we sample
many synthetic examples of (X;.y,7) pairs following a
given prior and likelihood, and train a generative model to
predict T conditioned on X7.n. The trained model can then
be used to sample from the posterior for 7" given real se-
quences X1.n! Unfortunately, most past works on machine
learning methods for phylogenetic inference are not applica-
ble to the problem of simulation-based inference. We cover
these related works in Appendix A.

3. Flexible generative models over trees

To perform simulation-based inference for phylogenetic
trees, we need a flexible model capable of representing com-
plex posterior distributions over tree topologies. In this
section, we introduce three natural paradigms for construct-
ing generative models over trees, describe why previous
methods are insufficiently flexible for our purposes, and
argue that we should instead use iterative generative models
for this problem.

3.1. Three generative paradigms for trees

We consider three paradigms for parameterizing generative
models over trees: bottom-up, middle-out, and top-down.
We provide an illustration of the three paradigms in Figure 1.

The bottom-up paradigm generates trees by starting with

each taxon as its own subtree containing one node, and
iteratively merging two subtrees together until a complete
bifurcating tree is formed.

The middle-out paradigm generates trees by adding one
taxon to the tree at a time. Specifically, we start by randomly
selecting two species and placing them in an unrooted tree,
along with a “pseudo-taxon” representing the root of the
original tree. We then graft one taxon at a time, attaching it
to the current unrooted tree, until all taxa have been added.

The top-down paradigm generates trees by percolating taxa
down from the root one layer at a time. Specifically, we
start with all taxa at the root node, at a depth of 0. At each
step, we select one taxon with minimal depth and predict
whether to percolate it down to the left or right. We stop
percolating when a full bifurcating tree is formed.

3.2. Limitations of previous work

While all three generative paradigms have been considered
in the context of phylogenetic inference, past methods are
insufficiently flexible to parameterize complex posterior
distributions over tree topologies. In particular, most gener-
ative models were used for summarizing MCMC samples
or variational inference for a fixed set of sequences.

Of the three generative paradigms, the bottom-up paradigm
is the only one that has previously been applied to
simulation-based phylogenetic inference, in Phyloformer
2 (Blassel et al., 2025). However, this method parameter-
izes the posterior distribution with only one forward pass
through the neural network, producing embeddings for each
taxon and then predicting a tree by running a neighbor-
joining algorithm on the fixed predicted embeddings. As a
result, it is unable to represent all possible distributions over
tree topologies. We summarize further limitations of these
methods in Section A.1.

The middle-out paradigm has also been used to summarize
MCMC posteriors for a single phylogenetic tree, in ARTree
(Xie & Zhang, 2023) and ARTreeFormer (Xie et al., 2025a).
These methods have only been used to summarize MCMC
samples for a single set of sequences, and have a noisy ob-
jective since they impose an arbitrary order over the species
(see Section 4.2). It is unclear how to efficiently scale these
methods up to full simulation-based inference.

The top-down paradigm has been used to parameterize
distributions over trees since at least 2013 (Larget, 2013).
In particular Zhang & Matsen (2018) and Zhang & Matsen
(2024) start with all taxa at the root and write a probability
for each splitting into children of the root; the tree is then
built up by iteratively splitting. However, to represent all
possible splits this method would require an exponential
number of parameters: at the root alone, there are oN-1_1
possible splits. In practice, they instead restrict support to
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Figure 1. lllustration of three generative paradigms for trees. Each colored circle represents one taxon. For bottom-up, we start with each
taxon as a separate subtree and repeatedly merge two subtrees until a single bifurcating tree is formed. Dark edges indicate which subtrees
were merged in each step. For middle-out, we start with an unrooted tree containing two taxa and add one taxon at a time. The gray circle

depicts the “pseudo-taxon” representing the root of the tree, and dark edges show which taxon was added in each step. For top-down, we
start with all taxa at the root and percolate them downwards one step at a time until we reach a full bifurcating tree.

splits that were observed in MCMC posteriors (Xie & Zhang,
2023), and therefore cannot support the full combinatorial
space of tree topologies.

We discuss alternative paradigms for generative models over
trees and their shortcomings in Appendix B.

3.3. Achieving flexibility with iterative generative
models

How can we develop generative models that are sufficiently
flexible to represent arbitrary posterior distributions over
tree topologies? We advocate for using iterative generative
models that perform multiple forward passes through the
model to gradually construct a tree one step at a time. Unlike
past methods that use a single forward pass to parameterize
the full posterior, performing multiple forward passes allows
the model to represent arbitrarily complex distributions by
conditioning on the intermediate state of the tree before
predicting the next step.

Formally, we start the generative process with a structure
T that depends only on the sequences, without any infor-
mation about the real tree. We then use a model gy to build
up the tree one step at a time by repeatedly sampling from
the distribution gg(T}—1 | Tom, X1.n). We continue this

process for M steps until we have generated the full tree Tj.

Figure 2 illustrates the shape of the model’s predictions for
a single step of generation under each of the paradigms.
For the bottom-up paradigm, at each step, the model takes
in a set of m + 1 subtrees, and predicts a distribution of
size ("]") over the next two subtrees to merge. For the
middle-out paradigm, at each step the model conditions on
the current tree and predicts where to attach each missing
taxon using a distribution over the tree’s edges. For the
top-down paradigm, at each step the model conditions on
the current state of the tree and predicts the probability of
each taxon percolating left or right.

Interestingly, a model that naively outputs uniform predic-
tions leads to a different distribution over tree topologies
for each of the three paradigms. For bottom-up we obtain
the Yule distribution, for middle-out we obtain the PDA
distribution, and for top-down we obtain the “almost com-
pletely balanced” distribution described in (Aldous, 2001).
This might suggest that our choice of generative paradigm
depends on our desired prior over tree topologies. However,
we show in Appendix C that all three paradigms can support
a full spectrum from PDA to Yule with simple adjustments
to the naive uniform predictions, meaning all are sufficiently
flexible for our task.
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Figure 2. Illustration of sample model predictions for the three generative paradigms. For bottom-up, the dashed edges indicate the valid
merges consistent with Tp, corresponding to the highlighted cells in the matrix of model predictions. For middle-out, the dashed edges
indicate the correct attachment edges consistent with 7p, corresponding to the highlighted cells in the matrix of model predictions. For
top-down, the arrows indicate the correct percolation directions consistent with 7p, corresponding to the highlighted cells in the matrix of
model predictions. Taxon A is constrained to percolate right as 7Ty is a bifurcating tree.

4. Efficiently training our iterative generative
models

In this section, we describe how to efficiently train iterative
generative models over trees using the discrete diffusion
framework, explain our choices for the noising process in
each paradigm, and provide details on our implementation.

4.1. Training iterative generative models with discrete
diffusion

‘We want to train our models to maximize the likelihood of
the simulated data. Letting T, Ths—1, - .., 11 be the states
of the tree while generating 7, the likelihood is:

M

Z H qe(Tmfl |Tm7X1:N)

T1,Ta,....,Tpg m=1
(D

Unfortunately, directly optimizing such a likelihood is in-
tractable as it requires marginalizing over all possible paths
that reach the tree Ty. As the number of possible paths is
typically combinatorial in N, this marginalization is pro-
hibitively expensive.

g (To | X1.nv) =

Instead, we propose training the model gg using the discrete
diffusion framework. Specifically, we define a noising pro-
cess that generates paths p(T1, ..., Ty | Tp) by noising Tp;
then we train our model to reverse these paths. We do so by
optimizing an ELBO of the form log go(Tp | X1.5) >

M
> EKL(p(Tr—1 | Ton To) || 46(Trn—1 | Trn X1:1))
m=1

(@)

Training the model now involves simulating a training exam-
ple (To, X1.n ), applying the noising process p(T,, | To, m)
for some number of noising steps m, and pushing the
model’s predictions on 7;,, closer to the true reverse process
that recovers 1. We review the derivation of the ELBO and
cover related work on discrete diffusion in Appendix D.

4.2. Noising process for generative models over trees

To train a discrete diffusion model using Equation (2), we
must define a noising process p(7,, | To, m) and determine
how to compute the target distribution p(Ty,—1 | Ton, T0)-

For bottom-up, at the start of the noising process, we label
the root node as “exposed”. Then, each noising step involves
removing an exposed internal node from the current graph,
“exposing” its two children. We select the next node to
remove in each step as:

peu(Ty, = remove(T,,—1,node) | Tph—1)

x num_descendants(node)

We multiply by num_descendants(node) to get a
tractable form for p(T,,—1 | Tin,To), described in Sec-
tion E.2.

For middle-out, each noising step involves pruning one
taxon from the tree and collapsing the edges connecting its
two siblings. Formally, we have, for a taxon v:

1

pio(Tm = prune(Tp—1,0) | Tnt) = oy

Here, the distribution p(T},—1 | Tr,, To) is again uniform
over all valid attachments in 7;,, that are consistent with 7.
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Note that for a given taxon, there is only one attachment
edge in T, that is consistent with the ground truth 7. Note
also that our target has multiple non-zero entries correspond-
ing to each of the taxa not in the current tree. ARTree (Xie &
Zhang, 2023) instead imposed an arbitrary ordering over the
sequences, resulting in a sparser target with higher variance.

For top-down, each noising step involves selecting a taxon
of maximal depth and percolating it up one layer to its parent.
The noising process continues until all taxa reach the root
node, at T);. Formally, for a tree 7},,_; with maximum
depth d, we have:

pro (T = percolate up(Ty—1,taxon) | Tp—1)

depth(taxon) < d
otherwise

j— O,
- 1
# of taxa at depthd’

The distribution p(T;,,—1 | Trn, To) is uniform over all per-
colations in 7T, that are consistent with Tj.

4.3. Implementation details

Equipped with the noising process p(7},, | Tp, m) and target
distribution p(Ty,—1 | T, Tp) for each of the paradigms,
we now describe two other implementation details to make
training efficient.

Noise schedule In the ELBO from Equation (2), we use
a uniform distribution over the number of noising steps
m. However, in practice some noising steps may be much
easier for the model to learn than others. Ideally, to train
as efficiently as possible, we would like to sample training
examples according to the difficulty, by adapting the noise
schedule. In Section E.1, we describe how our choice of
noise schedule mirrors the mutual information schedules of
Austin et al. (2021).

