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Abstract

We study statistical estimation under lo-
cal differential privacy (LDP) when users
may hold heterogeneous privacy levels and
accuracy must be guaranteed with high
probability. Departing from the com-
mon in-expectation analyses, and for one-
dimensional and multi-dimensional mean es-
timation problems, we develop finite sam-
ple upper bounds in ¢>-norm that hold with
probability at least 1 — 5. We complement
these results with matching minimax lower
bounds, establishing the optimality (up to
constants) of our guarantees in the hetero-
geneous LDP regime. We further study dis-
tribution learning in /..-distance, designing
an algorithm with high-probability guaran-
tees under heterogeneous privacy demands.
Our techniques offer principled guidance for
designing mechanisms in settings with user-
specific privacy levels.

1 INTRODUCTION

The unprecedented growth of data collection has made
protecting user privacy a central challenge. Local
Differential Privacy (LDP) offers a compelling solu-
tion, enabling the analysis of population-level statistics
without exposing any individual’s raw data—even to
the aggregator (Dwork et al., 2006; Kasiviswanathan
et al., 2011). In this model, each user perturbs their
own data before transmission, ensuring that only ran-
domized reports reach the curator. This paradigm
has moved well beyond theory, with large-scale de-
ployments at Google (Erlingsson et al., 2014), Mi-

Proceedings of the 29'" International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

Ria Stevens
Rice University

Swaha Roy
Rice University

crosoft (Ding et al., 2017), and Apple (Differential Pri-
vacy Team, Apple, 2017; Thakurta et al., 2017).

Most research on LDP, however, rests on two simpli-
fying assumptions: that all users share a uniform pri-
vacy guarantee (£) and that error bounds only need to
hold in expectation or just with a constant probability.
In this work, we move beyond this idealized model to
study two crucial and more realistic variants of LDP.

The first variant is the heterogeneous privacy setting,
where each of the m users may have their own dis-
tinct privacy parameter ¢;. This framework acknowl-
edges that in practice, populations are diverse: some
users may demand stronger protections, while others
are willing to trade privacy for utility. While tuning
local perturbation protocols to different ¢; is straight-
forward, accurately aggregating these heterogeneous
reports into global estimates poses significant algorith-
mic challenges.

The second, and complementary, variant concerns the
need for high-probability results—that is, error guaran-
tees that hold with probability at least 1 — 3. The con-
ventional approach to achieving such results is to apply
a standard amplification technique, like the median-
of-means method, to an algorithm with in-expectation
guarantees (e.g., Proposition 9 in (Hsu and Sabato,
2016)). However, this off-the-shelf approach suffers
from two critical drawbacks:

1. Suboptimal Dependence on Confidence: These
generic methods yield a poor dependence on the
confidence parameter S. They typically multiply
the overall error by a factor polynomial in log(1//),
whereas an ideal method’s error would increase only
by an additive term involving log(1/3).

2. Breakdown of Repetition in Heterogeneous Settings:
These amplification techniques rely on a divide-
and-conquer strategy, partitioning the population
into subgroups to generate independent estimates.
This strategy fails in the heterogeneous setting be-
cause it is non-trivial to ensure each subgroup has
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a statistically similar composition of privacy bud-
gets. For example, if a few users have very large
g; values, they cannot be distributed evenly. The
estimates from the subgroups containing them will
be fundamentally different from the others, thereby
breaking the statistical symmetry required for the
median-of-means approach to work.

While some prior work has studied heterogeneous
LDP (Fallah et al., 2024; Chaudhuri and Courtade,
2023; Chaudhuri et al., 2025), its error bounds only
hold in expectation. For the very reasons just de-
scribed—particularly the breakdown of repetition-
based approaches—these guarantees cannot be read-
ily converted into high-probability results, leaving the
challenge of achieving robust, high-probability guar-
antees in this setting unaddressed.

In this work, we initiate the first systematic study
that tackles these challenges simultaneously. We de-
velop methods for heterogeneous LDP that provide
tight high-probability error bounds without resorting
to computationally expensive or statistically loose am-
plification techniques. Specifically, for both single-
and multi-dimensional mean estimation, we establish
sharp characterizations of the trade-off between het-
erogeneous privacy budgets and estimation error. We
design computationally efficient algorithms and prove
matching lower bounds, demonstrating that our re-
sults are optimal up to constant factors. Moreover,
our bounds achieve the desired additive logarithmic
dependence on the confidence parameter 5. Notably,
for the high-dimensional LDP mean estimation prob-
lem, to our knowledge, no prior analysis has estab-
lished optimal dependence on all parameters—even in
the standard uniform-privacy setting.

Furthermore, as a key application of our results, we
use our single-dimension mean estimator to address
the problem of distribution learning in f.,-distance.
We apply our techniques to the framework of Bassily
and Smith (2015), which relies on multiple mean esti-
mation subroutines that must all be correct with high
probability.  Our high-probability estimation tech-
niques naturally extend to this setting, yielding a new
upper bound for distribution learning under heteroge-
neous local privacy.

1.1 Problem Formulation

We begin by defining local differential privacy:

Definition 1 (Pure Local Differential Privacy (LDP)
(Kasiviswanathan et al., 2011)). An algorithm C

X — Y is said to be e-locally differentially private if
for any measurable set W C Y and every pair of points

X, X' € X,

Pr[C(X) e W] <e® Pr[C(X') e W]. (1)

Consider a setting with n users, each holding a data
point X; drawn i.i.d. from an unknown distribution P
with parameter § = 6(P). Each user specifies a pri-
vacy parameter g;, indicating the level of protection
they require. We denote the vector of these privacy pa-
rameters by € := {&;}?_,. They transmit a perturbed
report Y;, which is an e;-locally differentially private
version of X;. The data curator receives {Y;}7_, and
computes an estimator 6 of 6.

Our goal is to design a protocol for estimating 6 that
respects each user’s privacy constraint. Formally, we
construct n privacy channels {C;}?_,, where each C; :
X; — V; satisfies €;-LDP with respect to user i’s data.

We measure the quality of our estimator by finding an
upper bound on the error of the estimation that holds
with probability 1 — 8. In particular, for any given
B € (0,1), we are looking for the smallest ¢ > 0 for
which:

quqaqxw—e)g421—@ 2)

where C(X) := (C1(X1),...,Cn(X,)). We examine
three specific variations of this problem. In each prob-
lem, the heterogeneous set-up remains the same, but
the nature of the underlying distribution or the pa-
rameter may be different.

Single-Dimensional Mean Estimation: Each
user ¢ € [n] holds a data point X; drawn from a
distribution P with mean 6 over a bounded single-
dimensional domain (either [—1,+1] or {—1,+1}).
The server estimates the mean of P by aggregating
each user’s privatized data and outputting e-locally
differentially private estimator 0.

Multi-Dimensional Mean Estimation: FEach
user ¢ € [n] holds a data point in the ¢5 (Euclidean)
ball of radius r, X; € B?(r), drawn from a distribu-
tion P with mean 6. The server estimates the mean
of P by aggregating each user’s data and outputting
e-locally differentially private estimator 6.

Distribution Learning: Each user ¢ € [n] holds a
datapoint x; ~ P, where P is a distribution over [d].
The server constructs an estimator P : [d] — R such
that P(v) approximates P(v) for all v € [d].

1.2 Owur Contributions

Estimation. We
single-dimensional

Single-Dimensional Mean
study mean estimation for
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bounded random variables, X; € [-1,4+1]. Our
core contribution in this setting is an optimized
weighted average of Y;’s, where the weights are pro-
portional to the square of the users’ privacy budgets,
2. This choice improves accuracy by down-weighting
noisier contributions from users with stronger privacy
requirements (smaller &;), whose privatized data
points are more distorted. Our approach leads to the
following high-probability error bound.

Theorem 1 (Informal version of Theorem 2.1 and
Theorem 2.2). Let € = {g;}"q, where g; < 1 for all i
and § € (0,1). Let P be the family of distributions P
such that for any X ~ P, X is bounded almost surely.
Then, for all P € P, there exists an e-locally differen-
tially private estimator 0 such that with probability at

least 1 — 3,

0(X1m) — 9(10)‘2 <0 (min (lozg,f_ll/fj 1)) . (3)

We show this bound is tight in Theorem 2.3 using
a high-probability instance of Le Cam’s Lemma (Ma
et al., 2024). To establish the upper bound, we provide
two distinct algorithms. For general bounded distribu-
tions, Theorem 2.1 provides a formal guarantee for an
estimator (Algorithm 1) based on the Laplace mecha-
nism. As this mechanism requires communicating con-
tinuous values, which can be inefficient, we also present
a communication-optimal method for binary data. In
this setting, Theorem 2.2 proves the same tight bound
is achievable with an estimator (Algorithm 2) based
on Randomized Response.

Multi-Dimensional Mean Estimation. Our sec-
ond main contribution is to extend our analysis to
the multi-dimensional setting, where we provide the
first tight, high-probability bounds for mean estima-
tion over the Euclidean ball under heterogeneous Local
Differential Privacy (LDP).

