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Abstract
Diffusion models have emerged as a powerful
class of generative models, capable of produc-
ing high-quality images by mapping noise to a
data distribution. However, recent findings sug-
gest that image likelihood does not align with
perceptual quality: high-likelihood samples tend
to be smooth, while lower-likelihood ones are
more detailed. Controlling sample density is thus
crucial for balancing realism and detail. In this
paper, we analyze an existing technique, Prior
Guidance, which scales the latent code to influ-
ence image detail. We introduce score alignment,
a condition that explains why this method works
and show that it can be tractably checked for any
continuous normalizing flow model. We then
propose Density Guidance, a principled modi-
fication of the generative ODE that enables ex-
act log-density control during sampling. Finally,
we extend Density Guidance to stochastic sam-
pling, ensuring precise log-density control while
allowing controlled variation in structure or fine
details. Our experiments demonstrate that these
techniques provide fine-grained control over im-
age detail without compromising sample quality.
Code is available at https://github.com/
Aalto-QuML/density-guidance.

1. Introduction
Diffusion models are a family of generative models that
learn to map noise to a data distribution p0, which allows re-
alistic image sampling (Ho et al., 2020; Song et al., 2021b;a;
Vahdat et al., 2021). In the quest towards high-fidelity sam-
pling it is natural to ask whether perceptual quality of images
aligns with their likelihood p0(x) (Karczewski et al., 2025)?
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Figure 1. Density guidance controls the amount of detail. Im-
ages sampled from the same condition and latent code with differ-
ent strengths of guidance. Top: StableDiffusion v2.1 (Rombach
et al., 2022). Bottom: EDM2 (Karras et al., 2024b).

Remarkably, the density p0 correlates negatively with the
amount of detail: within the typical samples (Nalisnick et al.,
2019) x ∼ p0 higher-density images tend to lack detail and
be smooth, while lower-density images tend to be richly
textured and detailed (Sehwag et al., 2022) (See Fig. 1).
Outside the typical samples, extremely low density leads
to broken images (Karras et al., 2024a), while extremely
high density strips detail to the point of resembling sketch
drawings or blurs (Karczewski et al., 2025).

Somewhat surprisingly the common sampling strategies
in flow models do not optimise for sample density (Karras
et al., 2022). Recently, Karczewski et al. (2025) proposed an
approach towards controlling the sample density by biasing
the sampling towards the extremely high likelihood regions
of p(x0|xt), and demonstrated that these correspond to
unrealistic images. Their work is limited in three ways.
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The approach is only derived for SDE models with linear
drift. The exact procedure is not tractable so the authors
resort to approximations in practice. Finally, it only allows
targeting the highest possible likelihoods, which do not
produce realistic images. This highlights the need for a
more general approach that allows fine-grained control over
sample density while preserving realism.

In this paper, we build upon prior observations that scaling
the latent code affects image detail (Song et al., 2021b). We
refer to this method as Prior Guidance and we provide a
theoretical explanation for this phenomenon by introducing
score alignment, a condition under which Prior Guidance
provably increases or decreases log-density. We show that
this condition often holds in practice.

Beyond this analysis, we introduce Density Guidance, a
novel procedure that allows explicit control over the log-
density of generated samples. Assuming knowledge of the
score function, we derive an alternative ODE that guarantees
the log-density of the trajectory evolves exactly as specified.
Empirically, we show that this method achieves similar
results to Prior Guidance.

Finally, we extend Density Guidance to incorporate stochas-
tic sampling. This enables precise control over the log-
density of generated samples even when randomness is in-
troduced. By injecting noise at different stages of the genera-
tion process, we can selectively influence variations in high-
level structure (e.g., shape and composition) or fine-grained
details. Our experiments demonstrate that this stochastic
extension allows for enhanced diversity while preserving
control over the desired level of detail.

In summary, in this paper we

• introduce Score Alignment, a condition that explains
how latent code scaling affects image detail and can be
tractably checked for any CNF model - section 3;

• derive a modification of the generative ODE that en-
ables exact log-density control during sampling - Den-
sity Guidance - section 4;

• extend Density Guidance to stochastic sampling, retain-
ing exact log-density control while allowing controlled
variation in structure or details - section 5.

2. Background
Let x ∈ RD. We assume spatial gradient ∇ =
( ∂
∂x1

, . . . , ∂
∂xD

)T ∈ RD, divergence div =
P
d

∂
∂xd
∈ R,

and Laplacian ∆ =
P
d
∂2

∂x2
d
∈ R operators. We assume

continuous time t ∈ [0, T ] between data p0 and noise pT .

2.1. Continuous normalizing flows

Continuous normalizing flows (CNFs) (Chen et al., 2018)
are probabilistic models specified by a tractable prior dis-
tribution pT at terminal time T and an ordinary differential
equation (ODE)

dxt = ut(xt)dt, (1)

which samples by integrating from xT ∼ pT at t = T to
t = 0 by following the time-varying vector field ut : RD 7→
RD with a solution

xt := xt(xT ) = xT +

Z t

T

uτ (xτ )dτ. (2)

The flow family encompasses many popular generative
frameworks, including diffusion/score-based models (Song
et al., 2021b), flow matching (Lipman et al., 2023; Tong
et al., 2024), rectified flows (Liu et al., 2023), stochastic in-
terpolants (Albergo & Vanden-Eijnden, 2023), consistency
models (Song et al., 2023), and the denoising probabilistic
models at continuous limit (Kingma et al., 2021): the vector
field ut is the denoiser.

In a CNF we can evaluate the log-likelihood of a sample
moving according to Eq. 1 with (Chen et al., 2018):

d log pt(xt)

dt
= −divut(xt), (3)

where pt is the marginal density of a process defined by
Eq. 1. Karczewski et al. (2025); Skreta et al. (2025) gener-
alized this formula to enable tracking of the marginal pt for
a sample following a different direction dxt = ũt(xt)dt as

d log pt(xt)

dt
= −divut(xt) (4)

+∇ log pt(xt)
T
�
ũt(xt)− ut(xt)

�
.

At ũt = ut, this reduces back to Eq. 3. See Appendix B for
detailed derivations.