Initializing at our prior distribution over trees As noted
in Section 3.3, each generative paradigm is capable of repre-
senting a full spectrum of prior distributions over topologies
p(Tv), ranging from Yule to PDA, using particular weights
for the predictions. We reparameterize our generative mod-
els by multiplying the neural network outputs with these
weights, ensuring that the models are initialized at the de-
sired prior distribution.

5. Experiment details

We now describe our experimental setup, including training
data, architecture, and training details.

5.1. Simulated training data

We train our models on synthetic data simulated following
a prior p(T") and evolutionary model p(X;.n | T). Below
we set p(T) to be a PDA prior on trees to match the priors
in MrBayes.

We consider three types of evolutionary models p(X1.n | T')
for our experiments. First, we train our models on the sim-
plest model of DNA evolution (JC). As described in Sec-
tion 2.3, the JC model yields tractable likelihoods, allowing
us to use MrBayes to obtain gold standard MCMC samples
from the posterior. Next, we consider two more realistic
evolutionary models: a more complex model accounting for
natural selection in proteins (CAT) and a model of DNA
evolution that has intractable likelihoods because of the
presence of insertions and deletions (InDel).

We train our models to support datasets with between
N = 25 and N = 65 species, and sequences of length
L = 300 to L = 2600, based on the sizes of 8 classical
evolutionary datasets (Zhang & Matsen, 2018). Our models
can therefore be immediately applied to most evolutionary
and immunological inference tasks on 1 — 5 genes. We dis-
cuss how to scale to larger IV and L in Section 7. Lastly, we
randomly mask a subset of positions in the DNA sequences
to reflect the missing information that is common in real
datasets. We provide further details on the evolutionary
models and our simulated data in Section G.1.

5.2. Model architecture and training details

Our model gy must condition on the sequences Xi.5 and
current state of the tree T;,,. To condition on the sequences,
we adapt the EvoPF architecture from Phyloformer 2 (Blas-
sel et al., 2025). EvoPF embeds N sequences of length L,
X1.n, into a tensor of size [N, L, 256] and performs axial
attention over the dimensions N and L separately. For scal-
ability, we drop the quartic pairwise attention from EvoPF
so our architecture has complexity O(NN L?). We provide
full details in Appendix F.

We use AdamW with pP-rescaled per-layer learning
rates (Yang et al., 2022) (base Ir = 0.03), 1,000-step
linear warmup, EMA 0.9998, gradient-norm clip 500,
bflé-true precision, and an effective batch of 32 trees
per step. Each model trains for 48 hours on 2 A100 GPUs,
which is approximately 20,000 updates for each paradigm.

6. Results

In this section, we provide our empirical results. We com-
pare against Phyloformer 2, the previous state-of-the-art
method for simulation-based inference. First, we show that
our models learn to fit simulated data much better than
Phyloformer 2, as measured by ELBOs. Second, we show
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Figure 3. (Left) Our models obtain substantially better ELBOs than Phyloformer 2. (Right) Our models reconstruct MCMC posteriors on

real datasets more accurately than Phyloformer 2.

that our models match gold standard MCMC posteriors
more accurately than Phyloformer 2. Lastly, we show that
our models accurately infer the correct tree for the complex
and intractable evolutionary models, improving accuracy
over the best existing alternative.

6.1. Our models learn faster than previous
state-of-the-art for simulation-based inference

In Figure 3a, we compare the ELBOs achieved by our mod-
els against Phyloformer 2. We find that across datasets and
generative paradigms, our models consistently fit the data
much better than Phyloformer 2. These results confirm
that our flexible parameterization and efficient training via
the discrete diffusion ELBO significantly improve the per-
formance of simulation-based inference for phylogenetics.
More generally, our work is the first to successfully apply
the top-down and middle-out paradigms to this problem,
and we show that both of these paradigms can far surpass
the performance of the previous state-of-the-art.

Interestingly, different paradigms better fit different datasets.
The superior performance of bottom-up on the simple data
may reflect the bottom-up nature of the likelihood calcula-
tion on this data (Felsenstein, 1973). On the intractable data,
top-down may perform the best because it can use InDel
patterns to accurately define the deepest splits first. Finally,
middle-out may perform the best on the complex data since
it conditions on a fully resolved partial tree at each step,
allowing it to best implicitly infer the hyperparameters of
the evolutionary process. This suggests that the optimal
paradigm for fitting a particular evolutionary process may
be the one that matches its inductive biases.

6.2. Our models accurately reconstruct gold standard
MCMC posteriors

We now take three classical evolutionary datasets
from Lakner et al. (2008) selecting a variety of N and L:

tetrapod ribosomal DNA with N = 27 and L = 1949; in-
sect wingless gene DNA with N = 50 and L = 378; and
fungal ribosomal DNA with N = 64 and L = 1008. See
Section G.2 for details. For each dataset, we infer 100 trees
using our JC models, and compare the distribution of our
inferred trees to the posterior estimated by MrBayes under
the JC model. We remove constant sites in the sequence and
shuffled the order of sites before inferring the tree using our
models.

We compare the distributions using the MMD distance.
MMD measures the average distance between trees sam-
pled from separate distributions and subtracts the average
distance between trees sampled from the same distribution,
with the best MMD score of 0 achieved when the two dis-
tributions are identical. See Section G.4 for more details.
In Figure 3b we report MMD scores between the posteri-
ors of each model and the gold standard posterior samples
from MrBayes. Our models accurately recover the poste-
rior, obtaining significantly lower scores than the previous
state-of-the-art Phyloformer 2.

6.3. Our models successfully infer trees for complex
evolutionary models

For the CAT and InDel datasets, obtaining accurate MCMC
posteriors is prohibitively expensive or impossible. To make
predictions in these settings, practitioners often resort to
point estimates using workhorse maximum likelihood meth-
ods such as IQ-Tree. Practitioners use these procedures
despite knowing they are misspecified in hopes that the
evidence still points to the correct tree.

For each dataset, we sample 30 simulated pairs of sequences
and trees at various combinations of N and L. We then con-
dition on the sequences and predict the tree topology by
sampling eight trees from our models and taking a majority-
rule clade consensus tree. We evaluate the Robinson-Foulds
(RF) distance with respect to the true simulated tree, and



Deep Generative Models for Phylogenetic Inference

m@m |Q-Tree  =@= Phyloformer 2

’_‘; Simple Complex Intractable
~— 30 L
Q
@] \
c 20 o
S (=] \:\.
-2 10 &.\.-" \z
a R ~
|-|_ T T T T T T T T T T T
Q: 300 500 1000 2600 200 500 1000 2600 300 500 1000 2600

sites (L) sites (L) sites (L)

(a) N =45

=@= Bottom-up

m@= Middle-out w=@m Top-down

"_‘; Simple Complex Intractable

o 40 & / /.

o

c ./ é. /.‘,/’

S 2 Ve .é: "‘£ ./9 y

» e’ 2,"“ 595550

) S0 o0 e e~

T .g‘!—

o ° 25 3|5 4|5 5|5 6|5 2|5 3|5 4|5 5|5 6|5 25 3|5 4|5 5|5 6|5
taxa (N) taxa (N) taxa (N)

(b) L = 500

Figure 4. Our models often make more accurate predictions than IQ-Tree for the complex and intractable evolutionary models. (Left) We
hold N fixed and vary the sequence length L. (Right) We hold L fixed and vary the number of taxa V.

compare against the maximum likelihood tree predicted by
1Q-Tree with default settings. Note that IQ-Tree does not
support the CAT or InDel models and is therefore misspeci-
fied in these settings.

We show our results for N = 45 and L = 500 in Figure 4.
We see all of our models outperform Phyloformer 2, and
that their sample quality reflects how well they fit the data
(Fig. 3a). 1Q-Tree performs well on the JC data where it is
well-specified. However, on the CAT and InDel datasets, 1Q-
Tree ignores more complex effects leading to lower-quality
predictions. In contrast, some of our models are able to
leverage their knowledge about complex evolutionary pro-
cesses and indels to make better predictions than IQ-Tree. In
particular, our models more strongly outperform baselines
in regimens with low data (small L) and complex posteri-
ors (high N). Appendix H shows run-time comparisons,
showing our models are faster than IQ-Tree for most N, L
settings.

These results demonstrate that our models can give prac-
titioners higher-quality point estimates of the tree under
realistic evolutionary models. Moreover, in contrast with
bespoke algorithms such as IQ-Tree, our models simply
require the practitioner to provide simulated data.

7. Conclusion

We develop flexible deep generative models that can be
trained to accurately model posteriors over phylogenetic
trees. Our models are trained on simulated data only, al-
lowing them to learn posteriors for more realistic evolu-
tionary models where traditional Bayesian approaches are
intractable. Our contributions open up promising directions
for future work: building a universal default tree prior, build-
ing better models for inferring evolutionary parameters, and
scaling to larger datasets.

A universal tree prior There are a plethora of evolu-
tionary models proposed in the literature. In many cases,
practitioners may not know which evolutionary model best
explains their data, and resort to using a model that is a poor
match for the data. For many protein and DNA evolution
datasets, the GTR+G4+1I prior in MrBayes (Huelsenbeck
& Ronquist, 2001) acts as a default, and many evolution-
ary parameters come with common and default values used
nearly universally for inference (Susko et al., 2018). Our
framework opens the door for a phylogenetic inference foun-
dation model: by training on simulated data from a variety
of evolutionary models, the model automatically selects
the appropriate evolutionary process as part of the poste-
rior inference, and can be used across a large variety of
applications. The foundation model can also be fine-tuned
on simulated data when a particular evolutionary model is
desired.

Inferring evolutionary parameters In this paper we fo-
cused on inference of the tree topology 1" alone. However,
in many settings we are also interested in inferring other pa-
rameters, such as branch lengths. As our work addresses the
combinatorially challenging part of the inference problem,
it can be extended by applying modern Bayesian inference
methods for Euclidean data to infer other parameters (Wang
et al., 2015; Papamakarios & Murray, 2016; Fourment et al.,
2024).

