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Abstract

We revisit the classical problem of Bayesian ensembles and address the challenge of learning
optimal combinations of Bayesian models in an online learning setting. To this end, we
reinterpret existing approaches such as Bayesian model averaging (BMA) and Bayesian
stacking through a novel empirical Bayes lens, shedding new light on the limitations and
pathologies of BMA. Further motivated by insights from online optimization, we propose
Online Bayesian Stacking (OBS), a method that optimizes the log-score over predictive
distributions to adaptively combine Bayesian models. A key contribution of our work is estab-
lishing a novel connection between OBS and portfolio selection, bridging Bayesian ensemble
learning with a rich, well-studied theoretical framework that offers efficient algorithms and
extensive regret analysis. We further clarify the relationship between OBS and online BMA,
showing that they optimize related but distinct cost functions. Through theoretical analysis
and empirical evaluation, we identify scenarios where OBS outperforms online BMA and
provide principled methods and guidance on when practitioners should prefer one approach
over the other.

1 Introduction

Combining the opinions of multiple models is a pervasive problem in the statistical sciences, with many
different names, approaches, and applications. In signal processing, for example, a commonly encountered
problem is one of sensor fusion, where information reported from several different sensors must be combined
to obtain the best possible estimate (Khaleghi et al., 2013). In econometrics, the problem is often known as
forecast combination, spurred by the seminal work of Bates & Granger (1969). The Bayesian literature often
refers to the problem as opinion pooling, whichreceived attention even in the early days of Bayesian statistics
(Stone, 1961; DeGroot, 1974; Genest & Zidek, 1986). While many of the above approaches originated in the
combination of point estimates, the combination of probability distributions has received significant attention
since (Koliander et al., 2022).

In machine learning, this issue is commonly known as ensembling, with much recent interest due to the
development of diverse models, architectures, and training modalities (Dietterich, 2000). Many ensembling
approaches exist, hinging on different assumptions and asymptotic guarantees. We will restrict our attention
to Bayesian machine learning, where the goal is to combine the estimates of K different probabilistic models
M1, . . . ,MK . The classical approach in this setting, known as Bayesian model averaging (BMA), is to weigh
the estimates of each model according to their marginal likelihood (Hoeting et al., 1999). When the data were
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generated by one of the models M1, . . . ,MK , this is the “correct” way to combine models from a Bayesian
perspective and is optimal, in the sense of choosing the correct model with probability 1 in the limit of infinite
data (Yao et al., 2018).

More recently, Yao et al. (2018) critically examined BMA in a more typical setting where the data are not
generated by any of the candidate models. They instead proposed Bayesian stacking, which optimizes a
log-score criterion; asymptotically, Bayesian stacking corresponds to choosing the optimal convex combination
of models, juxtaposed with the optimal singular model selected by BMA. Similar discussions and proposals
have previously appeared in the econometrics community for forecasting models (Hall & Mitchell, 2007;
Geweke & Amisano, 2012).

In this paper, we further study the online stacking problem, introducing a novel analysis via empirical Bayes
before moving to a new analysis of Bayesian stacking in the online setting. We summarize our contributions
as follows:

1. We show that Online Bayesian Stacking (OBS) corresponds exactly to the well-studied problem
of (universal) online portfolio selection (OPS). This connection allows us to reinterpret Bayesian
ensemble learning through the lens of online convex optimization and to leverage efficient, theoretically
grounded algorithms (e.g., Exponentiated Gradient and the Online Newton Step).

2. We show theoretically how one can choose between OBS and online BMA with constant regret.
Building on this connection, we discuss how regret bounds from the OPS literature can be applied to
OBS.

3. We introduce a simple yet compelling argument via empirical Bayes to explain why BMA collapses
and how Bayesian stacking aids in avoiding this common problem.

4. We perform an extensive empirical analysis of OBS using ensembles of state-of-the-art models, includ-
ing Gaussian processes, variational Bayesian neural networks, and stochastic volatility forecasting
models estimated with sequential Monte Carlo. We show that, in all cases tested, OBS significantly
outperforms online BMA (O-BMA) and dynamic model averaging (DMA), with additional computa-
tional cost that is often negligible in comparison to online training/prediction of ML models. We also
show that OBS can be particularly beneficial in non-stationary environments, often outperforming
any set of fixed weights.

