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Abstract

We propose contract cards for auditable private
conformal prediction. Private conformal methods
provide coverage and privacy guarantees, but de-
ployment audit also requires explicit records of
which requirements were imposed, which config-
uration was selected, and what evidence supports
the decision. A contract card pairs user-specified
coverage and privacy requirements with either an
infeasibility report or a certified private confor-
mal configuration, together with diagnostics that
describe operational cost. We instantiate the idea
with a transparent differentially private adaptive
prediction set backend. This instantiation sup-
plies the formal quantities recorded in the card: a
finite-sample coverage lower bound, a calibration
privacy guarantee, and a certificate-width diagnos-
tic that tracks privacy-induced threshold inflation.
Experiments on image-classification data show
that the recorded fields satisfy the formal checks
and vary predictably with calibration privacy and
sample size, making contract cards useful evi-
dence for lightweight audit.

1. Introduction
Trustworthy model deployment requires evidence that can
be inspected after a model is released. Aggregate accuracy
is rarely enough: deployment decisions may depend on
whether uncertainty estimates have a valid coverage guaran-
tee, whether sensitive records were protected during training
and calibration, and whether later auditors can reconstruct
the basis for the decision. Deployed machine learning (ML)
models are also increasingly expected to be transparent,
private, and auditable (European Parliament and Council,
2024; 2016; NIST, 2023). Conformal prediction (Shafer and
Vovk, 2008) provides finite-sample uncertainty guarantees,
while differential privacy (DP; Dwork, 2006) gives a formal
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language for bounding information leakage. Private con-
formal prediction is therefore a natural building block for
trustworthy ML systems. Guarantees alone, however, do not
make a deployed predictor easy to audit. Existing private
conformal methods (Angelopoulos et al., 2022; Romanus
and Molinari, 2025; Wu et al., 2026) are usually presented
as calibration algorithms: they prove privacy and coverage
for a particular rule and report empirical efficiency for se-
lected hyperparameters. Deployment review asks a different
question: given explicit coverage and privacy requirements,
which configuration was selected, why was it admissible,
and what evidence was retained so the decision can be
checked later? This question becomes especially important
when requirements change. Auditors and practitioners may
want to know whether tighter coverage or privacy targets
remain feasible, or whether additional calibration data may
improve the uncertainty estimates. Thus, useful audit ev-
idence should make changes in feasibility and efficiency
visible rather than implicit.

To this end, we propose the use of contract cards: compact
records attached to private conformal predictors. A card con-
tains the requested coverage–privacy contract, the selected
configuration, the formal quantities needed to recompute
feasibility, and diagnostics such as empirical coverage and
prediction-set size. Unlike broad documentation artifacts
such as model cards, datasheets, or factsheets (Mitchell
et al., 2019; Gebru et al., 2021; Arnold et al., 2019), con-
tract cards have a narrower scope: they make the coverage
and privacy claims of a private conformal predictor explicit
and checkable. We instantiate this idea with a transparent
differentially private adaptive prediction set backend (APS;
Romano et al., 2020). The backend is deliberately simple
but exposes the audit-relevant quantities: coverage and pri-
vacy guarantees, a certificate-width bound quantifying the
effect of DP noise on prediction sets, and predictable vari-
ation with calibration privacy and sample size. Together,
these ingredients give a concrete implementation of contract
cards, separating formal feasibility checks from empirical
diagnostics and making privacy–coverage–efficiency trade-
offs visible for lightweight auditing and monitoring. These
records are especially relevant for socially consequential
deployments, where public-sector or high-stakes systems
need auditable evidence for privacy, uncertainty, and post-
deployment review.
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2. Related work
Private conformal prediction combines split conformal cal-
ibration with private quantile or threshold selection, using
mechanisms such as conservative private quantiles (An-
gelopoulos et al., 2022), randomized quantile binary search
(Romanus and Molinari, 2025), and statistically efficient
non-splitting calibration (Wu et al., 2026), building on pri-
vate quantile estimation more broadly (Smith, 2011; Gillen-
water et al., 2021; Kaplan et al., 2022; Durfee, 2023). These
methods primarily optimize the privacy–utility trade-off
of the calibration rule, whereas our focus is on how a
deployment-facing system should select, reject, and doc-
ument a private conformal configuration against explicit
coverage and privacy requirements. Our contract view is
also related to distribution-free risk control, learn-then-test,
and conformal risk control, which calibrate predictive sys-
tems to satisfy statistical requirements (Bates et al., 2021;
Angelopoulos et al., 2025; 2024). We add differential pri-
vacy and focus on the retained evidence: unlike broad doc-
umentation artifacts such as model cards, datasheets, or
factsheets (Mitchell et al., 2019; Gebru et al., 2021; Arnold
et al., 2019), contract cards are narrower records containing
the formal quantities needed to recompute one coverage–
privacy predicate and diagnostics for interpreting its opera-
tional cost.

