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Abstract

Mean-field games (MFG) have become significant tools for solving large-scale
multi-agent reinforcement learning problems under symmetry. However, the as-
sumption of exact symmetry limits the applicability of MFGs, as real-world sce-
narios often feature inherent heterogeneity. Furthermore, most works on MFG
assume access to a known MFG model, which might not be readily available for
real-world finite-agent games. In this work, we broaden the applicability of MFGs
by providing a methodology to extend any finite-player, possibly asymmetric,
game to an “induced MFG”. First, we prove that /N-player dynamic games can be
symmetrized and smoothly extended to the infinite-player continuum via explicit
Kirszbraun extensions. Next, we propose the notion of «, 3-symmetric games, a
new class of dynamic population games that incorporate approximate permutation
invariance. For a, 8-symmetric games, we establish explicit approximation bounds,
demonstrating that a Nash policy of the induced MFG is an approximate Nash of
the N-player dynamic game. We show that TD learning converges up to a small
bias using trajectories of the /NV-player game with finite-sample guarantees, permit-
ting symmetrized learning without building an explicit MFG model. Finally, for

certain games satisfying monotonicity, we prove a sample complexity of 5(5_6)
for the N-agent game to learn an e-Nash up to symmetrization bias. Our theory is
supported by evaluations on MARL benchmarks with thousands of agents.

1 Introduction

Competitive multi-agent reinforcement learning (MARL) has found a wide range of applications in
the recent years [52} 59| 48 45| 135 134]. Simultaneously, MARL is fundamentally challenging at
the regime with many agents due to an exponentially growing search space [58], also known as the
curse-of-many-agents. Even finding an approximate solution (i.e. approximate Nash) is PPAD-hard
[L6], thus potentially intractable. For these reasons, it has been an active area of research to identify
“islands of tractability”, where MARL can be solved efficiently (see e.g. [33}43]).

In this work, we develop a theory of efficient learning for MARL problems that exhibit approximate
symmetry building upon the theory of mean-field games (MFG). MFG is a common theoretical
framework for breaking the curse of many agents under perfect symmetry. Initially proposed by [30]
and [25)], MFG analyzes N-player games with symmetric agents when [V is large. In this setting,
the so-called propagation of chaos permits the reduction of the N-player game to a game between
a representative agent and a population distribution. This theoretical framework has been widely
studied in many recent works [1}, 20} 42431160} 61]].

However, works on MFG exhibit two major bottlenecks preventing wider applicability in MARL.
First and foremost, the aforementioned works on MFG all assume some form of exact symmetry
between agents. Namely, in the MFGs, all agents must have the same reward function and dynamics
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Work Symmetry  Approximation Learning Learn w/o model

Saldi et al., 2018 Exact v (asymptotic) X -
Yardim et al.}[2024 Exact v (explicit) X -
Cui and Koeppl, 2021 Exact v (asymptotic) v (reg.) X
Zaman et al.,[2023 Exact X v (reg.) X
Parise and Ozdaglar, 2019| Graphon v (explicit) X -
Zhang et al.| 2023 Graphon X v/ (mon.) X
Pérolat et al., 2022 Multi-pop. X v (mon.) X
Our work «, B-symm. v (explicit) v (mon.) v

Table 1: Selected models of symmetric games studied in MF-RL works. (reg.: only Nash with
regularization strictly bounded away from zero, mon.: monotonicity assumption)

must be homogeneous (or permutation invariant) among agents. Such perfect symmetry between
agents in MARL is theoretically convenient yet practically infeasible: Even in applications where
symmetry is presumed, usually, there are imperfections in dynamics that break invariance. Little
research has studied whether MFGs could offer tractable approximations to otherwise intractable
games that might exhibit approximate symmetries. Secondly, many works on MFG (such as [[19, 42])
implicitly assume that an exact model of the MFG is known to the algorithm akin to solving a known
MDP. In real-world applications, an exact MFG model might not be readily available. MFGs can
potentially address settings where only /N-player dynamics (possibly incorporating imperfections
and heterogeneity) can be simulated; however, such a theory of MFGs has yet to be developed.

We address these shortcomings by developing a theoretically sound MARL framework for scenarios
when permutation invariance holds only approximately. Unlike previous work on MFG, our theoretical
approach is constructive: we show that given any MARL problem, one can construct an MFG
approximation that permits efficient learning. We define a new, broad class of games with approximate
permutation invariance, dubbed «, 5-symmetric games, for which approximate Nash equilibria can
be learned efficiently. Our theoretical framework provides end-to-end learning guarantees for policy
mirror descent combined with TD learning. Our experimental findings further demonstrate strong
performance improvements in MARL problems with thousands of agents.

1.1 Related Work

We compare our work with selected past MFG results in Table [T} and also provide a detailed
commentary in this section.

Mean-field games and RL. MFGs represent a particular type of competitive game where players
exhibit strong symmetries. Past work has studied the existence of MFG Nash equilibrium as well
as its approximation of finite-player Nash [10, 11, 47]. The convergence of RL algorithms has also
been widely studied in discrete-time MFG assuming either contractivity in the stationary equilibrium
setting [64} 161} 19,160, [13]] or monotonicity in the finite-horizon setting [43} 42,162} 41 44]. These
models however assume exact homogeneity between all participants. Furthermore, existing algorithms
typically assume knowledge of the exact MFG model 19, 164]], hindering their real-world applicability.
Multi-population MFG (MP-MFG) can incorporate multiple types of populations exposed to different
dynamics [25} 142} 153, [17, 15, [11} 24]. However, within each population exact symmetry must hold
and the number of types must be much smaller than the number of agents. Moreover, MP-MFG can
be lifted to an equivalent single-population MFG [24] under certain constraints. Overall, all of these
works require variations of the stringent symmetry assumptions, restricting their applicability. A
detailed survey of learning MFG can be found at [32].

Graphon MFG. Graphon games, proposed initially by [40], can incorporate heterogeneity between
MFG agents by assuming graphon-based interactions. The setting has been analyzed in discrete-time
[[14) 57]] as well as in the continuous time setting [2, [7, 3]. Recently, policy mirror descent has
been analyzed in this setting to produce convergence guarantees under monotonicity conditions [65]].
However, these works on graphon mean-field games still incorporate exact symmetry in the form of
the graphon: namely, the types of agents must follow a symmetric distribution and interactions must
be through a symmetric graphon. In fact, graphon MFGs can still be reduced to regular MFGs [65]].



Other related work. Another class of games where a large number of agents can be tackled tractably
are the so-called potential games [46], generalized to Markov potential games incorporating dynamics
[33]. Approximate potentials have been studied in a similar spirit on Markov a-potential games [22]
and near potential games [8]]. However, to the best of our knowledge, approximate symmetry has not
been studied in the literature of MFGs.

1.2  Our Contributions

We list the following as our contributions, compared to past work summarized in the previous section.

1. We first tackle the foundational but understudied question for MFGs: when can a given N-agent
game be meaningfully extended to an infinite-player MFG? We construct a well-defined MFG
approximation to an arbitrary (possibly non-symmetric) finite-player dynamical game (DG) using
the idea of function symmetrization and via Kirszbraun Lipschitz extensions.

2. Using our extension, we define a new class of «, S-symmetric DGs for which it is tractable to
find approximate Nash. «, 5-symmetry generalizes permutation invariance in dynamic games to
arbitrary MARL problems, where parameters «, 5 quantify degrees of heterogeneity in dynamics
and player rewards respectively.

3. We prove that the solution of the induced MFG is indeed an approximate Nash to the original
o, f-symmetric DG up to a bias of O(1/V/N + a + 3), demonstrating that MFG approximation is
robust to heterogeneity and finite-agent errors in the DG.

4. We analyze TD learning on the trajectories of the finite-agent DG. We show that by only using
O(e~?) samples from the N-player game, policies can be approximately evaluated on the abstract
MFG up to symmetrization error.

5. Finally, we show that under monotonicity conditions, policy mirror descent (PMD) combined with
TD learning converges to an approximate Nash equilibrium using (5(5_6) sample trajectories of
the N-player DG. This provides an end-to-end learning guarantee for MARL under o, 5-symmetry,
characterizing a novel class of problems that can be solved efficiently with MARL.

2 Main Results

Notation. For K € Ny, let [K] := {1,..., K}. Let Ay be the probability simplex over X'. For any
N e Nog define Ay y :={pe Ax|Nu(z) € N>0,Vx € X}. Forx € XV, define the empirical
distribution o(x) € Ay y as a( )(x ) 1N ZZ 1 1z,—a. Let Sk be the set of permutations over
the set [K], so Sk := {g : ygbl_]ectlve} For x = (z1,...,7x) € XX and g € Sk,
define g(x) := (241, .- xg(K) e XK. Define x=% € XK1 as the vector with i-th entry of a
removed, and (z,x ) € X K as the vector where i-th coordinate of x has been replaced by x € X'.

We consider discrete state-action sets S, .A. We denote the set of time-dependent policies on S, A as
II:={r:8 x [H] > A}. We abbreviate 7, (als) := w(s,h)(a). Forp: § - Ay and p € Ag,
we define (p-p) € As as (p-p)(s,a) := p(s)p(s)(a) forall s,a € S x A. Finally, we define entropy

H(u) = =3, u(a)logu(a) for u e A 4. We denote Dxy.(u|v) := Y, u(a)log ZEZ% for u,v € A 4.

2.1 Finite-Horizon Dynamic Games

Firstly, we define finite-horizon dynamic games, the main object of interest of this work.

Definition 1 (N- player FH- DG) An N-player finite-horizon dynamic game (FH-DG) is a tuple
(S, A, po, N, H {P*}N_| {R}}N.|) where the state and actions sets S, A are discrete, py € A, the

number of players N € Ny, horlzon length H € Ns, and transition dynamics and rewards are
functions such that P* : S x A x (S8 x A)N"! 5 Agand R': § x A x (S x A)N~1 — [0,1].

The above definition differs from Markov games [51], where a common state is shared by all agents.
In FH-DG, each agent only observes their own state and the dynamics depend on the state vector of
all N agents. Such a model can be especially realistic in cases where games have natural locality,
that is, the game state is not globally available to agents. Next, we define the Nash equilibrium.



Definition 2 (FH-DG Nash equilibrium). For a FH-DG G = (S, A, po, N, H, { P*}N_| {R'} ),
policy tuple w = (7',... 7N e TIN the expected total reward of agent i € [N is defined as

J® () :=FE

H-1 _
>, RBishaipy’)
h=0

Visgpo, af i (5))
s‘;,,+1~PJ ("3'}77,7@}717[’;])

where py, = (si,al )N ,. The exploitability of agent i for policies m is then defined as ) () :=
maxerr JO (m,77%) — JO (1), Ifmax; £V (w) = 0, m is called a Nash equilibrium (NE) of the
FH-DG. If max; £ () < 6,  is called a 5-Nash equilibrium (5-NE) of the FH-DG.

At a 6-NE, the incentive for any selfish agent to deviate is small, therefore, approximate NE is a
natural solution concept for FH-DG. However, the problem of finding an NE is challenging: not
only is the problem computationally intractable in general [[15], but for large IV the search space of
policies grows exponentially. This motivates the approximation via symmetrization in the remainder
of the work.

2.2 Symmetrization and Lipschitz Extension

In order to define approximate symmetry, we first show that finite-agent dynamics of Definition[T]can
be extended to infinitely many players. In the process, we tackle a question that is relevant for MFGs
beyond our work: When and how can we build an MFG model on the continuum, given dynamics on
finitely many players? We will use the notions of symmetrization and Lipschitz extension.

Definition 3 (Symmetric function, symmetrization). A function f : X¥ — Y is called symmetric if
flg(x) = f(x), Vx € XX, g € Sk. For a symmetric f : XX — Y, we define its population lifted
version f : Ay x — Y as the well-defined function such that f(u) = f(x) for Vx € XX satisfying
o(x) = p. Given f : XX — RP, we define the symmetrization Sym (f) : X% — Y as

Sym (1) (%) = 27 3 flol@), Vae XX

9gEeSK

We also denote Sym (f) := Sym (f).

We note that the terminology “‘symmetrization” is consistent as Sym (f) is indeed a symmetric
function (as verified in Section . Furthermore, if f is symmetric then Sym (f) = f as expected.

Finally, to extend DG to the infinite-player continuum, we will use the following special case of the
Kirszbraun-Valentine theorem, which concerns Lipschitz extensions of functions from strict subsets
of the Euclidean space to the entirety of the space preserving their Lipschitz modulus.

Lemma 1 (Kirszbraun-Valentine [2756]]). Let d1,ds € N-g, and U < R%. Let f : U — R% be an
L-Lipschitz function with respect to the Euclidean norm |- |2. Then, there exists Ext (f) : RT — R%
such that Ext (f) is L-Lipschitz and Ext (f) (x) = f(z) forall x € U.

While Ext (f) is not unique in general, it can be explicitly formulated in various ways [37, [54], and
the particular formulation is not important in this work.

2.3 Mean-field Games and «, f-Symmetric Games

Next, using the definitions from the previous section, we show how the FH-DG can be extended to an
MFG. We formalize the finite-horizon MFG (FH-MFG), which will be the main approximation tool.

Definition 4 (Finite-horizon mean-field game). A finite-horizon mean-field game (FH-MFG) is a
tuple (S, A, po, H, P, R) where S, A are discrete, py € As, H € N+, the transition dynamics P is
afunction P : 8 x A x Agx o — As, and the reward R is a function R : S x A x Agx4 — [0,1].

Compared to Definition [T} Definition [] introduces two conceptual changes under the premise of
exact symmetry: (1) the dependency of dynamics to the states and actions of other agents have
been reduced to a dependency on a population distribution on Agy 4, and (2) N agents have been
implicitly replaced by a single representative agent. We next extend the definition NE to MFGs.