The rest of this article is structured as follows: in Section 2, we review the problem of Bayesian ensembling,
discussing the BMA and stacking approaches. In Section 3, we show how the online variant of Bayesian
stacking corresponds to the well-known (universal, online) portfolio selection problem from online convex
optimization, and discuss corresponding insights that show OBS’s relation to O-BMA. In Section 4, we
exploit this connection to derive a novel comparison of BMA and Bayesian stacking from an empirical Bayes
perspective. In Section 5, we carry out a number of realistic experiments on synthesized and real data before
finally concluding in Section 6.

2 Bayesian Ensembles: A Review of Existing Methods

In this section, we review the ideas of BMA and Bayesian stacking Yao et al. (2018) and discuss some related
work.

2.1 Bayesian Model Averaging

Bayesian ensembling methods combine a set of Bayesian models for predictive inference. We will focus on
methods that create linear mixtures of posterior predictive distributions: given models M1, . . . ,MK each
mapping x ∈ X ⊆ Rd to a probability (density) over y ∈ Y ⊆ Rr, trained on a dataset D, the task of Bayesian
ensembling is thus to find a weight vector w in the (K−1)-dimensional simplex SK , which induces a posterior
predictive distribution

pens(y |x,D) :=
∑

k

wkpk(y |x,D), (1)
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where pk(y |x,D) is the posterior predictive distribution of model Mk on the dataset D.

The most common method for combining Bayesian models is BMA (Hoeting et al., 1999), which forms the
weight for a linear mixture of predictive distributions by simulating a posterior probability for model Mk

given data D for weighting,

wBMA
k := Pr(Mk | D) = pk(D) Pr(Mk)∑

k pk(D) Pr(Mk) , (2)

where pk(D) := p(D|Mk) is the evidence of Mk, and Pr(Mk) is the prior probability of Mk.

The appeal of BMA to a Bayesian is immediate: if Pr(M) has support over the data-generating distributions,
then the resulting mixture Equation (1) is a straightforward application of Bayes’ rule and is thus optimal in
an information-theoretic sense (Zellner, 1988).

Much of our work focuses on the online setting, where BMA has several additional advantages. In this setting,
we first obtain a new data point xt+1, with which we must make a prediction using the available data Dt.
After making a prediction, the value yt+1 is revealed and the dataset Dt+1 := D∪ {xt+1, yt+1} is updated. In
this case, we can compute wBMA

k recursively using posterior predictive distributions, which allows us to apply
exact BMA at time t using the currently-available information: denoting the weights at time t as wt,k, with
w0,k = Pr(Mk), (2) becomes

wBMA
t+1,k = wt,kpk(yt+1 |xt+1,Dt)∑

k wt,kpk(yt+1 |xt+1,Dt)
. (3)

Two main problems arise when using BMA: first, estimation via Equation (2) or Equation (3) requires access
to predictive distributions, either through the marginal likelihood (i.e., the prior predictive) or the posterior
predictive. This is often a surmountable problem, as marginal likelihoods are usually available in conjugate
models, and BMA with approximated marginal likelihoods has also performed well empirically (Gómez-Rubio
et al., 2020).

Perhaps more importantly, BMA is only optimal in terms of predictive error in the so-called “M-closed”
setting, where the data were generated by one of the models M1, . . . ,MK (Yao et al., 2018; Minka, 2000).
Indeed, in the limit of infinite data, BMA weights concentrate on the single model that most closely resembles
the data-generating process. We provide a novel empirical Bayes-based analysis of this fact in Section 4. This
may result in arbitrarily poor posterior predictive accuracy of an ensemble using wBMA relative to some other
set of weights w∗. Additionally, O-BMA can numerically collapse to the “wrong” model, never recovering
due to numerical underflow (Waxman & Djurić, 2024).

