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Abstract

We consider the problem of learning to optimize a welfare objective in a multi-agent system coor-
dinated by a central authority. This setting presents two main challenges: (i) the welfare function
is unknown or difficult to specify explicitly, and (ii) centralized optimization is intractable due to
the exponential dependence on the number of agents. We address these challenges by combining
preference-based learning with a game-theoretic reformulation of the central optimization problem.
By designing agents’ utilities aligned with the social welfare, this formulation enables independent
learning to maximize the welfare value. Specifically, we propose a novel algorithm that iteratively
combines dueling bandit-style preference learning with game-theoretic no-regret learning to guide
agents’ actions. Under a submodularity assumption on the welfare function, we prove that our
proposed algorithm has sublinear regret. Our regret guarantee furthermore implies that, with high
probability, the average welfare over 7' rounds is near-optimal up to a constant depending on the
curvature of the welfare function. Finally, we validate our approach in a case study on rebalancing
a shared mobility system, where vehicles are placed strategically across different areas.

1. Introduction

Resource allocation is a fundamental challenge in many real-world systems, from electricity markets
[10] and sensor placement [19] to shared mobility systems [48]. In these settings, a central authority
distributes resources across various locations subject to capacity constraints, aiming to maximize a
welfare function that quantifies the quality of the allocation. However, in many applications, the
welfare function is not a single easy-to-interpret metric, but a complex trade-off between competing
goals such as user satisfaction, long-term efficiency, fairness, and operational costs [14, 20].

Consequently, formalizing an explicit welfare function is difficult, and it is unrealistic to assume
the central authority can query the welfare value of an executed allocation. However, the welfare
value might be available through human feedback, such as user satisfaction [16]. Thus, a more
practical and weaker assumption is that the central authority can query preferences between pairs
of allocations executed online based on their outcomes. This transforms the welfare maximization
problem into an online dueling bandit problem [2, 46].

To tackle optimization from preference feedback, past work [2, 13, 24] reduces the problem
to a stochastic bandit setting [1], applying the classical upper confidence bound algorithm [4] to
minimize regret. However, these methods rely on a central optimization oracle to maximize the op-
timistic welfare estimates over the set of all possible allocations. This cannot be efficiently applied
to large-scale resource allocation problems whose set of possible allocations grows exponentially
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with the number of resources and locations, e.g. the numerous charging stations in station-based
mobility systems or the possible locations when placing sensors across a large facility.

To address this computational bottleneck, we adopt a distributed optimization perspective. Fol-
lowing the game-theoretic formulation of Marden and Wierman [27], we model the optimization
problem as a repeated game distributing the computational burden across multiple agents, each act-
ing on a subset of the action space. To ensure convergence to a high welfare value, we design agents’
utilities to align with the welfare. We build on previous work on distributed welfare maximization in
the bandit setting [38, 43], that we extend to the case of preference feedback using recent advances
in (preferenced-based) online learning [24, 35]. More information on related work in Appendix A.

Contributions Our contributions are threefold: First, we propose Distributed Optimization via
Preference-based Learning (DO-PL), a distributed algorithm for preference-based optimization of
an unknown welfare function. Second, under submodularity and linearity assumptions, we prove
that DO-PL converges to a time-averaged welfare at least a 1/2-approximation of the global opti-
mum. Finally, we validate our approach in a numerical case study of a shared mobility system.

2. Problem Setup

We consider a repeated resource allocation problem where a central authority coordinates a system
of N agents over a horizon of T rounds. The system’s joint allocation space A is the Cartesian
product of N individual subsets, i.e. A = A! x --- x AN, where each A’ represents the feasible
allocations for agent 7. At each round ¢, the central authority selects a joint allocation a; € A, which
is executed in the environment and induces an outcome.

The authority’s goal is to maximize a global welfare function v : A — R, which typically
measures a complex trade-off of metrics such as user satisfaction, revenue, and operational risks.
The objective is to select a sequence of allocations {a;},_, that minimizes the average regret
x S°L_, (OPT —v(ay)) relative to the optimal allocation OPT = maxge 4 ¥(a).

In many applications, this 7y is difficult to formalize and only accessible via preference feedback.
To optimize it, we therefore make the following two popular modeling assumptions [12, 26, 34, 41].

Assumption 1 (Bradley—Terry model) The probability that allocation a is preferred over a, de-
noted as a >~ a, is given by P(a > a) = o (y(a) — v(a)), where o(z) = 1/(1 + e~ ). We record
the feedback as a tuple (a™,a™), where a™ = a™.

