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Abstract

Motivated by the challenges of joint training in heterogeneous multi-agent systems
and by the benefits of collective decision-making observed in the social sciences,
we propose a framework for test-time collaboration among independently trained
agents. We study a distributed binary classification task in which agents, potentially
differing in architecture, feature space, and modality, must coordinate to produce
collective predictions. This coordination is achieved at test time by exchanging
local beliefs through a decentralized decision-making protocol. We analyze the
generalization performance of this collective classification framework and establish
theoretical error bounds. The results quantify the cost of independent training,
demonstrate the benefits of collective action, and reveal how network structure and
aggregation rules shape classification accuracy.

1 Introduction

Collaboration in multi-agent systems has often been coupled with collaborative learning (e.g., feder-
ated learning [1], multi-agent reinforcement learning [2]). Yet in many applications, joint training is
impractical [3]. In sociotechnical settings, for instance, human involvement can preclude learning
a fixed, pretrained collaboration policy. Motivated by this observation, in this work, we consider a
two-phase framework for distributed classification in which agents learn independently on local data
and collaborate only at test time to infer a common label.

Specifically, during training, each agent independently trains a classifier on its own private dataset,
potentially using different model architectures and input modalities. This reflects trends and con-
straints in modern ML: independent training is increasingly common in large-scale, privacy-sensitive
settings such as edge deployments [4] and foundation-model pipelines [5]. For example, LLMs
and domain-specific experts are often trained separately across companies, clients, or devices and
coordinated only at inference time [6]. During the testing phase, each agent receives a private input
that is conditionally independent given the true class, and exchanges predictions with its graph
neighbors to collectively infer the label.

1.1 Main contributions

We formalize the independent training + collaborative inference paradigm for supervised classifi-
cation in multi-agent networks. Our framework allows heterogeneous models across agents, each
trained on possibly private and distinct data modalities. To enable collaboration during test time
without raw data exchange and a centralized controller, we employ the DeGroot model from social
sciences [7], originally proposed to describe opinion consensus formation by iterative local averages,
to the multi-agent ML setting by treating agents’ soft predictions (e.g., class probability vectors) as
the counterparts of opinions. We address three questions in this work:
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* How does independent training affect performance? In Lemma 1, we compare independent
local training with centralized training through the consistent training condition. We establish
probability bounds under both setups, which highlight how the number of training samples per
agent characterizes the performance gap. The centralized bound is strictly stronger and captures
the price of independent training in the form of weaker consistency guarantees.

* Is collective action beneficial to individual agents? In Theorem 1, we compare cooperative
and non-cooperative inference by deriving error bounds for both settings. The analysis shows
that cooperation leads to strictly tighter guarantees on the classification error and relaxes the
conditions required for consistency. These results demonstrate that collective action not only
improves predictive performance but also enables learning when the classification task is locally
infeasible for some agents.

* What if the communication rounds are limited? In Theorem 2, we establish the error bounds
for collaborative inference with a finite number of communication rounds. Unlike the collective
prediction under sufficient communication, these bounds are agent-dependent and explicitly
reflect how network topology and combination weights influence the guarantees.

This work contributes to the theme of algorithmic collective action (ACA), where algorithms mediate
coordination among agents/participants in complex systems [8]. Here, coordination occurs through
communication among distributed learners: although each agent has only local data and an indepen-
dently trained model, structured interactions shaped by network topology and combination weights
enable the group to achieve improved collective prediction. To avoid confusion, we note that this
setting differs from the formal ACA definition commonly used in the ML literature, which refers to
scenarios where a subset of external users strategically modifies their data contributions to influence
a platform’s learning outcome [9]. Nevertheless, both perspectives share an interest in understanding
how individual algorithmic behaviors combine to produce collective outcomes, situating our work
within the broader study of collective dynamics in algorithmic systems.

1.2 Related literature

Our test-time collective classification framework is closely related to the distributed ML literature.
Prior work in this area has largely focused on collaboratively training a shared global model using
data distributed across multiple devices or computational nodes. Two dominant approaches are
federated learning, which relies on a central server to aggregate locally trained updates [10, 11], and
decentralized learning, which dispenses with the server and synchronizes models through peer-to-peer
communication over a fixed network graph [12, 13]. Despite topological differences, both paradigms
aim to produce a single global model during training. At inference time, this model is either executed
on a central server or deployed across devices, so the system effectively operates as a centralized
decision-maker. A small body of work has explored collaboration at inference time, where a set
of independently trained models exchange information with each other to improve accuracy via
trust-score design [3, 14]. However, they all assume that all agents observe the same test input, which
restricts agents’ heterogeneity to model parameters or inductive biases. This setup closely parallels
ensemble learning and multiple classifier combination discussed later.