Theorem 2 (Informal version of Theorem 3.1). Let
e ={&},, wheree; <1 for alli and g € (0,1). For
all P € Py, such that for any X ~ P, X € B?(r)
almost surely, there exists an e-locally differentially

private estimator 0 such that with probability at least

1_57

§ (X0 _Q(P)Hz <o <r2 (d;:;:gs(%l/ﬁ))) @

We present an efficient algorithm (Algorithm 3) that,
similar to our one-dimensional estimator, computes an
optimized weighted average of privatized versions user
data. Each user privatizes their high-dimensional data
point using a mechanism of Duchi et al. (2013), which
projects data points onto one of two hemispheres based

on a randomized response selection. Again, our algo-
rithm weights each received signal proportionally to £2
to construct the final estimate.

The key novelty of our work lies in the high-probability
nature of our bound. While bounds on the expected er-
ror were known, converting them to high-probability
guarantees is not straightforward, and standard tech-
niques yield suboptimal error rates. Our main tech-
nical contribution is a refined analysis that overcomes
this challenge. We exploit the concentration of mea-
sure phenomenon that arises due to the privacy mech-
anism taking the form of a mixture of uniform distri-
butions over hemispheres. This allows us to obtain
an upper bound with an optimal additive dependence
on the dimension and the confidence parameter (i.e.,
d+1log(1/3)), a significant improvement over the sub-
optimal multiplicative dependence (d - log(1/53)) pro-
duced by standard approaches that do not take into
account the geometry of the private mechanism.

Finally, in Theorem 3.2, we prove that our algorithm
is optimal by establishing a matching lower bound.
This lower bound relies on minimax quantiles—high-
probability analogues of minimax risk—and is con-
structed via a combination of Assouad’s Lemma and
a high-probability version of Le Cam’s Lemma pre-
sented in Ma et al. (2024). This result solidifies our
upper bound and provides a complete characterization
of the high-probability error for this fundamental high-
dimensional estimation problem.

Distribution Learning. Our final contribution ad-
dresses distribution learning under heterogeneous local
privacy. We adapt the projection-based frequency es-
timation algorithm of Bassily and Smith (2015), orig-
inally designed for the homogeneous setting, to distri-
bution learning in the heterogeneous case. At a high
level, our algorithm applies a Johnson—Lindenstrauss
(JL) transform to compress user data into a lower-
dimensional representation, privatizes a randomly se-
lected coordinate via randomized response, and ag-
gregates the resulting reports with carefully chosen
weights to account for heterogeneous privacy lev-
els. This yields a communication- and computation-
efficient oracle to estimate the probabilities of the do-
main elements that enables distribution learning with
{ error guarantees.

Theorem 3 (Informal version of Theorem 4.1). Let
e = {e;},, where ¢; < 1 for all i. Let P be the
family of distributions P over [d]. Then, for all P € P,
there exists an e-locally differentially private estimator
P such that

P(a1n) — PHOO <0 ( log (d) > . ()

Z?:l 512
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This theorem shows that our method achieves optimal
dependence on the mixed privacy budgets, matching
the rates known for the homogeneous case.

1.3 Minimax Quantiles

Standard techniques for lower bounding the expected
error of an algorithm fail to capture the behaviour of
its tail and the dependence on 3. Therefore, to es-
tablish our lower bounds, we must rely on minimax
quantiles (Ma et al., 2024).

Definition 2 (LDP-Minimax Quantiles). Let € =
{e;},, with e; <1 for alli. Let 8 € (0,1). Let P be
a family of distributions, where Py € P is parametrized
by 0 € ©. Let O, be the set of all conditional distribu-
tions @ : X®" — YO guaranteeing e-local differential
privacy. Let O be the set of all measurable functions
6:y%" — ©O. Then, we define the minimax quantile,

M (B, P,e) as:

M(B,P,e) = inf inf sup inf{t € [0,00) :
QEQe )b PeP

Prp,Q[Hé(YM) - H(P)Hz < t] >1- 5} . (6)

By lower bounding the minimax quantile for a given
problem by ¢, we are saying that no algorithm can
achieve error better than ¢ with probability at least
1 — 8 on that problem and over all distributions in
family P.

Ma et al. (2024) also introduce methods that may
be used to lower bound minimax quantiles. Specifi-
cally, they introduce a high-probability analogue of Le
Cam’s Lemma and give results that allow us to trans-
late from expectation lower bounds to lower bounds on
minimax quantiles. Our results use these techniques,
among others.

1.4 Notation

We denote by [n] the set {1,...,n}. We denote by
S?=1(r) and B%(r) the Euclidean sphere and ball re-
spectively of radius r in to R?. We use the no-
tation 6 (P) to indicate that the distribution P is
parametrized by 6. In the context of our work, this
means that 6 is the expected value of P.

1.5 Related Works

Differential privacy, introduced by (Dwork et al.,
2006), has been extensively studied across both the
central and local model (Hsu et al., 2012; Bassily and
Smith, 2015; Bassily et al., 2017; Acharya et al., 2019;
Asoodeh et al., 2021; Canonne and Gentle, 2025). We
refer the reader to detailed surveys for more informa-

tion on the breadth of applications (Cormode et al.,
2018; Wang et al., 2020; Yang et al., 2024).

We are primarily interested in the heterogeneous set-
ting where users have an individual privacy preference.
Alaggan et al. (2017) and Jorgensen et al. (2015) in-
dependently introduced this notion of heterogeneous
differential privacy, also known as Personalized Dif-
ferential Privacy in the central model. Chen et al.
(2016) first extended this notion to the local model.
Canonne and Sun (2024) studied closeness testing un-
der the heterogeneous setting in the local and shuffle
models, although in their work there are only two pos-
sible privacy parameters.

Recent work has focused on mean estimation under
heterogeneous differential privacy. Fallah et al. (2022)
studied this problem under the Rényi DP setting in
both the local and central models, with results hold-
ing in expectation. Chaudhuri and Courtade (2023)
and Chaudhuri et al. (2025) proposed algorithms for
single-dimensional mean estimation under heteroge-
neous central differential privacy. They further pre-
sented the “saturation phenomenon” which demon-
strates that relaxing the privacy requirements for some
users while keeping the privacy parameter of the others
fixed beyond a critical point does not improve accuracy
of a heterogeneous mean estimator. Fallah et al. (2024)
provided optimal mean estimators for heterogeneous
privacy with matching minimax lower bounds in both
the central and local model. Their results apply to the
single-dimensional setting and hold in expectation. In
contrast, we propose high probability bounds for both
the single-dimensional and multi-dimensional settings.
Chaudhuri and Courtade (2025) also studied the het-
erogeneous differential privacy in the central model in
the case that the users’ data is correlated with their
privacy parameters.

In this work, we also study the problem of distribu-
tion learning, where we focus on estimating the true
proportion of an underlying population. This problem
is similar to count estimation, frequency estimation
and the identification of “heavy hitters”. Literature in
this area focuses on optimizing various parameters in-
cluding the worst-case error, time complexity for each
user, time complexity at the server, and communi-
cation complexity. Chen et al. (2016) provided the
first heterogeneous LDP algorithm for count estima-
tion over a spatial domain. Our work differs from this
result both in terms of setting and algorithm. While
their aggregation technique is tailored to the hierar-
chical structure of spatial data, we develop a protocol
well-suited to data from an arbitrary distribution.

Bassily and Smith (2015) presented the first LDP
heavy hitters algorithm with optimal worst-case er-
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ror. Bassily et al. (2017) then proposed an algo-
rithm which significantly improved both server and
user runtime. Both of these results rely on shared ran-
domness which is referred to as the “public-coin” set-
ting. Acharya et al. (2019) developed a “private-coin”
(i.e., no reliance on shared randomness) construction
that achieved sample order optimality, logarithmic
communication, and nearly linear runtime. Recently,
Canonne and Gentle (2025) examined the medium-
or low-privacy (large €) regime departing from the
commonly studied high-privacy (small ) regime and
presented near-tight bounds on error for distribution
learning.

2 MEAN ESTIMATION OF A
SINGLE DIMENSION

In this section, we study the heterogeneous LDP mean
estimation problem for bounded distributions of a sin-
gle dimension. We assume that each of n users holds
a data point X; drawn from a distribution P over a
bounded domain [—1,1]. Each user passes their data
through an €;-LDP channel before sending it to the
server. The server then estimates the mean of P, 6,
by aggregating each user’s data. We find that different
choices of €; across users would result in suboptimal
tail bounds on the error if the server were to output
an unweighted mean of the privatized data points. To
negate this effect, we propose that the server computes
an weighted average of the users’ data, with weights
chosen according to each user’s privacy parameter.

We give matching upper and lower bounds for the
heterogeneous-LDP mean estimation problem. We
provide two algorithms achieving our upper bounds:
the first, Algorithm 1, applies to all distributions over
[—1,1]; and the second, Algorithm 2, specifically ap-
plies to binary distributions and achieves a low com-
munication cost. We construct a hard instance and
apply a high-probability instance of Le Cam’s Lemma
(Ma et al., 2024) to prove our lower bound.

2.1 Upper Bounds for Bounded Distributions

Algorithm 1 uses a Laplace mechanism to guarantee
the privacy of each user and outputs a weighted sum
of each user’s privatized data. Using standard concen-
tration bounds, we give tail bounds of its error. The
proof is deferred to Section B.1.