Assumption 2 (Linearity) The welfare function satisfies vy(a) = vp=(a) := (0%, ¢(a)), for a fea-
ture mapping ¢ : A — R® and an unknown 0* € R%, with ||0*||, < B, ||¢(a)||l, < L and d € Z7.

Under this setup, we describe our distributed algorithm in the next section.

3. A Distributed Algorithm for Preference-Based Optimization

We formulate the optimization of the unknown welfare function -y as a repeated game over 1" rounds.
We exploit the decoupled structure of the allocation set A = A! x ... x AN by distributing the
computational burden across N agents. Specifically, at each round ¢, the central authority assigns
each agent 7 a local utility function U} : A — R, which induces a game among the agents. Agents
then independently select actions a! € A’ to maximize their respective utilities. Finally, the central
authority expresses its preference over the current action profile a; and a reference action profile a;.
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Distributedly optimizing an unknown welfare function presents two primary challenges: (i) the
central authority must learn v using only comparative preference feedback, and (ii) it must design
agents’ utility functions such that individual optimization aligns with the global maximization of ~.

3.1. Estimating the Welfare Function from Preference Feedback

To estimate the unknown welfare function v, we combine the preference model in Assumption 1
with the linearity assumption in Assumption 2. Under these assumptions, we estimate the parameter
0* using maxzmum likelihood estimation (MLE) based on the collected preference dataset D; =
{(af,a;)}Z}. The constrained MLE is given by 0; = arg ming|,<p Lp,(0) where Lp,(0) is
the standard logistic loss' [39] Lp,(0) = — > (a+,a-)ep, log o ({6, é(a™) — ¢(a™))), which can
be optimized efficiently via e.g. projected gradient methods [8].

At round ¢, we will use 6, as an estimator for the unknown parameter 6*. In particular, 6, allows
the central authority to approximate welfare differences v(a) — y(a) for any pair a,a € A. The

reliability of this estimation is governed by the following time-uniform confidence bound:

Lemma 1 (Lemma 3.1 in Schlaginhaufen et al. [35]) Let Assumptions 1 and 2 hold. For any
A > 0, with probability at least 1 — § forall a,a € A andt > 1 it holds that:

(3v(@) = 7(@) = (15, (@) =%, @) < B(@)or(a,a),

where 5(6) == O <\/ [log (5) + dlog (é)] —l—)\) with § € (0,1), k = O(e*BL), 04(a,a) =
(@) = @(@)lly,-1, Vi := AL+ 32 wsw) and x5 = d(as) — $(as).

As a direct consequence, we can upper-bound the difference (a) — «y(a) with high probability
by the estimate v, (a) — 4, (@) + B(6)o¢(a, a), forming the basis for our utility design strategy.

3.2. Utility Design and Distributed Learning

To achieve global coordination, we define the following optimistic utility functions U} : A — R:
Uf(a) = Y5,(a) — 7, (ae) + B(d)oi(a, ar), (D

where 0, is the MLE and @, a fixed reference allocation. Lemma 1 ensures that U} (a) > y(a)—(dy)
with probability at least 1 — §. While following the classical optimism principle, we focus on
welfare differences as -y is only identifiable up to constant shifts from preference feedback. Since
any maximizer of -y also maximizes ~y(-) — (@), this methodology ensures that agents’ individual
optimization remains aligned with the global welfare v, shrinking uncertainty as data accumulates.

The assignment of U induces a game where, at each round t, agent i independently selects
an action a} € A’ and receives Uj(a},a; *), where a; " denotes the actions of all other agents.
To maximize the welfare, we will distribute the optimization by making the agents independently
optimize their individual learning regrets R(T) = max,ic 4i ZtT:I (Ui(a*,a; Y~ Uf(al,a; ’)),
where classical no-regret algorithms ensure® R*(T)/T — 0 with T..

1. This corresponds to the negative log-likelihood of the Bradley-Terry model.
2. Such an example is the Exponential-weight algorithm for Exploration and Exploitation with Implicit eXploration
(Exp3-IX, Lattimore and Szepesvari [22]), which under proper learning rate selection guarantees that with probability

atleast 1 — 8, R{(T) = O ( TKilog(K" /5)) where K' = | A7| [30].
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Recall that the central authority’s objective is to maximize the average cumulative welfare
% Zthl ~v(a;). Intuitively, since agents’ utility functions are designed to be aligned with the so-
cial welfare function, assuming that all agents select an action a; € A’ by independently applying
a no-regret algorithm ensures that this objective is approximately achieved. This relationship is
formalized in our welfare guarantees in Theorem 4, which depend on the time-averaged regret.