Larger scale inference We train our models on datasets
with up to N = 65 sequences of length up to L = 2600.
While these sizes are sufficient for many important phylo-
genetic tasks, certain applications such as pandemic data or
full-genome analyses involve larger datasets. Future work
could seek to extend our methods for these settings, such
as supporting inference for large trees by combining our
approach with super-tree methods (Warnow, 2018; Jiang
et al., 2024), or combine inferred trees for individual genes
into one tree for whole genomes (Mirarab et al., 2014).
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A. Related works on machine learning methods for phylogenetic inference

There are many relevant works that apply machine learning methods for Bayesian phylogenetic inference. Most of these
methods seek to improve upon MCMC methods for Bayesian inference, which are applicable when likelihoods are tractable.
These include Hamiltonian Monte Carlo (Dinh et al., 2017), sequential Monte Carlo (Wang et al., 2015; Moretti et al., 2021;
Chen et al., 2025), variational inference (Zhang & Matsen, 2024), and pseudo-likelihood methods (Prillo et al., 2023). These
methods are particularly powerful for inferring the evolutionary parameters, since they live in Euclidean space and therefore
are amenable to standard Bayesian inference techniques (Fourment et al., 2024).

When likelihood evaluation is expensive or impossible, we cannot perform Bayesian inference with the above methods.
Instead we can simulate data from our prior and then attempt to learn the tree. This was framed as a regression problem
by Suvorov et al. (2020) and re-framed as learning the posterior distribution p(T" | X;.x) by Phyloformer 2 (Blassel et al.,
2025).

To model the posterior accurately, we require a flexible generative model over trees. Although many generative models over
trees have been proposed for variational likelihood-based inference (VI) (Zhang & Matsen, 2024), summarizing distributions
over trees (Xie et al., 2025b), or likelihood-free inference (Suvorov et al., 2020), most existing methods are problematic for
the task of simulation-based inference for several reasons:

* They do not learn a full posterior. Methods that predict quartets (Suvorov et al., 2020; Su & Jiao, 2025) or distance
matrices (Jiang et al., 2023; Nesterenko et al., 2024); or use a heuristic loss (Zhang et al., 2025) only learn to make
accurate point predictions.

* They are not scalable. It is not clear how to efficiently learn energy-based models (Zhang, 2023) for datasets larger
than a few short sequences.

» They require a tractable likelihood to train. Integrating the continuous encodings of Mimori & Hamada (2023)
and Duan et al. (2024) and training subsplit networks with restricted support (Zhang & Matsen, 2018) is only possible
when optimizing a reverse KL. Also, the GFlowNet framework of Zhou et al. (2024) requires a reward model.

A.1. Improvements upon Phyloformer 2

Phyloformer 2 (Blassel et al., 2025) is the previous state-of-the-art method for simulation-based inference for Bayesian
phylogenetic inference. Our work improves upon Phyloformer 2 in several significant ways:

1. Flexibility: Phyloformer 2 uses a neural network backbone they call EvoPF that predicts embeddings for each
species, followed by a module they call BayesNJ which parameterizes the distribution over topologies conditioned the
embeddings. BayesNJ uses a symmetric bilinear layer to convert the embeddings into a probability distribution over
each merge, using the same embeddings for the full generation process. However, as noted in Section 3.2 of (Blassel
et al., 2025), in general the posterior merge probabilities at a given step might depend on the previous merges. Our
models unlock this expressivity by using iterative forward passes through the network, each conditioning on the current
state of the tree.

2. Reliance on canonical merge order: Another challenge faced by Phyloformer 2 is that it is intractable to sum over the
likelihoods of all possible merge orders consistent with a given topology Tj. To solve this, they introduce a canonical
merge order that depends on the branch lengths of the tree. As a result, the training objective is sparse, as there is only
one valid merge at each generation step, similar to the main limitation of ARTree (Xie & Zhang, 2023).

3. Initialization at Yule: As discussed in Section 3.3, predicting uniform probabilities over merges induces a Yule distri-
bution over tree topologies. Therefore, Phyloformer 2 is biased towards the Yule distribution at random initialization.
However, in practice, we often wish to set a different prior over tree topologies, such as PDA. In Section 4.3, we explain
how we re-paramaterize our neural network predictions to achieve the desired prior distribution over topologies at
random initialization.

4. Computationally expensive architecture: The EvoPF architecture used in Phyloformer 2 includes attention over pairs
of species, inducing time and memory costs of O(/N*). We remove the quartic pairwise attention, allowing for O(N?)
runtime and memory instead.

5. Restricted generative paradigm: Phyloformer 2 only considers the bottom-up paradigm for generating trees. Our
work also achieves state-of-the-art performance with the middle-out and top-down paradigms.
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B. Other potential paradigms for generative models over trees

In our work, we consider three natural paradigms for generative models over trees: bottom-up, middle-out, and top-down.
Here, we list other possible paradigms for defining generative models over trees and discuss the obstacles of using them for
flexible simulation-based inference.

Table Al. Summary of alternative generative modeling approaches for trees and their limitations.

Approach Status or challenge

Splits and edge contractions analogous to top-down

Leaf delete-regraft analogous to middle-out

Add one leaf at a time and quarter puzzling analogous to middle-out
Coalescents and neighbor joining analogous to bottom-up
Dyck paths and permutations models planar, unlabeled trees
Hyperbolic embeddings models planar trees

NNI, SPR, and TBR moves tractability of conditionals
Tree matchings tractability of conditionals
BHYV space tractability of conditionals

B.1. Paradigms that recover our models

The following paradigms are practical for simulation-based inference, and are analogous to the three paradigms which we
consider.

Splits and edge contractions Many distributions of trees start with all species starting at the root, and then splitting left
or right at a certain rate (Aldous, 2001; Ford, 2005); these can include birth-death models. Indeed this was explored for
building generative models in Larget (2013) and Zhang & Matsen (2018). However, the number of possible splits of n
species is 2" 1; it is therefore a challenge to parameterize a distribution over splits in a flexible way. Indeed Larget (2013)
and Zhang & Matsen (2018) had to restrict the possible splits to those seen in an MCMC run. Similarly, one could imagine
corrupting trees by contracting random edges rather than just leaf edges; the de-corruption process would need to deal
with the same challenge of parameterizing a distribution of splits of objects. One could parameterize such a distribution
by gradually having nodes split one way or another using the diffusion method of Liidke et al. (2024). This recovers the
top-down paradigm we explore.

Leaf delete-regraft The “Aldous chain” involves tree corruptions via pruning and regrafting individual leaves (Aldous,
2000). Extensive theory on the process relies on the theory of random Dyck paths (Lohr et al., 2018), which we discuss
below. We are not sure if p(T, | Tp) is tractable, however we note that schedule-conditioning this model as described
in Amin et al. (2025) leads to something analogous to ARTree. In particular, Amin et al. (2025) advocates improving discrete
diffusion by keeping track of how many times each token in a sequence has been corrupted during diffusion. But once a
leaf has been corrupted, it no longer contains any information about its original position. Therefore, the task of predicting
qo(Tin—1 | T, Snr), where 5 is an indicator of how many times each leaf has been corrupted, simply involves taking
the subtree of un-noised leaves and predicting which edge any noised leaf falls in that tree, recovering the exact prediction
problem from middle-out.

Add one leaf at a time and quartet puzzling Sainudiin & Veber (2015) and Ford (2005) describe distributions of trees in
which one leaf is added at a time; these differ by introducing different hyperparameters and latent variables, and possibly
disallowing addition to edges not connected to a leaf. Integer vector encodings of trees describe the order in which individual
leaves are attached (Richman et al., 2025). Quartet puzzling is also an algorithm that adds one leaf at a time to a tree based
on likelihoods of “quartet” splits (Strimmer & von Haeseler, 1996). These approaches are analogous to the middle-out
paradigm we explore.
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Coalescents and neighbor joining One of the most popular models for for phylogenetic trees is the coalescent (Bertoin,
2010). And one of the most popular algorithms for inferring a tree form a distance matrix is the neighbor-joining
algorithm (Saitou & Nei, 1987). These involve joining subtrees at some rate, which is equivalent to the bottom-up paradigm
we explore.

B.2. Paradigms that model the wrong types of trees

Alternatively, some paradigms are not applicable for our problem since they model the wrong types of trees. We are
interested in modeling non-planar trees (which do not distinguish between left and right branches) and labeled trees (which
distinguish the leaves).

Dyck paths and permutations Every labeled planar tree — that is, a tree distinguishing left and right children — can
be uniquely described by a Dyck path and a permutation of {1, ..., N}, suggesting we could model trees over these two
objects (Aldous, 2000). The coalescent point process (Lambert & Stadler, 2013) is another clever approach to efficiently
generating trees; every labeled planar tree with branch lengths is characterized by a vector in (0, 1)V ~! and a permutation.
One issue with this approach is that it is not clear that modeling permutations or Dyck paths is simpler than modeling trees.
Another issue is that we wish to model non-planar trees, and each non-planar tree admits 2V ~! planar representations.
Stochastically choosing a planar representation for each tree would significantly increase variance when training, but
canonically choosing a planar representation would introduce discontinuities or artificial structure.

Hyperbolic embeddings Sarkar (2012) shows how to embed trees into hyperbolic space with arbitrarily small distortion.
Putting the distortion aside, the embedding is not unique: rotations, translations, and the ordering of cones emanating from
each internal node do not affect the tree distance matrix. In particular, the ordering of cones can be used to define a planarity
of the tree, showing that the symmetries of this embedding cause problems at least as bad as those of the Dyck paths and
permutations above.

B.3. Paradigms that do not admit tractable conditionals for discrete diffusion training

The following paradigms are poor choices for simulation-based inference since they do not allow for efficient training with a
discrete diffusion objective as explained in Section 4.1. Specifically, to train a diffusion model as in Campbell et al. (2022),
we need the conditionals p(7'(¢) | 7'(0)) to be tractable for any time ¢, or to train a diffusion model as in Amin et al. (2025),
we need p(T,, | Tp) to be tractable for any number M, where T}, is the tree after m corruptions'. Many stochastic processes
on trees are not suitable for a generative model because these conditionals are intractable.

