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Abstract

Decentralized Actor-Critic (AC) algorithms have been widely utilized for multi-
agent reinforcement learning (MARL) and have achieved remarkable success.
Apart from its empirical success, the theoretical convergence property of decen-
tralized AC algorithms is largely unexplored. The existing finite-time convergence
results are derived based on either double-loop update or two-timescale step sizes
rule, which is not often adopted in real implementation. In this work, we introduce
a fully decentralized AC algorithm, where actor, critic, and global reward estimator
are updated in an alternating manner with step sizes being of the same order, namely,
we adopt the single-timescale update. Theoretically, using linear approximation for
value and reward estimation, we show that our algorithm has sample complexity of

O(e~?2) under Markovian sampling, which matches the optimal complexity with

double-loop implementation (here, O hides a log term). The sample complexity
can be improved to O(e~2) under the i.i.d. sampling scheme. The central to
establishing our complexity results is the hidden smoothness of the optimal critic
variable we revealed. We also provide a local action privacy-preserving version
of our algorithm and its analysis. Finally, we conduct experiments to show the
superiority of our algorithm over the existing decentralized AC algorithms.

1 Introduction

Multi-agent reinforcement learning (MARL) [16, 30] has been very successful in various models of
multi-agent systems, such as robotics [14], autonomous driving [37], Go [25], etc. MARL has been
extensively explored in the past decades; see, e.g., [18, 20, 41, 26, 8, 22]. These works either focus
on the setting where an central controller is available, or assuming a common reward function for all
agents. Among the many cooperative MARL settings, the work [42] proposes the fully decentralized
MARL with networked agents. In this setting, each agent maintains a private heterogeneous reward
function, and agents can only access local/neighboring information through communicating with its
neighboring agents on the network. Then, the objective of all agents is to jointly maximize the average
long-term reward through interacting with environment modeled by multi-agent Markov decision
process (MDP). They proposed the decentralized Actor-Critic (AC) algorithm to solve this MARL
problem, and showed its impressive performance. However, the theoretical convergence properties
of such class of decentralized AC algorithms are largely unexplored; see [41] for a comprehensive
survey. In this work, our goal is to establish the strong finite-time convergence results under this fully
decentralized MARL setting. We first review some recent progresses on this line of research below.

Related works and motivations. The first fully decentralized AC algorithm with provable con-
vergence guarantee was proposed by [42], and they achieved asymptotic convergence results under
two-time scale step sizes, which requires actor’s step sizes to diminish in a faster scale than the critic’s
step sizes. The sample complexities of decentralized AC were established recently. In particular, [6]
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and [11] independently propose two communication efficient decentralized AC algorithms with opti-
mal sample complexity of O(¢~2 log(¢~!)) under Markovian sampling scheme. Their analysis are
based on double-loop implementation, where each policy optimization step follows a nearly accurate
critic optimization step (a.k.a. policy evaluation), i.e., solving the critic optimization subproblem to
e-accuracy. Such a double-loop scheme requires careful tuning of two additional hyper-parameters,
which are the batch size and inner loop size. In particular, the batch size and inner loop size need to be
of order O(¢~1) and O(log(¢ 1)) in order to achieve their sample complexity results, respectively.
In practice, single-loop algorithmic framework is often utilized, where one updates the actor and
critic in an alternating manner by performing only one algorithmic iteration for both of the two
subproblems; see, e.g., [23, 18, 15, 39]. The work [38] proposes a new decentralized AC algorithm
based on such a single-loop alternative update. Nevertheless, they have to adopt two-timescale step
sizes rule to ensure convergence, which requires actor’s step sizes to diminish in a faster scale than
the critic’s step sizes. Due to the separation of the step sizes, the critic optimization sub-problem
is solved exactly when the number of iterations tends to co. Such a restriction on the step size will
slow down the convergence speed of the algorithm. As a consequence, they only obtain sub-optimal
sample complexity of 0(5_%). In practice, most algorithms are implemented with single-timescale
step size rule, where the step sizes for actor and critic updates are of the same order. Though there
are some theoretical achievements for single-timescale update in other areas such as TDC [31] and
bi-level optimization [4], similar theoretical understanding under AC setting is largely unexplored.