In contrast, we study a setting where each agent receives its own private testing sample, assumed
conditionally independent given the class label. This formulation naturally accommodates heteroge-
neous feature spaces (e.g., multimodal sensors or domain-specific models) and enables distributed
decision-making without requiring feature alignment. Collaborative inference under this setting has
received limited attention, and our work provides a formal algorithmic and theoretical treatment.

Another related line of research is multiple classifier combination, which studies how to aggregate
the predictions of multiple models to improve performance. While our framework is distributed and
collaborative in nature, it bears a strong conceptual connection to this literature. Specifically, when all
agents follow the DeGroot model for information aggregation at test time, their predictions converge
(in the limit of infinite communication) to a consensus that is a weighted average of the local classifier
outputs. This resembles the behavior of a centralized fusion rule, a central topic in the literature on
multiple classifier combination. Classical techniques in this area include voting schemes, bagging,
boosting, and stacking [15, 16]. These methods form the foundation of ensemble learning, which
combines multiple base classifiers to improve generalization and robustness [17, 18]. More advanced
approaches, such as mixture-of-experts models, perform input-dependent aggregation through gating



networks [5]. These techniques, however, typically operate in a centralized setting during test time
and assume a common feature representation across experts.

In contrast, our framework operates in a fully-distributed environment during both training and testing
phases. When communication is limited to a finite number of rounds, consensus may not be reached,
and predictions remain agent-dependent. This dynamic, iterative process differs fundamentally from
the static, one-shot aggregation used in most ensemble methods.

Notation: We use boldface font to denote random variables and normal font for their realizations,
e.g., h and h. E and P denote the expectation and probability operators, respectively.

2 Problem formulation

We are given a network of K agents indexed by k and a binary classification task. The agents and
class labels are denoted by X = {1,2,..., K} and I' = {41, —1}, respectively. Each agent k holds
a local training set Dy, of Ny, labeled pairs (hkm, Yk.n), With feature space 3(;, and class conditional
distribution py, (h|y) for each v € T'. The agents are heterogeneous in that they may differ in feature
spaces Hy, or distributions py (h|y) given the same label. We assume a uniform prior over I'. For
binary classification, the logit function (i.e., the log-posterior ratios) is sufficient for prediction.

In the training phase, each agent trains a classifier independently to learn its local logit function. The
output of this classifier is characterized by the function f;,. The optimal function f; is learned using
the training set Dy, via the empirical risk minimization principle:

N
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where T, : I, — R is the admissible family determined by the classifier structure, and ® : R — R
is the loss function. We impose some assumptions on ¢ and F, during training (see Appendix A.2).
The training phase is completed by implementing a debiasing operation [19] to f; to mitigate the
biases incurred during solving (1). Specifically, given any i € 3y, the (real-valued) output of the
classifier is

A o o o\ A 1 o
Ck(h) = fk (h) - /"k,emp(fk)a where uk,emp(fk) = m Z fk (hk,n) 2)

In the prediction phase, each agent receives a testing sample h;j, € J(;, whose true label is v*. The
goal of the agents is to make a collective prediction about v* by iteratively updating their real-valued
decision statistics through communication with neighbors. Let ¢ index the communication round
during this collaboration process, and denote by A, ; the decision statistic of agent £ at round ¢. The
DeGroot model for information aggregation gives the following recursion for each agent & at each
round ¢ [7]:

K
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Here, ay is the combination weight agent k assigns to its neighbor ¢, which satisfies Zle agr =1,
agey > 0V € Ny, and ag, = 0V ¢ Ny, where Ny, denotes the neighboring set of agent k. We
assume that the communication network is strongly connected, such that the matrix A = [ayx] admits

a Perron vector m with Am = , Zle mr = 1,and m, > 0,Vk € K (see Appendix A.2).

To evaluate the performance of this framework, we also introduce a feasibility condition R® < ®(0)
associated with the classification task (see Appendix A.2), defined in terms of the target risk:

K

R £ D miRE, where RY £ inf B, , o ) ® (v fi(k.n) @
k=1

This condition ensures that the local feature vectors are collectively informative for the classification
task, but no single agent’s feature vector is required to be sufficiently informative on its own.