3.3. The DO-PL Algorithm

Below we present our algorithm, Distributed Optimization via Preference-based Learning (DO-PL,
Algorithm 1), that proceeds in three stages at each round ¢. First, preference data is used to estimate
0* using maximum likelihood estimation (Line 9). Second, the resulting estimator is used to design
optimistic individual utility functions U} : A — R defined as in Equation (1) (Line 10). Finally,
to make the algorithm efficient’, these are optimized online via N parallel no-regret algorithms,
selecting an action a! for each agent (Lines 6 and 11).

Algorithm 1 Distributed Optimization via Preference-based Learning (DO-PL)
1: Input: Number of iterations T, confidence § > 0, regularization A > 0

2: Initialize design matrix V; = AI € R?*? and preference dataset D; = ()
3: Arbitrarily initialize §; € R%, ag € A, and Ui(a) : A — Rforalli € N
4: Algo’ < NO-REGRET(AY), i=1,...,N
s:fort=1,...,7T do
6:  al+ Algo’().play_action(), i=1,...,N
7: a; = (a},...,a))and @; = a;_1
8: Diy1 =Dy U{(a™,a™)}, where
(a+’ CL_) _ {(C}t, C~lt>, if ag >-.C~lt,
(a¢,ay), otherwise.
9: 9t+1 € arg Hlin”g”QSB EDtH (9)

10: Uti(a? =, (a) — 5, (@) + B(6)oi(a, ar)
11: Algo’.update(as, Ui (), i =1,...,N
12: end for

Throughout this process, preference feedback is collected for the selected allocation a; =
(a},...,a}) and the comparison allocation @; = a;_1. In general, & could be any comparator,
but the last selected allocation a;_1 is a practical choice when the preferences are retrieved by ask-
ing humans about outcomes from executing a;, a; in the real-world.

4. Theoretical Guarantees

While Assumptions 1 and 2 ensure the learnability of +, an additional assumption is required to
bound the suboptimality of allocations learned decentrally. This is because even if v were known
and optimized in an identical interest game, independent no-regret learning only guarantees conver-
gence to a coarse correlated equilibrium [9], which can be highly inefficient in general [6, 33].

3. DO-PL has linear computation complexity in /N, compared to the exponential complexity of a centralized solution.
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To address this, we leverage structural properties common in resource allocation problems:
monotonicity and submodularity [31, 44]. Monotonicity implies that the marginal welfare of addi-
tional resources is non-negative, while submodularity captures the property of diminishing marginal
returns [29, 40]. Importantly, submodularity guarantees that any equilibrium solution achieves at
least half of the optimal welfare value [43].* We formalize these requirements below.

Assumption 3 (Submodularity) Given A C R for some m > 0, the welfare function satisfies:

1. Monotonicity: For all a,a € A with a < a element-wise, y(a) < y(a).

2. DR-Submodularity: Forall a,a € Awitha < @, k € R, unit vectors ¢ € R™, andl € [m],
such that (a + kel), (@ + ke') € A, we have: y(a + ke') —y(a) > ~(a+ ke') —~(a).

3. Normalization: ~(0) = 0 for some 0 € A.

Under Assumption 3, the work of Vetta [43] and later Sessa et al. [37] provide tighter subopti-
mality bounds by leveraging the notion of curvature. The curvature quantifies the degree to which
~ deviates from linearity, capturing the severity of diminishing returns across the domain .A.

Definition 2 (Curvature [37]) Let v satisfy Assumption 3. For any subset X C A, the curvature
v(atke')—y(a)

of v with respect to X is defined as: «(X) =1 —inf  ,cx, limy o el =7 (0)

l€[m]:a+kelex
If «y is linear on A, then «(A) = 0. Conversely, the monotonicity of -y ensures that a(A) €
[0, 1]. We obtain the following structural property taken from Proposition 3 in [37]:

Proposition 3 ([37]) Ler «y satisfy Assumption 3 and denote by « its curvature on A. For any
a,a € Asuchthat a + a € A, it holds that v(a + a) — v(a) > (1 — a)y(a).

This lower bound enables us to characterize the suboptimality of allocations learned via DO-PL.
We formalize this in Theorem 4, whose proof is deferred to Appendix B.2. We additionally adapt
this result to the Exp3-IX no-regret algorithm in Appendix B.3.

Theorem 4 Let Assumptions 1, 2, and 3 hold and let § € (0,1). Then, running DO-PL (Algorithm
1) ensures that with probability at least 1 — ¢ it holds that:

1 T 1 N Rl(T) 2N6T(6) T
T;Wat)zmax{(l—a),Q}OPT—Z S ;at(at,at_l),

T

i=1

where o = o Aaug) is the curvature of v with respect to Ayyg '={a+a | a,a € A}.