Definition 5 (Induced population, MFG-NE). For a FH-MFG defined by the tuple (S, A, po, H, P, R),
we define the population update operators I', A as

T(p,m)(s',ad) = Z w(s,a)P(s'|s,a,p)m(a’|s") (1)
s€S,ae A
A(m) = {T(-- - T(C(po - o,m1) - 7))}y )

Formelland p = {uh}th_Ol e A" . the expected reward is defined as

H-1

Z R(Sh7 Qp,, Mh)

h=0

We define MFG exploitability as £(m) := maxen V(A(m),7") — V(A(n), 7) and FH-MFG-NE as:

V(p,m):=E

Sh+1~P(sn,an,kn)

S0~p0, ah~77h(8h)] ) 3)

Policy 7* = {m}}1=3 € Wsuch that ~ £(n*) = 0. (MFG-NE)

Intuitively, the above definition of MFG-NE requires that the policy 7 is optimal against the population
flow it induces. Questions of existence [9, 4} 23] and approximation of the FH-DG under exact
symmetry [47] have been thoroughly studied in the literature. That is, if an /NV-player game exhibits
exact symmetry, then the MFG-NE exists and is an approximate NE of the FH-DG.

Taking a constructive approach, we show that the FH-MFG-NE of an appropriately constructed MFG
is also an approximate NE for a given FH-DG without a prior model. The definition below of an
“induced MFG” demonstrates how arbitrary non-symmetric dynamics can be extended to an MFG.

Definition 6 (Induced FH-MFG). Let G = (S, A, po, N, H, {P*}N | {R}}N.|) be a FH-DG. The
MFG induced by G, denoted MFG (G), is defined to be the (S, A, po, H, P, R), where P : S x A x
Asxa— Asand R: S x A x Agxa — [0,1] are defined for all s € S;a € A, jp € Asx 4 as:

N Bxt (Sym (Pi(s,a, ) (1) R(s.a ) im i Ext (Sym (R'(s,a,-))) (1)

P(s,a,p) = Z ~ ~

i=1

MFG (G) is well-defined due to Lemmal|l} In words, the definition of MFG (G) consists of two
main operations: (1) symmetrize (Sym (-)) and extend (Ext (-)) P?, R to Asx 4, and (2) average
symmetrized dynamics and rewards for all players. Furthermore, in the special case P! = PJ and
R' = RJ forall i # j and P(s,a,-), R(s,a,-) are symmetric, the MFG (G) has dynamics and
rewards Ext (P') , Ext (R'), which are simply the Lipschitz extensions of P*, R! to the continuum.

Remark 1. Even for exact symmetric games, Definition|6]is relevant. The availability of an MFG
model is typically taken for granted, however, since real-world algorithms might only be able to
access finite-agent dynamics without a known MFG model, it is a valid research question when and
how a game can be meaningfully extended to infinite players (answered by Definition [6).

Finally, we provide the definition of approximate or «, 3-symmetry.
Definition 7 («, 3-Symmetric DG). Let G = (S, A, po, N, H, { P*}N_| . {R'}Y.,) be an N-player
FH-DG, inducing MFG (G) = (S, A, po, H, P, R). If it holds for o, 8 > 0 that

max max Pi(s,a — P(s,a <«
(e[ N.5.0eS x A pE(SX.A)N71 H ( ) 7P) ( ’ 7”)”1 x G,

HEASxA a(p)=p
max max_ |R'(s,a,p) — R(s,a, )| <,
i€[N],5,aeSx A pe(Sx AN 1
HEAS K A a(p)=p

then the FH-DG G is called o, 3-symmetric.

As expected, an exactly symmetric /V-player game is also 0, 0-symmetric, and any dynamic game G is
«, f-symmetric for some constants a < 2, 3 < 1. Hence, Definition 7] generalizes exact permutation
invariance. Games that exhibit near-exact symmetries will have very small constants «, /3, we will
next provide approximation and learning guarantees for such finite-agent games.



2.4 Approximation of NE under Approximate Symmetry

In this section, we will prove that a NE of the induced MFG (G) is also an approximate NE of the
finite-agent game G. We will provide an explicit bound on the approximation, motivating the use of
MFGs for solving FH-DG.

We first introduce the notion of k-sparse dynamics. In words, with x-sparse dynamics an agent at
state s playing action a is impacted only by other agents occupying a sparse set of “neighboring”
state-actions N, < S x A where |N;,| < k. For a subset f — X, we define the function
pu: X > Xou{l}aspy(x) = xif x € U and py(x) =L otherwise, where L is treated as a
placeholder element such that L ¢ /.

Definition 8 (k-sparse dynamics/rewards). A function f : XM — Y is called r-sparse (on some
Uc X)if U] < kand f(x) = f(y) whenever py(x;) = pu(y:) foralli =1,..., M. Dynamics
{P}N | (resp. rewards {R'}Y.|) are called k-sparse if all P'(s,a,-) (resp. R'(s,a,-)) are k-sparse
onsomelUs o < S x Aforallse S,ae A(resp. Uso © S x Aforallse S,ae A).

Sparsity is common in FH-DG, particularly when there is spatial structure. Many standard MFG
problems such as the beach-bar problem [43] and crowd modeling [64] are in fact (x = 1)-sparse, as
agents are only affected by the population distribution at their current state.

Using sparsity, we provide an upper bound of the Lipschitz constants of maps P(s,a, ), R(s,a,-) of
the induced MFG on the continuum Agy 4, demonstrating that unless the FH-DG exhibits dominant
players, P, R have bounded Lipschitz moduli independent of V.

Lemma 2 (Lipschitz extension bound). Let G be an FH-DG with dynamics and rewards
(PN AR, admitting the induced mean-field game MFG (G) with dynamics and rewards
P, R. Assume that {P*}N_| , {R"}}.| are k-sparse and it holds that

HPi(S,CL,p) - Pi(svaa ((S/va/)ap_j))nl < Cl7 |Ri(8,a,p) - Ri(saav ((S/,a/),p_j))‘ < 025

foranyi,je [N],i#j, 5,8 €8,a,a’ € Aand p € (S x A)YN=1 for some constants Cy, Co. Then,
the induced P, R have Lipschitz modulus at most C1 Nk and Cy N +/k respectively, that is,

HP(S,CL,,M) - P(Sa avl”'/)HQ < ClNﬁ:Hu’ - :UIHQa |R(37 a, /l,) - R(Sa ahu/)| < CQN\/EHH’ - M/HQ’
foranyse S,ae A, pu, 1 € Asxa.

The above theorem characterizes a condition on the original FH-DG for the induced FH-MFG to have
smooth (Lipschitz) dynamics. The theorem suggests that the game must have no dominant players so
that the effect of each agent on others is upper bounded of order O(1/n). Furthermore, by standard
results in MFG literature, if the “no dominant players” condition of Lemma 2| holds, the population
update I' is also Lipschitz continuous with some modulus Ly, , that is independent of V.

Finally, we state the main approximation result, which quantifies how closely the true [V-player game
Nash equilibrium can be approximated by the mean-field Nash equilibrium of the symmetrized game.
Theorem 1. Let G = (S, A, po, N, H, { P}, . {R"}Y ) be an N-player FH-DG and MFG (G) =
(S, A, po, H, P, R). Let the Lipschitz modulus of the population update operator T' in j1 be Lyop, .. If
7* € Il is a MFG-NE of MFG. (G), then (*, ..., 7*) € II"V is an e-NE of the FH-DG, where

2 H H
€:O<H (lprop,u) +aH21Lp0p’”+ﬁH>.

(1 = Lpopu)VN 1= Lpop

Proof. (sketch) We show that (1) the empirical distribution of agent state-actions over S x A
approximates the induced mean-field A(7*), (2) marginal distributions of states of an agent P[s} = -]
in FH-DG are also approximated by the mean-field, and (3) explicitly bounding the difference
between V and J(*). The formal proof and explicit upper bound are presented in Section [

Most critically, the approximation bound proves that the MFG approximation is robust to small het-
erogeneity: when «, 3 are small, the induced MFG-NE approximates the true NE well. Furthermore,
the upper bound suggests three different asymptotic regimes depending on I' being non-expansive,
contractive, or expansive. If L., ,, < 1, the bound above is polynomial. If L,y , > 1, o > 0 might
incur an exponential dependency on H, whereas the error due to 5 > 0 only scales linearly with



O(BH). However, the exponential worst-case dependence of the bias on H is generally unavoidable
even under perfect symmetry, as matching lower bounds are known [63]]. Theorem|T]also recovers
the bounds known for exactly symmetric FH-DG (i.e. a = 8 = 0, see [63]]).

Finally, we emphasize that Theorem I]does not assume any particular structure on the FH-DG: the
results apply for any values of «, 3, although the quality of approximation will vary. Furthermore, it is
known that for NV > 2, finding an e-NE for the FH-DG is PPAD-complete even for a certain absolute
constant € [18]. Hence, even when «, 3 are not close to 0, the result will be useful in approaching the
PPAD-complete limit via mean-field approximation.

We emphasize that the results so far already suggest a learning algorithm: one can estimate (e.g.
via neural networks) the induced P, R and solve the MFG directly with standard algorithms (e.g.
[43L131]). However, this method can be prohibitively expensive as it involves learning functions to
and from A gy 4. The remainder of the paper will be dedicated to formulating more efficient methods.

2.5 Policy Evaluation with o, 3-Symmetry

In this section, we analyze TD learning for «, f-symmetric FH-DG. While Definition [f] provides an
explicit construction of an MFG, we show that this construction is not needed for policy evaluation.
Namely, using TD learning, a policy 7 can be evaluated with respect to the (induced) mean-field
A(7) only through sampling trajectories of the FH-DG G. We first define Q functions on the MFG.

Definition 9 (Mean-field Q values). For the MFG (S, A, po, H, P,R), fort >0, h=0,...,H — 1,
we define (entropy regularized) Q-values for eachh =0,... . H —1land s € S,a € Aas

H-1
;’ﬂ-(S, a) = E Z R(Sh’7 ap/, Mh/) =+ TH(’]Th/(-lsh/)) Sh=5 ah:a}S}LI+1~P(Sh,’ah,’p‘h/)’

apt ~Tpt gy (Sprgn)s g =A(T) g YR/ 20|
h'=h

In other words, the Q-values of a policy 7 are computed with respect to the MDP induced by the
population distributions A(7) in the MFG. We note that the above definition does not match the
typical definition of Q-values in a multi-agent setting, and rather is defined concerning an abstract
MFG. We note that we will occasionally treat ;'™ as an element of the vector space RS*A,

For the finite-horizon problem, we will analyze TD learning, which is a standard method for policy
evaluation with established guarantees beyond MFGs [55]. We formulate Algorithm [T} presented for
simplicity as performing TD learning on agent 1.

Algorithm 1 TD Learning for o, S-symmetric games

Input: FH-DG G, epochs M, learning rates {7, }m, policy m € II, entropy regularization 7 > 0.
1: @g(s,a) «—0, VYhe{0,...H—-1},s€S,ae A
2: forme0,1,..., M —1do
3:  Using 7 for all agents, sample path from G: {pp h, T n bi—g = {5k, 4y @by s T i
4: Perform TD update:

ZLH — Q)+ NMm (QT+1(5}n,h+17 a3n7h+1) + Trln,h + ,H(ﬂ—(’|$}n,h))

- Q;Ln(‘g}n,h7a$n,h))esl wal Vh< H—-1

Am+1

1
H-1 QE—l + nm(H(W('|S'}n,H—1)> + r’}fL,H—l - QT(SirL,}L’ a’:’l"”h))esin,H—l7"’111,,H—1

5: Return {QM}H- L.

Theorem 2 (TD learning for «, 3-Symmetric Games). Let G be an N-player FH-DG and
MFG (G) be its induced MFG. Let m € 1I be a policy such that A(m) = p = {up}n and
P[s} = s,a; = s|. Assume Algorithmis run with w for M > 0

epochs for with learning rates 1, = 25 Then, the output {@ﬁl}h of Algorithm |l| satisfies

m+26—1°
IE[ f;ol H@ﬁ/f -y |3 ] < O(3 + & +a®+ B2), where || - |, is defined for p € Asx 4 as
lal = /S0 pls.a)a(s, 0)2.

= lnfh,s,ax.f. P[s;,’=s,a;17,=s]>0

Hh




Theorem [2] provides a finite-sample guarantee for TD learning, a building block of many MARL
and MFG algorithms. Most importantly, it suggests that in order to use mean-field game theory to
approximate NE of an FH-DG G, there is no need to explicitly build a model of MFG (G). Instead,
TD learning in the original N-player game when all the agents pursue policy 7 allows the evaluation
of the mean-field Q-values of 7 efficiently. The rate of convergence suggested by Theorem [2] matches
the optimal known rates for TD-learning in a single-agent setting [28]. In practice, one can use the
trajectories of all IV agents to further improve efficiency, instead of only using that of agent 7 = 1.

2.6 Learning NE under o, S-Symmetry

We complete our framework by providing our key theoretical result: any «, S-symmetric DG can be
solved approximately only using samples from the N-player DG, under monotonicity assumptions.
Our algorithm uses TD learning as a building block, with stochastic policy evaluations used for policy
mirror descent updates [29, 161} 165]].

Definition 10 (Monotone MFG [43,142]). A MFG with dynamics P and rewards R is called monotone
if P is independent of , and for all pi, pi' it holds that 3, ,(R(s,a, ) — R(s,a,p"))(u(s,a) —
W' (s,a)) < 0. ADG G is called monotone extendable if MFG (G) is monotone.

To motivate this definition, we provide a large class of DGs that are relevant and monotone-extendable.
Example 1 (Asymmetric dynamic congestion games). Forany i € [N], leth; : S x A x [N] —
[0,1],7" : S x A — [0, 1] be arbitrary functions so that h;(s, a,-) is non-increasing for any s, a.
Assume P'(-|s,a, p~%) does not depend on p~* for any s, a, and R'(s,a,p™") be 1-sparse so that
Ri(s,a,p™%) = hi(s,a, Z;\Ll 1,,—(s,a)) + 7i(8,a). Such games can be seen as generalizations of
congestion games [46|] and congestion games with player-specific incentives [39], for which an
efficient solution is unknown. We prove monotone extendability and characterize the values of o, B
and Lipschitz constants for such games in Section|[D.]]