3 Main results

In this section, we analyze the classification performance of the proposed framework. Following the
distributed averaging rule (3), it is known from [7] that all agents will agree on a common decision
statistic denoted by A,y after sufficient communication. That is, it holds almost surely (a.s.) that

K
>\ave = tliglo )\k,t = Z Wéce(h;f)- (5)
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With a consensus on the decision statistic, the agents make a collective prediction 4 € T" by

:)7 £ Sgn()\ave)- 6)

We now turn to the performance of this collective decision 4. As a first step, we examine the training
performance of the network classifiers via a consistent training condition. This analysis provides a
key ingredient for establishing the accuracy of 4 and, at the same time, allows us to quantify the price
of independent training, which is an important question in collaborative learning.

3.1 Price of independent training

For a given training process that results in a set of K trained models f}, one for each agent k, we
evaluate its performance based on the consistency of the classifier network in the large-sample limit.
Specifically, we examine the following condition for the training phase:

pt(f)>dand p=(f) < —6 (7)

where 6 > 0 is a positive constant referred to as the decision margin, and f denotes dependence on the
collection of fi. The formal definitions of p*(f) and pu™ (f) are provided in Appendix A.1. We will
refer to condition (7) as the 6-margin consistent training condition in the sequel. The performance of
training is then evaluated by the probability of satisfying this condition:

Pos 2P(ut(£°) > 0,1 (f°) < —9) @)

where we use the notation f° for the optimal models obtained via (1) during the training phase. To
assess the cost of independent training in our framework, we compare P, s under distributed local
training and centralized training. We focus on homogeneous agents that share the same feature space
and model class. In the heterogeneous case, agents train on different features with different models,
which makes a centralized benchmark ill-defined. Suppose a total of Ny, samples is available to the
network. In centralized training, all samples are used to train a single classifier, whereas in distributed
training they are partitioned into disjoint subsets Dy, with agent k training on IV, samples. The key
distinction is therefore the number of training samples per classifier. Using a result from [20], we
obtain the following comparison between centralized and distributed independent training.

Lemma 1 (Price of independent training). Let p and p**" denote the Rademacher complexities of the
classifier network under distributed and centralized training, respectively. Assume that 0 < § < Opax
and p, p=" < 85(R?,6), where dmax and E5(R°, §) are two constants determined by the given task.
Under Assumptions 1-4 in Appendix A.2, the probability P, 5 in (8) admits the following guarantees:

* For independent training, where each agent k trains on its own dataset of size N, we have

NIIlaX 2
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with Nppax = maxy Ni, a = Eszl “"J]\\;kmax, and [ the bound of fi, from Assumption 2.

* For centralized training, where all Ny, samples are used to train a single classifier, the bound
becomes

Niol 2
P.s>1- 26Xp{—8ﬁ2t ! (8<1><R0,(5) — pce”) } (10)

As established in Appendix A.3.1, p*" < p for many commonly used classifiers. Since Npax < Niol
and « > 1, the centralized guarantee in (10) is strictly better than its distributed counterpart in (9).
The gap between these bounds reflects the price of independent distributed training.



3.2 Benefits of collective classification

Let M £ {~*4 < 0} denote the event of misclassification for the collective prediction 4 from (6),

and let C5 denote the event of §-margin consistent training in (7). The probability of error P, = P[M]
during the inference phase can be upper bounded as

P, =P(MnNECs) +P(MNCs) <P(M|Cs) +P(Cy). (11)

Since P(Cs) can be bounded using Lemma 1, we establish the bound for P(M|Cs) as follows.