Theorem 4 implies that the time-averaged welfare is at least 1/2-optimal, subject to two vanish-
ing error terms:? Efi | RY(T)/T, from independent no-regret learning, and %T((S) Zthl or(ag, az—1),
for the statistical estimation error of 7. Consequently, after T = O(1/¢2) rounds, the average ac-
cumulated welfare %Zthl 7v(az) is at least 3 OPT —e. Thus, as T — oo, DO-PL achieves a
a-approximation of OPT with & € [0.5,1]. For comparison, this is the same rate attained by D-
SubUCB [38] for resource allocation with contextual information. While the performance match up
to constant terms, D-SubUCB directly relies on bandit feedback of the form y(a;) + (;, where (; is
o-sub-Gaussian noise, and «y is modelled via a Reproducing Kernel Hilbert Space [36].

4. This result holds for monotone welfare functions; in the non-monotone cases, this approximation holds up to a
function-dependent additive term.
5. Recall that «« € [0, 1].
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S. Experiments

We empirically validate our framework on the problem of rebalancing a shared mobility system, in a
similar experimental setup as Sessa et al. [38]. During the day, vehicles can be freely used inside the
boundaries of a city, and a central authority decides to strategically replace them at night according
to some allocation & € A to maximize a welfare function . This -y is linear in an unknown
parameter §* and trades-off between the following features: number of served trips, total vehicle
distance, average walking distance to the bikes, and ratio of unmet demand over total demand.

== Random Baseline
— D-SubuCB
0] — DOPL

Average Reward

200
Time Step

Figure 1: Average reward for the three algorithms (D-SubUCB, DO-PL, Random Baseline) over
T = 400 steps, averaged over 100 experiments. For each experiment, we sample §* ~
Dirichlet(4) and run the algorithms in parallel using the same source of randomness.

In Figure 1, we illustrate the performance of DO-PL in comparison to a random baseline taking
actions uniformly at random, and the D-SubUCB algorithm® of Sessa et al. [38]. DO-PL signifi-
cantly outperforms the random baseline over the entire horizon. It does so, while slightly under-
performing D-SubUCB that directly learns from the realized welfare values. Additional details and
experiments can be found in Appendix C.

6. Conclusion

This work develops DO-PL, an algorithm for the distributed optimization of unknown objectives
using pairwise preference feedback, with applications including shared-mobility systems [48], en-
ergy management [45], and sensor placement [19]. Under the assumption of a linear, monotone,
and submodular welfare function, we show that asymptotically our algorithm achieves at least an
%-approximation of OPT. We see linearity and submodularity as limiting assumptions, as they might
not fully capture behaviors of complex real-world systems; extending the framework beyond those
remains an open challenge. However, compared to standard distributed optimization and dueling
bandits methods, our resulting algorithm is both tractable and does not require access to the underly-
ing . Finally, a promising extension is to apply this approach to incentive design, where the central
authority has limited flexibility in designing utilities and must instead shape them by incentivizing
the rational agents via tolls or taxes.

6. In comparison to our algorithm, D-SubUCB assumes that -y can be observed for the executed allocations, or, equiva-
lently, that 8™ is known.
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Appendix A. Related work

In the following, we review the distributed optimization and preference-based learning literature, as
these areas constitute the primary building blocks for the development of our framework.

Distributed Optimization Distributed optimization decomposes a global objective into sub-problems
solved via the localized actions of independent agents. These approaches are motivated by the need

to preserve data privacy, satisfy communication constraints [17], and alleviate the computational
bottlenecks inherent in centralized systems [42]. Conventional methods, such as the Alternating Di-
rection Method of Multipliers (ADMM, see e.g. Boyd et al. [11]) and consensus-based optimization
[7], rely on algorithmic protocols, where agents follow iterative update rules, such as gradient steps

or neighbor-averaging, to collectively converge to a global solution.

In contrast, the game-theoretic approach to distributed optimization [3, 27] shifts the focus from
algorithmic coordination to utility design. Rather than prescribing specific computational steps,
this framework involves designing local utility functions that ensure individual agent incentives are
aligned with the global welfare objective.