2.2 Bayesian Stacking

Bayesian stacking (Yao et al., 2018) (similarly explored by (Clyde & Iversen, 2013; Le & Clarke, 2017))
presents an alternative way to derive a weight vector w. In particular, Bayesian stacking finds the optimal
weight vector w∗ in the (K − 1)-dimensional simplex SK by maximizing some score S(w,D′) over a separate
dataset D′:

w∗ := arg max
w∈SK

S(w,D′). (4)

Particular attention is given to the log-score; for the predictive dataset (i.e., a holdout or validation set)
D′ = {(xn, yn)}N

n=1
1, the corresponding optimization problem is

w∗ := arg max
w∈SK

N∑
n=1

log
K∑

k=1
wkpk(yn |xn,D), (5)

where pk(yn |xn,D) is the predictive distribution of modelMk. This can be recognized as finding the mixture
of estimators with the highest predictive likelihood over D′. This, in turn, minimizes the KL divergence

1We will typically use n = 1, . . . , N to denote datasets that are not processed sequentially/online, and t = 1, . . . , T for their
sequential/online counterparts.
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between the mixture q(y j x) =
P

k wk pk (y j x ; D) and the predictive distribution, p(y j x), which represents
the (unknown) true generating mechanism ofy (Yao et al., 2018).

The optimization problem (5) is convex and provides nice asymptotic guarantees, but �wastes� data by
requiring two separate datasetsD and D0. Yao et al. (2018) address this by showing the score in(5) is
well-approximated by the leave-one-out (LOO) predictive density p(yn j xn ; D� n ), whereD� n = Dnf (xn ; yn )g.
For many models, the LOO predictive density can be e�ciently estimated with Pareto-smoothed importance
sampling (Vehtari et al., 2024), resulting in an e�cient optimization problem with a single dataset D. The
resulting mixture of estimators has empirically shown performance superior to that of other combination
methods, leading to several recent applications.

2.3 Bayesian Stacking for Time Series & Online Bayesian Stacking

In the published discussion to Yao et al. (2018), Ferreira (2018) discusses Bayesian stacking for time series,
where forecasting densities naturally serve as predictive distributions, i.e., (5) becomes

w � := arg max
w 2 SK

TX

t = t � +1

log
KX

k=1

wk pk (yt j x t ; D1:t � 1); (6)

where the �rst t � data are devoted to (pre-)training each model, andD1:t � 1 denotes the �rst t � 1 data
points. This has notable similarities to pooling methods described by Hall & Mitchell (2007); Geweke &
Amisano (2011), with the exception of the summation starting with index t = 1 , reminiscent of the LOO
approach. This method was applied by Geweke & Amisano (2012), where optimal weights were computed
quarterly. �Windowed� approaches for autocorrelated time series data, where only the lastTp points are
considered, have also been deployed (Jore et al., 2010; Aastveit et al., 2014), but these are suboptimal in the
more general case where data may be exchangeable conditioned onx t . Related to windowed approaches is
dynamic model averaging, which is O-BMA with forgetting factors (Raftery et al., 2010). To the best of our
knowledge, Bayesian stacking and its time series variants have not been applied in theonline setting, where
weights are estimated as new data become available. We will refer to approaches to the online problem as
online Bayesian stacking (OBS).

As we will see, OBS is a special case of online convex optimization (OCO) (Hazan, 2022), where �learning
from experts� is well-studied. We show that the popular Hedge algorithm (Freund & Schapire, 1997)
generalizes BMA with a learning rate, but optimizes a di�erent loss function from OBS. Our proposed OBS
is di�erentiated from existing approaches in several ways. First, it directly emulates Bayesian stacking, of
recent interest to the Bayesian community. Second, our connection to OCO yields an extremely e�cient
implementation, unlike methods based on data-driven portfolio selection (e.g., Ba³türk et al. (2019)) that rely
on particle �ltering. Finally, our approach is more general for online learning, whereas data-driven strategies
rely on the autocorrelation of time series data.

3 Insights from Online Convex Optimization

As Bayesian stacking is natively framed as an optimization problem, it is natural to study OBS from the
optimization perspective as well. It turns out that our studies here are fruitful: by interpreting posterior
predictive values as asset prices, OBS corresponds exactly to a classical problem of portfolio selection. An
OCO perspective additionally rediscovers a development of Vovk (2001), which shows that BMA is exactly
the Hedge algorithm with a speci�c choice of learning rate. We additionally discuss a hybrid approach meant
to detect whether the model class is M-open or M-closed (or, more precisely, if OBS mixtures will outperform
expert selection).