2.2. Diffusion models

A notable case of flow models are diffusion models given by
a forward process pt(xt|x0) = N (αtx0, σ

2
t ID), or equiva-

lently, by a stochastic differential equation (SDE)

dxt = f(t)xtdt+ g(t)dWt (5)

with drift f(t) = d logαt
dt , diffusion g2(t) = 2σ2

t

d log
�t
�t

dt ,
and Wiener process Wt. A CNF with drift

uPF-ODE
t (xt) = f(t)xt −

1

2
g2(t)∇ log pt(xt)| {z }

score

(6)

shares marginals pt with Eq. 5 when pT are shared (Song
et al., 2021b). This Probability-Flow ODE (PF-ODE) is an
efficient, deterministic, sampler in diffusion models.
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Figure 2.Prior Guidance and Score Alignment (SA).Prior guidance works by movingx T (noise) in the direction ofr log pT (x T )
and decoding tox 0 (image). The purpose of this is to increase or decreaselog p0(x 0), which is inversely related to the level of detail
in x 0 . SA is a condition that ensures prior guidance is effective by requiring the alignment of score vectors across time steps. Red
arrows represent tangents to the curves:r log pT (x T ) is the tangent to the left curve atx T , and its push-forward via@x 0

@x T
is the tangent

to the decoded curve atx 0 . SA states that the transformed tangent vector must align withr log p0(x 0) such that the angle� � 90�

(non-negative dot product).

2.3. Stochastic sampling and likelihood

Eijkelboom et al. (2024) pointed out that any CNF can be
cast as an SDE model via the score functionr logpt (x ):1

dx t =
�

u t (x t ) �
1
2

' 2(t)r logpt (x t )
�

dt+ ' (t)dWt ; (7)

whereW is the Wiener process going backward in time and
the process de�ned by Eq. 7 shares marginals with Eq. 1 for
any choice of the variance term' as long as they sharepT .
Karczewski et al. (2025) demonstrated that for SDE models
one can also track the evolution of marginal

d logpt (x t ) = F (t; x t )dt + ' (t)r logpt (x t )T dWt ; (8)

where

F (t; x ) = � div u t (x ) �
1
2

' 2(t)� log pt (x )

�
1
2

' 2(t)kr logpt (x )k2:
(9)

2.4. Neural network approximations

In all our experiments, we assume access to pre-trained
neural networks to approximateu t and r logpt . When
estimating Jacobian-vector products such as@u t

@x v, we lever-
age automatic differentiation to compute these ef�ciently
with a single network pass. To estimate divergence, such

1In Eijkelboom et al. (2024), the drift is: u t (x t ) +
1
2 ' 2(t)r log pt (x t ). This is caused by different conventions. We
follow the diffusion literature (Song et al., 2021b), where time
�ows backward, i.e.dt < 0 and the Wiener process runs in reverse
during sampling. In Eijkelboom et al. (2024) sampling is from
t = 0 to t = 1 anddt > 0.

as� log pt (x ) = div r logpt (x ), we use the Hutchinson's
trick (Hutchinson, 1989; Grathwohl et al., 2019) using a
single Rademacher test vector.

3. Scaling the latent code – when and why?

In this section we evaluate whether the simple latent rescal-
ing approach of Song et al. (2021b) is suf�cient to control
for sample density, and demonstrate its shortcomings.

Song et al. (2021b) observed that scaling the latent noise
x T � N (0; I ) down with� < 1 monotonically decreases
the amount of detail in the decoded imagesx PF-ODE

0 (� x T ),
while preserving the image semantics (See Fig. 2). Inter-
estingly, Karczewski et al. (2025) recently showed that the
log-densitylogp0(x 0) assigned by a diffusion model corre-
lates with the amount of detail in the generated image. Most
diffusion models use a Gaussian noisepT = N (0; I D ),
whose scorer logpT (x T ) = � x T simply reduces the la-
tent norm towards zero. Thus (down)scaling att = T is
equivalent to maximizinglogpT .

These two observations suggest a simple hypothesis:

Prior guidance: To increase (decrease)logp0(x 0),
it suf�ces to movex T in the positive (negative)
direction ofr logpT (x T ), and then decode.

We are interested in studying whether (steepest)logpT in-
crease in latentx T leads to a monotonic increase inlogp0

of the decodingx 0(x T ) Eq. 2. To formalise this notion, we
assume a latent curvec : [0; 1] ! RD at t = T, whose
tangent is given by the scorec0(s) = r logpT (c(s)) . A
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monotonic curve decoding has

d
ds

logp0

�
x 0

�
c(s)

� �
� 0; 8s; (10)

which is equivalent toScore Alignment(Appendix C):

SA : r logp0(x 0)T

| {z }
decoding score

@x 0

@x T
r logpT (x T )

| {z }
push-forward scorev 0 2 RD

� 0; (11)

for all x T 2 RD , wherev t (x T ) := @x t
@x T

r logpT (x T ). In
Appendix C.2 we show that Eq. 11 always holds whenu t is
linear inx , as in trivial diffusion models. We also show that
it does not hold in general by providing a counterexample.
See Fig. 2 for a visualisation.

To evaluate the SA Eq. 11 we need to solve forv0. We use
sensitivity equations (i.e. forward differentiation)

d
�
x t

v t

�
=

�
u t (x t )

@u t (x t )
@x v t

�
dt; (12)

with vT := r logpT (x T ) to describe thev t evolution, and
speci�cally, to solvev0(vT ) (Baydin et al., 2018).

Figure 3.Nearly all x T satisfy the positive score alignment of
Eq. 11 across models and datasets.

Empirical demonstration To empirically verify whether
SA holds, one can sample a large batch ofx T � pT and
solve Eq. 12 fromt = T to t = 0 2 and check whether
vT

0 r logp0(x 0) � 0. We demonstrate this on two models,
a VP-SDE model trained on CIFAR-10 (Karczewski et al.,
2025), and EDM2, a conditional latent diffusion trained
on ImageNet512 (Karras et al., 2024b). We �nd that for
CIFAR 97% of the latent codes satisfy the equation and
100% for EDM2 (Fig. 3). This shows that, in most cases,
scaling the latent codex T impactsr logp0(x 0) monotoni-
cally, and thus explains the visual effect of low-level feature
manipulation (Fig. 1). See Appendix M for more samples.

Log-density vs FLIPD Kamkari et al. (2024) recently
proposedFLIPD - a method for measuring local intrin-
sic dimension and argued that it correlates strongly with

2In practice, we solve untilt = " for small" > 0.