Algorithm 2 Policy mirror descent for o, -symmetric games (Symm-PMD)

Input: FH-DG G, epochs T, TD learning epochs M, learning rates {; }+, entropy 7.
1: Initialize uniform policy: mo 5 (a|s) = 14, Vhe{0,...H —1},se€S,ae A
2: forte0,1,...,T —1do > Run for T epochs
3: Run Algorithm for policy 7y, M epochs, entropy 7, {1}, as in Theorem
4: Obtain {Q4} 7!, set @l (s,a) := Qb (s,a) — H(mn(:|s)).
5: Perform PMD update: (Vs € S,h =0,...,H —1)

Ti41,0(+]s) := arg max 3 (s, -)Tu + 7H(u) | — Dxv(u|men(-]s)).
UEA 4 1- Té-t

6: Update policies: m¢11 5(-|s) 1= (1 - 1‘4%1) Tee1n(c]s) + H% Unif(-), VseS.

7: Return 7 := {1 ST men

Theorem 3 (Convergence of PMD). Let G be a monotone extendable o, 3-symmetric game. Assume
Symm-PMD (Algorithm runs with learning rates & = ﬁ, entropy regularization T € (0, 1/2),

M = O(¢72) TD iterations for T > (’3(5*4) epochs. Then, the output policy 7 is a O(e + ar~! +
Br7Y + 77! VN + T)-Nash equilibrium of G in expectation.

Proof. The proof is based on [65] with the added complications of finitely many agents, approximate
symmetry, and stochastic TD learning. Full proof is presented in Section [D.3] O

Theorem suggests a sample complexity of O(¢~%) trajectories from the N-agent FH-DG in order
to compute a e-NE (up to symmetrization bias). In fact, it is (to the best of our knowledge) the first
finite-sample guarantee for computing approximate NE for a large class of dynamic games with many
agents. Most importantly, the number of agents N does not appear in the complexity: hence, the
curse of many agents can be provably circumvented for «, 5-symmetric games. Even in the exactly
symmetric case (o« = [ = 0), Theorem [3|is the first guarantee to the best of our knowledge for
learning FH-MFG-NE only observing trajectories of the /NV-agent game.



3 Experimental Results

We support our theory by deploying Symm-PMD (Algorithm 2)) on several large-scale «, 3-symmetric
games. For evaluations, we modify the well-known benchmarks from MFG literature (see [[13]]) to
propose three games with asymmetric incentives: A-RPS, A-SIS, and A-Taxi. A-RPS is an adaptation
of RPS [13] to incorporate asymmetric rewards for agents. A-SIS models disease propagation in a
large population individually choosing to self-isolate or go out, incorporating asymmetric agents with
individual susceptibility/healing rates and unique aversions to isolation. Finally, A-Taxi simulates a
large population of taxis serving clients in a grid, with individual preferences for regions and crowd
aversion. In our experiments, we use N = 1000 and N = 2000 agents demonstrating the ability
of our framework to handle large MARL games. A-Taxi incorporates |S| > 230, H = 128, hence
necessitates neural parameterization. Our setup is thoroughly described in Section[E]

We deploy Symm-PMD on two different DGs, with « = 0, 8 ~ 0.1, N = 2000, H = 10 on A-RPS
and o ~ f ~ 0.1, N = 1000, H = 20 for A-SIS. We compare the symmetrized approach of
Symm-PMD to its asymmetric counterpart independent PMD (IPMD), where a separate policy is
learned for each agent. The training curves, pictured in Figures[T}(b,c) characterize the exploitabilty
of the learned policies throughout training. In both cases, while IPMD has no approximation bias in
principle, it struggles to converge presumably suffering from the curse-of-many-agents. Symm-PMD,
on the other hand, rapidly converges to a policy profile with low exploitability and is much more
sample-efficient. In both cases, Symm-PMD converges to a solution with low bias.

We demonstrate the scalability of our approach with neural policies. In the A-Taxi environment, we
use PPO [50] with symmetrized neural policies and compare to the settings the policy has access to
agent identities (either one-hot encoded, in OH-NN, or as an integer, in ID-NN). Symmetrized policies
outperform either benchmark by converging faster and to a better solution. Learning independent
neural policies for each of 1000 agents (Ind-NN) is extremely expensive in this setting: this approach
performs the worst and is orders of magnitude computationally more expensive.

Computational efficiency. We also emphasize the computational efficiency of symmetrization: since
our algorithm need not learn separate policies for each agent, it is drastically more computationally
efficient compared to independent PMD. In A-SIS and A-RPS benchmarks, learning is 60% faster,
whereas symmetrized neural PPO in A-Taxi is >95% faster than its independent counterpart.
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Figure 1: (a) The mean rewards throughout training of symmetric policies (Sym-NN), policies with
onehot encoding for ¢ (OH-NN), policies with numerical encoding for ¢ (Ind-NN) and independent
policies (Ind-NN) in A-Taxi. (b, ¢) The exploitability throughout multiple epochs of Symm-PMD
(Algorithm and IPMD, for A-RPS with 5 = 0.1 in (b) and A-SIS with & = 8 = 0.1 in (c).
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4 Discussion and Conclusion

We formulated a new class of competitive MARL problems («, S-symmetric games) that can be
tractably solved. We constructively showed that every «, S-symmetric FH-DG can be efficiently
approximated by an induced MFG. We provided theoretical guarantees for TD learning, and under
monotonicity, for PMD to approximate NE up to symmetrization bias. These results provide a
complete theory of learning under approximate symmetry, supported by numerical experiments.



Acknowledgments and Disclosure of Funding

This project is supported by Swiss National Science Foundation (SNSF) under the framework of
NCCR Automation and SNSF Starting Grant.

References

[1] B. Anahtarci, C. D. Kariksiz, and N. Saldi. Q-learning in regularized mean-field games.
Dynamic Games and Applications, pages 1-29, 2022.

[2] A. Aurell, R. Carmona, G. Dayanikli, and M. Lauriere. Finite state graphon games with
applications to epidemics. Dynamic Games and Applications, 12(1):49-81, 2022.

[3] A. Aurell, R. Carmona, and M. Lauriere. Stochastic graphon games: Ii. the linear-quadratic
case. Applied Mathematics & Optimization, 85(3):39, 2022.

[4] A. Bensoussan, J. Frehse, P. Yam, et al. Mean field games and mean field type control theory,
volume 101. Springer, 2013.

[5] A.Bensoussan, T. Huang, and M. Lauriere. Mean field control and mean field game models
with several populations. arXiv preprint arXiv:1810.00783, 2018.

[6] Q. Cai, Z. Yang, C. Jin, and Z. Wang. Provably efficient exploration in policy optimization. In
International Conference on Machine Learning, pages 1283-1294. PMLR, 2020.

[7] P. E. Caines and M. Huang. Graphon mean field games and the gmfg equations: e-nash
equilibria. In 2019 IEEE 58th conference on decision and control (CDC), pages 286—-292. IEEE,
2019.

[8] O. Candogan, A. Ozdaglar, and P. A. Parrilo. Near-potential games: Geometry and dynamics.
ACM Trans. Econ. Comput., 1(2), may 2013. ISSN 2167-8375. doi: 10.1145/2465769.2465776.
URLhttps://doi.org/10.1145/2465769.2465776.

[9] P. Cardaliaguet. Notes on mean field games. Technical report, Technical report, 2010.

[10] R. Carmona and F. Delarue. Probabilistic analysis of mean-field games. SIAM Journal on
Control and Optimization, 51(4):2705-2734, 2013.

[11] R. Carmona, F. Delarue, et al. Probabilistic theory of mean field games with applications I-1I.
Springer, 2018.

[12] S. Cayci, N. He, and R. Srikant. Linear convergence of entropy-regularized natural policy
gradient with linear function approximation. arXiv preprint arXiv:2106.04096, 2021.

[13] K. Cui and H. Koeppl. Approximately solving mean field games via entropy-regularized deep
reinforcement learning. In International Conference on Artificial Intelligence and Statistics,
pages 1909-1917. PMLR, 2021.

[14] K. Cui and H. Koeppl. Learning graphon mean field games and approximate nash equilibria.
arXiv preprint arXiv:2112.01280, 2021.

[15] C. Daskalakis, P. W. Goldberg, and C. H. Papadimitriou. The complexity of computing a nash
equilibrium. Communications of the ACM, 52(2):89-97, 2009.

[16] C. Daskalakis, N. Golowich, and K. Zhang. The complexity of markov equilibrium in stochastic
games. In The Thirty Sixth Annual Conference on Learning Theory, pages 4180-4234. PMLR,
2023.

[17] G. Dayanikli and M. Lauriere. Multi-population mean field games with multiple major players:
Application to carbon emission regulations. arXiv preprint arXiv:2309.16477, 2023.

[18] P. W. Goldberg. A survey of ppad-completeness for computing nash equilibria. arXiv preprint
arXiv:1103.2709, 2011.

10


https://doi.org/10.1145/2465769.2465776

[19] X. Guo, A. Hu, R. Xu, and J. Zhang. Learning mean-field games. Advances in Neural
Information Processing Systems, 32, 2019.

[20] X. Guo, A. Hu, R. Xu, and J. Zhang. A general framework for learning mean-field games.
Mathematics of Operations Research, 2022.

[21] X. Guo, A. Hu, M. Santamaria, M. Tajrobehkar, and J. Zhang. MFGLib: A library for mean
field games. arXiv preprint arXiv:2304.08630, 2023.

[22] X. Guo, X. Li, C. Maheshwari, S. Sastry, and M. Wu. Markov a-potential games: Equilibrium
approximation and regret analysis. arXiv preprint arXiv:2305.12553, 2023.

[23] J. Huang, B. Yardim, and N. He. On the statistical efficiency of mean field reinforcement
learning with general function approximation. arXiv preprint arXiv:2305.11283, 2023.

[24] J. Huang, N. He, and A. Krause. Model-based rl for mean-field games is not statistically harder
than single-agent rl, 2024.

[25] M. Huang, R. P. Malhamé, and P. E. Caines. Large population stochastic dynamic games: closed-
loop mckean-vlasov systems and the nash certainty equivalence principle. Communications in
Information & Systems, 6(3):221-252, 2006.

[26] S.Huang, R. F.J. Dossa, C. Ye, J. Braga, D. Chakraborty, K. Mehta, and J. G. AraAéjo. Cleanrl:
High-quality single-file implementations of deep reinforcement learning algorithms. Journal of
Machine Learning Research, 23(274):1-18, 2022.

[27] M. Kirszbraun. Uber die zusammenziehende und lipschitzsche transformationen. Fundamenta
Mathematicae, 22(1):77-108, 1934.

[28] G. Kotsalis, G. Lan, and T. Li. Simple and optimal methods for stochastic variational inequal-
ities, ii: Markovian noise and policy evaluation in reinforcement learning. SIAM Journal on
Optimization, 32(2):1120-1155, 2022.

[29] G. Lan. Policy mirror descent for reinforcement learning: Linear convergence, new sampling
complexity, and generalized problem classes. Mathematical programming, 198(1):1059-1106,
2023.

[30] J.-M. Lasry and P.-L. Lions. Mean field games. Japanese journal of mathematics, 2(1):229-260,
2007.

[31] M. Lauriere, S. Perrin, S. Girgin, P. Muller, A. Jain, T. Cabannes, G. Piliouras, J. P’erolat,
R. Elie, O. Pietquin, and M. Geist. Scalable deep reinforcement learning algorithms for mean
field games. In International Conference on Machine Learning, 2022.

[32] M. Lauriere, S. Perrin, J. Pérolat, S. Girgin, P. Muller, R. Elie, M. Geist, and O. Pietquin.
Learning in mean field games: A survey, 2024.

[33] S. Leonardos, W. Overman, I. Panageas, and G. Piliouras. Global convergence of multi-agent
policy gradient in markov potential games. arXiv preprint arXiv:2106.01969, 2021.

[34] W. Mao, H. Qiu, C. Wang, H. Franke, Z. Kalbarczyk, R. Iyer, and T. Basar. A mean-field game
approach to cloud resource management with function approximation. In Advances in Neural
Information Processing Systems, 2022.

[35] L. Matignon, G. J. Laurent, and N. Le Fort-Piat. Hysteretic g-learning: an algorithm for
decentralized reinforcement learning in cooperative multi-agent teams. In 2007 IEEE/RSJ
International Conference on Intelligent Robots and Systems, pages 64—69. IEEE, 2007.

[36] C. McDiarmid et al. On the method of bounded differences. Surveys in combinatorics, 141(1):
148-188, 1989.

[37] E.J. McShane. Extension of range of functions. 1934.

11



[38] J. Mei, C. Xiao, C. Szepesvari, and D. Schuurmans. On the global convergence rates of softmax
policy gradient methods. In International Conference on Machine Learning, pages 6820-6829.
PMLR, 2020.

[39] I. Milchtaich. Congestion games with player-specific payoff functions. Games and economic
behavior, 13(1):111-124, 1996.

[40] F. Parise and A. Ozdaglar. Graphon games. In Proceedings of the 2019 ACM Conference on
Economics and Computation, pages 457-458, 2019.

[41] J. Perolat, B. Scherrer, B. Piot, and O. Pietquin. Approximate dynamic programming for
two-player zero-sum markov games. In International Conference on Machine Learning, pages
1321-1329. PMLR, 2015.

[42] J. Pérolat, S. Perrin, R. Elie, M. Lauriere, G. Piliouras, M. Geist, K. Tuyls, and O. Pietquin.
Scaling mean field games by online mirror descent. In Proceedings of the 21st International
Conference on Autonomous Agents and Multiagent Systems, pages 1028—1037, 2022.

