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Abstract

Exploration is a major challenge in reinforcement
learning, especially for high-dimensional domains
that require function approximation. We propose
exploration objectives—policy optimization ob-
jectives that enable downstream maximization of
any reward function—as a conceptual framework
to systematize the study of exploration. We
introduce a new objective, L1-Coverage, which
generalizes previous exploration schemes and
supports three fundamental desiderata:

1. Intrinsic complexity control. L;-Coverage
is associated with a structural parameter,
L1-Coverability, which reflects the intrinsic
statistical difficulty of the underlying MDP,
subsuming Block and Low-Rank MDPs.

2. Efficient planning. For a known MDP,
optimizing L;-Coverage efficiently reduces to
standard policy optimization, allowing flexible
integration with off-the-shelf methods such as
policy gradient and Q-learning approaches.

3. Efficient exploration. L;-Coverage enables
the first computationally efficient model-based
and model-free algorithms for online (reward-
free or reward-driven) reinforcement learning
in MDPs with low coverability.

Empirically, we find that L;-Coverage effec-
tively drives off-the-shelf policy optimization
algorithms to explore the state space.

1. Introduction

Many applications of reinforcement learning and control
demand agents to maneuver through complex environments
with high-dimensional state spaces that necessitate function
approximation and sophisticated exploration. Toward ad-
dressing the high sample complexity of existing empirical
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paradigms (Mnih et al., 2015; Silver et al., 2016; Kober
et al., 2013; Lillicrap et al., 2015; Li et al., 2016), a recent
body of theoretical research provides structural conditions
that facilitate sample-efficient exploration, as well as an
understanding of fundamental limits (Russo & Van Roy,
2013; Jiang et al., 2017; Wang et al., 2020b; Du et al., 2021;
Jin et al., 2021a; Foster et al., 2021; 2023). Yet, computa-
tional efficiency remains a barrier: outside of simple settings
(Azar et al., 2017; Jin et al., 2020b), our understanding of
algorithmic primitives for efficient exploration is limited.

In this paper, we propose exploration objectives as a con-
ceptual framework to develop efficient algorithms for explo-
ration. Informally, an exploration objective is an optimiza-
tion objective that incentivizes a policy (or policy ensemble)
to explore the state space and gather data that can be used
for downstream tasks (e.g., policy optimization or evalua-
tion). To enable practical and efficient exploration, such an
objective should satisfy three desiderata:

1. Intrinsic complexity control. Any policy (ensemble) that
optimizes the objective should cover the state space to the
best extent possible, enabling sample complexity guar-
antees for downstream learning that reflect the intrinsic
statistical difficulty of the underlying MDP.

2. Efficient planning. When the MDP of interest is known, it
should be possible to optimize the objective in a compu-
tationally efficient manner, ideally in a way that flexibly
integrates with existing pipelines.

3. Efficient exploration. When the MDP is unknown,
it should be possible to optimize the objective in a
computationally and statistically efficient manner; the
first two desiderata are necessary, but not sufficient here.

Our development of exploration objectives, particularly our
emphasis on integrating with existing pipelines, is motivated
by the large body of empirical research equipping policy
gradient methods and value-based methods with exploration
bonuses (Bellemare et al., 2016; Tang et al., 2017; Pathak
et al., 2017; Martin et al., 2017; Burda et al., 2018; Ash
et al., 2022). Although a number of prior theoretical works
either implicitly or explicitly develop exploration objectives,
they are either too general to admit efficient planning and
exploration (Jiang et al., 2017; Dann et al., 2018; Jin et al.,
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2021a; Foster et al., 2021; Chen et al., 2022b; Xie et al.,
2023; Liu et al., 2023b), or too narrow to apply to practical
problems of interest without losing fidelity to the theoretical
foundations (e.g., Azar et al., 2017; Jin et al., 2018; Dani
etal., 2008; Li et al., 2010; Wagenmaker & Jamieson, 2022).
The difficulty is that designing exploration objectives is
intimately tied to understanding what makes an MDP easy
or hard to explore, a deep statistical problem. A useful
objective must succinctly distill such understanding into
a usable, operational form, but finding the right sweet spot
between generality and tractability is challenging. We
believe our approach and our results strike this balance.

Contributions. We introduce a new exploration objective,
L+-Coverage, which flexibly supports computationally and
statistically efficient exploration, satisfying desiderata (1),
(2), and (3). L;-Coverage is associated with an intrinsic
structural parameter, Li-Coverability (Xie et al., 2023;
Amortila et al., 2024), which controls the sample complexity
of reinforcement learning in nonlinear function approxima-
tion settings, subsuming Block and Low-Rank MDPs. We
prove that data gathered with a policy ensemble optimizing
L,-Coverage supports downstream policy optimization
with general function approximation (Appendix D).

For planning in a known MDP, L;-Coverage can be
optimized efficiently through reduction to (reward-driven)
policy optimization, allowing for integration with off-
the-shelf methods such as policy gradient (e.g., PPO) or
Q-learning (e.g., DQN). For online reinforcement learning,
L+-Coverage yields the first computationally and statisti-
cally efficient model-based and model-free algorithms for
(reward-free/driven) exploration in L;-coverable MDPs.
Technically, these results can be viewed as a successful algo-
rithmic application of the Decision-Estimation Coefficient
(DEC) framework of Foster et al. (2021; 2023).

We complement these theoretical results with an empirical
validation, where we find that the L,-Coverage objective
effectively integrates with off-the-shelf policy optimization
algorithms, augmenting them with the ability to explore the
state space widely.

Paper organization. In what follows, we formalize ex-
ploration objectives (Section 2), then introduce the L;-
Coverage objective (Section 3) and give algorithms for ef-
ficient planning (Section 4) and model-based exploration
(Section 5), along with experiments (Section 6).

2. Online Reinforcement Learning and
Exploration Objectives

This paper focuses on reward-free reinforcement learning
(Jin et al., 2020a; Wang et al., 2020a; Chen et al., 2022b),
in which the aim is to compute an exploratory ensemble of

policies that enables optimization of any downstream reward
function; we consider planning (computing exploratory poli-
cies in a known MDP) and online exploration (discovering
exploratory policies in an unknown MDP).

We work in an episodic finite-horizon setting. With I de-
noting the horizon, a (reward-free) Markov decision process
M= {X, A, {P,i”}hH:O}, consists of a state space X, an ac-
tion space A, a transition distribution P’ : X' x A — A(X),
with the convention that P}’ (- | @) is the initial state distri-
bution. An episode in the MDP M proceeds according to
the following protocol. At the beginning of the episode,
the learner selects a randomized, non-stationary policy
m = (m1,...,mp), where T, : X — A(A); we let I,
denote the set of all such policies, and II,,s denote the subset
of deterministic policies. The episode evolves through the
following process, beginning from zy ~ P}'(- | @). For
h=1,...,H: ap ~ mp(xp) and xp41 ~ PM (- | zn, ap).
We let PM:™ denote the law under this process, and let ™
denote the corresponding expectation.

For planning, where the underlying MDP is known, we
denote it by M. For online exploration, where the MDP
is unknown, we denote it by M™; in this framework, the
learner must explore by interacting with M ™ in a sequence
of episodes in which they execute a policy 7 and observe
the trajectory (z1,a1),. .., (zm, apm) that results.

Additional notation. To simplify presentation, we assume
that X’ and A are countable; our results extend to handle
continuous variables with an appropriate measure-theoretic
treatment. For an MDP M and policy 7, we define the
induced occupancy measure for layer h via d;"" (z,a) =
PM ™z, = z,a, = a] andd; " (x) =P [z), = z]. We
use myupir to denote the uniform policy. We define 7 op, 7/
as the policy that follows 7 for layers A’ < h and follows
7' for b’ > h. For a set Z, we let A(Z) denote the set of
all probability distributions over Z. We write f = O(g) to
denote that f = O(g - max{1, polylog(g)}).

2.1. Exploration Objectives

We introduce exploration objectives as a conceptual frame-
work to study exploration in reinforcement learning. Ex-
ploration objectives are policy optimization objectives; they
are defined over ensembles of policies (policy covers), rep-
resented as distributions p € A(II) for a class IT C I, of
interest. The defining property of an exploration objective
is to incentivize policy ensembles p € A(II) to explore the
state space and gather data that can be used for downstream
policy optimization or evaluation (i.e., offline RL).

Definition 2.1 (Exploration objective). For a reward-free
MDP M and policy class 11, a function ®* : A(Il) — Ry
is an exploration objective if for any policy ensemble
p € A(II), one can optimize any downstream reward
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function R to precision € in M (i.e., produce T such that
max, Jy (m) — JY¥(7) < €)' using poly(®(p),e 1)
trajectories drawn from m ~ p (under standard function
approximation assumptions).

Note that we allow the exploration objective to depend on
the underlying MDP M if M is unknown, then evaluating
®(p) may be impossible without first exploring. We also
consider per-layer objectives denoted as @}/, optimized by
a collection {py }11_, of policy ensembles. We deliberately
leave the details for reward optimization vague in Defini-
tion 2.1, as this will depend on the policy optimization and
function approximation techniques under consideration; see
Appendix D for examples.

With Definition 2.1 in mind, the desiderata in Section 1 can
be restated formally as follows.

1. Intrinsic complexity control. The optimal objective value
Opt™ := inf,ca(ry @ (p) is bounded for a large class
of MDPs M of interest, ideally in a way that depends on
intrinsic structural properties of the MDP.

2. Efficient planning. When the MDP M is known, we
can solve arg min,,¢ x i1y 2" (p) approximately (up to
multiplicative or additive approximation factors) in a
computationally efficient fashion, ideally in a way that
reduces to standard computational primitives such as
reward-driven policy optimization.

3. Efficient exploration. When the MDP M is unknown,
we can approximately solve arg min, ¢ 5 () ®*(p) in a
sample-efficient fashion, with sample complexity poly-
nomial in the optimal objective value Opt™, and with
computational efficiency comparable to planning.

As a basic example, for tabular MDPs where |X'| is small,
the work of Jin et al. (2020a) can be viewed as optimizing
the per-layer objective

M _ 1
;' (p) = max ooy [di (@)] 1)

for each layer h € [H]|; the optimal value for this
objective satisfies Opt;’ = O(|X|/n), where n =
ming ey MaXyem,, df («) is a reachability parameter. This
objective supports efficient planning and exploration, sat-
isfying desiderata (2) and (3), but is restrictive in terms of
intrinsic complexity (desideratum (1)) because the optimal
value, which scales with |X'|, does not sharply control the
sample complexity of reinforcement learning in the function
approximation regime. Other (implicit or explicit) objec-
tives studied in prior work similarly do not satisfy desidera-
tum (1) (Hazan et al., 2019; Jin et al., 2020b; Agarwal et al.,

'J¥ () denotes the expected reward of 7 in M under R.

2020; Modi et al., 2024; Uehara et al., 2022; Zhang et al.,
2022; Mhammedi et al., 2023b), or are too general to admit
computationally efficient planning and exploration, failing
to satisfy desiderata (2) and (3) (Jiang et al., 2017; Dann
et al., 2018; Jin et al., 2021a; Foster et al., 2021; Chen et al.,
2022b; Xie et al., 2023; Liu et al., 2023b). See Appendix A
for further discussion.

Remark 2.1. Many existing algorithms—for example,
those that use count-based bonuses (Azar et al., 2017; Jin
et al., 2018) or elliptic bonuses (Auer, 2002; Dani et al.,
2008; Li et al., 2010; Jin et al., 2020b)— implicitly allude to
specific exploration objectives, but do not appear to explic-
itly optimize them. We hope that by separating algorithms
from objectives, our definition can bring clarity and better
guide algorithm design going forward.

3. The L -Coverage Objective

This section introduces our main exploration objective, L-
Coverage. Throughout the section, we work with a fixed
(known) MDP M, and an arbitrary set of policies II C II,s.

L,-Coverage objective. For a policy ensemble p €
A(Is) and parameter ¢ € [0,1] we define the L;-
Coverage objective by

TY_(p) = sup B dy " (@n, an)
h,e rell d}ﬂ:f’p((ﬂh, a'h) +e- d}I\:IJr(xh, ah) )

@

where we slightly overload notation for occupancy measures
and write d;, ' (z,a) := Er,[d;"" (x,a)].? This objec-
tive encourages the ensemble p € A(II) to cover the state
space at least as well as any individual policy 7 € 1I, but
in an average-case sense (with respect to the state distribu-
tion induced by 7 itself) that discounts hard-to-reach states.
Importantly, L;-Coverage only considers the relative prob-
ability of visiting states (that is, the ratio of occupancies),
which is fundamentally different from “tabular” objectives
such as Eq. (1) from prior work (Jin et al., 2020a; Hazan
et al., 2019) and is essential to drive exploration in large
state spaces. The approximation parameter € > 0 allows
one to discard regions of the state space that have low rel-
ative probability for all policies, removing the reachability
assumption required by Eq. (1).

L1-Coverage is closely related to previous optimal design-
based objectives in online RL, and to several standard no-
tions of coverage in offline RL. Indeed, L,-Coverage can
be viewed as a generalization of previously proposed op-
timal design-based objectives (Wagenmaker et al., 2022;
Wagenmaker & Jamieson, 2022; Li et al., 2023; Mhammedi

Likewise, E*'P and PP denote the expectation and law for
the process where we sample policy ™ ~ p and execute it in M.
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et al., 2023a); see Appendices A and F for details. Re-
garding the latter, when € = 0, \I/,“fE (p) coincides with L1-
concentrability (Farahmand et al., 2010; Xie & Jiang, 2020;
Zanette et al., 2021), and is equivalent to the y2-divergence
between d” and dP up to a constant shift.

Before turning to algorithmic development, we first show
that L;-Coverage is indeed a valid exploration objective in
the sense of Definition 2.1, then show that it satisfies desider-
atum (1), providing meaningful control over the intrinsic
complexity of exploration.

L,-Coverage enables downstream policy optimization.
We prove that L;-Coverage enables downstream policy opti-
mization through a change-of-measure lemma, which shows
that it is possible to transfer the expected value for any func-
tion g of interest (e.g., Bellman error) under any policy 7 to
the expected value under p.

Proposition 3.1 (Change of measure for L;-Coverage). For
any distribution p € A(Il,ns), we have that for all functions
g: XxA—[0,B],allw €11, and all e > 0,

E" " [g(xh, an)] ©)
< 2\/\112{5(;9) - EMP[g2(zh, an)] + Wi (p) - (eB).

Using this result, one can prove that, using data gathered
from p, standard offline reinforcement learning algorithms
such as Fitted Q-Iteration (FQI) succeed with sample
complexity scaling with max;, ¥7/_(p). One can similarly
analyze hybrid offline/online methods (online methods that
require access to exploratory data) such as PSDP (Bagnell
et al., 2003) and NPG (Agarwal et al., 2021); see Appendix D
for details. Such methods will prove to be critical for the
reward-free reinforcement learning guarantees we present
in the sequel.

In light of Proposition 3.1, which shows that L;-Coverage
satisfies Definition 2.1, we refer to any p € A(Il,,s) that
(approximately) optimizes the L-Coverage objective as a
policy cover going forward.*

L,-Coverability provides intrinsic complexity control.
Of course, the guarantee in Proposition 3.1 is only useful
if desideratum (1) is satisfied, i.e. there exist distributions
p € A(II) for which the L;-Coverage objective is bounded.
To this end, we define the optimal value for the L;-Coverage
objective, which we refer to as L-Coverability, as

COV}I;I,E = peinf \Ij;\zl,e(p)7 (4)

A(TI)

3This result is meaningful in the parameter regime where
Ui (p) < 1e. We refer to this regime as non-trivial, as
U}!_(p) < 1/< holds vacuously for all p.

“This definition generalizes most notions of policy cover found
in prior work (Du et al., 2019; Misra et al., 2020; Mhammedi et al.,
2023b;a; Huang et al., 2023).

and define Cov." = max,¢ [z Covy'.

We show that the L;-Coverability value Covy, . can be inter-
preted as an intrinsic structural parameter for the MDP M,
and is bounded for standard MDP classes of interest. To do
s0, we draw a connection a structural parameter introduced
by Xie et al. (2023) as a means to bridge online and offline
RL, which we refer to as L..-Coverability:

{irea)

p(z, a)

M

o = inf  sup  sup

HEA(X XA) rell (z,a)EX XA
with O3 = maxe ) C, -
L.-Coverability measures the best possible (worst-case)
density ratio that can be achieved if one optimally designs
the data distribution p with knowledge of the underlying
MDP. The main differences between the value C%[;, and
the L;-Coverability value in Eq. (4) are that (i) Eq. (5)
considers worst-case (Lo-type) rather than average-case
coverage, and (ii) Eq. (5) allows the distribution iz € A(X x
A) to be arbitrary, while Eq. (4) requires the distribution
to be realized as a mixture of occupancies (in other words,
Eq. (5) allows for non-admissible mixtures).”> Due to the
latter difference, it is unclear at first glance whether one can
relate the two objectives, since allowing for non-admissible
mixtures could potentially make the objective (5) much
smaller. Nonetheless, the following result, which uses a
non-trivial application of the minimax theorem, shows that
L;-Coverability is indeed bounded by CZ.

Proposition 3.2. For all € > 0, we have Covy,. < CJ!,.
Examples for which C—and consequently Cov.'—is
bounded by small problem-dependent constants include
Block MDPs (Xie et al., 2023) (C% < |S||.A|, where S is
the number of latent states), linear/low-rank MDPs (Huang
et al., 2023) (C < d|.A|, where d is the feature dimen-
sion), and analytically sparse low-rank MDPs (Golowich
et al., 2023) (CY < k|A|, where k is the sparsity level).
Importantly, these examples (particularly Block MDPs and
Low-Rank MDPs) require nonlinear function approxima-
tion. See Appendix H.2 for details; see also Xie et al. (2023);
Amortila et al. (2024).

We note that L - and L.,-Coverability are less general than
structural parameters defined in terms of Bellman errors,
such as Bellman rank (Jiang et al., 2017), Bellman-Eluder
dimension (Jin et al., 2021a), and Bilinear rank (Du et al.,
2021), which are known to not admit computationally ef-
ficient learning algorithms (Dann et al., 2018). In this
sense, L1-Coverage strikes a balance between generality
and tractability. We discuss this in more detail and discuss
connections to other structural parameters in Appendix F.

>We adopt the notation Cov for admissible variants of cover-
ability and C'™ for non-admissible variants of coverability.
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Algorithm 1 Approximate Policy Cover Computation via
L-Coverability Relaxation

1: input: Layer h € [H], precision € € [0, 1], distribution
1€ AX x A) wl Coo = CLL, (1), opt. tol. ggpy > 0.
2: SetT = =
3: fort=1,2,---,T do
Compute 7* € II such that

EM,W*

M(.’Eh,ah) :| >
Zi<t dgj’rl (xh,an) + Coopi(n,an) |

sup EM"™ — w(@n, an)
el it @y (xh, an) + Coopp(xn, an)

yeesT).

— Eopt -

5: Return p = Unif (7!

4. Optimizing L,-Coverage: Efficient Planning

Directly optimizing the L;-Coverage objective (2) presents
challenges because the objective is quadratic in the occu-
pancy d*™. To address this issue, this section provides two
relaxations—that is, relaxed objectives that upper bound
L;-Coverage—that are directly amenable to optimization
(via reduction to standard reward-driven policy optimiza-
tion), yet are still bounded for MDPs of interest. Sec-
tion 4.1 presents a relaxation based on a connection to L.-
Coverability (Eq. (5)), and Section 4.2 presents a relaxation
based on a connection to Pushforward Coverability. The
first relaxation is tighter, but requires stronger knowledge
of the underlying MDP. To motivate our results, recall that
given a C-approximate minimizer p € A(II) for which
) _(p) < C - Covy, ., the sample complexity in Proposi-
tion 3.1 degrades only by an O(C') factor.

4.1. The L,.-Coverability Relaxation

Our first relaxation of the L;-Coverage objective as-
sumes access to a distribution p € A(X x A) for
which the Loo-concentrability coefficient CLL, (n) =

M ,m
SUpenr sup(xﬁa)EQ(XA{d’l(ima)} (Chen & Jiang, 2019)
is bounded. For such a distribution y, abbreviating C
C. (1), we define

(zn, an)
UM, (p):=sup EM7™ { ,
pie (P) rell dy P (xn, an) + € - Coopp(@h, an)
(6)
and Cov,., . := inf,eaqm ¥}, . (p). This objective upper

bounds L1- Coverage, and any p € A(Il,s) that optimizes
ithas W), (p) < 22, (1)

Proposition 4.1. For a distribution p with Coo = CLL (1),

it holds that for all p € A(T,ps),
qj;\zl,a( ) < 20 ‘l’uha( ) @)

Furthermore, CovZ’;h’8 <1foralle > 0.

Notably, given access to a distribution p € A(X x A) that
achieves the L -Coverability value C ;, in Eq. (5), any
distribution p € A(Il,,s) that optimizes the relaxation in
Eq. (6) achieves L;-Coverage value ¥}’ (p) < 2C1,.
However, the relaxation supports arbitrary distributions
uw € A(X x A), allowing one to trade off approximation
value and computation. Indeed, in some cases, it may be
simpler to compute a distribution i € A(X x .A) that has
suboptimal, yet reasonable concentrability. Because f is not
required to be admissible, such a distribution can be com-
puted easily or in closed form for many MDP families of
interest. For example, in tabular MDPs we can simply take
= Unif (X x A). See Appendix H.2 for more examples.

The algorithm. Algorithm 1 provides an iterative algo-
rithm to compute a distribution p € A(II,,s) that optimizes
the L.-relaxation in Eq. (6). The algorithm proceeds in
T steps. At each step t € [T'], given a sequence of policies
t...,m" ! computed so far, the algorithm computes a new
pohcy 7' by solving the policy optimization problem

— arg max EM™ — w(xn,an)
el Zi<t dh 77" (xh’ ah) + Coo,u(l'h, ah)
®

in Line 4 (up to tolerance €4, > 0). After all 7" rounds
conclude, the algorithm returns the uniform mixture p =
Unif (7, m") as a policy cover.