Figure 4.Negativelog pt (x t ) correlates well with image com-
pression size, while the recently proposed intrinsic dimensionality
measure FLIPD (Kamkari et al., 2024) correlates weakly. Exper-
iment performed for a latent diffusion model EDM2 trained on
ImageNet512� 512resolution (Karras et al., 2024b).

the amount of detail (or information) in the image as mea-
sured by the size of PNG compression of the decoded image
PNG(x 0). In Fig. 4 we show on a high resolution latent dif-
fusion model EDM2 (Karras et al., 2024b) that� logpt (x t )
correlates withPNG(x 0) more strongly, reaching a maxi-
mum of 84%, compared to 29% achieved byFLIPD . Fur-
thermore, we observed that the correlation of� logpt (x t )
with PNG(x 0) is the strongest not fort � 0, but rather

t � 0:6 corresponding tolog SNR(t) = log � 2
t

� 2
t

= 1 . This
suggests that for detail manipulation with Prior Guidance,
veri�cation of the SA condition Eq. 11 should be done up
to this value oft rather thant = 0 .

What if score is unknown? To verify SA, one needs
to solve Eq. 12 and estimater logp0(x 0). The latter is
straightforward for diffusion models, but not in the general
case of Eq. 1. Remarkably, it is also possible to evalu-
atevT

0 r logp0(x 0) for any �ow model without estimating
the score itself. Concretely, in Appendix C.1, we show
that for! t := vT

t r logpt (x t ), d
dt ! t = � div( @u t

@x (x t )v t ).
Therefore, in absence of the score function, one can es-
timate ! 0 by augmenting Eq. 12 with_! t initialized at
! T = kr logpT (x T )k2:

d

2

4
x t

v t

! t

3

5 =

2

4
u t (x t )

@u t (x t )
@x v t

� div
� @u t (x t )

@x v t
�

3

5 dt: (13)

In Fig. 6 we present the SA veri�cation algorithm. To em-
pirically validate Eq. 13, we used a VP-SDE CIFAR-10
diffusion model (Karczewski et al., 2025), sampled 256
latent codesx T and solved Eq. 13 fromt = T to t corre-
sponding tolog SNR(t) = 1 . This is a score-based model
and thus we can compare the ground truthvT

t r logpt (x t )
with the estimated! t . We found that their correlation was
at 98.8%. See Fig. 5.
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Figure 5.The augmented sensitivity equations of Eq. 13 accu-
rately tracks the score alignment (SA).

4. Density Guided Sampling

In section 3 we discussed ways to determine whether scaling
the latent code corresponds to changinglogp0(x 0). In par-
ticular, we showed that the necessary SA condition Eq. 11
does not always hold. Furthermore, the prior guidance does
not allow choosing the desired sample log-density.

We now present an approach for samplingx 0 with explicit
control oflogp0(x 0). Suppose that we require an instanta-
neous density changes over time,

constraint:
d logpt (x t )

dt
= bt (x t ) 2 R (14)

for a predeterminedbt . To achieve this, we choose a new
ODEdx t = ~u t dt, such that its density change from Eq. 4
satis�es

bt (x t ) = r logpt (x t )T
�

~u t (x t ) � u t (x t )
�

� div u t (x t ):
(15)

Wheneverr logpt (x t ) 6= 0, Eq. 15 has multiple solutions
of ~u for anybt . We choose~u that is closest tou , which
uniquely gives (See Appendix D)

~u t (x ) = u t (x ) +
div u t (x ) + bt (x )

kr logpt (x )k2
| {z }

score biassb (x )

r logpt (x ): (16)

Density guidance:Eq. 16 steers the sample away
from the original trajectory towards desired likeli-
hood.

Whenbt = � div u t , we reduce to the canonical sampler
~u t = u t . Since using Eq. 16 requires knowing the score
function, we assume from this point on thatu t is given by
the PF-ODE of a diffusion Eq. 6, which is transformed by

Algorithm 1 Score Alignment veri�cation

1: input: Flow u t , latentx T 2 RD , step sizedt > 0
2: initialize vT = r logpT (x T ), t = T, ! T = kvT k2

3: while t > 0 do
4: dx  u t (x t )
5: dv  JVP( u t ; x t ; v t )
6: "  Uniformf� 1; 1gD Rademacher variables

7: d!  � " T JVP( dv; x t ; " ) Hutchinson's trick
8: x t  x t � dt � dx
9: v t  v t � dt � dv

10: ! t  ! t � dt � d!
11: t  t � dt
12: end while
13: if r logp0(x 0) knownthen
14: return r logp0(x 0)T v0

15: else
16: return ! 0

17: end if

Figure 6.Score Alignment Veri�cation. When the scorer log p0

is known, Eq. 12 applies, and thehighlighted steps(correspond-
ing to Eq. 13) can be omitted. We provide JAX implementation in
Listing 1.

Eq. 16 into

~u t (x t ) = f (t)x t +
�

sb(x t ) �
1
2

g2(t)
�

r logpt (x t );

(17)

which can readily be used for sampling for anyb.

The question is: How to choosebt ? Notably, we cannot
simply pushbt to be arbitrarily high or low, since it will fall
off the diffusion manifold, leading to nonsense decodings.

4.1. Explicit quantile matching

Suppose that we wantx 0 to have a pre-de�ned value of
log-densitylogp0(x 0) = c 2 R, which is equivalent to

Z T

0
bt (x t )dt = log pT (x T ) � c: (18)

If this holds forb, the Eq. 16 will generate a samplex 0

with the log-densityc. However, not all choices ofb are
equally good. In practice,u andr logpt are approximated
with neural networks, and their predictions are only accurate
whenx t is in the typical region ofpt (Nalisnick et al., 2019).

Suppose that the target valuec is theq'th quantile oflogp0,
whereq 2 [0; 1]. A simple strategy is to choosebt such that
the samplex t remains on the same quantileq over all times
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Figure 7.Quantiles and typical values oflog pt (x t ) for a diffusion
model trained on CIFAR10.

Figure 8.Different classes have different likelihoods.Left: Dis-
tributions of log-likelihoods of 16 randomly selected classes from
ImageNet. Right: Distributions of log-likelihoods for “fox” and
“whistle” differ signi�cantly.

t andpt . Let � t (q) denote theq-th quantile oflogpt . Then

logpt (x t ) = log pT (x T ) �
Z T

t
b� (x � )d� = � t (q); (19)

which is satis�ed forbt (x ) := d
dt � t (q). The quantile func-

tion � t (q) can be estimated by samplingK independent
samplesx T � pT , estimatinglogpt (x t ) with Eq. 3 and
�nding empirical quantiles for target values ofq. We visual-
ize � t (0:99) and� t (0:01) in Fig. 7 estimated for a Variance-
Preserving (VP) SDE diffusion model with linear log-SNR
schedule trained on CIFAR10. We experimentally verify
the accuracy of explicit quantile matching in Appendix E.