Theorem 1 (Classification error). Suppose the same assumptions as those in Lemma 1. Assume
that the agents follow the distributed learning rule (3) and label their testing samples h}, with 5
according to (6). Then, we have

52
P(M|Cs) < exp{ ——————— ¢ (12)
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We now compare the proposed cooperative prediction with the non-cooperative case, where agents
act independently during test time (i.e., K = 1 and 7 reduces to 711 = 1). First, under event Cs, the
bound on P(M|Cj) is always tighter with collaboration since % < Zszl 72 < 1 for any A. This
gain stems from the conditional independence of local testing samples hj: each sample provides
independent evidence about the underlying label. In the homogeneous agents setting, the h} variables
are i.i.d. draws and sufficient communication enables each agent to aggregate information from K
samples, as opposed to only one in the non-cooperative case. Moreover, the tightest bound in (12) is
achieved when the Perron vector is uniform, i.e., 7w = %, which corresponds to a doubly-stochastic
combination policy A. Importantly, the simple averaging rule for constructing A, where each agent
assigns equal weights to all neighbors, does not ensure a uniform 7 for arbitrary topologies. Several
useful rules for constructing doubly-stochastic A are available in the literature [21-23]. Second,
cooperation also relaxes the conditions required in performance guarantees. Specifically, the event Cs
may not hold locally when some agents’ features are uninformative (e.g., ¢ (h) = 0 for all A € Fy).
Yet at the network level, in view of (7) and (16), C;s is attainable as long as enough agents provide
informative features. The feasibility condition in Assumption 4 also reflects this: while the task may
be locally infeasible for some agents (i.e., R = ®(0)), it remains feasible globally if at least one
agent performs better.

3.3 Finite number of communication rounds
In this part, we consider that only ¢ rounds of communication are allowed during test time. According
to (3), the decision statistic for agent & at the ¢-th communication round is given by

K K

Akt = Z[At]ék/\é,o = Z[At]ekce(hz)- (13)

{=1 {=1

After communication, agent & makes its prediction as 7 ; = sgn(A ;). In the absence of consensus

on Ay 1, the predictions will be agent-dependent. We denote by My, ; £ {v*x, < 0} the event of
misclassification for prediction 4y ;. The following bound on P(M, ¢|C5) is then established.

Theorem 2 (Finite-time classification error). Suppose the same assumptions as those in Lemma 1.
Assume that the agents follow the distributed learning rule (3) within t rounds of communication, and
label their testing samples h;, with 7y, ;. Then, we have

(5_26KC(A70)0—t)2} Vit > %
262 L (A0

where o is a constant satisfying 0 4 < o < 1 and C(A, o) is a constant depending on A and o.

(14)

P(Mk,ﬂ(‘,’g) < exp{— logo

The bound in (14) is both time- and agent-dependent. In addition to the Perron vector 7, the second-
largest magnitude o4 among all eigenvalues of A plays a key role in (14) through the parameters o
and C'(A, o). This aligns with its role in the DeGroot model, where o 4 characterizes the convergence
rate of consensus [22].
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Figure 2: (a) Decision margins. (b) Classification errors. (c) Evolution of prediction errors.

4 Numerical simulations

We implement a binary classification task of distinguishing between T-shirts and trousers using
the FashionMNIST dataset [24]. A network of 9 spatially distributed agents is considered, each
observing a different portion of an image from the dataset. The communication network topology, the
observation map of the agents, and an example of the local training datasets are shown in Fig. 1. For
simplicity, we assume N = Ny, Vk € K. In Fig. 2a, we present the two expected decision statistics,
pT(f°) and p~ (f°) defined in (16), achieved by the network under different Ny. It is obvious that
the achieved decision margin ¢ in (7) increases with Ny, yielding a more informative network for the
subsequent prediction. In Fig. 2b, we evaluate the classification error across varying Ny under three
scenarios: (i) non-cooperative learning, (ii) AdaBoost involving a cooperative sequential training,
and (iii) the proposed collective classification framework. From Fig. 2b, collaboration improves
classification performance, as the error is highest in the non-cooperative scenario. In Fig. 2c, we show
the evolution of the error Py, ; during the collaboration process when Ny = 1000. Here, P, ; denotes
the classification error associated with the prediction 7, ; of agent k after ¢ rounds of communication.
It is worth noting that Py, o at t = 0 corresponds to the classification error incurred by agent k in the
non-cooperative scenario (shown as light gray dashed lines in Fig. 2c). The average of P, ; across all
agents is also shown in Fig. 2c, which decreases over the communication rounds before converging.
This highlights the performance improvement in the network achieved through collective prediction.

5 Concluding remarks

Given the growing use of Al in socio-technical systems, collaborative multi-agent decision-making
without joint training will become increasingly important. In this work, we established theoretical
bounds that characterize the cost of independent training and highlight the benefits of cooperation
for individual agents in binary classification. Future work includes developing distributed decision
rules beyond the simple DeGroot model, such as adaptive or strategically designed aggregation
mechanisms, with particular emphasis on settings involving malicious or self-interested agents.
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A Technical Appendices and Supplementary Material

A.1 Definitions

First, we provide the definitions of p+(f) and g~ (f) that determine the §-margin consistent training
condition in (7).