3. Preliminaries
We use upper-case letters for random variables and lower-
case letters for their realizations when the distinction is
important. We use the same notation for functions evaluated
on random variables or on realized values when the meaning
is clear from context. All missing proofs are reported in
Section A. We consider a multiclass classification setting
with input–label pairs (x, y) ∈ X ×Y , where X is the space
of inputs with labels Y = {1, . . . ,K}. A set-valued predic-
tor is a function C : X → 2Y , where 2Y is the collection
of subsets of Y . The coverage of a set-valued predictor
on a test point x is P{Y ∈ C(X)}. Conformal prediction
(Shafer and Vovk, 2008) constructs such predictors from a
held-out calibration set (Xi, Yi)

m
i=1. Conformal prediction

relies on the assumption of exchangeability: a sequence
of random variables is exchangeable if its joint distribu-
tion is invariant under permutation. Given a score function
R : X × Y → R and a threshold τ ∈ R, the prediction set
is defined as Cτ (x) = {y ∈ Y : R(x, y) ≤ τ}. For calibra-
tion scores Ri = R(Xi, Yi), let the nominal coverage be γ,
and k = ⌈(m+1)γ⌉, the split conformal threshold is the kth
quantile of R1, . . . , Rm when k ≤ m. Under exchangeabil-
ity of the calibration data and test point, the resulting predic-
tor has marginal coverage at least k/(m+1) ≥ γ. In our in-
stantiation, R is the adaptive prediction set score (APS; Ro-
mano et al., 2020). Let p̂(· | x) be the classifier’s predictive

distribution, let p(1)(x) ≥ · · · ≥ p(K)(x) denote the sorted
class probabilities, and let J(x, y) be the rank of label y in
this ordering. The APS score is R(x, y) =

∑J(x,y)
r=1 p(r)(x).

The sets Cτ (x) are monotone in τ .

Differential privacy (DP; Dwork, 2006; Dwork and Roth,
2014) formalizes protection against the effect of changing
one data point. A database is a finite collection of points,
and two databases D,D′ are adjacent under add/remove
adjacency if one can be obtained from the other by adding
or removing a single point.

Definition 3.1 ((ϵ, δ)-DP, Dwork and Roth 2014). Let
ϵ ≥ 0 and δ ≥ 0. A randomized mechanism M with
range Range(M) satisfies (ϵ, δ) differential privacy, de-
noted (ϵ, δ)-DP, if, for all adjacent databases D,D′ and all
measurable sets S ⊆ Range(M),

Pr[M(D) ∈ S] ≤ eϵ Pr[M(D′) ∈ S] + δ, (1)

where probabilities are taken over the randomness of M.
When δ = 0, we say that M satisfies pure ϵ-DP.

We refer to ϵ as the privacy budget and to δ as the failure
parameter. In our setting, ϵtrain denotes the training privacy
budget and ϵcal denotes the calibration privacy budget.