Theorem 2.1. Let € = {&;}], with ¢; < 1 for all
i. Let 8 € (0,1). Let P be the family of distribu-
tions P such that for any X ~ P, X € [-1,1] almost
surely. There exists an e-locally differentially private
estimator 6 and a universal constant ¢ such that, for

Algorithm 1 Laplace Mechanism for Heterogeneous
Local Differential Privacy

Require: Each user ¢ has private data X; € [—1,1]
and privacy parameter €; > 0.
Ensure: Estimate 6.
1: for each user i =1,...,n do
2 Draw Z; ~ Lap(2/e;).
4: Send Y; to the server.
5. end for
6

: Server sets w; (1 + E%) /30 (1 + E%)
B ' J
for all 4. R
7: Server outputs § < >, w;Y;.

dl PeP,
6 (X1) — 0 (P)‘Q

< min (c I%g,f_ll/?lﬂ >1-4. (7)

Algorithm 1 achieves this bound.

Per:nNP‘XJ" [

2.2 Upper Bounds for Discrete Distributions

The guarantees of Algorithm 1 apply to any bounded
single-dimensional distribution, including binary dis-
tributions. However, this mechanism requires that
each user communicates a continuous value, Y;, with
the server, regardless of whether that user’s data was
originally continuous. When each user holds only
one bit of data, it is desirable to design a more
communication-efficient mechanism, wherein each user
only communicates one bit with the server.

To address this challenge, we propose a heterogeneous
LDP mean estimation mechanism, based on the ran-
domized response mechanism. Specifically, assume
each X; ~ P, where E[P] = 0 € [-1,1] and X, €
{-1,41}. We construct a mean estimation mecha-
nism that requires only one bit of communication per
user, while achieving the same high-probability error
guarantees as Algorithm 1.

As in the previous algorithm, the proposed mechanism
involves user ¢ sending the server an €;-private copy of
their data. The server then outputs a weighted sum of
their data, with weights determined according to each
user’s privacy level. This mechanism is presented in
Algorithm 2. In Theorem 2.2, we establish tail bounds
on its error. This theorem is proved in Section B.2.

Theorem 2.2. Let € = {&;}1",, with ¢; < 1 for all
i. Let 8 € (0,1). Let P be the family of distribu-
tions P such that for any X ~ P, X € {—1,1} almost
surely. There exists an e-locally differentially private
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Algorithm 2 Randomized Response Mechanism for
Heterogeneous Local Differential Privacy

Require: Each user ¢ has private data X; € {—1,1}
and privacy parameter &; > 0.
Ensure: Estimate 0

1: for each user i =1,...,n do
X; w.p. f.si
2: Y, + ! p-e 11"'1 .
_X’L w.p. itl
Send Y; to the server.

3
4: end for v

5: Server sets c¢; < :;fl for all i.
6

7

: Server sets w; « (1/¢)/ 3°7_,(1/c3) for all i.
. Server outputs 0 « Yo wic Y.

estimator 6 and a universal constant ¢ such that, for
all PP,

~ 2
0 (X1) ~0(P)|

Per:nNP®'n |:

< min (lozgi/fglﬂ >1-6. (3)

Algorithm 2 achieves this bound.

2.3 Lower Bounds

In Theorem 2.3, we establish a lower bound on the
high probability error of one-dimensional mean esti-
mation under heterogeneous LDP. Up to a constant
factor, the upper bounds presented in Theorem 2.1
and Theorem 2.2 for the heterogeneous Laplace mech-
anism and randomized response, respectively, match
this lower bound, thereby characterizing the tightness
of these results.

Theorem 2.3. Let e = {e;} |, with e; <1 for all i.
Let 8 € (0,1/2). Let P be the family of distributions P
such that for any X ~ P, X € {—1,1} almost surely.
For the e-locally differentially private mean estimation
problem over a single dimension, there exists an abso-
lute constant ¢ such that the minimaz quantile is lower
bounded as

min (C %,1) <M (B, P,e). (9)

where ¢ > 0 is a universal constant.

The proof of Theorem 2.3 is given in Section B.3.
Briefly, our proof constructs a hard instance consisting
of a pair of distributions, P; and P,, whose means dif-
fer by a fixed gap. We apply a strong data processing
inequality of Duchi et al. (2013) to show that pass-
ing these distributions through homogeneous privacy

Algorithm 3 Optimal Multi-Dimensional Mean Esti-
mation Mechanism under Heterogeneous Local Differ-
ential Privacy

Require: Each user i has private data X; € B% (),
X; ~ P, and privacy parameter ¢; > 0.
Ensure: Estimate § of E[P].
1: for each user i =1,...,n do
2: Y; « output of Strategy A of Duchi et al.
(2013) (Algorithm 4) on X;, ;.
3 Send Y; to the server.
4: end for
5 1y €] for alld.
6: Server outputs 6 < Yo wYi.

: Server sets w; < &7/ >

channels reduces their KL divergence, making them
harder to distinguish. We then invoke a high proba-
bility version of Le Cam’s Lemma, due to Ma et al.
(2024), which implies that, because the privatized dis-
tributions are nearly indistinguishable, no algorithm
can estimate their means accurately with high proba-
bility.

3 MEAN ESTIMATION OF
MULTIPLE DIMENSIONS

In this section, we study the heterogeneous LDP
mean estimation problem for distributions over the
Euclidean ball of radius . We assume that each of
n users holds a datapoint X; € B?(r), drawn from a
distribution P with mean 6. Each user passes their
data through a locally private channel before sharing
it with the untrusted server for aggregation. In The-
orem 3.1, we give an upper bound for this problem,
achieved by Algorithm 3. In Theorem 3.2, we prove a
matching lower bound.

3.1 Upper Bounds

Within Algorithm 3, each user employs a locally dif-
ferentially private mechanism proposed by Duchi et al.
(2013) (Algorithm 4). On input X; € B?(r), and
given privacy parameter ¢;, this mechanism outputs
Y, € S1(B;) for some B; = O(rd/e;). In par-
ticular, the mechanism picks either the hemisphere
{y es¥1(B;) s.t. (V,X;) >0} with some probabil-
ity p; > 1/2, or its complementary hemisphere with
the complementary probability, and then samples uni-
formly from the chosen hemisphere. The choice of p;
ensures privacy, and together with the choice of B;
makes the output unbiased, i.e., E[Y;] = X;. Lastly,
as in the single-dimensional setting, the server outputs
a weighted average of the users’ projections, with the
weight of user i being proportional to £2.
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Algorithm 4 Locally-Differentially Private Random-
izer of Duchi et al. (2013)

Require: Data point X; € B?(r), privacy parameter
g; > 0.
Ensure: Y;, an g;-locally differentially private esti-

mate of Xj.
X X
(e wp it 1k
1: X; + 2
v _ X w.p Xl
1%, - 2r

1
2
1
2

2: T ~ Bernoulli (e:;_H)

ei41

efi—1"

ayr(25t)

r(g+1) -
5. if T'=1 then
6: Y; ~ Unif (Y € S41(B;) s.t. <Y, Xi> > 0) :

3: ¢ +—

4: B; < ¢r

7: else if T'= 0 then
Y; ~ Unif (Y € S41(B;) st.

9: end if
10: Output Y;.

Theorem 3.1. Let € = {e;}, with e; < 1 for all
i. Let B € (0,1). Let Py, be the family of distribu-
tions P such that for any X ~ P, X € B (r) almost
surely. There exists an e-locally differentially private

estimator 6 and a universal constant ¢ such that, for
all P € Por,

R 2
Prssnree |10 017

(d +log (1/8))
dic1 5

Algorithm 3 achieves this bound.

< r? min (c

1)} >1-8. (10)

Proof Sketch (full proof in Section C.1). A natural
attempt, similar to what we did in the single-
dimensional case, would be to apply concentration
inequalities for high-dimensional random variables.
Given the boundedness of the output of the privacy
channel, i.e., Y;, two natural candidates are the Vector
Bernstein inequality (Gross, 2011) and subgaussian
bounds for bounded-support distributions. One can
verify that both approaches lead to an upper bound
with dependence on dlog(1/8) (rather than what
we ultimately show, which is d 4 log (1/8)), which is
suboptimal in the high-probability regime.

We resolve this issue by taking advantage of the struc-
ture of the £;-LDP randomizer of Duchi et al. (2013)
(Algorithm 4)—specifically, that it draws Y; from a
mixture of uniform distributions over hemispheres. As

we will discuss, uniform distributions over spheres ex-
hibit the concentration of measure phenomenon, which
allows us to derive tighter concentration inequalities.

Our point of departure in the proof is to break the
problem of deriving high-probability bounds into two
separate tail bounds. The first concerns the sampling
(non-private) error of the algorithm, i.e., the difference
between the weighted average of the X;’s and 6. The
second concerns the error due to privacy, i.e., the dif-
ference between the the weighted average of the X;’s
and the weighted average of the Y;’s, for any realiza-
tion of the X;’s.

To bound the sampling error, we use the norm-
subgaussian definition from Jin et al. (2019) (also
stated in the appendix for completeness). In partic-
ular, the norm of each vector X; — 6 is bounded by
2r, which implies that X; — 6 is a norm-subgaussian
random vector with parameter 2r. We can then apply
the Hoeffding-like concentration inequality developed
by Jin et al. (2019), which allows us to establish a
bound of r?log(d/B3)/>, 2.