Definitions of p*(f) and p~(f) For each agent k and each function f; € Fi, we denote by
pi (fi) and p (f) the expected decision statistics generated by classifier ¢y, which is constructed
from applying the debiasing operation associated with the training set Dy, to function fr—see (2),
under the two classes:

ty, (fi) = EnpprclrnCrlhn), iy (fi) = Enyapy1-1 er(hi).- (15)
The expected decision statistics for the network are defined as the following weighted averages:

K K
) =D mel (f), w () = mepy; (fr) (16)
k=1 k=1

where the argument f refers to the dependence of the networked quantities on the set of functions
{fx}- The inclusion of the Perron vector 7 in (16) is consistent with the collective prediction nature
of the testing phase, where all agents reach a consensus on prediction through A, in (5).

Referring to the definition provided in (16), condition (7) requires that the expected decision statistic
pr(f) (or p=(f)) generated by the after-training classifier network f is positive (or negative) when
the testing feature vector h* is drawn from class +1 (or —1), and that its distance from the decision
boundary at 0 exceeds d. Importantly, the decision boundary at 0 corresponds to a prediction based
on the sign of A,ye.

In the following, we provide the definition for some variables that appear in Lemma 1.

Rademacher complexity First, we introduce the notation for the Rademacher complexity of a

general function class G [25]. Let S £ {z1,22,...,2m} be a fixed sample set of size m. The
empirical Rademacher complexity of G with respect to S is defined as

1 m
75 rng(zn)
m

n=1

where r = (71,72, ..., 7y), with r,,s independent uniform random variables taking values in I". The
Rademacher complexity of G, denoted by R,,,(5), is the expectation of the empirical Rademacher
complexity over all sample sets S of size m:

R (9) £ EsRs(9). (18)

Based on these notation, we define the individual Rademacher complexity of the function class Jy,
under the training set size N, at each agent £ as

P = Ry, (Fi). (19)
The network Rademacher complexity for the classifier network under the given training setup in
Section 2 is defined as the weighted average of the individual Rademacher complexities:

5%5(9) = E, sup
ges

17)

K
pPED mhpk. (20)
k=1

Function 83(R°%,§) From Egs. (A.16), (A.18), and (A.20) in [20], for any 0 < 6 < dpax, the
expression for 8¢ (R?, 0) is given by
* *\ _ RO
s 45 0 _ ®(dy) — R 1)
4 8Ls
B(d)—R°
2L

& (R%,9)

where dj is the solution to the equationd — § — = 0. An important property of d; is that it

increases with . Under Assumption 1 in Appendix A.2, the function ¢ (R, d) decreases as § grows.
Together with the maximum feasible §, i.e., dax, this function characterizes the inherent difficulty of
the classification task.



Parameter d,,,,, According to Eq. (A.21) from [20], d,,ax is defined as the largest 6 for which there
exists a solution d satisfying d} < dgr, where dg £ inf{z : ®(x) = R°}. Since ® is non-increasing
under Assumption 1, dg is non-increasing in the optimal risk R°. Hence, d,,,.x tends to increase as
R° decreases. The feasibility condition in Assumption 4 (see Appendix A.2) is required to guarantee
the existence of dyax > 0.

A.2 Assumptions

In this work, we impose the following assumptions on the training and testing phases of our framework.
These assumptions are widely adopted in the literature of supervised classification and distributed
learning over graphs [23, 26, 27].

Assumption 1 (Conditions on the loss function). The loss function ® is convex, non-increasing,
and differentiable at 0 with ®'(0) < 0. Also, it is Ly-Lipschitz.

Assumption 2 (Boundedness of functions). There exists a constant 3 > 0 such that for each agent
k € X and each function fi, € Fy, |fr(h)| < B forall h € Hy,.

Assumption 3 (Strongly-connected graph). The graph of the communication network is strongly
connected. That is, there exist paths with positive combination weights between any two distinct
agents in both directions (these trajectories need not be the same), and at least one agent has a
self-loop, i.e., @mm > 0 for some agent m. Then, the combination matrix A = [agg) is primitive and
admits a Perron vector T satisfying:

K
Ar =7, Y m,=1,andm, >0, Vk e K. (22)
k=1

Furthermore, the second-largest magnitude among all eigenvalues of A, denoted by o 4, is strictly
smaller than 1.