The optimization problem (8) aims to find a policy 7* that
explores regions of the state space not already covered
by 7', ..., m*'. Critically, it is a standard reward-driven
policy optimization problem with reward function

ilara)
dict dy"™ (x,a) + Coop(, a)

In practice, one can solve Eq. (8) using standard policy
optimization algorithms (we take this approach in
Section 6). However, since the MDP M is known, we can
also take advantage of the vast literature on algorithms for
planning with a known model, as well as algorithms like
Policy Search by Dynamic Programming (Bagnell et al.
(2003)) or Natural Policy Gradient (Agarwal et al. (2021))
that can use p itself as a high-quality reset distribution.

iz, a) =

The following theorem shows that Algorithm 1 converges to
a policy cover p € A(Il,,s) that optimizes the relaxation in
Eq. (6) (up to a small log(¢~!) multiplicative approximation
factor) in a small number of iterations.

Theorem 4.1. For any € € [0,1] and h € [H], given a
distribution p with Cyy = Cé‘é;h(,u), whenever eqp, <
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elog(2e™1), Algorithm 1 with T = 71
tribution p € A(TI) with |supp(p)| < e~ !

rene(p) < 3log(2e71), ©)
(p) < 6C log(2e~1).

produces a dis-
such that

and consequently W}

See Appendix H.2 for examples. Note that the algorithmic
template in Algorithm 1 can be applied in unknown MDPs
as long as Line 4 can be implemented sample-efficiently;
this observation is the basis for the model-free online explo-
ration algorithm given in Appendix E.

4.2. The Pushforward Coverability Relaxation

The main drawback behind the L.,-Coverability relaxation
in the prequel is the assumption of access to a covering
distribution € A(X x A).° The next relaxation, which
is inspired by the notion of pushforward concentrability in
offline reinforcement learning (Xie & Jiang, 2021; Foster
et al., 2022), removes this assumption at the cost of giving a
looser upper bound. This objective takes the form

Pyl (xh | ho1,an-1)

M =supE™7" | —

pushit,< (P) = SUD AP (zn) +e- PM (xn | th-1an-1)
10)

with Covpuen.p, o = infpeam Yhien. - (p)- This objective

replaces the covering distribution p with the transition dis-
tribution P}’ , for M, making it more practical to com-
pute. Unlike the L.,-Coverability relaxation (6), the opti-
mal value Covpush 1, May not be bounded by the parameter
C.»- However, we show that the value can be controlled
by a related pushforward coverability parameter glven by
Pyl (z'|z,a)
CPUSh = nfear) Sup(w,a,x’)éXxAxX{ } w(z’) }’

with C,ﬁsh = maxpe[q] Cp]\ﬁsh;hj

Proposition 4.2. Fix h € [H]. For any p € A(Ilys), if we
define p' € A(Il,ns) as the distribution induced by sampling
T ~ p and executing T oy, Tunif, we have that for all € > 0,

me () < AL Whigin e (p)- (11

Furthermore, Cov, < Cpushyp Jorall e > 0.

push;h,e

In particular, any distribution p € A(IL,,s) that optimizes
the relaxation in Eq. (10) achieves L;-Coverage value
U _(p') < |A|-Chlgp.,-® Notable special cases where push-
forward coverability is bounded include: (i) Tabular MDPs
have C 1, < | X, (ii) Block MDPs (Du et al., 2019; Misra
et al., 2020; Zhang et al., 2022; Mhammedi et al., 2023b)
with latent state space S have Ci, < [S], (iii) Low-Rank

MDPs (30) have C';Vjs < d (Xie & Jiang, 2021).

SNote that since we consider planning, this is a computational
assumption, not a statistical assumption.

"This is inspired by pushf()rward concentrability (Xie & Jiang,
2021); CXL, < |A| - Chiah. but the converse is not true.

The dependence on |.A] in this result is natural, as pushforward
coverability only considers state occupancies.

The algorithm. An iterative algorithm to optimize the
pushforward coverability relaxation is given in Algorithm 5
(deferred to Appendix H.1 for space). The algorithm follows
the same template as Algorithm 1, but at each step ¢, the
policy 7* is computed by solving an objective based on Eq.
(10). The main guarantee is as follows.

Theorem 4.2. For any ¢ € [0, 1] and h € [H]|, whenever
Eopt < Cpishin "€ log(2e~1), Algorithm 5 produces a distri-
bution p € A(I1) with |supp(p)| < e such that

S{Jsh;h,s( ) < 5C’push h log(Qeil)' (12)
Consequently, if we define p' € A(Il,s) as the distribution

induced by sampling m ~ p and executing T oy, Tyunit, We
have that U} _(p') < 5| A|C)lg., log(2e71).

5. Efficient Online Exploration via L,-Coverage

In this section, we turn our attention to sample-efficient
online exploration for the setting in which the underlying
MDP M™ is unknown. Throughout the section, we work

)
with an arbitrary user-specified subset of policies IT C II,s.

Model-based reinforcement learning setup. We focus
on model-based reinforcement learning, and assume access
to a model class M that contains the true MDP M™.

Assumption 5.1 (Realizability). The learner has access to
a class M containing the true model M*.

The class M is user-specified, and can be parameterized by
deep neural networks or any other flexible function class,
with the best choice depending on the problem domain.

For M € M, we use M () as shorthand for the law of
the trajectory (z1,a1),...,(zm,am) for policy 7 in M.
We define the squared Hellinger distance for probability

measures P and Q by D3 (P,Q) = [ (VdP — \/@)2

Estimation oracles. Our algorithms and regret bounds use
the primitive of an estimation oracle, denoted by Algg,,,
a user-specified algorithm for estimation that is used to
estimate the underlying model M™* from data (Foster &
Rakhlin, 2020; 2023) sequentially. At each episode ¢, given
the data H*~* = (7', 0'),..., (7", 0'~") collected so far,
where o' := (z1,a}), ..., (zY,al;), the estimation oracle
constructs an estimate M* = AlgEst({(wi,o"')}ﬁ;i) for
the true MDP M*. We assume that Algg,, is an offline esti-
mation oracle, in the sense that each estimator M has good
out-of-sample performance on the historical dataset .

Assumption 5.2 (Offline estimation oracle). At each time
t € [T, an offline estimation oracle Algeg, for M, given
Ht = (wh0h), ..., (1T oY) with o' ~ M*(7*) and

w' ~ p', returns an estimator Mt € M such that
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Algorithm 2 Coverage-Driven Exploration (CODEX)
1: input: Estimation oracle Algg,,, number of episodes
T € N, approximation parameters C' > 1, ¢ € [0, 1].

2: fort =1,2,--- ,T'do_

3:  Estimate model: M* = Alg, ({(7',0")}/]).
// Plug-in approximation to Li-Coverage objective.

4: For each h € [H], compute (C, €)-approx. policy
cover pj, for M \I’fé(pﬁl) =

it

M
sup EY 7"
well

4" " (zn, an)
ﬁt t

t 5t
M (@nan) +e - dy T (n, an)

13)

5: Sample * ~ ¢' = Unif(pi,...,p% ) and observe
trajectory o' = (z4,al),..., (zly, a’y).
6: return (py, ...

, D), where py, == Unif(p},, ..., pF).

Est{ff () :=

S By [DE (M (), M* ()] < Estff (M, T,0),

i<t

for all t € [T) with probability at least 1 — § whenever
M* € M, where Est®l (M, T, 8) is a known upper bound.

As an example, the standard maximum likelihood estima-
tor (MLE) satisfies Assumption 5.2 with Est‘ﬁ,fr(/\/l7 T,6) <
O(log(|M|T/$)) (e.g., Foster & Rakhlin (2023)).

Algorithm. Our main algorithm for reward-free rein-
forcement learning, Coverage-Driven Exploration (CODEX;
Algorithm 2), is based on a simple “plug-in” estimation-
optimization paradigm: Repeatedly compute an estimate
M for the true model M *, then compute a policy cover
p € A(II) that optimizes the L;-Coverage objective for
Mt (a plug-in approximation to the true L;-Coverage
objective) and use this to collect data; proceed until this
process arrives at a high-quality cover for M ™.

In more detail, Algorithm 2 proceeds in T episodes. At each
episode ¢, the algorithm invokes the user-specified estima-
tion oracle Algg,, to produce an estimate M? for the model
M™* based on the data collected so far. Given this estimate,
for each layer h € [H], the algorithm computes a (C, ¢)-
approximate policy cover p}, € A(II) for Mt U (ph) =

s

A" (zh,a
SupE h ( hs h)

s = <C.(14)
el dy, " (@n, an) e dy T (@, an)

where C' > 0 is made sufficiently large to ensure Eq. (14)
is feasible. This is a plug-in approximation to the true
L;-Coverage objective W}/ “(p). Given the approximate
covers pi, ..., pY, the algorithm collects a new trajectory
o' by sampling " ~ ¢' := Unif(p},...,pY). This

<C.

trajectory is used to update the estimator M ‘, and the
algorithm proceeds to the next episode. Once all episodes
conclude, the algorithm returns py, := Unif(p},,...,p}) as
the final cover for each layer h.

The plug-in L;-Coverage objective in Eq. (14) can be solved
efficiently using the relaxation-based methods in Section 4,
since the model M* € M is known, making this a pure (non-
statistical) planning problem. We leave the approximation
parameter C' > 1 as a free parameter to accommodate the
approximation factors these relaxations incur (the sample
complexity degrades linearly with C).

Main result. In its most general form, Algorithm 2 leads
to sample complexity guarantees based on L;-Coverability.
Due to space constraints, the main result we present here is
a simpler guarantee based on L,-Coverability. To state the
guarantee in the most compact form possible, we make the
following assumption on the estimation error rate.

Assumption 5.3 (Parametric estimation rate). The of-
fline estimation oracle satisfies Estl (M, T,8) <
O(dest log(BestT'/0)) for parameters dest, Best € N.

Theorem 5.1 (Main guarantee for CODEX). Let € > 0 be
given. Let Coo = C27, and suppose that (i) we restrict M
such that all M € M have C}} < C, and (ii) we solve
Eq. (13) with C = Cq for all t.° Then, given an offline
estimation oracle satisfying Assumptions 5.2 and 5.3, using

T = 6(H8(C£ )S‘ieztlog(Best/‘s)

) episodes, Algorithm 2

produces policy covers p1, . ..,pg € A(IL) such that

Vhe[H]: WUl(pn) <12H-CY (15)

w.p. at least 1 — ¢. For a finite class M, if we use MLE as

~ 8 M*\3
the estimator, we can take T' = O(H (Co )Eiog(‘M‘/‘;) )

Theorem 5.1 shows for the first time that it is possible to per-
form sample-efficient and computationally efficient reward-
free exploration under coverability. We refer to Appendix 1.4
for the proof, which is based on a connection to the Decision-
Estimation Coefficient of Foster et al. (2021; 2023). Some
key features of the result are as follows.

Computational efficiency. As maximum likelihood
estimation (MLE) is a valid estimation oracle, Algorithm 2 is
computationally efficient whenever 1) MLE can be performed
efficiently, and 2) the plug-in L;-Coverage objective in Eq.
(13) can be approximately optimized efficiently. As the
objective involves only the estimated model M (and hence
is a computational problem), we can use the relaxations in
Section 4 to do this efficiently (via off-the-shelf methods).

Regarding the latter point, note that while Theorem 5.1 as-
sumes for simplicity that Eq. (13) is solved with C = CM",

“We can take C¥ < Cx w.l.o.g. when C' is known. In this
case, solving Eq. (13) with C' = C' is feasible by Proposition 3.2.
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if we solve the objective for C' > C2!" the result continues
to hold with C2" replaced by C in the sample complexity
bound and approximation guarantee. Consequently, if we
solve Eq. (13) using Algorithm 1, the guarantees in Theo-
rem 5.1 continue to hold up to an O(1) approximation factor.

Statistical efficiency. CODEX achieves sample complexity
guarantees based on L,-Coverability in a computationally
eficient fashion for the first time. Compared to previous
inefficient algorithms based on coverability (Xie et al., 2023;
Liu et al., 2023a; Amortila et al., 2024) our theorem has
somewhat looser sample complexity, and requires model-
based function approximation. See Appendix E for a model-
free counterpart based on weight function learning.

CODEX is not limited to L..-Coverability. Appendix I.1 gives
more general results (Theorem 1.1, Corollary 1.1) which
achieve sample complexity poly(Cov)'", H,log|M|,e~1),
showing that L;-Coverability is itself a sufficiently
powerful structural parameter to enable sample-efficient
learning with nonlinear function approximation.

Application to downstream policy optimization. By
Proposition 3.1, the policy covers p;.p returned by Algo-
rithm 2 can be used to optimize any downstream reward
function using offline RL, giving end-to-end guarantees for
reward-driven online RL. We sketch an example using MLE
for policy optimization in Appendix 1.2 (cf. Appendix D).

6. Experimental Evaluation

We present proof-of-concept experiments to validate our
theoretical results.' We focus on the planning problem
(Section 4), and consider the classical MountainCar envi-
ronment (Brockman et al., 2016). We optimize the L-
Coverage objective via Algorithm 1 and compare this to the
MaxEnt algorithm (Hazan et al., 2019) and uniform explo-
ration. We find that L,-Coverage explores the state space
more quickly and effectively than the baselines.

Experimental setup. MountainCar is a continuous domain
with two-dimensional states and actions. We consider a
deterministic starting state near the bottom of the “valley”
in the environment, so that deliberate exploration is required.

We optimize L;-Coverage using Algorithm 1, approximat-
ing the occupancies d” via count-based estimates on a dis-
cretization of the state-action space. We set p to the uniform
distribution and C, to the number of state-action pairs (in
the discretization). For MaxEnt, we use the implementation
from Hazan et al. (2019). Algorithm 1 and MaxEnt both re-
quire access to a subroutine for reward-driven planning (to
solve the problem in Eq. (8) or an analogous subproblem).
For both, we use a policy gradient method (REINFORCE; Sut-
ton et al. (1999)) as the reward-driven planner, following

10Code available at github.com/philip-amortila/l1-coverability.

Hazan et al. (2019); our policy class is parameterized as a
two layer neural network. For details on the environment,
architectures, and hyperparameters, see Appendix B.

Results. Results are visualized in Figure 1. We measure
the number of unique discretized states discovered by each
algorithm’s policy covers, and find that L;-Coverage (Algo-
rithm 1) outperforms the MaxEnt and uniform exploration
baselines by a factor of two. We also perform a qualitative
comparison by visualizing the occupancies induced by the
learned policy covers, and find that the cover obtained with
L;-Coverage explores a much larger portion of the state
space than the baselines; notably, L;-Coverage explores
both hills in the MountainCar environment, while the base-
lines fail to do so. We find these results promising, and
plan to perform a large-scale evaluation in future work; see
Appendix B for further experimental results.
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Figure 1. Unique discrete states visited (mean/standard error over
10 runs) and occupancy heatmaps for each policy cover obtained by
L1-Coverage (Algorithm 1), MaxEnt, and uniform actions. Each
epoch comprises one policy cover update. Heatmap legend: veloc-

ity (x-axis), position (y-axis), start state (e), goal state (x).

7. Discussion and Open Problems

Our results show that the L;-Coverage objective serves
as a scalable primitive for exploration in reinforcement
learning, providing sample efficiency, computational effi-
ciency, and flexibility. On the theoretical side, our results
raise a number of interesting questions for future work:
(i) What are the weakest representation conditions under
which coverability leads to computationally efficient online
reinforcement learning guarantees? (ii) Can we generalize
the L;-Coverage objective further while still allowing for
practical/computationally efficient optimization?

Additional results. Several additional results are deferred
to the appendix due to space constraints. Appendix E
builds on Sections 4 and 5 to provide efficient algorithms
for reward-free exploration under a weaker form of
model-free function approximation based on density ratio
realizability, and Appendix F provides connections between
L+-Coverability and other intrinsic structural properties.
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Impact Statement

This paper presents work whose goal is to advance the the-
oretical foundations of reinforcement learning. There are
many potential societal consequences of our work, none
which we feel must be specifically highlighted here.
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A. Additional Related Work

This section discusses additional related work not already covered in detail.

Theoretical objectives for exploration. On the computational side, our work can be viewed as building on a recent line
of research that tries to make exploration computationally efficient by inductively building policy covers and using them to
guide exploration. Up to this point, Block MDPs (Du et al., 2019; Misra et al., 2020; Zhang et al., 2022; Mhammedi et al.,
2023b) and Low-Rank MDPs (Agarwal et al., 2020; Modi et al., 2024; Uehara et al., 2022; Zhang et al., 2022; Mhammedi
et al., 2023b) are the most general classes that have been addressed by this line of research. Our work expands the scope of
problems for which efficient exploration is possible beyond these classes to include the more general coverability framework.
This is meaningful generalization, as it allows for nonlinear transition dynamics for the first time.

The L;-Coverage objective can be viewed as a generalization of optimal design, an exploration objective which has
previously been studied in the context of tabular and Low-Rank MDPs (Wagenmaker et al., 2022; Wagenmaker & Jamieson,
2022; Li et al., 2023; Mhammedi et al., 2023a); Appendix F.2 makes this connection explicit. In particular, Li et al. (2023)
consider an optimal design objective for tabular MDPs which is equivalent to Eq. (6) with g = Unif(X’). Outside of this
paper, the only work we are aware of that considers optimal design-like objectives for nonlinear settings beyond Low-Rank
MDPs is Foster et al. (2021), but their algorithms are not efficient in terms of offline estimation oracles.

Lastly, a theoretical exploration objective worth mentioning is maximum entropy exploration (Hazan et al., 2019; Jin et al.,
2020a). Existing theoretical guarantees for this objective are limited to tabular MDPs, and we suspect the objective is not
sufficiently powerful to allow for downstream policy optimization in more general classes of MDPs.

Coverability. Compared to previous guarantees based on coverability (Xie et al., 2023; Liu et al., 2023a; Amortila et al.,
2024) our guarantees have somewhat looser sample complexity and require stronger function approximation. However,
these works only consider reward-driven exploration and are computationally inefficient. A second contribution of our work
is to show that L;-Coverability, which can be significantly weaker than L..-Coverability, is sufficient for sample-efficient
online reinforcement learning on its own.'!

Instance-dependent algorithms and complexity. Wagenmaker et al. (2022); Wagenmaker & Jamieson (2022) provide
instance-dependent regret bounds for tabular MDPs and linear MDPs that scale with problem-dependent quantities closely
related to L;-Coverability. These results are tailored to the linear setting, and their bounds contain lower-order terms that
scale explicitly with the dimension and/or number of states.

General-purpose complexity measures. A long line of research provides structural complexity measures that enable
sample-efficient exploration in reinforcement learning (Russo & Van Roy, 2013; Jiang et al., 2017; Sun et al., 2019; Wang
et al., 2020b; Du et al., 2021; Jin et al., 2021a; Foster et al., 2021; Xie et al., 2023; Foster et al., 2023). Coverability is
incomparable to most prior complexity measures (Xie et al., 2023), but is subsumed by the Decision-Estimation Coefficient
(Foster et al., 2021), as well as the (less general) Sequential Extrapolation Coefficient and related complexity measures (Liu
et al., 2023b). The main contrast between these works and our own is that they do not provide computationally efficient
algorithms in general.

A handful of works extend the approaches above to accommodate reward-free reinforcement learning, but are still computa-
tionally inefficient, and do not explicitly suggest exploration objectives (Chen et al., 2022b; Xie et al., 2023; Chen et al.,
2022a).

Further related work. Coverability is closely related to a notion of smoothness used in a line of recent work on smoothed
online learning and related problems (Haghtalab et al., 2020; 2022a;b; Block et al., 2022; Block & Polyanskiy, 2023;
Daskalakis et al., 2023). We are not aware of explicit technical connections between our techniques and these works, but it
would be interesting to explore this in more detail.

"Liu et al. (2023a) also provide guarantees based on L;-Coverability, but their regret bounds contain a lower-order term that can be as
large as the number of states in general.
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B. Experimental Evaluation: Details and Additional Results
B.1. Experimental Details

MaxEnt baseline. We implement our algorithm by building on top of the codebase for MaxEnt from Hazan et al. (2019).
The MaxEnt algorithm follows a similar template to ours, in that it iteratively defines a reward function based on past
occupancies and optimizes it to find a new exploratory policy. In MaxEnt, the reward function is defined as

R dDKL(Unif H X)
b dx x=ar’

where d?' is the estimated occupancy for the policy cover p* at time ¢ and Unif denotes the uniform distribution over
X x A. We use the same neural network architecture (described in detail below) to represent policies, the same algorithm
for approximate planning, the same discretization scheme to approximate occupancies, and the exact same hyperparameters
for discretization resolution, number of training steps, length of rollouts, learning rates, and so on. We found that our method
worked “out-of-the-box” without any modifications to their architecture or hyperparameters.

Starting from their codebase, we obtain an implementation of Algorithm 1 simply by modifying the reward function given
to the planner from the MaxEnt reward function to the L;-Coverage reward function (Line 4 in Algorithm 1).

Environment. We evaluate on the MountainCarContinuous-v@ environment (henceforth simply MountainCar) from
the OpenAI Gym (Brockman et al., 2016). The state space of the environment is two-dimensional, with a position value
(denoted by &) that is in the interval [—1.2, 0.6] and a velocity value (denoted by p) that is in the interval [—0.07,0.07]. The
dynamics are deterministic and defined by the physics of a sinusoidal valley, we refer the reader to the documentation for the
precise equations.!> The goal state (the “flag”) is at the top of the right hill, with a position £ = +0.45. The bottom of the
valley corresponds to the coordinate £ = —7/6 ~ —0.52. We modify the environment to have a deterministic starting state
with a position of £ = —0.5 and a velocity of p = 0, so that more deliberate exploration is required to find a high-quality
cover. This means that occupancies and covers are evaluated when rolling out from this deterministic starting state. The
action space is continuous in the interval [—1, 1], with negative values corresponding to forces applied to the left and positive
values corresponding to forces applied to the right. To simplify, we will consider that the environment only has 3 actions,
namely we only allow actions in {—1,0, 1}. Finally, we take a horizon of H = 200, meaning that we terminate rollouts
after 200 steps (if the goal state has not been reached yet).