We now introduce the terminology used in the paper. A con-
tract is a tuple κ = (γtarget, ϵ̄train, ϵ̄cal, β), where γtarget is
the requested coverage level, ϵ̄train and ϵ̄cal are maximum
allowed privacy budgets, and β is the failure probability
used in the coverage certificate. A configuration is a tuple
c = (γ, ϵtrain, ϵcal, ξ), where ξ contains auxiliary choices
such as calibration size, grid resolution, score function, and
model family. A configuration c induces a set-valued predic-
tor C(·; c). A certificate is formal evidence used to check
whether c satisfies κ, including a theorem-certified lower
bound L(c) such that P{Y ∈ C(X; c)} ≥ L(c). A diagnos-
tic is an empirical quantity, such as observed coverage or
average prediction-set size, used to describe the behavior of
the model. A contract card records the contract, the selected
configuration or infeasibility report, the certificate quantities
needed to recompute formal feasibility, and diagnostics to
describe the privacy–coverage–efficiency trade-off.

4. Contract Cards as Audit Artifacts
The role of the contract card is to make the contract, the
certificate, and the diagnostics visible in one artifact. Rather
than reporting only, e.g., empirical coverage estimate, the
contract card records the quantities needed to recompute for-
mal feasibility and the diagnostics needed to interpret what
changes when requirements are varied. Given a contract
κ and configuration c, suppose that the method provides a
theorem-certified lower bound L(c) satisfying

P{Y ∈ C(X; c)} ≥ L(c). (2)
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We say that c is formally feasible for κ when

Feas(c;κ) ⇐⇒ [L(c) ≥ γtarget] ∧ [ϵtrain ≤ ϵ̄train]

∧ [ϵcal ≤ ϵ̄cal] .
(3)

When training is (ϵtrain, δ)-DP and calibration is pure ϵcal-
DP, standard composition gives an overall (ϵtrain + ϵcal, δ)
privacy guarantee (Dwork and Roth, 2014). The card keeps
the two budgets separate because they answer different audit
questions: how much privacy was spent fitting the predictor,
and how much was spent calibrating its uncertainty sets. A
contract card has two layers. The formal layer records the
contract, configuration, lower bound, and feasibility flags
needed to recompute Equation (3); see Observation 4.1.
The diagnostic layer records empirical summaries that help
interpret the selected model but do not replace the formal
guarantee. Table 1 gives a compact schema.
Observation 4.1 (Feasibility Check). Fix a contract κ and
a configuration c. Assume a card records correct values
for κ, c, L(c), and the privacy coordinates of c. Then any
verifier that recomputes Equation (3) from the card accepts
if and only if the selected configuration satisfies the stated
formal coverage and privacy guarantees.

Let G denote the finite configuration grid searched by the
deployment procedure. Each element c ∈ G is a candidate
configuration of the form c = (γ, ϵtrain, ϵcal, ξ), where the
coordinates range over user-specified finite sets, for exam-
ple nominal coverage levels, privacy budgets, calibration
sizes, grid resolutions, and model families. The grid G is
therefore not a statistical object; it is the design space over
which the deployment procedure is allowed to search. For
each candidate c ∈ G, the procedure evaluates Feas(c;κ)
using the certificate quantities available before empirical
testing. If at least one configuration is formally feasible, the
card records the selected configuration, the number of con-
figurations checked, and the subset that passed the formal
predicate. If no configuration satisfies the predicate, the card
reports formal infeasibility and the failed margin, for exam-
ple maxc∈G L(c)−γtarget. Diagnostics are reported for con-
figurations that pass the formal check; observed coverage or
set size can guide selection among admissible configurations
but not make an inadmissible configuration feasible.