3.1 The Portfolio Selection Problem

We will �rst review the basic ideas of online portfolio selection (OPS), but our discussion will necessarily be
brief; the interested reader is referred to the recent survey of Li & Hoi (2014), or the excellent lecture notes
of Hazan (2022); Orabona (2019).
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Problem Statement Consider an investment manager overseeingK stocks, aiming to maximize total future
wealth. They create the best constantly rebalanced portfolio (BCRP), i.e., at each time step they re-allocate
current wealth such that wk is in stock k (classic portfolio selection assumes no transaction fees). Assets are
allocated based onprice-relative vectors r t , where r t;k is stock k's relative value increase from dayt � 1 to t.
The goal is to maximize the (multiplicative) wealth at time T, or more conveniently, the (additive) log-wealth:

wealthT :=
TY

t =1

w> r t ! logwealthT :=
TX

t =1

log(w> r t ): (7)

In the online version of the portfolio selection problem, we seek to �ndw t that minimizes the regret with
respect to the optimal weights w � ,

RT :=
TX

t =1

log(w � > r t ) �
TX

t =1

log(w>
t r t ); (8)

where the weightsw t are determined after observingr t � 1.

Although many approaches explicitly model returns as stochastic processes, others allowr t;k to be chosen
arbitrarily, and indeed by an adversary. Algorithms that achieve sublinear regret with respect to any
non-negative sequence of returnsr t;k are known asuniversal (Orabona, 2019, p. 144). We draw an analogy
between the price-relative vectorsr t and the predictive likelihoods p(yt j x t ; Dt � 1), which make the adversarial
case of particular interest to us.

Algorithms The portfolio selection problem has an attractive structure from the optimization perspective:
the log wealth is a concave function de�ned over the simplex, a convex set. OPS therefore falls under
the (online) convex optimization (OCO) umbrella (Hazan, 2022; Orabona, 2019). To keep with standard
terminology, we will introduce each method as minimizing the convex loss function given by� logwealthT ,
which is equivalent to maximizing the concave functionlogwealthT .

The simplest OCO algorithm is online (sub)gradient descent (OGD), a straightforward extension of the
classical gradient descent algorithm to a sequence of losses`1; : : : ; `T , each a function of some generic quantity
� belonging to a convex setK. In our case,� t represents weightsw t , ` t is the negative log-return, � log(w>

t r t ),
and K is the simplex SK . At each time instant, � t is updated in the direction of the gradient r ` t and then
projected back onto the convex setK (e.g., (Hazan, 2022, Algorithm 2.3)).

In many problems, it turns out to be bene�cial to consider regularizers that account for the geometry ofK
explicitly, resulting in di�erent update steps. This is an online form of the classical mirror descent (Nemirovsky
et al., 1983). When K is the simplex SK (as in OPS), one popular choice is entropic regularization (e.g.,
(Hazan, 2022, Section 5.4.2)). The resulting algorithm is known asExponentiated Gradients (EG) (Helmbold
et al., 1998), which uses the update step

w t +1 =
w t � exp(� � r w ` t )

kw t � exp(� � r w ` t )k1
; (9)

where � is the elementwise product, and� is a learning rate. For the cost function ` t (w) = � logw>
t r t , we

have r w ` t = � r t =w>
t r t , and therefore,

w t +1 =
w t � exp(� r t =w>

t r t )
kw t � exp(� r t =w>

t r t )k1
: (10)

The EG algorithm is conceptually simple, with relatively good regret bounds whenever the gradient is
bounded. However, more modern algorithms, such as theonline Newton step (ONS)(Hazan et al., 2007),
can provide tighter bounds on the regret.

Of note for applications in non-stationary environments are OCO algorithms designed for such environments.
In our experiments, for example, we will utilize discounted ONS (D-ONS)(Yuan & Lamperski, 2020), an
ONS variant that includes a forgetting factor over the second-order information.
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Algorithm 1 Online Ensemble Update: OBS with EG or OBS with Soft-Bayes or O-BMA .

