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Abstract

We study a mechanism design setting where a
seller offers an item to a buyer who is uncertain
about her own valuation. Rather than using a
simple take-it-or-leave-it price, the seller can ex-
tract significantly more revenue by offering re-
fund options at different price levels. This setup,
known as Sequential Screening, models a class
of dynamic decision-making problems under un-
certainty with applications ranging from airline
ticket pricing to online education and healthcare
diagnostics, where agents pay for flexible options
under ambiguity. We investigate the power of de-
terministic mechanisms in this context and view
them as a form of semi-adaptive preference elicita-
tion, where the seller leverages knowledge of the
buyer’s value distribution to design refund-based
menus that screen types indirectly. We show that
the revenue gap between the optimal determinis-
tic mechanism and simpler menus with bounded
(possibly randomized) options can be arbitrarily
large. We further establish that computing the
revenue-optimal mechanism is NP-hard, and com-
plement this result with a PTAS that computes
approximately optimal refund schedules.

1. Introduction

Pricing under uncertainty is a central problem in economics
and computer science, capturing the tension between a
seller’s desire to extract revenue and a buyer’s evolving
private information. Consider purchasing an airline ticket
weeks in advance, uncertain about future travel plans; or-
dering clothing online without knowing fit or quality; or
subscribing to a streaming service without knowing future
consumption. In each case, the buyer commits before fully
learning her valuation, and the seller may leverage this un-
certainty through carefully designed pricing schemes.

A prominent framework capturing such dynamics is the
Sequential Screening model introduced by (Courty & Li,
2000). In this model, a buyer initially knows only partial in-
formation about her valuation and later learns its realization.
The seller, who observes only the buyer’s type distribution,
offers a menu of contracts—typically interpreted as upfront

payments paired with refund options—to screen buyers as
their information unfolds over time.

Despite its foundational role in dynamic pricing theory and
its influence across economics, operations research, and
dynamic mechanism design, a basic algorithmic question
has remained open almost three decades:

Can the revenue-maximizing menu of refund contracts in
the Sequential Screening model be computed efficiently?

This question was posed in the original work previously
mentioned and was recently highlighted again in the com-
puter science literature by (Papadimitriou et al., 2022).

In this paper, we resolve this problem by proving that com-
puting an optimal Sequential Screening mechanism is NP-
hard. We further complement this hardness result with a
polynomial-time approximation scheme (PTAS) that com-
putes near-optimal refund menus.

Before presenting our formal results, we provide a sequence
of illustrative examples showing that optimal revenue ex-
traction may rely predominantly on contingent payments
(refund-based extraction), predominantly on non-refundable
upfront payments, or on a delicate combination of both.
These examples highlight the richness and intrinsic com-
plexity of the Sequential Screening problem.

1.1. Our Contribution

We study the classical Sequential Screening model in which
a seller offers a two-stage menu of refund contracts to a
buyer who gradually learns her valuation. Although this
framework has been extensively studied in economics, the
computational complexity of computing optimal mecha-
nisms had remained unresolved.

Our first main result establishes that computing the revenue-
maximizing Sequential Screening menu is NP-hard, resolv-
ing a long-standing open problem. This places Sequen-
tial Screening among a growing class of dynamic pricing
problems whose optimal solutions exhibit inherent compu-
tational intractability.

Our second main result is a polynomial-time approxima-
tion scheme (PTAS) for this problem. The algorithm com-
bines structural properties of optimal refund menus with a
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carefully designed dynamic program based on geometric
discretization and revenue-preserving rounding.

At a high level, our approach builds on the framework intro-
duced by (Chawla et al., 202 1) for static pricing over ordered
value spaces, which combines combinatorial reductions with
approximation algorithms. Extending these techniques to
the Sequential Screening setting is substantially more chal-
lenging. Unlike the static model, buyer utilities here depend
on nonlinear expressions involving integrals over valuation
distributions, and menu entries simultaneously influence
both the buyer’s participation decision and her stage-two
consumption rule. Moreover, the mechanism must screen
buyers not only across different value magnitudes but also
across different levels of uncertainty about future valuations.
Our analysis develops new structural insights to handle these
interactions in a two-stage dynamic environment.

Finally, we identify several special cases of practical rele-
vance where optimal or near-optimal mechanisms can be
computed efficiently. Together, our results characterize both
the fundamental hardness and the algorithmic tractability
frontier of pricing under buyer uncertainty.

1.2. Related Work

Our work builds on a rich literature spanning dynamic mech-
anism design in economics and algorithmic mechanism de-
sign in computer science.

1.2.1. ECONOMIC FOUNDATIONS

The study of dynamic incentive problems with evolving pri-
vate information began with the seminal work of Baron &
Besanko| (1984), which introduced core tools for analyzing
intertemporal screening. A cornerstone of this literature
is the Sequential Screening model of |Courty & Lil (2000,
which formalized refund-based pricing under buyer uncer-
tainty and has since influenced research across economics
and operations research.