Implementation of Algorithm 1. We make a few changes to Algorithm 1. Firstly, while MountainCar has a time horizon
. R . . . M. . . .
and is thus non-stationary, we approximate the dynamics as stationary. Thus, we replace d;, *" in Line 4 of Algorithm 1 by a

stationary analogue dé\fﬁ, and only invoke Algorithm 1 once rather than at each layer h. Namely, we define
1
M,m M,
dstat T E Z dh )
h
_ dM T

where H = 200 is the horizon which we define for MountainCar. We will henceforth simply write d™ = dg;}; for
compactness. Similarly, we choose a stationary distribution y (to be described shortly) to pass as input to the algorithm.
Secondly, rather than solving the policy optimization problem for the reward function

u(,a)

Zz‘<t dM ™ (z,a) + Coopi(, a)

as written Line 4, we instead apply some regularization and solve the policy optimization problem for the more general
L,-Coverage-based reward function defined in Eq. (6), namely

r(z,a) =

Mz, a)
2ict @7 (@, 0) + eCoopi(z, a) 7

for a small parameter € > 0. This has the effect of magnifying the reward difference between visited and unvisited states.
We also (linearly) renormalize so that this reward function lies in the interval [0, 1]. We found that regularizing with ¢ helps
our approximate planning subroutine (discussed shortly) solve the policy optimization and recover a better policy for the
L+-Coverage-based reward function.

r(xz,a) = (16)

Zhttps://www.gymlibrary.dev/environments/classic_control/mountain_car_continuous/
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Approximating d™ and p. To approximate d™ and choose p, we define a discretized state space for MountainCar.
Namely, we discretize the position space [—1.2,0.6] in 12 evenly-spaced intervals and the velocity space [—0.07,0.07] in 11
evenly-spaced intervals. This gives a tabular discretization with 12 x 11 = 132 states. We then approximate d” (z, a) via a
simple count-based estimate on the discretized space. That is, letting the discretized space be denoted by B = {b1,...,b132}
where each b; is a bin, and given trajectories (z7, GZ)ne[ N1,he[H]> We estimate

A% (bi,a) : dem n(bi,a),  where  dlio (b, a) = Zﬂ{xh € b,a; =a}

and then for any x, a we assign
d" (l‘, a’) = dgisc(bim ’ a’)’

where i, is the index of the bin b; in which state z lies. For the distribution p and the L, coverability parameter C,, we
take u to be uniform over the discretized state-action space, that is we take

(@:0) = r = 2o
PG = T8]14] ~ 3967

and
Co = |B||A| = 396.

Approximate planner. As an approximate planner, we take a simple implementation of the REINFORCE algorithm (Sutton
et al., 1999) given in the PyTorch (Paszke et al., 2019) GitHub repository13, which only differs from the classical REINFORCE
in that it applies variance-smoothing (with some parameter o) to the returns. When solving the policy optimization problem,
we allow REINFORCE to use the original stochastic reset distribution for MountainCar, that is the reset distribution which
samples ¢ € [—0.6, —0.4] uniformly and has p = 0.

Architecture, optimizer, hyperparameters. The policy class we use, and which REINFORCE optimizes over, is obtained
by a set of fully-connected feedforward neural nets with ReLU activation, 1 hidden layer, and 128 hidden units. The input is
2-dimensional (corresponding to the 2-dimensional state space of MountainCar) and the output is a 3-dimensional vector;
we obtain a distribution over the action set {—1,0, 1} by taking a softmax over the output. We use Xavier initialization
(Glorot & Bengio, 2010).

For REINFORCE, we take a discount factor of 0.99, and a variance smoothing parameter of ¢ = 0.05. We train REINFORCE
with horizons of length 400. We take 7, the policy which approximates Line 4 of Algorithm 1, to be the policy returned after
1000 REINFORCE updates, with one update after each rollout. The update in REINFORCE use the Adam optimizer (Kingma &
Ba, 2015) with a learning rate of 1073

We estimate all occupancies with N = 100 rollouts of length H = 200. We calculate the mixture occupancies d”, for
p = Unif(x', ..., 7*), by estimating the occupancy for each d™ separately and averaging via

1 i
a) = n Zd (z,a).
i=1

We train for 20 epochs, corresponding to 7" = 20 in the loop of Line 3 of Algorithm 1. For the regularized reward of Eq.
(16), we take ¢ = 1074,

B.2. Additional Experimental Results

B.2.1. MOUNTAINCAR

In addition to the results of Section 6, in Figure 2 we report the entropy and L;-Coverability of the state distributions for the
policy covers found by the three algorithms throughout training. Namely, for each cover p, we estimate its occupancy d? via
the procedure defined above, and measure the entropy of our estimate for d”. In the second plot, we take the estimate of d?

Bhttps://github.com/pytorch/examples/blob/main/reinforcement_learning/reinforce.py
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Figure 2. Entropy and L;-Coverability measured on each policy cover obtained from L;-Coverage (Algorithm 1), MaxEnt, and uniform
exploration on the MountainCar environment. We plot the mean and standard error across 10 runs. Each epoch corresponds to a single
policy update in Algorithm 1 and MaxEnt, obtained through 1000 steps of REINFORCE with rollouts of length 400.

and measure its objective value W), _(p), where U3, _(p) is the Loo-Coverability relaxation of L-Coverability which we
recall is defined via

M (p) = sup EM:T ﬂ(whﬂah)

. . 17
uih,e rell dyP(zh, an) + € - Coopi(h, an) (a7

We measure this quantity with e = 10~%, and in the same way that we approximate Line 4 in Algorithm 1, namely by calling
REINFORCE with a stochastic starting distribution as an approximate planner, with the same parameters and architecture. We
note that there are two sources of approximation error in our measurements of Wt h,a(p), namely the estimation error of d”
(via a count-based estimate on the discretized space) and the optimization error of REINFORCE, and thus values we report

should be taken as approximations of the true L;-Coverability values.'*

Results. We find that L;-Coverage and MaxEnt recover policy covers with similar entropy values, with the entropy of
the MaxEnt cover being slightly larger (despite the MaxEnt cover visiting fewer states, as seen in our results in Section 6).
Interestingly, the MaxEnt baseline has higher entropy while visiting fewer states (as seen in our results in Section 6),
indicating that entropy may not be the best proxy for exploration. For L;-Coverage, we find that Algorithm 1 attains the
smallest L;-Coverage values, indicating a better cover.

B.2.2. PENDULUM

Environment. We evaluate on the Pendulum-v@ environment (henceforth simply Pendulum) from the OpenAl Gym
(Brockman et al., 2016). The state space of the environment is two-dimensional, with an angle value (denoted by 6) that is
in the interval [—m, 7] and a velocity value (denoted by p) that is in the interval [—8, 8]. The dynamics are deterministic and
defined by the physics of an inverted pendulum. We modify the starting distribution to be a deterministic starting state with
a position of # = 7 and a velocity of p = 0. This means that occupancies and covers are evaluated when rolling out from
this deterministic starting state. The action space is continuous in the interval [—2, 2], with negative values corresponding to
torque applied to the left and positive values corresponding to torque applied to the right. To simplify, we only allow actions
in {—1,0, 1}, so that | A| = 3. Finally, we take a horizon of H = 200, meaning that we terminate rollouts after 200 steps.

Discretization and other hyperparameters. We apply all the same implementation details as in Appendix B.1. We take a
discretization resolution for Pendulum of 8 x 8. We take a REINFORCE planner with a uniform starting distribution with
0 € [—m, 7] and p € [—1, 1]. The architecture, optimizer, and hyperparameters are the same as for MountainCar.

"For instance, notice the variability over epochs of the uniform random baseline, which has a constant ¥ iin.<(p) value.
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Figure 3. Number of discrete states visited (mean and standard error over 10 runs) and occupancy heatmaps for each policy cover obtained
from L-Coverage (Algorithm 1), MaxEnt, and uniform exploration in the Pendulum environment. Each epoch comprises a single policy
update in Algorithm 1 and MaxEnt, obtained through 1000 steps of REINFORCE with rollouts of length 400. Heatmap axes: torque (x-axis)
and angle (y-axis). Start state indicated by e.
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Figure 4. Entropy and L;-Coverability measured on each policy cover obtained from L;-Coverage (Algorithm 1), MaxEnt, and uniform
exploration on the Pendulum environment. We plot the mean and standard error across 10 runs. Each epoch corresponds to a single policy
update in Algorithm 1 and MaxEnt, obtained through 1000 steps of REINFORCE with rollouts of length 400.
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Results. As with MountainCar, we measure the number of unique states visited and the occupancy heatmaps (Figure 3) as
well as the entropy and L;-Coverage values (Figure 4). Overall, we find that L;-Coverage and MaxEnt obtain similar values
and are able to explore every state in the (discretized) Pendulum environment, indicating that exploration is somewhat easier
than for the MountainCar environment.

B.3. Additional Discussion

While the MountainCar and Pendulum environments are fairly simple, we note that our algorithm exhibits robustness
in several different ways, indicating that it may scale favorably to more challenging domains. Firstly, we do not expect
that REINFORCE is finding a near-optimal policy for the planning problem in Line 4, which indicates that our method is
robust to optimization errors. We also note that the choice of 1 used in our implementation of Algorithm 1, which is
defined as uniform over the discretized space, is a heuristic and is not guaranteed to have good coverage with respect to
the true continuous MDP. This indicates that our method is robust to the choice of i and C,. Lastly, our method worked
“out-of-the-box” with the same hyperparameters used in the MaxEnt implementation in Hazan et al. (2019), and was found to
behave similarly with different hyperparameters, which indicates that our method is robust to the choice of hyperparameters.
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C. Technical Tools

C.1. Minimax Theorem

Lemma C.1 (Sion’s Minimax Theorem (Sion, 1958)). Let X’ and Y be convex sets in linear topological spaces, and assume
X is compact. Let F : X x Y — R be such that (i) f(x,-) is concave and upper semicontinuous over ) for all x € X and
(ii) f(-,y) is convex and lower semicontinuous over X for all y € Y. Then

1nf sup f(z,y) = sup mf flz,y). (18)
Xyey yey®

C.2. Concentration

Lemma C.2. For any sequence of real-valued random variables (X,)<r adapted to a filtration (F)<r, it holds that
with probability at least 1 — 0, forall T" < T,

T

Z—log(Et 1 ZXt—l—log 1 . (19)

t=1

Lemma C.3 (Freedman’s inequality (e.g., Agarwal et al. (2014))). Let (X;)i<r be a real-valued martingale difference
sequence adapted to a filtration (%,)i<7. If | Xi| < R almost surely, then for any n € (0,1/R), with probability at least
1-96,

1
ZXt<nZIEt (X2 + 1og(:75 ).

Lemma C.4 (Corollary of Lemma C.3). Let (Xt)th be a sequence of random variables adapted to a filtration (F)i<7.
If 0 < X, < R almost surely, then with probability at least 1 — 9,

T T
3
X, <= E,_1[X,]+4Rlog(2671),
tz:; ¢ 2; t—1[X¢] g( )

and

T T
Z Ee1[X]) <2 Z X, + 8Rlog(2671).

C.3. Information Theory
Lemma C.5 (e.g., Foster et al. (2021)). For any pair of random variables (X,Y),
Ex~ry [Df(Pyx,Qyix)] <4Di(Px,y,Qx.y).

Lemma C.6 (Foster et al. (2021)). Let P and Q be probability measures on (X, %). Forallh : X — Rwith0 < h(X) < B
almost surely under P and Q, we have

Ep[h(X)] < 3Eg[h(X)] + 4B - Di(P,Q). (20)

C4. Reinforcement Learning

Proofs for the following lemmas can be found in Foster et al. (2021).

Lemma C.7 (Global simulation lemma). Let M and M’ be MDPs with Zthl rp, € [0, 1] almost surely, and let w € Tgns.
Then we have

|[£(m) = £ ()] < DM (), M () < % + 3 DA(M (), M'(m)) ¥ > 0. 21)
Lemma C.8 (Local simulation lemma). For any pair of MDPs M = (P R™) and M = (P™, R™) with the same initial
state distribution and 2,15:1 ry € 10,1],

H

|fY () = ()| < ZETM [Du (P (zh,an), PY (xh, an)) + Du (R (zn, an), Ry (x4, an))]. (22)
h=1
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C.5. Helper Lemmas

Lemma C.9 (E.g., Xie et al. (2023)). Let d',d?,...,d" be an arbitrary sequence of distributions over a set Z, and let
€ A(Z) be a distribution such that d*(z)/u(z) < C forall (z,t) € Z x [T]. Then for all z € Z, we have

3 d'(2)

it d(2) +C - pu(2)

< 2log(2T).

Lemma C.10. For any distribution p € A(Tlyns), ™ € Iyps, 1 € fo“‘l, and ,0 > 0, we have that

EM:™ |: dzl’ﬂ(xh; ah) :| < EM:T |: d}]:IJr(Iha ah) :|
M,p M, — M,p
dy P (zh,an) +€-d;) " (zh, an) d, P(xp,an) +0 - p(xn, an)
) w(@n, an)
+ . EZ\/[J\' I: ’ .
€ dy"P(zh,an) + 6 - p(xn, an)

Proof of Lemma C.10. The result follows by observing that we can bound
d;‘:fﬂ"'(xh’ ah) :| _ M, |: d;\l{)ﬂ(mhu ah) :|
dy, P (wn,an) + € - dy) " (2n, an) dy P (xhy an) + 0 - p(wn, an)
_ (dy""(2,0))* (8- p(z,a) — € - d})"" (2, a))
- (dy " (@, a) + &~ dy"" (x,0))(d}," (z,0) + 6 - p(, a))
3 (dy " (%,0))?(8 - p(,a))
zEX,a€A (d2{7p(x7 a’) te- d2{7ﬂ<x7 a))(d;\f’p(x, a) +d- M(.’E, a))

0 dy " (z,a)u(z, a)
< Z h 9 9
T Z d

EM,ﬂ'|:

reX,acA

QCEX,GEA Zj7p(x’ a’) + 6 ' :U/(x) Cl) .
O
Lemma C.11. Forany 7t € Il;ns, d € RY, p € RY, and €, > 0, we have that
g ol | on-1,an-1) | <ee Bt | xhham)} L o -
d(zp) +e- PM (zp | zp1,ap-1)] — d(zp) + 6 - u(zp) € d(xp) + 0 - u(xp)
Proof of Lemma C.11. The result follows using similar reasoning to Lemma C.10:
IEIM“[ Pty (@p | 2n-1,an-1) ] _EMT {PhM—l(% | $h—1,ah_1)}
d(zp) +e- P (o | Th-1,an-1) d(zp) + 6 - p(xp)
_ Y Bl [ma20 ) e B 2,0)
TEX,aE AL/ EX S (d(a') +e- P,y (2" | 2, a))(d(2') 4+ 0 - p(a'))
c Y @ (P (' | 2,0)°(0 - ("))
; T€X,a€ Az’ €X S (d(z’) +e- P}i‘fl(l‘/ | #,a))(d(2") + 0 - p(a'))
0 PR A CAEROTICY
~ e Z n1 (@) d(z') + 6 - (')
rzeX ,acAx'€X K
_ é .M |: /J(wh) )
: d(wn) + 0 - ulwn)
O
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Part I
Additional Results and Discussion

D. L,-Coverage: Application to Downstream Policy Optimization

In this section, we show how to use data gathered using policy covers with bounded L1-Coverage to perform offline policy
optimization. Here, there is an underlying (reward-free) MDP M* = {X JA{PMT }hH:O} and a given policy class II, and
we have access to policy covers p1, ..., py such that the L,-Coverage objective ¥}’ ~(pn) is small for all h. For an arbitrary

user-specified reward distribution R = {Rh}hH:1 with Zthl rp, € [0, 1] almost surely, we define
H

> ol

h=1

as the value under 7, ~ R(xp, ap). Our goal is to use trajectories drawn from p1, . .., py to compute a policy 7 such

I (m) == EMT

JM* _ TM* <
maxr (m) —Jg (7) <e€

using as few samples as possible.

We present guarantees for two standard offline policy optimization methods: Maximum Likelihood Estimation (MLE) and
Fitted Q-Iteration (FQI). While both of these algorithms are fully offline, combining them with the online algorithms for
reward-free exploration in Section 5 leads to end-to-end algorithms for online reward-driven exploration. We expect that
similar guarantees can be proven for other standard offline policy optimization methods (Munos, 2003; Antos et al., 2008;
Chen & Jiang, 2019; Xie & Jiang, 2020; 2021; Jin et al., 2021b; Rashidinejad et al., 2021; Foster et al., 2022; Zhan et al.,
2022), as well as offline policy evaluation methods (Liu et al., 2018; Uehara et al., 2020; Yang et al., 2020; Uehara et al.,
2021) and hybrid offline/online methods (Bagnell et al., 2003; Agarwal et al., 2021; Song et al., 2022).

Maximum likelihood. Let M be a realizable model class for which M* € M. We define the Maximum Likelihood
algorithm as follows:

* Foreach h € [H], gather n trajectories {0"}, (|, where o™ = (z1",ay",r""), ..., (¢}, a}f, r}y") by executing

7wt ~ pp, in M* with R as the reward distribution.

« Set M = arg MaX /e g ZhH:1 S log(M(o™* | 7"*)), where M (o | ) denotes the likelihood of trajectory o
under 7 in M.

e Let 7@ = argmax . .; J (7).

Proposition D.1. Assume that M* € M and let R = {Rh}le be a reward distribution with ZhH:1 ry, € [0, 1] almost
surely for all M € M. Forany n € N, given policy covers p1, ..., pq, the Maximum Likelihood algorithm ensures that
with probability at least 1 — 0,

* * * 1 M 5 *
TR (m) — T (7)< 8H W a0 (n) A s i ) ) 3)
, n : ;
and uses H - n trajectories total.
Fitted Q-iteration. Let a value function class Q = Q;,...,Qn C (X x A) — [0, 1] be given. For a value function Q,

define the Bellman operator for M* with reward distribution R by [7}’{’,; |(z,a) == E™ [r), + maxaea Q(zhi1,a) |

Zp = x,ap, = a] under v, ~ R(xp,an). We make the Bellman completeness assumption that for all Q € Qj11,
[ é”,; ] € Qp. We define the L;-Coverage objective with respect to the policy class IT = {mg} oeg» Where mg, n(x) =
arg max,c 4 Qn(z,a).

The Fitted Q-Iteration algorithm is defined as follows:
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e Foreachh=H,..., 1:

- Gather n trajectories {0" '}, (1, Where o™ = (z7",ay",1{""), ..., (¥}, a}, ") by executing 7"* ~ py, in

M™ with R as the reward distribution.
~ . ~ 2
- Set Qp = argmingeg, Yoy (Qz) " ap’) — rpt — maxgea Quer () ,,a"))".
* Let T (x) := argmax,c 4 Qn(z, ).
Proposition D.2. Let R = {Rh}hH:1 be a reward distribution with v, € [0, 1] and ZhH:1 ry, € [0,1] almost surely, and

assume that for all Q € Qp41, [T}é‘f,; Q] € Qy. For any n € N, given policy covers p1, ..., pp, the Fitted Q-Iteration
algorithm ensures that with probability at least 1 — 6,

“log(|Q1/5)

TR (m) = JR(7) < O(H) - <\/ max W32 (pn) + max WiiC (p) .5>, 24)

and uses H - n trajectories total.

D.1. Proofs

Proof of Proposition D.1. By the standard generalization bound for MLE (e.g., Foster & Krishnamurthy (2021); Foster &
Rakhlin (2023)), we are guaranteed that with probability at least 1 — 4,

S B DR (B (wn, an), P (wn0n))] < By, | DR (M(m), M (7)) | < glogIMI/0),

n
h=1 h=1
Let 7, := argmax,cr; Jp4 (7). Using Lemma C.8, we have that
H
T () = JE(R) < J¥ " (m) — T (7)) + TR (R) = J§~(F) < 2max Y EM 7 [Du (P (zn, an), Py (zn, an))).

mell
h=1

Since Dy (PN (21, an), P (zn, an)) € [0, V2], we can use Proposition 3.1 to bound

max EY" " [Dy (P (wh, a1), P (vh,a1))] < 2\/\11;‘14;(]%) - EMPr[DE (P (2h, an), PM (zn, an)) ]

well
+ V203 (pn)e

. log(|M|/d
<22y o) 0D

+ V20N () - €.

Combining this with the preceding inequalities yields the result.

O

Proof of Proposition D.2. By a standard generalization bound for FQI (e.g., Xie & Jiang (2020); Xie et al. (2023)), under
the Bellman completeness assumption, it holds that with probability at least 1 — 4,

n

iEM*’ph {(@h(ﬂ%, ah) - [Tﬁfﬁ@hﬂ] (zh, ah))2] < O<log(|Q|H/6)>.
h=1

At the same time, using a finite-horizon adaptation of Xie & Jiang (2020, Lemma 4), we have that

H

T () = Ji(7) < 2max Y EMT|
S
h=1

Qnl@n,an) — [TA% Qnir] (@n, an) H :
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Since ’@h(a:h, ap) — [Té”;: @h—kl] (zh, ah)| € [0, 1], we can use Proposition 3.1 to bound

rgleaﬁ( EMT U@h(xh, ap) — [Tﬁfi;@h+1] (zn,an) ”

< 2\/ U (n) - B[ (@nlonsan) — [T Qnan] (2 an) ] + Wik (pn) - ¢

. 1 H/o «
<0 <\/ w22 g s> .
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E. Efficient Model-Free Exploration via /.;-Coverage

Our algorithms in the previous section show that the L;-Coverage objective and L;-Coverability parameter enable sample-
efficient online reinforcement learning, but one potential drawback is that they require model-based realizability, a strong
form of function approximation that may not always be realistic. In this section, we give model-free algorithms to perform
reward-free exploration and optimize the L;-Coverage objective that do not require model realizability, and instead require
a weaker form of density ratio or weight function realizability, a modeling approach that has been widely used in offline
reinforcement learning (Liu et al., 2018; Uehara et al., 2020; Yang et al., 2020; Uehara et al., 2021; Jiang & Huang, 2020;
Xie & Jiang, 2020; Zhan et al., 2022; Chen & Jiang, 2022; Rashidinejad et al., 2023; Ozdaglar et al., 2023) and recently
adapted to the online setting (Amortila et al., 2024). The main algorithm we present computes a policy cover that achieves
a bound on the L-Coverability objective that scales with the pushforward coverability parameter (Section 4.2), but the
weaker modeling assumptions make it applicable in a broader range of settings.