1: Input: Data stream f (x t ; yt )gT
t =1 , models f M k gK

k=1 , initial weights w0 2 � K , learning rate � .
2: for t = 1 to T do

// Prediction Step
3: Receivex t and compute each model's predictive densitypk (y j x t ; Dt � 1) for k = 1 ; : : : ; K
4: Form ensemble prediction via Equation (1)
5: Output prediction and receive true label yt .

// Update Step
6: Update model weights usingOBS w/ EG (10) or OBS w/ Soft-Bayes (11) or O-BMA (3)
7: Update dataset: Dt  D t � 1 [ f (x t ; yt )g:
8: end for

Market Variability and Soft-Bayes In order to achieve optimal regret bounds with EG or ONS, we
must assume that the ratio � of the minimum return to maximum return at any time t � called the market
variability parameter � is bounded. In this case, ` t is 1-exp-concave with bounded gradients, meaning that
exp(� ` t ) = w>

t r t is a concave function (Hazan, 2022). So long as this assumption holds, the ONS algorithm
provides tighter regret bounds than EG.

Moving beyond the assumption of a bounded� is the more recent Soft-Bayes (Orseau et al., 2017). Soft-Bayes
proposes weight updates using a learning rate� 2 (0; 1) as

w t +1 = w t �
�

1 � � + �
r t

w>
t r t

�
: (11)

Orseau et al. (2017) provide an interpretation of Soft-Bayes in terms of �slowing down� O-BMA, and the
resulting algorithm provides state-of-the-art regret bounds without the assumption of bounded gradients. We
remark that while Soft-Bayes is in some aspects similar to our work, their focus is on developing algorithms
and theoretical bounds for log-loss mixtures of experts. In the current work, we focus on statistical insights,
connecting this online log-loss problem to the recently popular Bayesian stacking, and showing empirically
that OBS is viable for modern Bayesian machine learning.

3.2 Online Bayesian Stacking is Portfolio Selection

Our core insight in this section is that the utility of (6) becomes(7) when the market gain r t;k is de�ned by
the predictive density pk (yt j x t ; Dt � 1). Indeed, our only requirement in a universal portfolio algorithm is that
r t;k is nonzero, which is a rather mild and near-universally satis�ed assumption for the predictive distribution
of a regression model. Furthermore, using a constant rebalanced portfolio in the regret(8) is appropriate, as
a constant rebalanced portfolio corresponds to the constant weights used in (o�ine) Bayesian stacking.

A point of nuance in applying OPS algorithms is the existence of a market variability parameter� , requiring
pre-determined maximum and minimum predictive densities. The maximum is clear for proper Bayesian
models, and a minimum may be assumed (e.g., via compact data spaces or bounded model error). However,
� may still be very small, which can be problematic for EG/ONS regret analysis. Bounding regret using
subgradient norms can produce tighter guarantees, since non-adversarial predictions from failing models
(i.e., wt;k � 0) are unlikely to suddenly dominate. If such outliers are a concern, Soft-Bayes also provides
� -independent regret bounds.

We provide pseudocode for OBS and O-BMA in Algorithm 1. The pseudocode underscores the similarity
between OBS and O-BMA, replacing a single update equation. Other algorithms for OPS may be used by
changing Line 6.

3.3 Online Bayesian Model Averaging is the Hedge Algorithm with Learning Rate 1

Now that we have established an equivalence between OBS and the portfolio selection problem, one may
wonder if a similar connection holds for O-BMA. Indeed, it is classically known that O-BMA updates are a
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speci�c choice of theHedge algorithm(Freund & Schapire, 1997), which performs expert selection. While
this connection is established (Vovk, 2001), we rederive it as a useful narrative tool to motivate O-BMA as a
model selection algorithm, which we show clearly using Proposition 3.1.