Indeed, even when reducing to single-agent setting, the convergence property of single-timescale
AC algorithm is not well established. The works [9, 10] establish the finite-time convergence result
under a special single-timescale implementation, where they attain the sample complexity of O(s~2).
However, their analysis is based on an algorithm where the critic optimization step is formulated as a
least-square temporal difference (LSTD) at each iteration, where they need to sample the transition
tuples for O(¢~!) times to form the data matrix in the LSTD problem. Then, they solve the LSTD
problem in a closed-form fashion, which requires to invert a matrix of large size. Later, [4] obtains the
same sample complexity using TD(0) update for critic variables under i.i.d. sampling. Nonetheless,
their analysis highly relies on the assumption that the Jacobian of the stationary distribution is
Lipschitz continuous, which is not justified in their work.

The above observations motivate us to ask the following question:

Can we establish finite-time convergence result for decentralized AC algorithm with single-timescale
step sizes rule?!

Main contributions. By answering this question positively, we have the following contributions:

e We design a fully decentralized AC algorithm, which employs a single-timescale step sizes
rule and adopts Markovian sampling scheme. The proposed algorithm allows communication
between agents for every K. iterations with K, being any integer lies in [1, O(e~2 )], rather
than communicating at each iteration as adopted by previous single-loop decentralized AC
algorithms [38, 42].

e Using linear approximation for value and reward estimation, we establish the finite-time
convergence result for such an algorithm under the standard assumptions. In particular, we
show that the algorithm has the sample complexity of O(~2), which matches the optimal
complexity up to a logarithmic term. In addition, we show that the logarithmic term can be
removed under the i.i.d. sampling scheme. Note that these convergence results are valid for
all the above mentioned choices for K.

e To preserve the privacy of local actions, we propose a variant of our algorithm which utilizes
noisy local rewards for estimating global rewards. We show that such an algorithm will
maintain the optimal sample complexity at the expense of communicating at each iteration.

The underlying principle for obtaining the above convergence results is that we reveal the hidden
smoothness of the optimal critic variable, so that we can derive an approximate descent on the
averaged critic’s optimal gap at each iteration. Consequently, we can resort to the classic convergence
analysis for alternating optimization algorithms to establish the approximate ascent property of the
overall optimization process, which leads to the final sample complexity results.

' As convention [9], when we use "single-timescale", it means we utilize a single-loop algorithmic framework
with single-timescale step sizes rule.
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Another technical highlight is the Lyapunov function we construct for measuring the progress of our
algorithm. Such a construction is motivated by [4], which analyzes bi-level optimization algorithm.
However, our Lyapunov function is different from theirs as it involves the additional optimal gap of
averaged critic and reward estimator, which is necessary for dealing with the decentralized setting.

We finish this section by remarking that our convergence results are even new for single agent AC
algorithms under the setting of single-timescale step sizes rule.

2 Preliminary

In this section, we introduce the problem formulation and the policy gradient theorem, which serves
as the preliminary for the analyzed decentralzed AC algorithm.

Suppose there are multiple agents aiming to independently optimize a common global objective, and
each agent can communicate with its neighbors through a network. To model the topology, we define
the graph as G = (N, &), where N is the set of nodes with |[N'| = N and & is the set of edges with
|€| = E. In the graph, each node represents an agent, and each edge represents a communication
link. The interaction between agents follows the networked multi-agent MDP.

2.1 Markov decision process

A networked multi-agent MDP is defined by a tuple (G, S, {A"}ienr, P, {7 }icn),7)- G denotes the

communication topology (the graph), S is the finite state space observed by all agents, A’ represents
the finite action space of agent i. Let A := A x --- x AN denote the joint action space and

(s'|s,a) : § x A x S — [0, 1] denote the transition probability from any state s € S to any state
s’ € S for any joint action a € A. r® : S x A — R is the local reward function that determines the
reward received by agent ¢ given transition (s, a); v € [0, 1] is the discount factor.