Subsequent work explored extensions and refinements of dy-
namic screening under various informational and participa-
tion constraints, including |[Eso & Szentes (2007) and |Pavan
et al.|(2014). Related strands studied limited commitment
and gradual information revelation, beginning with |Laffont
& Tirole (1987) and [Laffont & Tirole (1988), and more
recently |Doval & Skretal (2018]). Complementary perspec-
tives appear in settings where the seller controls information
disclosure, such as Babaioff et al.| (2012)).

1.2.2. ALGORITHMIC MECHANISM DESIGN

From the computational perspective, a growing literature
investigates the complexity of optimal mechanism design
in multi-dimensional and dynamic environments. Founda-
tional hardness results appear in |Daskalakis et al.| (2014)

and are complemented by structural characterizations in
Cai et al.|(2012a3b}; [2013)). Approximation approaches for
complex buyer preferences were developed in works such
as Babaioff et al.| (2014); (Ca1 & Zhao (2017)).

In dynamic settings, Mirrokni et al.| (2016a3b) and |Ashlagi
et al.| (2016) study multi-round mechanisms under ex-post
participation guarantees. Most closely related to our work,
Papadimitriou et al.|(2022) analyzes the complexity of dy-
namic mechanism design and resolves several open ques-
tions while leaving the ex-ante Sequential Screening model
open—a gap our results fill.

Our algorithmic techniques are inspired by the static or-
dered pricing framework of |Chawla et al.| (2021)), which we
extend to a significantly more intricate dynamic screening
environment.

Prior to analyzing the computational complexity and approx-
imation algorithm for Sequential Screening, we provide il-
lustrative examples that underscore both the advantages and
potential difficulties of extracting revenue through mecha-
nisms that go beyond basic pricing schemes.

1.3. Examples highlighting the complexity of the
problem

Two-Price Formulation and Equivalence to Refund Con-
tracts. Throughout the paper, we work with a two-price
representation of contracts: a menu option is a pair (p, £)
where the buyer pays p in stage one and, after realizing value
v, may purchase the item in stage two by paying ¢, proceed-
ing iff v > £. This formulation is equivalent to the classical
refund-based representation used in (Courty & Li (2000).
Indeed, a refund contract (a, k)—where the buyer pays a
upfront and receives refund k upon returning the item—is
equivalent to the two-price contract (p, £) = (a — k, k). In
both formulations, the buyer keeps the item iff v > &, and
her utility is

(v —k)s —(a—k) = (v=0)1 —p.
Similarly, the seller’s expected revenue is
a—k-Prlv<kl=p+{-Prjv>1.

Thus utilities, incentive constraints, and revenue coincide
exactly. We adopt the two-price formulation since it pre-
serves the standard interpretation of prices as utility losses to
the buyer and revenue gains to the seller, while simplifying
notation in our algorithmic analysis.

Notation for Examples. A two-stage pricing contract is
a pair (p, £) where the buyer pays p in stage one and, after
realizing value v, purchases the item in stage two iff v > ¢,

paying /.
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The seller’s expected revenue from type 7 is

>
ptié- Prlv=4].

A single posted price corresponds to a contract (p, 0), ex-
tracting all revenue in stage one.

A pure contingent pricing corresponds to a contract (0, ¢),
extracting revenue only in stage two.

A choice of two-stage pricings refers to offering a menu
{(pi, 4;)} allowing different types to self-select different
thresholds.

Example 1 (Power of Sequential Screening). There are
n buyer types indexed by ¢ = 1,...,n with probabilities

o Zk ~ —. Type i has Valuatlon

1 with probability 7, = 2,
v; =
! 0 otherwise.

Consider first any single posted price (p, 0). Its expected
revenue is simply p times the probability the buyer partici-

pates. Since E[v;] = m; = 2n , individual rationality implies
p < m; for each participating type, and hence:

REVposted

Now consider the pure contingent pricing (0, 1). Each type
1 pays exactly when v; = 1, yielding revenue:

n

REVcontingem = § QT
=1
n

_ 21 21 _ n
> hoar 2m 0 2me YT ap
Hence:
REV s 2
posted <z 0.
REVcontingem n n—oo

Thus extracting revenue purely in stage two can be arbitrar-
ily better than any posted price. This concludes Example 1.
d

Example 2 (Non-triviality of Sequential Screening).
There is a single buyer type with valuation:

1 with probability 1/2,
v =
0 otherwise.

Consider any two-stage pricing (p, £). The buyer’s expected
utility is:
Up,0)

—El(v—0)4]—p=1(1-0) -

N

(1-0).

N

so individual rationality requires p <

The seller’s revenue is:

4
REV(p,f) =p+35 <

w\»—‘

Thus any two-stage pricing yields revenue at most 1/2.

(1/2,0),

This bound is achieved by the posted price (p,0) =
extracting all revenue in stage one.

Hence, in this instance, optimal revenue is obtained without
any contingent payment, showing that second-stage pricing
is not always beneficial. This concludes Example 2. ]

2. Preliminaries

We consider a dynamic pricing model we refer to as the
SEQUENTIALSCREENINGMODEL, a computer science—
inspired formulation of the classical Sequential Screening
framework introduced by (Courty & Li, |2000). The model
captures two-stage pricing mechanisms in settings where
buyers gradually learn their valuation over time.