[43] S. Perrin, J. Pérolat, M. Lauriere, M. Geist, R. Elie, and O. Pietquin. Fictitious play for mean
field games: Continuous time analysis and applications. Advances in Neural Information
Processing Systems, 33:13199-13213, 2020.

[44] S. Perrin, M. Lauriere, J. Pérolat, R. Elie, M. Geist, and O. Pietquin. Generalization in mean
field games by learning master policies. In Proceedings of the AAAI Conference on Artificial
Intelligence, volume 36, pages 9413-9421, 2022.

[45] N. Rashedi, M. A. Tajeddini, and H. Kebriaei. Markov game approach for multi-agent competi-
tive bidding strategies in electricity market. IET Generation, Transmission & Distribution, 10
(15):3756-3763, 2016.

[46] R. W. Rosenthal. A class of games possessing pure-strategy nash equilibria. International
Journal of Game Theory, 2(1):65-67, 1973.

[47] N. Saldi, T. Basar, and M. Raginsky. Markov—nash equilibria in mean-field games with
discounted cost. STAM Journal on Control and Optimization, 56(6):4256—4287, 2018.

[48] M. Samvelyan, T. Rashid, C. Schroeder de Witt, G. Farquhar, N. Nardelli, T. G. J. Rudner,
C.-M. Hung, P. H. S. Torr, J. Foerster, and S. Whiteson. The starcraft multi-agent challenge.
In Proc. of the 18th International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2019), AAMAS 19, page 2186-2188, Richland, SC, 2019. International Foundation
for Autonomous Agents and Multiagent Systems.

[49] J. Schulman, P. Moritz, S. Levine, M. Jordan, and P. Abbeel. High-dimensional continuous
control using generalized advantage estimation. arXiv preprint arXiv:1506.02438, 2015.

[50] J. Schulman, F. Wolski, P. Dhariwal, A. Radford, and O. Klimov. Proximal policy optimization
algorithms, 2017.

[51] L. S. Shapley. Stochastic games. Proceedings of the national academy of sciences, 39(10):
1095-1100, 1953.

[52] A. Shavandi and M. Khedmati. A multi-agent deep reinforcement learning framework for
algorithmic trading in financial markets. Expert Systems with Applications, 208:118124, 2022.

[53] S. G. Subramanian, P. Poupart, M. E. Taylor, and N. Hegde. Multi type mean field reinforcement
learning. In Proceedings of the 19th International Conference on Autonomous Agents and
MultiAgent Systems, AAMAS °20, page 411-419, Richland, SC, 2020. International Foundation
for Autonomous Agents and Multiagent Systems. ISBN 9781450375184.

[54] A. Sukharev. Optimal method of constructing best uniform approximations for functions of

a certain class. USSR Computational Mathematics and Mathematical Physics, 18(2):21-31,
1978.

12



[55] J. Tsitsiklis and B. Van Roy. Analysis of temporal-diffference learning with function approxi-
mation. Advances in neural information processing systems, 9, 1996.

[56] F. A. Valentine. A lipschitz condition preserving extension for a vector function. American
Journal of Mathematics, 67(1):83-93, 1945.

[57] D. Vasal, R. K. Mishra, and S. Vishwanath. Master equation of discrete time graphon mean
field games and teams. arXiv preprint arXiv:2001.05633, 2020.

[58] L. Wang, Z. Yang, and Z. Wang. Breaking the curse of many agents: Provable mean embedding
g-iteration for mean-field reinforcement learning. In International conference on machine
learning, pages 10092-10103. PMLR, 2020.

[59] M. A. Wiering. Multi-agent reinforcement learning for traffic light control. In Machine Learning:
Proceedings of the Seventeenth International Conference (ICML’2000), pages 1151-1158, 2000.

[60] Q. Xie, Z. Yang, Z. Wang, and A. Minca. Learning while playing in mean-field games:
Convergence and optimality. In International Conference on Machine Learning, pages 11436—
11447. PMLR, 2021.

[61] B. Yardim, S. Cayci, M. Geist, and N. He. Policy mirror ascent for efficient and independent
learning in mean field games. In International Conference on Machine Learning, pages 39722—
39754. PMLR, 2023.

[62] B. Yardim, S. Cayci, and N. He. Stateless mean-field games: A framework for independent
learning with large populations. In Sixteenth European Workshop on Reinforcement Learning,
2023.

[63] B. Yardim, A. Goldman, and N. He. When is mean-field reinforcement learning tractable and
relevant?, 2024.

[64] M. A. U. Zaman, A. Koppel, S. Bhatt, and T. Basar. Oracle-free reinforcement learning in mean-
field games along a single sample path. In International Conference on Artificial Intelligence
and Statistics, pages 10178-10206. PMLR, 2023.

[65] F. Zhang, V. Y. Tan, Z. Wang, and Z. Yang. Learning regularized monotone graphon mean-field
games. arXiv preprint arXiv:2310.08089, 2023.
A Preliminaries

Firstly, we present several basic facts regarding symmetrization and symmetric functions.

Lemma 3. Forany f : XX — Y, Sym (f) is a symmetric function.

Proof. For any g’ € S, we have

Sym (1) (6/00) =37 O Fold'60) = 77 3 Flg(x)) = Sym () ().

: gESK QESK

since composition by g’ defines a bijection from S onto itself. O

Lemma 4. For any symmetric function f : X% — Y, Sym (f) = f.

Proof. By simple computation:

Sym (1) () =77 O F90) = 27 ) F0) = £x)

geSK geSK
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Normed policy space. In the proofs, we equip the policy space IT with the norm || - ||; defined as

| — [l = sup |7 (s) — 7'(s)|,
seS

for any m, 7’ € II. We present several useful results.
Lemma 5. Let m, 7’ € Il and p, i’ € As be arbitrary. Then,

I m = wlly < =y + e = 7'

Proof. The lemma follows from the two inequalities

-7 =g a'l < Y lu(s)m(als) — u(s)n’(als)]

< D uls) Y, Im(als) = '(als)] < | — 7|1,
and similarly:

i-m = -y < 3 (s)m(als) — ' (s)m(als)

< D luls) =i/ ()1 Y mlals) = — w1
O

Lemma 6 (Lemma B.2 of [61]]). Assume E a finite set, g : E — RP a vector value function, and
v, |4 two probability measures on E. Then,
A
Q9@ = Y glew(e)) < Fu—vih,
e € 1

where \g := sup, s |g(e) — g(e')]1-

To establish explicit upper bounds on the approximation rate, we will use standard concentration

tools.

Definition 11 (Sub-Gaussian). Random variable £ is called sub-Gaussian with variance proxy o2 if
2,2

VieR: E[eMEED] < e>= . In this case, we write £ € SG(c?).

It is easy to show that if £ € SG(c?), then af € SG(a?c?) for any constant o € R. Furthermore, if
&1, ..., &, are independent random variables with §; € SG(c?), then Y., &; € SG(3,, o7). Finally, if
€ is almost surely bounded in [a, b], then §; € SG((b — a)?/1). We also state the well-known Hoeffding
concentration bound and a corollary, Lemma [§]

Lemma 7 (Hoeffding inequality [36]). Let & € SG(0?). Then for any t > 0 it holds that
2

Plc—E[¢]]| >t < 222

Lemma 8. Let & € SG(0?). Then

E[¢-E[¢]]] < V2m0?, E[(¢-E[¢])’] <40

Proof.
© (1) © t2
P(|¢ —E[¢]| = t)dt < 2J e 22 dt = V2702

0

Efl¢-Elgl) - |

0
Inequality (1) is true due to Lemmal7] Likewise,

Em—EthﬁjM@—Emf>wﬁ
=£%m—mm>WMt

un (=
< 2[ ¢ 27 dt = 402
0
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For controlling errors under stochasticity, the following simple lemma will be useful.

Lemma 9 (Harmonic partial sum bound). For any integers s,5 such that1 < 5§ < sandp # —1, it
holds that

I 1 1
logs—logg—i—féz < — + logs —logs,
s ~n s
ght1 g+l g+l gp+1
- Z np . + SP, lfp > 0
p+1 (p+1) — p+1 p+1
sPtL sp+1 s’”rl 5Pl

P <
p+1 p+ an p+1

Proof. The proof follows from the the basic fact that if f : [1,00) — Rsq is a non-increasing
function, then

[ s@ae + 16 Z )< [ Hons s 16,

and likewise for a non-decreasing function f : [1,0) — Rx, it holds that

[REEE Z w < [ s+ 16

Finally, we slightly generalize the definition of MFG-NE (Definition [I2), as our approximation
theorems are somewhat more general than what is stated in the main body of the paper: we consider
approximate MFG-NE rather than only exact MFG-NE.

Definition 12 (-MFG-NE). A policy sequence w* € Ilg is called a 0-MFG-NE of the MFG
(S, A, po, H, P, R) if it holds that

E{miy) <o (5-MFG-NE)

A remark on extension Lemmaland Ags. For given N > 0 and map P : Agy AN — Ag with
Lipschitz modulus L on As 4,n, the Kirszbraun-Valentine Lemma (Lemma. only guarantees an
L-Lipschitz extension Ext ( ) Asxan — RS. However, we can trivially side-step this issue
with a modified application of Kirszbraun-Valentine. Let Proja, : : RS — Ag be the projection
operator to the convex set Ag. For any extension Ext (15), Proja g o Ext (15) is also a valid L-
Lipschitz extension that preserves P on the set Asy 4,n as Proj, ¢ is non-expansive. Moreover,
Proj, , o Ext (P) has image set contained in A as required.

B Extended Proofs on Approximation

B.1 Proof of Lemmalf2]

The proof relies on the properties of symmetrization and Lemma[f] Forn convenience we denote
K := N — 1 in this proof.

Firstly, we show that for any 7,5 € [N],s € S,a € A, the functions Sym (Pl) (s,a,-) and
Sym (RZ) (s,a,-) also satisfy the bounded variation and sparsity assumptions. Assume that
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pe (S x A)K, (s a") e S x Aarbitrary, Then, by definition,
| Sym (P') (s,a,p) = Sym (P') (s, a,((s',a"),p™7))]2

1 ; i B
s K! Z P'(s,a,9(p)) — Z P'(s,a,9((s',a"),p™7))
" llgeSk geSx )
1 7 i o
<7 2 IP.0.000) - Pls.ag((s.a).p)
geSk
1
< ﬁ Z Cl < Cl.
9geSk

Furthermore, assume P’(s,a,-) is k-sparse on some set Us , = S x A where |Us | < k. Let
p.p € (S x A)K be two vectors agreeing in their entries in U 4, i.e., pu, , (p) = pu. .. (p')- Then,

Sym (P) (s,0.0) = 27 ) P'(s,,9(p)

9geSK

5 2 Pls.a.0e)

9geSK
= Sym (PZ) (S,Q,p/),

since g(p’) agrees with g(p) on its elements in U , as well, as py, , (9(p)) = pu, . (g(p’)). Therefore
we conclude Sym (Pl) is also x-sparse on Us 4. By similar computation,

|Sym (R) (s, a,p) — Sym (R') (s,a, ((s',a’),p™7))| < Ca,
and Sym (R') is also x-sparse.

Next, we establish that the lifted functions Sym (P?) (s, a, -) only depend on y(s) for s € Us 4,
that is, we show that if 4, 4/ are such that u(s’,a’) = p'(s',a’) for all (s',a’) € Us,q, then
Sym (P?) (s,a, ) = Sym (P?) (s,a, i) Let 1, ' € Asx.a,k be such that pu(s’,a’) = p/(s',d’)
for all (s',a’) € Us o. Take arbitrary p, p’ such that o(p) = p,o(p’) = w'. It holds that for some
permutation ¢’ € Sk that ¢'(p’) agrees with p on all entries taking values in U ,, as p’ and p have
the same count of elements in ¢/, ,. Then

Sym (P') (s,0,) =75 3 P'(s,0,9(0)

9geSK
1 7
=1 2 Pl(s,a.9(d' ()
" geSk
1 7 — .
=27 2 P(s.a.9(p) = Sym (PY) (s,a,41).
" geSk

A similar argument works for Sym (Ri) (s,a,-), allowing us to conclude that
Sym (P*) (s, a,-),Sym (R") (s, a,-) only depend on pu(s’,a’) if (s',a’) € Us 4.

Finally, we analyze the Lipschitz modulus of the lifted functions 1/~ ¥, Sym (P?) ,1/n 3}, Sym (R?).
Let fi1, 19 € Asxax and p1 = {pi}{<1,p2 = {p5}is; € (S x A)* be such that o(p;) =
p1,0(p2) = pa. Then,

[Sym (P') (s,a.p1) — Sym (P') (s.0,p2) |1 < 1 Y Ly
ie[K]
Taking the minimum over such p;, p2, we have that
ISym (P') (s,a, p1) — Sym (P?) (s, a, o)
< min Ch 2 Lyisps < C1K |1 — a1,

p1,p26(Sx A)K .
o(p1)=p1,0(p2)=H2 welK]
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as p1, po can differ at a minimum at K |p; — pof; coordinates. Finally, as concluded from the
arguments above, since Sym (P?) (s, a, p11) only depends on i (s',a’) for s',a’ € Us 4, one can
choose fi1, fiz € Asx 4 such that fi; (s, a’) = u1(s’,a’) and fig(s',a’) = pa(s’,a’) forall (s',a’) €
Us,q and [iq (", a") = fia(s”, a”) whenever (s”,a") # Us 4. Then,

[Sym (P*) (s, a, 1) — Sym (P*) (5,0, p2) |1 =|Sym (P") (s, a, fia) — Sym (P") (s, a, iz)

=C1K|p1 — 2l
—CiE Y (s a) = (s, @)
s’,a’'€Us o
<GK | (s, a) = pa(s o) [Pk
s’,a’'eUs

<C1 K+k|fy — fig]2 < CLEVE|p1 — pal 2,

thus proving Lipschitz bound on the set As 4 . By an identical argument, it holds that
|Sym (Rl> (87 avlfll) - Sym (Rl> (87 a»/l2)| < CQ(N - 1)\/EHM1 - 1u‘2”2‘

The result follows from an application of Lemma 1| to extend !/~ Y, Sym (R’) (s,a,-) and
YN Y, Sym (P?) (s, a,-) from Asy .4, N t0 Asx 4, as the norm equivalence || - 2 < | - 1 holds.