For simplicity, we will use a := [al,- -+ ,a’V] to denote the joint action, and 6 := [91,--- ,0N] €

RN to denote joint parameters of all actors, with §* € R% . Note that different actors may have
different number of parameters, which is assumed to be the same for our paper without loss of
generality. The MDP goes as follows: For a given state s, each agent make its decision a’ based
on its policy a’ ~ g (+|s). The state transits to the next state s’ based on the joint action of all the
agents: s’ ~ P(-|s, a). Then, each agent will receive its own reward (s, a). For the notation brevity,
we assume that the reward function mapping is deterministic and does not depend on the next state
without loss of generality. The stationary distribution induced by the policy 7y and the transition
kernel is denoted by fir, ($).

Our objective is to find a set of policies that maximize the accumulated discounted mean reward
received by agents

0* = arg max J (6
0

Z sk,ak ‘| . (1)

k=0

Here, k represents the time step. 7(sy, ax) := & Zivzl r*(sk, ax) is the mean reward among agents
at time step k. The randomness of the expectation comes from the initial state distribution 10(s), the
transition kernel P, and the stochastic policy mgi (-|s).

2.2 Policy gradient Theorem

Under the discounted reward setting, the global state-value function, action-value function, and
advantage function for policy set 6, state s, and action a, are defined as

Vi (s) :=E ZV’CF(SM%HSO = 8] ()
k=0
Qrp(s,a) :=E Z’ykf(sk7ak)|so =S5,a0 = a]
k=0

Ar, (s,a) == Q‘ﬂ'e(saa) — Vo (s).
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To maximize the objective function defined in (1), the policy gradient [28] can be computed as follow

1
VQJ(Q) = ESNdwe , AT |:1_,YATr9 (57 a’),(/JTFG (Sa (l):| ’

where dr, (s) 1= (1 — 7)Y pe, V" P(sx = s) is the discounted state visitation distribution under
policy mp, and ¢, (s, a) := V log my(s, a) is the score function.

Following the derivation of [42], the policy gradient for each agent under discounted reward setting
can be expressed as

1 ,
Vi J(0) = Es~d,r9,a~ﬂ'9 [MAWG (s, a)wﬂ'gi (s, al):| : €)

3 Decentralized single-timescale actor-critic

Algorithm 1: Decentralized single-timescale AC (reward estimator version)

1: Inmitialize: Actor parameter 6y, critic parameter wo, reward estimator parameter Ao, initial state so.
2: fork=0,--- , K —1do

3:  Option 1: i.i.d. sampling:

4: s~ po, (4), ak ~ mo, (-[sk), Sk+1 ~ P(-|sk, ar).
5:  Option 2: Markovian sampling:

6: ak Nﬂgk(-|5k),8k+1 ~73(-|sk,ak).

7:

8:  Periodical consensus: Compute &t and 5\}; by (4) and (7).
9:

10:  for: =0, .-, N in parallel do _

11: Reward estimator update: Update A}, ; by (8).
12: Critic update: Update w;, 11 by (3).

13: Actor update: Update 9,i+1 by (6).

14:  end for

15: end for

We introduce the decentralized single-timescale AC algorithm; see Algorithm 1. In the remaining
parts of this section, we will explain the updates in the algorithm in details.

In fully-decentralized MARL, each agent can only observe its local reward and action, while trying
to maximize the global reward (mean reward) defined in (1). The decentralized AC algorithm solves
the problem by performing online updates in an alternative fashion. Specifically, we have N pairs of
actor and critic. In order to maximize J(6), each critic tries to estimate the global state-value function
Vi, () defined in (2), and each actor then updates its policy parameter based on approximated policy
gradient. We now provide more details about the algorithm.

Critics’ update. We will use w’ € R% to denote the iy, critic’s parameter and @ := 4 vazl w' to
represent the averaged parameter of critic. The ¢4, critic approximates the global value function as
Vﬂe (8) ~ Vi (S)

As we will see, the critic’s approximation error can be categorized into two parts, namely, the

N . _ . e
consensus error % > ieq lw" — @], which measures how close the critics” parameters are; and the
approximation error || — w*(0)]|, which measures the approximation quality of averaged critic.
In order for critics to reach consensus, we perform the following update for all critics
N i .
— Y Whiw] if t mod K, =0
w k= ‘)= . .
wy, otherwise.