4.2. Implicit quantile matching

A considerable drawback of explicit quantile matching is
the need to estimate� t . This becomes especially problem-
atic for conditional generation, where the distribution of
logpt can differ signi�cantly for different classes (Fig. 8).
For applications such as text-to-image, this would require
estimating the distribution oflogpt for every possible text
prompt, which is not feasible.

The Eq. 15 gives a recipe for altering the �ow based on how

we wantlogpt (x t ) to evolve. However, the challenge is
to determine what are thereasonablevalues ofbt so that
logpt does not deviate from what is typical. We tackle
this problem by analyzing the stochastic view of CNFs.
Speci�cally, for x t � pt , Eq. 7 says that when evaluating
x t � dt , we can add random noise and stay within the typical
region ofpt � dt as long as we correct for it by subtracting
the score from the drift. Furthermore, Eq. 8 says howlogpt

changes under this stochastic evolution.

Concretely, theaveragechange in log-density, when adding
noise of strength' (t) is given by

E
�
d logpt (x t )

�
= �

�
div u t (x t ) +

1
2

' 2(t)h(x t )
�

dt;

(20)
whereh(x ) = � log pt (x )+ kr logpt (x )k2 2 R. Interest-
ingly, in Appendix F, we empirically (and theoretically in

simpli�ed cases) show that in diffusion models� 2
t h(x t )p

2D
ap-

proximately followsN (0; 1) whenx t � pt and dimension
D is high. A reasonable choice is then

bt (x ) = � div u t (x ) �
1
2

' 2(t)

p
2D
� 2

t
� � 1(q); (21)

where� is the cumulative distribution function ofN (0; 1)
andq is the desired quantile. We found that choosing' to
match the diffusion strength in Eq. 5, i.e.' � g works well
in practice. Thus, in our experiments we use

bq
t (x ) = � div u t (x ) �

1
2

g2(t)

p
2D
� 2

t
� � 1(q): (22)

After plugging this de�nition ofb to Eq. 16, we get

u DG-ODE
t (x t ) = f (t)x t �

1
2

g2(t)� t (x t )r logpt (x t ); (23)

which is equivalent to simply rescaling the score by

� t (x ) = 1 +

p
2D � � 1(q)

k� t r logpt (x )k2 : (24)

We call Eq. 23Density-Guided Sampling(DGS). Impor-
tantly, DGS comes at no extra cost since the score is eval-
uated at each sampling step anyway. Note that, as shown
in Fig. 4, the correlation oflogpt (x t ) with image detail is
the strongest fort � � log SNR� 1(1) and thus in our ex-
periments we only use guidance in the[T; t � ] interval. In
Fig. 9 we show samples generated with DGS with different
values ofq. Interestingly, the samples are perceptually very
similar to those from Prior Guidance (Appendix M). See
Appendix J for more samples and quantitative results.

Conditional generation Whenever a conditional score
functionr logpt (x jcond) is available, wherecondcan be
any condition (class, text, etc.), one need only replace the
score function with the conditional one in Eq. 23.
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Figure 9.Density Guidance controls the amount of detail.Samples generated with Eq. 23 using the EDM2 model (Karras et al., 2024b).

5. Stochastic density guidance

In previous sections we discussed two methods for control-
ling logp0(x 0) during ODE sampling of form Eq. 1. How-
ever, it has been reported that adding stochasticity during
sampling can improve sample quality (Song et al., 2021b;
Karras et al., 2022). Neither of the previously discussed
methods supports stochastic sampling. Recently Karczewski
et al. (2025) lifted the �rst roadblock towards this by show-
ing how toevaluatelogp0(x 0) for an SDE. We now ask:
Is it possible to alsocontrol logp0(x 0) during stochastic
sampling?

Recall a stochastic CNF sampler with noise strength' :

dx t =
�

u t (x t ) �
1
2

' 2(t)r logpt (x t )
�

dt+ ' (t)dWt : (7)

In Appendix G, we show that, similarly to density guidance
Eq. 23, it can be altered to enforce the desired evolution
of log-density over time. Speci�cally, suppose thatu t =
u PF-ODE

t and that we required log pt (x t )
dt = bt (x t ) for b

de�ned in Eq. 22. Then, the stochastic process

dx t = u DG-SDE
t (x t )dt + ' (t)Pt (x t )dWt (25)

approximatelysatis�es d log pt (x t )
dt = bt (x t ), where

u DG-SDE
t (x ) = u DG-ODE

t (x ) (26)

+
1
2

' 2(t)
� log pt (x )

kr logpt (x )k2 r logpt (x )
| {z }

correction for added stochasticity

(27)

and

Pt (x ) = I D �
�

r logpt (x )
kr logpt (x )k

��
r logpt (x )

kr logpt (x )k

� T

(28)

is the “score-orthogonal” projection, which ensures that
the logpt (x t ) changes deterministically even thoughx t

is stochastic. In Appendix G we provide the formula
Eq. 120 of the SDE dr�t thatexactlyachievesd logpt (x t ) =
bt (x t )dt for any choice ofbt andu t , which we omit here
for presentation clarity. In Appendix H we experimentally
demonstrate that we can obtain exact likelihoods even for
stochastic sampling, provided the number of sampling steps
is large enough.

The Eq. 25 allows increasing variation in the samples by
injecting noise to DGS Eq. 23 whilst maintaining the desired
evolution of the log-density. Furthermore, since it is known
that diffusion models �rst generate high-level features and
then the details (Ho et al., 2020; Deja et al., 2022; Wang
& Vastola, 2023), DGS can be combined with stochasticity
by introducing noise at speci�c stages of the generation
process, allowing for controlled variation in either high-
or low-level features while preserving the desired level of
detail. We demonstrate this approach in Fig. 10 and provide
more samples in Appendix K.

6. Related Work

Sehwag et al. (2022) proposed a method for generating sam-
ples from low-density regions of diffusion models. However,
due to the intractability of likelihood in diffusion models,
their approach relies on approximations. Subsequent work
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Figure 10.Stochastic density guidance increases variation in generated samples whilst maintaining the desired level of detail.
Samples generated with Eq. 25. Adding stochasticity early in the sampling process changes high-level features, whereas adding noise
later, only affects lower-level detail.

by Karczewski et al. (2025) demonstrated that likelihood is,
in fact, tractable even in stochastic diffusion models, chal-
lenging the need for such approximations. Building on this,
our proposed methods provide explicit likelihood control for
both deterministic sampling—via Prior Guidance (section 3)
and Density Guidance (section 4)—and stochastic sampling
through Stochastic Density Guidance (section 5).