Model Setup. There are two stages. At the beginning of
stage one, a buyer privately learns their type 7 € T', where
each type induces a valuation distribution G- with density
f-. The seller knows all distributions but not the realized

type.

The seller offers a menu M = {(p;, ¢;)}_,, where p; is a
stage-one payment and /; is a stage-two price (threshold).

At the beginning of stage two, the buyer realizes a valuation
v ~ G, and may purchase the item at price ¢;, proceeding
if and only if v > ¢;.

We assume unit demand: the buyer consumes at most one

item.

Profit Objective with Cost. Let ¢ > 0 denote a fixed
production cost incurred whenever the item is delivered. If
type 7 selects option (p;, ¢;), the seller’s expected profit is

pi + ;- Prlv > 4] — ¢ - Prlv > £4;].
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Equivalently, the profit is

pi + (€; — ¢) - Pr[v > £4;].

The seller seeks to maximize expected profit over all buyer
types.

Buyer Utility. The expected utility of a type 7 buyer se-
lecting contract (p, £) is

UApJ)=H%NGJQF%MJ—p:1A“Yv—@ﬁ4wdv—p

Constraints. For each type 7 € T, let (p(7), £(7)) denote
the contract selected by 7. The mechanism must satisfy
ex-ante individual rationality and incentive compatibility:

 Individual Rationality (IR): forall 7 € T,

(/WW—KUDLWMw—pU)ZQ
£(T)

« Incentive Compatibility (IC): for all 7,7 € T,

[ w=te) fr) o) >
£(T)

()

Cost-Free Normalization. For clarity of exposition, we
henceforth focus on the case ¢ = 0. In Lemma ?? we
show that this restriction is without loss of generality: any
instance with production cost can be transformed into an
equivalent cost-free instance that preserves incentive con-
straints, optimal revenue, computational complexity, and
approximation guarantees.

Before proceeding to the main technical part(s), one obser-
vation that may facilitate our overall understanding: The
stage-two price/’refund” ¢ fully determines the stage-2 al-
location rule: the buyer consumes iff v > ¢. Thus the
sequential screening problem reduces to selecting a menu
of cutoffs and upfront payments satisfying IC/IR.

3. Intractability of Optimal Refund Menus

In this section we provide our main result, a proof that it is
NP-hard to compute revenue-maximizing first- and second-
stage prices in the SEQUENTIALSCREENINGMODEL. Let
SEQUENTIALSCREENINGPRICING denote the following
optimization problem: Given a unit-demand buyer whose
type 7 is drawn from a known distribution over a finite
set T (with |T| = m), where each type 7 € T induces a
known stage-2 value distribution G- over [0, R], compute

| o=ty @ as—pe.

the maximum expected revenue achievable by any two-stage
menu

M= {(Pi,&)}?:p

where the buyer chooses a menu entry (p;, ¢;) after learning
T, pays p; in stage 1, then in stage 2 observes v ~ G and
purchases iff v > ¢;, paying ¢;. Equivalently, the objective
is to compute

OPT(D) = sup > 4 <p(7) +L(7) -

TeT

Py lo> £(7)]).

v~G o

subject to ex-ante individual rationality and incentive com-
patibility constraints, i.e., forall 7,7’ € T,

Ur(p(7),£(7)) > and
>

0
Ur(p(7"), £(1)),

where
Ur(p,0) == Epeg, [(v—0)4] —p.

Beyond stating the theorem, we provide a high-level yet
comprehensive description of the proof’s construction.

Theorem 1. SEQUENTIALSCREENINGPRICING is NP-
hard, even when each (realized) buyer has at most three
distinct value point masses.

We prove the theorem via a reduction from MAX-CUT; com-
plete details appear in Appendix [B]

For any MAX-CUT instance with graph G(V, E), let n =
|[V| > 10 be large enough. Consider an instance of SE-
QUENTIALSCREENINGPRICING with n 4 1 menu options.
Fix a parameter 6 > 0.2. We want an optimal menu with
the following properties:

1. The optimal menu assigns to each option j € [n] one of
the two pricing profiles (p;, £;)}—; = (156 277,184 -
27)5_, or (140 - 279,226 - 27)7_, . That is, under the
first profile the k-th menu option charges a stage-one
price 156 - 27* and a stage-two price 186 - 2¥, with an
analogous interpretation for the second profile;

2. menup+1 = (158 - 271 185 - 2"F1) and there is
a set of buyers, named Gamblers, purchasing menu
option n + 1 with realization probability g = 0.8
independent of the graph structure that contribute to
the total revenue Rg(n);

3. menu; = (156 - 277,185 - 2) or (148 - 277,225 - 2¢)
and there is a set of buyer types, named Worker1 and
Worker2, whose elements are purchasing menu options
in [n] with realization probability qw, + qw, < 555,
independent of the graph structure that contribute to
the total revenue Ry (n);
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4. Foreach (i,7) € E withi < j, there exists a set T;; of
buyer types, and real number R;; > 0 that is irrelevant
to the graph structure such that: if menu; — menu; =
(146 - (277 = 27%),226 - (277 — 27%)) or menu; —
menu; = (156 - (277 —279),186 - (277 —27%)), then
the revenue contribution from T;; is R;;(n); else the
revenue contribution from 7T;; is R;j(n) + .