B.2 Population Flows are Lipschitz Continuous

Lemma 10 (Lipschitz continuity of I"). Let P : S x A X Agx 4 — Ag be such that P(s,a, ) is
Lipschitz continuous in | - | norm with modulus K,, > 0 and

I,)H s,a,p) — P(s',a, 1), Kq :=sup | P(s,a,pu) — P(s,a’, ), -
n

= su
Then it holds for all p, i’ € Asxa,m, 7 € 11 that:

K, + K,
i) = Tl < (S 4 ) s,

SJorallmweTl, p, p' € Asxa.

Proof. The proof is inspired by [61]], apart from the fact that in our case the population update
operator is defined differently as:

D(p,m)(s'a") = Y nls,a)P(s']s,a, w)m(d|s')

s€S,ae A
We will prove a slightly more general statement, that

K+ K,
oG m) = ), < D=l (B 4 1) =
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Firstly, we upper bound the Lipschitz modulus of the function with respect to u. For any u, u’ €
Asx 4, it holds that:

HF(Mv ﬂ-) - F(.u“la 7T)H1

Z(N(S,G)P(S/|S,avﬂ) - ;/(s,a)P(s'|s,a,,u'))7r(a/|s')

s,a

D (u(s,a) = W (s,a)P(s'|s, a, mm(a’|s')

s,a

)

s’ a’

S (s,0)(P(')s,,1) — P(5'ls, u’))ﬂ(a’IS’)'
se€S,aeA

Z(u(s,a) - ,u’(s, a))(P(57a’u) 'W)

s,a

1

+ Y i (s,0) S P( s, a,1) — P(s|s,a, 1) Y w(a|s")
s,a s’ a’

max ||P(s,a,p) - m — P(5,a,p) - 7|1
2
max HP(S’ a, M) — P(§7 a, ILL) Hl
2
where the last two lines follow from Lemmal[6land Lemmal[3l Since

HP(&(Z,M) - P(§>aau)|‘1 < Ks + Km

we have the claimed inequality

Ks + K,
HF(/’(H ﬂ-) - F(/J,/,T(')”l < H/’L - l’(‘lHl (2 + Ku,) .

<l =l + K — |

<= + Kyl — /-

Finally, the Lipschitz constant for the policy 7 is computed by:

HF(NH 7T) - F(N7WI)||1 < Z

s’ a’

< 3 (s, a)P(s'|s,a,m) Y |m(a'|s) — 7 (a'|s")

s,a,s’

S (s, a)P(s'|s, a, 1) (m(a'|) — w'(a'|s/>)’

s,a
< =71

B.3 Proof of Theorem[Il

The main ideas of the approximation proof are similar to some arguments from MFG literature (e.g.
see [47]) with two major differences: (1) the dynamics of the finite player game are not exactly
symmetric, and (2) unlike some standard works the dynamics and rewards depend on the distribution
of agents over state-action pairs, not just states.

For given R and P define the following constants:

Ly = sup |R(s,a,p) — R(s',a,p)|, Lo = sup |R(s,a,u)— R(s,d’,p)|,
s,s’,a,p1 s,a,a’

Ky = sup |P(-|s,a,p) = P(-|s',a, 1), , Ko = sup |P(-|s, a,p) = P(-|s,a’, )|, -
5,8/, 0 s,a,a’ 1

We also introduce the shorthand notation for any s € S,u € A4, € Asxa:

P('|85u7:u) = Z U(CL)P('|S,CL,ILL), R(‘g?u?M) = Z U(G)R(S’auu)'
acA aceA

18



By [61, Lemma C.1], it holds that
[P (s, u, ) = PCIs  uls 1) 0 <Kl — 1l + Kad(s, ') + %Hu — |1,
|R(s,u, ) — R(s", v/, /)| <Lu|p— plls + Lsd(s, s') + %Hu — ;. 4)
We will define a new operator for tracking the evolution of the population distribution over finite time

horizons for a time-varying policy Y = {7}/, € II:

T (pu,7) ;= T(... DT (p, 70), T1) - -+ s Tho1)

h times

so that TO(p, ) := p. Lemma.yields the Lipschitz condition:

107 (s {i}i0) = T (1 Ao
< Lpopu[ 0" (py {mi}726") = T (A Z i + Iy = 77,

pop7 ”/’[’ K Hl + Z L;Loplul ‘ﬂ-i - ﬂ-z/'Hl’ 5

where L, ,, is the Lipschitz constant of I'in p.

We also define a useful function = : (S x A)N x IV — Agx 4 such that for any p = {(s%,a*)}¥,

[1]

(o, 7) NZP |s',a’,o(p7h) - 7.

In other words, = is the average population flow expected under symmetrized dynamics and reference
policy 7.

The proof will proceed in four steps:

* Step 1. Bounding the expected deviation of the empirical population distribution from the
mean-field distribution E [|| iy, — s |1] for any given policy 7.

 Step 2. Bounding total variation distance (or equivalently ¢; distance) between the marginal
distributions P[s} = -] in the N-player game and P[s), = -] in the mean-field game,

« Step 3. Bounding difference of N agent value function J(!) and the infinite player value
function V, when all the players except the first one play the same policy,

» Step 4. Bounding the exploitability of an agent when each of N agents are playing the
FH-MFG-NE policy.

Step 1: Empirical distribution bound. Due to its relevance for a general connection between the
FH-MFG and the N-player game, we state this result in the form of an explicit bound. In this step, we
will assume N players of the FH-DG pursue policies {7'}; = {r} }; , € II"V, and random variables
f Furthermore, assume T = {7, }5, € II arbitrary, and induces population g = A(T) = {upn}n. We

also define the quantity Ay, := & SV | |7h — 741 and A := maxpepp A
11

The proof will proceed inductively over h. First, for time h = 0, we have

uo—fzpo i IZPO-Wé—uo
i=1

S o5 2
|

E [0 — pol1] <E [

SO:S,aé:a - pO(S)ﬂ-(Z)(a‘S))

||'Mz

1 S,
ElZWé—ﬁ(H}
=1

<ISIAly 57 + A
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where the last line is due to Lemma|§|and the fact that 1; _ aj=a ATC independent, bounded (hence

subgaussian) random variables, and that we have E [ si=s ao—a] = po(s)m(s,a) = up(s,a).

Next, denoting the o-algebra induced by the random variables ({s’, al }); n'<n as Fp, we have that:
B{llnty = pngala [ Fn] <Ezna = Eangy | Ful a1 Fn ]
(B)
E{|E [ftn+1 | Fn] — Epn, Tnt1) |1 [Fn]
(0
E[|E(pn, Thv1) = L(in, 7)1 | Fn ]
()
E{IC(in, 7n) = pnsil1 | Fn] (©)
©)
We upper bound the four terms separately. For (A), it holds that
(2) =E [lfins1 — E [ine1 1 7] |1 1 5]

= > Ellfins(s,0) —E[fni1(s,a) [Fnl || Fn]
s€S,ae A

™
<ISIMAly 57

since each [i,41(s) is an average of N independent subgaussian random variables (specifically
N independent Bernoulli random variables) given JFj. Specifically, each indicator is bounded
lshlzs»ahl:a € [0,1] almost surely and therefore is sub-Gaussian with ]lS;H:S,a;H:a
SG(1/4).

Next, for the term (o),
(@) =E[|E [ﬁh+1 |Fn] = Z(pn, Tnt1) |1 [Fn ]

~

N
1 Z 7 i i —1 =
-N [ ZP |8h7ah7ph ') - Thy1 — ZP('|5haahaU(Ph )+ Thtt ]:h]
=1 1
1 [ o .
< B | 1P ki) — Pl oot
=

+ = X | Thr = Tl
Ni:1H7Th+1 Thetl1

By the a-symmetry condition, it follows that (o) < o + Ap 1.
For () = |E(pn, Tr}i) — LB, 7)1,
(*) = E[IE(pn; Tn+1) = T(fin, Tnsa)[1 [ Fn]

- [N ZP Clsis ah, o (o)) - s = Z fin(s',a" )P(-s',d’, in) - T

1
= _F Ful.
ve[12 |
The vectors (N — 1)a(p},"), Njip, can differ by only 1 in one component due to the i-th agent being

excluded from the former, it holds that

INo(p,") = Niin[r < |(N = Da(p,") = Niin|1 + |o(p, ) < 3,
therefore for any s, a,

7il.

1

N
2 P(-|S}l,az,0(p;1)) “Tht1 — Z P('|Sﬁzaa}1wﬁh) “Tht1
i=1 i=1

1

3K,

HP(~|S,(I,0(p}_Li)) - P('|s7a7ﬁh)H1 < N
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almost surely and (*) is further upper bounded by (*) < %

Finally, the last term (©) can be bounded using:
(V) =E[ITGn, 7n) — Tk, @)l 1Fn ] < Lpopull fin — pn)1-

To conclude, merging the bounds on the three terms in Inequality (6) and taking the expectation on
both sides, by the law of iterated expectations we obtain:

[ ~ T 3K
E[|fne1 — o1 |1] <Lpop B [I7n — o] + 1S Aly 55 + 222 + Apgs + .
2N N
Induction on h yields the bound for all h:
E[|7in — pnll1]
h
—n' m 3K
S Z LZUP}}H (|S|A| IN + NH +Apgr + a)
h'=0
_ [h+1 po B 3K
pop, L
<S— (IS5 +A+ +al, 7
1= Lyop,u (| M4 2N N oz) )
. 1_Lh+1 .
where we adopt the convenient shorthand —2%* := hif Lyep ,, = 1.
pop,p

Step 2: Marginal state-action distributions. In this step, we analyze the distributions P[s}, =
-,a}, = -]. For simplicity, assume each player i # 1 follows policy 7 € II, player 1 follows an

arbitrary policy 7 € II: we denote the induced random variables in the N-player game G as s}, a},, [in.
Assume that in the mean-field game MFG (G), the representative player in MFG (G) also follows
policy 7, evaluated against distribution g := A(7): denote the induced random variables as s, ay,.
In this setting, we will inductively upper bound the quantity

| Plsn = 1= Plsy = 1.
Firstly, for b = 0, it holds by definition that
Pso = ] = P[sy = -] = po,
hence | P[sg = -] — P[s{ = -]|1 = 0.
Next, for the time step h + 1,
| Plsns1 =1 Plsis1 = 1

< ST FIsh = 07" =l = X Pl o) Bl =1
< SZPP(s,ﬁh(S)J(p))]P’[S}L = s.p;,' =p] - ;P(sﬁh(S),uh)P[Sh =5,
+ ;[Pl(sﬁh(s»p) — P(s,n(s),0(p)] Pls), = 5,p;," = p] 1
< ;P(s,ﬁh(s),o(p))ﬂ”[% = s5,p," = p] - gP(sﬁh(s),uh)P[sh =) to ®

where the last line follows from the a.-symmetry condition. For the remaining term, we first observe
the inequality:

S [P(s, 7 (5),7(0)) — Pls, 7 (s), )] Pls}, = s, 07" = p]

< ZKMHU(P) — ] P[s}, = 5,05 = p]
P

1

< KuE[|o(p);," — pnl1]

~ 3K,
< K[| — ] + =1
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as again ||fin, — o(p;")|1 < 3/n almost surely, as Njiy, and (N — 1)a(p;, ") differ by one in one
coordinate only. Then, applying the triangle inequality and marginalizing over p in Inequality (8)),

[ Plsher =] = Plspyr =1ls

<
S

3 ~
+at o+ Ky Ef[an — pn1]

3K ~
<IPlsp = 5] = Plsn = sl + o+ == + Ku B[ in — pu ]

where in the last line we used the fact that Markov kernels are non-expansive in /1 norm, where in
this case the Markov kernel is given by P(-|s, T (s), up) forall s € S.

_EP(Saﬁh(5)7ﬂh)P[sh = 5]

1

Inductively applying the recursive bound above we obtain the inequality for all A:

K, SETT,
IP[s}, = ] —Plsn =]l < (h—1) (a + ) Ky Y Bl = il ©)
h=0

By the result in Step 1 (Inequality , since A < 2/n in this case it holds that

1— Lh+1 P 5K
E[|G, — < - “pop 2By
17 = ) < 77222 (18141 55 + 5+ ).
forallh =0,..., N — 1. Merging the two inequalities:

| PLs), = -] - P[Sh =1
h+1
o 5K 3K

Lypop.u Z p il (|S||A| — + —N" + a> +(h—1) (a + N") . (10)

Lpop.u

Step 3. Bounding value function. In this step, we bound the difference between the expected returns
of a player in the IV player game and the induced MFG (denoted by functions J, V' respectively).
Namely, we will upper bound the deviation

|JJD @, 7, ) = V(A(r), )|
for any two policies 7, 7 € II.

As in step 1, assume each player ¢ # 1 follows policy 7 € II, and player 1 follows policy 7: we
denote the induced random variables in the N-player game G as s!,a}, [in. Assume that in the
mean-field game MFG (G), the representative player in MFG (G) also follows policy 7, evaluated
against distribution g := A(7): denote the induced random variables as sy, aj,.