Throughout this section, we take II = II,,¢ as the set of all non-stationary policies.

E.1. Algorithm

Our model-free algorithm, CODEX.W, is presented in Algorithm 3. The algorithm builds a collection of policy covers
P1,---,pH € A(Ilps) layer-by-layer in an inductive fashion. For each layer h € [H|, given policy covers p1, ..., pp—1 for
the preceding layers, the algorithm computes p;, by (approximately) implementing the iterative algorithm for policy cover
construction given in Algorithm 5 (Section 4.2), in a data-driven fashion.'

In more detail, recall the pushforward coverability relaxation

M* M*, T
\I/push;h,e (p) = sup E
mell

P (zp | -1, an—1) ]

Ay P (p) + e P (2 | tho1an-1)

for the L-Coverage objective given in Section 4.2. For layer h, Algorithm 3 approximately minimizes this objective by

computing a sequence of policies 7", ... 7™, where each policy
* PM: Th | Th—1,Ah—-1
ﬂ_h,t, %argmaxEM T h,,ih 1( 3 | Mi s Wh ) (25)
mell Zi<t di" (zn) + Pyt (xn | -1, an—1)
is computed in a data-driven, online fashion that makes use of the preceding policy covers p1, . .., py—1. The algorithm then

hy1

computes the cover py, via pp, = Unif (7" op, Tunit, -« ., 7 Op, Tunit)-

Our planning analysis in Section 4.2 shows that as long as the approximation error in Eq. (25) is small, p;, will indeed be an
approximate policy cover that minimizes \Ilgf;h; h,s(ph)' To achieve this, Algorithm 3 makes use of two subroutines. The
first subroutine, EstimateWeightFunction (Algorithm 4), invoked in Line 6, uses function approximation to estimate a
weight function @}, such that

PM (xh | Zh—1,an-1)

— . (26)
Ei<t dh (xh) + Ph71($h ‘ Th—1,Ah—1)

W (2n | Th-1,an-1) & wi(zn | Th-1,a8-1) =

The second subroutine, PolicyOptimization, is a hyperparameter to the algorithm, and approximately solves the policy
optimization problem

™ arg maXEM*’Tr[@Z(Ih | zp—1,an-1)],

mell
treating the estimated weight function @j, as a reward. The PolicyOptimization subroutine makes use of exploratory data
collected using preceding policy covers p1, ..., pnr—1, and hence does not have to perform systematic exploration. Indeed,
we show that any hybrid offline/online method (that is, any online method that requires access to an exploratory policy) that
satisfies a certain “local” policy optimization guarantee is sufficient, with PSDP (Algorithm 6; (Bagnell et al., 2003)) and
Natural Policy Gradient (Agarwal et al., 2021) being natural choices; for our analysis, we make use of PSDP.

'SNote that while the results in Section 4 are presented for the setting in which the underlying MDP M is “known” to the learner

(planning), the algorithmic template in Algorithm 1 can be applied even when M is unknown, as long as the policy optimization step in
Line 4 can be implemented in a sample-efficient fashion. This observation is the basis for the algorithms we present in this section.
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Algorithm 3 Coverage-Driven Exploration via Weight Function Estimation (CODEX . W)
1: parameters:

Weight function class W = W;.p.

POliCy opt. subroutine PolicyOptimizationh(rl;h,pl;h, 6,6).// Optimizes reward r; using policy covers pi.y

Approximation parameter € € (0, 1/2), failure probability § € (0,e~1).

. _ 1 _
2: SetT = - and P! = Tunit-
3: Sete, = c- (CM5 /|ANY2e!/2, e = ¢ - €%, and b,y = Gope = 0/(2HT), for suff. small constants ¢, ¢ > 0.
4: forh=2,--- ,H do
5: fort=1,...,T do
6: W}, + EstimateWeightFunction,, ;(pn—1,{7""};;; €w, 0w, W). /7 Algorithm 4.
PM* (2 |z, a )
// Estimate for wj (zp, | xp—1,an—1) = Fh—1 h = h—1
Si<ct d] ‘,,‘,;\/'h\/ﬁ‘u,‘ Lh_1sap_1)
7: Define reward function r"* via 7" | (zp | £p—1, ap—1) = Wy (xh | Th—1,ar-1) and 7}, =0 VA’ #h —1.
// :,; "‘ can be interpreted as a stochastic reward for layer h — 1.
8: "t <~ PolicyOptimization;_;(p1:h—1,7""; €opt, Oopt)-
. PM™ () |z _1,a1,_
// Approximately solve arg max, EM ™ L Al Lihl
- > iy D +PM Lh—1:0p—1
9: Set pp, = Unif(ﬂ"'l Op Munify - - -, T op ’/Tunif).
10: return Policy covers (p1,...,pm).

In what follows, we describe the EstimateWeightFunction and PolicyOptimization subroutines and the corresponding
statistical assumptions in more detail.

Weight function estimation and realizability. To perform weight function estimation, we assume access to a weight
function class W = Wy.g, with W, C (X x A x X — R ) that is capable of representing the weight function wy}, in Eq.
(26). While we can directly assume that the weight function in Eq. (26) is realized by W (cf. Assumption K.1), it turns out
(cf. Proposition K.1) that the following weaker form of weight function realizability is sufficient.

Assumption E.1 (Weight function realizability). Forall h > 2 and all ™ € 1l

Py (@' | @)

- c W,
4 () h

wi (2 | x,a) =

Assumption E.1 is new to the best of our knowledge, and is naturally suited to the pushforward coverability objective.
While this assumption involves the forward transition probability, it is weaker than model-based realizability because it
only requires modeling the relative transition probability, as the following example shows.

Example E.1. For a Block MDP (Du et al., 2019; Misra et al., 2020; Zhang et al., 2022; Mhammedi et al., 2023b) with latent
state space S and decoder class ® C (X — S), we can satisfy Assumption E.1 with log|W| < O(|S|*|A| + log|®|),'®
yet any realizable model class must have log| M| = Q(]X|) > |S| in general. q

See Amortila et al. (2024) for further discussion around weight function realizability in online RL.

Our weight function estimation subroutine, EstimateWeightFunction, is given in Algorithm 4. To motivate the algorithm,
consider the following abstract setting. Let Z be a set. We receive samples Dy = {z,...,2;;} € Z and Dy =
{20y, 20} € Z, where 2, ~ ' € A(Z) and 2, ~ V' € A(Z). The distributions z1* and v* can be chosen in an adaptive
fashion based on 2}, 2., ..., 2", 27". We define u = % S ptand v = % >r_, v, and our goal is to estimate the

wr “uo L)

density ratio w*(z) 1= £ 8 Given realizable weight function class VW with w* € W, Nguyen et al. (2010) (see also

'SFormally this requires a standard covering argument; we omit the details.

26



Scalable Online Exploration via Coverability

Algorithm 4 Weight Function Estimation (EstimateWeightFunction, ;(pn—1, {7}, ;;€,6, W)

1: parameters:
Layer h > 2, iteration ¢t € N.
Distribution py_1 € A(Il,ys) , policies 7t ..., 7wt € Il.
Error tolerance € € (0, 1), failure probability § € (0,1).
Weight function class W = Wy.g with W), C (X x A x X — [0,1]).

40log(|W|6~1
Let n = Nyeight (€, ) 1= %.

Letq:= %ph—1 + ﬁ Y it T Op—1 Tunit if t > 1 and ¢ := py_1 otherwise.

Let Dl = D2 = J.
For each j € [n], draw 7 ~ ¢ and sample (x}, ,,a) ,,z}) ~ . Add (z},_,,a],_,,x}) to both D; and Ds.
fori < tdo

Draw n samples {(z},_;,a},_;,})} independently by drawing 7 ~ ¢ and (x},_,,aj_,, ;) ~ 7.

j€[n]
by sampling (%}, _y, @}, _, T;,) ~ 7.

to Ds.

Draw n samples {(Z),_,,a},_;, i;)}je[n]

Add {(zj,_,, aﬁﬁl?”ﬁ)}je[n] to Dy and add {(z},_,a},_,, %)}

R R A A S o

Jj€ln]
10: Set W := argmax,,cyy, Ep, [log(w(zn | 2h—1,an—1))] — t - Ep, [w(zs | 2h_1,an—1)]. /7 See Eq. (54).

11: return .

Katdare et al. (2023)) propose the estimator

W 1= arg max EDl [log(w)] — IEDz [w], @7
wew

where I/['fp [-] denotes the empirical expectation with respect to a dataset D. We show (Theorem K.2 in Appendix K) that this
estimator ensures that

— —\2 log(|W]é~1)

Eeny [(VB(2) = V()] S O(lw*llo) - = (28)
with high probability. Algorithm 4 simply applies this technique to estimate the weight function in Eq. (26); to ensure
realizability of Eq. (26) under Assumption E.1, we apply the method with an expanded weight function class (defined in
Proposition K.1); see Appendix K.1 for details.

Remark E.1 (Comparison to contrastive learning (Misra et al., 2020)). We remark our weight function estimation subroutine
(Algorithm 4) can be viewed as a form of contrastive learning, with the target (population) weight function in Eq. (26) bearing
strong similarity to the target (Bayes-optimal) function from the regression problem used in the HOMER algorithm (cf. Line
11 of Algorithm 3 and Lemma 9 of Misra et al.). We also note that both CODEX.W and HOMER find policy covers inductively
via policy optimization on exploratory reward functions, and thus we can view CODEX.W as a natural generalization of the
HOMER algorithm to settings beyond the Block MDP. Additionally, our analysis improves dependencies present in HOMER’s
sample complexity (notably, the dependence on the minimal visitation probability).

Policy optimization subroutine. The policy optimization subroutine, PolicyOptimization, is a hyperparameter to the
algorithm, and can be any subroutine that approximately solves the policy optimization problem

7t~ argmax BT [@) (2, | wh_1,an_1)],

mell

which treats the estimated weight function w}, as a reward for layer h — 1. PolicyOptimization does not need to perform
global policy optimization—instead, we only require a certain form of “local” guarantee with respect to the approximate
policy covers p1, ..., pr—1; see Assumption K.2 for details.

For concreteness, we make use PSDP (Bagnell et al., 2003), described in Appendix K.4, as the PolicyOptimization
subroutine. PSDP optimizes a given reward function r;,_; by collecting exploratory data with py, ..., py—1 and applying
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approximate dynamic programming with a user-specified value function class Q. We make the following value-based
realizability assumption, which asserts that Q is expressive enough to allow PSDP to optimize any weight function in the
class W.

Assumption E.2. We have access to a value function class Q@ = Qq.pg with Qp C (X x A — [0,1)) such that for all
h € [H], w € Wh, and 7 € Tl,5, we have Qf*’”(-, sw) € Qpforall £ < h—1, where

Qf*’ﬂ(ﬂf,a;w) = ]EM*’W[wh(SCh \ xh—laah—l) \ Ty = T,0¢ = a]

is the Q-function for w under the (stochastic) reward function defined via ry,_1 = w(xp, | Tph—1,an-1) and rp, = 0 for

W#h— 1

E.2. Main Result

The main guarantee for Algorithm 3 applied with PSDP is as follows.
Theorem E.1 (Main result for Algorithm 3 with PSDP). Let e € (0,1/2) and § € (0,e™1) be given, and suppose that we
have a weight function class VW and value function class Q such that Assumptions E.1 and E.2 are satisfied. Then with PSDP
(Algorithm 6) as a policy optimization subroutine, and using an expanded weight function class defined in Proposition K. 1,
Algorithm 3 produces policy covers p1, . ..,pa € A(Ilns) such that with probability at least 1 — 0, for all h € [H],
‘I’gﬂ;h;h,s(Ph) < 170H log(e ™) - Cpua

push>

and does so using at most

_ -1 4 -1
N<O<H|A10g€i|W|5 ) H |A|10§5(|Q\5 ))

episodes.

Theorem E. 1 is a special case of a more general result (Theorem K.1) which allows for general policy optimization algorithms
that satisfy a certain “local optimality” guarantee (Assumption K.2); we obtain the result by verifying that PSDP satisfies this
condition. Let us discuss some key features.

* Sample efficiency. The sample complexity in Theorem E.1 scales as poly (H, | A|, log|W]|, log|Q|,e~1), and hence is
efficient for large state spaces; we expect that the precise polynomial factors can be tightened, as can the approximation
ratio in the objective value, though we leave this for future work. As with our results in preceding sections, the resulting
policy covers p1, ..., pm can be directly used for downstream policy optimization.

» Computational efficiency. With PSDP as the PolicyOptimization subroutine, Algorithm 3 is computationally efficient
whenever i) the weight function estimation objective in Line 10 of Algorithm 4 can be solved efficiently over WV, and
ii) square loss regression over the class Q can be solved efficiently. We consider these to be fairly mild assumptions.

* Practicality. In practice, we expect that the subroutine PolicyOptimization can be implemented using off-the-shelf
deep RL methods (e.g., PPO or SAC), which are known to perform well given access to exploratory data. In this
sense, Algorithm 3 can be viewed as a new approach to equipping existing deep RL methods with exploration, with
the weight function-based rewards in Line 7 acting as exploration bonuses.

As a concrete example, we can instantiate Theorem E.1 for Block MDPs to derive end-to-end guarantees under standard

assumptions.

Example E.2 (Sample complexity for Block MDP). For a Block MDP (Du et al., 2019; Misra et al., 2020; Zhang et al.,

2022; Mhammedi et al., 2023b) with latent state space S and decoder class & C (X — S), we can satisfy Assumption

E.1 with log|W| < O(|S|*|A| + log|®|) and log|Q| < O(|S||A| + log|®|), so Theorem E.1 gives sample complexity
N(H4\S\2IA\2 10g(|<1>\<5*1))

N<O = . N

5

We view the results in this section as a proof of concept, showing that the planning methods derived in Section 4 for
iteratively optimizing L-Coverage can be implemented in a data-driven fashion. We leave sample-efficient counterparts for
other relaxations for future work.
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F. L,-Coverage: Structural Properties

In this section we draw connections between L, -Coverability, the structural parameter induced by L;-Coverage, and other
structural parameters and objectives, focusing on (i) a non-admissible variant of L;-Coverability (Appendix F.1), and (ii)
feature coverage (Appendix F.2). We also show that alternative exploration objectives do not induce meaningful structural
parameters in the same fashion as L;-Coverage (Appendix F.3).

F.1. Connection to Non-Admissible L-Coverage

Inspired by Eq. (5), we can also define a non-admissible counterpart to L;-Coverability as follows.

oM _ inf sup EM:™ |:dl}¥[77r(xh’ah):| (29)
MER T e A(XxA) rell w(@n, an)
and O, = maxje(n] Covg.y- This quantity was used to provide sample complexity bounds for online reinforcement

learning by Liu et al. (2023a) (generalizing the results of Xie et al. (2023)), and the associated concentrability coefficient

M,m
v p(p) = sup g EMT [%} is widely used in offline reinforcement learning (Farahmand et al., 2010; Xie &

Jiang, 2020). The following result, which uses the minimax theorem in a similar fashion to Proposition 3.2, shows that it is
possible to bound L;-Coverability by this quantity in spite of non-admissibility, albeit with some loss in rate.

M

c
Proposition F.1. For all € > 0, it holds that Covy, . < 14 21/ =2,

€

Note that while the bound in Proposition F.1 grows as \/g , it still leads to non-trivial sample complexity bounds through

our main results (which give meaningful guarantees whenever Coth7 . grows sublinearly with e~1), though the resulting
rates are worse than in the case where Cov;,'. is bounded by an absolute constant.

F.2. Connection to Feature Coverage

Another well-studied notion of coverage from offline reinforcement learning is feature coverage (Jin et al., 2021b; Zanette
et al., 2021; Wagenmaker & Pacchiano, 2023). Consider the Low-Rank MDP framework (Rendle et al., 2010; Yao et al.,
2014; Agarwal et al., 2020; Modi et al., 2024; Zhang et al., 2022; Mhammedi et al., 2023a), in which the transition
distribution is assumed to factorize as

Py (xn | @h—1, an-1) = (Ph—1(Th—1,an-1), Yn(xn)), (30)

where ¢p,_1(z,a), ¥ (z) € RY are (potentially unknown) feature maps. For offline reinforcement learning in Low-Rank
MDPs (Jin et al., 2021b; Zanette et al., 2021; Wagenmaker & Pacchiano, 2023), feature coverage for a distribution
p € A(X x A) is given by C}) (1) = sup,en[|E™™ [pn (2, ah)]||;;1. We define the associated feature coverability
coefficient by

JV{ — . f y Ejvl,ﬂ' \ , 2_’ 31
bih #GAI&M)Z‘;EH [Pn(zh, an)]ls (€2))

where 3, := E(; )y [0n (2, a)¢n(x,a) "], and define C}' = maxye () C}ly. Note that one always has C}' < d, asa
consequence of the existence of G-optimal designs (Kiefer & Wolfowitz, 1960; Huang et al., 2023). The following result
shows that L-Coverability is always bounded by feature coverability.

Proposition F.2. Suppose the MDP M obeys the low-rank structure in Eq. (30). Then for all h € [H|, we have

oM ‘Al'CM

¢sh—1
avg;h €

< |A| - C}l),_,, and consequently Covy,', <1+ 2

We remark that if we restrict the distribution y € A(X x A) in Eq. (31) to be realized as a mixture of occupancies,
Proposition F.2 can be strengthened to give Cov;,’. < O(\A| Oy h—l)' Note that through our main results, Proposition F.2,
gives guarantees that scale with |.A|. This is necessary in the setting where the feature map ¢y, is unknown, which is covered
by our results, but is suboptimal in the setting where ¢ is known.
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F.3. Insufficiency of Alternative Notions of Coverage

L;-Coverage measures coverage of the mixture policy p € A(II,ns) with respect to the Ly (d,"™)-norm. It is also reasonable
to consider variants of the objective based on L,-norms for ¢ > 1, which provide stronger coverage, but may have larger
optimal value. In particular, a natural L, -type analogue of Eq. (2) is given by

d,"" (z,a)
M = su su h ! } 32
ooihye (p) Treg (x,a)EgX.A{ d;\:’p(x’ CL) +e- d}]?’ﬂ- (.’IJ, a) ( )

is identical to the L. -coverability coefficient C'%! (5) studied in Xie et al. (2023), except that we restrict the data distribution
p € A(X x A) to be admissible, i.e. realized by a mixture policy p € A(ILns) (we also incorporate the term ¢ - d;"" (z, a)
in the denominator to ensure the ratio is well-defined). The following lemma shows, perhaps surprisingly, that in stark
contrast to L;-Coverage, it is not possible to bound the optimal value of the admissible L,-Coverage objective in Eq. (32)
in terms of the non-admissible coverability coefficient C..

Proposition F.3. There exists an MDP M and policy class 11 C Il,ns with horizon H = 1 such that Cé‘g; n < 2 (and hence
COVKE < 2aswell), yet for all € > 0,

inf \Pg;h,e(p) >

) (33)
pEA(II)

™ | =

and in particular infp,e A (my V2, o () = 00

Note that one trivially has inf,ea ) V2L, h_’s(p) < %, and hence Eq. (33) shows that the optimal value is vacuously large for

the MDP in this example. In contrast, we have Covﬁg < 2 even when € = 0. More generally, one can show that similar
failure modes hold for admissible L,-Coverage for any ¢ > 1.
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Part I1
Proofs

G. Proofs from Section 3

Proposition 3.1 (Change of measure for Li-Coverage). For any distribution p € A(Il,,s), we have that for all functions
g: X x A= [0,B],all 7Tl andall e > 0,"

E* " g(zn, an)] 3)

Proof of Proposition 3.1. Let p € A(Ilns) and g : X x A — R be given. We first prove the following, more general
inequality:

E* 7 [g(zn, an)] < \/ U _(p) - (BMPlg2(xn, an)] + € - B [g%(xn, an))). (34)

Using Cauchy-Schwarz, we have
EYlg(an,an)l = Y (2, a)g(x,a)
r€EX,acA

pPM,p LM, 1/2
Z df’ﬂ(x,a) (dh (x,a)+€ dh (.’IZ‘,G))

ke ) e dy a7 I
1/2 1/2
(dzf’ﬁ (z, a))2 M M 2
= d P -d . ’ )
- xe;eA dpP(z,a) +¢-dy) " (2, a) xe;@( wima)tedy e a)gtie,o)

= V() - (B [g2(w, a)] + & - B[22, an)]).

This establishes Eq. (34). To prove Eq. (3), we first bound

VL) E g2 )] + e - B g2 (wnan))) < UL (0) - YL (wn,an)]

Next, we note that if g € [0, B], we can use AM-GM to bound

VL) e BV an)) < (L 0) - (6B) - BV Tlg(an, an)] < —

The result now follows by rearranging. O

Proposition 3.2. For all € > 0, we have Cov%E < Cln

Proof of Proposition 3.2. Letd > 0 be given. Using Lemma C.10 and the definition of C/ ;, there exists 1 € A(X x A)
such that

)
Covy,. < <1 + €>C§é;h - inf supE™7” [ #(@n, an) 1

PEA(IT) rell dy P (xn, an) + 6 - O w(xn, an)

)
= <1 + >C£.h - inf  sup Er ,E™7
€ T peA(l) gea(m)

p(xh, an) ]

Ay (x,an) + 0 C i(wn, an)

""This result is meaningful in the parameter regime where W}\'_(p) < 1/c. We refer to this regime as non-trivial, as )" (p) < /e
holds vacuously for all p.
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Observe that the function

d]\l,[)

1) = B g BMT pxh, an)
(. q) q l WP (s an) + 0 C2 (. an)

is convex-concave. In addition, it is straightforward to see that the function is jointly Lipschitz with respect to total variation
distance whenever €, > 0. Hence, using the minimax theorem (Lemma C.1), we have that

p(xp, ap) ]

dyP(zp,an) + 6 - C’é‘g;hu(xh, ap)

. - w(zh, an)
= sup inf E, ,E* -
gEA(IT) PEA(IT) a d?j’p($h, ah) +4- Cé‘é;hu(l‘h, ah)

,U/((Eh, Clh)
S Sup EﬂN ]EJ\/I,TK'
geam dy Uz, an) + 0 - CM u(wn, an)

d]w,q

oy Y

z€X ,a€A dy (w,a) +6- CYp(w,a) ~

inf  sup E . ,E"7
PEA(M) ge A(TI)

To conclude, we take 6 — 0. O

H. Proofs and Additional Details from Section 4
H.1. Omitted Algorithms

Algorithm 5 Approximate Policy Cover Computation via Pushforward Coverability Relaxation

1: input: Layer h € [H], precision parameter , ¢ € [0, 1], optimization tolerance e,p¢ > 0.
2: SetT = 1.