Although Sessa et al. [38] extended this framework to unknown welfare functions using a

learning-based approach, their methodology relies on bandit feedback. This requires observing
welfare values to provide convergence guarantees [18]. Our work departs from this by address-
ing settings where only pairwise preference feedback is available, representing a weaker and more
practical feedback model.
Preference-Based Learning Preference-based learning was first studied under the name of duel-
ing bandits, where numerical feedback is replaced with pairwise comparisons [2, 46, 47]. A stan-
dard modeling assumption for the preferences is the Bradley-Terry model [12, 26], which assumes
an underlying objective function and maps objective value differences to stochastic preferences via
a logistic link. Assuming a linear objective function, this problem reduces to online logistic regres-
sion on feature differences — a specific instance of a generalized linear bandit problem. For this
setting, Faury et al. [13] and Lee et al. [23] establish time-uniform confidence sequences and prove
regret bounds for optimistic algorithms. Recently, similar regret guarantees have been established
for non-parametric function classes [28, 32, 45].

Learning optimal allocations from preference-based feedback has been previously explored by
Landolt et al. [21]. In their work, the authors consider a central authority computing allocations to
minimize agents’ aggregated costs, given access to individual reported preferences. Their approach
focuses on the mechanism design challenge of eliciting truthful preference feedback from self-
interested agents. In contrast, we assume the planner has access to truthful preference feedback but
consider more general welfare functions, and we focus on efficiency by distributing the optimization
across agents’ individual action spaces.

Appendix B. Analysis of submodular welfare functions
In this section, we provide a formal proofs for our main welfare guarantees. Before establishing

these results, we present a technical lemma that we will leverage in the subsequent analysis.

B.1. Technical background

The following lemma is a variation of the classic elliptical potential lemma [22, Lemma 19.4] using
an observation of [22, Exercise 19.3] to avoid naive truncation. It provides an upper bound on the

11
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sum of norms of sequentially observed vectors in the norm induced by their design matrix. These
norms of vectors are commonly called elliptical potentials.

Lemma 5 (Elliptical lemma [35]) Let {z:}1>0 € R? and for all t > 0,
S wgx] + M for some X > 0. Then, it holds that:

T
TL? 3dL? L?
2, <2dlog(1 log (1 4+ —+— ).
;”xt”% r= e U T ) T ogn 2 U T og @)

B.2. Proof of Theorem 4

el < L, let Vi =

Proof The welfare v accumulated across 7" rounds can be written as:

T ” T /N A .
> ar) = < y(ag*,0) = y(a; ", 0))
t=1

t=1 =1

.

—~
=0
=5

=

W
M=

(v(ar) = 7(0,a; "))

~
Il

1 1

.
I

(v(ae) = Y(ar—1) + v(ai—1) — ¥(0,a; ")) )

Il
E
M=

t

Il
i
I
—_

i
where (7) uses 7(0) = 0 and (47) is from the sub-modularity of ~.
By Lemma 1, with probability at least 1 — ¢ for all a,a € A it holds that:

|(v(a) = 7(@) = (1,(a) =75, (@)] = (6" — b, ¥(a) — $(a))]
< [16% = Ollvillp(a) = d(@)lly,
< Bi(d)oi(a,a).
This implies that for all a € A the following inequalities hold:
< v(a) = v(a-1) = v5,(a) — v, (ar-1) — Be(d)oe(a, ar—1)
& (v(a) = v(a-1)) > Uf(a) = 28:(8)os(a, ar-1), (3)

where U}(a) is defined as in Equation (1). Plugging the above inequality into Equation (2), the
following holds with probability at least 1 — §:

T N
Zv ar) > > > (vlar) = v(ar1) +v(ar1) = 7(0,a;7))

;1 ?1 ‘ T N T N 4 T N
> Z Uf(at)+227 ai—1) Zz'y (0, a;’)—ZZZﬁt(é)at(at,at,l).
t=1 i=1 t=1 i=1 t=1 i=1 t=1 i=1

Let a* € argmax,c47(a) and @ € argmaxyic 4 >y Uf(a’,a; ) for all i € [N]. Then, by
definition of agent ¢’s regret, it holds that

T T
= Z (Uti(aiaa; Ut at’ Z Ut a™ at Ug(ai7a;l>) :
t=1 t=1

12
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Thus, the following holds with probability at least 1 — §:

T N T N
Z’Y (ar) >ZZUt (ar +ZZ’Y ai-1) ZZ’Y(O,CL,: QZZ@& ot(at, ar-1)
tTl 1N1 | | t ‘1 i= lT N t=1 z:lN | Tt:NZ:I | .
> Ui(a™, ;") + ) 0> ylaa) = Y RU(T) =YY 4(0,a;%) =2 0> Bid)or(ar, ar1).
t=1 i=1 t=1 i=1 i=1 t=1 i=1 t=1 i=1

Let a®' = (a®!,...,a™%0,...,0) and a®'*® = (0,...,0). Then the following holds with proba-
bility at least 1 — §:

T N ‘ ' 4 N . T N T N
Z’y (at) ZZZUZ(a*’l,a[Z)—FZ v(ai—1) — R’(T)—ZZV 0, at_Z ZZZ@ Yoir(ag, ai—1)

t=1 i=1 t=1 i=1 i=1 t=1 i=1 t=1 i=1
) T N ' ‘ ‘ N ' T N
>3 (@ e ) = y(0,a;7) = Y RUT) =2 0> Bi(S)or(ar, ar1)

=1 i= i= —1 i=
(ii)t . 1\17 | A1 N t 1
> > (Yar+a™ ) = y(ap + a7 = > RUT) - 222& oi(at, as-1)
(iii)t—; z:]\} i=1 . tNl i=1
> Y (v(ar +a”) ZRZ —2NBr(6) ) Y ovlar, ar1),

t=1 i=1 t=1 i=1

where in (i) we applied Lemma 1 and similar derivations as in Inequality (3), in (ii) we used DR-
submodularity (Assumption 3), and in (iii) we used a telescoping sum argument and that 3;(6) is
increasing in t.

Using Proposition 3, where « is the curvature, with probability at least 1 — § it holds that:

T N T N
> () > Z Z (a; + a*) — ~y(ar)) — Z RY(T) = 2NBr(6) > Y oular, ar1)
t=1 t=1 i=1 ; t=1 i=1
N
(1—a)y(a*) = > R(T) = 2NBr(s

1 =1

Me

at, ay— 1 (4)

IIMﬂ

o
Il

Alternatively, using monotonicity (Assumption 3), it holds that:

T N T N
ZV a) > > Y (var+a*) - ZRZ ) = 2NBr(9) YD orlar, ar1)

t=1 i=1 t=1 i=1
T N T

> (v(a*) = v(ar)) = Y R(T) — 2NBr(6 Z (at, ar—1) )
t=1 =1 t=1

Combining Equations (4) and (5) the following holds:

; T
727 (ay >max{(1—a } ZR;T 2NﬂT Z (at, ai—1)

=1 t=1
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B.3. Corollary for the Exp3-IX algorithm

The guarantees of Theorem 4 can be made more explicit. Let K = max;cn] K ¢ and assume that
the NO-REGRET subroutine in line 4 of Algorithm 1 is Exp3-IX for each agent. Then, we the
following holds.

Corollary 6 Let Assumption 1, 2, and 3 hold. Then, running DO-PL (Algorithm 1) with Exp3-1X
using n; = 2& = \/log K/(Kt) ensures that with probability at least 1 — § the following holds:

T
r};'y(at) > max{(l —a),;}OPT—O <N KlOg(TNK/(s)>

—0 <N\/dl(;§T(ﬁlog(2/5) + dlog(T/d))) .

This is a result of substituting the high-probability regret bound of Exp3-IX [30] into Theorem
4 and upper-bounding the sum Z?zl ot(ag, ag—1) via Lemma 5 stated Appendix B.1.
Proof By Theorem 4, with probability at least (1 — g) the following holds:

T N T
I EITNENE SRS ok LR LR Do)
= = t=

(1) (I1)

Term (I): Let K = max;e ) K ¢ and assume that NO-REGRET in line 4 of Algorithm 1 is Exp3-
IX for each agent. Then, using a union bound followed by Neu [30, Theorem 1], it holds with
probability at least (1 — $) that RY(T) < 2,/2T K log(2N K /J) for each agent [5].

Term (I1): Recall that 04(a,a) = ||¢(a) — qb(d)”vri and note that by Assumption 2 ||¢(a) —
¢(a)|| < 2L. Thus, applying Lemma 5 and Cauchy-Schwarz inequality it holds that:

T ATL? 12d L2 4172

Combining Term (I) and Term (II), and applying the union bound, with probability at least
(1 — 9), the following holds:

% S (@) > max {(1 —a), ;} (a) — 2N\/2K10g(;NK/6)
t=1
_ 2N6:;(5/2)\/T <2dlog <1 + 455) + lizg; log (1 + 10;*5»)),
with fr(6) = O <\/F& (log (5) + dlog (5))) [ |
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Figure 2: Candidate drop-off locations on the Louisville map. The original 50 points from a k-
means algorithm applied on trip departure data are reduced to 37 points after proximity
filtering.

Appendix C. Experiments

Similar to Sessa et al. [38], we empirically validate our algorithm on the problem of rebalancing a
dockless shared mobility system (SMS). More specifically, for the relocation of bikes in the SMS of
the city of Louisville, KT. We set d = 4 and aim to optimize a trade-off of the following features:
number of served trips, total trip distance of the bikes, average walking distance to the bikes, and

ratio of unmet demand over total demand.