Song et al. (2021b) observed that scaling the latent code
alters the amount of detail in deterministically generated
images. While this phenomenon has been widely acknowl-
edged, we provide a rigorous analysis (section 3) and prove
that it is a direct consequence of Score Alignment Eq. 11,
which guarantees that scaling leads to a monotonic change in
the likelihood of the generated image,logp0(x 0). Further-
more, we introduce tractable numerical tools (Fig. 6) that
can verify whether any given CNF model (not necessarily
score-based) exhibits this behavior.

Karras et al. (2024a) proposed auto-guidance as a method
for improving sample quality by targeting high-density re-
gions. However, Karczewski et al. (2025) found that the
highest-density regions in diffusion models contain cartoon-
like or blurry images, which raises concerns about the ef-
fectiveness of purely maximizing likelihood. In contrast,
we introduce multiple cost-free methods for explicitly con-
trolling the likelihood of generated samples. Additionally,
while Karras et al. (2024a) observed that scaling the score
function leads to oversimpli�ed images, we demonstrate
that DGS Eq. 23 enables effective control over image de-
tail—both increasing and decreasing it—when the scaling
is adapted both temporally and spatially Eq. 24.

Yu et al. (2023) introduced Riemannian Langevin Dynam-
ics, an SDE with a non-diagonal diffusion matrix, similar
in structure to our Stochastic Density Guidance (section 5).
However, a key distinction is that our diffusion matrix is
a projection onto the orthogonal complement of the sub-
space spanned by the score function. As a result, it is not
positive de�nite and cannot serve as a Riemannian metric
tensor, making our approach fundamentally different in its
mathematical formulation and behavior.

Recently, Kamkari et al. (2024) proposed a method for mea-
suring local intrinsic dimension, which, in the case of im-
ages, corresponds to the amount of detail present. However,
we show that negativelogp is a more effective measure of
image detail and provide empirical comparisons in Fig. 4.
Moreover, while Kamkari et al. (2024) focus on measuring
image detail, our methods enable direct manipulation of it,
allowing for �ner control over generative model outputs.

7. Conclusion

In this paper, we introduced methods for controlling sample
density in �ow models, enabling manipulation of image
detail through likelihood-guided sampling. We provided a
theoretical explanation of latent code scaling by introducing
score alignment, a condition that can be tractably checked
for any CNF model. Building on this, we derived Density
Guidance, a principled modi�cation of the generative ODE
that allows for exact log-density control during sampling.
Finally, we extended this approach to stochastic sampling,
demonstrating that it retains precise detail control while
allowing controlled variation in image structure and detail.

8
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Our �ndings deepen the understanding of likelihood in �ow
models and provide practical tools for better sample control.

Impact Statement

This paper presents work that advances the understanding
and controllability of sample density in diffusion-based gen-
erative models. By introducing techniques for precise log-
density control, our work contributes to improved inter-
pretability and �ne-grained control over image generation.
While these advancements could enhance applications in cre-
ative and scienti�c domains, they also raise considerations
around synthetic media generation and potential misuse.
However, our contributions primarily aim at improving the-
oretical understanding and control in generative modeling,
without introducing new ethical risks beyond those already
associated with generative AI.
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A. Auxiliary results

A.1. Constrained optimization

In multiple sections, we will be solving constrained optimization problems, which can be written in the following way.
Supposev 2 RD , v 6= 0, anyy 2 RD anda 2 R. The problem we will encounter is

min
x 2 RD

1
2

kx � yk2

s.t. x T v = a:
(29)

We solve this by introducing the LagrangianL (x ; � ) = 1
2 kx � yk2 + � (x T v � a) for � 2 R. By setting@L

@x = 0, we get

x � y + � v = 0 ) x = y � � v : (30)

To �nd � we substitute forx in the constraint and �nd

y T v � � kvk2 = a ) � =
y T v � a

kvk2 : (31)

Combining the two, we get that the solution is given by

x = y +
a � vT y

kvk2 v: (32)

A.2. Divergence-gradient identity

We will make use of an identity connecting the gradient of the divergence with the divergence of a Jacobian vector product.

Lemma A.1. Let f : RD ! RD with continuous 2-nd order derivatives andv 2 R. De�ne g(x ) := div f (x ) =
P D

i =1
@fi

@xi
(x ) andG(x ) := @f

@x (x )v. Theng : RD ! R is a scalar function andG : RD ! RD is a vector function
satisfying

r g(x )T v = div G(x ): (33)

Equivalently, we write it as

(r div f (x ))T v = div
�

@f
@x

(x )v
�

(34)

Proof.

r g(x )T v =
DX

j =1

@g
@xj

(x )vj =
DX

j =1

@
@xj

 
DX

i =1

@fi

@xi
(x )

!

vj =
DX

i =1

@
@xi

0

@
DX

j =1

@fi

@xj
vj

1

A =
DX

i =1

@
@xi

�
@f
@x

(x )v
�

i

=
DX

i =1

@
@xi

Gi (x ) = div G(x ):

A.3. Optimality of projection

In Appendix G we will be interested in �nding a linear operatorA 2 RD � D satisfyingAv = 0 for somev, so that the
distance betweenA and the identityI D is minimal. The following lemma provides a solution.

Lemma A.2. Let0 6= v 2 RD . The solution of

min
A 2 RD � D

kA � I D k

s.t. Av = 0;
(35)

wherek � k can be either the spectral or Frobenius norm, is given by the projection matrix

A OPT = P = I D �
�

v
kvk

� �
v

kvk

� T

: (36)
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Proof. First note that for anyA 2 RD � D satisfyingAv = 0, we have

kA � I D kF � k A � I D k2 = max
w 6=0

�
�
�
�
w T (A � I D )w

kwk2

�
�
�
� �

�
�
�
�
vT (A � I D )v

kvk2

�
�
�
� =

�
�
�
�
vT (0 � v)

kvk2

�
�
�
� =

vT v
kvk2 = 1 : (37)

On the other handP � I D =
�

v
kv k

� �
v

kv k

� T
, which has only a single non-zero eigenvalue� = 1 and thus

kP � I D kF = kP � I D k2 = 1 (38)

and

P v = v �
vT v
kvk2 v = 0: (39)

ThereforeA = P satis�esAv = 0 and minimizes bothkA � I D k2 andkA � I D kF .