“)

where W € R™*" is a weight matrix for communication among agents, whose property will be
specified in Assumption 5; K. denotes the consensus frequency.

To reduce the approximation error, we will perform the local TD(0) update [29] as

Whi1 = H((Dllc + Brge(Er wi)), (5)

R,
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where ¢ := (s, a, s) represents a transition tuple, g%(¢, w) := 6°(€,w)VV,,(s) is the update direction,
6i(&,w) :=1(s,a) + V. (s') — V,,(s) is the local temporal difference error (TD-error). Sy, is the
step size for critic at iteration k. [ | g, Projects the parameter into a ball of radius of R, containing
the optimal solution, which will be explained when discussing Assumption 1 and 2.

Actors’ update. We will use stochastic gradient ascent to update the policy’s parameter, and the
stochastic gradient is calculated based on policy gradient theorem in (3). The advantage function
Ar,(s,a) can be estimated by

0(8,0) =7(s,a) + 4V (s") = V(s),

with a sampled from 7y (:|s). However, to preserve the privacy of each agents, the local reward
cannot be shared to other agents under the fully decentralized setting. Thus, the averaged reward
7(sk, ax) is not directly attainable. Consequently, we need a strategy to approximate the averaged
reward. In this paper, we will adopt the strategy proposed in [42]. In particular, each agent ¢ will have
a local reward estimator with parameter \' € R?*, which estimates the global averaged reward as
7(sk, ak) = Fri(sk, ak).
Thus, the update of the 7, actor is given by

92+1 = ellc + akg(gkv w;c+1a /\Z+1)w7r% (Skv a;ﬂ)’ (6)
where 0(€,w, \) := 7 (s, a) + 7V, (s') — V,,(s) is the approximated advantage function. «y, is the
step size for actor’s update at iteration k.

Reward estimators’ update. Similar to critic, each reward estimator’s approximation error can be
decomposed into consensus error and the approximation error.

For each local reward estimator, we perform the consensus step to minimize the consensus error as

o S WA ifk mod K, =0 o
RO AL otherwise.
To reduce the approximation error, we perform a local update of stochastic gradient descent.
N = [TO% +megi (& M), ®

Ry

where g% (£,)\) = (r'(s,a) — #a(s,a))V7Fr(s,a) is the update direction. 7y is the step size for
reward estimator at iteration k. Note the calculation of g¢ (&, \) does not require the knowledge of s';
we use ¢ in (8) just for notation brevity. Similar to critic’s update, [ | R, Projects the parameter into a
ball of radius of R containing the optimal solution.

In our Algorithm 1, we will use the same order for «y, Sk, and 7, and hence, our algorithm is in
single-timescale.

Linear approximation for analysis. In our analysis, we will use linear approximation for both critic
and reward estimator variables, i.e. V,,(s) := ¢(s)Tw;7r(s,a) := ©(s,a)T ), where ¢(s) : S —
R% and ¢(s,a) : S x A — R are two feature mappings, whose property will be specified in the
discussion of Assumption 1.

Algorithm for preserving the local action. Note that in Algorithm 1, the reward estimators need
the knowledge of joint actions in order to estimate the global rewards. To preserve the privacy of
local actions, we further propose a variant of Algorithm 1, which estimates the global rewards by
communicating noisy local rewards; see [6] for the original idea. However, to maintain the optimal
sample complexity, such an approach requires O(log(¢~!)) communication rounds for each iteration.
We postpone the detailed design and analysis of such an algorithm scheme into Appendix B.

Remarks on sampling scheme. The unbiased update for critic and actor variables requires sampling
from fir, and d,,, respectively. However, in practical implementations, states are usually collected
from an online trajectory (Markovian sampling), whose distribution is generally different for p,
and d,. Such a distribution mismatch will inevitably cause biases during the update of critic and
actor variables. One has to bound the corresponding error terms when analyzing the algorithm. In
this work, we will provide the analysis for both sampling schemes.
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4 Main Results

In this section, we first introduce the technical assumptions used for our analysis, which are standard
in the literature. Then, we present the convergence results for both actor and critic variables under
i.i.d. sampling and Markovian sampling.