By the results in Step 1,2 shown in inequalities (7), (9), since A < 2/ in this case it holds that:

1— h+1 7'(‘ 5K
E[lfn —p <W(5A ”-i—oz)
(17n —nlh) < T=722 (13114 .

| Plsh =] = Plsn = 1lx
3K, el B
< (h—1) <a + N) + K, EO]E[HM pn 1]

forallh =0,...,N — 1.
At a fixed time step h, the expected one-step reward differences can be decomposed into four terms:
|E[R(sn, an, pn)] = E[R (s}, aj,, p~")]]
< |E[R(sn,an, in)] = E[R(sp, a, un)]]
+ | E[R(sp,, ap,, in)] — E[R(sp,, ag, fin)]|
+ | E[R(s}, ay, fin)] — E[R(sp, ai, o (p™"))]|

+ | E[R(sh, an, o(p™"))] = E[R' (s, a, p~ )],
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enumerating these terms as (I), (II), (IIT), and (IV), we upper bound each as follows:
L,
M) <2 Plsn = o = ]~ Ps} = -.ah = Iy
L,
<5 | Plsn =]~ Pls, = lx
dn <L/L ]E[Hﬁh - ,UhHl]

(1) <L, Ef|fin — o(p~ )] < L=
Iv) <p

where the last line uses the «, § symmetry condition.

=

Then, summing up over the entire time horizon, we obtain the result

|J(1)(7_T, Ty aﬂ) - V(A(ﬂ—)vﬁ”

H-1
~ L, 3HL
< X0 (BBl ] + S Pln = 1= Flsh = 20 ) + 9+ 22 ap
h=0
or substituting the upper bounds established before,
[TV @, . om) = V(A(), 7]
H-1
N L. K
<2Gmwrwm+2“2wawM>
h=0 h!
3HL 3K,
H k4 H?
+8H + — + (a+ N )
H-1
L, K 3HL 3K,
< L,EM ¢ 202t N i) H+ =ty d* a+ =L 12
§0< z Z FBH + = . (12)

where we define the quantity

1—Lht! T 5K
B . Pop, T I )
e (114l 5 + )

Pop, N

Step 4. Bounding exploitability function. Finally, we use the results from the previous steps to
upper bound the exploitability of the MFG-NE policy 7* in the FH-DG. Let u* = A(x*). Let 7’ be
arbitrary.

JO (' a*,r) = T (1) VAR, 7)) — VA, 7%)
+ “] (7T ;T s ) - V(A(W*)vﬁ*)‘
+\J (7T'771'*,...,77*)7V(A(7T*),7T/)‘.

The last two terms in this inequality can be bounded by Inequality (I2) by choosing 7 = 7* and
7 = 7' respectively, and the first term satisfies

V(A(r*), ") = V(A(r™), 7*) <0
as 7 is assumed to be a 6-MFG-NE.

Then, the main statement of the theorem is obtained by observing

ED(7*) = max J (7!, 7% — JO (7%, 1)

w'ell
H—-1 h—1
L. K 6HL, 3K
<6+2 L,EM 4 2ok E® 28H 2H? [ + K
+2 ) ( + Z +28H + = + N )
h=0 =0
where once agaln
1 _ Lh+1 T 5K
Bt . POp, 1L o
=L, \SM oy + 7 +a
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Namely, if Ly, , = 1, then
if Lpop,, < 1, then

and finally if Ly, , > 1, then

-0t o+ )

C Extended Results on TD Learning

We will make use of the following technical lemma.

Lemma 11. Let G = (S, A, po, N, H, {P'}N |, {R'}N.,) be a FH-DG which induces MFG (G) =
(8, A, N, H, P, R). Furthermore, assume that the population flow operator T of the induced MFG
satisfies the Lipschitz condition

|7 (e, ) — F(Mlvﬂ')‘b < Lpop,u”H - ﬂ/H27

for all policies ™ and p, 1’ € Asx 4. Then, if all players in the FH-DG play policy © € 11, it holds
that

E[lfn — pal3] < C

1— 2D <S||A . 18K2(H? + 2)

1- Lz%omt N NZ

+2(H? + 2)a2> :

for some absolute constant C' > (.

Proof. Due to its relevance for a general connection between the FH-MFG and the N-player game,
we state this result in the form of an explicit bound. In this step, we will assume N players of the
FH-DG pursue policies {r'}; = {r};, € IIY such that 7° = 7 for some 7 € II, and random
variables {s! . a} }i n<n, pn € (S x A)N are generated according to the finite player dynamics.

The proof will proceed inductively over h. First, for time h = 0, we have

~ ~ 2
E [0 — #ol3] <E|lfio — po - ol

N 2
<22 | (F G taemain 0wt
8,0 i=1
1 N )
<Z WE lZ (]ls(%:syaé:a — (po - mo)(s, a)) ]
s,a i=1
JSlA
~ N 9

due to the fact that 1

— i
sp=s,a4=a

E[Lijmsgma] = pols)m(s, @) = puo(s,0).

are independent, bounded random variables, and that we have
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Next, denoting the o-algebra induced by the random variables {si, a} }: n <n, as Fp,, we have that:

E [|An+1 — pns1]3 1P ] (13)
<E[lfnt1 — Efn1 [Fal 13 1Fn ] + E[lene1 — E [fnea [Fa] 13 175 (14)
<E[|fins1 — E[fins1 | Fn] I3 | Fn ]

+ (14 6, E[IT(n, ma) = Bfngr [Fal 31 Fn ] + (1 + 00)E [T (@n, 7h) — s[5 | Fn ]

(15)
SE[fn+1 = E[Anrr [Fal |3 1Fn ] +2(1 + 6, ) E[|E [n+1 |Fal = Elon, ma)l13 1 Fn ]
(2) ©)
+2(1+ 6, ) E[|Z(pn, m) — T(fin, wn)[13 [Fn ] +(1 + 62) E [T (7, 7a) = pnsa|3 [Fn]
() (@)
(16)

where inequalities [15]| and [16| follow from applications of Young’s inequality, where 6, > 0 is a
positive value to be determined later. We upper bound the four terms separately as in the proof of
Theorem (I} For (A), it holds that

|SIIAl

N 7
since each [ij, 11 (s) is an average of independent subgaussian random variables given Fy,. Specifically,
each indicator is bounded 1; | € [0, 1] almost surely.

(D) =E [|fn+1 — E[fn1 | Frll5 [ Fn] <

1:s,a§1+1:a
Next, for the term (o),

(o) = E[|E [fins1 [Fn] — E(on, Tni1)|13 1 Fn ]

N N 2
1 o o »
< N2E[ D P Clshahp™)  mir = 35 PClsh. ah,o(p7") - M ]:h]
=1 i=1 1
1 N o . ?
<k (Z I (s} ah. ™) - P<~|sz,az,o<p-’>>|1> 7l
=1

By the a-symmetry condition, it follows that (o) < o?.

For (x) = E[|E(pn, 7 }i) — T(fin, 7)) |51 Fn].
(*) < E[IE(pn, Fns1) — T(fan, Ther) |7 |17 ]

N

1 o P R A )

- HN D PClshahy (") T — Y, An(s,a')P(Ls' a', fin) - Tnia
i=1

s’,a’

2

]-"h]
1

N , ] ‘ N ) 2
Z P('|5;ua§uU(P;Z)) : 7Trh-kl - Z P('|S;wa%mﬂh) : 77-h-f-l
i=1 i=1

1
_NQ]E[ fh].

The vectors (N — 1)a(p;, "), Njip, can differ by only 1 in one component due to the i-th agent being
excluded from the former, it holds that

INo(p,") = Ninly < [(N = Do(p,") = Nl + o (") < 3,

therefore for any s, a,

1

~ ~ 3K,
[PCls,a 0(py") = PCls, as fin)ll < —

2

almost surely and () is further upper bounded by (x) < 91{;“ .

Finally, the last term (©) can be upper bounded using the Lipschitz condition on I, namely:

(V) =E[IT(@n, ) = T(ufy, ma)l3 1 Fn ] < L3

pop,p

~

lfin — 13-
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To conclude, merging the bounds on the three terms in Inequality (6) and taking the expectations we
obtain:

|SIIA]

E [Hﬁthl - ,Uh+1Hg] (1 + §h)L12)op m [Hﬁh - ,U/hH%] + N

9K?
2(1+6;1) NQM +2(1+6,a?

Induction on h yields the bound for all h:
[||ﬁh — 3]

h 2
S| A] 19K,
ZLgO';,; ( I (1+5h~)>< N +2(1+5h,)N2 +2(1+ 3, M)a?|.

h"=h'+1

Here, we specify &, := (1 + h?) ™!, for which it holds that

0]
1_[ (1+6p) = H 1+@0+r)H<c,
h=0 h=0

for an absolute constant C' < 10. Then,

E [|in — pnl3]

h 2
9K
Z L2(h=1) <S|]|VA +2H? +2) 55 +2AH 2)a2> :

pop,
h'=

which yields the stated upper bound of the lemma
1- LQE)hH) S 18K2(H? + 2
B o (ISIIAL, 18KR(H? +2)

E[lfn — pal3] < +2(H? + 2>a2> , (7

2 2
~ Lyop.u N N
. 1_,2(h+1) .
where we adopt the convenient shorthand —7>*~ := hif Loy, = 1. O
Pop; 1

Note that while the Lipschitz modulus used in Lemma|[11]is with respect to the | - |2 norm, Lemma[2]
readily guarantees that this will hold.

C.1 Extended Proof of Theorem

Let o = {pun}n := A(m), and note that by the proof of Theorem[l] it holds that (Inequality

Api= | Plsh = yab = ]~ Plsn = -yan = Iy
< |PLs} :-]—P[sh:-m
el | 5K 3K
POP, 12 _ Bttt 4
Z et (|5 Ay g+ 2 o)+ =) (a2

Likewise, by Lemma@
By, :=E[|un — a(p,}) 3]
=E[|un — o (p;,)}) 511S] 4|

1 — Lpffﬁl |$||A| 18K2(H? +2) 18|S|| A
20 H 2(H? + 2)a? | |S||A| + /=2
— L2, N N2 +2(H" + 2)a” | |S[lA] + N2

Will will commonly utilize the bounds Q" € [0, Qmax|, Q7" € [0, Qmax] almost surely for Qmax :=
H(1 + log |A]), as the one-step rewards are bounded in range [O 1] and the policy entropy has trivial
upper bound log |.A|. Denote the marginal probabilities of sm hs @y, (Which is i.i.d. for all m) as
pr € Asx 4, which clearly does not depend on epoch m as the same policies are deployed at each
TD learning round.

We outline the proof strategy into different steps as follows:
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» Step 1. Analyze the algorithm for the )-values at time step H — 1, that is, show that in

expectation |Q7", — Q% _, |2, | decreases with O(1/m) over epochs, up to a small bias
term.

* Step 2. Assuming that the error at some time h decreases with rate O(1/m), show that the

error Q" —Qn 1|12, also decreases with rate O(1/m), showing that the magnification
in the constants are not too large.

» Step 3. Conclude the statement of the theorem by induction.

Step 1. We will first analyze the evolution of @’}{Ll. By definition, it holds that

ra(s,a) = R(s,a, 1) + H(ma-1(]s)).
In other words, there is no bootstrapping and the stochastic error does not have a dependence on

future biased estimates. Firstly, if s} ;| = s,al 5 | = a,pm.g—1 = p, then it holds almost
surely that

Qz“usa»fAziﬂaa>
= ;Iﬂl( a) — @?71(&0) - Um(TZn,HA - @Zl(s,a))
= (1= 0) Q571 (5,0) = QF_1(5:0) = nn(r}y gr_1 + H(mr—1(]s)) = Q5T (s,a))
= (1= 1) Q5" (5,0) = Q1 (5,0)) = (R (s, 0, 1) = R(s,a, 1)),
as the entropy term H (7w —1(-|s)) cancels out. Denote the o-algebra
‘Fg:ba = f{{sm’,hvam’,h}m’<m7sm He1=8,0m H-1 = G}

for any fixed s, a. Then, noting that @E% (s,a) is F{",-measurable, we have the inequalities

E[(QF"1(s,a) — QL1 (s, )| F]

R 2
-E[<Cl—nmﬂ zflwwn—-Qﬁ1w¢n>—nmcR%s¢um;Hn——RwﬂLuH1») fﬁJ
(U Q1 (5,0) — Oy (5.0))?
+ 2(1 - nm)nm( Eil(sv CL) - éanfl(Sa a)) E[Rl(svaapr_n%Hfl) - R(Sa aqu71)|}—;TLa]

+ 0 B[R (5,0, 11 1) — R(5, 0, 1)) | FL
We use Young’s inequality and using the fact that rewards are bounded in [0, 1],

E[(QF" (s a) — Q1 (s,0) | FIl]
< (1= 20m) Q5" 1 (5,0) = Q1 (5,0))* + N (Q" 1 (5,0) — Q1 (s, 0))?
+ 1 E[(R' (5,0, 0 1) — R(s, a5 ppr—1) )| FU] + (1 + Qi) i,
< (1= 1) Q771 (5,0) = QF—1(5,0))* + n E[(R* (5,0, p,, ;1) = R(s, 0, pur—1))*| 1% 2
+ (14200070
< (1= nm)(QF7 (s, 0) — Q1 (5,0))* + 0 E[28% + 2L2 o (o 1y _y) — perr—a | 3177 ]

(1 + Qdex)nm
We then take expectations and use the law of total expectation to obtain the bound:

E[(QF" (s, a) — Q1 (s.a))?]
< (1= m)pr—1(s, ) E[(QF" ,(s,a) — Q1 (s, a))?]
+ nmpH—l(saa)E[(Rl(S a PmH 1)~
+pr-_1(s,a)(1 + 2Qmax)nm
+ (1= pr1(s,@) E[(Q"(s,a) — Q5T (s, )]
< (1= pr-1(s,a)m) E(QT 1 (s,a) — Q%1 (s, a))]
+ mpr-1(s,a) E[26° + 2L o (1) — ar—1l3]8m, -1 = 8, am, -1 = d]
+ pr-1(5,0)(1 + 2Q2)n?,

R(s,a, um-1))%Sm, -1 = 8, am, -1 = aj
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Summing this inequality over all state-action pairs with weight pz_;, we obtain

E[|QE~, — m“l\pH N
< (1= 6mm) B[IQET, — Q1 l2,, ]
+ anpH—l(Sv a)E[26% + 2L, |0 ()} 1) — par—1]3]8m.—1 = 8, Gm 1 = al

Ss,a

+ (1420205
= (1= ) E[|QFT, — Q% 112, 1+ (1 +2Q3,)n%
+ 20 8% + 29 L, E[HMHA - 0’(p1:1%H71)H§]
< (1= 0nn) Bl1QE", — Qf 15, 1+ (1 +2Q0)n5 + 20m (8% + L Ba—1).