NNI, SPR, and TBR moves Many MCMC methods explore tree-space with proposals based on nearest neighbor
interchange (NNI), subtree prune-and-regraft (SPR), and tree bisection and reconnection (TBR) moves. However, calculating
whether two trees 77, T> have NNI, SPR, or TBR distance less than or equal to M is NP-Hard (DasGupta et al., 2000;
Bordewich & Semple, 2005; Allen & Steel, 2001). Therefore, if we corrupt our trees using these moves, simply determining
if p(T,, =T | To = T') > 0 is NP-Hard, making it likely intractable. We conjecture that p(1,, = T" | Ty = T') is similarly
challenging to calculate. Meanwhile, other tree distances which are easier to calculate, like RF distance, are not associated
with any particular sequence of tree operations.

Tree matchings Diaconis & Holmes (2002) showed that trees are in bijection with pairings of the numbers {1, ...,2N —2}.
They characterized the eigenspectrum of the action of the symmetric group on this representation, finding deep algebraic
structure. However, the exact formulas for calculating go (7., | To), while “solved”, are not easily computable in practice.

BHY space On the continuous Billera-Holmes-Vogtmann tree space (Billera et al., 2001), where topologies change via
NNI moves, the remarkable theorem of Owen & Provan (2011) demonstrates that geodesic distances are still computable
in polynomial time. Nevertheless, recent work has highlighted the intractability of calculating the densities of diffusion
processes on this space (Woodman & Nye, 2025); tractable distributions meanwhile (GGF of Woodman & Nye (2025))
have restricted support. It is not clear if other continuous parameterizations, like that of Gavryushkin & Drummond (2016),
have more tractable diffusions.

'SCUD (Amin et al., 2025) models can technically be trained with only empirical samples from p(T}, | Trm—1,To). However this
training method sacrifices a closed-form ELBO and has extremely high variance in its gradient estimates (Baron et al., 2026).
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C. Expressivity of sampling paradigms

Here we prove small modifications to the logits can allow all three paradigms to generate trees from PDA to Yule, the
spectrum of realistic trees.

C.1. Bottom-up

Consider a process that generates a tree T by starting from 7y _1, a forest of /N singleton components, and building up to a
complete tree. At each step, the process merges two components of the forest 7;,, with a and b leaves to produce 1,1,
selecting this pair with probability proportional to y(a 4+ b — 2) + 1, for some parameter v > 0. Each merge creates one
internal node of the final tree Tj; the first merge creates the deepest internal node and the last creates the root.

Reversing the merge order, we obtain an ordering vy, va, . ..,vn—1 of the internal nodes of Tj in which every ancestor
appears before its descendants—that is, a linear extension of int (7p). It will be useful below that paths are uniform over
linear extensions.

Proposition C.1. When v = 0, p(Ty) is a Yule distribution over trees; when v — oo, p(Ty) concentrates on combs. When
v =1, p(To) = 1/(2N — 3)!! is the PDA (uniform) distribution over topologies, and each path is equally likely conditioned
on the topology: p(Th, ..., Tn—1 | To) = 1/|LE(int(Tp))|.

Proof. The v = 0 case is Kingman’s coalescent, which is well known to produce the Yule distribution (Aldous, 2001); the
v — oo case follows since the merge probability concentrates on the pair with largest a + b, which always includes the
component containing all previously merged taxa.

For v = 1, at step m, the forest 7},, has £k = m + 1 components with leaf counts n, . .., ng. The normalizing constant is
> nitn;—1)=(k-1)> ni— ) - l(k— 1)(2N — k),
i<j ’ i 2 2

since each n; appears in k£ — 1 pairs. Taking the product from k = N to k = 2, we get

N
11 Sk =N —k) = 2~ (N=1(N — 1)1
k=2

%]Vv_f))!! — (N —1)I(2N — 3)1,

with the last equality coming by counting even and odd terms of (2N — 2)!. Finally,

Niett (vy) T Mright (v) — 1

Ty, Ty | To) = -
M -1 To) },_:[o IN—m)2N —m—1)

[locine(r) (Idescendants(v)| — 1)
(N —1D!(2N —3)!!

which does not depend on the order of the merges. One can verify this equals 1/(|[LE(int(7p))|(2N — 3)!!) by
the hook length formula |LE(int(75))| = (N — 1)!/]], |descendants(v)|, noting each subtree at node v has
|descendants(v)| — 1 internal nodes. Summing over all |LE(int(Tp))| linear extensions gives p(1p) = 1/(2N —
3L

C.2. Middle-out

Consider a process that generates a rooted tree by starting with a tree on two taxa and grafting one taxon at a time. At
each step, the current tree has k leaves and 2k — 1 edges. The new taxon subdivides an edge e chosen with probability
proportional to w, (e), where pendant edges (those incident to a leaf) receive weight 1 — « and all other edges receive
weight a, for a parameter o € [0, 1).

Proposition C.2. When a = 0, p(Ty) is a Yule distribution; when o = %, p(Ty) is PDA; and when o — 1, p(Ty)
concentrates on combs. Moreover, the distribution does not depend on the order in which taxa are inserted.

Proof. This is Ford’s alpha model (Ford, 2005). When @ = 0 only pendant edges carry weight, so each of the k lineages
is equally likely to be split, recovering the Yule process. When @ = % every edge carries equal weight, so the insertion
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is uniform over all 2k — 1 edges; Ford (2005) shows this gives PDA. When oo — 1 only non-pendant edges carry weight,
producing combs. Order-independence is the exchangeability property of the alpha model (Ford, 2005). O

C.3. Top-down

The Aldous beta-splitting model (Aldous, 1996) generates a labeled rooted tree by recursively splitting sets of taxa. At
a node containing n > 2 taxa, the set is partitioned into two non-empty groups; the probability of each labeled partition
{A, B} is proportional to B(|A| + 8+ 1, |B| + 8+ 1) for 8 > —2. Each group is then split recursively until every group
is a singleton. When 3 = 0 this gives the Yule distribution; when 3 = —% it gives PDA; and as 8 — oo it gives the “almost
completely balanced” distribution (Aldous, 2001).

In our top-down paradigm, we do not split all taxa at a node simultaneously. Instead, taxa percolate one at a time: all taxa at
a given depth complete their left/right assignments before any taxon proceeds to the next depth. We derive the per-step
probabilities f(a,b) from the Aldous model and show that every percolation order is equally likely conditioned on T,
paralleling the analogous results for the bottom-up and middle-out paradigms.

For a node with n taxa where a have been assigned left and b right, with M = n — a — b remaining, define

S(a,b, M) = > B(|A|+B+1, |B|+8+1), 3)

{A,B}: |A|=1, |B|>1
specified a taxa€ A, specified b taxac B

the sum of the Aldous weights over all binary partitions consistent with the observed assignments. Since |A| = a + j and
|B| = b+ M — j for j of the remaining taxa joining A, we can write

M
S(a,b, M) =) (j >B(a+j+6+1, b+ M —j+B+1), (4)
J
where the sum runs over all j for whicha 4+ 7 > 1 and b+ M — j > 1. Each remaining taxon joins exactly one side, so
S(a+1, b, M—1) + S(a, b+1, M—1) = S(a, b, M). )
The conditional probability that the next taxon goes left is therefore

S(a+1, b, M—1)

f@bh) = =50 ©)
Proposition C.3. The per-step probabilities (6) equal
%, a,b >0,
fla,b) = { Blath+2, f+1) = B(n+b+1, f+1) o1 (7
B(a+B+1, f+1) — B(n+B+1, B+1)’ ’ ’
0, b=0, M =1,

with the a = 0 cases given by symmetry (f(0,0) =1 — f(b,0)). The resulting marginal split distribution at each node is
the Aldous beta-splitting model, every percolation order of the taxa is equally likely conditioned on T}, and in particular:
B =0 gives Yule, 5 = —% gives PDA, and B — oo gives the almost completely balanced distribution.

Proof. We evaluate S(a, b, M) in closed form using the integral representation B(s,t) = fol 257 (1—z)*'dz and the
binomial theorem.

Interior case (a,b > 0). Whena > 1and b > 1 the constraints a+j > landb+ M —j > 1 hold forall j € {0,..., M},

so from (4)

1 Mo .
S(a,b, M) :/O 2P (1) (j >xj(1—x)M_] dz = B(a+B+1, b+5+1).
j=0

=1
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Therefore S(a+1,b, M—1) = B(a+5+2, b+8+1) and

B(a+B+2, b+B+1)  a+pB+1

T8 = Blar Gt brp1) ~atvr28+2

using the identity B(s+1,t)/B(s,t) = s/(s+t). Note this is a valid probability for all 5 > —2 when a, b > 1.

Boundary case (b = 0, M > 1). The constraint b+ M — j > 1 forces ;7 < M — 1, excluding the degenerate all-left split.
Writingn = a + M,

1 M
S(a,O,M):/ 28 (1 [Z( )xﬂ (1—z)M=7 —gM | dz
0

j=0

=1
= B(a+p+1, +1) — B(n+8+1, f+1).

Similarly S(a+1,0, M—1) = B(a+/5+2, f+1) — B(n+£+1, f+1). Dividing gives the b = 0 case of (7).

This expression can be simplified to a running product. Using 1 — z¥ = (1—x)(1+z+ - --+2¥"1) in numerator and
denominator,
Fa,0) S? Blat+B+2+), B+2)
a,0) = — - .
Z?iol B(a+p+1+j, +2)
Writing the denominator as B(a+£+1, 8+2) + Z B(a+f+2+j, f+2) and applying B(s+1,t)/B(s,t) = s/(s+t)
to express each summand as a telescoping product glves
1
feO=1""5 a+Br140
1
* JZ; el_[o A+ 281341

Terminal case (b = 0, M = 1). The last remaining taxon must go right to produce a binary split, giving f(a,0) = 0. This
is consistent with the formula above: S(a+1,0,0) = B(n+8+1, 5+1) — B(n+8+1, §+1) = 0.