4.1 Assumptions

Assumption 1 (bounded rewards and feature vectors). All the local rewards are uniformly bounded,
i.e., there exists a positive constants Tmay such that |r*(s,a) | < rmax, for all feasible (s, a) and
i e [N o(s)| <
Le(s,a)] <L

Assumption 1 is standard and commonly adopted; see, e.g., [3, 35, 38, 24, 21]. This assumption can
be achieved via normalizing the feature vectors.

Assumption 2 (negative definiteness of Ag 4 and Ag ). There exists two positive constants Ay, Ay
such that for all policy 0, the following two matrices are negative definite

Agg = By () [0(5) (70(s") T — (5)")]

A97Lp = Es~p,.g(s),a~7r9(-\s) [_90(87 a)<p(s, a)T]7
With Amax(A6,6) < Agy Amax(A0,0) < Mg, Where Amax(-) represents the largest eigenvalue.

Assumption 2 can be achieved when the matrices &y := [¢(s1), - ,d(ss))] and &, :=
[o(s1,a1), -, ¢(8|s],a)4])] have full row rank, which ensures that the optimal critic and reward
estimator are unique; see also [24, 34]. Together with Assumption 1, we can show that the norm of
w*(#) and \*(0) are bounded by some positive constant, which justifies the projection steps.
Assumption 3 (Lipschitz properties of policy). There exists constants Cy,, Ly, L such that for
all 0,0',s € S and a € A, we have (1). |mg(als) — mg:(als)| < Lr||0 — ¢'[;(2). ||vo(s,a) —
Yor (s, a)|| < Lyll0 = 0"[1;(3)- [Yo(s, a)|| < Clp.

Assumption 3 is common for analyzing policy-based algorithms; see, e.g., [33, 32, 11]. The assump-
tion ensures the smoothness of objective function J(#). It holds for a large range of policy classes
such as tabular softmax policy [1], Gaussian policy [7], and Boltzman policy [13].

Assumption 4 (irreducible and aperiodic Markov chain). The Markov chain under Ty and transition
kernel P(-|s, a) is irreducible and aperiodic for any 6.

Assumption 4 is a standard assumption, which holds for any uniformly ergodic Markov chains and
any time-homogeneous Markov chains with finite-state space. It ensures that there exists constants
x> 0and p € (0,1) such that

sup dry (P(sy, € -|so = 5,79), pg) < kp*, V.

seES
Assumption 5 (doubly stochastic weight matrix). The communication matrix W' is doubly stochastic,
i.e. each column/row sum up to 1. Moreover, the second largest singular value v is smaller than 1.

Assumption 5 is a common assumption in decentralized optimization and multi-agent reinforcement
learning; see, e.g., [27, 5, 6]. It ensures the convergence of consensus error for critic and reward
estimator variables.

4.2 Sample complexity under i.i.d. sampling

Theorem 1 (sample complexity under i.i.d. sampling). Suppose Assumptions 1-5 hold. Consider
the update of Algorithm 1 under i.i.d. sampling. Let oy, = \/% for some positive constant @,

Br = 2/\ ag, and n, = 20)}” ap, K. < (’)(ozk ) where K denotes the total number of iterations.

Then, we have

1 K N ) ) 1

LS S E [l - w0t (00)2] SO()

1 L 1

?ZZE Vi F'(0) || ] (\/f?) +O(Eapp + €sp)s ©)
k=1 1=1

@)}
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where Cy, C are positive constants defined in the proof.