5. A Transparent Private Conformal Backend
We now describe the backend used to instantiate the card.
The backend is intentionally transparent rather than opti-
mized for the best possible privacy–utility trade-off: it ex-
poses how the private threshold and its certificate change
with calibration privacy, calibration size, and nominal cov-
erage. Let (X1, Y1), . . . , (Xm, Ym) be the calibration data
and Ri = R(Xi, Yi) the APS calibration scores defined
above. For nominal coverage γ, let k = ⌈(m + 1)γ⌉.
To calibrate privately, we replace the exact quantile with

noisy cumulative counts on a public grid. Fix grid points
tb = b/B for b ∈ {1, . . . , B} and define cumulative counts
Nb =

∑m
i=1 1{Ri ≤ tb}. The count vector has ℓ1 sensitiv-

ity at most B under add/remove adjacency. We release noisy
counts Ñb = Nb + Zb, with Zb∼Lap(B/ϵcal) iid, and use
the conservative offset λ = B log (B/β) /ϵcal. The private
threshold is τ̂ = tb̂, where b̂ = min{b : Ñb ≥ k + λ} with
the convention b̂ = B if the set is empty. We now prove that
a backend constructed as described has provable conformal
coverage and DP guarantees.
Theorem 5.1 (DP-APS calibration). Assume the calibration
data and test point are exchangeable and the classifier is
fixed before calibration. The mechanism that releases τ̂
in Section 5 is pure ϵcal-DP under add/remove adjacency.
Moreover, with probability at least 1−β, the selected thresh-
old is at least as conservative as the non-private conformal
grid threshold, and the resulting APS predictor satisfies
P{Ym+1 ∈ Cτ̂ (Xm+1)} ≥ γ − β for an unseen point
(Xm+1, Ym+1).

Theorem 5.1 shows that the backend records the certified
lower bound L(c) = γ−β. The proof, reported in Section A,
also identifies the privacy–efficiency trade-off. Decreasing
ϵcal gives stronger privacy, but it increases the Laplace scale
B/ϵcal and the conservative offset λ = (B/ϵcal) log(B/β).
A larger λ raises the noisy-count threshold k + λ, so the
selected threshold is typically larger and the resulting pre-
diction sets contain more labels. A contract card makes
this mechanism visible by recording both the formal lower
bound and diagnostics affected by privacy noise. The most
direct such diagnostic is the certificate width W (c), which
bounds the possible inflation of the private threshold relative
to the non-private grid threshold.
Proposition 5.2 (Threshold-inflation certificate). Define the
empirical grid-quantile index map q(r) = min{b : Nb ≥
r}, with q(r) = B if the set is empty. With probability at
least 1 − β, the private threshold τ̂ satisfies tq(k) ≤ τ̂ ≤
tq(⌈k+2λ⌉). Consequently, the certificate width W (c) =
tq(⌈k+2λ⌉) − tq(k) upper-bounds the inflation of the private
threshold relative to the non-private grid threshold.

For monitoring, larger W (c) can indicate that stronger pri-
vacy, smaller calibration samples, or unfavorable score ge-
ometry is making the private uncertainty sets less efficient.
Since W (c) is data-dependent, public release requires either
a trusted audit setting or additional privacy accounting; in
our experiments, it is reported as a diagnostic of the card.
Remark 5.3 (Monotone certificate behavior). For fixed γ,
β, B, and empirical counts (Nb)

B
b=1, the conservative offset

λ = (B/ϵcal) log(B/β) is decreasing in ϵcal. Thus, in-
creasing the calibration privacy budget weakens privacy but
can only decrease the upper index q(⌈k + 2λ⌉) in Proposi-
tion 5.2. The certificate width W (c) is therefore monotone
nonincreasing in ϵcal for fixed calibration scores and grid.
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Table 1. Contract-card fields. Formal fields support recomputation of the coverage–privacy predicate; diagnostic fields support comparison
and monitoring.