As already mentioned, the complete construction of such an

instance can be found in Section[Bl We now establish that

SEQUENTIALSCREENINGPRICING is NP-hard for instances

with the above properties.

Let us consider an instance Z with the structural properties

described above. The contribution to the revenue from

buyer types “Gambler” and “Worker” is given by Rg(n) +

Ry (n). Now, fix acut C = (V1,V \ V1) in the graph

G = (V, E). Suppose we assign the menu option for each

i € Vj the price (159, 186), and for each j € V' \ V; the

price (140,2246). Then the total revenue generated from

”Combinatorial” types under this pricing is:

1
> Rij(n)+—[C].

(i,J)EE

In particular, if Cy,x denotes a maximum cut of the graph
G, then the maximum achievable revenue across all such
menu assignments is:

1
RCV(G) = R(;(’n,) + Rw(n) + Z Rij (n) + ;Cmax.
(.9)eE

This establishes a direct correspondence between the size of
the maximum cut in G and the optimal revenue obtainable
in the associated instance Z of SEQUENTIALSCREENING-
PRICING. Consequently, computing the optimal pricing in
7 is as hard as computing the maximum cut in G, thereby
proving NP-hardness.

4. Efficient Approximation of Optimal Refund
Menus

Theorem 2 (PTAS for SEQUENTIALSCREENINGPRICING).
Consider a unit-demand buyer whose type is drawn from a
distribution supported on m types, and let R be the max-
imum possible value over all types. For any € > 0, there
exists an algorithm that computes a two-stage menu with
n= O(%) entries in time (m,n(!/<) log R) whose rev-
enue is at least a (1 — €)-fraction of the optimal two-stage
menu reventue.

Proof sketch. We proceed in four steps; complete details
appear in Appendix [C]

Step 1 (Menu compression and geometric rounding). We
first compress the value space into n = O(log R /€) repre-

sentative levels/masses and show that there exists a near-
optimal menu in which all stage-1 prices are non-increasing
and all stage-2 prices are non-decreasing powers of (1 + €2),
losing only a (1 — O(e)) factor in revenue.

Step 2 (Restriction to a small set of prices). We then show
that it suffices to restrict both stage-1 and stage-2 prices to
a computable set II* C {0} U {(1 + €2)! : t € Z} of size
|IT*| = (1/e,log R), again at a (1 — O(e)) multiplicative
revenue loss.

Step 3 (Interval structure and unit-demand-to-additive
reduction). The main technical obstacle is that, in the se-
quential screening model, the buyer is unit-demand over
menu options: modifying the price of one option may
change which single option is chosen, thereby globally al-
tering incentives and revenue. This makes it difficult to
optimize prices locally.

We overcome this by showing that there exists a near-
optimal menu with a strong inferval structure on prices,
and by reducing the resulting unit-demand problem to an
equivalent additive proxy problem.

Interval structure. After the discretization steps, consider
a menu with n options indexed so that stage-one prices are
non-increasing and stage-two prices are non-decreasing:

p1>p2 > 2>py and £y <Ay <--- <

We show that the menu can be modified (with only a 1—O(e)
revenue loss) so that the indices 1, ..., n can be partitioned
into contiguous stage-1 and stage-2 intervals I7, I3, ..., I}
and 13,13, ..., 17 with the following price-gap property:
within each interval, all corresponding prices are multiplica-
tively close, while prices across different intervals differ by
large multiplicative factors.

This structure allows us to compress prices within each inter-
val—replacing all prices in an interval by a small number of
representative values—while preserving expected revenue
up to a factor 1 — O(e). At the same time, the large gaps
across intervals maintain the global monotonic ordering
required for the reduction to an additive proxy problem.

From unit-demand to additive values. Fix such an interval-
structured menu and consider the buyer’s discretized unit-
demand values v; < v9 < --- < v, where choosing option
i yields value v;. We define an additive valuation v¥ over n
virtual items by setting

SR 52
vy = vy, v;

=V — Vi1 for ¢ > 2.

Thus, the original unit-demand value v; is exactly the total
additive value of the prefix {1,2,...,4} under v®.

Prefix—suffix pricing interpretation. Under the interval struc-
ture, we reinterpret the menu as follows. Paying the stage-
two price ¢; corresponds to purchasing the prefix {1,...,4}
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of additive items, while paying the stage-one price p; corre-
sponds to purchasing the suffix {4, ..., n}. Thus, choosing
option 7 in the original unit-demand menu is equivalent to se-
lecting a prefix—suffix bundle in the additive instance whose
total price is p; + ¢; and whose total value is v;.

Why this helps. In the additive proxy problem, revenue
decomposes across intervals and prices can be optimized lo-
cally without affecting incentives elsewhere. Moreover, for
interval-structured menus, we prove that the buyer selects
the same effective option under the original unit-demand
menu and under the additive proxy, and that the expected
revenue is preserved up to a factor 1 — O(e). This reduc-
tion allows us to apply a dynamic programming algorithm
in Step 4 to compute near-optimal prices for each interval
independently.