Close inspection reveals thatwBMA
t +1 ;k is precisely recovered by EG when the learning rate is� = 1 and the loss

is
` t (w t ) = �

X

k

wt;k logpk (yt j x t ; Dt � 1); (12)

whose gradient isr w t;k ` t (w t ) = � logpk (yt jx t ; Dt � 1). This suggests that O-BMA may act similarly to an
OCO algorithm that minimizes regret with respect to a di�erent loss function,

L = �
TX

t =1

KX

k=1

wk logpk (yt j x t ; Dt � 1): (13)

This reveals a key insight: OBS aims for the best post-hoc expertmixture, while O-BMA targets the best
single expert. The corresponding bound achieves constant regret; in fact, in the typical proof of this regret
upper bound, we prove an equality regarding the regret. The following result is therefore known, but is
presented in a somewhat unorthodox way to allow us to showlower bounds on the regret.

Proposition 3.1. Let the regret of the BMA mixture with respect to the best individual model be de�ned
as RT =

P
t logpk � (yt j x t ; Dt � 1) �

P
t log (

P
k wt;k pk (yt j x t ; Dt � 1)) ; where k� is the model with the largest

marginal likelihood. Then RT is related to an evidence gain inM k � ,

RT = log Pr( M k � j DT )=Pr(M k � ): (14)

Thus, if Pr(M k � j D ) is bounded below, so is the regret. In particular, Proposition 3.1 applied the following
theorem directly, which asserts O-BMA acts as an �optimizer� to Equation (13).

Corollary 3.2. Let the regret of the BMA mixture with respect to the best individual model be de�ned as
in Proposition 3.1. If the posterior probability of the optimal model M k � exceeds its prior probability, i.e.,
Pr(M k � j D ) � Pr(M k � ), then RT is bounded both above and below,

0 � RT � � log Pr(M k � ): (15)

Thus, under typical scenarios (e.g., uniform priors onM k ), Equation (15) becomes fairly tight, and the
solutions become strong online optimizers of Equation (15).

3.4 Regret Analysis

Connecting OBS with OPS makes regret bounds from the OCO literature available. Di�erent choices of
algorithms and assumptions on the predictive densitiesp t a�ect the obtainable regret analysis (c.f. Van Erven
et al. (2020, Table 1)); however, without additional assumptions onp t , the most e�cient algorithms typically
obtain regret of order O(

p
T) (such as Soft-Bayes (Orseau et al., 2017)). If a bound on the norm of the

gradients may be assumed, ONS can provide regret on the orderO(logT) (with runtime scaling with K 2).
Variants of simple OCO algorithms may even provide regret with respect to time-varying optimal parameters,
such as the D-ONS algorithm (Yuan & Lamperski, 2020).

We further discuss regret bounds in Appendix A. In Appendix A.3, we provide an example that shows that,
with mild additional assumptions, we can even recover regret bounds from O-BMA applications, albeit with
potentially worse constants - this is despite the fact that O-BMA cannot provide comparable bounds when
regret is measured against the mixture loss.

3.5 A Hybrid Approach

In the case where the M-closed scenario is plausible, but this fact is unknown, OBS still achieves vanishing
regret with respect to the singular best expert: this follows because the problem of determining an optimal
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mixture of densities is harder than the corresponding expert selection problem, which is included as a special
case.

Nevertheless, as determined in Proposition 3.1, the corresponding regret guarantees for O-BMA in the
M-closed setting are extremely strong, achieving constant regret as an upper bound. When a model extremely
close to the data generating process is available, OBS is thus potentially suboptimal.

One potential approach to ameliorate this is to consider a hybrid method, where O-BMA and OBS mixtures
are maintained and further averaged via a secondary layer of O-BMA. That is, we consider two sets of weights,
wO-BMA

t and wOBS
t , along with a secondary set of weightsv t 2 S2. The corresponding predictive distribution

is thus

phybrid (yt j x t ; D1:t � 1) = v1

 
X

k

wO-BMA
t;k pk (yt j x t ; Dt � 1)

!

| {z }
pO-BMA (y t j x t ;D t � 1 )

+ v2

 
X

k

wOBS
t;k pk (yt j x t ; Dt � 1)

!

| {z }
pOBS ( y t j x t ; D t � 1 )

: (16)

The predictive performance of this mixture achieves constant regret with respect to the best model, once
again, while maintaining the expressiveness of the corresponding OBS solution. In particular, we may obtain
the following bound:
Theorem 3.3. Let the regret of the hybrid mixture in Equation (16) for the best individual model be de�ned
as in Proposition 3.1, i.e., RT =