Field group Example field Audit role

Contract γtarget, ϵ̄train, ϵ̄cal, β Deployment requirement
Configuration γ, ϵtrain, ϵcal, ξ Selected calibration choices
Formal certificate L(c) and feasibility flags Recompute checks
Certificate diagnostics width W (c), observed inflation Quantify private conservativeness
Empirical diagnostics coverage, set size, accuracy Interpret operational behavior
Selection summary feasible count, checked count, decision Explain selection or infeasibility

This monotone certificate behavior makes the card more
informative: it shows not only which configuration was
selected, but also how nearby privacy choices would change
the efficiency certificate.

6. Auditing and Monitoring
Contract cards support three tasks that arise in deployment.

Formal audit. An auditor recomputes Equation (3) from
the card. This verifies that the selected configuration meets
the recorded coverage lower bound and privacy–budget con-
straints. If the card reports infeasibility, the same fields
identify which clause failed and by what margin.

Failure-mode analysis. The diagnostic fields indicate why
a formally valid configuration may still be operationally
poor. If L(c) < γtarget, the requested coverage cannot
be certified on the searched grid. If ϵcal is too small, the
threshold-inflation certificate can widen and prediction sets
can become too large. If the base classifier is weak, cov-
erage can remain formally valid while the average set size
becomes impractical.

Sensitivity analysis. Cards can be regenerated under dif-
ferent coverage targets, calibration privacy budgets, or
calibration-set sizes. Comparing them shows how for-
mal feasibility and operational cost change with the re-
quirements: for example, whether smaller ϵcal widens the
threshold-inflation certificate or increases average set size.
This gives auditors a compact record of the predictor’s
coverage–privacy evidence and diagnostics, which can be
eventually combined with other evaluations for fairness,
robustness, or other desiderata.

7. Experiments
We evaluate whether the card fields behave predictably and
expose the intended privacy–coverage–efficiency trade-offs.
The goal is not to produce state-of-the-art private predic-
tion sets, but to test whether the audit record contains use-
ful formal and empirical evidence about how configura-
tions respond to changed requirements. We use CIFAR-10
(Krizhevsky, 2009) as a proof-of-concept benchmark for
the card fields. We rely on a lightweight convolutional clas-

sifier trained by DP-SGD (Abadi et al., 2016). Training
uses ϵtrain = 4.0, δ = 10−5, four epochs, temperature 2.0,
and label smoothing 0.5. We vary ϵcal ∈ {2, 4, 8}, nominal
coverage γ ∈ {0.55, 0.65, 0.75, 0.85}, and calibration-set
size in {1000, 2000, 4000}, averaging over 3 random seeds.
Each run records empirical coverage, average prediction-set
size, private threshold, observed threshold inflation, and
certificate width.

Figure 1 shows the main contract card diagnostics. The
certificate width tightens as ϵcal increases and as calibration
size increases. The middle panel shows the correspond-
ing efficiency effect: stronger privacy generally produces
larger prediction sets. The right panel checks the certifi-
cate interpretation directly: observed threshold inflation
remains below the certificate width. These plots are useful
as audit evidence because they distinguish three quantities
that are often conflated: the formal coverage lower bound,
the operational cost of privacy in set size, and the realized
conservativeness of the private threshold. The main take-
away is that the contract card fields respond in the expected
direction: changing privacy and sample size changes the cer-
tificate and efficiency diagnostics visibly, while the formal
coverage predicate remains separately checkable.

Table 2. Summary of certificate-aware search on CIFAR-10.
γtarget is the requested coverage target, N is the number of grid
configurations, Nrun is the number of seed-level runs, Nform is
the number of formally feasible configurations, Nsel is the number
of formally feasible configurations selected for empirical evalua-
tion, and Neval is the number of seed-level empirical evaluations
performed on those selected configurations.