Order independence. Since the Aldous beta-splitting model assigns each labeled partition { A, B} a weight depending
only on |A| and | B|, the model is exchangeable in the taxon labels. Therefore the conditional probability (6) at each step
depends only on the counts (a, b) and not on which taxa were assigned, so every permutation of the n taxa yields the
same path probability. Since all taxa at each depth complete before the next depth begins, the splits at distinct nodes are
independent, and order independence extends to the full tree. O

D. Discrete diffusion models
D.1. Background

Discrete diffusion models have been recently highlighted for flexibly fitting complex distributions of discrete objects.
However previous diffusion models have largely been built to model data of the form tokens """ like language (Austin
et al., 2021; Campbell et al., 2022; Shi et al., 2024). To apply these models to graphs therefore, one simply models their
adjacency matrices A € {0, 1}V <V (Vignac et al., 2022; Bohde et al., 2025). modeling phylogenetic trees as abstract graphs
is problematic however as (1) internal nodes of the tree are latent, so there is no ground truth adjacency matrix A, and (2)
these trees are highly constrained structures, and there is no clear way to incorporate these constraints during generation.
Our models avoid these issues by building a diffusion model directly on the space of trees.

Discrete diffusion models have also succeeded at modeling other sorts of discrete objects, like permutation processes (Zhang
et al., 2024), and sequences of different lengths (Havasi et al., 2025; Baron et al., 2026). However, these methods do not
map to modeling trees.
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D.2. Derivation of discrete diffusion ELBO

M
w(To| Xen) = Y ][] ao(Tm-1 | Ton, X1.n)

Ty,T5,....,Tm m=1

Here, we provide the derivation of the discrete diffusion ELBO in Equation (2). We start by taking the logarithm of the
expression for the likelihood in Equation (1). Then, we multiply and divide each term by p (T1.s | To), yielding

H%:l QG(Tmfl | vaXlzN)
p (T | To)

log go(To | X1.n) =log Y p(Tins | To)

Ti:m

H qg m— 1|Tm,X1N)

10gET1 m~p(-|To) 1 ‘ T TO)

m=1

Q9( m—1 |Tm’X1N)
>ET1 m~p(-|To) lz log p( m—1 ‘TW“TO)

M
qo(Trn—1 | Trm, X1.N)
> E (| Tom) |1
- TnZ::L (Tm—lem) P( ‘T{L ) |:Og p(Tmfl | Tm,To)
M
= By en(imom) [IPKLP( T | Tons To) |1 g6 (T -1 | Ty X1:837))]
m=1

E. Additional information on methods

For each paradigm we describe how to calculate the target p(Ty,—1 | Tm, Tp) and sample from our mutual-information
informed noising schedule.

E.1. Noise schedule details

The ELBO in Equation (2) requires computing p(7;,,—1 | Trn, o), the distribution over the previous state given the current
noised state and the ground truth. We achieve this by introducing a noise schedule 7(m, T, | Tp) and rewriting the ELBO

as IEp(To,XlzN) IOg QQ<TO | Xl:N) >
—Epn 1 10) (WM T) - D (p(Tin—1 | Ton, To) || g0 (D=1 | Tons X1:8))] ®)

where
M - p(T,, | To,m)
w(m, Ty | To)

A classic heuristic for designing discrete diffusion noise schedules is to choose 7 to minimize the variance of this Monte
Carlo estimator, assuming gy has converged to the true reverse process (Kingma et al., 2021; Austin et al., 2021). To make
this tractable, we further assume a simple reference posterior p(Tp | X1.x). A natural choice is any of the prior distributions
described in Section 3.3 whose reverse process we can compute in closed form; we use pppa (7p) as a concrete example
throughout, though any such prior works equally well.

w(m, Tp,) = ©)]

Under this assumption, the variance-minimizing 7 sets w(m, T},,) - Dk (- - - ) to a constant across (m, Ty, ), giving

W(maTm ‘ CZ—‘0) X M p(Tm | T(),m) : DKL(p(Tmfl | TmaT‘()) ||pPDA(Tm71 | Tm)) (10)

The normalizing constant of 7 is

M
DY M- p(Tyn | To,m) - Dxi(P(Ton—1 | Tons To) || ppDA (Tin1 | Tin)) = M - NELBOppa(To).  (11)
m=1 T,,
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For all three paradigms, our noising process is chosen so that pairing it with the pppa reverse model described above yields
a consistent generative model, meaning the ELBO is tight and NELBOppa (Ty) = — log pppa (To). We verify this and
show how to sample from 7 exactly below.

Marginalizing over Ty ~ pppa, the quantity p(T,,, | To,m) - Dxk(p(Tin-1 | Tm, T0) || ppoA (Tin—1 | Trm)) becomes the
mutual information MI(7},,_1; Ty | T},): the amount of information about Tj that is lost at step m. This mirrors the
mutual information schedules of Austin et al. (2021) and concentrates training on steps where the model must add the most
information about 7 in a single step.

E.2. Bottom-up
E.2.1. DISTRIBUTION OVER PATHS

It will be convenient to derive the distribution over paths p(T4,...,Tn—1 | Tp). The path (T},),, is characterized by an
order of internal vertices which are removed from T}, vy, ..., v —1; on the other hand every ordering of the internal vertices
of Ty vy, ..., vn—1 corresponds to a unique path as long as the ancestors of every node appear before it in the ordering. An
ordering of the internal vertices that satisfies this rule is known in the literature as a linear extension of the subtree of T}
made of its internal nodes, int (7). We call LE(T) the set of linear extensions of a tree 7. We now show our choice of
noising process makes every linear extension equally likely; this is the property that will allow us to derive the quantities we
need below.

Proposition E.1. The probability of a path (T,,)m that removes vertices in order vy, . ..,UN_1 IS

p(Tl, RN N | To) = 1/|LE(lnt(T0))|

Proof. Recall for a root of a subtree v, p(remove v | Tp;,) o |descendants(v)|, excluding itself as a descendant. The
denominator is the sum of the descendants of all roots, so it’s simply the number of nodes in the tree, minus the roots:
2N — 2(m + 1). Finally,
N—2
p(Th,....,Tn-1 | To) = H p(remove v | Tyy,)

m=0

B Nl—f |descendants(vm)|
2(m+1)

Hveint(To) |descendants(v)|

2N-1(N —1)!
which does not depend on the order of the vertices. One can verify this also matches the classical hook length formula by
noting |descendants(v)| is twice the hook length of v in int (7p). O
E.2.2. CALCULATING THE TARGET
We can now derive p(T,,—1 | Tm,To). The set of removed nodes {v1,...,v,} forms a rooted subtree of int(7p)

containing the root; call it R,,. Its leaves are exactly the candidates for the last node removed. Since all linear extensions of
int(Tp) are equally likely, the probability that node v was removed last is simply the fraction of linear extensions of R,

that end in v: p(T,—1 = add(Ty, v) | Ton, To) = W.
Proposition E.2. For a leaf v of Rm,

H |descendants(u, Ry,)|

Tyt = add(Th,v) | Ton, To) = — ,
P 1= add(Tm, 0] | 0) |descendants(u, Ry,)| — 1

(12)

u€ancestors(v,Rm)

where descendant s(u, R,,) counts the descendants of u in R,,, including u itself.

Proof. By the hook length formula for rooted trees, |LE(R,,)| = m!/[],cg, |descendants(u, Ry)|. Removing a

leaf v from R, decreases the numerator from m! to (m — 1)!, removes the factor |descendants(v, R;,,)| = 1 from
the denominator, and decrements |descendants(u, R, )| by 1 for every strict ancestor u of v. Taking the ratio gives
Equation (12). O
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where descendants(v, R,,) counts the descendants of v in R,,, including v itself. This can be calculated with a
post-order traversal of R,, to compute |descendants(v, R,,)| for all v, then a pre-order pass to accumulate the product
over ancestors. The cost of computing p(Ty,—1 | Trn, Tp) for every possible T, _; is therefore O(m).

E.2.3. NOISE SCHEDULE

As described in Section E.1, we importance-sample the noise level m and noised state T, in proportion to their contribution
to the NELBO, concentrating training on the most informative steps.

Overview Our strategy proceeds in three parts. First, we show that the probability of reaching any particular noised state
T, can be written as a ratio of linear extension counts (Equation (13)). This means we can compute contributions to the
NELBO by sampling a single linear extension of int (7j) uniformly at random. Second, we define a per-step contribution
¢m (o) whose sum over m is the same for every linear extension ¢ (Theorem E.3), enabling exact categorical sampling of
the noise level (Theorem E.4). Third, since individual ¢,, (o) values can be negative, we decompose them into non-negative
parts and use rejection sampling (Algorithm 1).

State probabilities Recall from Section E.2 that each run of the noising process produces a linear extension
o = (vi,...,un_1) of int(Tp), determining removed sets By = § C Ry C --- C Ry_1 = int(Tp) with
R,, = {v1,...,vn}. We showed above that every linear extension is equally likely under our noising process.

How many linear extensions pass through a given R,,? The orderings within R,,, and within int (7}) \ R,, are independent:
any linear extension of R,, can be concatenated with any linear extension of int (7p) \ R, to form a valid linear extension
of int (7). Therefore the probability of reaching state T, at step m is therefore

[LE(Rn)| - [LE(0 (Ty) \ )|

(T | To,m) = ILE(int(Ty))|

13)

The PDA reverse model By Theorem C.1, the PDA coalescent (y = 1) also produces uniform linear extensions
conditioned on Tj. Its reverse model gppa (Tin—1 | Tin) merges subtree roots w,w in the forest T, with probability
proportional to 1, + 1, — 1, where n,,, n,, are their respective leaf counts. We can therefore calculate Er |7, P(Trn—1 |
T To) = qppa(Tm—1 | Tim).

Per-step contributions For a linear extension o = (vq,...,vy_1) and stepm € {1,..., N — 1}, define
|LE(Rm71)‘
Cm(g) = log —log QPDA(Um | Tm)7 (14)
ILE(R:n)|

where the first term equals log p(T;,,—1 = add(Tim, vm) | Tin, To) by Equation (12), and gppa (Vs | Trn) is the probability
that gppa merges the two subtree roots that were children of v,,, in Ty. Note that ¢, (o) depends on ¢ only through the pair
(R, v ): the LE ratio depends only on which leaf of R,,, was removed last, and gppa depends only on the forest T;,, and
which merge is performed.