Step 4 (Dynamic programming over intervals). Finally,
for the additive proxy instance and the restricted set of prices
I, we compute the optimal interval-structured menu by dy-
namic programming. The DP optimizes interval-by-interval
subject to monotonicity and price-gap constraints, and runs
in (m,n(1/€) |II'|) time. Mapping the resulting solution
back yields a feasible two-stage menu for the original in-
stance with revenue at least (1 — €) times optimal. O

5. Discussion and Future Work

Our work settles the long-standing open question of the
computational hardness of the Sequential Screening model,
but it also opens the door to several compelling research di-
rections. A natural next step is to refine the complexity land-
scape: while we prove NP-hardness, it remains unknown
whether the problem is strongly NP-hard. Establishing this
would rule out the existence of a Fully Polynomial-Time
Approximation Scheme and solidify the limits of efficient
computation in this domain.

Another avenue stems from practical considerations around
individual rationality. In many real-world markets, such as
online ad auctions, large advance payments—often required
to extract full surplus—are either disallowed or capped due
to regulation or platform constraints. This motivates the
design and analysis of ex post individually rational mech-
anisms in sequential settings, where the literature lacks
mechanisms that achieve constant-factor approximations.

Finally, it would be natural to extend the sequential screen-
ing framework to more than two stages, capturing scenar-
ios with evolving buyer information over time—such as
subscriptions, installment purchases, or recurring service
platforms. A simple generalization might involve offer-
ing a sequence of refundable options at increasing levels
of commitment, mirroring multi-phase decision-making in
real-world transactions.
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A. Proofs

B. Omitted proofs in Section 3
B.1. Outline

Proof. We prove the theorem via a reduction from MAX-CUT.

For any MAX-CUT instance with graph G(V, E), let n = |V| > 10 be large enough. Fix a parameter § > 0.2. Consider an
instance of SEQUENTIALSCREENINGPRICING with n 4 1 menu options. We want an optimal menu with the following
properties:

1. The optimal menu assigns to each option i € [n] either the pricing pair (154 - 27,185 - 2¢) or (146 - 27,224 - 2°);

2. menu, 1 = (155 - 2771 185 - 2"1) and there is a set of buyers, named "Gambler”, purchasing menu option n + 1
with realization probability g = 0.8 independent of the graph structure that contribute to the total revenue Rg(n);

3. menu; = (155-27%,185-2%) or (145 -27%,225 - 2) and there is a set of buyer types, named "Worker1” and ”Worker2”,
purchasing menu options in [n] with realization probability gy, + qw, < 555, independent of the graph structure that
contribute to the total revenue Ry (n);

4. For each (4, j) € E with ¢ < j, there exists a set T;; of buyer types, and real number R;; > 0 that is irrelevant to
the graph structure such that: if menu; — menu; = (146 - (277 — 279),226 - (279 — 27%)) or menu; — menu; =
(150 - (277 —27%),185 - (277 — 27%)), then the revenue contribution from T7; is R;;(n); else the revenue contribution
from T}; is R;j(n) + 2.

Before jumping into the details of the construction, we establish that SEQUENTIALSCREENINGPRICING is NP-hard for
instances with the above properties.

Let us consider an instance Z with the structural properties described above. The contribution to the revenue from buyer
types labeled “Gambler” and "Worker” is given by R (n) + Rw(n). Now, fix a cut C = (V4,V \ V1) in the graph
G = (V, E). Suppose we assign the menu option for each ¢ € V; the price (154, 186), and for each j € V' \ V; the price
(146, 226). Then the total revenue generated from ”Combinatorial” types under this pricing is:

1
> Rij(n)+—[C].

(i,J)EE

In particular, if Cp,x denotes a maximum cut of the graph G, then the maximum achievable revenue across all such menu
assignments is:

1
Rev(G) = Ra(n) + Rw(n) + Y Rij(n) + — Cinax
(i.j)eE
This establishes a direct correspondence between the size of the maximum cut in GG and the optimal revenue obtainable in

the associated instance Z of SEQUENTIALSCREENINGPRICING. Consequently, computing the optimal pricing in Z is as
hard as computing the maximum cut in G, thereby proving NP-hardness.

O

B.2. Creating 2" equivalent pricings

In this subsection, we define two two-stage pricing schemes, p and p’, each with n options, along with suitable valuation
functions and corresponding frequencies. These are constructed so that assigning any menu option a price from either
scheme yields the same revenue. This subconstruction will be a key component of the final construction.

Lemma 1 (Buyer that prefers a certain level of uncertainty). Suppose a buyer type T with the following value distribution:

, 336 -2 p1 = o, .
v, (i) = _FT e n]

Then, the buyer will prefer menu option (156 - 27%, 185 - 2¢) over all the other menu options under pricing p = (156, 185).
Similarly, for pricing p' = (144, 229).
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Proof. Let (py, {x) = (156 - 27%, 1865 - 2%) denote the k—th menu option under pricing p.