Assumption 4 (Feasibility). The target risk R° for the network satisfies R° < ®(0), with R° defined
by
K

R®2 > " mRy, where R} £ 0L B ) @t fie (i) (23)
k=1

Assumption 1 guarantees that the loss function & is classification-calibrated [26, 27]. Assumption 2
requires the classifier outputs to be bounded to ensure a well-posed analysis. Such an assumption is
standard in statistical learning theory, as it facilitates the use of fundamental mathematical tools, in
particular concentration inequalities [27]. It is also consistent with practical models, where outputs
are typically probabilities (bounded in [0, 1]) or decision statistics that can be normalized without loss
of generality. Assumption 3 ensures that under the DeGroot model, information originating from any
agent can eventually diffuse throughout the entire network [23]. Assumption 4 requires the existence
of at least one agent whose feature vectors are informative for classification. If, for every agent k,
the optimal risk satisfies R = ®(0), then by Assumption 1, the optimal classifier reduces to the
trivial rule fi = 0, which assigns labels +1 and —1 with equal probability. In this case, the agents
collectively observe no informative features, and cooperation offers no benefit.

A.3 Proofs
A.3.1 Proof of Lemma 1

The bound in (9) for the distributed independent training was established in [20]. In the homogeneous
agents setting, the only difference between distributed and centralized training lies in the number of
training samples per classifier, namely Ny. To derive the bound in (10) for centralized training, we
therefore examine how NN}, influences the parameters in (9). Let H and F denote the common feature
space and function class shared by all agents, respectively.

(i) Network complexity p: In the homogeneous agents setting, pr, = Ry, (F) for each k € K. Since
centralized training uses all Ny, training samples, we have p=" = Ry, (F). For many standard base
models, such as feedforward neural networks with norm-constrained weights and kernel machines in
bounded RKHS balls, the Rademacher complexity decreases on the order of 1/+/m with the training
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set size m [19, 25, 28]. Since Ny, < Ny, it follow that p**" < py, for all agents k. By definition (20),
p= Zszl 7 pr under distributed training, which implies p®" < p.

(ii) Function 84 (R®, §): From its definition in (21), 84 (R®, §) depends on the network target risk R®,
the loss function ®, and the decision margin . Since ¢ is a free parameter in (9) and @ is fixed across
training setups, the only potential difference in 8¢ (R, 0) between centralized and distributed training
can arise through R°. With }(;, = H, the individual target risks R, are identical across agents, so
their weighted average R? is the same in both settings. Therefore, €5 (R?, ) is identical for the two
training setups.

(iii) Parameter J,,,.: As elaborated in Appendix A.l, dax is Obtained by solving an equation
involving R? and ®. Since neither R° nor ® depends on Ny, 0y, is the same in both training setups.

(iv) Parameters o and Ny, Since centralized training corresponds to K = 1, we have o = 1 and
Nmax = N 1n this case.

With these parameter dependencies established, we obtain the bound in (10) for centralized training.

A.3.2 Proof of Theorem 1

To simplify notation, we define a centralized classifier c,ye corresponding to the consensus decision
statistic A,ve as follows. In view of (5), after sufficient rounds of communication, the distributed
averaging rule (3) functions as a centralized classifier c,.e denoted by

K
Cave(h*) £ Z ek (hy) (24)

where h* £ (h}, h, ..., h} ) denotes the collection of local testing samples received by all agents.

Since the training phase is independent of the prediction phase, the randomness introduced during
training can be “frozen" when analyzing the prediction phase. To enhance clarity, we will use normal
font for random variables that are independent of the prediction phase throughout our proof. For
example, the classifiers f7, c7, and cav Will be denoted by f7, cf, and caye, respectively. The
proof is based on applying McDiarmid’s inequality to the converged decision statistic A,y in (5) (or
equivalently, cave(h*) in (24)) under the distributed learning rule (3). Suppose now that the true label
of h} is +1,i.e.,,v* = +1. We begin by deriving the necessary conditions for using McDiarmid’s
inequality. According to definition (24), the expectation of cae(h*) is