The proof of Theorem 1 can found in Appendix E.1. It establishes the iteration complexity of
O(1/vVK), or equivalently, sample complexity of O (s~2) for Algorithm 1. Note that actors, critics,
and reward estimators use the step sizes of the same order. The sample complexity matches the
optimal rate of SGD for general non-convex optimization problem. To explain the errors in (9), let us
define the approximation error as the following:

Capp 1= maX \/E~ [1Ves () = Vi 0y ()1 + [7(5,@) = -0y (5, )P

The error €., captures the approximation power of critic and reward estimator. Similar terms
also appear in the literature (see e.g., [35, 1, 21]). Such an approximation error becomes zero in
tabular case. The error ), is inevitably caused by the mismatch between discounted state visitation
distribution d, and stationary distribution ., ; see, e.g., [38, 24]. It is defined as

1
esp 1= 2Cp(log,, K+ ;)(1 —7)-

When 7 is close to 1, the error becomes small. This is because d, approaches to j, when 7y goes to
1. In the literature, some works assume that sampling from d., is permitted, thus eliminate this error;
see, e.g., [4].

4.3 Sample complexity under markovian sampling

Theorem 2 (sample complexity under Markovian sampling). Suppose Assumptions 1-5 hold. Con-
sider the update of Algorithm 1 under Markovian sampling. Let oy, = JL? for some positive constant
_1
a, B = 2%}0%, and n, = %ak, K. < O(ak %), where K is the total number of iterations. Then,
©
we have

k=1 11=1
K N 2
1 9 log® K
; <
% k§:1 ;:1 E[|Ve: F(60:)|I’] <O ( = ) + O(eapp + Esp)s (10)

where Cq, Cy are positive constants defined in proof.

We put the proof of Theorem 2 in Appendix E.2. In Markovian sampling, the updates are biased for
critics, actors, and reward estimators. The error will decrease as the Markov chain mixes, and the
logarithmic term is due to the cost for mixing.

Theorem 2 establishes the iteration complexity of O(log? K /v/K), or equivalently, sample complex-

ity of 5(5_2) for Algorithm 1. It matches the state-of-the-art sample complexity of decentralized AC
algorithms, which are implemented in double-loop fashion [11, 6].

4.4 Proof sketch

We present the main elements for the proof of Theorem 2, which helps in understanding the difference
between classical two-timescale/double-loop analysis and our single-timescale analysis. The proof of
Theorem 1 follows the same framework with simpler sampling scheme.

Under Markovian sampling, it is possible to show the following inequality, which characterizes the
ascent of the objective.

N
Qg Qg i i i
BLI(Oken)] — TO0) 2 3 [ BBV 01 + g (k1 Moy

i=1
— 8CTEl|w* (0r) — wiy1 I” — 4CTarEN* (0k) — Ny |1?]
- O(logQ(K)ozi) — O((eapp + €sp)ui)- (11)
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To analyze the errors of critic ||w*(0)) — w,icﬂ ||? and reward estimator || \* () — /\?CJr1 2. the two-
timescale analysis requires O(ay) < min{O(Bx), O(nx)} in order for these two errors to converge.
The double-loop approach runs lower-level update for O(log(e 1)) times with batch size O(¢~!)
to drive these errors below ¢ and hence, they cannot allow inner loop size and bath size to be O(1)
simultaneously. To obtain the convergence result for single-timescale update, the idea is to further
upper bound these two lower-level errors by the quantity O(caxE||gs (&, wh 41, As41)|?) (through a
series of derivations), and then eliminate these errors by the ascent term %E|| g% (&x, w1, Ay 1) 1%

We mainly focus on the analysis of critic’s error through the proof sketch. The analysis for reward
estimator’s error follows similar procedure. We start by decomposing the error of critic as

N N
D lwhir =@ 01 =Y (whsr — Bk | + @611 — w* (O8)[1%)- (12)
i=1 i=1
The first term represents the consensus error, which can be bounded by the next lemma.
Lemma 1. Suppose Assumptions I and 5 hold. Consider the sequence {w}. } generated by Algorithm I,
then the following holds

k
i Kl —1-t
|Qurill < v flwoll +4 > v 73 VNCs,

=0
where wg = [w', -+ ,wN]T,Q == I — 211" K = | L | x K. The constant v € (0,1) is the

second largest singular value of W.

Based on Lemma 1 and follow the step size rule of Theorem 2, it is possible to show ||Qwy.41]|% =

. —1 .
Sty lwh iy = @[ = O(K2B}). Let Ko = O(By, *), we have |Quii1]|} = O(By), which
maintains the optimal rate.