Casel: k <j
ur((pis 4)) = ur((Pr, )
&Y v frw) —pi— L (1= Fr(6) > > v+ fo(v) = pr — b - (1 = Fr(())

v>4; V>l

< 150-27F 41852572 — 156277 —185-27 >0
M 55271 185271 > 0

where the last line holds since {150 - 27 4+ 185 - 272 — 15§ . 277 — 185 - 27%} =4, {156 - 27%} =i — 1.
Case2: i < k

In this case, the k—th menu option violates the individual rationality constraints, since £, > £; .1 = 360 - 2° > vr(i). O

Based on Lemmal[I] we define the following buyer types that will be useful for our final construction:
Corollary 1 (Type Gambler). Suppose a buyer type ”Gambler” with the following value distribution:

[335.22000) p = 1
va(i) = _ 1
0 P2 =1 - meen

Then, the buyer will prefer menu option (156 - 2~ (*+1) 185 - 2(*+1)) over all menu options under pricing p = (155, 189).
Corollary 2 (Type Worker 1). Suppose a buyer type "Workerl” with the following value distribution:

. 9i =L
le(i){?)gé # p= .1 € [n]

0 p2=1— 5

Then, the buyer will prefer menu option (156 - 27185 - 2¢) over all the other menu options under pricing p = (156, 186).
Corollary 3 (Type Worker 2). Suppose a buyer type ”Worker2” with the following value distribution:

5.9 =L
VWQ@'):{?’G PR il

Then, the buyer will prefer menu option (145 - 27¢, 228 - 2%) over all the other menu options under pricing p' = (146, 226).

Now, we proceed to state and prove the main result of the subsection, the engineering of 2™ equivalent pricings for n menu
options in the presence of buyer types Worker1” and ”Worker2”:

Lemma 2 (Engineering 2" Equivalent Pricings). For buyer types ”Workerl” and ”Worker2”, which appear with probability
qw, and qy, respectively, where:
aw, _ 1

qu 1 1

it holds that both menu options (156 - 274,186 - 2%) and (148 - 27,2268 - 2%) contribute the same revenue.

Proof. Itis easy to see that since (158 - 27%, 186 - 2¢) and (146 - 27¢, 226 - 2¢) achieve to extract all the utilities from buyer
types "Worker1” and "Worker2”, any other pricing is suboptimal. Moreover, it holds that:

REV (155.2-1 185.20) = 156 - 27 (qw, + qw;,) + 185 - 27" (qw, + qw,)
12 .
= 74w 0-27"
11q 233

=140 - 27 (qw,) + 226 - 27 (qw,)
= REV (145.2-,226.2¢)
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Corollary 4 (Discretizing the solution space). Let buyer types G, W1, Wa with corresponding value distributions
va, viv1 (i), viva(i) and total realization probability g = 0.8, qw1 = Fl(M,QWQ = 51—05 respectively. For the opti-
mal menu: menu; = (158 - 277,185 - 2°) or (146 - 27%,225 - 2),Vi € [n] and menu,, = (156 - 2~ (1) 185 . 2n+1)
hold.

B.3. Adding the combinatorial constraints

Lemma 3 (Combinatorial Type 1). Suppose a buyer with the following value distribution:

i _ 1 1
186 - 2" — 186 - i1 1+1 + 156 - =41 1+1 P1= 33w — 327
vor (i, §) = { 33529 P2 = 57,
0 p3=1-— 2%;"

Then the buyer is indifferent over (155 - 27,186 - 2¢) or (155 - 277,186 - 27). Moreover, they will prefer to refrain from
purchasing under pricing p’.

Proof. At first, let’s ”sandwich” the non-zero value point masses of the distribution between two consecutive stage-2 prices,
a necessary step to continue further our analysis.

Lemma 4 (Sandwiching value masses of Combinatorial Type 1). Let vcri,1 and vori,2 define the point masses in the first
and second branch of vor1 respectively. Then it holds that:

;=226 -2" <veriali,g) <1852 =444 M
f; = 226 . 2J S VCTl,Q(iaj) S 226 . 2j+1 - Ej+1 (2)

Proof. We start our analysis with proving the left inequality of

) 2t 2J
VCTl,l(iaj) =184 - 2" — 186 - m + 156 - m
; 20 186 271 27
>185-2'—180 - ———+2- — - —— +60 - ———
= 21 2 a1 iy

= VCTl,l(i;j) > 226 - 27'

Now for the right inequality of[T} we have that:

22‘ 27 .
1, j)=186-2" — 185 - ——— + 156 - ————— < 185 - 271!
veri,i (i, §) = i1 + Y-S

@186-274—185-2]—185-2j+155-2j§186-2j“

For v 2, 2] obviously holds. O

Based on Lemma[d] we will proceed with proving the aforementioned preference relations.