3: fort=1,2,--- ,T do

4: Compute 7* € IT such that

P;Kl(ﬂﬂh | 96}1717%71)

Zi<t dﬁlﬂrl (zn) + PM (xh | Th-1,0n-1)

M
> sup E7
well

pM PM o (xh | h-1, an-1) ] — Eopt-

Dict )" (xn) + PM (zh | 2h-1,an—1)

5: Return p = Unif(7,...,77).

H.2. Examples for Algorithm 1

As discussed in Section 4.1, the L,-coverability relaxation (6) used by Algorithm 1 can be optimized efficiently whenever a
(non-admissible) state-action distribution € A(X x A) with low L,-concentrability C2%., can be computed efficiently
for the MDP M. Examples of MDP classes the admit efficiently computable distributions with low concentrability include:

» When M is a tabular MDP, the distribution p(z,a) = I Xlll vy (which clearly admits a closed form representation) achieves
Cln () < [X[|A].

* For a Block MDPs (Du et al., 2019; Misra et al., 2020; Zhang et al., 2022; Mhammedi et al., 2023b) with latent state
space S, emission distribution ¢ : § — A(X), and decoder ¢* : X — S, the distribution u(x, a) := q(x | ¢*(z)) - m
achieves C77 (1) < |S[|A] (Xie et al., 2023). Again, this distribution admits a closed form representation when M is
explicitly specified.

¢ For low-rank MDPs with the structure in Eq. (30), the distribution given by p(z,a) = % |17‘ achieves
) pda’

C2 ., (u) < B|AJ under the standard normalization assumption that [ ||y (2)||,dz" < B and ||¢(x, a)l, < 1 for some

32



Scalable Online Exploration via Coverability

(typically dimension-dependent) constant B > 0 (Mhammedi et al., 2023a; Golowich et al., 2023). Alternatively we
can compute a set of policies 7', ..., 7 that form a barycentric spanner for the set {E""" [¢(zp, an)]} <y and choose

w(z,a) = ﬁ S d;t”“i (), which achieves C! ; (11) < d|.A| (Huang et al., 2023).

These examples highlight that for many settings of interest, computing a covering distribution z € A(X x .A) when the
model is known is significantly simpler than computing an explicit policy cover p € A(Il,,s), showcasing the utility of
Algorithm 1.

H.3. Proofs from Section 4.1

Proposition 4.1. For a distribution pi with Co = CLL, (), it holds that for all p € A(Tlys),

Up'e(p) <20 - U, (). @)

Furthermore, CovZ’;h’8 <1foralle > 0.
Proof of Proposition 4.1. Fix x and abbreviate Coc = CJ[ ), (11). Observe that for any 7 € Il and p € A(Ils),
Lemma C.10 implies that we can bound

EM-T thm(Ih) ah)

dy"P(zh,an) + - d)"" (xh, ap)
L
< EM |: - h (wh’ ah) ] L O EMT |: - :u(xhv ah)
d, P(xp,ap) + e Coopi(xn, ap) dy " (xh,an) + € - Coopi(xh, ap)
<20, EM:™ |: :u(xhv ah) :| )
d;t]’p(xh, ah) +ée- C'oo,u(xh, ah)

For the claim that Covj_”f; n.e < 1, see the proof of Proposition 3.2.

O

Theorem 4.1. For any ¢ € [0,1] and h € [H], given a distribution p with Coe = C2L.; (1), whenever eqpy < €log(2e™1),
Algorithm 1 with T = e~ produces a distribution p € A(I1) with |supp(p)| < =1 such that

?f;h,e(p) < 310g(2571)’ (9)

and consequently W}’ (p) < 6C, log(2e™1).

Proof of Theorem 4.1. Let us abbreviate d* — > d™" . Observe that for T = %, we have

1<t
(@, an) (xh, an)
ﬁ/[;h,s(p) = sup ™7 E aM Coo =T -sup E™7 T »
mell 7r’~p[ h (xhvah)] + ?,Ut(xhaah) mell dh (xh,ah) -‘r—COO[L(:L'h,ah)

and hence it suffices to bound the quantity on the right-hand side. Observe that for all ¢ € [T], we have that

sup EM™| M(xhvah) < sup EM:T — M(whvah) ’
well d}, (xh,an) + Coopi(xp, ap) nell dy(xn, an) + Cocpi(zh, an)
and consequently
(xh,an) & (zn, an)
T-sup EM7™ | —— HiZh, Oh < z:supIElM’Tr - H\Th, Ok
well dh+ (:Chz ah) + Cocp’<xh7 ah) mell dth(zha ah) + Ooo,u(zha CLh,)

p(zh, an)

dj, (n, an) + Coopp(xn, an)

IN

+ 5optT~

t=1
T
z :E]\/I,T(t
t=1

33



Scalable Online Exploration via Coverability

Finally, we note that

T

T t
dMTr (1, a)

ZEhl,ﬂ't _ (T, an) _ Z j(z

t=1 dj, 1

0(@ns an) + Coop(xh, ap) TEX,aCA t= df (2,a) + Coopi(, a)

Since sup, ey dp " (2, a) < Coopi(z, a) forall (z,a) € X x A, Lemma C.9 implies that

S S pwa—CTEDm,

TEX,a€A t=1 dt i@, a) + Coop(z, a)
allowing us to conclude that

:\L/[;h,e(p) < 2 log(ZT) + EoptT~

H.4. Proofs from Section 4.2

Proposition 4.2. Fix h € [H]. For any p € A(Il,ns), if we define p' € A(Il,ns) as the distribution induced by sampling
T ~ p and executing T oy, Tunif, we have that for all € > 0,

e(@) <Al Woighn < (D)- (11)

Furthermore, Covy, < Cpushop Jorall e > 0.

push;h,e

Proof of Proposition 4.2. We first note that

diw,ﬂ’(xh)
\I/ME p/ S Al - sup EM,Tr[ h _ .
nP) S AL S B ) e dy (o)

Next, we write

M,T dilr[)ﬂ—(xh) (dzl)ﬂ(x))z
E | =% 7

dy P (zp) +e-dy) " (xn = (z)+e-d)"(z)

We now state and prove a basic technical lemma.

Lemma H.1. Foralle,6 > 0, the function f(z) =

',E2
dtex
Proof of Lemma H.1. This follows by verifying through direct calculation that

2

f(x)=¢- Gt e and f"(x) =4eé -

X
— >
Gteap ="

By Lemma H.1, the function
()7

des -7
dpP(z)+e-d

is convex for all z. Hence, writing d;,"" (z) = E*™ [P} | (x | ®4—1,an—1)], Jensen’s inequality implies that for all z,

(dzf’ﬂ( ))2 < EMJr (P]-]Lw—l(aj ‘ xh—17a'h—1))2
dyP(@) +e-dy (@) ~ dyP(x) +e- Py (x| p-1,an-1)
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We conclude that

EMm " (zn) } < B |3 (Pl (@ | 2p—1,an-1))
dy P (an) +e-dy) ()] T = dy (@) e PRy (@ | ane, an-t)
— M PiILV[fl(xh ‘ LTh-1, ah—l) < gM (p)
AP () e Py (en | opoy,ap) | T PEmREE

We now prove the bound on Covy,,.;, .- Let § > 0 be given. Using the definition of C))/ , and the same argument as
Lemma C.10, there exists 1 € A(X') such that

1)
Covrenine < [ 1+ = )CMy, - inf supEM7™
push;h,e = c push;h pEA(II) TrEII_)I

plzn) ]

dfﬂj7p($h) +d- Cgésh;hﬂ(ﬁth)

pleen) ] .

d?f’p(wh) +0- C%sh;hﬂ(xh)

)
=(1+4+-)CYy.,- inf sup Ep ,E™T
< €> pushif PEA(H)quFn) 7

Observe that the function

(p,q) = Eqxq BT

dy, (@) + 6 - Cplgpni(n)

uln) ]

is convex-concave. In addition, it is straightforward to see that the function is jointly Lipschitz with respect to total variation
distance whenever ¢, > 0. Hence, using the minimax theorem (Lemma C.1), we have that

. ()
inf  sup E . ,EYT
PEA(I) ge A(TT) ! d?f”’(ﬂﬂh) +0- Cé\ﬁsh;hﬂ(wh)

p(wn)
Ay () + 6 - Oy ()

1(zn)
dy " (wn) + 6 - Colgniln)
) Z dy) ! (x)p(x) <1.

dzl"q(os) +6- C’;”sh;hu(o:) -

u:

= sup inf E .  E"7
qEA(IT) PEA(IT)

< sup Er  E"™7
q€A(TI)

rzeX

To conclude, we take 6 — 0.

O

Theorem 4.2. Forany e € (0,1] and h € [H], whenever copy < Chlgy, - €log(2e7"), Algorithm 5 produces a distribution
p € A(ID) with |supp(p)| < &1 such that

Ulenn e (p) < BCH G, log(2e71). (12)

Consequently, if we define p' € A(Il,ns) as the distribution induced by sampling © ~ p and executing 7 oy, Tunit, we have
that W) _(p') < 5| A|Chg.p, log(2e™1).

Proof of Theorem 4.2. Let us abbreviate JZ =Y dy ™ Observe that for T = 1, we have

e

M _ M,
\ijush;h,e(p) = sup E
mell

PM (zh | ®h—1,an-1)
!
ET(/NP [dl}?’ﬂ- (Z‘h)] + %P}]L\/Ll(xh | xh—lvafh—l)
P}Q/I—1(35h | Th—1,an-1) 1
)

A7 (zn) + P (on | Tho1,an1)

=T sup EM™™
mwell
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and hence it suffices to bound the quantity on the right-hand side. Observe that for all ¢ € [T, we have that

sup EM™
mell

< sup EM™
mwell

C,lvﬁl(ﬂlfh,) +PY (xn | Th—1,an-1) JE_I(Ih) + P (xn | Th—1,an-1)

P (xh | Th—1,an-1) ]

P (xp | ®p—1,an-1) ]
)

and consequently

PM (zh | h—1,an-1)

dy, (z1) + Py (2 | @1, an-1)

T -sup EMT™
mell

l Pilyfl(xh ‘ xh—lvah—l) ] upEMﬂ-

J;;H(xh) + P (xn | xh—1,an-1)

P (zh | ®h—1,an-1)

JZ(Ih) + PM (x| xp—1,an-1)

| N

+ Eopt T.

e
s

Now, let 1 € A(X) attain the value of Cl ;. Using Lemma C.11 with e = 1 and 6 = C}i ;,, we have that for all € I,

g | PM (xh | Th—1,an-1) P ljﬁ”’_l(xh | Th—1,an-1) Lo e | w(zn)
di(xn) + Py (zp | @p—1,an-1) | di,(xn) + Clhighnb(Th) past di,(xn) + Ol (Th)
- f(zn)
< 2C s - E ] .

d;L(xh) + C’push s (xh)

Hence, we can bound

T
ZEM’,J P (xh | ®h—1,an-1) <20, hZEM o [ p(zh) ]
- 1 -
=1 dy,(xn) + Py (2n | 2h-1, an-1) =1 dj (zn) + Cighni(@n)
dM,‘n't( )
= 2C3iamn D ZM
zeX t=1 d;L( ) Cglllsh nH ( )

Since sup,e dy, " (2) < SUPex gen PALy (x| 2/, a) < CM () forall 2 € X, Lemma C.9 implies that

3 ZT: L() < 2log(2T).

TEX, +COON( )
We conclude that
T
t PM (zp | xp_1,an_
S BT < w1 (@ | @1, an-1) < 40 1og(2T) (35)
= dj,(zn) + P (zh | Th1,an—1)
and Wi, (p) < 4C .5, 10g(2T) + eopt T O

I. Proofs and Additional Details from Section 5

This section is organized as follows:

* Appendix I.1 presents our most general guarantee for Algorithm 2, Theorem I.1, and derives sample complexity bounds
based on L;-Coverability as a consequence.

* Appendix 1.2 presents applications of these results to downstream policy optimization.
* Appendix 1.3 presents preliminary technical lemmas.

* Appendix 1.4 proves Theorem I.1, proving Theorem 5.1 as a corollary.

36



Scalable Online Exploration via Coverability

I.1. General Guarantees for Algorithm 2

In this section, we present general guarantees for CODEX (Algorithm 2) that (i) make us of online (as opposed to offline)
estimation oracles, allowing for faster rates, and (ii) enjoy sample complexity scaling with L;-Coverability, improving upon
the L..-Coverability-based guarantees in Section 5.

I1.1.1. ONLINE ESTIMATION ORACLES

For online estimation, we measure the oracle’s estimation performance in terms of cumulative Hellinger error, which we
assume is bounded as follows.
Assumption I.1 (Online estimation oracle for M). At each time t € [T], an online estimation oracle Alggg, for M

returns, given '~ = (7', 0%),..., (7" o) with o' ~ M*(7*) and 7" ~ p', an estimator M* € M such that whenever
M* e M,

T
Esty(T) i= Y Epip [DR(M!(x'), M*(*))] < Esti (M, T,4),
t=1

with probability at least 1 — 8, where Est)'(M, T, §) is a known upper bound.

See Section 4 of Foster et al. (2021) or Foster & Rakhlin (2023) for further background on online estimation. Algorithm 2
supports offline and online estimators, but is most straightforward to analyze for online estimators, and gives tighter sample
complexity bounds in this case. The requirement in Assumption I.1 that the online estimator is proper (i.e., has Mt e M)
is quite stringent, as generic online estimation algorithms (e.g., Vovk’s aggregating algorithm) are improper, and proper
algorithms are only known for specialized MDP classes such as tabular MDPs (see discussion in Foster et al. (2021)).'8 This
contrasts with offline estimation, where most standard algorithms such as MLE are proper. As such, we present bounds based
on online estimators as secondary results, with our bounds based on offline estimation serving as the main results.

Offline-to-online conversion. On the technical side, our interest in proper online estimation arises from the following
structural result, which shows that whenever the L-Coverability parameter is bounded, any algorithm with low offline
estimation error also enjoys low online estimation error (with polynomial loss in rate).

Lemma 1.1 (Offline-to-online). Any offline estimator M that satisfies Assumption 5.2 with estimation error bound
Est{ (M, T, 8) satisfies Assumption I.1 with Est (M, T, ) < G(H (Ch(1+ Est{ (M, T, 5)))1/3T2/3).

avg

Note that C2f; < Covg'”; we leave an extension to Cov}'" for £ > 0 to future work.

We also make use of a tighter offline-to-online lemma based on the (larger) L..-Coverability parameter CX".

Lemma 1.2 (Xie et al. (2023)). Any offline estimator M that satisfies Assumption 5.2 with estimation error bound
Est? (M, T, 8) satisfies Assumption I.1 with Est (M, T, ) < 5(H (cxrr- Est? (M, T, ) Y2y HCY™).

Both lemmas lead to a degradation in rate with respect to 7', but lead to sublinear online estimation error whenever the
offline estimation error bound is sublinear.

1.1.2. GENERAL GUARANTEES FOR ALGORITHM 2

Our most general guarantee for Algorithm 2, which assumes access to an online estimation oracle, is as follows.
Theorem 1.1 (General guarantee for Algorithm 2). With parameters T € N, C > 1, and £ > 0 and an online estimation
oracle satisfying Assumption 1.1, whenever the optimization problem in Eq. (13) is feasible at every round, Algorithm 2
produces a policy covers py, ..., pg € A(I1) such that with probability at least 1 — §, Vh € [H|: ;‘f;(ph) <

3 . on on
11HC+E\/H C-Esty(M.,T.6) 8HEsty(M,T,8)
13

T e2 T (36)

Theorem 5.1 is derived by combining this result with Lemma I.2. The next result instantiates Theorem I.1 with Lemma I.1,
allowing us to give sample complexity guarantees based on L-Coverability that support offline estimation oracles.

180n the statistical side, it is straightforward to extend the results in this section to accommodate improper online estimators; we impose
this restriction for computational reasons, as this enables the application of the efficient planning results in Section 4.
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Corollary I.1 (Main guarantee for Algorithm 2 under L;-Coverability). Let ¢ > 0 be given. Suppose that (i) we
restrict M such that all M € M have Cov) < Cov’", and (ii) we solve Eq. (13) with C' = Cov’”" for all ¢ (which

is always feasible). Then, given access to an offline estimation oracle satisfying Assumptions 5.2 and 5.3, using 7' =
6 ( H'?(Cov” )4zest log(Best/d)

€

) episodes, Algorithm 2 produces policy covers p1,...,pg € A(II) such that

Vhe[H]: Wil(py) <12H - Covl” (37)

with probability at least 1 — §. In particular, for a finite class M, if we use MLE as the estimator, we can take T =
5(H”<Cov3’*>§ log<|M|/6>>_

€

This result shows that L1 -Coverability is itself a sufficiently powerful structural parameter to enable sample-efficient learning
with nonlinear function approximation. Note that while Corollary 1.1 assumes for simplicity that Eq. (13) is solved with
C = Cov!"", it should be clear that if we solve the objective for C' > Cov2’" the result continues to hold with Cov'"
replaced by C in the sample complexity bound and approximation guarantee.

I.2. Applying Algorithm 2 to Downstream Policy Optimization

By Proposition 3.1 (see also Appendix D), the policy covers p1, . . ., py returned by Algorithm 2 can be used to optimize any
downstream reward function using standard offline RL algorithms. This leads to end-to-end guarantees for reward-driven
PAC RL. For concreteness, we sketch an example which uses maximum likelihood (MLE) for offline policy optimization; see
Appendix D for further examples and details.

Corollary 1.2 (Application to reward-free reinforcement learning). Given access to H - n trajectories from the policy
covers p1, . .., pg produced by Algorithm 2 (configured as in Theorem 5.1) and a realizable model class with M* € M,
for any reward distribution R = {Rh}th1 with Zthl rp € [0,1], the Maximum Likelihood Estimation algorithm
(described in Appendix D) produces a policy 7 such that with probability at least 1 — 6, J¥ " (m,) — J¥ (%) < O(H) -

<\/HCOJ‘§>* . W +HCY" - 6) , where J§* (7)== EM7 {Zthl rh} denotes the expected reward in M* when R
is the reward distribution.

We now sketch some basic examples in which Corollary 1.2 can be applied.

Example 1.1 (Tabular MDPs). For tabular MDPs with |X'| < S and |.A| < A, we can construct online estimators for which
Est]'(M,T,§) = O(HS?A), so that Theorem 5.1 gives sample complexity T = W to compute policy covers
such that W}'7 (p,) < 12H - C3". q

Example 1.2 (Low-Rank MDPs). Consider the Low-Rank MDP model in Eq. (30) with dimension d and suppose, following
Agarwal et al. (2020); Uehara et al. (2022), that we have access to classes ® and ¥ such that ¢;, € ® and ¢, € ¥. Then
MLE achieves Est{ (M, T, §) = O(log(|®||¥|)), and we can take C2* < d|.A|, so Theorem 5.1 gives sample complexity
T = pOIY(H’d’l“‘gglog“@WI)) to compute policy covers such that W}'” (p,) < 12H - C3I". q

I.3. Technical Lemmas
Lemma 1.1 (Offline-to-online). Any offline estimator M that satisfies Assumption 5.2 with estimation error bound

Est{f (M, T, 8) satisfies Assumption 1.1 with Est{f (M, T,8) < O(H (CMe (1 + Estdf (M, T, 5)))1/3T2/3).

avg

Proof of Lemma L1. Let us abbreviate dj, = d)"" L By Lemma A.11 of Foster et al. (2021), we have that

Est?"(T) = XT:E,rtwpt [Dﬁ (M*(ﬂf), M t(ﬂt))]

t=1

H T
< O(log(H)) - Z Z Ertpt M [Da (P,’Z”* (zh,an), P (xn, ah)) + D}, (R;’Y* (zh,an), Ry (x, ah))} .
h=1 t=1
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At the same time, for all ¢, we have by Lemma C.5 that
Z Ewir\/pi E’M*mi |:Da <PIZLM* (mha ah)7 P}J?t (I’h ah)) + DI%I (R;\LJ* (xha ah)a R}]?t (.’Eh, ah))i|
i<t

<43 Erioy [Da (M*(w‘), M\t(wi))} < 4Bt (1)

i<t
The result now follows by applying Lemma I.3—stated and proven below—to the function g¢(x,a) =

D{ (P (z,a), PM (2,a)) + D} (RY (2,a), R)' (x,a)) for each layer h € [H], which has B < 4. O

Lemma 1.2 (Xie et al. (2023)). Any offline estimator M that satisfies Assumption 5.2 with estimation error bound
Estl (M, T, 0) satisfies Assumption 1.1 with Est{ (M, T,6) < O(H(CX'T - Est{ (M, T,9)) Y2y HCY).