Bounding the tail of the privacy error (conditioned on
realization of X;’s) is more nuanced. In particular,
we show that, for any fixed ¢, ¥; — X is subgaussian,
with a subgaussian norm independent of d, which in
turn leads to the desired high-probability bounds by
applying norm concentration results for subgaussian
vectors (e.g., see (Wainwright, 2019; Liu et al., 2025)).
Recall that a random vector Z is subgaussian if (Z, ¢)
is subgaussian for all £, and the subgaussian norm of Z
is defined as the supremum of the subgaussian norms
of (Z,4) over all £.

We establish this result using Lévy’s lemma, a
concentration-of-measure result on spheres that allows
us to prove the sub-Gaussianity of Lipschitz functions
of uniformly distributed random vectors on the sphere.

Lemma 3.1 (Levy’s Lemma (Vershynin, 2018, Theo-
rem 5.1.3)). Let Unif be the uniform distribution over
S¥=Y(B). Let f : S*Y(B) — R be an n-Lipschitz func-
tion. For allt > 0, there exists a universal constant ¢
such that

Pry unit[|f (Y) —E[f (Y)]| > t] <exp (_Cdetnz) :

This lemma allows us to establish subgaussian tail
bounds on f(Y) — E[f(Y)] with f(Y) = (¢,Y) when
Y is drawn uniformly over S = S?~1(B;). However, in
our setting, Y; is not uniformly drawn over S. That
said, we can interpret the distribution of Y; as a mix-
ture of a uniform distribution over S and a uniform dis-
tribution over Sy, where S; is the half-sphere of .S de-
fined by (Y, X;) > 0. Our proof proceeds in two steps:
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first, we show that f(Y)—E[f(Y)] is subgaussian even
when Y is drawn umformly from the hemisphere Si;
second, combining the two results, we establish that
the distribution of (¢,Y; — X;) is subgaussian when Y;
is the output of the privacy channel of Algorithm 4.

To prove the first step, we define a function g(Y’) on
the entire sphere S as follows: on Sy, let g(Y) = (£,Y);
on Sy, first reflect Y into S; with respect to the
plane separating S; and Sy to obtain Y’ and then
let g(Y) = (£,Y’). Applying Lemma 3.1 to the func-
tion g(-) implies that the centered version of (¢,Y)
is subgaussian when Y is drawn uniformly from the
hemisphere 5.

For the second step, while we have shown that f(Y") —
E[f(Y)] is subgaussian when Y is drawn uniformly
from S or from S;, the mean E[ f(Y)] differs between
these cases. This difference prevents us from immedi-
ately combining the tail bounds of both distributions
to establish a tail bound on f(Y) — E[f(Y)] when
Y =Y;. Instead, we use the deﬁmtlon of subgaussian-
ity based on moment-generating functions and show
that the error introduced by these different means can
be controlled by a constant factor. T his, in turn, es-
tablishes the subgaussianity of f(Y; E[ f(Y3)], com-
pleting the proof.

O

3.2 Lower Bounds

In Theorem 3.2, we give a lower bound on the high
probability error of multi-dimensional mean estima-
tion under heterogeneous LDP. This lower bound
matches the upper bound presented in Theorem 3.1,
demonstrating the optimality of Algorithm 3.

Theorem 3.2. Let € = {e;} 1, with ¢; < 1 for all
i. Let B € (0,3/20). Let r > 0. For alli € [n], let
g; € (0,1). For the mean estimation problem over the
lo ball with radius r, there exists an absolute constant
¢ such that the minimax quantile is lower bounded as

M (5,7)2,“ E) Z

o . (log(1/B) +d log(1/B) ]
oot (P B )

The proof of Theorem 3.2 is given in Section C.2. This
proof involves constructing a hard instance, consist-
ing of distributions parametrized by the vertices of
the d-dimensional hypercube. We show that the dis-
tributions corresponding to any two adjacent vertices
become nearly indistinguishable after they are passed
through privacy channels. This allows us to apply As-
souad’s Lemma, therefore lower bounding the minimax
risk of mean estimation over this class of distributions.

To connect this bound on minimax risk to minimax
quantiles, we apply Theorem 6 (Ma et al., 2024).

4 DISTRIBUTION LEARNING

Algorithm 5 Distribution Learning Mechanism Un-
der Local Heterogeneous Differential Privacy

Require: Each user ¢ has private data z; € [d] and
privacy parameter £; > 0. Server has a global
confidence parameter 8 € (0,1).

Ensure: Estimates P(v) for all v € [d].

1+ & +1 for all 3.

i

2% \/log(2d/6)'

S 1/c?
m < bg(ﬂw.
Server generates ® ~ Unif ({_ﬁ }mxd).

for each user i =1,...,n do
Z; < LOCAL-RANDOMIZER (x;, &;, @, ¢;)
Send z; to the server.

end for
Server sets w; < (1/¢3)/ Z?Zl(l/cf) for all i.

10: Server computes z <— ZZL:I W, Zj.

11: Server outputs P(v) = (z, ®e,) for all v € [d].

The following subroutine is due to Bassily and
Smith (2015).
12: procedure LOCAL-RANDOMIZER(x;, €;, ®, ¢;)
13: Yi < ‘I>exi.
14: Sample j ~ Unif ([m]).
15: if y; # 0 then

16: Zij < {Cim Yij w-p- 651‘:‘1 .
—CciMmy;; wW.p. eitl

17: else

18: Zjj ~ Unif ({—ci\/ﬁ, Cz\/ﬁ})

19: end if

20: Set z;y = 0 for all £ # j.

21: Send z; to the server.

22: end procedure

In this section, we demonstrate an adaptation of
the projection-based homogeneous locally private fre-
quency estimation algorithm of Bassily and Smith
(2015) for heterogeneous locally private distribution
learning. Their algorithm produces a computation-
and communication-efficient frequency oracle by em-
ploying a Johnson-Lindenstrauss (JL) transform to
project the histogram of observed values to a lower-
dimensional space.

More precisely, each user compresses their
data point via a random m X d matrix
® ~ Unif {-1/y/m,1/y/m}. Each user then selects
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Figure 1: Comparison of mean-squared error for one-dimensional (left) and 10-dimensional (right) mean estima-
tion on worst-case distributions under heterogeneous local differential privacy. Error is plotted as a function of
a, the fraction of users with ¢; = 0.1. The optimal weighting scheme proposed in this paper (blue) consistently

outperforms the uniform weighting scheme (orange).

one bit of their compressed vector, runs randomized
response to privatize this bit, and shares the resulting
bit with the server, which aggregates all bits. The
Johnson-Lindenstrauss Lemma (Lemma 4.1) ensures
that the error due to this projection is not too large.

Lemma 4.1 (Johnson-Lindenstrauss Lemma). Let
0 < A< 1andd e N. For any set V of t points
in RY and m > %%(t), there exists a linear map
® : RY — R™ such that for all X,y € V, we have
both:

(1= I = 13 < 180 = y)II3 < (14 ) [x — I3,
and |(@x, @y) — (x,y) < 0 (A (IxI3 + I1v13)) -

Since we work in the heterogeneous LDP setting, we
must adjust the server’s aggregation step compared
to the homogeneous case. We present the modified
algorithm in Algorithm 5. In Theorem 4.1, we give
guarantees on its {..-error for distribution learning.
This theorem is proved in Section D.1.

Theorem 4.1. Let e = {g;}",, with e; <1 for all i.
Let g € (0,1). Let P be the family of distributions P
over [d]. There exists an e-locally differentially private
estimator P and a universal constant ¢ such that, for

all PP,
Pr, _pen [HP (21m) — PH
(o)
log (d
< min (c o (4/5) 1)1 >1-4. (11)
We note that Algorithm 5 is not necessarily a proper
learning algorithm, as there is no guarantee that the

Z:‘:l E? ’

Algorithm 5 achieves this bound.

output P is a valid probability distribution. However,
in Theorem 4.1, we show that it closely approximates
the true distribution P in /., distance. To transform
P into a probability distribution, one could project
it onto the probability simplex without increasing the
algorithm’s error or sacrificing privacy.

We also remark that Algorithm 5 can be employed
either to provide an estimate of the entire pmf of P
or as an oracle for estimating the density of any given
value, v, on demand. To perform the latter task, the
algorithm does not need to execute Line 11 for all v €
[d], therefore improving its computational efficiency.

5 EXPERIMENTS

We empirically demonstrate the utility of our opti-
mal weighting technique for both one-dimensional and
10-dimensional mean estimation. We draw 1000 sam-
ples from the worst-case distributions described in our
lower bounds, which are information-theoretically the
most challenging. We consider a heterogeneous setting
in which an a-fraction of the users demand strong pri-
vacy guarantees (¢; = 0.1), while the remaining (1—«)-
fraction of the users have weaker privacy requirements
(e; = 1). We compare the mean estimates produced by
our algorithms with optimal weights to those obtained
using uniform weights.

The results, given in Figure 1, show that our optimal
weighting scheme achieves a lower error than uniform
weights as more users demand higher privacy. Across
all experiments, our algorithm effectively leverages the
information contributed by users with lower privacy
requirements (¢; = 1), leading to improved accuracy.
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A BACKGROUND RESULTS
In the following, we list useful facts, definitions, lemmas and theorems used throughout our proofs.