Proposition E.3 (Constant sum). For every o € LE(int(Tp)),

N-1

> cm(o) =log(2N=3)!!.

m=1

Proof. The first sum in Equation (14) telescopes:

Zl ILEE )|) = log |LE(0)| — log |LE(int (}))| = —log [LE(int (T)))]-

For the second sum, the product Hm;l qppA (Um | T is the probability of producing Ty via the specific merge order
given by the reversal of o. By Theorem C.1, every linear extension is equally likely under the PDA coalescent conditioned
on Ty, so this product equals gppa (Tp)/|LE(int (7p))| for every o. Therefore

N-1
> log gepa(vm | Tm) = log gppa (To) — log [LE(int (Ty))|.

m=1
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Subtracting: — log |LE(int(Tp))| — log ¢ppa (To) + log [LE(int(Ty))| = — log gppa (To) = log(2N—3)!L. O

Proposition E.4 (Sampling scheme). The following procedure samples (m, T,,) from 7:

1. Draw o = (v1,...,vn_1) uniformly from LE(int(1p)).
2. Draw m € {1,..., N—1} with probability proportional to c,, (o).
3. Output (m,T,,) determined by R, = {v1,...,0m}.

Proof. Fix a step m and a valid removed set I?,,,. The probability of drawing a particular o in step 1 and selecting step m in
step 2 is
1 em(0)

ILE(int(To)|  Z»

using Theorem E.3 for the normalizer.

We sum over all o with {vy,...,v,} = Ry, grouping by v = v,,, € leaves(R,,). Since v is a leaf of R, (i.e. it has no
descendants in R,,), it is maximal in the ancestor ordering restricted to R,,, and can therefore be placed last in any ordering
of R,,. A linear extension of int(7p) with {vy, ..., vy} = R, and v, = v is therefore determined by two independent
choices: a linear extension of R, \ {v} for the first m — 1 positions, and a linear extension of int(Tp) \ R, for the last
N — 1 — m positions. The count of such linear extensions is [LE(R,, \ {v})| - [LE(int(Tp) \ Rm)l|-

Writing ¢(v, R,,) = ¢m(0) (which depends on o only through (R, vy,)):

Plouput Ry) = e >0 [LE(R\ (1D [LEG0E(T) | Ryl -c(v. By

v€Eleaves(Ryy,)
We factor out |LE(R,,)| - [LE(int (7o) \ Rm )|, which equals p(T,, | Ty, m) - [LE(int(Tp))| by Equation (13):

(T | To,m) Z ILE(R \ {v})|

P(output R,;,) = L 7 LE(Rn)] (v, Rpy).

v€leaves(Ry,)

By Equation (12), the ratio [LE(R,, \ {v})|/|ILE(Rm)| = p(Tm—1 = add(Tm,v) | Tm,To). The sum is therefore
KL(p(Tr—1 | Tim, T0) || gpDA (Ti—1 | Tim)), giving P(output R,,) = w(m, T)y,). O

The sampling scheme requires ¢, (o) > 0 for all o, m, since we use it as a categorical weight in step 2. While ) p(v |
Ry, To) ¢(v, Ry,) = KL(---) > 0, individual values c¢(v, R,,) can be negative when p(v | Ry, To) < qppa(v | Tim),
making the categorical sampling ill-defined. We resolve this below.

Rejection sampling from 7 We decompose ¢,,(0) = ¢}, () — ¢;,,(0) where
- LE(Ry—1)|
+(g) = —1 m | Ton) >0 , =1 |7m>0
Cm(U) og QPDA(U n | m) = CrrL(U) 0g |LE(Rm)| =
corresponding to the decomposition KL = H o5 — H.
Proposition E.5. For every o € LE(int(Tp)):
N-1
¢ (o) = log |LE(int(Tp))| + log(2N-3)!! = Z T, (15)
m=1
N-1
¢, (0) =log|LE(int(Tp))| = Z~. (16)
m=1
Proof. The sum Y ¢ (o) = =3, loggppa(vm | Trm) = log|LE(int(Tp))| — log gppa (To) follows from Theo-
[ILE(Ry)|

rem C.1, as in the proof of Theorem E.3. The sum ) ¢, (0) =", log i 37 telescopes to log |ILE(int(Tp))|. O

LE(Rm—1
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Since ¢, is non-negative with constant sum Z T, we can define the cross-entropy proposal

7r+(m, T) < p(Ty | To,m) - Hcross(p(Tm—l | Ty To), qpoa(Tm—1 | Tm))a
and sample it exactly by replacing c,, with ¢;, in Theorem E.4. Note Z, = Z* — Z~, consistent with KL = H,oss — H.

Since KL < H_yos pointwise, w(m, Tp,) /7t (m, Tpn) < Z+/Z, for all (m,T,,), yielding the following exact rejection
sampler.

Algorithm 1 Importance Sampling the Bottom-Up Noise Schedule

Require: Tree T with N leaves
Ensure: Sample (m,Ty,) ~ 7

repeat
Draw o = (v1,...,vn—1) uniformly from LE(int(Tp))
Draw m € {1,..., N—1} with probability o« ¢;\, (0) = —log gppa (Vi | Trm)
Set Ry, + {v1,...,0m}

KUp(Trm—1]Tm,To) || gpDA (Trm—1]Tm))
Heross(P(Tm—1]Tm,T0), apDA (Trm—1]Tm )

Compute acceptance ratio p <—
Accept with probability p
until accepted
return (m,T,,)

Proposition E.6 (Acceptance rate). The acceptance rate of Algorithm I is

Zr log(2N-3)!!
Z+  log|LE(int(Tp))| + log(2N—3)!!"

Proof. The acceptance rate of a rejection sampler with proposal 7% and envelope constant Z+ /7, is Z, /Z™T. Substituting
Zr =log(2N-3)!land ZT = log |LE(int(Tp))| + log(2N—3)!! from Equation (15) yields the result. O

Both log(2N—3)!! and log |[LE(int(7}))| grow as O(N log N), so the acceptance rate is bounded away from 0 for all tree
shapes. It equals 1 for caterpillar trees (where [LE(int (7p))| = 1) and is minimized for maximally balanced trees (where
|ILE(int(Tp))| is largest by the hook length formula).

Importance weight for training When training a model ¢y rather than gppa, we sample (m, T;,) ~ 7 and reweight.
Recall from Equation (10) that 7r(m, T | To) X p(Tm | To, m) . DKL(p(Tm—l | Tm,To) || qPDA(Tm—l | Tm)), with
normalizing constant Z,. from Equation (11). The unbiased single-sample estimator of the NELBO is

(T | To,m) - Dxi(p(Tn—1 | T, To) || @0 (Trn—1 | Trm, X1:n))

NELBOy = . (17)
w(m, Ty | To)
Since p(T,,, | To, m) appears in both the numerator and the definition of , it cancels, giving
T 7 D T’m— Tm; T Tm— Tma X :
NELBOy = NELBOppa(Th) - KL(p( 1] 0) H qo( 1] 1 N)) (18)

Dxr(p(Trn—1 | T To) || apoa (Tr—1 | Tin))

where NELBOppa (T) = — log pppa (To) = log(2N—3)!! for the bottom-up paradigm.

E.3. Middle-out
E.3.1. DISTRIBUTION OVER PATHS

The noising process removes one taxon at each step, selecting uniformly among the N — m + 1 taxa present in T}, _1. A
path from T} to T2 is a sequence (v1, ..., vy_2) of distinct taxa, where v,, is the taxon removed at step m. The fully
noised state Ty_o is an unrooted tree containing two taxa and the pseudo-taxon. Clearly we have

Proposition E.7. Every removal sequence has the same probability: p(vy,...,vn—2 | To) = 2/N\.
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E.3.2. CALCULATING THE TARGET

At state T, the tree contains N — m taxa and the pseudo-taxon. To reverse one noising step, we reattach one of the m
pruned taxa to an edge of 7,,,. For each pruned taxon there is exactly one edge in 7},, such that grafting produces a tree
consistent with Tj.

Proposition E.8. The reverse distribution is uniform over the m valid re-attachments:

1
p(Tm—l | TmaTO) =

Proof. Since all removal sequences are equally likely (Theorem E.7), the last-removed taxon is uniform over the m taxa
absent from 7,,. Each such taxon determines a unique reattachment consistent with 7. O

E.3.3. NOISE SCHEDULE

We importance-sample the noise level m in proportion to its contribution to the NELBO under a PDA reference model.

The PDA reverse model. Under the PDA distribution, all (2N —3)!! unrooted binary topologies on N taxa plus the
pseudo-taxon are equally likely. The corresponding reverse model gppa (Tr,—1 | Tin) attaches a uniformly random missing
taxon to a uniformly random edge of 7},,. Since 7}, has N — m taxa and the pseudo-taxon, it is an unrooted binary tree
with N — m + 1 leaves and therefore 2(N—m) — 1 edges. Each of the m (2(N—m)—1) possible re-attachments receives
probability .

m(2(N —m)—1)

gppA (Tm—1 | Tm) =

Per-step contributions. For a removal sequence o = (vy,...,un_2) and stepm € {1,..., N—2}, define

Cm(a) :lng(Tm,1 | TmaTO) - ]-Og qPDA(Tmfl | Tm)
1

m(2(N—m)-1)

=log(2(N—m)—1).

1
=log — — log
m

Proposition E.9 (Constant sum). For every removal sequence o,

Z ¢m (o) =log(2N-3)!.

m=1

Proof. Since ¢, (o) = log(2(N—m)—1) does not depend on o, the sum is

N—2
log(2 )—1) =log(3-5---(2N—-3)) = log(2N —3)!!. O
m=1
As a consistency check, NELBOppa (Tp) = log(2N —3)!! = —log qppa (7o), confirming that the PDA ELBO is tight.

Sampling scheme. Because ¢,,(0) = log(2(N—m)—1) > 0 for all m and does not depend on o or on the particular
noised state 7, the importance distribution takes a simple closed form.

Proposition E.10. The following procedure samples (m,T,,) from m:

log(2(N—m)—1)
log(2N-3)!!
2. Draw a uniformly random subset S C {1, ..., N} of size m and set T,;, = prune(Ty, S).