Proof of Lemma 1.2. Let us abbreviate dj, = th*’”t. By Lemma A.11 of Foster et al. (2021), we have that

Esty (T) = szEﬂtwpt [DE. (M*(w% M "(ﬂ)]

t=1

H T
< O 10g Z Z ]Eﬂ-t,\,pt EM*"Wt |:Da (P}]LM* (l‘h, ah), P;J?t (l’h, ah)) + DE{ (RZN ({,Ch, ah), R;?t (LL'h, ah))} .
h=1t=1

At the same time, for all ¢, we have by Lemma C.5 that

Y B BV [Dﬁ (Pffd* (@n,an), P (o, ah)) + Djj (R;”f* (@n,an), Ry (wn, ah))}

i<t

<43 Eqiny [DE, (M*(w‘), J\?ﬁ(wi))} < 4Estef (1),

i<t

The result now follows by applying Lemma I4—stated and proven below—to the function g(z,a) =
D{ (P} (z,a), PM" (z,a)) + DA (RY (z,a), R} (z,a)) for each layer h € [H], which has B < 4. O

Lemma L3. Fix an MDP M and layer h € [H]. Suppose we have a sequence of functions g*, ..., g" € [0, B] and policies
wt, ..., 7" such that

wie[T], Y EMT[(g(an, an))?] < B2 (38)
i<t
Then it holds that
ZEZ\/IW xh;ah)] 2( o h)l/B(ﬁQB +BB)1/3T2/3. (39)

Proof of Lemma L.3. Let 1 € A(X x A) denote a distribution that achieves the value Let us abbreviate

di,(z,a) = d;f””t (7,a) and

M
avg;h*

dt (z,a) ZdMﬂ x,a) (40)

i<t

Observe that by Eq. (38) and the assumption that ¢g* € [0, B], we have that

Z gﬁl—i_l(xva)(gt(z:a)f < 52 + B? =: a2 41)

r€X,a€A
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To begin, fix a parameter A > 0 and define
7(x,a) = min{t | Jffl(x,a) > /\u(x,a)}.

‘We can bound
T

t=1 t=1
For the second term above, we can write

T

ZEMﬂ [I{t < 7(xp,an)} szh z,a)l{t < 7(z,a)}

t=1 T,a t=1
= Zgiv;(m’“)(x,a) < )\Z,u(x, a) = A,
z,a z,a

where the final inequality uses the definition of 7(x, a).

For the first, term, using Cauchy-Schwarz, we can bound

T

Z Mo (9" (xh, ap)I{t > T(zp,an)}]

t=1

M=

dj ( (z,a)l{t > 7(x,a)}

&~
Il

1 zeX,acA

> By )l 0) g ea)

1 zeX,aeA (d;L+1(x’ a))1/2

M=

t

< A/2B!/2.
where

d (dj,(z,a) d ~

= oo ]I{t >7(z,a)}, and Bi=>" Y dif(z,a)(g'(z,a0)>

t=1zcX,acA d JZ Cl) t=1 z€X,acA
Eq. (41) implies that

T
B = Z dt+1 (z,a)(g'(x,a))* < a®T.

t=1zeX,acA
It remains to bound term A. From the definition of 7(z, a), we can bound
T M
(d} (z,a) 1 (d},(2,a))? Cavgh
A=Y Y WPy, gty WlnoR T

Tt+1
t=1zeX ,acA d ($ CL) t=1zeX,acA H

where the last inequality uses that y achieves the value of C7 .

Combining the results so far, we have that
ZIEM (g (@he an)] < ATECHL TV (0PT)Y? 4 AB = (Cy,0®) 2T /A2 + AB.

We choose A = (Cliy.,a®)/3T?/3 | B*/3 10 balance the terms, which gives a bound of the form

(ng )1/3T2/3 ( ;\/1‘ )1/3(ﬁ2B+B3)1/3T2/3.

vg;h

40
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STEY (g (@ an)) Z E"™ (g (wn, an)I{t > 7(zn,an)}] + B Y E*™ [I{t < m(zn, an)}].

(42)

(43)
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Lemma L4. Fix an MDP M and layer h € [H]. Suppose we have a sequence of functions ¢*, ..., g" € [0, B] and policies

..., 7" such that

vte[T], > E™T] o g'(xn,ap))?] < B2 (45)
i<t
Then it holds that
Z]EM 19 (zn, an)] (\/c , Tlog(T) - 32 +cgg;h3). (46)
Proof of Lemma 1.4. See proof of Theorem 1 in Xie et al. (2023). O

I.4. Proofs from Section 5 and Appendix 1.1

Theorem 1.1 (General guarantee for Algorithm 2). With parameters T € N, C > 1, and £ > 0 and an online estimation
oracle satisfying Assumption 1.1, whenever the optimization problem in Eq. (13) is feasible at every round, Algorithm 2
produces a policy covers pi, ..., pu € A(ID) such that with probability at least 1 — §, Vh € [H]: W}'_(pp,) <

11HO+7\/HC Est (M, 7,0) , 8H Esty(M,T,5)

T =2 T (36)

Overview of proof. Before diving into the proof of Theorem I.1, we sketch the high-level idea. The crux of the analysis is
to show that for each round ¢, we have that

. a1 = H
CoviL(ph) S max Covile(vf) + -/ HOC  Eyye [DR (M (), M~ ()] + 5

3 Eengt [DR(M ! (n), M*(m))]. (47)

Averaging across all rounds ¢, this allows us to conclude that

L H
taT

T T
1 — 1 .
TE Covy'Z(ph) <HC+7 H3O~T§ Erngt [DE (M (1), M*()) . Ej gt [DR (M (), M* ()]
t=1 t=1

Since Covi~ (p) < & 31, Covi?™ (p},) and Y1, Bt [DE (M (), M*())] < Est(M, T, 5) with probability at
least 1 — ¢, this proves the result.

Eq. (47) can be thought as a reward-free analogue of a bound on the Decision-Estimation Coefficient (DEC) of Foster et al.
(2021; 2023) and makes precise the reasoning that by optimizing the plug-in approximation to the L;-Coverage objective,
we either 1) cover the true MDP M™ well, or 2) achieve large information gain (as quantified by the instantaneous estimation

error B¢ [DE (M (), M*())]).

Proof of Theorem I.1. Observe that by Jensen’s inequality, we have that for all h € [H],

he ph <Z\IIM*

We will show how to bound the right-hand side above. To begin, we state two technical lemmas, both proven in the sequel.
Lemma L5. Fix h € [H]. For all mixture policies p € A(II) and MDPs M= {2, AP}, it holds that

dp" " (n, an) + djy " (zn, a)
" (s an) + e (dy " (@n,an) + dy) " (wh, an))

\IJ;L”; (p) < max EMT

T

For the next result, for a given reward-free MDP M = {X', A, {P}}/L )} and reward distribution R = {R;,};_,, we

define
JR ]Elu o [Z Th‘|

as the value under r;, ~ R(xp, ap).

41



Scalable Online Exploration via Coverability

Lemma L1.6. Consider the reward-free setting. Let an MDP M= {X, A, {P,?}hH:O} be given, and let p1, . ..,pg € A(I)
be (C,)-policy covers for M, i.e.

U (pn) <C Vhe[H]. (48)

Then the distribution q := Unif(py, ..., py) ensures that for all MDPs M = {X, A PP } all reward distributions
R= {Rh}f:1 with Zthl rp, € |0, B] almost surely, and all policies 7 € TI,

T () — JH (7)) < 4B\/H3C’ - Erng[DZ(M (), M())] + V2BHC - ¢.

For the remainder of the proof, we abbreviate d,""" = d;"" (zp, a),) whenever the argument is clear from context. Let
h € [H] be fixed. We observe that by Lemma 1.5,

T T dM*,Tr dﬁt,ﬂ'

* * *
E \I/KE (p;L) < E :mealszM . M*,pt h M* T it + mg‘l—)I(EM ” M*,pt L M* T Tt
=1 t=1" d, ""+e-(d, " +d, ") T d, ""+e-(d, " +d, ")

For any 7 € II, by applying Lemma 1.6 for each step ¢ with the deterministic rewards

dM*,w
(2 a) = —— L )
d;\f P (‘T,a) +e- (df ’ﬂ—(xﬂa) +th ’”(:c,a))

which satisfy Y4 4, € [0,e7!] almost surely, we can bound

E}W*,ﬂ‘ dZI*JT
dZI*7P;L +e- (dzf*,ﬂ + d;»?‘Jr)
b dzl*ﬂr 4 3 2 (Tt * f
<E R ————— | TV H?C Erge [DZ (Mt (7)), M*(m))] + V2HC,
dh hte- (dh 4 dh ’ ) €
M*,T dfl?t)ﬂ— 4 3 2 (ATt * f
=E + o\ HC Erege [DZ (M (r), M*(m))] + V2HC,

M*,ph M* Mt
dy, +e-(dy, " +d, ")

where we have simplified the second term by noting that V2BHC - e =+2¢"1HC - ¢ = V/2HC. 1t follows that

T T dﬁt,‘n' 4 T \/ —
U i(py) <2) maxEY T —— b — +- H3C - Eprge [DE (M (), M*())]
t=zl N Pl dy e ()T AT < ; !
+V2HCT.

We now appeal to Lemma 1.6 once more. For any 7, by applying Lemma 1.6 again at each step ¢ with the rewards

t dy " (@,a) /
Th(xv a) = M* pt M* T Mt ]I{h = h}a
dh ’ (mva)"’_g'(dh ' (xaa)—"dh ’ (‘T7a))

which satisfy Zthl 1, € [0,671] almost surely, allows us to bound

IEM*,Tr dzj "
* mt * 7t
dy " e (dy T+ dy )
- " 4 I
<E"'7 | —— h_ _ + ,\/Hsc. Ermgt [DE (Mt (), M*(m))] + V2HC,
R YT B
—t dﬂt’ﬂ- 4 T
SEM s h _‘_7\/]_]30. ]Eﬂth [Da(Mt(ﬂ'),M*(Tr))] -|—\/§HC

M*,pt ait
dy Thte-d)t "] €
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We conclude that

M* a Jras d}?t,W 12 . 3 2 (Tt * \[
§ U (py) <2 maxE —— —— |+ —=> \/H?C: By [DE(M(x), M*(m))] + 3V2HCT.
mell sPp, Mt e

t=1 dh i dh t=1

&l t dﬁ o
<2 maxEM ™ YERT h —

) M
P} mell dh hge. dh )T

+ g\/HSCT “Est (M, T,8) + 3V2HCT. (49)

We now appeal to the following lemma.

Lemma L.7. Consider the reward-free setting. For any pair of MDP M= {X, AP} and M = { X, A, {P}M}HL },
any policy © € s, and any distribution p € A(Il,s), it holds that

_ dz\?,ﬂ' N dﬁ,ﬂ 4 .
BTNt | S8BT | S By [ DR (M (). M () .
dy P 4e-dy dy?+e-dp" €
Combining Eq. (49) with Lemma 1.7, we have that
d 12 8
* t on 2 (275t
S w ) < GZ\I,M )+ —/HCT - Estff (M.T.0) + 3V2ZHCT + ggi@ﬂ% [DH (M (ﬂ),M*(yr)ﬂ

T
< GZ V() + 2 \/H3CT Est% (M, T,0) + 3v2HCT + %] S Ery [Da (A/Z‘(W),M*(w))}

t=1

T
Tt 12 8H
<6 Wi(p;)+ ?\/H3CT -Estq (M, T,6) + 3V2HCT + —7 Bst{ (M, T,9). (50)
t=1

To conclude the proof of Eq. (36), we note that it follows from the definition of pj, that for all h € [H] and ¢ € [T,

Ui (py,) < C.
Hence, we have that
T SH
STw(py) < 60T + 2 \/H?’CT Est(' (M, T, 6) +3fH0T+ — Est (M, T, 4)
t=1

12 8H
<11HCT + ?\/H?’CT Est{ (M, T,0) + 6—QEsta"(M,T, 8).

This implies that

. 12 |H3C - Esty (M, T H Esty (M, T
) < 11me g 2 [RC BT 0) | SH BT 0)

as desired.

O

Corollary I.1 (Main guarantee for Algorithm 2 under L;-Coverability). Let ¢ > 0 be given. Suppose that (i) we
restrict M such that all M € M have Cov)’ < Cov’, and (ii) we solve Eq. (13) with C' = Cov!"" for all ¢ (which
is always feasible) Then, given access to an offline estimation oracle satisfying Assumptions 5.2 and 5.3, using 7' =

(HIZ(CDV ) dest IOg(Best/‘s)
O 0

£6

) episodes, Algorithm 2 produces policy covers p1, . ..,pg € A(II) such that

Vhe[H]: U).(pp) < 12H - Covt” (37)

with probability at least 1 — §. In particular, for a finite class M, if we use MLE as the estimator, we can take T =
O(le(Covo )410g(|/\/l|/5))

e6
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Proof of Corollary I.1. 'We prove Eq. (37) as a consequence of Theorem 1.1. We can take C' < Cov.' ", and using
Lemma I.1, we have

Estd (M, T,6) < 6(H(0M* (1V Esto (M, T, 5))) 1/3T2/3) < 6(H(cngf* (1V Bstof (M, T, 5)))1/

avg

3T2/3>7

so that Eq. (36) gives

* 1/6
_ 12 M*N\4 off
Vhe[H]: W\l(pn) <TIHC 4O i(H (Covg” )71 ;ESt“ WM. T, 5”) < 12HC,

where the final inequality uses the choice for 7" in the corollary statement. O

Theorem 5.1 (Main guarantee for CODEX). Let & > 0 be given. Let Co, = CX", and suppose that (i) we restrict M such
that all M € M have C¥ < C., and (ii) we solve Eq. (13) with C' = C\ for all t."° Then, given an offline estimation

~ 8/ M*\3 .
oracle satisfying Assumptions 5.2 and 5.3, using T = O ( H(Co ) i“‘j‘ log(Bes‘/é))

episodes, Algorithm 2 produces policy
covers p1,...,pa € A(II) such that

Vh € [H]: q/;‘j;(ph) <12H-C" (15)

~ 8~ M*\3
w.p. at least 1 — . For a finite class M, if we use MLE as the estimator, we can take T = O(H (O )Eiog(lMV(s)).

Proof of Theorem 5.1. We prove Eq. (15) as a consequence of Theorem I.1. We can take C' < CX", and using Lemma L.2,
we have

Esto(M, T, 6) < 6<H\/ng*T "Est® (M, T,8) + H - c;g*) < 6(}1\/0%*7’. (1v Estf(M, T, 5))),

so that Eq. (36) gives

1/4
. ~[1(H}C% )31V Est] (M,T,6
Vh e [H]: me(pn) <11HC + O e( (Co ) TS i (M. T.9)) <12HC,
where the final inequality uses the choice for 7" in the theorem statement. O

1.4.1. SUPPORTING LEMMAS

Lemma L5. Fix h € [H]. For all mixture policies p € A(II) and MDPs M= {x, A {P}}Y}, it holds that

\Il;\f; (p) < max EMT

T

A& (o, an) + d T (@, an)
P (wnsan) + e - (dy 7 (wny an) + dy " (s an))

Proof of Lemma 1.5. To keep notation compact, let us suppress the dependence on z; and a;. For all 7 € II,,s and
p € A(Ilns), we have that

dM*,rr dM*,ﬂ
EM*,W h _ M h _
dl’I\L/I P +e. diI\L/I ST d;\f*’p te- (dzf*;n— + d}g{,Tr)
A i
(d;\l/I*,P +e- dzf*m)(d;\l/l*,p +e- (df*’ﬂ + d}?’ﬂ))
dz{,ﬂ'

d}I\:I*,P_’_g. (th*,ﬂ' +dhﬂ71,ﬂ)

— EM*,W

< EM*,ﬂ'

We can take C'¥ < Co w.l.o.g. when C\ is known. In this case, solving Eq. (13) with C' = C4, is feasible by Proposition 3.2.
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This proves the result.

O

Lemma L1.6. Consider the reward-free setting. Let an MDP M= {X, A, {P,f’}hH:O} be given, and let py, ..., pg € A(II)
be (C,e)-policy covers for M, i.e.

U _(pn) <C Vhe [H] (48)

Then the distribution q := Unif(py, ..., py) ensures that for all MDPs M = {X, A PP } all reward distributions
R= {Rh}f:1 with Zthl rp, € |0, B] almost surely, and all policies 7 € TI,

T (%) = TR (7)  AB\H3C - By [D3(M(m), M(m))] + V2ZBHC .

Proof of Lemma L.6. Let an arbitrary MDP M = {X, A, {P}}}L 1}, reward distribution R = {Rh}thl, and policy
7 € II be fixed. To begin, using the simulation lemma (Lemma C.8), we have

H
JH(x) = TR (x) < B+ 3BT [ Da (P (ensan), Py (@n,an)) |,
h=1

where we have used that both MDPs have the same reward distribution. Let h € [H] be fixed. Since
D (P (zh, an), P (zh,an)) € [0,v/2], we can use Proposition 3.1 to bound

Eﬂ’ﬂ [DH (Pf(wh,ah),P,i”(xmah))} S 2\/@%6(]);1) . Eﬁ’ph [Da (P;?(xh, ah), P}JLW(IEh, ah))] + \/5 ;\Zs(ph) ¥

< 2\/wa{6(19;1) B [DE(PF (an, an), PY (i an))] + V2 0 (py) - €

< 2\/HC- Eﬁ’q[Dﬁ (PM(xn, an), PM (xh, an))] + V2C - ¢

< 4 JHC - By [D3(M (), M())] +2C -,

where the last inequality follows form Lemma C.5. Summing across all layers, we conclude that

T (m) — JE () < AB\H3C - Bpy [DR(M(m), M(r))] + VZBHC - &.

O

Lemma L.7. Consider the reward-free setting. For any pair of MDP M= {X, A, {Pf?}hHIO} and M = {X, A, {PMML }
any policy © € s, and any distribution p € A(Ilys), it holds that

M,
dh

M,
E dM*7p +e- dﬂ,ﬂ
h g-apy

] < 3EMT

4" " [DQ (]\7( ), M*( ))}
P I
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Proof of Lemma 1.7. Consider any ¢ > 1. For any 7 € Il,s and p € A(IL,,s), we can write

E}\?,‘n’

M, M,T
dh ‘| —c- M,‘/r[ dh ‘|
M*,p M, M,p M,
d, " +e-d, d, " +e-dy,

o T (dyP e d T = (47 e T))
(dz};f*-,p Le. dhﬁ,ﬂ') (df,p +e. d}?’ﬂ')
S (@ —c-arr)y ]
S e ) (e
| ) e @
(d;‘f P dl}:@ﬂ) (dzw te- d%ﬂf) (dgf P d;;j’ﬂ) (dl}:hl’ +e- d;‘f”f)
Observe that
(™) _1
(dz/[*,[)_‘_g 'dg,ﬂ) (d}?,p Le. d;\?,w) - 52
almost surely. Consequently, Lemma C.6 implies that for ¢ = 3,
E™P (") —3.EM"P ()2

4 M *
< ?Da (d;\:fﬁﬂ, d;\_:f ap).
Finally, note that by joint convexity of Hellinger distance and the data processing inequality, we have that

D2 (df ”, dﬁj“") <Erp [DE, (df - d;‘f*’”)] <Enep [Da (M\(w), M*(w))}.
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J. Proofs from Appendix F

M
Proposition F.1. For all € > 0, it holds that Cov}‘iE <142 @

g

Proof of Proposition F.1. Let i € A(X x A) be the distribution that attains the value of Cavg:n- Using Lemma C.10, we
have that for all 7 € I and p € A(II),

EM™ diﬂf’ﬂ—(‘rhvah)

dzj’p(zh, ah) +e- d;\f’ﬂ(ﬂjh, ah)
< QREMT [ d}tjm(l‘hv ah) } +EMT |: ,LL(JEh, ah) ]
B )P (xn, an) + - (d)" (2n, an) + p(zn, an)) )P (xn, an) + - (d)"" (2n, an) + p(zn, an))
< QM [ dzlm(xhv ah) :| + EM™ |: M(-rhv ah) :| )
- dy P (xn, an) + e - (d)) " (@h, an) + plen, an)) dp P (znyan) + € - p(@n, an))

Observe that we can bound

A7 (s an) + & - (dy ™ (an, an) + plan, an))

dy"" (z,a))?
- (& (2, )

d?f’p(% a) +e- (dil\f’ﬂ—(‘rv a) + :u‘(xv a))

EM:™ |: dzj’ﬂ(xhvah) :|

T€EX,a€A

_ Z )" (v, a)pt/?(z, a) . di"" (x,a)

e BT ) e (T (wa) + @) ()

(" (x,a))? " (dy, " (x,a))? -

%XZ;GAW’ V@ wra) T e (@ (0,0) + (e, )2 (@, q)

IN

zeX,acA
1/2

. (CM h) 1/2

avg;

d, " (,a)

~ :U’(I7 a) ; T
€ Ie;;ﬂ &P (z,a) + - ()7 (x,a) + plz,a))

1 1/2
ZEMT /J'(xfha‘h) . (CM )1/2'
€ dy/ P(xn, an) + € - w(wh, an) aveih

Hence, if we define

IN

IN

M,
pEA() rell d,"?

V:= inf SupEM’”{ #lzn; an) }
WP (@h,an) + e plzn,an) ]’

this argument establishes that

M

Co
Covjl, <V 42/ 28 .y,
? 3

‘We now claim that V' < 1. To see this, observe that the function

w(@n, an) ]

, — ]Eﬂ'N EI\/I,TK‘
(p Q) q |:d}1_t[7p(xh7ah) +e- /L(ﬂfh,ah)

is convex-concave. In addition, it is straightforward to see that the function is jointly Lipschitz with respect to total variation
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distance whenever € > 0. Hence, using the minimax theorem (Lemma C.1), we have that

. p(xn, ap)
V= inf sup E, ,E"7 [ }
PEA(D) gea(my dy P (xh,an) + € - p(en, ap)

. s ,U(Z'h, ah)
sup inf E,.,E* [ }
gea(mpen) 1 dy P (zn, an) + € - p(wn, an)

w(xn, ap) }
dp(xn, an) + € - plzn, an)

< sup EWNqIEM’”[
gqEA(IT)

_ Z d;\z/f7q(x7a)u(xva’) <1
z€X,acA d;\ZLq(m? a) te- /L(.’IJ, a) N

O

Proposition F.2. Suppose the MDP M obeys the low-rank structure in Eq. (30). Then for all h € [H|, we have
[AI-C3l s
= .