To analyze the second term in (12), we first construct the following Lyapunov function

Vi = —J(00) + @k — w0 (0] + 2k — A (B0 % a3)

Then, it remains to derive an approximate descent property of the term ||x — w*(6;)]|? in (13).
Towards that end, our key step lies in establishing the smoothness of the optimal critic variables
shown in the next lemma.

Lemma 2 (smoothness of optimal critic). Suppose Assumptions 1-3 hold, under the update of
Algorithm 1, there exists a positive constant Ly, 1 such that for all 0,6, it holds that

IVw™(8) = V™ (0] < Lyall6 = 6],

where Vw*(0) denotes the Jacobian of w*(6) with respect to 0.

This smoothness property is essential for achieving our @(1 /v K) convergence rate.

To the best of our knowledge, the smoothness of w*(f) has not been justified in the literature.
Equipped with Lemma 2, we are able to establish the following lemma.

Lemma 3 (Error of critic). Under Assumptions 1-5, consider the update of Algorithm 1. Then, it
holds that

ka1 — o (B 2) < (14 oo [sr — (63
N
@ i i i
+ 2 S Bl (w1 A I 4 O0d). ()
=1

Ell|@r1 — w*(06)17] < (1 = 2X68k) |l — w™ (0k) 12
+ Ok, BrBr—zi + Cryi—z, Bi- (15)

Here, Zx = min{z € N¥|rp*~1 < min{ay, B,k }} Co, Ay are constants specified in appendix,
and C, and Cy, are of order O(log(K)) and O(log® (K ))d respectively.
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Figure 1: Averaged reward versus sample complexity and communication complexity. The vertical
axis is the averaged reward over all the agents.

Plug (15) into (14), we can establish the approximate descent property of ||y — w*(0x)]|? in (13):
Efl@r+1 = w* (Ok+0)l%] < (14 Coor)(1 = 2208k )| — w (0|

N
(e7% i i i
o > IBIgE (s wh1s My )11
i=1

+ O(Ck, Bifr—zw + Cry0tio— 7, Pr)- (16)

Finally, plugging (11), (14), and (16) into (13) gives the ascent of the Lyapunov function, which leads
to our convergence result through steps of standard arguments.

5 Numerical results

In this section, our objective is to illustrate the empirical sample complexity and communication
complexity of the proposed algorithms. We also implement the algorithm in [6] to serve as a baseline,
which employs double-loop algorithmic framework. Our simulation is based on the grounded
communication environment proposed in [19]; see Appendix A for detailed set up. Through the
discussion, we refer the algorithm in [6] as "DLDAC", the Algorithm 1 as "SDAC-re", the Algorithm 2
as "SDAC-noisy" (see Appendix B). We also provide the result which assumes full reward is available
to serve as baseline, which we refer as "SDAC-full". We set K,, = 5 for "SDAC-noisy"; K. = 1
for "SDAC-re", "SDAC-noisy", and "SDAC-full". We choose T. = 5 (loop size), T\, = 1 (critic
consensus number every iteration), 7" = 5 (reward consensus number every iteration) for "DLDAC".

The sample complexity and communication complexity are shown in Figure 1. The results are
averaged over 10 Monte Carlo runs. As we can see, the proposed two algorithms achieve significantly
higher reward than "DLDAC" in terms of both sample complexity and communication complexity.
Moreover, their performances approach the baseline “SDAC-full", where the global reward is assumed
to be available, indicating that the reward approximation is nearly accurate. Due to space limit, we
will put additional experiments on the comparison with existing decentralized AC algorithms and the
ablation study of hyper-parameters to Appendix A.

6 Conclusion and future direction

In this paper, we studied the convergence of fully decentralized AC algorithm under practical single-
timescale update for the first time. We designed such an algorithm which maintains the optimal

sample complexity of O(e~2) under less communications. We also proposed a variant to preserve the
privacy of local actions by communicating noisy rewards. Extensive simulation results demonstrate
the superiority of our algorithms’ empirical performance over existing decentralized AC algorithms.
One limitation of our work is that we only study the convergence to stationary point. Thus, we leave
the research on the avoidance of saddle points and convergence to global optimum as promising
future directions.
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