1. Draw m € {1, ..., N—2} with probability m(m) =

No rejection sampling is needed since c,, > 0 for all valid m.
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Proof. By Theorem E.7, conditioning on any removal count m, the set of removed taxa is a uniformly random m-element
subset. Since the per-step KL ¢,,, depends only on m, the target importance distribution 7(m, T,y | 7o) < p(Ty | To, m) Cm,
factors as w(m) - p(T,, | To, m), which is exactly the distribution sampled by the two-step procedure.

Importance weight for training. When training a model gy rather than gppa, we sample (m,T,,) ~ 7 and reweight.
The unbiased single-sample estimator of the NELBO is

) DKL(p(Tm—l | TmaTO) || QO(Tm—l | T’rrqu:N))
log (2(N—m)—1)

NELBOj = log(2N—3)!! . (19)

E.4. Top-down
E.4.1. DISTRIBUTION OVER PATHS

The noising process percolates taxa upward from depth dr, (v) to the root, one level at a time. Since only taxa at maximal
depth are eligible, the process decomposes into rounds: round d (for d = dax, dmax — 1, - - . , 1, where dy,ax is the maximum
leaf depth in T{)) moves every taxon currently at depth d up to depth d — 1.

Definition E.11 (Round structure). Let Ny = |{v : dg, (v) > d}| be the number of taxa that participate in round d. At the
start of round d, all N, of these taxa are at depth d: those originally at depth exactly d have remained there, while those
originally deeper have been brought to depth d by earlier rounds. Within round d, the IV, taxa are moved from depth d to
d — 1 one at a time, each selected uniformly from the taxa still at depth d.

A percolation sequence is the full list (vy, ..., vpr) of taxa moved across all rounds, where M = Zi\[:l dr, (v).

Proposition E.12. Every percolation sequence has the same probability: p(vy, ..., v | To) = 1/H32§" Nyl

Proof. Within round d, each of the N;! orderings of the V4 taxa is equally likely (uniform selection without replacement).
Since the rounds are processed sequentially and each round’s set of taxa is determined by 7Tj, the orderings across rounds
are independent. O

E.4.2. CALCULATING THE TARGET

At state T},,, some rounds have been completed and one is partially processed. Let d* be the depth of the current round (the
maximal depth of any taxon in 77,,). Within round d*, let k be the number of taxa already moved from depth d* to d* —1.

Let V,, = {v :drp, (v) = d*—1and dr, (v) > d*} be the set of taxa moved so far in round d*. Equivalently, V,,, consists
of those taxa at minimal depth among all taxa satisfying dr,, (v) < dr, (v).

m

Proposition E.13. The reverse distribution is uniform over |Vy, | valid downward moves:

1
p(Tmfl | vaTO) T e—
|V’rn|
Proof. By Theorem E.12, the ordering within round d* is a uniform random permutation. Conditioned on the set V,,, of taxa
already moved, the last one moved is uniform over V,,. Each such taxon determines a unique downward move consistent
with T} (it returns to the child of its current node that is an ancestor of its ground-truth position). O

E.4.3. NOISE SCHEDULE

Unlike the middle-out case where the per-step KL depends only on m, the top-down per-step KL depends on the state at
each internal node. However, the roral NELBO still admits a clean factorization over the internal nodes of 7Tj.

The PDA reverse model. At state 7;,, within round d*, each internal node w at depth d* —1 has some taxa that have been
percolated up to u (with their child assignments unknown) and some taxa still observed at their children. Write a,, and b,,
for the number of taxa still observed at u’s left and right children respectively. The PDA reverse model predicts the direction
of the next taxon at node u using the Aldous beta-splitting probabilities f(ay,, b, ) from Theorem C.3 with 5 = —%.
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Per-step contributions. For a percolation sequence o and step j, let u; be the parent node of the taxon v; in Ty. Define
cj(0) = —log fu, (correct direction for v;),
where f,; denotes f(a.;,by;) or 1 — f(ay,;, by, ) according to whether v; belongs to the left or right subtree of u;, evaluated

at the observed counts in state 7. Since f < 1, we have ¢; (o) > 0 forall j and o.

Proposition E.14 (Constant sum). For every percolation sequence o,
M
> ¢j(0) = (N-1)log2 + log(2N—3)!!.
j=1

Proof. The sum decomposes over internal nodes: each node v at depth d—1 contributes those steps j where v; is percolated
through v during round d. By the order independence established in Theorem C.3, the product of per-step probabilities at
node v is the same for every ordering of v’s taxa, and equals the Aldous beta-splitting probability of the specific labeled
partition {ny,(v),ng(v)}:

S(ni(v), nr(v), 0) _ B(ng(v)+6+1, nr(v)+p+1)

H fu(correct direction) = 500, 0, n(v)) = 500, 0, n(v)) . (20)

jatv

Setting 3 = —3 and using the identity B(L—%, R—1) = 7 (2L—2)! (2R—2)! / (4¥ =1 (L—1)! (R—1)!) together with
the evaluation S(0,0,n) = 2B(8+1, 8+1) — 2B(n+6+1, 8+1) (the total Aldous weight at a node with n taxa), this
product simplifies to

(2nr(v)=3)!! (2ng(v)—=3)!!

2 (2n(v)—3)!!

H fo(correct direction) = (21)

jatv

Taking negative logarithms and summing over all N—1 internal nodes:

B 2 (2n(v)=3)!!
;Cﬂ’ = D log (2nz (0)—3)1 (2ng(v)—3)1

v € int(Tp)

The double-factorial ratio telescopes across the tree: the root contributes (2/N—3)!! in the numerator, and at every other
internal node the (2n(v)—3)!! in the numerator cancels against the matching factor in its parent’s denominator; the leaves
contribute (—1)!! = 1. Therefore

(2n(v)=3)!! B
H (2np(v)=3)!"! 2ngr(v)—3)!! (2N=3)!,

v € int(Tp)

and together with the factor of 2 per internal node we obtain (N —1) log 2 + log(2N —3)!!. O

The constant (N—1)log2 + log(2N—3)!! = log(2V~1(2N—3)!!) is the negative log-probability of a specific oriented
labeled tree under PDA, where the log 2 per node accounts for distinguishing left from right children. Since our model
is symmetric in its left/right predictions (Section 4.3), the orientation cost of (IN—1) log 2 is achieved automatically and
does not provide training signal. The topology-relevant part of the NELBO is log(2N —3)!! = —log ¢gppa (7o), as in the
bottom-up and middle-out cases.

Sampling scheme. Since c¢; > 0 for all j and the sum is constant across percolation sequences, we can sample from the
importance distribution 7 without rejection. Define

(2L—3)!1 (2R—3)!!

prpa(L, R) = 2(L+R)—3)!!

to be the PDA probability that a specific set of L taxa forms the left subtree at a node with L + R taxa; the product
Hv ppDA(?’LL(’l}), nR(v)) = 1/(2N—3)” recovers qPDA(To).
Proposition E.15. The following procedure samples (m, Ty,) from 7:
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1. Sample a focus node. Draw v* € int(Tp) with probability

Plv) = log 2 — log pppa (n(v*), nr(v*))
(N—-1)log2 + log(2N—-3)!!

2. Sample the noise state at v*. Build the O(n(v*)?) table of importance weights
Ty (a,b) o< h(a, b [ ng(v7), nr(v")) - I(a,b),

where h(a,b | L,R) = (5) (?)/(ﬁﬁf) is the hypergeometric probability that a of the observed taxa are on the
left and b on the right given a-+b total observed, and I(a,b) = 5 (—log f(a,b)) + GLH) (—log(1—f(a,b))) is the
per-element KL contribution. Draw (a», by~ ) from this table.

3. Sample the global noise level. Given k,«» = n(v*) — ay= — by~ taxa unobserved at v*, the round is d* = depth(v*) +
1. The total number of taxa moved in round d* is k = ky+ + kpy, where kyeg is drawn from BetaBin(Ng- —
n(v*), kye, n(v*) — ky« + 1).

4. Fill in remaining nodes. Distribute k,.;; among the other nodes at depth d* — 1 via the multivariate hypergeometric,
and draw per-node observed counts (a,, by,) from the corresponding hypergeometrics.

Proof. The factorization of 7 into a mixture over focus nodes follows from Theorem E.14: each node v contributes
log 2 —log pppa (1 (v),nr(v)) to the total. Conditioned on the focus node v*, the noise state at v* is sampled proportional
to its KL contribution (step 2). The global noise level k£ and the states at other nodes are sampled from their conditional
distributions under the uniform noising process (steps 3—4), which factor by the same Vandermonde identity used in the
middle-out case. O

Importance weight for training. When training a model gy in place of gppa, the unbiased single-sample estimator of the
NELBO is

DKL(p(Tmfl | Tma/T()) H QQ(qu | vaXlzN))
Zuatdepthd*—l(ku/k) I(auabu) ’

where k,, = n(u) — a, — b, is the number of unobserved taxa at node u, k = ), k,, and the denominator is the KL
contribution of the sampled state under the PDA reference model.

NELBOy = ((N—1)log 2 + log(2N—3)!!) - (22)

F. Architecture details

Our model gy must condition on the sequences X;.y and current state of the tree 7,. To condition on the sequences, we
adapt the EvoPF architecture from Phyloformer 2 (Blassel et al., 2025). EvoPF embeds N sequences of length L, Xy, into
a tensor of size [N, L, 256] and performs axial attention over the dimensions N and L separately. For scalability, we drop
the quartic pairwise attention from EvoPF so our architecture has complexity O(NN L?). After a trunk made of 12 layers, we
turn embeddings from each node into a set of logits.

Embedding trunk Our architecture starts with four EvoPF layers. We then pass this tensor through eight EvoPF layers
modified to condition on the tree structure 7;,,. We make three modifications for these last 8 layers that allow us to condition
onT,,:

* We include internal nodes of T, in our calculation, so our tensor is of size [N + #internal_nodes(Ty,), L, 256].

Say h{") € RUE+1)%256 jg the embedding of node or leaf v at layer k. The -1 is from an extra position we also add to
the beginning of each sequence which will allow us to read out a single vector.