At first, let’s show the equivalence between (p;, ¢;) and (p;, ¢;):

10
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uct((pi, ) = v feri(v) —pi — & - (1 — Feri (4:))

’UZ@,,

=vVeTi1 P+ vVerie p2 —po- 27 =Ly 2" - (p1 + po)

33) - 27 , , - | o
= % . (2_21 _ 2—2]) +336-27 . 2—2] —155-27% — 185 - 2¢. 2_21
=0

=(330-27)-27% — (155)-277 — (185 - 27 . 27%)
=Y v fori(v) = p; — ;- (1= Fori(4))

’UZZJ'

= uct1((pj, 45))

Next, we show the optimality - from the buyer’s perspective - of choosing either (p;, ¢;) or (p;, £;) compared to any other
menu option under p:

Casel: k <1

ucT1((pi, i) > ucri((Pr, )
& > v for(v) = pi — Li- (1= Fori(6)) > Y v fora(v) = pr — b - (1= Fora (b))

v>4; 0>y
& 150-27F 41852872 —155-277 —185-277 >0
k=i—1

& 155270185271 >0

where the last line holds since ;{156 - 27% 4+ 185 - 28=21 — 155 . 271 — 185 - 27} =, {155 -27F} =i — 1.

Case2:i<k<j

uct1((pj,45)) = ucri((Pr, )
< Z v- feri(v) —pj — 45 - (1 = Feri(4;)) > Z v fer1(v) —pe — Lk - (1 — Fori(r))

v2¢; V>l

& 150277 4185 -2F7% — 155277 —185-277 >0
"L 155277 — 18527971 > 0

where the last line holds since ;{156 - 275 4185 - 2872/ — 15§ - 279 — 185 - 277} =4, {150 - 2%} = j — 1.

Case3: j <k
It is easy to see that ucr1 ((pk, €x)) < 0 for k > j + 1, since £, > ver 2(iL, ).

Let’s proceed similarly for the 2 equivalent menu options compared to the menu options produced from price vector p':

Casel: k <1

ucr2((pi, 4)) > ucre((Pk, 1))
< Z v feri(v) —pi — & - (1 = Fori(4)) = Z v+ feri(v) = pj, = O - (1 = Fori(6;))

v>4; vZ@;c
& 146-27F 492259572 _156.27" —185-27 >0
k=i—1

&7395-277-335-271>0

11
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where the last line holds since {146 - 27% 422§ - 2821 — 155.271 — 18§ - 27} =, {145 -27F} =i — 1.

Case2:i<k<j

uct1((ps,45)) = ucri((Pr: %))

& Y v fori(v) —p;— 4 - (1= Fori(6;) = > v+ for(v) = pf — 4,

v24; v>4),
& 146-27F 4226252 _ 156279 —185-277 >0
"L 395279 335279 > 0

.(1

— Feri(4,))

where the last line holds since ;{149 - 27% 22§ - 2¥=% — 155 - 277 — 18§ - 277} =5, {145 - 27F} = j — 1.

Case3: j <k
Obviously ucti ((pk, £x)) < 0for k > j + 1, since £, > vor 2(i,j)-

Lemma 5 (Combinatorial Type 2). Suppose a buyer with the following value distribution:

7 _ 1 1
22620 — 220 - 20 + 146 - 2 D1 = o — oh
vera(i,j) = < 366 - 29 P2 = 357,
0 P3 = 1-— 2%7’,’

Then the buyer will prefer menu option i or j under either pricing p, p'. Moreover, she is indifferent over (145 - 27%,22§ - 2¢)

or (146 - 277,226 - 27) and will prefer menu option i over j under pricing p.

Proof. Similarly with our previous analysis, we need to prove the following lemma:

Lemma 6 (Sandwiching value masses of Combinatorial Type 2). Let vcro,1 and vora,2 define the point masses in the first

and second branch of v respectively. Then it holds that:

0 =220-2" < voraa(iyj) <186+ 277! = iy,
5 =220 -2 <voraa(iyj) <220- 27 =44,

Proof. We start our analysis with proving the left inequality of 3]

o ; 2t 27
VCTQ’l(/L,]) =226-2"—226 - m + 146 - W
; 2t 226 271
>226-2"—-220  ——— 42— ———
= 2+l e il

= vorea (i, ) > 226 - 2°

Now for the right inequality of 3] we have that:

vore (i, ) = 220 - 28 — 225 - ﬁ + 145 - % <185 -27%1
146 - 29 — 22§ - 2¢

20—t 41
& 14620 4226 - 29 — 185 - 291 — 186 - 22771 <

< 185 - 2911 — 9295 .9

For vora,2, ] obviously holds.

12
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Based on Lemmal 6] we will proceed with proving the aforementioned preference relations.