Specifically, we assume the central authority operates a fleet of NV = 5 trucks. We task each
truck 7 to relocate K" = 8 bikes to one of C' = 37 candidate locations. The individual action set of
each truck 7 is defined as:

At i={a' €z | € (0] s.t. (a'); = K A (a'), = 0 Vk # 1},
such that 4 = A! x --- x A" represents the set of all valid allocations.

Dataset We use a dataset from the Louisville Metro Open Data initiative. Originally available
at https://data.louisvilleky.gov, the data set was retrieved from the GitHub repository of Liu et al.
[25] (see Acknowledgments). For a more representative simulation, throughout the experiments,
we limit historical data to the year 2019 and to trips of duration less than 60 minutes.

Defining the candidate drop-off locations We set our C' candidate drop-off points to represent
common departure locations for trips, while still ensuring the points are further apart, so as they
can be viewed as hubs or strategic regions representatives. In order to do so, we first apply k-
means clustering with ' = 50 on the starting trips’ coordinates, before filtering the centroids by
only keeping those with a minimum separation of 0.5km. This results in C' = 37 locations. A
visualization of the candidate drop-off locations for our experiment in the city of Louisville can be
found in Figure 2.

Features and Normalization Our welfare function y(a) = (6%, ¢(a)) corresponds to a trade-off
between the four features ¢(a) = {¢(a); }1<i<a described below for any given allocation a.

* Met demand: we compute the met demand as the number of trips served during the day.
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* Total trip distance of the bikes: we sum the trip distance realized by all the bikes during the
day. In practical scenarios, this might be strongly linked to the revenue generated for the day.

» Average walking distance: for served trips, we compute the average walking distance that a
user had to perform to start their trip. This is a metric we typically wish to minimize.

* Unmet demand ratio: the ratio of the number of unmet trips over the total number of trips for
the day. This is also a metric we wish to minimize.

We further normalize each feature to have a truncated standard normal distribution in [0, 1], so
that a random strategy would have a feature expectation of O for a step chosen uniformly at random.

Notes on Centralized Optimization In general, for /V players each with A possible actions, the
joint action space is of size A™. In our application, each truck has to choose one of 37 candidate
locations independently, resulting in a total of 37° &~ 6.93 x 107 possible allocations. This makes
central optimization intractable and motivates our need for distributed optimization. Representative
values for multiple values of C' and N are shown in Table 1.

Table 1: Values of C' for different action set size C' and number of players N. In scientific notation
with 2 decimal places.

Base (C) | N=2 N=5 N =10
2 4.00 x 10° | 3.20 x 10! | 1.02 x 103
4 1.60 x 10! | 1.02 x 10® | 1.05 x 106
8 6.40 x 10! | 3.28 x 10* | 1.07 x 10°
16 2.56 x 102 | 1.05 x 106 | 1.10 x 10'2

Simulator Setup To simulate this scenario, we leverage a dataset from the Louisville Metro Open
Data, comprising records of e-scooter and bikesharing trips in a free-floating system in the city of
Louisville.” These trips are used to estimate the users’ demand in an underserved scenario with only
40 vehicles. At the beginning of each day ¢, the vehicles are placed at the hub locations captured
by a;, where a! represents the unique drop-off hub selected by truck i. During the day, we meet
demand in chronological order whenever possible, with the simplifying assumption that no trips
overlap. That is, for each trip, if a vehicle is accessible at a maximal walking distance estimate of
0.5km, we consider the demand to be met and relocate the vehicle to the end trip location. If the
trip cannot be realized, the vehicle stays in place, and the demand is unmet.
This simulator is used to compute the metrics ¢(a;) for any given joint allocation ay.

Learning Optimal Allocations In practice, it is unrealistic that we can measure ¢(a) for some
allocation @ € A that is not played by the algorithm. We therefore implement DO-PL with the
Exp3-IX no-regret learning algorithm [30] to learn from features corresponding to executed alloca-
tions. For each experiment, the reference 6* € Ag is sampled from a 4-dimensional flat Dirichlet

7. Originally available at https://data.louisvilleky.gov, the data set was retrieved from the GitHub repository of Liu et al.
[25].
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distribution and fixed throughout all the 7" = 400 environment steps.® The specific distribution of
0* is not important, but constraining 6* to a probability simplex via the Dirichlet distribution allows
for better interpretation of the weights as trade-off parameters on the metrics.

When applying DO-PL, knowledge of 6* is only used for preference sampling that the algorithm
uses to learn.