B. Derivation of CNF density evolutions

We reproduce the continuous-time normaling �ow (CNF) density evolution of Chen et al. (2018),

d logpt (x t )
dt

= � div u t (x t ); (40)

and the generalised CNF density evolution of Karczewski et al. (2025),

d logpt (x t )
dt

= � div u t (x t ) + r logpt (x t )T ( ~u t (x t ) � u t (x t )) ; (41)

with a uni�ed derivation.

We assume a time-dependent particlex t 2 RD evolving through continuous timet 2 R governed by an ordinary differential
equation (ODE)

dx t

dt
= u t (x t ); (42)

whereu t (x ) : R � RD 7! RD is a time-dependent vector �eld that maps any state vectorx to its time derivative vector
u t (x t ).

CNF density evolution We are interested in the time evolution of the spatiotemporal log-likelihoodlogpt (x t ) for particles
evolving under the ODE. We write the log density total derivative wrt time by using the chain rule

d logpt (x t )
dt

=
1

pt (x t )
dpt (x t )

dt
(43)

=
1

pt (x t )

�
@pt (x t )

@t
+

@pt (x t )
@x

�
dx t

dt

�
; (44)

which describes the density evolution of a particle moving under a �ow. We assume that the ODE is a continuous-time
normalizing �ow, where the density is conserved over time. This is described by the continuity equation (Finlay et al., 2020;
Xu et al., 2024)

@pt (x t )
@t

+ r �
�

pt (x t )u t (x t )
�

= 0 ; (45)
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which describes the change in particle density as a result of a vector �eldu t transporting the particles, at locationx . By
substitution we obtain

d logpt (x t )
dt

=
1

pt (x t )

�
� r � (pt (x t )u t (x t )) + r pt (x t ) � u t (x t )

�
(46)

=
1

pt (x t )

�
� pt (x t )r � u t (x t ) � r pt (x t ) � u t (x t ) + r pt (x t ) � u t (x t )

�
(47)

= �
1

pt (x t )
pt (x t )r � u t (x t ) (48)

= �r � u t (x t ) (49)

= � div u t (x t ): (50)

Generalised CNF density evolution Next, we derive the evolution of log-densitylogpt of a particle that is moving in
some non-canonical direction, ie._x t = ~u t (x t ) 6= u t (x t ). Notably, the continuity equation remains with theu t as we are
describing the particle density in the marginal induced by the original transportu t . We obtain

d logpt (x t )
dt

=
1

pt (x t )

�
�r �

�
pt (x t )u t (x t )

�
+ r pt (x t ) � ~u t (x t )

�
(51)

=
1

pt (x t )

�
� pt (x t )r � u t (x t ) � r pt (x t ) � u t (x t ) + r pt (x t ) � ~u t (x t )

�
(52)

=
1

pt (x t )

�
� pt (x t )r � u t (x t ) + r pt (x t ) �

�
~u t (x t ) � u t (x t )

��
(53)

= �r � u t (x t ) +
1

pt (x t )
r pt (x t ) �

�
~u t (x t ) � u t (x t )

�
(54)

= � div u t (x t ) + r logpt (x t ) �
�

~u t (x t ) � u t (x t )
�

; (55)

which is the generalised instantaneous change of density.

C. Derivation of Score Alignment

In this section, we prove the Score Alignment condition, a necessary and suf�cient condition for prior guidance to
be effective in controllinglogp0. Formally, assume a latent curvec : [0; 1] ! RD following the score att = T,
c0(s) = r logpT (x 0(c(s))) . In a Gaussian priorpT the curve becomes a line of scaled latentsx T . Thelogp0 is monotonic
on the decoded curve when

d
ds

logp0(x 0(c(s))) � 0; 8s 2 (0; 1): (56)

The chain rule gives the derivative

d
ds

logp0(x 0(c(s))) = r logp0(x 0(c(s))) T d
ds

x 0(c(s)) (57)

= r logp0(x 0(c(s))) T @x 0

@x T
(c(s))c0(s) (58)

= r logp0(x 0(c(s))) T @x 0

@x T
(c(s)) r logpT (c(s)) (59)

Therefore, for Eq. 56 to hold for a curve passing through some arbitraryx T 2 RD at some points 2 (0; 1) it must hold

r logp0(x 0(x T ))T @x 0

@x T
(x T )r logpT (x T ) � 0; (60)

where in Eq. 11 we omit thex T in the parentheses for brevity.
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C.1. Score alignment time evolution

In this subsection, we derive Eq. 13, i.e. how the SA condition can be checked without knowingr logpt for t < T . Let c be
a latent curve following the score and passing throughx T , i.e. c : (� "; " ) ! RD , c0(s) = r logpT (c(s)) andc(0) = x T .
De�ne

 (t; s) := log pt (x t (c(s))) for t 2 [0; T]; s 2 (� "; " ): (61)

The SA condition atx T (Eq. 60) is given by

@ 
@s

(0; 0) = r logp0(x 0(x T ))T @x 0

@x T
(x T )r logpT (x T ): (62)

Note that
@ 
@s

(T; 0) =
d
ds

logpT (c(s))

�
�
�
�
s=0

= r logpT (c(s))T c0(s)

�
�
�
�
s=0

= kr logpT (x T )k2: (63)

Therefore Eq. 62 can be equivalently written as

@ 
@s

(0; 0) =
@ 
@s

(T; 0) +
�

@ 
@s

(0; 0) �
@ 
@s

(T; 0)
�

= kr logpT (x T )k2 +
Z 0

T

@2 
@t@s

(t; 0)dt; (64)

where we applied the fundamental theorem of calculus. We arrived at a seemingly more complex formula. However, we can
now swap the order of the derivatives (assuming thatlogp 2 C2(R � RD ) andu 2 C1(R � RD )):

@2 
@t@s

(t; s) =
@2 
@s@t

(t; s) =
@
@s

�
@ 
@t

(t; s)
�

: (65)

@ 
@t is given by Eq. 3:

@ 
@t

(t; s) =
d
dt

logpt (x t (c(s))) = � div u t (x t (c(s))) (66)

and by the chain rule and denotingr div u t the gradient of the scalar functionx 7! div u t (x ):

@2 
@s@t

(t; s) =
d
ds

� div u t (x t (c(s))) (67)

= � (r div u t (x t (c(s)))) T d
ds

(x t (c(s)) (68)

= � (r div u t (x t (c(s)))) T @x t

@x 0
(c(s))c0(s) (69)

= � (r div u t (x t (c(s)))) T @x t

@x 0
(c(s)) r logpT (c(s)) : (70)

After settings = 0 we get

@2 
@s@t

(t; 0) = � (r div u t (x t (x T ))) T @x t

@x 0
(x T )r logpT (x T )

| {z }
= v t (x T )