We expand this recursive inequality as follows. Define the shorthand notation Hm/ = ]_[Z‘:'m(l
Ong). Then, for any M > 0,

E[|QF~, — Q¥ -1l5, ]
M—1 M—1
ST+ (1+2Q0,) D) ne TN +2 ) n(B + LBy ]
m=0 m=0
< H(J)\/[ 1 (1 + 2Qmax)n]2\/[ 1 + 2771\/[ 1(6 + L2 BH 1)
M—2 M—2
+(1+2Q0,) D I +2 > 0 (8% + LBy 1)) . (18)
m=0 m=0

We bound the multiplicative terms H%/. Assuming that 7,, is of the form 7, =
m < m/, we have that

Hm, for any

Hﬁ/ 1_[ (1 —6mi) < exp{—¢

m/
> )}
k=m k=m
m' + v
< ) oul
exp{— Z v+k < exp{— ulog — v—l}
m+v—1
< -
m' + v
using Lemma@ Taking the values u = v = 261, this reduces to
2
/ m+u—1
nm<(——,
m ( m' +u )
Placing this in Inequality |18|for the two terms appearing H% +117 HM ! we obtain

u—1 2 U 2 U
< — 2 2p
<M+u—1> (1+2Qm‘”‘)<M+u—1) +2<M+u—1>(5 + LuBr-1)

(14207 )NIZ( u )( it )
max m+u M+u—1

m=0
M2 u m+u 2
2(6% + L’ By _
(8" + Li.Br l)mz=0 <m+v) <M+u*1>
Ciu
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for some absolute constants C, C,. This inequality concludes the convergence result for the @
values at time step H — 1, showing a rate of convergence O(1/m) over M epochs up to a bias of

O(B% + a? + 1n).
Step 2. Next, we analyze the case h < H — 1. Again under the observation that if s = s, a}n h =
= s',a,, ;1 = @, then it holds almost surely that

a, Sm h+1

W (s,0) = Qi (s,0)
= Q" (s,a) — Qp'(s,a) — n7rz(Qzl+1(3/7 a’) + rvln,h — Q' (s,a))
- 7777L(QT+1(8/7 a/) + T’rln,h - Q;—LJ(S’ a))7

= (1 =1m) (@7 (s,0) — Qj'(s,0))
since again as the entropy terms H (7, (+|s)) cancel. Defining the induced o-algebra

fﬂl = ]:{{Sm',h,amﬁh}m’<ma8mxh =S8,Qm.p = a/}

™ is measurable for any b’ as Q only depends on episodes previous.

Note that with respect to 7",
we have the lower bound:

E[(Q} " (s,a) — Q! (s, a))*| F}]
= (1= ) E[(Q} (s.0) — Q' (s, 0))*| Fi"]
+ () E[(Q)41 (87 a') + 78, 5 — Q77 (5,.0))2 | F7]
— 20 (QR7(5,0) = Q7 (5, @) BIQR A (S30 41 O 1) + 7 — Q17 (5,0) |77
A
= (1= 1)@ (5,0) — Q'(5,0))% + (11n)* QR
—2(%)( T (s,0) — Qi (s, a)) E[AF,
< (1= 20)(Q} 7 (5,0) — Q7' (5,0))* + 2(0m) * Q2
+ () (@77 (5,0) — Q' (s, )2 + () B[A?|F7"],
< (1= 1) Q7 (5,0) — Q' (5,0))* + 2(0m) 2 Q24 + (1) E[A|F2, (19)

as ()} is F,,, measurable, using Young’s inequality in the last line. Then, taking expectations on both

sides,

h

~ 2
]E [( ‘r,Tr(S/7 al) _ QZ’L+1(S/7 a/)) :|
<(L—pa(s'sa"nm) E[Q (', ') — Qi (s, )’
+ 2ph(8/7a/)(nm)2 riax +ph(3/7a/)nm]E[(A2)] (20)
The last bias term due to bootstrapping and finite population bias we bound separately. We decompose
(A) as follows.

BLAIAT < (14 s ) EIQRA(.0) - Q) 7
2

E[QLT, (s, a) |73 = X P(5,@ mn) QT4 (5,a)

2(H — h+1)?

2(H — b+ 1)?|E[rl, ), — R(s, a, up) | F*]|?
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The three terms are upper-bounded by the inequalities in expectation:

|E [Qh+1( St 1) — @t (Sh st @) 1 F1P
[|Qh+1(53n h+17a1171,h+1) - Qh+1(3:7[n,h+17a71n,h+1)| |75

< ”Q;zn+1 h+1”ph+1( [s,a)

‘ [Qh+1( mh+17 mh+1) |]:"L] ZP(§,6|S,a7uh)Q;’:1(§7a)

2
< =B E 202 + 2K |un — ooy, H1

2

b
l

2
]E[rl = Risya, ) |7

m,h

= 2|E[R'(s,a,p,,}) — R(s,a,0(p,,5,) |F"11° + 2| E[R(s, a,0(p,",)) — R(s, a, un) | FR[*
<287 + 2L2 Ef|un — olp,, ) I31F7]

Therefore, we conclude by an application of Young’s inequality that almost surely,

1 A~
2 m
A2 < (1 + (H—h)2> 1QR 1 = QL1150

+ (H = h+1)?Qqu[0® + 8% + (2K + 4L3) Bl — o) I11F7]].
We place this in Inequality [20] to obtain
B[(@ o) - @) |
<(1— ) E[Q7™ (5", a') — Q7' (s',a)*] + 207, Qe

1 Am T2
+ Nm (1 + (H—h)2> E[|lQy — Qnialp, .. ]
+ nm(H h + 1) max[oz2 + BZ + (2KZ + 4Li) E[HMh - U(p;bl,h)H%]]

Finally, taking a weighted sum of both sides of the inequality over ', a’ with weights py,,

E[1Qp™ - Q|

2| <= ) BIIQE™ = Q12,1 + 202, Q2
+ 0 (H = h+1)2Qp [0 + 8% + (2K + 4L7) By]

Expanding this recursive inequality and using the same notation as in Step 1 for the multiplicative

terms, also taking the inductive assumption that E[HQZ"H Quiila,.. ] < 25&771 + G, for

some (1, G2 which depends on problem parameters but not on m, we have the final inequality:

T, Am — T, T A C'31”'
E [HQ;{ - Qp HH;] < E[|Qy™ — Qb1 + M—2+0
M—2
+2 Z (nm)QQéaanl\{Jrll
m=0
M—-2
+ 3 nm(H = h+1)°Qp, [0 + B2 + (2K] + 4L2) B, I
m=0

M12 1 G
1 HM 1
+ ~ "m( +(Hh)2> (251+m1+G2> m+1

m=0
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Once again as in Step 1, fixing the values u = v = 267},

2 M—=2 —2
o m+1 u—1 C’gu 86
E [HQh H ] max (M oy — 1) t+ + Z Qmax M +u— 1)2

+MZ]2H h+ 1) [2+62+(2K2+4L2)B]M
o ms[a TP Y u - 1)
M—-2 _

Gy 2(m +u)d~!
+Z ( ))(251+m—1+G2) (M +u—1)2

Using the fact that fozl (m +u) ~ M? and Zm:l ¢ = cM, for some absolute constants we have

that
sy C36~1 CLQ2
T, T m+1 max 3 4 de
E|1Q7 - |f’h]<<2M+251—1> +M—2+25—1+M+61—1

+Cs5(H — h+1)°Qa [0 + 8% + (2K, + 4L2) B, 16~

1 Cs61C
+(1+(H_h)2> (25f+m1_1+C7G25‘1> 1)

Step 3. Finally, we conclude with the proof using Steps 1 and 2. By using Inequality 21} it readily

follows that
~ 1 1
T, T m+1)2 _ 2 2
E[\\Qh -y \|ph] _(9<M +a°+ [ +N>’

for all h, as the bound in Step 1 established the rate for time step H — 1. We comment on the
constants: Inequality [21] shows that in the worst case, there might be an exponential dependence on
H, which might be fundamental.

D Extended Results on Monotonicity and Learning NE

D.1 Example: Asymmetric Congestion Games

Note that by symmetry in arguments, it follows that Sym (R'(s,a,)) = R'(s,a,-) for any s, a, as

Sym (Ri(s,a, )) (p) :ﬁ 2 Ri(saavg(p))
feSn-1

=R'(s,a,p)
By simple computation, the population lifted rewards Sym (Ri (s, a~)) are given by
Sym (Ri(s, a~)) (1) = hi(s,a,Nu(s,a)) + ri(s,a), Yue Asxan—1.
We provide an extension to the continuum Agy 4 via linear interpolation in this case, while many
other alternatives are possible. Take the function h; : S x A x [0,1] — [0, 1] such that
hi(s,a,u) := (Nu = [Nu])hi(s,a, |[Nu]) + ([Nu] = Nu)hy(s, a, [Nu]).

The function is clearly monotonically decreasing in u. Furthermore, it is also Lipschitz continuous in
u, as for any uy > us,
hi(sv a, ul) - hi(sa a, UZ) < ‘ul - UQ"
Finally, the asymmetry due to rewards can be upper bounded by
B < supsup sup |hi(s,a, k) — hj(s,a, k)|

s,a i,j ke[N
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D.2 Preliminaries for Learning Regularized Monotone MFG

We present several results required to establish convergence under monotonicity. We define the
(entropy regularized) MFG value functions for an arbitrary population flow p € Ags« 4 and policy
mellas

H-1
VI (slpam) i= B | Y Rlswsans, ) + mH (s (Lo )| 2007 _pit~7 ,(Z;ziil
h'=h
H—1 P )
Sh=8,an=a, spr 1 ~P(spr,apr,pupr),
Q;—L(Sj a|ll'a 7T) =E hlz_:h R(Sh'a Qap’ s Mh') + T,H(ﬂ-h’('bh')) ’ ah:~7rh/f1-('—;h/+1)7<;hl;h h ]
We define the regularized value function of the game similarly:
H-1
VT () =B | ) Rlsn,an, pn) + 7H(m([sn)) S§;fl°;p{;*;;:7,ii*;>] :
h=0

As expected, with these definitions it holds that

ViT (slps,m) = 3 mu(als)Qf (s, alps, m),

acA
)= 3 po(s)Vi (s, ).
seS
We also define the quantity
ar (s, alp, m) := Qj (s, alp, m) — H(mn(-]s)),
which corresponds to the more standard entropy regularized value function. Firstly, we provide
several useful lemmas and definitions.

Definition 13 (Entropy regularized MFG-NE). For a given MFG (S, A, po, H, P, R), a policy
¥ € 1l is called the T-entropy regularized MFG-NE if it holds that

max VT(A(r*),n") = VT (A(x), 7). (Regularized MFG-NE)
m’e

0T

While entropy regularization will enable the convergence of our algorithm, it will also introduce a
bias in terms of the original (unregularized) MFG. The next lemma quantifies this bias.

Lemma 12 (Regularization bias). Let p € Asx 4 and policy 7 € 11 be arbitrary. Then, it holds that
V7 (i 7) = Vg, )] < rHlog |A].
Furthermore, if 1 is a T-entropy regularized MFG-NE, then it is a 7 H log | A|-MFG-NE, that is,
E(m¥) < 2H log | Al

Proof.

V7 (m,m) = V(p, m)| =

Sht1~P(sh,an,pn)

H-1
E l >, TH(([sn))

S0~P0, ah"’ﬂ-h(sh)‘|

S0~po, an~7m(8n)1 < HT10g|.A|

sh1~P(sn,an,1n)

since entropy is upper bounded by [#(7(-|sz))| < log|.A|. The bound for exploitability follows
from:

E(rr) =max V(A7) 7') = V(A(m7), 77)
= max V(A(r7), ') = VT (A(n7), 7) + VT (A7), 7') = V(A(w7), 77)
(r7), 7") = V(A(nF), 7F)
<TH log|A| +maxVT( (m7),7') = VT(A(w7), 77) + VT (A(n]), 7F) = V(A(x), 77)
<27H log |A| + max V7 (A(x7), 77) = V7 (A(x7), 77)
—27H log | Al.

<7Hlog |A| + max VT (A(r
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We note that in our setting, a monotone MFG exhibits a unique MFG-NE, in fact, a unique regularized
MFG-NE for any value of 7 [65]. The above lemma shows that the bias introduced due to entropy
regularization is of the order O(7) as expected.

Finally, we state several standard facts about monotone MFG, adapted from various works [65143}142].
Lemma 13 (Monotone improvement lemma). Let p, i € Asx 4 € Ag 4 Which are induced by

policies w, 7 € Il respectively. , that is A(T) = i and A(7) = p. If the MFG is monotone, that is, if
Definition[I0|is satisfied, then it holds that:

VT (p,m)+ V" (o, 7) = V" (u,7) = V" (i, 7) <O0.
Proof. The proof follows [65]], except for the absence of a graphon. For monotone MFG, due to the

assumption that P does not depend on p, it holds that

VT (H”Tr) -V (ﬁ,ﬂ') = V(H’vﬂ-) - V(ﬁvﬂ)v
v (ﬁ’a%) -V’ (l"’v%) = V(ﬁ’a%) - V(ljﬂ%) .
Furthermore, similar to [65], it holds that

Vv (ﬁv 7NT) -V (IJ" 7~T) = Z ﬁ(S, a)(R(S7 a, ﬁh) - R(Sa a, l"’h))a
Vv (/‘7 7T) -V (ﬁ'a ’/T) = ZH(& a)(R(Sa a, “h) - R(Sa a, ﬁh))

Then, using the monotonicity assumption on the rewards, it holds that

( ,7T') + V7 (ﬁ,%) -V (IJ"%) -V (ﬁvﬂ-)

V(/l'aﬂ-) + V(ﬁ,%) - V(Na%) - V(ﬁﬂﬂ-)

= Y ii(s, a)(R(s,a, fin) — R(s,a, pn)) = Y pls,a)(R(s, a, pup) — R(s, a, fin))

= (ﬁ(sv a) - IJ’(S’ a))(R(S7 a, ﬁ’h) - R(Sa a, Hh)) <0.