Experiments and results We compare the performance of DO-PL against a random baseline,
taking actions uniformly at random, and the D-SubUCB algorithm of Sessa et al. [38]. We note that
while we optimize from preference feedback, D-SubUCB directly observes the realized welfare val-
ues y(ay) for each executed action a;.

1. Average welfare over episodes

For completeness, we restate below the performance result present in the main content.

Average Reward

200
Time Step

Figure 3: Average reward for the three online algorithms (D-SubUCB, DO-PL, Random Baseline)
over T' = 400 steps, averaged over 100 experiments. For each experiment, we sample
0* ~ Dirichlet(4) and run the algorithms in parallel using the same source of random-
ness.

Figure 3 shows that DO-PL significantly outperforms the random baseline over the entire hori-
zon. It does so, while slightly underperforming D-SubUCB that directly learns from the realized
welfare values.

2. Trading-off the different features

Maximizing a linear welfare function v is equivalent to maximizing a trade-off of objectives
described by the features ¢ and their corresponding weights 8*. The experiment above focused
on the performance of the three algorithms (D-SubUCB, DO-PL, Random baseline) averaged over
various 6* values sampled at random.

8. Forany k > 1, A, C R**! denotes the k-dimensional simplex, as the set of probability vectors in RF*,
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To further validate our algorithm, we ran experiments with a fixed *°, and compute the averaged
metrics over T' = 400 timesteps and 3200 runs for each algorithm. Results of this experiment are
shown in Figure 4.

Average met demand Average total trip distance Average walking distance Average unmet demand ratio

ance (km)
(ki

Total Trip Dist:
Walking Distance (km)

0 o 00 0.00
D-SubUCB DOPL Random D-SubUCB DOPL Random D-SubUCB DO.PL Random
Baseline Basel Basel

Figure 4: Average metrics over 7' = 400 rounds for the three online algorithms (D-SubUCB, DO-
PL, Random Baseline). This is for a fixed * ~ (0.25,0.33,0.33,0.08), with averages
computed over 3200 runs.

When 6* is fixed, our algorithm improves on the four metrics presented above compared to the

baseline. Indeed, in Figure 4 we show that DO-PL does better than the random baseline on the
sub-objectives defined by the features.

3. Comparison with OPT

We then compare the performance of our algorithm by comparing it to OPT for various values of
the horizon T'. Specifically, for each 7', we tune the hyperparameters of our algorithm and compute
the average rewards over 600 runs.

90
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—— DO-PL
-85
&
o
P
S
x 80
o
=
3
E 75
~
®
<)
g
E 70
E b N F----mTTTTT Ao T
= 65 I““I-—} ————
60
10 50 100 200 300 400

Horizon T

Figure 5: Final average reward as a percentage of OPT for different values of 7'. Computed over
600 runs for DO-PL and the Random Baseline. OPT is computed by simulations of an
exhaustive search on the joint allocations.

9. 0” is fixed, but the algorithms remain independent of its value. In summary, D-SubUCB depends on the rewards
directly, DO-PL only depends on the observed features, and the random baseline is independent of the environment
parameters.
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Figure 5 is coherent with the regret bounds of our main result Theorem 4.
4. Impact of temperature

Additionally, we extend naturally our algorithm and the preference feedback computation to
depend on a temperature parameter 7, effectively multiplying the logits of the Bradley-Terry model.
The experiments reported in the main text are performed by setting 7 = 1.0. However, we provide
in Figure 6 an analysis of the impact of this parameter on the performance of DO-PL, when all the
other hyperparameters are tuned for each temperature. We see that when the preference feedbacks
become more reliable, i.e. when the temperature is increased, the average performance of our
algorithm is improved. With a low temperature of 7 = 0.1, DO-PL is comparable with the random
baseline, as the learning signal is of low quality (very noisy feedbacks). With a high temperature of
7 = 5.0, DO-PL is comparable to D-SubUCB [38] in terms of performance, as seen in Figure 1.

Average Reward

200
Time Step

Figure 6: For a fixed learning rate, we show the impact of varying the temperature parameter 7.
Performance is highly sensitive to 7.

Hyperparameter tuning For each algorithm, we perform independent hyper-parameter tuning by
taking the set of hyperparameters maximizing the average rewards over T' = 400 rounds, averaging
the results over 50 independent runs. In particular, we tune the following hyperparameters:

* DO-PL: a fixed [ value, the learning rate for the Exp3-IX updates [5]

* D-SubUCB: a fixed 3 value, the learning rate for the Multiplicative weights update (MWU,
see Freund and Schapire [15], Sessa et al. [38])

For the Gaussian process model of D-SubUCB [38], we randomly generated an offline dataset
of 200 days used for tuning.
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