A.1 Subgaussian and Subexponential Random Variables

We give the definitions and key properties of subexponential and subgaussian random variables, as well as
norm-subgaussian random vectors, used throughout our work. For further background on subexponential and
subgaussian random vectors, see (Vershynin, 2018). For further background on norm-subgaussian random vectors,
see Jin et al. (2019).

Definition 3 (Subexponential random variable). (Vershynin, 2018) Let v,a > 0. A random variable with mean
E[X] = u is (v?, a)-subexponential, denoted X € subE(v?, ) if

v222

E 0] < e (VAN < L)

Fact 1. If X € subE(v?, «) then, for allt >0,
2t

Pr[|X —E[X]| > t] <exp (—;min{lﬂ,}> .

(%

Definition 4 (Subgaussian random variable). (Vershynin, 2018) Let v; > 0. A random variable X is said to

be v1-subgaussian if it satisfies:
2

t ) vt > 0. (12)

Pr[|X|>t] <2 —
fl1] > 1) < 20 (33
IfE[X] =0, the property given in (12) is equivalent to the following for vo = O(v1):

E [exp (AX)] < exp (1/22)\2) VA eR. (13)
We say that vy (or ve) is the variance proxy of X. We note that in (12), the constant 2 can be any absolute

constant greater than 1. Similarly, in (13), a multiplicative constant other than 1 may be had. Changing these
constants changes the variance prozy by a constant factor. (Remark 2.6.3 of Vershynin (2018)).

Definition 5 (Subgaussian random vector). (Vershynin, 2018) Let v > 0. A random vector X € R? is said to
be v-subgaussian if (¢, X) is v-subgaussian for all £ € S4~1.

Fact 2 (Norm of subgaussian random vectors). (Wainwright, 2019; Liu et al., 2025) For a subgaussian vector
X € R? with variance prozy o2, there exist constants Cy,Cy such that for all B € (0,1),

Pr || X]l, < ov/Crd+ G log (1/B)] = 1 - 8. (14)

Definition 6. Let o > 0. A random vector X € R? is o-norm-subgaussian if it satisfies, for all t € R,

2
Pr{|[X — E[X][, > ] < 2exp (—;0) . (15)

Fact 3. Let 0 > 0. Let X € RY be a random vector such that | X|| < o. Then, X is o-norm-subgaussian.

Fact 4. (Jin et al., 2019) Let B € (0,1). Let Xi,...,X, € R? be random vectors. Assume X; is o;-norm-
subgaussian for all i € [n]. Then, there exists a constant ¢ such that:

n

>x

i=1

Pr

<o S otlog2/p)| 215 (16)
=1

2



High-Probability Bounds For Heterogeneous Local Differential Privacy

A.2 Lower Bound Techniques

Lemma 1 (Assouad’s Lemma (Yu, 1997; Ma et al., 2024)). Let k > 1. Let V = {—1,1}*. For all v,v" € V,
write v ~ V' if v and V' differ in only one coordinate and v ~; V' when that coordinate is j. For v € V, let
P, € P. Suppose there are k pseudo-distances dy, . ..,dr on © such that for any 61,62 € O:

k

d(01,02) =Y d; (61,0,). (17)

j=1

Then,

i max By, pen [0(0(X00) 0 () ]
k
2

2 Il'lil’l dj (H(PV),G(PVI))HHH/ (1_dTV (PV,P,,I)).

JEK], v~ 07 |27

Theorem 4 (Pairwise upper bound on Kullback-Leibler divergences (Duchi et al., 2013, 2018)). Let ¢ > 0.
Consider any pair of distributions pV) and p?). Let PMY) and P?) be the pair of distributions induced by passing
samples drawn from p™ and pu® through a e-LDP channel. Then we have

KL (P<1> H P<2>) KL (P@) H P(1)> < min {4,e%} (¢5 — 1)2 2y (Py, Py). (18)

A.2.1 Minimax Quantiles

Ma et al. (2024) introduce the concept of minimax quantiles (Definition 2), which we use to construct our lower
bounds. They further develop tools and techniques for working with minimax quantiles. Among these tools are
lower minimax quantiles, defined in Definition 7. Lower minimax quantiles are particularly useful as they lower
bound minimax quantiles, as stated in Theorem 6, and may be easier to work with. Corollary 1 and Theorem 6
give examples of techniques which may be used to lower bound lower minimax quantiles. Corollary 1 lower
bounds this quantity whenever there exist two distributions in the family with sufficiently small KL divergence.
Theorem 6 establishes a relationship between lower minimax quantiles and minimax risk.

Definition 7 (Lower minimax quantile (Ma et al., 2024)). Let € = {g;},, with &; > 0 for all i. Let 5 € (0,1).
Let P be a family of distributions, where Py € P is parametrized by 0 € ©. Let Q. be the set of all conditional
distributions Q : X®" — ZO" guaranteeing e-local differential privacy. Let O be the set of all measurable
functions 0 : Z5™ — ©. Then, we define the lower minimaz quantile, M_(3,P,€) as:

~ 2
M_(B,P,e) = inf{t €[0,00) : inf inf sup Prp,Q[He(zm) _e(P)H < t] >1 _5}. (19)
Q€Qe )cd PeP 2

Theorem 5 (Theorem 4 of (Ma et al., 2024), adapted to our notation). For all 5 € (0, 1], families of distributions
P and privacy budgets € = {e;}1_{,
M_(B,P,e) < M(B,Pe). (20)

Corollary 1 (Corollary 6 of Ma et al. (2024), adapted to our setting). Let e = {e;}I_, with ¢; € (0,1] for all i.
Let 8 € (0,1/2). Let C be an e-privacy channel. Suppose that Py € P and Py € P satisfy KL (C (Py) | C (P2)) <

log (1/(48(1 8))). Then,
2
M_(B,P,e) > (”“;9(”) | (21)
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Theorem 6 (Theorem 8 of Ma et al. (2024), adapted to our setting). Let ©g C © be non-empty. Let Py C P
such that for all P € Py, O(P) € Oq. Define D? as

D?:= sup [|6(P)—6(Py)ll3. (22)
P1,PePy
Let A € [0,00) be such that
f inf E 0(z o) | >a 23
) — > A.
Jut it s Brg| [z - 0P| = (23

Then, if D # 0, for every ¢ >0 and B € (O, %), we have M_(B3,P,e) > ¢*D?.

B MISSING PROOFS FROM SECTION 2

B.1 Proof of Theorem 2.1

Theorem 2.1. Lete = {g;}1,, withe; <1 for alli. Let € (0,1). Let P be the family of distributions P such
that for any X ~ P, X € [—1,1] almost surely. There exists an e-locally differentially private estimator 6 and a
universal constant ¢ such that, for all P € P,

Pry, pon [ ’é (X1in) — 0 (P)‘Z < min (c Z(l/? )] >1-3. (7)

i=1%1

Algorithm 1 achieves this bound.

Proof. Consider Algorithm 1, wherein each user ¢ adds Lap(2/e;) to their data, and the server generates an
estimate, 6, by computing a weighted sum of the users’ data, weighted by w; o &2 for each user i.

. 2
We are hoping for a high-probability bound on the error of this algorithm, ’9 — 9’ . By the triangle inequality

iwi X;—0 >l+Prlsz
i=1

We begin by bounding the first term of (24). Observe that E[>." , w;X;] = 6, as >, w; = 1. Therefore,
bounding the difference between >~ ; w; X; and its expectation bounds the first term of (24). As X; € [-1,1]
almost surely, w; X; € [—w;, w;] and we can apply a Hoeffding bound. This results in:

n t2
wiX; — 0] > 2| < 2exp (n) . (25)

and a union bound, we have:

prf[i -0 > 2] ~prf[o- o] > ] <Pr

> ] (24)

To bound the second term of (24), define Z; = w;Z;. Given that Z; is a Laplace random variable with scale 2/¢;,
Z; is Laplace with scale 2w;/e;. A standard argument from Chan et al. (2011) using the moment-generating
functions of Laplace random variables shows that

2
) . 1
]E[exp ()\Zi)] < exp (SAZZ_’;> VA < = (26)

As such, each Z;, and consequently Do Z;, is a subexponential random variable (Definition 3). In particular, we

have that:
€ subE (16 Z —& 4max ) . (27)

W'M:
A
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We can therefore apply Fact 1 to show the concentration of the sum of w;Z;:

- t t2 t
Pr w; Z;| > = <2exp | —min , : (28)
[ ; 2] 128" %12 16 max;ciy Z’—Z
Combining the tail bounds ((25) and (28)) of both terms in (24), we have:

PrHé 9‘>t] <2e p< e >+2e p min r t (29)

- <2exp | —=——=m xp | —mi , :

8% i w} 128 Y1, 4 16 maxie 2

t2 2 t

< 4exp ~3 min 5 e (30)

2
E . " n  w;’ 2max,
i=1W; 16 g i=1 5121 a 1€[n] £

We can combine the first and second arguments of the minimum into one argument such that, for some constant
¢, we have:

t2 t
Sy w? (14 &) 2maxicta &

€%

Pr”é70’ > t] <4exp | —cmin (31)

Further, as ¢; < 1, we know w;/e; < w;(1 + 1/e?). This allows us to bring a (1 + 1/¢?) term into the second

argument, resulting in the expression:
t2 t
Yo w? (1 + é) 2 max;e(n] Wi (1 + é)

Substituting each w; for its realization in Algorithm 1, we have:

Pr”é— 9’ > t] < 4dexp <—c z": (1 + 512>_1 min {tQ,t}> ) (33)

Pr[‘é—@’ > t] <4exp | —cmin (32)

-1
Fore; <1, (1 + E%) ~ 2. Incorporating this approximation into (33) leads to:

Pr[

0 — 9‘ > t] <dexp (—c isf min {tQ,t}> . (34)
i=1

Altogether, this implies that with probability at least 1 — 3,

é_ergmax{(,)((w)?) 0(%{@)} (35)

When O (1"%51/ 5 )) < 1, we achieve the desired bound. If this quantity is greater than 1, outputting § = 0

2
i=15;

suffices to achieve error 1.