P
t logpk � (yt j x t ; Dt � 1) �

P
t logphybrid (yt j x t ; Dt � 1), where k� is the model

with the largest marginal likelihood. Further assume uniform prior weights overv and wO-BMA . Then RT

may be bounded as
RT � logK + log 2: (17)

Proof. From the �outermost� perspective of ensembling (i.e., with v), we have by Proposition 3.1 a regret
bound with respect to any �outer� expert (i.e., the O-BMA or OBS mixtures):

X

t

logpO-BMA (yt j x t ; Dt � 1) �
X

t

logphybrid (yt j x t ; Dt � 1) � log 2: (18)

Further, from Proposition 3.1, O-BMA achieves a bounded regret
X

t

logpk � (yt j x t ; Dt � 1) �
X

t

logpO-BMA (yt j x t ; Dt � 1) � logK: (19)

Combining Equation (18) and Equation (19) completes the theorem.

We note by a symmetric argument that if the OBS mixture has a clearly stronger predictive likelihood, the
�outer� level of O-BMA will select the OBS mixture as the best expert, similarly incurring a simple additive
regret factor.

4 An Empirical Bayes Perspective

An empirical Bayes (EB) perspective (Robbins, 1964) elucidates BMA and Bayesian stacking properties,
o�ering direct arguments for their limitations. Recall that in EB, hyperparameters  are found by maximizing
the marginal likelihood, rather than being marginalized out. We show that O-BMA and OBS have subtly
distinct EB justi�cations. While we focus notationally on the online setting, similar results hold for batch
processing.

Let p(y1j ) be the prior predictive density of y1 (model parameters are integrated out), andp(yi jy1:i � 1;  )
for i = 2 ; : : : ; t are posterior predictive densities. Then theprequential principle (Dawid, 1984) studies a
model through a predictive decomposition, choosing via p(y1:t j ) =

Q
� p(y� jy1:� � 1;  ): Further selecting

 through the optimization problem

 ? = arg max
 

tX

i =1

logp(yi jy1:i � 1;  ) (20)

is termed empirical Bayes or type-II maximum likelihood estimate.
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4.1 BMA is Empirical Bayes over an Indicator Variable

It is well-known in the literature that BMA collapses to the model with the highest marginal likelihood when
the amount of data increases (Yao et al., 2018), but explanations of this fact are not often presented. Using
our insights that O-BMA is the Hedge algorithm, i.e., that it minimizes regret with the loss function (13),
this fact is straightforward to see: wk should be1 for the model with the highest marginal likelihood and 0
for the others. In this sense, we may interpret BMA as performing empirical Bayes over an indicator variable
z in the corresponding mixture distribution. To see this, we note that (13) can be written as

L =
KX

k=1

wk log
TY

t =1

pk (yt j x t ; Dt � 1) =
KX

k=1

wk logpk (DT ); (21)

and that
P K

k=1 wk logpk (DT ) � maxk logpk (DT ): Hence, the optimal weight vector corresponds towk = 0
for all k except for the modelk� = arg maxk pk (DT ) with the highest marginal likelihood, for which wk � = 1 .
Note also that by Jensen's inequality, (21) is a lower bound to log(

P
k wk pk (DT )) . If we set wk = Pr(M k ),

this is the log of the evidence of the BMA model, so we can interpret BMA as performing empirical Bayes on
the discrete prior probabilities of the models.

4.2 OBS is Empirical Bayes Estimation over Mixture Weights

On the other hand, OBS can be seen as performing empirical Bayes on the mixture weights themselves. To
see this, we interpret  as w, and the posterior predictive density

p(yi jy1:i � 1; w) =
X

k

wk pk (yi jy1:i � 1); (22)

is the weighted mixture of the predictive densities of the individual models. The objective function that is
being maximized in stacking in Eq. (6) is

tX

i =1

log

 
X

k

wk pk (yi jy1:i � 1)

!