Eft D cave(h?) = BV lka hk] Z”kE“ len(hi) =pt (£, @9

which is greater than § when the J-margin consistent training condition (7) is satisfied during the

training phase. Here, E(mH) represents the expectation operator conditioned on class +1, i.e., we
assume h} ~ py(-| + 1) for each k. Given the conditional independence of testing samples across
agents, it is clear that h* consists of K independent random variables. Consider another collection

of observations h that differs from h* only in the k-th sample hj, i.e., ﬁg = hj forall £ # k. The
difference between c,ye(h*) and caye(h) is bounded as

Cave(R") = ave(R)| = micr(hi) = muen(hu)| = w2 (i) = fi(hu)| < 28mc 26)
where we use the definition of ¢, in (2) and the bound on all functions fj, in Assumption 2. Therefore,
the decision statistic cave(h*), as a function of K independent random variables h}, (one per agent),

has a bounded difference 287, w.r.t. changes in the k-th coordinate. Conditioning on the J-margin
consistent training, we have

P(cave(R*) < 0]y = +1,€5) = P(cave(h*) —E( Y epe(hY) < E(+1)cave(h*)|(‘35)

9 P (cpe(h) — B el <~ (£2)165)
®) (ut () | © 82
‘exp{ S A WSSy B
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where in (a) we used the expression for the expectation in (25). In (b), we applied McDiarmid’s
inequality to cave(h*) based on the following two facts: i) ™ (f°) > § > 0 conditioned on the
event Cs given by (7), and ii) the bounded difference condition is satisfied in view of (26). The last
inequality (c) follows from the definition of Cs in (7).

Using similar techniques to those in (25)—(27), we can establish the following upper bound for the
case v* = —1:

52
IP’(ca\,e(h*) >0y =-1,C5) < exp{—}. (28)
) 22 ZkK:1 T

Therefore, combining (27) and (28), the bound for ]P’(M|€5) in Theorem 1 is established from
IP’(M|65) = IP’('y*cave(h*) < O|G(;)
=P(v* = +1)P(cave(h*) < 0]7* = +1,C5) + P(v* = —1)P(cave(h*) = 0]7* = —1,Cs).
(29)

From (11), a full characterization of the clasﬂﬁcation error P, is obtained by combining the bound (12)
in Theorem 1 with the upper bound for P(Cys) established in Lemma 1:

8 Nmax 2 &
Pe < 26Xp{— a252 (8(R0’5) - p) } +exp{—2/822:K2} (30)

k=1Tk
A.3.3 Proof of Theorem 2

Similar to Appendix A.3.2, we use normal font for random variables that are independent of the
training phase. The proof proceeds analogously to that of Theorem 1, using McDiarmid’s inequality
applied to the decision statistic Ay, ;. For this purpose, we introduce the following convergence results
of matrix powers for the left-stochastic combination policy A established in [29].

Lemma A (Powers of left-stochastic matrices). Let 04 denote the largest magnitude among all
eigenvalues of the left-stochastic matrix A other than 1. For any positive o satisfying o4 < o < 1,
there exists a positive constant C'(A, o) depending on A and o such that

[ = 7| < C(4,0)0" 31)
forall ¢,k and all t € N.

We begin with the case of v* = +1, and use the notation Ay ;(h) to emphasize the dependence of
A%+ on a testing sample h. The probability of interest in this case is the following:

P(Mialy* = +1,€5) 2 P(Aeo(h*) <0ly* = +1,6;)
= P(Aa(h) = B Aa(h?) < —EVA(BY)ICs). (D)

In order to use McDiarmid’s inequality, we examine the bounded difference property associated with

Ak.¢(h*) by introducing another observation collection h that differs from h* only in hj. It follows
from (13) that

[Art(h) = AeeR)] = [ ax (celhf) = eohe) | < 2614 (33)

Next, we establish a lower bound for the expected value of A ;(h*). Using the convergence of A* in
Lemma A, there exist two constants o and C'(A, o) with 04 < o < 1, such that the following holds:

K K
]E;Ltl)/\kﬂt(h*) —put(f)] = Z([At]ek - Fe)Eétl)Cz(hZ‘) = Z([Athk — o)y (f7)
=1 =1
@ & (b)
<28 | - m| < 2BKC(4,0)0" (34)
/=1
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where (a) comes from the bound of f, and the triangle inequality for the absolute values, and (b)
follows from (31). This yields