γtarget N Nrun Nform Nsel Neval Red. grid Red. form

0.6 36 108 27 3 9 91.7% 88.9%
0.7 36 108 18 3 9 91.7% 83.3%
0.8 36 108 9 3 9 91.7% 66.7%

Table 2 shows which configurations pass the formal feasi-
bility check before empirical evaluation. As the requested
coverage target tightens, fewer configurations are formally
admissible: 27 for γtarget = 0.6, 18 for γtarget = 0.7, and 9
for γtarget = 0.8. For each contract, we then evaluate only
a small set of representative feasible configurations. For
fixed calibration scores and grid, smaller ϵcal gives stronger
privacy but cannot decrease the certificate width. Thus,
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Figure 1. Main contract-card diagnostics on CIFAR-10. Left: certificate width decreases with larger calibration privacy budget and larger
calibration sets. Middle: average prediction-set size decreases as ϵcal increases. Right: observed threshold inflation remains below the
certificate width. Shaded regions show one standard deviation over random seeds.

once the card already contains a feasible configuration for
a given privacy budget, configurations with the same con-
tract and larger certificate width are less useful to evaluate
empirically: they are expected to have at least as much
privacy-induced conservativeness. This leaves 3 configura-
tions per contract, or 9 seed-level evaluations instead of all
108 runs. The card records this information: which config-
urations were formally admissible, which were evaluated
empirically, and why the final configuration was chosen.

Example contract card, abridged. Request: γtarget = 0.70,
ϵ̄train = 4, ϵ̄cal = 8, β = 10−3. Decision: FEASIBLE. Se-
lected configuration: γ = 0.75, ϵtrain = 4, ϵcal = 8, calibration-
set size = 4000. Formal evidence: L(c) = 0.749 ≥ 0.70, train-
ing and calibration privacy checks pass. Certificate: W (c) =
0.04, observed threshold inflation = 0.02.

A formally infeasible card would instead report the best
attempted configuration and the failed margin, for example
a negative coverage margin if no searched configuration
satisfies L(c) ≥ γtarget.

Overall, the experiments show that contract cards provide a
compact and interpretable record of both formal admissibil-
ity and the operational cost of satisfying a coverage–privacy
contract. By recording certificate width, threshold inflation,
and prediction-set size alongside the selected configuration,
the card makes the result easier to inspect and compare.

8. Discussion and limitations
Contract cards make a narrow claim easier to inspect: under
the stated assumptions and recorded configuration, a pri-
vate conformal predictor satisfies a recomputable coverage–
privacy predicate, and its diagnostics summarize the oper-
ational cost of that guarantee. While contract cards help
model audit and monitoring, it should be highlighted that
they do not constitute a complete trustworthiness certifi-
cate. A valid card does not establish fairness, robustness,
calibration under arbitrary distribution shift, or the social

appropriateness of a downstream use case. We leave the
extension of a formal treatment of these desiderata for trust-
worthy ML as future work.

The current instantiation has three main limitations. First,
DP-APS was chosen for transparency rather than efficiency.
Stronger private quantile mechanisms could be substituted if
they expose comparable contract-facing quantities, but not
every private conformal method exposes certificate quanti-
ties whose behavior under changed requirements is easy to
summarize. Second, the certificate width is data-dependent,
so releasing it publicly may require a trusted audit setting
or additional privacy accounting. Third, our experiments
use image-classification benchmarks and a lightweight DP-
trained classifier; they should be read as a proof of concept
for the audit interface, not as deployment evidence for a
high-stakes domain. The broader point is that trustworthy
ML systems should retain structured evidence for formal
uncertainty and privacy claims. Contract cards provide one
compact way to do this for private conformal prediction.

Impact statement
This work aims to improve auditability for private conformal
prediction. Its potential benefit is to make coverage and
privacy claims easier to inspect, reproduce, and monitor
after deployment. Its main risk is overinterpretation: a
valid contract card does not imply that a deployed system is
fair, robust, or socially appropriate. Contract cards should
therefore be used as one component of a broader model
evaluation and governance process.
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A. Missing Proofs
We report here the missing proofs.