O

B.2 Proof of Theorem 2.2

Theorem 2.2. Let e = {g;}1",, withe; <1 for alli. Let § € (0,1). Let P be the family of distributions P such
that for any X ~ P, X € {—1,1} almost surely. There exists an e-locally differentially private estimator 6 and
a uniwersal constant ¢ such that, for all P € P,

gmm<c1§:gi,f_ll/§;,1)]zlﬁ. (8)

~ 2
Pry, pen [ 8(X1) = 0(P)

Algorithm 2 achieves this bound.
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Proof. Consider Algorithm 1, wherein user ¢ runs &;-LDP randomized response on their data, and the server
generates a estimate, 0, by computing a weighted sum of the users’ private data, weighted by w; o €2 for each
user 4.

Under this construction, E [é} =K [Z?zl w;c;Y;] = 0. Further, as X; € {—1,1} for all i, w;¢;Y; € {—w;c;, wic;}.

Therefore, we can apply Hoeffding’s Inequality to find a high-probability bound for ’é — 9’:

prf[0- o] 2 1] <20 (e ). (36)

n 22
2) i wic

Given w; < 1/ c,% and under the assumption ¢; < 1 for all 7, we have:

Combining (36) and (37) yields

Pr”éfﬂl > t] < 2exp (O <t2i5?>> , (38)

implying that with probability at least 1 — 3,

0 — 9’ <0 (15(11/?) . (39)

Note that if O (log 1/’8)) > 1, we can simply output 6 = 0 to achieve error 1.

’LlL

B.3 Proof of Theorem 2.3

Theorem 2.3. Let € = {g;}, with e; <1 for all i. Let 8 € (0,1/2). Let P be the family of distributions P
such that for any X ~ P, X € {—1,1} almost surely. For the e-locally differentially private mean estimation
problem over a single dimension, there exists an absolute constant c such that the minimaz quantile is lower

bounded as
. ( log(l/ﬁ)
min | ¢ =——

where ¢ > 0 is a universal constant.

Proof. Let 6 € [—1,1], to be defined later. For all i € [n], define distributions P; @ and P, constructively by
drawing X ~ P; @ orY ~ PQ(i) such that:

o U wp 5P v 1w 5
-1 wp. =5 -1 w.p. %

5=

Let Ql(i) and Qg(i) be the pair of distributions induced by passing P and P, through an ¢;-differentially
private channel, C¥. Formally, define Q" and @, as

0, = o) (Pl(i)> and Q, = (p2(i)> . (40)

Let Q1 and Qs be the concatenation of the n distributions Q1 ™",..., Q1™ and Q.M,..., Q2™ respec-
tively. Consider the KL divergence of Q1 and Q2. Without loss of generality, assume that KL (Q; || Q2) =
min (KL (Q1 || Q2),KL(Q2 || @1)). As Q1 and Q5 are product distributions, their KL divergence is the sum of
the divergences of their marginals. This leads to the following bound:

KL (Q1 || Q2) = min (KL (Q1 || Q2),KL(Q2 || Q1)) (41)
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< 2 (KL(Q1 [ Q)+ KL(Qs || Q) (42)
;Z ( ( m) KL (Q2 (i))) _ (43)

By Theorem 4, as the distributions induced by &;-privacy channels on samples from P; and P, Ql(i) and Qg(i)
satisfy

KL (Ql“') H Qz“')) +KL (QQ@

’ Ql(”) < min (4,¢0) - (5 — 1)% - By (pl(i)7P2(i)> . (44)

By construction, dtv (Pl(i), Pg(i)) = #. Combined with the fact that e; < 1, we can bound (44) as

L(Q® @) +KL (@0 [ @) <4- 220 -2 (45)
Combining this bound with (43) gives:
L(Q1 [ Q) <86° 2522 (46)
i=1

To satisfy the assumption of Corollary 1, choose 6 as:

log (74 L )
. B(1-8)
02 =m — 71
B ) SR

Then, KL (Q; || Q2) < log (46(1 ﬁ)) and we can apply Corollary 1, resulting in a bound for all 5 € (0,1/2) of

M(B,P,e) 2 3 10(Q) ~ 0(Qa) = 5 10+ 0 = ¢ (15)

DN | =

Finally, by Theorem 5, we can lower bound the minimax quantile M (8, P, €) by the lower minimax quantile
M_(B,P,e). Ultimately, we have the following lower bound on M (8, P, €) for 3 € (0,1/2):

1
log (4/3(1—ﬂ))

M(B,P.€) 2 M-(.P.€) > 6 = min | x5

(49)

C MISSING PROOFS FROM SECTION 3

C.1 Proof of Theorem 3.1

Theorem 3.1. Let € = {¢g;}], with e; < 1 for all i. Let § € (0,1). Let Ps, be the family of distributions P
such that for any X ~ P, X € B (r) almost surely. There exists an e-locally differentially private estimator 0
and a universal constant c such that, for all P € Py,

Pry, _pon [Ha (X1n) — 0 (P)Hz <2 min (cw, 1>] >1-8. (10)

Algorithm 3 achieves this bound.

Proof. Consider Algorithm 3, wherein each user i generates an &;-LDP estimate Y; of their data point X;
according to Algorithm 4, and the server outputs a weighted average 6§ = >, w;Y;. Note that Algorithm 4
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produces an unbiased estimate of X; and recall that E[ X;] = . Applying Cauchy-Schwarz and a union bound,
we can bound the tail of this algorithm as:

S e
2

n n
E w;Y; — E w; X
i=1 i=1

It follows from the law of total probability that:

n n
g w;Y; — § w; X;
i=1 i=1

We will establish tail bounds on each of these terms separately.

t
Sfa
2
2

Zn: wiX,- -0
i=1

t
2 < 2]. (50)

wel -], = ] = |

t ]
<51 X X ~Prl
2 -

i wiXi -0
=1

t
< 2]. (51)
2

First term of (51). First, consider the first term. We begin by showing that, for all i, Y; — X; conditioned
on X; is a subgaussian random vector with variance proxy independent of d. Equivalently, we show that for any
e S (1Y, — X;) is subgaussian.

Fix i € [n]. Without loss of generality, let X; = e;. Let S; = {Y € S 1(B;) st. (Y, X;) > 0}, and let
Sy = St = {y € 8% 1(B;) s.t. (V,X;) < 0}. Let @ be the uniform distribution over S, and let Q, be the
uniform distribution over Sy. Denote by @ the distribution of Y;. Then, @ is a mixture of @)1 and Q.

Let p be the probability that ¥; ~ @1, and let 1 — p be the probability that Y; ~ Q2. The event Y; ~ @1 can
occur in two ways: first, in Line 1 of Algorithm 3, we choose X; oc —X; and then, in Line 8, we have T" = 0; or,
in Line 1 of Algorithm 3, we choose X; o« X; and then, in Line 8, we have T'= 1. Given the probabilities of each

of these events, we can find p to be:
1 I Xilly (e =1
=itz () 52
P=ot et (52)

Define a mirroring function MIRROR : So — S as:

MIRROR ((z1,...,%Z4-1,%q)) = (T1,...,Td—1, —Td)- (53)

Now, for an arbitrary £ € S41, let f : S~ (B;) — R be such that f(Y) = (£,Y). By construction, f is a
1-Lipschitz function over the sphere of radius B;. Similarly, define g : S¥~! (B;) — R as follows:

) Yes
9 V)= {f (MIRROR (Y)) Y €Sy~ (54)

Because f is 1-Lipschitz, g is also 1-Lipschitz. If two points lie on the same hemisphere, their distance under g
is the same as under f, whereas if they lie on different hemispheres, the mirroring operation brings them closer
together, so their distance under g is less than that under f.

We will now prove that the distribution of f — Eg[ f] has subgaussian tail bounds. If ) was uniform over the
entire sphere, we could apply Levy’s Lemma immediately to establish this result. However, @ is a mixture of two
uniform distributions over the sphere. To prove subgaussianity, we will show that the distribution of f —Eg, [ f]
over ()7 is subgaussian, re-express @ as a mixture of the uniform distribution and @1, and prove that, because
of the subgaussianity of its parts, f — Eg[ f] over @ is subgaussian.