EST A (R) > 5t (f°) — 2BKC(A,0)0" > § — 2BKC(A,0)0" > 0 (35)

for all
log sreae)
log o
when the J-margin consistent training condition (7) holds. Accordingly, the probability in (32) can
be bounded as

P(Myi|y" = +1,85) < P(Ak,t(h*) B () < —(6— ZﬁKC(Ap)at))

(6 —2BKC(A, a)crt)2 }
< expd - ’ @37
p{ 252 Y, ([A']ae)

by using McDiarmid’s inequality with the bounded difference condition established in (33). With

(36)

similar techniques to those used in (32)—(37) for the case v* = —1, we obtain
. § —2BKC(A,0)0t)?
P(Mk‘,t 7= _15 66) < eXP{—( 5 K ( 2) (33)
2623 -y ([At]fk)

for all ¢ satisfying (36). Together with (37), (38) proves the bound in (14).

Similar to (30), a full characterization of the classification error within ¢ rounds of communication is
obtained by combining (14) in Theorem 2 with the upper bound for P(Cs) established in Lemma 1:

R 8 Nnax 2 § — 2B8KC(A,0)0t)?
Pry 2P(My,) < QeXp{— 5 (g(Rzga) _p) }+exp{_(262 ;K E[Ati):f) } (39)
/=1

A.4 Additional experimental details and evaluations

Experimental setup on the FashionMNIST dataset. Given the training set size Ny, we randomly
sample % images for each category (T-shirts or trousers) from this dataset. Each image is then
divided into 9 patches, which are assigned to the 9 agents. For every agent k, the local training set
consists of the patches taken from the same location across all images. As shown in Fig. lc, the
patches in the k-th row constitute the training set for agent k. Moreover, the 9 patches in the first
column (marked by the red box) collectively form the first T-shirt image in FashionMNIST, shown
in Fig. 1b. Likewise, the 9 patches contained in the blue box reconstruct the first trouser image
in FashionMNIST. In the training phase of our framework, each agent trains a feedforward neural
network with one hidden layer of 15 neurons and a tanh activation function. Training is run using
mini-batches of 10 samples over 30 epochs, with the logistic loss function and the Adam optimizer
(learning rate = 0.0001). During the testing phase, the simple averaging rule is used for constructing
the combination policy A. That is,

ap = ﬁ, V¢ € Ny, where |Ny| denotes the cardinality of Ny. (40)

k

Each agent is assumed to have a self-loop in the communication network, which is omitted from
Fig. 1a for clarity. For the AdaBoost strategy studied in Fig. 2b, the 9 local classifiers are trained
sequentially, and the final predictions are made by combining the hard decisions of each classifier. All
results presented in Fig. 2 for a fixed training set size Ny are averaged over 200 randomly generated
training sets of size INy. In Fig. 2b, the proposed collaborative classification framework outperforms
AdaBoost when Ny is small. This can be partially attributed to the heterogeneity of feature spaces
across agents, as illustrated in Fig. 1b, which limits the benefits of sequential cooperative training.

Additional experiments on the CIRAR10 dataset. We also conducted experiments on the CI-
FAR10 dataset [30], where we constructed a binary classification task of distinguishing cats from dogs.
For this task, each agent employs a convolutional neural network composed of two convolutional
layers followed by three fully-connected layers [20]. The construction of local feature vectors and
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Figure 3: (a) An example of local training datasets. (b) The cat image with observation patches from
the red box of (a). (c) The dog image with observation patches from the blue box of (a).
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Figure 4: (a) Decision margins achieved under different training set sizes Ny. (b) Probabilities of
error for non-cooperative agents (dotted lines), the proposed collaborative classification framework
(green line), and the AdaBoost strategy (blue line) under different Ny. (c) Evolution of prediction
errors versus the communication round for Ny = 10000. All results correspond to the CIFAR10

dataset.

training datasets follows the same procedure as in the FashionMNIST case. An example of the local
training datasets is presented in Fig. 3. Given the local dataset at each agent, the training is carried out
with mini-batches of 128 samples over 100 epochs. The resulting decision margins and classification
errors for different training set sizes Ny, along with the evolution of the error across communication
rounds, are presented in Fig. 4. Similar behaviors to those observed in Fig. 2 for the FashionMNIST
dataset are demonstrated in Fig. 4. In particular, Figs. 4b and 4c clearly illustrate the performance
gains achieved through test-time collective classification.
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