Observation 4.1 (Feasibility Check). Fix a contract κ and
a configuration c. Assume a card records correct values
for κ, c, L(c), and the privacy coordinates of c. Then any
verifier that recomputes Equation (3) from the card accepts
if and only if the selected configuration satisfies the stated
formal coverage and privacy guarantees.

Proof. This conjunction is exactly the definition of formal
feasibility, so verifier acceptance is equivalent to formal
satisfaction of the contract by c.

Theorem 5.1 (DP-APS calibration). Assume the calibration
data and test point are exchangeable and the classifier is
fixed before calibration. The mechanism that releases τ̂
in Section 5 is pure ϵcal-DP under add/remove adjacency.
Moreover, with probability at least 1−β, the selected thresh-
old is at least as conservative as the non-private conformal
grid threshold, and the resulting APS predictor satisfies
P{Ym+1 ∈ Cτ̂ (Xm+1)} ≥ γ − β for an unseen point
(Xm+1, Ym+1).

Proof. For point (1), adding or removing one calibration
point changes each cumulative count Nb by at most 1, so the
vector (N1, . . . , NB) has ℓ1 sensitivity at most B. Hence,
by the vector Laplace mechanism, releasing

(Ñ1, . . . , ÑB) = (N1, . . . , NB) + (Z1, . . . , ZB),

Zb
iid∼ Lap

(
B

ϵcal

)
,

is ϵcal-DP. Since τ̂ is a deterministic function of the noisy
vector, it is also ϵcal-DP.

For point (2), define the good event E = {|Zb| ≤
λ for all b ∈ {1, . . . , B}}, that is, the event that all addi-
tive noises are small. For Laplace noise with scale B/ϵcal,
it holds that

P(|Zb| > λ) = exp

(
−ϵcalλ

B

)
=

β

B
.

Then, by union bound, the probability of the complement
event Ec = {∃b : |Zb| > λ} can be bound as

P(Ec) ≤
B∑

b=1

P(|Zb| > λ) ≤ B · β
B

= β.

Hence, P(E) ≥ 1− β. Assume now that E holds. If the set
{b : Ñb ≥ k + λ} is nonempty, then by definition of b̂, it
holds that Ñb̂ ≥ k + λ. Since |Zb̂| ≤ λ on E , then

Nb̂ = Ñb̂ − Zb̂ ≥ Ñb̂ − |Zb̂| ≥ (k + λ)− λ = k.

If the set is empty, then b̂ = B, so τ̂ = tB = 1, and
therefore NB = m ≥ k. Thus in all cases, on E we have
Nb̂ ≥ k.

For point (3), first note the following deterministic impli-
cation: for every (x, y) and every threshold τ , it holds that
R(x, y) ≤ τ =⇒ y ∈ Cτ (x). Indeed, this is immedi-
ate from the definition Cτ (x) = {y : R(x, y) ≤ τ}. Let
A = {Ym+1 ∈ Cτ̂ (Xm+1)}. By part (2), on the event E
we have Nb̂ ≥ k. Hence, at least k calibration scores are at
most τ̂ , so τ̂ ≥ R(k). Therefore,

E ∩ {Rm+1 ≤ R(k)} ⊆ A.

It follows that

P(A) ≥ P(E ∩ {Rm+1 ≤ R(k)}).

Using the bound

P(B ∩ C) ≥ P(B)− P(Cc),

we obtain

P(A) ≥ P(Rm+1 ≤ R(k))− P(Ec).

By exchangeability, the multiset of scores
(R1, . . . , Rm, Rm+1) is invariant under permutations.
Let U denote the rank of Rm+1 among these m+ 1 values,
with ties broken uniformly at random. Then U is uniformly
distributed on {1, . . . ,m + 1}, and the event {U ≤ k}
implies {Rm+1 ≤ R(k)}. Therefore,

P(Rm+1 ≤ R(k)) ≥ P(U ≤ k) ≥ k

m+ 1
≥ γ.