O

The next lemma is simply an adaptation of the standard MFG performance difference lemma in single
agent RL to the MFG setting.

Lemma 14 (Performance difference lemma). For an arbitrary MFG, let 7,7 € Il and p = A(r).

80=81

H
= Eap | 2 a7 (sny-lp,m) = 7logmn (- | sn) %0 (- [ sn) = 7n (- | s0)) | 80 = 51 :
h=1

H-1

Vo (s|lp, ) =V (s|p, ) + TE% 2 Dy, (7n (- | sp) | (| sn))
h=0

Proof. See the standard proof technique for the performance difference lemma, e.g. [38,165]]. O

Finally, we state two technical lemmas due to [65].

Lemma 15 (Lemma 1.3 of [65]). Let p,p’ € A4 be arbitrary, and p = (1 — 8)p + 8 Unif (A) for
some B € (0,1). Then,

~ A
D (4°15) < 1o .
B
1-4
Lemma 16 (Lemma 3.3 in [6]). Let p,p* € Ag, o > 0and g : A — [0, H] be arbitrary, and
q € A4 be a distribution such that q(-) o p(-) exp{ag(-)}. Then,

(), p*() = () < alH?/2+ o™ [Dxe (p*[p) — Dk (p*l9)]-

D (p*|p) — Dxe (p¥|p) <
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D.3 Extended Proof of Theorem 3|

As mentioned before, the proof is an adaptation of [65] to setting where learning occurs with N
potentially asymmetric agents. The main differences will be the absence of an explicit MFG and the
fact that our algorithms are only allowed to use samples of finite agent trajectories.

Define the random variable u; := A(m;), which is the mean-field population distribution induced by
the policy at epoch ¢. We denote the random variables due to estimation error of the g-functions at
epoch ¢, time step h and an arbitrary state s as

th = }<Qh qg(57'|ﬂt,7ft)a77;‘z('|5)—Wt,h('|8)>’~
Furthermore, let 7 be the unique 7-regularized MFG-NE. We define the quantity
Ap:=E s [Diw (mj; (- [ sn) 70 (- [ sn))]

which will be the main quantity of error to be bounded using the techniques of [63]. Let 3; := 1/t + 1.
Finally, we also define the distribution mismatch ceofficient

*
i (s, a)
Clist :=sup  sup —
t,h s,a Mt,h(& a)
we,n(s,a)>0

which is always finite (and bounded) in our entropy-regularized setting (see for instance [[12]).
It holds (almost surely) for any s € S that:

Dy (7 (-|s)|me11,(-]5))

< Dyw (7 (- 18) [Feann (| 8)) + Be/(1 = Br)
—& (@ (s, |pesme) — Tlogmy (| 8) s (- [ 8) = e (-] '8))

//\

1 2
+ D (7F (- 8) [men (-] 8)) + €7 (H + 7Hlog |A| + 7log |A> + B
2 B 1—8
&t ap, (s, |pe,m) — Tlogmn (- | ), 7y (- | 8) = men (- | 5))
. 1, AN B
+ Dxp (mf (- | 8) |men (- 8) + =& | H+ 7Hlog |A| + Tlog — | + + &
2 B 1-5
Then,
AV AN
H-1
B [Dxu (7 (| sn) [7esrn (- [sn) = Dxo (7 (| sn) [men (- | sn)]
h=0
H—-1
<V (e m) = V7 (e, 7*) = 78 Ex [Dx (m; (- | sn) [men (- sp)]
h=0

6 H-1
1,5tH+2£tZ]E % gth]

Lo AN
+2§tH<H+TH10g|A|+TlogB> +
t

ﬁ H-1
=5 1+ % };O E,x [E:n]

1 AN
< —TEA + iﬁfH (H + 7H log |A| + 7log B|> +
t
Or rearranging both side,

& AN, B
At <Z (At_At+1) 27_H (H+TH10g|.A|+TlOg B ) +m

H
> Bl

h=1

\]\l\')
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Summing this inequality from ¢ = 1,...,7T, we obtain

1< & ( |A|> B,H
— Ay < A + H H+7Hlog|A| + 71 + ——
T ; t TTgt 1 T Og‘ | T 10g ﬁ (1 — ,Bt)Té.t

H

Z EM: [Eh] .

h=1

RN

+

Given that & = 1/#+ 1 and 8; = 1/t + 1, we obtain the bounds

T H-1 s
1 i A — A + 77 H? + THlog |A| + TlogQT N Dit=1 2h=0 Eu;ﬁ [gt,h]
t= VT TT ’

and finally using Young’s inequality on the last term, and an application of Pinsker’s inequality,

ZZEM[mhwmymme\ zAt

_ 77 'Ay +77'H? + 7Hlog |A| + Tlog2T 2% ]E ¥ [‘Sih]
= VT TT ’
- T IA; + 77 H? + THlog |A| + Tlog® T n Zthl Z}Ij;ol Eu;’: [SHQZ(SM ) = a5, (sh, )||§]
b VT T2 ’
T H-1 * 2
. Dot Znoo Eur [Imen(lsn) — 7 (-|Sh)H2].
4T

Rearranging the terms,

1 1
LY | lmalon) - miClsnlE]
t h

AT7YAy + 477 H? + 47 H log |A| + 471og® T

VT
T H-1 ~ T 2

n Zt:l Zh:o Eu;‘f [32“%(%7 ) =, (sn, )H2]

T2 '

N

Finally, noting that by Theorem after taking expectations on both sides it holds
that E[Eu;k (4@} (sn. ) — aqf(sn,)3]] = O + o® + B + 1Y), if follows that
]E[]EH;;: >0 170 (lsn) — 7 (lsn)3]] < O(e? + 772a% + 7723% + 7721/N) . Using the standard
Lipschitz continuity of exploitability (see e.g. [61]), the exploitability bound in expectation holds.

Using Lemma [I2] we obtain the upper bound in expectation on the exploitability of the output policy
7 in terms of the original (unregularized) DG.

E Details of Experiments

E.1 Hardware Setup for Experiments

Except the A-Taxi benchmark, all our experiments are CPU-based. We use a single AMD EPYC
7742 CPU, equipped with 128GB RAM. For training policy and value neural networks with PPO
in the A-Taxi benchmark, we use a single RTX 3090 GPU. With this setup, running Symm-PMD
and IPMD in the A-SIS and A-RPS benchmarks takes between 5-20 minutes, and running PPO on
A-Taxi takes approximate 2 hours. Evaluating exploitability for a given policy on A-SIS and A-RPS
takes around 2 hours, as we employ a brute-force UCB-type bandit algorithm to accurately estimate
best response in this setting.
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E.2 Extended Descriptions of the Experimental Setup

For simplified notation, denote the state-action marginal densities
Oactions (P, CL) = Z U(P) (5/7 a)7

s'eS
Ostates (P, s) = Z O'(p)(S, a').

s’e A

Modified rock-paper-scissors (A-RPS). We formulate a modified population rock-paper-scissors
game inspired by the formulation of [[13]. Our version incorporates varying preferences between
agents between possible moves as well as a crowdedness penalty.

A-RPS consists of three states S := {R, P, S} and three actions A := {R, P, S}. We use N = 2000
players and a time horizon of H = 10, though these can be increased or decreased arbitrarily. We
define the rewards as follows.

Ri(s = R, G7P_i) = _Cio'actions(pa a) - u%astates (P7 P) + U%Ustates (P, S)a

Ri(s =P, a7P7i) = _Cio'actions(pa Cl) - UZJIDO'states(pa S) + U;Ustates(pv R)a

Ri(s = Sa avpii) = _Ciaactions(pa a) - ugo—s[ales(p; R) + vggstates (P, P)

The coefficients ¢!, u’, v* are unique for each agent indicating their own utilities/rewards due to losing,
winning, or individual penalty due to crowdedness. The state transitions are deterministic and are
given by:

Pi(5/|57aap7i) = ]]-s’:a-

We generate the fixed coefficients u?, v* randomly by adding bounded noise to coefficients from [13]],
so that

U =24k, vh=1+8%

uﬂ;=4+5§;, v§3=2+§'§3

uy =6+, vh=3+2%
Therefore, the magnitudes of the player-specific additive terms determine 3. In the case of A-RPS,
a=0.

Infection modeling with asymmetric agents (A-SIS). This benchmark, inspired by the SIS bench-
mark of [13], models a large population of infected or healthy agents that can choose to go out
or remain in isolation. Unlike the SIS benchmark, A-SIS is formulated as an N-player game and
incorporates individual differences in natural susceptibilities, recovery rates, and aversion of isolation
between agents. We formalize the dynamic game as follows. The game consists of the state space
S = {I, H} (I indicating infected, H indicating healthy), and action space A = {D, U} (D indicat-
ing social distancing, U indicating going out). The initial states s, are sampled i.i.d. from a uniform
distribution over S. Each agent ¢ € N has a fixed susceptibility parameter «; € [0, 1], a fixed healing
probability 6; € [0, 1] and a fixed aversion to isolation parameter &; € [0, 1].

PYI|H,D,p~") =0
PUIIH,U,p") = a; + o(()p)(I,U),
PIIL,D,p") = 16,
PYIII,U,p™") =1—6,.
The probabilities of staying healthy are of course always defined by
Pi{(H|s,a,p”") :=1— P'(I|s,a,p™").

The rewards of each agent are give by the following which incorporates a penalty for illness and an
agent specific penalty for isolation:

Ri(s,a,p”") = —1y_1 — &laep.
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Parameter Value

Initial learning rate 2.5e—4
Learning rate schedule Linear
7 (discount factor) 0.999
Acak (see[49]) 0.95
Entropy regularization 6e—3
Value loss coefficient 0.9
Maximum gradient norm 0.5
Clip coefficient 0.2
Sample trajectories per epoch 1
NN training passes per epoch 4
Minibatch size 16 384
Advantage normalization Yes

Table 2: Hyperparameters of the PPO algorithm.

The agent parameters «;, 6;, &; are as expected fixed throughout the game, and are sampled to be
close. In the case of A-SIS, we solve N = 1000 agents with a time horizon of H = 20.

Asymmetric taxi (A-Taxi). Finally, as a more complicated benchmark we adapt the Taxi As in [13]],
we use the following layout of the city map, where S indicates the starting cell of all agents, both H
and S are impenetrable barriers and the rest of the city is divided into 2 zones.

1

O NN R
NN N~

1

1
H
2

2

2

The action space of each agentis A := {U, D, L, R, W}, indicating actions to move in four directions
(up, down, left, right respectively) and wait at the current location. Customers can only be picked
up while waiting, and delivered while waiting. Each cell in the grid generates a new customer with
probability 0.2, which the agents can observe. Upon picking up a customer, a random target coordinate
is generate within the same zone. Customers can only be left at their target cells. Successful deliveries
of customers in zone 1 generate a base reward of 1.1, whereas successful deliveries of customers in
zone 2 generate a lower reward of 1.0. Furthermore, each agent has a zone specific reward multiplier
1,82 > 0, so that agent i by delivering a customer in zone 1 gains reward 1.13} and vice versa.
This models varying efficiencies of taxi drivers as well as individual preferences to various zones of
the city. Furthermore, we incorporate a crowdedness penalty: an agent ¢ € [ N] at state s at time h will
not move (simulating a jamming effect) with probability min{}:; w; ]ls{L=S, 0.7}, where {w; }§V=1 are
player specific weights indicating their contribution to traffic jams. This intends to simulate unique
contributions of each driver to traffic jams, presumably due to vehicle types, driving styles, etc.

The number of states in the game is on the order of 23°, making a neural network approximation
fundamental. For this reason, we use value and policy networks with two hidden layers with 128
neurons each, with a leaky ReLU nonlinearity. We adopt the PPO implementation of CleanRL [26]
for our purposes. The hyperparameters used are indicated in Table

E.3 Extended Experimental Results

We report two additional sets of results regarding the sensitivity of our algorithms to «, 5 and the
population distribution behvaiour in the A-Taxi environment.

In Figure [2}(a), we report the sensitivity of the exact MFG-NE (computed via code provided in [21])
to heterogeneity parameters «, 3 in terms of exploitability in the NV = 1000 player game. While
keeping the other parameter constant at 0, we sweep through various values of each of «, 3 in the
range (0, 1/2). While around the 0.1 threshold, the exploitability rises as expected, for smaller values
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of a, (3 the bias introduced is very small, providing an empirical analysis of the approximation bound
of Theorem [T

le—-1
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Figure 2: (a) The sensitivity of the MFG-NE to heterogeneity parameters «, /3 in the A-SIS envi-
ronment, in terms of exploitability. (b) Percentage of vehicles in Zone 1 in the A-Taxi environment
throughout training epochs for 4 benchmark algorithms.

In Figure 2}(b), we keep track of number of taxis choosing to operate in Zone 1 in the A-Taxi
environment throughout training. While rewards in Zone 2 are higher in this environment, congestion
effects require a mixed Nash equilibrium: agents must randomly choose at the very first step to serve
either Zone 1 or 2. The figure demonstrates the main advantage of policy-based methods for learning
Nash: unlike most value-based methods, PPO can learn a mixed strategy instead of converging to a
deterministic policy. As an additional benchmark, in the figure we evaluate Symm-NN without any
entropy regularization (7 = 0, shown by the line Symm-NN-NR). In this case, the policy rapidly
converges to a deterministic policy, indicating that a non-zero entropy regularizer might be necessary
for learning a Nash equilibrium.
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