(71)

= � (r div u t (x t (x T ))) T v t (x T ) (72)

(34)
= � div

�
@u t

@x
(x t )v t

�
; (73)

wherex t = x t (x T ) andv t = v t (x T ). After plugging into Eq. 64:

@ 
@s

(0; 0) = kr logpT (x T )k2 +
Z 0

T
� div

�
@u t

@x
(x t )v t

�
dt (74)

which after plugging into Eq. 62 becomes

r logp0(x 0)T @x 0

@x T
r logpT (x T ) = kr logpT (x T )k2 +

Z 0

T
� div

�
@u t

@x
(x t )v t

�
dt (75)

and crucially, the score function fort < T does not appear in the RHS, which can be estimated purely from derivatives of
u t .
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Figure 11.Prior Guidance is ineffective due to unsatis�ed SA condition.For some latent codes:x T = � T z1 scaling the latent code by
1:22 increaseslog p0(x 0), while for others the same scaling leads to a decrease inlog p0(x 0) (x T = � T z1). It can be seen that the blue
lines cross, while the orange lines do not. The same behavior was observed regardless of which SDE was used.

C.2. Score alignment holds in linear models

In this subsection, we show that the score alignment Eq. 11 holds wheneveru t (x t ) is linear inx . Such models are for
example linear-drift diffusion models with Gaussian data distributionp0. Score alignment is then an immediate consequence
of Eq. 75. Speci�cally, whenu t is linear inx , then@u t

@x v t does not depend onx and thus

div
�

@u t

@x
v t

�
= 0 (76)

and

r logp0(x 0)T @x 0

@x T
r logpT (x T ) = kr logpT (x T )k2 +

Z 0

T
0dt = kr logpT (x T )k2 � 0: (77)

C.3. SA does not always hold

We provide a simple example, for which the Score Alignment condition fails and thus Prior Guidance does not lead to
monotonic changes inlogp0(x 0). We study a 2-dimensional Gaussian mixture distribution with three components:p0 =
1
3

P 3
i =1 N (� i ; 0:005I 2), where� 1 = [ � 0:3502; � 0:6207]T , � 2 = [ � 0:4828; 1:0680]T and� 3 = [ � 0:7789; 0:7565]T (� i

we randomly chosen).

We found two latent codesz1 = [1 :3166; � 0:2252]T andz2 = [ � 0:1504; � 0:2165]T exhibiting inconsistent behaviour.
Speci�cally, whenx T = � T z1, scaling up by 1.22decreaseslogp0(x 0), while for x T = � T z2 the same scalingincreases
logp0(x 0). We visualize this in Fig. 11 with solid lines corresponding to decodingx T and the dashed lines the decodings
of 1:22x T . This behavior was consistent regardless of which SDE was used.

D. Derivation of Density Guidance

In this section we derive Eq. 16. From Eq. 15, we see that ifx t is following a trajectory given bydx t = ~u t (x t )dt, then

d logpt (x t )
dt

= bt (x t ) , r logpt (x t )T ( ~u t (x t ) � u t (x t )) = bt (x t ) + div u t (x t ) (78)

, ~u t (x t )T r logpt (x t ) = bt (x t ) + div u t (x t ) + u t (x t )T r logpt (x t ) (79)

Wheneverr logpt (x t ) = 0, then RHS is satis�ed only whenbt (x t ) = � div u t (x t ). In other words, when the score
function vanishes, the in�nitesimal change inlogpt (x t ) is the same and equal to� div u t (x t ) regardless of the choice of
~u t .

Assume now thatr logpt (x t ) 6= 0. For �xed (t; x t ), we can treat the condition in Eq. 78 as a linear equation with
w := ~u t (x t ) being the unknown quantity we want to solve for. It is a single equation withD variables (dimensionality
of w ), i.e., it does not have a unique solution. We can choose one that satis�es additional criteria out of all possible
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Figure 12.Explicit Quantile Matching achieves exact likelihoods when step size goes to zero.For all numbers of sampling steps, the
correlation between the desiredlog p0 and the obtainedlog p0 is above 99%.

solutions. Speci�cally, we choose a solution that diverges from the original trajectoryu t (x t ) the least. We therefore solve
the following constrained optimization problem

min
w 2 RD

1
2

kw � u t (x t )k2

s.t. w T r logpt (x t ) = bt (x t ) + div u t (x t ) + u t (x t )T r logpt (x t );
(80)

which is treated in Appendix A.1. The solution is

w = u t (x t ) +
bt (x t ) + div u t (x t ) + u t (x t )T r logpt (x t ) � r logpt (x t )T u t (x t )

kr logpt (x t )k2 r logpt (x t ) (81)

= u t (x t ) +
bt (x t ) + div u t (x t )

kr logpt (x t )k2 r logpt (x t ); (82)

which matches Eq. 16.

E. Explicit quantile matching

To demonstrate claims made in Section 4.1, we performed density guidance with explicit quantile matching on CIFAR-10.
Speci�cally, we estimated the quantile function� t as described in Section 4.1 by samplingK 3 samplesx T � pT and
solving the PF-ODE (Eq. 6) fromt = T to t = 0 in 1024Euler steps. For all samples, we estimated the marginal log-density
at each steplogpt (x t ) with Eq. 3 and de�ned the quantile function� t as empirical quantiles oflogpt (x t ). We then de�ne
bt (x ) = d

dt � t , which we estimate with a moving average of �nite difference estimates.

We found that the difference between the desired values of log-density and the obtained ones goes to zero as we decrease
the discretization error (increase the number of sampling steps). Interestingly, for lower number of sampling steps, even
though we do not obtain exact desired values of likelihood, the correlation between the desired values and the obtained ones
remains above 99%, even for as few as 32 Euler sampling steps. This means that for all values of the number of sampling
steps, we saw a monotonic relationship between the targetlogp0 and the amount of detail (PNG size). Please see Fig. 12.
As “ground truth”logp0(x 0) estimate, we used Eq. 3 for encodingx 0 to x T with the PF-ODE (Eq. 6) in 1024 Euler steps.

3We testedK = [16 ; 32; 64; 128; 256; 512; 1024] and found that usingK = 128 is enough to ensure a correlation between the
desired value of log-density and the obtained one is above 99%.
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F. Asymptotic behaviour of � log p(x ) + kr logpt (x )k2

In this section, we discuss an observation that proved useful in determiningtypical valuesd log pt (x t )
dt in diffusion models.