 After each layer, each internal node v is refreshed as
1
A« b 4 MLP}, ¢ | sinusoidal(depth(v), [leaves(v)]), ———— Z h,gk)

" [leaves(v)|
Leleaves(v)

where leaves(v) denotes the leaf descendants of v in T,,.
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* During attention over N we bias the attention using the graph distance in 7},, (which can be co): for nodes v, u, position
¢, and head h,
Attention,, 4 ¢ ¢ Attention, , ¢ + embedy p(dist(u,v | Tpn))-

If v and v are leaves then we also bias the attention using their Hamming distance:
Attention,, ,, ¢ 5 < Attention, , ¢, + MLPg p(sinusoidal(hamming(X,, X,))).
Readout After the trunk we arrive at a vector embedy(v) = hilg ) € R2%6 for every vertex or leaf v in T;,, which depends

on both T},, and X .. Now we must turn this into a set of scores for each possible 7},,_1, which we then normalize to get a
set of logits. To do so, we use a network which combines two vectors symmtrically:

symlayerg(a,b) = MLPg (a+b,a0b).

* bottom-up: for each pair of subtree roots u, v in the current forest,

logity (u,v) = symlayery (embedg(u), embedy(v)) .

» middle-out: for each unattached taxon ¢ and parent-to-child edge (u,v) in T,,,
logity (£, (1, v)) = symlayers (embeds(t), eur) .
where e, = Wy [embedy(u) o embedy(v), embedy(u) — embedy(v)] for a matrix Wy.

e top-down: each taxon t at the deepest layer of 7, sits at a host internal node with left and right children
left(t), right(t); the percolation logits are

logit,;(t) = symlayery (embedy(t), embedy(left(t))),
logit i (t) = symlayery (embedy(t), embedy(right(t))).

if ¢ is missing a child then the embedding of that child is set to be a fixed vector. Note for top-down there can be
multiple taxa at a node; we therefore include all nodes in our trunk, even external ones, and embedy(right(t)) is
defined to be the embedding of the node on the right, regardless of how many taxa are at that node (and similar for the
left).

G. Experiment details

G.1. Additional information on training data

We simulate data from three priors by first simulating a tree, and then simulating sequences conditional on the tree.

G.1.1. DATASET SIZE
For each set of data point, we sample
N ~ Uniform(25, 65), L ~ Uniform(300, 2600).

Then we generate a tree with IV species and sequences with length L before any insertions or deletions.

G.1.2. TREES
MrBayes (Huelsenbeck & Ronquist, 2001) and CAT (Lartillot & Philippe, 2004) both have uniform (proportional to

distinguishable arrangements (PDA)) priors on tree topologies. We simulate PDA trees using the Ford-a process with
a = 1/2 (Ford, 2005).

G.1.3. SEQUENCES AND BRANCH LENGTHS

All simulations were done using AliSim (Ly-Trong et al., 2022), part of the IQ-TREE software used under the GPL-2.0

license. We use L to denote the length of the sequences.
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Simple model To simulate from the Jukes-Cantor model, we passed JC to the model flag in AliSim. We simulate branch
lengths independently from Exp(1)/10 to match the default MrBayes prior.

Complex model We simulate from a modified CAT model (Lartillot & Philippe, 2004) which models site-wise biases in
mutation rates in amino acid sequences. This model has branch lengths (ru_w)u,v, class diversity parameter « € (0, c0),
and a doubly stochastic matrix () representing relative mutation rates as global parameters. Then each site ¢ mutates
according to its rate g, and its stationary distribution 7,. In particular, we (1) modify @) to get a stationary rate 7,
R, = Qdiag(7,) — diag(Q7y); (2) normalize the rates Ry, = Ry /ﬁZTdiag(Rg); and finally (3) multiply by the rate
Qe =gt X R;.

We simulate parameters from a CAT prior as used in PhyloBayes MPI (Lartillot et al., 2013). See the manual at https:
//github.com/bayesiancook/phylobayes/tree/master.

* Qi; ~ Exp(1) for ¢ < j. This matches the —gt r flags.
e a~ Exp(1) x 10.
* Ty ~ Exp(1)/p independently where p ~ Exp(1) x 10.

* (g¢)f_, ~ Gamma(6, 1)/, discretized to 4 components, which has mean 1 and variance 1/6, where 6 ~ Exp(1).

L]

(7)F ~ DirichletProcess(a, Dirichlet(n1, . .., 720)) where each 1, ~ Exp(1). This matches the —cat flag. We
simulate class probabilities using the standard stick-breaking procedure up to 200 classes.

Finally we can simulate this prior using AliSim by passing GTR{. .. }+FMIX{...}+G4{. ..} filling in the sampled
parameters for (), the probabilities and classes from the sampled stick breaking process, and 6.

Intractable model To simulate from a realistic prior including indels, we first simulate from a standard model of DNA
mutation, GTR{gmatrix}+GC{g.-std}+I{invar_rate}, where g_matrix is sampled from a Dirichlet as in the CAT
model, g_std ~ Exp(1), and invar_rate ~ Uniform(0,0.4). AliSim will simulate the stationary DNA distribution,
what we called 7 in the CAT model, from an empirical distribution. We also simulate branch lengths from Exp(1)/10.

To add insertions and deletions, we pass ——indel ins.rate,del_rate where we simulate ins_rate ~
Uniform(0, 0.01) and del_rate ~ Uniform(0, 0.05). This simulates insertions up to 1% and deletions up to 5% as fre-
quently as substitutions; AliSim then samples insertion and deletion sizes from an empirically fit Zipfian distribution (Fletcher
& Yang, 2009).

After simulating, we align sequences using kalign3 (Lassmann, 2019) with default parameters before performing
inference. Note models do not see the ground truth insertion and deletion labels generated during simulation, only those
inferred by kalign3.

Missing-ness To simulate missing-ness, we draw a p ~ Beta(1.25,8.75) and give each non-gap position an independent
Bernoulli(p) chance of being masked.

G.2. Real sequence data

We downloaded sequence datasets from Lakner et al. (2008). We use DS1 originally taken from Hedges et al. (1990), DS6
original taken from Brower (2000), and DS9 originally taken from Rossman et al. (2001).

G.3. Inference with likelihood-based methods

We compared our models to MCMC sampling with MrBayes and a maximum likelihood based method, 1Q-Tree.

G.3.1. MRBAYES

We used code from https://nbisweden.github.io/MrBayes/download.html under a GPL-3.0 license. We
ran MrBayes with a uniform stationary distribution prset statefregpr=fixed (equal) and exponential branch
lengths prset brlenspr=unconstrained:exponential (10.0). Our gold standard runs were run for 5 x 10%
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steps, sampling every 1000 steps; after this, the standard deviation in subsplit probabilities across two runs was ~ 10~*. We
estimated marginal likelihoods using stepping stone sampling using the ss command.

G.3.2. IQ-TREE

We use 1Q-Tree3 (Wong et al., 2026) code from https://github.com/Cibiv/IQ-TREE under a GPL-2.0 license.
We ran IQ-tree with 16 CPUs with the flag —nt AUTO and otherwise used default settings. We ran IQ-Tree with -m JC
for both DNA datasets and -m Poisson for the protein dataset. We could in principle run more flexible IQ-Tree models
however the goal of our experiment was to demonstrate the drawbacks of using a misspecified model, a common choice in
practice.

G.4. Evaluation metrics

We describe how we compare trees and their distributions using metrics derived from the Robinson-Foulds distance.

G.4.1. ROBINSON-FOULDS DISTANCE

The Robinson-Foulds (RF) metric is often used for comparing trees due to its ease of computation (Felsenstein, 2004, Ch.
30). The metric can be used to compare rooted and unrooted trees. Since JC and CAT are reversible, the position of the root
is not identifiable, so we use the unrooted RF distance to compare all trees.

To compute the RF distance, we compute the partition features of each tree: for a binary partition Py, P, C {1,..., N} a
tree has that feature if there is an edge in the unrooted tree separating all nodes P; from all nodes P,. Then the distance
between two trees is simply the symmetric difference of their features.

G.4.2. COMPARING TREE DISTRIBUTIONS USING RF MMD

To compare two distributions p, ¢, using a kernel k, we can calculate

MMD% (p7 Q) = ETl NP7T2NPk(T1’ TQ) + IET1 Nq,Tquk(Tlv TQ) - 2ET1 ~P7T2qu<T1’ T2)'

We can build kernels using the RF distance: we can think of RF as embedding a tree 7" into v(T") € R2""" with dimensions
indexed by binary partitions of {1, ..., N}, where, for a partition Py, P> C {1,..., N} v(T)¢p, p,} = 1if there is an edge
separating all nodes P; from all nodes P,. Then the RF distance between trees T, 7", is simply ||v(T) — v(T")||.

We could compare distributions with the linear kernel k(7, T") = v(T)Tv(T"); the MMD in this case is simply the distance
between the vectors of subsplit probabilities | Er~,v(T") — Er~qv(T')||. However, two distinct distributions can have zero
MMD simply by matching the average subsplit probabilities. To more flexibly detect distributional differences we look at a
more flexible kernel k(T',T7") = exp(—|[v(T) — v(T")||?/20%) where o is chosen as the median RF distance in the dataset.

G.5. Phyloformer 2

We trained Phyloformer2 (Blassel et al., 2025) for 48 hours on two A100s — the same as our models. We used the
training architecture and parameters from the supplementary information of https://openreview.net/forum?
id=18pFYYgFiG. However we removed the branch length prediction head.

31


https://github.com/Cibiv/IQ-TREE
https://openreview.net/forum?id=18pFYYqFiG
https://openreview.net/forum?id=18pFYYqFiG

Deep Generative Models for Phylogenetic Inference

H. Model sampling timing comparisons
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Figure 5. Comparison of sampling runtimes for our models and baselines.

Our model samples scale as N steps x O(N L?) per step. Phyloformer 2 in principle scales as O(N* + N L?) but for these
sizes of trees is relatively cheap at inference time as it only needs one forward pass to sample a tree. Despite the extra cost
of our model, it is cheaper than the cheapest default settings of 1Q-Tree for most parameter settings, making it appropriate
for use in standard phylogenetics workflows. The exception is our top-down model, which needs many more iterative
steps to generate a tree. The extra compute our models spend during sampling allow them to represent much more flexible
distributions, bringing these resources to bear on this problem.
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