Chign < Al-Cly, 1, and consequently Covy,', < 1+ 2

Proof of Proposition F.2. We first note that

Mon <|Al- inf supEMT
man < WA JRE, sup

th’ﬂ(xh)]
w(xn) |

Let v € A(X x A) be arbitrary, and let y4 := v oj,_1 P}" | be the distribution induced by sampling (zj,—1,an—1) ~ v and
xp ~ PM (- | £ph—1,an—1). Let 7 € II be arbitrary. We can write

EM”VWW@J}—<EMW@%umhhmhoL§:¢Mmd”””>.

e 2T

=:w

Using Cauchy-Schwarz and defining X, :=E(,, | 0, 1) [¢h71(xh*17 an—1)¢h—1(Th-1, ah’l)—w » we can bound
EM T [pp—1(xh—1,an-1)], w) = <E;1/2 EMJWh—l(Ih—l’ah—l)]’Ei/2w>

1 2 1 2
< SIE s (wn-s, om0l + 5wl
We can write

2 2
”w”EV = E(xh—hah—l)""/ {<¢)h71(mh717 ahfl)’w> ]

M, 2
= Bnran-n <¢h1($h1a an—1), Z %(x)dhu(x()z)>

reX

(2 )]

Hence, we have shown that

Tho1,0p—1)~V

4 (xh) 1 ) 1 AT (mh)
E*T |:h:| <z E*T ¢}L— Th—1,0h— -1+ = BT l:h:| .
lfl(xh) 2” [ 1( 1 1)]”2" ) N(xh)
To conclude, we rearrange and recall that 1) 7 is arbitrary, and 2) we are free to choose v to minimize the right-hand side.
From here, the claim follows from Proposition F.1. O
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Proposition F.3. There exists an MDP M and policy class 11 C 11,5 with horizon H = 1 such that C é‘é; n < 2 (and hence
Covy,'. < 2 as well), yet for all e > 0,

(33)

and in particular infp,e Ay V4, o () = 00

Proof of Proposition F.3. Consider an MDP M with horizon H = 1, a singleton state space S = {s}, and action space
A =NU/{L}. Foreachi € N, we define a randomized policy 7 via

1— 55, a=1,
mals) =4 & a=i,
0, 0.W.
so that
. 1— 55, z=1,
" (s,0) =< 3, z =1,
0, 0.W.

We set IT = {7’ },_. and abbreviate d'(s, a) = di"’”i (s,a) going forward.

3
2

We first bound C2Z. We choose y by setting p(s, L) = 3 and p(s, i) = =5 - &, which has > , pu(s,a) = 1. Itis fairly

immediate to see that for all 7, we have ‘ii((;’f)) < 2and
i . 2
oD 7y
(s, 14) 6 ~

This shows that C')Y < 2. On the other hand, for any p € A(N), we have
d7<57.7) } d7(572)

M
oo:h.e(P) = supsup - - -
%J)imﬁdmwwwm+ewmﬁ

S e A (5,0) + ¢ - d(5,0)]
. 1/242
T ek (D) +e) - (1/222)

1 1
= Sup — = —,
ien p(i) +e €

where the conclusion holds because ), p(7) < 1, which means for all 6 > 0, there exists i such that p(i) < 0.

K. Proofs from Appendix E
K.1. General Guarantees for Algorithm 3

We first present general assumptions on the weight function estimation and policy optimization subroutines under which
Algorithm 3 can be analyzed, then present our most general result, Theorem K.1.

K.1.1. WEIGHT FUNCTION REALIZABILITY

Theorem E.1 is analyzed under the weight function realizability assumption in Assumption E.1. However, Algorithm 3 is
most directly analyzed in terms of the following, slightly stronger weight function assumption, which we show is implied by
Assumption E.1. To motivate the assumption, recall that we seek to estimate a weight function @j, approximating Eq. (26).
Assumption K.1 (Weight function realizability—strong version). For a parameter T' € N, we assume that for all h > 2, all
t € [T), and all policies 7', ..., w*~" € I, we have that
PM (' | z,a

w;: ""’Wt(m’ | z,a) = — }:_1( | *) € Wy.

Yictdy T (@) + P (2 | @)
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We assume without loss of generality that ||w|| ., < 1 for all w € W,
To compute a policy cover that approximately solves pp, = arg minp e, \Pgﬁ;h; hﬁ(ph) for parameter € > 0, we require
that Assumption K.1 holds for 7' = 1.

Algorithm 3 enjoys tighter guarantees when Assumption K.1 is satisfied, but the following result shows that Assumption E.1
implies Assumption K.1 at the cost of a small degradation in rate.

Proposition K.1. For any T € N, given a weight function class W satisfying Assumption E.1, the induced class W' given
by

1
1
L+ Zi<t wi (z'|z,a)

satisfies Assumption K.1, and has log|W, | < O(T - log|Wh|).

W, = {(m,a,x’)»—) |w}l,...,w;LIEWh7t€[T]}

For T' = 1 this increases the weight function class size from log|W| to O(Z - log|W|), leading to an extra L factor in the
final sample complexity bound for our main result (Theorem E.1).

Remark K.1 (Sufficiency of Assumption K.1). When invoked with layer h > 2 and iteration ¢ > 2 within Algorithm 3,
EstimateWeightFunction (Algorithm 4) collects datasets Dy ~ p and Dy ~ v such that

* ]. * ghoi *
wx' |z a) =P (2" | w,a), v(x'|z,a)= i (Z dy' " (') + P (2] a:,a))7
i<t
and
i(w,0) = v(z,0) = = [ 7P (w,a) + —— 3@ e g ) (51)
3 3 9 h—1 3 1 o h—1 y

Then, in Line 10, the algorithm computes the estimator Eq. (27) with respect to the class ¢ - W, which is guaranteed to have

p(z,a,a')
@ ,aa))

=t-w}(z' | ®,a) € ¢t- W under Assumption K.1.

K.1.2. PoLICY OPTIMIZATION SUBROUTINE

This section presents general conditions for the subroutine PolicyOptimization under which CODEX.W obtains the same
guarantees as in Theorem E.1, and establishes that PSDP satisfies this assumption.

To formalize the requirement of PolicyOptimization, recall that for each layer h > 2, iteration ¢ € [T], and each ¢ < h—1,
we define

T (@, az @) =BT [@) (x| 2h-1, ano1) | @0 = 2,00 = a
as the Q-function for a policy = € II,s under the (stochastic) reward r}, | = @}, (x5, | Tn—1, ap—1) in Algorithm 3. We
assume that the policy 7*" = PolicyOptimization,_;(r"*, p1.n—1, €, d) approximately maximizes this Q-function under
Pi1sy---3yPh—1-
Assumption K.2 (Local optimality for policy optimization). For any fixed iteration h > 2 and t € [T, the subroutine
PolicyOptimization;_;(r™* pi.n—1,€,0d) produces a policy ©"* such that with probability at least 1 — 6,

h—1

* x —h,t N h,t R
y EMT [gﬁch T (@, a3 W) — QT (e, (); @) | < e (52)
=1

and does so using Nopt (€, ) episodes.

This assumption asserts that 7%" cannot be substantially improved, but only with respect to the state distribution induced by
P1y .-+ pr1.20 This is a weak guarantee that can be achieved using only data collected from p1, ..., p,_1 (e.g., via offline
RL methods or hybrid offline/online methods), and does not require systematic exploration.

*Note that if p1, . . . , pn—1 uniformly cover all policies, then Assumption K.2 implies that 7"* is globally optimal by the performance

difference lemma. However, Eq. (52) can still lead to useful guarantees in the presence of partial coverage, which our analysis critically
exploits.

50



Scalable Online Exploration via Coverability

The next result shows that PSDP satisfies Assumption K.2 under the value function realizability assumption in Assumption
E.2.

Lemma K.1 (Local optimality for PSDP). Suppose Assumption E.2 holds. Then for any €,0 € (0, 1), the subroutine m"* =
: -1
PSDPj,—1(r™*, p1:n—1,€,0) satisfies Assumption K.2, and does so using at most Nysap(€,0) = O(M)

episodes.

See Appendix K.4 for details. We expect that similar guarantees can be proven for Natural Policy Gradient, Conservative
Policy Iteration, and other standard local search methods. Different subroutines may allow one to make use of weaker
function approximation requirements.

K.1.3. GENERAL GUARANTEE FOR CODEX.W (ALGORITHM 3)

Our most general guarantee for CODEX. W is given below.

Theorem K.1 (General guarantee for Algorithm 3). Let ¢ € (0,1/2) and 6 € (0,e™!) be given, and suppose that
Assumption K.1 and Assumption K.2 are satisfied. Then Algorithm 3 produces policy covers p1,...,pg € A(Ilyns) such
that with probability at least 1 — 6, for all h € [H],

wMe o (pr) < 170H log(s™ 1) - €20

push;h,e push>

and does so using at most

~<H|«4I log(W]5~1)

H
N<O 3 + ?Nopt(ce% 6/2HT)>

episodes, where ¢ > 0 is a sufficiently small absolute constant.

In particular, this result shows that we can optimize the pushforward coverability objective (and consequently the L;-
Coverage objective, via Proposition 4.2), up to small O(H log(¢~!)) approximation factor. The sample complexity is
polynomial in all relevant problem parameters whenever the subroutine PolicyOptimization has polynomial sample
complexity. Note that the sample complexity for the first term is of order 1/<* (as opposed to the slower 1/<* in Theorem E.1)
since we are stating this result under the stronger weight function realizability assumption (Assumption K.1).

Combining Theorem K.1 with Proposition K.1 and the guarantee for PSDP (Lemma K.1), we obtain Theorem E.1.

K.2. Technical Preliminaries

Lemma K.2. For any distribution w € A(Z) and any pair of functions w,w' : Z — R,
Eu[w] < 3B, [w'] + 2E, [(Vw — Vu')?].
Proof of Lemma K.2. By AM-GM, we have
[Eufw] — Bufw')] < Eu |V - V| (o + V)|

VE (Vi +VarY] - B [(Vio - V]

%(Ew[w] FEw]) + %Ew (Vo — va')?].

IN

IN

Rearranging, we conclude that

E,[w] < 3E,[w] + 2E, [(vVw — Vu')?].
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Lemma K.3 (e.g., Xie et al. (2023); Mhammedi et al. (2023a)). Consider a set Z and a sequence of distributions
d,...,d" € A(Z) for which there exists a distribution p € A(Z) such that Supzez{‘i%g} < Cforallt € [T). For any
sequence of functions g*, ..., 9" C (£ — [-B, B]), it holds that

T T
D Eearlg(2)] < 4| 2C108(2T) > Y " E.ail(9'(2))?] + 20B. (53)

t=1 i<t

K.3. Weight Function Estimation

In this section, we give self-contained guarantees for the statistical problem of estimating the density ratio (or, “weight
function”) for a pair of distributions.

Consider the following setting. Let Z be a set. We receive samples z,,...,z;, € Z and z,,...,2; € Z, where

» Ty

z, ~ p' € A(Z) and z, ~ v* € A(Z). The distributions zi* and v* can be chosen in an adaptive fashion based on

ZysZys -0 2 5%, . We define p = LS pwtandy = L3t and our goal is to estimate the density ratio
z
w*(z) := &l )
v(2)

We assume that ||w, ||, < B, and assume access to a realizable weight function class YV with w* € W. Following Nguyen
et al. (2010) (see also Katdare et al. (2023)), we consider the estimator

0 := arg max IE# log(w)] — B, [w], (54)

weW
where E . [-] denotes the empirical expectation with respect to Zy,-- -2, and ]E, [-] denotes the empirical expectation with
respect to z,, . .., z5.. The following theorem gives a finite-sample bound for this estimator, which may be of independent

interest.

Theorem K.2. Suppose that w* € W and sup ,cyy||wl||, < B. The estimator in Eq. (54) ensures that with probability at
least 1 — 0,

< 20B log(|W]6~1)

D}, (@, 0") -

)

where Dy, (w,w') := B, [(v/w — \/J)Q}

Remark K.2 (Extension to contextual weight function estimation). An immediate corollary for Theorem K.2 concerns
the following “contextual” setting. Suppose that Z = X’ x ), and that for all ¢, z;, = (z',y;,) and z, = (2, y; ) have the
same marginal distribution for z*, i.e. pu*(x,y) = p*(y | v)w(z) and v*(x,y) = v*(y | x)w(x) for some w € A(X). Define
ply|z) =230 piy|z)andv(y [2) =130 vi(y | ), and let w*(y | z) = ‘lfglli; Then, given a class of weight
functions W with w* € W, where each w € WV has the form w(y | ) and ||w||, < B, the estimator in Eq. (54) ensures
that

T * IOg w 61
Bonwymv( |0y | ) —w*(y [ )] < 10B %

Proof of Theorem K.2. Define V(w) = E,[log(w)] — E,[w] and Vw) = I@p[log(w)] — ]E,[w], and note that
w* = £ = argmax, V(w). We begin by performing concentration on the log-loss terms. Define X;(w) =
3 (log(w*(z},)) — log(w(z},))). By Lemma C.2 and a union bound, we have that with probability at least 1 — 4, for
allw e W,

= =108 oo (5 ost/)) | ) = 5 (Bulontu)] - Bulogto) + £

n

Note that E,,+ [exp (3 log(w/w*))] = E, [\/ w/ w*} . We now state and prove a basic technical lemma.
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Lemma K4. Forall x > 0, —log(z) > 1 — .

Proof of Lemma K.4. Let f(x) = —log(x). Since f is convex, we have that for all z > 0,
f@) = f) + f (D)@ —1).
Noting that f(1) = 0 and f/(1) = —1, the result is established. O

Using Lemma K.4, we have

g log (E,ﬂ {exp(; 1og(w/w*)>D >1- %i“‘:w [Vafwr]
= 1-B,[vwjw'| =1-E, [Vw v,

S|

where the last line uses that £, {\/w/w*} =E, {w*\/w/w*} =E, [\/w : w*]. By direct calculation, we have that

D, (w,w*) = Eu{(\/ru mﬂ = B[] + B u] - 2B, [V @] = 1+ B [u] - 2, [V wr],
so that
1B [V wr] = DR, () + 5(1 - B fu))

Specializing to w, we have

1 1
§D|%|,V(’&)\a U}*) + 5(1 - Eu[ﬁ}\]) S

~

(B, [log(w)] — B log(@)]) +log(W]o ")

(V) ~ V@) + 2 (Bolw] - Efa]) + %

Since V (w*) — V(@) < 0, rearranging gives

D (0, 0) < (Bufur] - Bufi]) — (1~ By fa]) + 228V 55
= (Bobwr) ~ Buf]) - (B o] B, fa)) + 2SO 56)

Using Lemma C.3, we have that for all 7 < 1/2B, with probability at least 1 — ¢, for all w € W
~ ~ n 1 51
(Bulu] - Bolud) - Eolu] ~ B ful) < 2 Y B (w0 - wy?] + L)
t=1

w*)Q} + 10g(|W|(5_1) )

=nkE, [(w_ m

We further observe that
E,[(w—w")?] = E, [(\/E — V) (Vw + \/w*)ﬂ < 4BE, [(\/171 - \/w*)ﬂ — 4B D}, (w,w"),
so choosing n = 8% gives

= PN 1 8B1 6t
(Bubwr] ~ Bufo]) - (Blu] ~ Eufu)) < £ DR, () + 22BN 67
Combining this with Eq. (55), we conclude that

Dﬁ,u(@,w*)g%Daw(@,w*)ﬁBlog('WW ) | plos(WI™h)

)

n n
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which implies that

D (@ w") < 20B log (W6~ 1)

’ n

)

after simplifying. O

K.4. Policy Optimization Subroutines

K.4.1. POLICY SEARCH BY DYNAMIC PROGRAMMING (PSDP)

Algorithm 6 PSDPy, (p1.p, 71.1; €, 9, Q1.1,): Policy Search by Dynamic Programming (cf. Bagnell et al. (2003))

1: input:
o Target layer h € [H], policy covers ps.;, reward functions 71.p,.
* Accuracy parameters ¢, 6 € [0, 1].
* Function classes Q1.,.

. H?|Allog(|Q|HS™")
€2

2: Letn = npp(€,6) i=c for a sufficiently large numerical constant ¢ > 0.

3: for{=h,...,1do

4: Dy +— @.
5 for npsqyp times do
6: Sample 7 ~ py.

h ~
7 Sample (x4, @, Y gy Ter (Ter, apr)) ~ T Op Tunit Op41 -
8 Update dataset: Dy <— D, U {(fvg, ag, ZZ/:Z ro (T, ae/)) }
9: Solve regression:

Q¢ + argmin Z (Q(z,a) — R)*.
QEQr (4.4 RYED,

10: Define 7, (x) = arg max, ¢ 4 Qu(z, ).

11: return: Policy 7.

This section presents self-contained guarantees for Policy Search by Dynamic Programming (PSDP, Algorithm 6) (Bagnell
et al., 2003), which performs local policy optimization given access to exploratory distributions p;.;, € A(Ilns). PSDP takes
as input an arbitrary reward functions r1., : X X A — [0,1] and a function class Q = Qj., where Q; C {Q : X x A —
[0, 1]}, that can represent certain ()-functions for these rewards.

We prove that with high probability, the output & = PSDP, (p1.x, T'1.1; €, 0, Q) is an approximate maximizer of the objective

h

max BT lz re(xe, az)} , (58)
=1

in a “local” sense with respect to p1., (cf. Eq. (64)).

To prove guarantees for PSDP, we make use of the following realizability assumption for the class Q@ = Qy.j.

Definition K.1. We say that function classes Q1.p, where Qp C {Q : X x A — Ry} for £ € [h], realize the reward

Sunctions r1.p, : X x A — Ry ifforallt € [h] and all T € T,

h

Qf*’”(-,-;r) € Qp, where Qf*’”(x,a;r) = EM5T lz ro (Ter, ap)
o=t

Tp=T,ap = a] . (59
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Lemma K.5 (Main guarantee for PSDP). For any €,6 € (0,1) and reward function {r¢} g, with 22:1 re € [0,1]
that is realizable in the sense of Definition K.1, PSDP ensures that with probability at least 1 — 0, the output T =
PSDPy(P1:h, T1:15 €, 0, Q1:1) Satisfies

h
S OB Qs asr) - @) o Flanin)| < (60)
=1

and does so using at most Npsgp(€,9) = O (w) episodes.

Proof of Lemma K.5. See the proof of Theorem D.1 in Mhammedi et al. (2023b). O]

K.5. Proof of Theorem K.1

Theorem K.1 (General guarantee for Algorithm 3). Let e € (0,1/2) and 6 € (0,e™') be given, and suppose that
Assumption K.1 and Assumption K.2 are satisfied. Then Algorithm 3 produces policy covers p1,...,pg € A(Ilns) such
that with probability at least 1 — 6, for all h € [H],

‘I’gﬁ;h;h,e(m) < 170H log(e™") - Cpis

push>

and does so using at most

~<H|AI log(IW]o~")

N<O 3 + iINopt(cez,é/QHT)>

episodes, where ¢ > 0 is a sufficiently small absolute constant.

Proof of Theorem K.1. To keep notation compact, throughout this section we abbreviate dj = d;‘f*’”, Po(-| )= PM (|
), E"[.] = E* ™[], and so on when the MDP is clear from context.
Define
Ph1(on | zp—1,an-1)
Sice @5 (@) + Prooi(zn | Tho1, an—1)

wp(xh | Th—1,0n-1) = (61)

We define two notions of estimation error for the weight function estimates produced by the subroutine
EstimateWeightFunction (Algorithm 4):

(‘C::u,off;h)Q = kP

2
<\/@Z(9§h | Zh_1,an-1) — \/wﬁl(xh, | mh—l,ah—l)) ], and (62)

1 ion vmnt | (/7 ’
(Etvomin)? = 1 D ETon-1Tunit l(\/wﬁ(ﬂfh | Tp—1,an-1) — \/w;(xh | xh—1,ah—1)> ] (63)

i<t
We define a notion of “local” suboptimality for the policies 7™* produced by the subroutine PolicyOptimization as

follows:

h—1

t mhot ~t rhot Lt Lt
Eoptish — ;Em [glgi( Qe (ace7a;wh) - Qe (3567 " ($2)7 wh)} (64)
Lemma K.6. Let ¢ € (0,1/2) and set T = 1. Suppose that for all h > 2 and t € [T), it holds that Eipoffin <
1 (Coaan/ A2/, el < eo(Cond /Al 212, and €t ., < cse? for absolute constants ¢y, ¢z, cs > 0. Then

Sfor all h > 2, we have that

U pshin,c (Pn) < 170H log(e™") - Cplap-
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Let Nweight(t, €,0) denote the number of episodes used by EstimateWeightFunction to ensure that
(5;)()&;,1)2, (521],()“;,1)2 < €2/t with probability at least 1 — § when invoked at iteration ¢t € [T] for layer h > 2,
and let Nopt (€, 0) be the number of trajectories used by PolicyOptimization to ensures that Eopt:n < € With probability at
least 1 — § when invoked at iteration ¢ € [T'] for layer h > 2. It follows from Lemma K.6 that with the parameter settings in

Algorithm 3, we are guaranteed that with probability at least 1 — 4, for all h € [H]

W he(pr) < 170H log(e™1) - Oty

and the total number of episodes used is at most
N § HT(Nweight(Ta €w, 510) + Nopt(eopt; 5opt))
< HT (Nweight(T, c(CH J|ANY2Y? 5 J2HT) + Nope(c'e2, 5/2HT)).

for absolute constants ¢, ¢’ > 0. It remains to bound Nweight(e, 0), for which we appeal to the following lemma, a corollary
of Theorem K.2.

Lemma K.7. Let h > 2 and t € [T] be given. For any €¢,6 € (0,1), distribution pp_1 € A(Ilyns) and

ottt € Iy, EstimateWeightFunction ensures that with probability at least 1 — 0, the output W}, <
EstimateWeightFunctiony, ;(pn—1,{7""}, ;€ 6, W) satisfies
2
(€t omn) > = EM P <\/@L(xh | Tho1,an_1) — \/w;(xh | xh—hah—l)) ] <é/t, and (65)
t 2 1 YA ELITRRE S ~t t ’ 2
(Ew.onin)” = 1 ZE ’ ’ \/wh(ﬂﬁh | Th—1,an-1) — \/wh(a?h | Th—1,an-1) <€/t (66)
i<t
—1

and does so using at most Nyeight (t,€,0) = SOt% episodes.

Appealing to this result, we conclude that the total number of episodes is at most
~(HA| log(IWo~1)

H
N<O =3 + ;Nopt(cg% 6/2HT)).