=
tX

i =1

logp(yi jy1:i � 1; w) = log pstack (Dt jw): (23)

Hence, in stacking, we obtain the weights by maximizing the log-evidence of the `stacking' model,
logpstack (Dt jw), where the weights correspond to hyperparameters. Note the di�erence between this marginal
likelihood and the one in BMA, where the marginal likelihood is itself a mixture and each component is
independent ofw.

5 Experiments

Thus far, we have primarily focused on the theoretical properties of OBS. In this section, we provide
empirical evidence that OBS can be bene�cial. We consider four main scenarios: an illustrative toy example
(Section 5.1), variational Bayesian neural networks (Section 5.2), SMC-based stochastic volatility models
(Section 5.3), and dynamic Gaussian processes in non-stationary environments (Section 5.4). We provide
details on our experimental setup, baselines, and code in Appendix B.

5.1 Subset Linear Regression

We revisit a classical problem from Breiman (1996), also used by Yao et al. (2018), generating i.i.d. data from
a 15-dimensional Gaussian linear model with weak predictors, as in Yao et al. (2018, Section 4.2). We consider
two scenarios with an ensemble of 15 regression models. In the�Open� setting , the ensemble consists
of 15 univariate models (y � � k xk ), none of which match the true process, where performance depends on
combining models. In the �Closed� setting , model k uses featuresx1; : : : ; xk , making model 15 the true
model. In both scenarios, hyperparameters were pre-trained using empirical Bayes on 1000 points, followed
by online deployment of OBS or O-BMA for 5000 points. Further experimental details are in Appendix C.
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(a) Toy Example: Open
(Section 5.1)

(b) Toy Example: Closed
(Section 5.1)

Figure 1: The average predictive log-likelihood (higher is better) in the toy example. `EG� is exponentiated
gradients, �ONS� is the Online Newton Step, �BCRP� is the optimal constant rebalanced portfolio (o�ine
baseline), and �O-BMA� is O-BMA. Lines denote the median and shaded area represent the 10th to 90th
percentiles over 10 trials. The �rst 100 samples are suppressed for readability.

(a) Toy Example: Open (b) Toy Example: Closed

Figure 2: The �nal weights in the �open� and �closed� subset linear regression experiment.

As shown in Figures 1a and 1b, OBS variants (EG, ONS) dramatically outperform O-BMA in the �open�
setting. In the �closed� setting, OBS performs nearly as well as the theoretically optimal O-BMA, with ONS
slightly outperforming EG.

As detailed in the theoretical section, one reason we may expect O-BMA to perform worse than OBS is
the weight collapse of BMA. We can empirically validate this property in our toy experiment, with the
expectation that O-BMA collapses to a single weight, and OBS retains a proper �mix� of models.

In Figure 2a, we show the �nal weights in the �open� subset linear regression experiment for O-BMA, OBS,
and the BCRP (i.e., the optimal pooling of Geweke & Amisano (2011), or Bayesian stacking from the
prequential principle (Yao et al., 2018)). In Figure 3a, we show the evolution of the BMA and OBS weights as
new data arrive. Finally, in Figure 2b and Figure 3b, we show the analogous �nal weights and the evolution
of weights for the �closed� subset linear regression experiment.

These results show promising evidence of our approach: OBS converges to a set of weights very similar to
the best retrospective weights within 5000 samples in both the �open� and �closed� variations. OBS with
ONS seems to exhibit more of the �collapsing� than OBS with EG, but these di�erences could be due to the
hyperparameter choices, which were set to the values,� = 10 � 2 for EG, and � = 0 :8, � = � = 10 � 2 for ONS.
We further observe the collapse of O-BMA, and that OBS can also �collapse� if appropriate.

5.2 Online Variational Inference

We now move to a more practical application in Bayesian machine learning, applying OBS to online Bayesian
neural networks. We use the recently proposed Bayesian online natural gradient (BONG), which optimizes
the expected log-likelihood with online mirror descent (Jones et al., 2024). Many di�erent variants of BONG
and related approaches are tested, unifying them under a common framework; we make online predictions on
MNIST (LeCun et al., 2010) using the best variant tested, �bong-dlr10-ef_lin �. To create ensembles, we
train �ve Bayesian feedforward neural networks with di�erent initializations. We provide more details on the
experimental setup in Appendix D.
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