Moreover, by part (2), P(Ec) ≤ β. Hence,

P (Ym+1 ∈ Cτ̂ (Xm+1)) = P(A) ≥ γ − β.

This concludes the proof.

Proposition 5.2 (Threshold-inflation certificate). Define the
empirical grid-quantile index map q(r) = min{b : Nb ≥
r}, with q(r) = B if the set is empty. With probability at
least 1 − β, the private threshold τ̂ satisfies tq(k) ≤ τ̂ ≤
tq(⌈k+2λ⌉). Consequently, the certificate width W (c) =
tq(⌈k+2λ⌉) − tq(k) upper-bounds the inflation of the private
threshold relative to the non-private grid threshold.

Proof. Consider the same good event as in the proof of
Theorem 5.1, namely, the event E = {|Zb| ≤ λ for all b ∈
{1, . . . , B}}. As in the proof of Theorem 5.1, P(E) ≥ 1−β.
Let us assume E happens.

As a first step, we intend to show that q(k) ≤ b̂. By defini-
tion, either b̂ = B or else Ñb̂ ≥ k+λ. In the latter case, for
the event E , |Zb̂| ≤ λ and thus Nb̂ = Ñb̂−Zb̂ ≥ k+λ−λ =

7
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k. In the former case, Nb̂ = NB = m ≥ k. Thus, on E , it
always holds that Nb̂ ≥ k and therefore q(k) ≤ b̂.

Next, let r⋆ := ⌈k + 2λ⌉ and b⋆ := q(r⋆). If the set {b :

Nb ≥ r⋆} is empty, then b⋆ = B by convention and b̂ ≤ b⋆.
Otherwise, Nb⋆ ≥ r⋆ ≥ k + 2λ. Again using |Zb⋆ | ≤ λ on
E , we obtain Ñb⋆ = Nb⋆ + Zb⋆ ≥ Nb⋆ − |Zb⋆ | ≥ k + λ.
Hence b⋆ ∈ {b : Ñb ≥ k + λ}. Since b̂ is, by definition,
the smallest index in the set, it follows that b̂ ≤ b⋆. In both
cases, b̂ ≤ b⋆ = q (⌈k + 2λ⌉).

Combining the two inequalities yields q(k) ≤ b̂ ≤
q (⌈k + 2λ⌉). Since the grid is increasing in b, this implies
tq(k) ≤ tb̂ ≤ tq(⌈k+2λ⌉). As τ̂ = tb̂, the result follows.

B. Empirical setup
We evaluate on CIFAR-10. The training split is divided
into a model-training set and a calibration set, with cali-
bration sizes in {1000, 2000, 4000}; the test split is used
only for empirical evaluation. Models are trained with DP-
SGD (Abadi et al., 2016) using Opacus (Yousefpour et al.,
2021) for four epochs, batch size 128, training privacy bud-
get ϵtrain = 4.0, and δ = 10−5. We use temperature 2.0,
label smoothing 0.5, and calibration failure β = 10−3. For
the card-field sweeps, we vary ϵcal ∈ {2, 4, 8}, nominal
coverage γ ∈ {0.55, 0.65, 0.75, 0.85}, calibration size in
{1000, 2000, 4000}, and average over three random seeds.
We report empirical coverage, average prediction-set size,
certificate width, observed threshold inflation, and classifier
accuracy. Accuracy is used only to describe the under-
lying private classifier; the main conformal utility metric
is average prediction-set size. Across the sweeps, the DP-
trained classifier has average test accuracy 47.9%, compared
with 72.8% for the non-private baseline, so the experiments
should be read as a proof of concept for the contract-card
diagnostics rather than a claim of state-of-the-art private
training. Experiments were run on a single RTX 3080 GPU
and take a few hours in total.
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