K.5.1. PROOF OF LEMMA K.6 (OUTER-LEVEL ANALYSIS)

Extended MDP. Let« > 1 be a parameter to the proof, whose value will be chosen at the end as a function of €. Following
Mhammedi et al. (2023b;a), we define an extended MDP M by augmenting A = AU {t} and X = X U {t}. M has
identical dynamics to M*, except that taking action t causes the state to transition to t deterministically; t is a self-looping
terminal state.

We define ITgng as the set of all randomized non-stationary policies from X to A. For 7 € IIgng, we abbreviate JZ = df’”,
Pp(- ) =B (- | ). P[] =P*7[]E
action t in the terminal state.

[]= EM™ [-], and so on. We adopt the convention that all policies in [Trng select

Truncated benchmark policy class. Given the policy class I = Il,s, we inductively define a sequence of policy classes
a1, - .., 1y, g based on the extended MDP and the output pq, ..., pg of the algorithm as follows.

* First, I1, o = IL

e Next, for h = 1,..., H, we construct I1, , from II, 1. For each m € Il ,—1, add a policy 7’ to II,, 5, defined as
follows: For all b’ # h, 7}, = m,, and for layer h,
17 (2)
ﬂ—h(z)v 7’};7/ S «,
T =1 T (67)
9 dTZh (”c) «.

Finally, we adopt the shorthand I1,, := I, #.
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Main analysis. Let h > 2 be fixed. For the remainder of the proof, we abbreviate 7* = 7" to keep notation compact.
Define

= Ph_1(zn | wh1,an—1)
Tpustine(p) = sup E[ i
e reit, Ldp(xn) 4 Phoi(zn | oh1,an-1)

11“#] (68)

as a counterpart to the pushforward coverage relaxation for the extended MDP M. We define three quantities,
w off;h = Z sup E

2
(\/@L(xh | Zh—1,an-1) — \/wZ(IUh | xh—l,ah—1)) Hm,ﬁét},
t—1 TEI,

T 2
Ay onih = ZEW [(\/@Z(wh | Th—1,an-1) — \/w};(ﬂ?h | xhl,ahl)) Hwh;ét]’ and
t=1
T t
— =T =T
Aopesn = Y sup B [@}(zn | 2n-1,an-1)le, 2] — E" [@f (@n | 2p-1, an—1)Iy, 2.
t=1 m€lly

which measure the quality of the weight function estimates produced by EstimateWeightFunction and the optimization
quality of the policies produced by PolicyOptimization in the extended MDP.

We now state three technical lemmas, all proven in the sequel. The first lemma shows that we can bound the value of
\prugh h.e(pp) in terms of the pushforward coverability parameter Cgush .» up to additive error terms depending on the
quantities defined above.

Lemma K.8. Let h > 2 be fixed and € € (0,1/2). Then, with T = % it holds that

@push;h,s(ph) < 72Cpush h IOg(T) + 2Zw,off;h, + Gprn;h + 3Eopt;h' (69)

The next two lemmas relate the weight estimation and policy optimization errors in M to their counterparts in the true MDP
M™*, leveraging key properties of the truncated policy class I1,,.

Lemma K.9. The following bounds hold for all h > 2, as long as |w|| , < 1 for allw € Wh:

T
Ay oftin < al A (el op)?  and (70)
t=1
T
Aw,on;h S 8|A|C§le;h IOg Z t - 1 w ,on; h) + 4C§£;h (71)

t=1

Lemma K.10. The following bound holds for all h > 2:

T
Zopt;h S az‘ggpt;h' (72)

t=1
Appealing to Lemmas K.8 to K.10, we conclude that as long as &, 5., < ci(alAlt/Chii)” 12, Ewonh <

co(|ATt/CHL )72, and )y < es(aT) ™! forall b > 2, t € [T], where ¢1,¢3,¢3 > 0 are absolute constants,
we are guaranteed that for all h,

@push;h,s (ph) S 850!%;1 lOg(T) (73)

It remains to translate this back to a bound on the L;-Coverage objective for the true MDP M*. To do so, we start with the
following technical lemma, also proven in the sequel.

Lemma K.11. Consider any reward function {rn},c g with T, : X x A — [0,1] such that Zle ri(zn, an) € [0,1] for

all sequences (x1,a1), ..., (xm,am), and such that ry,(t,a) = 0 and rp(z,t) = 0. It holds that
. dp (zh)
sup E Zrh — bupE Zrh <Z supP —r > a,rp £t
mell melly h—1 7€, dh ( )
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Let h > 2 be fixed and define a reward function {r¢}¢<—1 with 7, : X x A — [0,e71] via

Pn_1(xp | Th—1,an-1)
)+e-Poo1(zn | ®p—1,an-1

rh-1(z,a) = E{ - | Tho1 = 2,01 = a] I
dp (xn ) 7

and ry = 0 for £ < h — 1. Using Lemma K.11, we have that

lijush,h,s ph = sup [Z re| < sup ]E lZTg

= T
- Z sup P" { dg'(:w) > a,xp # t]. (74)

mell rell,

To bound the right-hand side, we first note that

[ =[] Ph1(on | zh—1,an-1)
E"|> r| = sup E"|E ] | Zh-1,an-1|lz, 1 0017t

:;lfi reii, L AR (xn) +e- Phoi(on | @p—1,an-1
- o Bl ey ]
= § A TSR]
o e P o] o) o

Here, the second equality uses that i) M* and M have identical transition dynamics whenever ,_1, aj,_1t and ii) policies
in the support of p;, never take the terminal action. Meanwhile, the second-to-last inequality uses that x;, # t if and
only if 2;_1 # tand ap_1 # tin M. To bound the second term on the right-hand side of Eq. (74), we use a variant of
Proposition 4.2.

Lemma K.12. Forall o« > 0 and ¢ > 1, it holds that

[ df 2 — P, 1, a0
sup P _ﬁe(xe) >,y # t] <—sup E {_p[ d 1(le$£ 1 0e-1) Ly, ]- (76)
well, de (0) QO el de (wg) +a=t - Po_y(zg | wp—1,a0-1)

We set o = 71, so that combining Eq. (74) with Eq. (75) and Lemma K.12 yields
h—1

\Ijgﬂ;h;h,s (ph) < @push;h,s (ph) + 2 Z @push;é,e (pZ)~ (77)
(=1
Consequently, for the choice T' = ¢~ ! and a = e, Eq. (73) and Eq. (77) imply that for all b > 2,
‘Ifﬁﬂﬁh;h,e(ph) < 170H log(e™") - ,ﬁ;h

The final approximation requirements for these choices are e, g, < c1(Coisp/IAlR) 22, et 0 <
CQ(CM;h/|A|t)1/2 /2 and Eoptih < c3e? for absolute constants ¢y, ¢z, ¢z > 0. O
K.5.2. PROOFS FOR SUPPORTING LEMMAS FOR LEMMA K.6
Lemma K.8. Let h > 2 be fixed and € € (0,1/2). Then, with T = L, it holds that

@push;h,e(ph) < 7201\65[1 h 10g( ) + ZKw,off;h + 6Zw,0n;h + Szopt;h- (69)

Proof of Lemma K.8. This is a slightly modified variant of the proof of Theorem 4.2. Let df, = 3°,_,d7" and
d;l = ict dh Observe that for 7' = =, we have

= = Py_1(zp | Tp1,an-1)
Vhush;h,e (Pr) = sup E[ = =
e rei, LAy (zn) + € Phoa(@h | p—1,an-1)

o Py_ 1, Qp_
— T sup B | —— h 1(fh|$h 1,ah—1) Lol
nell, dy " (xp) + Ph—1(xn | Th—1,an—1)

Hﬁb’h#{l
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and hence it suffices to bound the quantity on the right-hand side. Next, note that for all ¢ € [T'], we have that

— Py 1, ap_
sup E" _ h l(fh‘xh 1,0h—1) L, | < sup E"
rell, dy" (xn) + Pro1(2n | 2h-1,an-1)

Py_i(zn | wp—1,an—1) Ty, %
] \z t
di (xn) + Pho1(zh | Th—1,an-1) "

and consequently

— T
= Phu1(zp | zh—1,0n-1) =
T - sup E |~ — Ipp2e| < E sup
e, ldT“(Ih) + Py_y(n | zhor,an-1) o3 el

Py_1(zp | Tp1,an-1) I,
7 =Y x t
di (xp) + Pho1(zn | p—1,an-1)

Now, note that if xj, # t, the dynamics of M imply that we must have zj,_1, ap_; # t as well. In this case, we have

Fh— Th | Th—1,ah— +
it 1£ | : ) = wp,(zn [ Th-1,an-1), (78)
dj,(xn) + Pp-1(zn | Th-1,an-1)

since Pp,_1(- | p—1,an-1) = Po_1(- | Th—1,an_1) with z,_1,ap_1 # t, and since d;{i (zp) = Jf (zp) when x;, # t (as
the policies 7,

., 7" never take the terminal action). As a result, using Lemma K.2, we have that
T

=7
sup E
t=1 m€lly

Phoa(@n | 2n-1,an1) #
< = x t
di(xp) + Prho1(zn | 2p—1,an-1)

= Z sup E" [wh (zh | Th1, an—1)Le, 2]

t=1 7€l

< 32 sup E" (@}, (zh | Th-1, an—1)lz, 2]
t= 17T€H

2
+ QZ sup E” K\/@Z(xh | Zh—1,an-1) — \/w;L(xh | xh—l,ah—1)> ]Iz,ﬁét] -

t=1 €I,

:Zw,off;h
Next, we can bound

T T
E P @k (zn | Tho1, an—1) I, < E wh op | The1, an—1)Le, 24 + Dopein
=1 nell, =1

by definition. Applying Lemma K.2 once more, we have that

M=

ot
E" (@ (xn | ©h_1, an—1)le, 2]

o
Il

1

| /\

T
E o (W, (T | Th—1, an—1)lz, 4] "‘22
P t=1

2
(\/@2(% | Th—1,an-1) — \/’U);L(l"h \ xh—laah—1)> ]Ixhyft] :

:Aw,on;h

Finally, note that since 7m* € II never select the terminal action (and in particular never reach the terminal state), we have

T

777
E E" [w}(zn | Th-1, an—1)Ls, 2]
t=1

HMH

Pr_i(zp | Tho1,an-1) I
f TpF#t
d (xn) + Pro1(zh | ®h—1,an-1)
:zT: Po_1(zh | ®h—1,an-1)

P i, (xn) + Po_1(zh | Tho1,an_1)
= 4Cpush;h ].Og(QT),
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where the final bound follows from is Eq. (35). To simplify the constants, we note that log(27") < 2log(T") whenever
e<1/2.

O
Lemma K.9. The following bounds hold for all h. > 2, as long as |w|| ., < 1 for all w € Wh:
B T
Aot < oA (el on)?,  and (70)
t=1
- T
Aw,on;h < 8|A|Cé\ﬁ;h IOg Z t - 1 'w on; h) + 40;%;h (71)
t=1

Proof of Lemma K.9. We first bound the quantity

2
Ay off;h = Z sup E” (\/@Z(Ih | xh_1,an-1) — \/MZ(Ih \ wh—lv“h—l)) Hmh;ét]-

t=1 w€lly
Observe that if z;, # t, then the dynamics of the MDP M imply that z;,_; # t,a,_1 # t. Consider an arbitrary policy
7 € I1,. Since m(x,_1) # t, the dynamics in Eq. (67) imply that df _, (x—1)/d}" ' (xn—1) < . Consequently, for any
t € [T, we can bound

2
E” l(\/@Z(xh | Th—1,an-1) — \/wﬁl(xh | xh—1,ah—1)) ]Lvh;ét‘|
= Z di_i(z,a)E (\/whxh|asa \/whxh|a:a) |mh1:m,ah1:al
zE€X:m(x)#£t,aEA
2
< Z Z _Zl(x)El<\/@;L(xh | z,a) — \/wz(xh | x,a)> | zp_1 =x,ap_1 = a]
a€A zeX:m(x)#t
2
<a) D a5 (@E W@z(xh [ @,0) = \Jwj (| )) | on1 = w051 = ]
acAzeX
— o| 4] P 1OR— 1 Tunit [(\/@Z(xh | zp_1,an_1) — \/w;(xh \ JU;L—1,ah—1)> ]
B 2
= alA| E™ l(\/@ﬁ(ﬁh | Tp—1,an-1) — \/wi(l‘h | 3«“h—1,ah—1)> 1

2
= alA]- EF* [(\/@Z(mh | Th1,an-1) — \/wZ(xh | -Thhahl)) ] = ol Al (e omn)°

where the second-to-last equality uses that py_1 op—1 Tunit = pr—1 by construction, and the final equality uses that policies
in the support of p;,_; never take the optimal action. Summing over ¢ completes the proof.

We now bound the quantity A, on.1,. Note that since the policy 7 never chooses the terminal action t, we can write

2
w on;h — Z]E l(\/@Z(xiz | xh—laah—l) - \/’LU;L(.I‘}L | Th—1, ah—l)) ‘| .

Observe that as a consequence of pushforward coverability, there exists a distribution € A(X) such that
di_y(z) < Clgm(x) for all @ € X, m € Iln. Hence, by applying Lemma K3 with g'(z) =
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E[(\/@;L('rh | Jj’ﬂ"‘(x)) - \/w;cz(xh ‘ ]},ﬂ't(x)))2 | Lh—1 = T,Qph—1 = 7Tt(£):|’ which has gt € [0,2} whenever
[@"]|oo: 'l oo < 1, we have

Aw,on;h
. = — 2 2
< |20 log(T Z E {(EK\/@%(% | Th1,an-1) — \/wZ(xh \ Jﬂh—l,&h—ﬁ) | Zh—1,an-1 = Wt(xh—l)D }
te(T)
i<t
+4Cha
T , 4
< 208 10g(T) YN TETer T [<\/@Z($h | Th-1,an-1) — \/wZ(wh | xh—hah—l)) } +4Coan
t=1 i<t
< O]\/I;h|A| log(T ZZEW% 1T unit |:<\/wh Th | Th—1,an-1) \/w;(xh | xh_l,ah_l)) :| —|—4Cpu5h

t=1 i<t

2
< 80%;“/4' 1og ZZEW Oh—1Tunif |:<\/wh Th | Th—1,Qp— 1 \/w;'z(:ch ‘ xh_l,ah_1)> :| +4C;ﬂsh'

t=1 i<t

This proves the result.

Lemma K.10. The following bound holds for all h > 2:

T
Roptsn S @D Ebpin- (72)

t=1
Proof of Lemma K.10. Let ¢ € [T] be fixed, and recall that we can write

_ ot
sup E" (@, (zn | @1, an-1)Tepzd — E" [@(@n | 2h-1,an-1)Le, 2]
well,

_ ot
= sup E"[@},(zn | 2h1,an-)lep s an ) =B [@ (2 | @1, an1)Ten_ s 00121,
welly

since xj, # tif and only if x), 1, ap—1 # t. If we define Q™ as the state-action value function for policy 7 in M under the
reward function given by r,_1(z,a) = E[@}, (2 | z,a) | 2p—1 = 2,an—1 = a]ly ox¢ and rp/(x,a) = 0 for B’ < h — 1,
the performance difference lemma (Kakade, 2003) implies that

_ ot
sup E" (@}, (zn | 2h-1,an-1)e,_y.an_r ) —E [0 (@n | 2no1,an-1)Te, a0 11]
well,

h—1
= sup _E"|Q7 (we,mlae)) - QF (ae, ' (@0)-

melly =1

Consider an arbitrary policy 7 € II,,, and fix £ € [h — 1], and write

E"|QF (@e,wlwe) = QF (e (@e)| = Y d (0)(QF (@, (@) - QF (2,7 (2))

reX

For any z € X, since € Il,, if df (z)/d}* (x) > «, then 7(x) = t, which implies that
Q7 (z,7(x)) — QF (z,7'(2)) < —QF (v,7'(x)) <0
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since the reward is non-negative, and since we can receive non-zero reward only if 7(x) # t for all £ < h — 1. Hence, we
can bound

> a7 @) (QF @ r(@) = QF (@, (@) £ Y d7 @) (@7 (0, 7(@) = QF (a7 (@) ) {dF (2)/ &} (x) < )
reX zeX
<Y dG <maXQe (02 = QF (07 (2) ) (/o) < o}
rEX
<a Z dy (x <maXQ5 (x,a) — Qf (z, 7" )H{dz )/do (z) < o)
rzeX
<o X &) (g @F (0.0) - @F (0.7'(0)))
reX

= aFE™ [gleaj( Q}Tt (z,a) — Q?t (, ﬂt(x))]

Above, the second inequality uses that i) ta (z,a) = Oforalla € Aifx = tandii) m(z) € Aif x # t but
dj (x)/d}* (z) < o Finally, we note that

E” max Q7 (ze,0) — QF (xeaﬂt(mz))} = k¥ [I&a}Q? (ze,a;W0},) — QF (w,ﬂt(a?e);@ib)],

since i) policies in the support of p, never take the terminal action, and ii) Q}ft (z,a) = Q}ft (z,a; W} ) whenever z, a # t,
since 7‘ never takes the terminal action. L]

Lemma K.11. Consider any reward function {rn},¢ g with T, : X x A — [0,1] such that Zthl ri(zn, an) € [0,1] for

all sequences (x1,a1),...,(xmg,am), and such that r,(t,a) = 0 and rp(x,t) = 0. It holds that
o[ df(zn)
sup E™ Zrh —supE Zrh <Z sup P = > a,xp # .
mell ﬂ'EH h=1 TrEH dh (‘Th)

Proof of Lemma K.11. Since policies m € II never take the terminal action, we can write

H H
sup E™ Zrh — sup E" ZTh
mell he m€lla h=1
= sup E" Zrh — sup E" ZT}L
T{'EHaQ WEHaH
H
_ WEHa -1 h=1 ﬂ'Gﬁa,z h=1

by telescoping. Fix ¢ € [H]. Let 7 € I, 4—1 be arbitrary, and let 7’ € II,, ¢ denote the policy with 7, = 7, for h # £, and
with

dj (z)
(), s <
T =9 % &) . (79)
’ dy* (z)

Let Q) (z,a) == E" [Zg:h T | Tn =20, = a} denote the Q-function for {r;} in M. Then by the performance
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difference lemma (Kakade, 2003), we have

’

since the policies agree unless i = /. Since Q, € [0,1] by the normalization assumption on the rewards and Q, (t,a) = 0
for all a € A, we have

E"[Q7 (aesn(@e)) = Q7 (20 (20))| < B[ (@) # o), e # 4

_ o[ df ()
=P {Jéz(wz) > a1 # t},

where the final equality follows from Eq. (79). Since this result holds uniformly for all 7 € ﬁa, ¢—1, we conclude that

sup E" lzrh] — sup E” [Zrh]

m€lla o—1 w€Ily 0

= [ df (ze)

< sup IP’[‘Z >, #t
ﬂeﬁa‘g,l dfz(mé)

wl:dzr(xg)

= sup P |= >oz,a:g7ét],
ﬂeﬁa dgl (l‘[)

where the final equality uses that every policy in ﬁa, ¢—1 has a counterpart in IT,, = ﬁa, p that takes identical actions for
layers 1,...,¢ — 1.

O
Lemma K.12. Forall o« > 0 and ¢ > 1, it holds that
—r [ dF (z¢) ] 2 — Po_1(xe | xo—1,a0-1)
sup P {_ >oa,xp#Ft| < —sup E | = — L, 2¢]. (76)
reft, LAy (z0) O e, LA (x0) + o Poy(we | @ a) T

Proof of Lemma K.12. We follow a proof similar to Proposition 4.2. For any ¢, we can write

dj (xe)
sup P” { 2 > o, Ty # t}
e, dpz( )
=T Qd_ﬂ(xg) :|
= sup P |—= ‘ = > q,T t
iy {dff (x¢) + = 1d7 (z) 7

well,

2 o B CHED) 2 (dF (2))?
<= E 71 Hw - - = = H:v .
= O en, {d’Z“(era—ldﬂw) “’“] 2 2P D Tyt (@)

By Lemma H.1, the function
(d)2
d— ——-"———
& (z)+at-d

is convex for all . Hence, writing df (), = E [Po_y (| zo-1, ag,l)]lwgt], Jensen’s inequality implies that for all z,

(df (x))? —r (Po_y(z | @p1,a0-1))?
— — T <E|= L
de[' (1’) +a 1. d?(l’) dge (x) +a 1. Pg_l(SC | Ty—1, ag_l)

Tose |-
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We conclude that

—[dT 2 —r P, 1, a0
sup P _Ifk(w) >a,xp £t < — sup E e1(@e | 2o, aea) Dot |-
‘

m€lly dy* (we) ] Q e, LZ]Z[ () + ™t ’FE—l(fEZ | o—1,a0-1)

K.5.3. PROOF OF LEMMA K.7 (GUARANTEE FOR EstimateWeightFunction)

Let @), := t-wj, and let wj, := ¢ - w},. Observe that solving the optimization problem in Line 10 of Algorithm 4 is equivalent
to solving the optimization problem in Eq. (54) over the class ¢ - Wj,, which has ||w'|| , <t for all w’ € Wj,. As such, we
can appeal to Theorem K.2 (in particular, Remark K.2) with

x 1 v hii .
wx' |z a) =P (2" | w,a), v(x'|z,a)= i (Z d;; " (') + P (2| x,a)),

i<t

and

1 M*,ph—1 1 M* 7 on 1y Tun;
w(z,a) = 3 (dhlph (z,a) + ] E d, " f(a:,a)).
1<t
Under Assumption K.1, we have
p@' |za)
—— =W ,a) €t- Wy,
v(z' |z, a) wy,(2" | z,a) h

so Theorem K.2 and Remark K.2 imply that

2 _ _
20t log(|W|6~1 20 log(|W|6~!
B r,an_1)~w [(\/wﬁl(xh | 2p_1,an-1) — \/wﬁl(ﬂﬁh \ $h1,ah1)> ] < gWVIO™) = :i(ldd ),

tn n

or equivalently,

2 _
= 20 log(|W|6~1
E(mh—lyah,fl)"‘w [(\/w%(xh | xh*hah*l) B \/w;z('rh | xhlvahl)) 1 < w

tn

-1
% is sufficient to achieve the desired bound.

From the definition of w, it follows that setting 7 = Nyeight(€, 9) =
The total number of episodes is at most 2t - Nyeight (€, ).

O
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