Speci�cally, we observed that for some distributionsp0 after diffusing intopt via the forward processp(x t jx 0) =
N (� t x 0; � 2

t I D ), the following holds

h(x ) =
� 2

t

�
� log pt (x ) + kr logpt (x )k2

�

p
2D

d����!
D !1

N (0; 1); (83)

whereD denotes the dimension of the distributionpt and “ d! ” denotes convergence in distribution.

F.1. Single data point

We begin by showing Eq. 83 for the simplest possible case, wherep0 = � x 0 . In that casept = N (� t x 0; � 2
t I D ) and

r logpt (x ) =
� t x 0 � x

� 2
t

� log pt (x ) = �
D
� 2

t
:

Sincex = � t x 0 + � t " for " � N (0; I D ) and our expression becomes

h(x ) =
� 2

t

�
� D

� 2
t

+ 1
� 2

t
k" k2

�

p
2D

=

P
j ("2

j � 1)
p

2D
: (84)

Sincef "2
j gj are i.i.d. random variables with� 2

1 distribution, we have thatE["2
j ] = 1 , Var["2

j ] = 2 , and the claim follows
from the central limit theorem.

F.2. Non-isotropic Gaussian distribution

Whenpt is Gaussian, but with non-diagonal covariance an analogous result holds when the covariance matrix satis�es some
additional conditions. We begin with a useful lemma.
Lemma F.1(Quadratic CLT (de Jong, 1987)). SupposeA = [ aij ] 2 RD � D is a real symmetric matrix with eigenvalues
� 1; : : : ; � D . Let f " j gj =1 :::D be independent variables such that" j � N (0; 1).

If

lim
D !1

maxj � D � 2
jP

j � D � 2
j

= 0 ; (85)

then
" T A" � Tr( A)

p
2kAkF

d����!
D !1

N (0; 1): (86)

Let pt = N (�; �) for � satisfying the following conditions. Denoting� = LL T , and~� = L � 1(L T ) � 1 with � 1; : : : ; � D

eigenvalues of~� , we assume

lim
D !1

maxj � D � 2
jP

j � D � 2
j

= 0 (87)

Note that for� = � 2
t I D , we have~� = 1

� 2
t
I D , � k = 1

� 2
t
, and all the above conditions becomeslimD !1

1
D = 0 , which of

course holds. Then

h(x ) =
� log pt (x ) + kr logpt (x )k2

p
2kr 2 logpt (x )kF

d����!
D !1

N (0; 1): (88)

For x � N (�; �) , we can representx = � + L" for � = LL T and" � N (0; I D ). In this case, we have

r logpt (x ) = � � 1(� � x ) = � (L T ) � 1"

r 2 logpt (x ) = � � � 1

� log pt (x ) = � Tr(� � 1):
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Note thatkr logpt (x )k2 = " T ~� " , where~� = L � 1(L T ) � 1. Since� � 1 = ( L T ) � 1L � 1 andTr( AB ) = Tr( BA ), we have
� log pt (x ) = � Tr( ~�) andk~� kF = k� � 1kF = kr 2 logpt (x )kF We can now write

h(x ) =
� log pt (x ) + kr logpt (x )k2

p
2kr 2 logpt (x )kF

=
" T ~� " � Tr( ~�)

p
2k~� kF

d����!
D !1

N (0; 1) (89)

from Lemma F.1.

F.3. Gaussian Mixture

Usually, the distributions we are interested in can be represented asp0 = 1
K

P K
k=1 � x k , wheref x k gk � RD is the data set.

We show that in this case Eq. 83 also holds. In that case,pt = 1
K

P K
k=1 N (� k ; � 2

t I D ), where� k = � t x k . We will use the
following identity, which holds for anyp(x ):

� log p(x ) + kr logp(x )k2 =
� p(x )
p(x )

: (90)

In the Gaussian mixture case (denotingpk = N (� k ; � 2
t I D ), we have

@
@xi

pt (x ) =
1
K

X

k

pk (x )
� i

k � x i

� 2
t

=
1

K� 2
t

X

k

pk (x )( � i
k � x i )

and
@2

@(x i )2 pt (x ) =
1

K� 2
t

X

k

@
@xi

pk (x )( � i
k � x i ) �

1
� 2

t
pt (x ) =

1
K� 4

t

X

k

pk (x )( � i
k � x i )2 �

1
� 2

t
pt (x ):

Therefore, we have

h(x ) =
� 2

t

�
� log pt (x ) + kr logpt (x )k2

�

p
2D

=
� 2

t � pt (x )

pt (x )
p

2D
=

P
k wk (x )k x � � k

� t
k2 � D

p
2D

; (91)

wherewk (x ) := pk (x )
p(x ) . In Theorem 1 we show thath(x ) d�! N (0; 1). We additionally verify this hypothesis numerically.

Speci�cally, we set the number of components toK = 128 and samplef � k g from N (0; � 2
t I D ). We then sampleN = 16384

samplesx j � pt (x ) and evaluate corresponding values ofh(x ) with Eq. 91. We repeat this experiment for three values of
� t 2 f 0:5; 1; 10g. To test whether the distribution ofh(x ) approachesN (0; 1) for largerD , we repeat this experiment for
D = 2 m for m = 6 ; 7; : : : ; 12and evaluate the p-value of a normality test onh(x ) 4. We see that forD greater than� 1000,
the distribution ofh(x ) is close toN (0; 1) as evidenced by p-value being greater than the commonly used signi�cance
threshold� = 0 :05. Please see Fig. 13.

F.4. Image data

In this section we studyp0 being CIFAR-10 image data distribution andr logpt (x ) being approximated with a neural
network. Speci�cally, we uniformly sample different timest 2 (0; T] and corresponding noisy samplesx t � pt (x ). Then,
we estimater logpt (x ) using a model and� log pt (x ) � div r logpt (x ) using the Hutchinson's trick. Finally, we plot
� � 1(h(x t )) for h(x t ) estimated using Eq. 83, where� is the cumulative density function ofN (0; 1). If h(x t ) � N (0; 1),
then� � 1(h(x t )) � U (0; 1) for all t 2 (0; T]. Indeed, this is precisely the observed behaviour for two different choices
of the forward process:� 2

t + � 2
t = 1 (VP-SDE) and� t + � t = 1 (CFM) con�rming that this �nding also holds for high

dimensional image data. See Fig. 14.

G. Stochastic density guidance

In this section, we derive the stochastic density guidance method. A central tool in this section is Itô's lemma (It̂o, 1951), a
generalization of the total derivative to stochastic processes.

4https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.normaltest.html
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