Subgaussianity over Q. Let Unif denote the uniform distribution over S?~! (B;). We begin by relating the
distribution of f —Eq,[f] over Sy with the distribution of g — Eyni¢[g] over Unif. First, because Unif can be
expressed as an equal mixture of 1 and )2, we have:

Pry unie[|9(Y) — Ey~unie[9(Y)]]] (55)
= %PTY~Q1[\9(Y) —Ey~unie[g(YV)]]] + %PFY~Q2[|9(Y) — Ey~unie[g(Y)][]- (56)

For Y ~ @1, we know ¢g(Y) = f(Y). Additionally, we can find the expectation of g over Unif to be:

By ~umiel9(V)] = SEv~a,l9V)] + SEv~ul(V)] (57)
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— %]EYNQl[f(Y)] + %EYNQQ[f(MIRROR(Y))] (58)

= SEvaulf0)] + 3By, (V)] (59)

= EY~Q1[f(Y)]' (60)

Combining these facts with (56), we have:

Pry cunit[|9(Y) — Ey ~unit[9(Y)]]] (61)

= 5Prv-0 (1Y) ~ By oo AN+ 5Pry-0ullglY) - By~umelgV)]] (62)

= 5PEr -0, F(V) = Byao, LFN] + 5Pry -, [17(Y) = By~ume O] (63)

= Pry g, [|£(Y) — Evq, [F(V)]]]. (64)

Because g is 1-Lipschitz over S¥~! (B;), we can apply Levy’s Lemma (Theorem 3.1), resulting in:

20dt?
B2 )

Pry o [|F(Y) — Eyo [ f(V)]]] < 4exp (— (65)

Therefore, f(Y) —Eyq,[f(Y)] is O (%?}subgaussian over Q1. Similarly, by Levy’s Lemma (Theorem 3.1),

(66)

2
Pry. unit[|f(Y) — Eywunie[ f(Y)]]] < 2exp (_ 2Cdt ) 7

B?
implying that f(Y) — Ey~unit[ f(Y)] is also O (%?)—subgaussian over Unif.

Subgaussianity over Q. Recall that @ is a mixture of ()7 and Qs:
Q=p Q1+ (1-p) Q2. (67)

However, because Unif is also an equal mixture of Q1 and @2, we could alternatively express @) as a mixture of
@1 and Unif as follows:
Q=02p—1)-Q1+2(1 —p)- Unif. (68)

We continue to prove that f — Eg[ f] is subgaussian by proving that it satisfies the second property described
in Definition 4.

Manipulating the expression given by the second property of Definition 4 for Unif and @), respectively, we have,
for some constants ¢; and ca:

2,2
Ey ~unit[exp (t- f(Y))] < exp (O (let>) exp (t - Ey cunie[ f(Y)]) (69)

2,2
Br-aulew (- F0)] < exp (0 (P25 ) ) exp e Bra ). (70)

Applying these bounds and the law of total expectation yields, for any ¢ € R,
Ey~qlexp (t (f(Y) = Ev~olf(Y)])] (71)
2,2
< exp (-t Brol£01)]) (201 1) exp (0 (%) ) exp (¢ By oomel £1)) (72)
2,2

+en=1) e (0(75)) et Braa /D). (73)

As f represents an inner product between B;Y and ¢ and the expected value of Y drawn uniformly from the
sphere is the zero vector, we have Ey unit[ f(Y)] = 0. Additionally, conditioned on X;, the expected value of
Y drawn from @ is X; (Duchi et al., 2013). Therefore,

f(Xi) = Eynolf (V)] = 2p = DEy~q, [f(V)], (74)
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implying Ey.o,[f(Y)] = (¢, X;/(2p — 1)). Recall that p was the probability that ¥; was drawn from the
hemisphere on which (V;, X;) > 0, described in (52). Substituting for p gives us a bound on (73) of:

Ey~qlexp (t (f(Y) = Ev~o[f(Y)])] (75)
< exp (=t (£, X3)) exp (o (Bitz ) - (1 + exp <tr (Z - 1) “XX;)) . (76)

Taking absolute values, along with the facts that zzti = 0O(1/e;) and [(¢, X;) / || Xillo] < 1 leaves us with:
Byt? It |
Ev~olexp (t (f(Y) = Ev~ol /()] s exp [ O = - exp([t[r) + exp

242
crafo (%) (= ()
d E;
Given B? < r%d/e;, this is:

Ev~olesp (1 (1Y) ~ By-al /)] < 260 (0 () ) - (o (117 (77)

i €

<o (20 (2. -

Therefore, by Definition 4, f(Y;) — Ey,~q[f(Yi)] = (¢,Y; — X;) is O (r?/e?)-subgaussian for all i, .

Error bound from subgaussianity.
The properties of subgaussianity and the fact that Y, w; = 1 then imply that (¢,> ", w; (Y; — X;)) is itself

2

2
subgaussian, with variance proxy at most O ( 2 Zg ) Therefore, > ; w; (Y; — X;) is an O (r2 S = )_
subgaussian random vector. As such, we can apply Fact 2 to find tail bounds on its norm, therefore 1mply1ng
that, conditioned on Xj, ..., X,,, with probability at least 1 — /2,

<0 r2;%<d+log(;>) : (79)

Finally, as each w; is chosen proportionally to £, with probability at least 1 — 3/2, conditioned on X, ..., X,,
- 2 (d 4 log (2

S wi (Vi - Xy) SOWT ( +n°g<2/ﬁ”>- (50)

i=1 9 D16

Second term of (50). To bound the second term of (50), we apply a Hoeffding-like bound for norm-subgaussian
random variables (Jin et al., 2019). First, note that, as ), w; = 1, we can express this term as the norm of a
sum of centered random vectors Z; := w; X; — E[w; X;]:

n
=1

Each of these random variables has a bounded norm. Specifically, ||Z;||, < 2w;r. This implies that Z; is
4w?r?-norm-subgaussian by Fact 3 . Therefore, by Fact 4, with probability at least 1 — 3/2,

n

> wi (Y = X;)

i=1

2

n

>

i=1

i=1

(81)

2 2 2

n

=0 | |r*log(2d4/8)> w? | . (82)

2 i=1

Plugging in w; = €7/ ZJ 7, we have, with probability at least 1 — /2,

S, <O< r2;%(2iéﬁ)> <O<\/r2(d£iog5(22/ﬁ))>. (53)
i—1 9 i=1%i i=1%i




High-Probability Bounds For Heterogeneous Local Differential Privacy

Both terms. Setting £ in (51) to be O (,/W), we have by (80) and (83),
i=1%1

2
Prl 2s;X1, l Prl 2§§]2<1—§> >1-p. (84

Combined with (51), this implies that with probability at least 1 — j,

Hé_ 9H2 <0 (\/7“2 (dgzili)i(;/m)> . (85)

An upper bound of 72 can be achieved by outputting the zero vector.

n n

Z w;Y; — Z w; X

i=1 =1

X;—0

C.2 Proof of Theorem 3.2

Theorem 3.2. Lete = {&;}';, withe; <1 for alli. Let 8 € (0,3/20). Let r > 0. For alli € [n], lete; € (0,1).
For the mean estimation problem over the {5 ball with radius r, there exists an absolute constant ¢ such that the
minimaz quantile is lower bounded as

M (B, P2, €) > c r’min <log(1/ﬂ) +d log(1/B) . 1 1) |

21;1 512 7 Z?:l 51‘2 \/m7

Proof. By Theorem 2.3, we have

M (B, P2, €) > r*min <log (;) 71) ) (86)

To establish the remaining terms, we begin by proving a lower bound on the minimax expected error of the
multi-dimensional mean estimation problem. Specifically, for all k € [d], we will construct P*) C P, ,. such that:

>®<7‘ mln(k szl )) (87)

To do so, let 1 € (0,1], to be specified later in the proof. Let k € [d]. Construct P*) C Py, as follows. Let

Vi, = {—1,1}*. For all v € V}, and for all i € [n], define a distribution P e p) constructively by first drawing
j ~ Unif ([k]), then drawing X such that
¥ {rej W.p.ilgwj

R 2
inf inf sup Ep, [HH Zi.m) — 0 (P,
o2d, g o Eree (Zin) —0(P)

2

17’([)1/3'
-Tr€; W.p.—5~

where e; is the j*® basis vector in R?. For all v € Vj, let Q(yi) be the distribution induced by passing P through
an ¢;-differentially private channel, C¥. Formally, ,(f) =C® (Plgi)). Let @, be the concatenation of the n

distributions Qy(l), ce Qy("). For all v,v" € Vi, we write v ~ v/ if v and v/ differ in exactly one coordinate. If
v and v/ differ only in coordinate j, we write v ~; v/

Then, under Assouad’s Lemma (Lemma 1), we have

k
R 2
inf inf sup E E (9 (Z —0(P, )
QEQe 4cb p, efm o = 1)y ~ (B,

w\?v

min (9 (Q.), — 0 (Qy/)j)2 min (1= d1v (Qu, Qur)) (88)

j€ k], v~jv’
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Consider the total variation distance between @, and @, for v ~ v/. By Pinsker’s Inequality, we can bound the
square of this total variation distance by the KL-divergence of @}, and @, as follows:

By (Qur Qo) < 5 min (KL (@, || @), KL (Qur || Q1) (59)
< 1 (KL(@Qu Q) +KL(Qu | Q1)) (90)

‘ Q(j})) +KL(

S (e ). o
=1

where the equality is due to @, and Q- being product distributions. By Theorem 4, as the distributions induced
by e;-privacy channels on samples from P.” and Pu(f), ) and Q(J,) satisfy:
Q)+ ke (@

L(QY
(@

By the construction of P,
¥ /k. Combined with the fact that £; < 1, we can bound (92) as

. 4. (2¢;)% o2
) < L0 -

’ pr) < min (4, e%i) (e —1)% - diy (Pzgi)v Pu(’i)) : (92)

and PIEf) and given that v and v/ differ in exactly one coordinate, dv (Plgi)7 P@) =

v

KL (QU)

0) +x1. (a0

Combining this bound with (91) gives:

2 n
By (@0, Q) <455 322 (94)

i=1

Choose ¥? = min (k?/ (16 >/, £7) ,1). Then, drv (Qu,Q./) < 1/2. As a result, we can lower bound (88) as

k
inf inf sup Ep, ¢ Z( (Zin)j — (Pl,)j)2 % min (9(Qu)j_9(QV’)j)27 (95)

QEQe cd P, P k) =1 €lk],v~j v’

2
Consider now, for all j € [k], min,.,, (9 (Qu). -0 (Qy/)j) . For all v, by the construction of Q,, G(Qy)j =

E[Q.], = 1/] Given @, and @, such that v ~; v/, we have:
2 ¢2,,,2 9 41/}2,,,2
(0(Q),=0(Qu);) = (e300 = 013) = T lejov —v')* = =5 (96)
Substituting this equality into (95) leads to:
2 ’(/J2T2
f f E (Z1:n) —9 > . 97
B, nf sup Bl 37 (0(Zi), —0(R),) | 25 o)

j=1

Ultimately, as the sum inside the expectation of (97) is upper bounded by the ¢2-norm of 6 — 6(P,), we have a
lower bound on the minimax risk for the class P*), given by:

2

ko 2 2,.2
]2 inf inf sup Ep, g Z(H(len)j—H(Py)j) 21/)1;'_

inf inf sup E Hé Zin) — 0 (P,
p, B [0 -0 ] = gug e s 2o 3

QEQe §ebd p,eph)

2
(98)

To translate this local minimax risk bound into a bound on the related minimax quantile, we will apply Theorem 6.
Let D*> =supp, p ,epw |0 (P) — 6 (P,))||°. We can calculate D? as:

1/)2,,,2 9 41/}27”2
D= swp  [0(P)-0(R)3= 0 sup v =2
P,,P,,ePk) v,V €V

(99)
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Therefore, by Theorem 6 with ¢ = 1/4, we have, for all 8 € (O7 %),

¢2T2
4k -

M_(B, P2y, €) > (100)

By Theorem 5, we can lower bound the minimax quantile M (8,Ps,,e) by the lower minimax quantile
M_(B, P2y, €), yielding:

1/}27,2
M (ﬂaPQ,mE) Z M*(Bv,PQ,rvE) Z 4]€ . (101)
Substituting for 1? = min (1, 162’?%), we have
i=1"%1
r? 1 k
>—min|—, ——7——5 | - 102
M(B,PQ,T,EJ)_ 4mln<k"162?:1812> ( 0 )

Given that (102) holds for all k € [d], we can lower bound M (5, P2, €) by a maximization over all k as follows:

M (B, Pa,€) > r max min (1 L ) r min | 1 d ! (103)
9 ,Ty = X PR n = - 9 n ) i .
? keld] kP16, €7 4 16> €74 doie1 €l

Finally, combining Theorem 2.3 and (103), we find, for some constant cg > 0,

log (1/8) +d log(l/ﬁ)_i_ 1
POHEE- D DA Y]

M (ﬂ7p2,'ra E) Z Co - ,r2 min <1a (104)

D MISSING PROOFS FROM SECTION 4

D.1 Proof of Theorem 4.1

Theorem 4.1. Let e = {&;},, withe; < 1 for alli. Let 8 € (0,1). Let P be the family of distributions P

over [d]. There exists an e-locally differentially private estimator P and a universal constant ¢ such that, for all

PeP,
P (210) — PHOO < min <c %7 1)] >1- 8. (11)

Pr ® l
T1.n~ PO
g . E”

i=1%1%

Algorithm 5 achieves this bound.

The proof of Theorem 4.1 relies on the following claim.

Lemma D.1. Let € = {&;}7,, with &; < 1 for alli. Let B € (0,1). Fiz ® € {—1y/m, 1/m}™*<. Let v € [d].
Let Z be the result of Line 10 of Algorithm 5. Then, for v € [d], Z satisfies:

n —1
Pr | |(z — E[Z], ®e,)| < | 2log <;) : (Z ;) >1-5, (105)

i=1
where the probability is taken over the randomness in sampling j and z; for each user.

Proof of Claim D.1. Rewriting Z as ), w;z;, we have:

|<Z - ]E[Z], <I’ev>| = |<Z W;z; — E lz wizi] s ‘I>e,u>|

(o) (e[ o)
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\ |

= zn:w (z;, Pe,) — E liw (zi, Pey)
i=1 =1

We have that, for each i,

M&

(z;, Pe,) = zij P,

j=1
Each z; is non-zero for one index j* € [d]. This implies that (z;, ®e,) = z;;®,,. By construction, z; €

{—¢iVd,0,c;v/d}™ for all i and ® € {—1/\/m, 1/\/m}™> % As a result, we know that (z;, ®e,) € {—c;,¢;} and
w; (z;, Pe,) € {—w;c;, w;c;}. We can thus apply a standard Hoeffding bound and observe that, for all ¢ > 0,

t2
Z’Ujl Zl,@ev lzwl Z“@ev ] ] S 2€Xp (—W) . (106)

As each w; is chosen proportionally to 1/c7, (106) is
zn:wi (z;, Pe,) — E Xn:wi (z;, Pe,) || >t]| <2exp —iii ) (107)
i=1 i=1 b 2 c

-1
Setting t? = 2log (%) . (Z?zl C%) in (106) completes the proof. O

Given Claim D.1, we can now prove Theorem 4.1.

Proof of Theorem j.1. For all values v € [d], let P(v) be the true probability of observing v under P and let
P( ) be Algorithm 5’s estimate of that probability given the observed values z1,...,z,. By definition,

P(v) — P(v)|.

(108)

o) ==
R N

Our algorithm constructs P(v) as P(v) = (z, ®e,). As 3., w; = 1, we can rewrite P(v) as E,,  [(3, wiex,, e,)].
This leads us to:

vmea[ﬁ P(v) — P(v) :ggﬁ (z, ®e,) — mlnl<2wle$1,ev>]
= i%?ﬁ (z — E[z] + E[Z], Pe,) — E,,., l<2wlez7,ev>l |
= max |(z — E[Z], ®e,) + (E[Z], ®e,) — E,,. [<Zwewev>]‘

veE(d]

We can separate these terms by applying Cauchy-Schwarz:

P(v) — P(v)| < z — E[z], e,
max (v) (v)_g"é?;]ﬁ(z (Z], e>\+g§[g§

(E[Z], Pe,) — Eqy,y ., l<2w ev,ev>l ‘ : (109)

Applying Claim D.1 and a union bound, with probability at least 1 — 3/2, the first term of Equation (109)
satisfies, for all v € [d]

max|<z—]E[z] de,)| < | 2log <4ﬂd> : (Z Cl?) : (110)

veld] i=1

To bound the second term, we can express E[Z] as E,,. [E[Z | #1.,]], where x1., € [d]" is the vector of values
observed by the algorithm. Conditioned on knowing x1.,, the expected value of Z is:

E[Z | z1.n] = Elz w;2; | $1;n] = @Zwiexi.
i=1 i=1
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Therefore, the second term of Equation (109) is:

<E[Z]’ (I,ev> - Ewhn l<z wiezizev>] ‘

<Er1:n [¢ i wiexi] ) (ﬁe’u> - IE:El:n l<i Wi€yg, , ev>] |
i=1 i=1
IECUl:n l<@ i wiewm ¢ev> - <i wieIi7eU>] ‘ .
=1 i=1

By the Johnson-Lindenstrauss lemma (Lemma 4.1), with probability at least 1 — 3/2,

<(I) Zn: wW;€ys,, ‘I’ev> — <§n: wiezivev>]
i=1 i=1

Recall that we choose

max
ve(d]

= max
veEld]

= max
ve[d]

2

E + lleu)”

max

< ‘Ez,., | O
ve(d] = max |y Lin

veE[d]

LT1:n

n
E Wi€y,
i=1

= O(y). (111)

n -1
o) E2)
i=1 ¢

Combining Equation (110) and Equation (111), along with this choice of v and the fact that C% =0 (512) for
all 7, the following bound on the error of our mechanism for histogram estimation holds with probability at least

1-p5:

max |P(v) — P(v)‘ <0 ( log(d/ﬁ)) . (112)

n_2
veld] Dlim1 €

The upper bound of 1 on the error described in the theorem statement follows by outputting p(v) =0 for all v
but one v’, for which we output P(v’) = 1. O