At first, let’s show the equivalence between (pf, £;) and (p/;, £’):

ucr2((p;, 47)) = Z v fora(v) = pi — £+ (1 = Fora(£))

v>0

=VeT21 cP1+ Voree P2 — Py 27 =Ly -2 (p1 + p2)

360) - 27 , , S ' -
= % (27 —2720) 4366 -27 27 — 140 -271 — 226 - 20 .27
365 - 2972 _ 365 .27 ) .
= = +360-277 —365-27"
2741
=0

= (360 -27)-27% — (146) - 277 — (2265 -27).27%
=Y v+ fora(v) =) = £ - (1 = Fora(£)))

!
UZKj

= ucr2((p}, €5))

Next, we show the optimality - from the buyer’s perspective - of choosing either (p}, £;) or (p’;, £/;) compared to any other
menu option under p':

Casel: k<

ucr2((p}; £)) > uerz (Pl )
&Y v fora() —H— £ (1 - Fors()) > 3 v+ fors(v) — b — £ - (1 - Fors(6)))

v>0 v>4
& 146-27F 42259572 145277 - 226270 >0
AT 145 .07 225 .27 > 0

where the last line holds since ;{146 - 27% 422§ - 2821 — 14§ .271 — 22§ .27} =, {145 -27F} =i — 1.
Case2:i<k<j

uct2((1,€;)) > ucr2((Pk, k)

& Y v fora(v) = pf =€ - (1= Fora(t))) = Y v+ fora(v) = pf, — £ - (1 = Fora(£3,))

UZ@_; v>L
& 145-27F £ 225282 _145.277 — 225277 >0
"L 4279 — 22527971 > 0

where the last line holds since ;{146 - 27% 422§ - 2827 — 14§ -279 — 226 -277} =, {146 - 2%} = j — 1.

Case3: j <k
It is easy to see that ucr2((p},, £5,)) < 0for k > j + 1, since £}, > vera2(i, j).

Let’s proceed similarly for the 2 equivalent menu options compared to the menu options produced from price vector p:

Casel: k <1

13
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ucr2((pi, 47)) = ucr2((pr, lk))
& > v fora(v) = pf — £+ (1— Fora(6)) > Y v fora(v) — pr — b - (1 — Fera(£,))

vzt >l
& 150-27F +185- 2572 — 14527 — 22527 > 0
k=i—1

&166-277—136-271>0

where the last line holds since ;{156 - 27% 4+ 185 - 28=21 — 14§ . 271 — 22§ .27} =, {155 - 27F} =i — 1.

Case2:i<k<j

ucta((p,€5)) > ucra((Pk, b))
& Y v fora(v) —pf — € (1= Fera(€)) > > v+ fora(v) —px — b - (1 — Fora ()

vzt vl
150277 41852772 145277 — 225279 >0
"L 165277 — 135279 > 0

where the last line holds since {156 - 27% 4185 - 2872/ — 14§ - 279 — 226 - 279} =5, {156 - 2%} = j — 1.
Case3: j <k
ObViously ’U,CTQ((pk,fk)) < Ofork > j+ 1, since by > VCTQ’Q(LJ.).

Finally, we show that UCTQ((pi, Ez)) > UCTQ((pj, fj))

uct2((pi, 4i)) = uct2((pj,¢;))
< veorea - fore(v) —pi — 4 - (1 — Fora () > —pj — £ - (1 — Fora(¢5))
) 9t J
L9t _ R TS
€222 220 S H MO e >

MLt 45,9277 —995.27771 >

0

Lemma 7 (Combinatorial Type 3). Suppose a buyer with the following value distribution:

. 9i—2j _ o995 5] o—i_1485.9—J
186 - 2t + 1853 220-2 4 156-2 144-2 1 1

—2i_2-2j 2-2i_9-2; P1 = 327 — 327>
vers(i, j) = < 368 - 27 =1
cT3\, g b2 2279
1
0 p3 = 1- 2275

Then the buyer will prefer menu option i or j under either pricing p, p'. Moreover; she is indifferent over (156 - 27%, 18 - 2¢)

or (146 - 277,225 - 27).

Proof. Similarly with our previous analysis, we need to prove the following lemma:

Lemma 8 (Sandwiching value masses of Combinatorial Type 3). Let vcrs,1 and vors,2 define the point masses in the first

and second branch of vors respectively. Then it holds that:

0; =186 2" < vors (i, j) <185 -2 =4,
0 =226-2) <vorsa(i,j) <226- 2 =44,

14
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Proof. We start our analysis with proving the left inequality of 3}

18621729 —22§.279 155 -2 — 146 -2
2-2t _ 2-2j + 9—2i _ 9-2j
& 1852072 — 9226277 4156270 —146-277 >0

> 185 - 2¢

vers (i, j) =186 - 2" +

L8627 — 366279 4156 - 279 > 0

where the last line holds since ;{185 - 272/ — 22§ - 277 415§ - 27" — 14§ - 277} =, {156 - 27} = j — 1.

Now for the right inequality of 5] we have that:

vors (i) = 185271 = 226277 +156 - 270 — 145 - 279 <186 - 27" — 185 - 27 HH!
& 0<36-2714365-279 — 185 .21 20+1

For vors o, |§| obviously holds. O

Based on Lemma 6] we will proceed with proving the aforementioned preference relations.

We show the equivalence between (p;, £;) and (p’;, £}):

ucts((pi, i) = Z v- fers(v) —pi — 4 - (1 — Fers(4s))

’L)Zfl
=veTs1 P14+ verse P2 —po- 20— Lo - 28 (p1 + p2)
=330-27"-360-277 +365-277 —15§-27" —185-2" . 27
=0
=(365-27)-27% — (145) - 277 — (220 - 27 - 27%)
= Z v - fers(v) —p;- - 4‘ (1- FCTS(%’))
v>l)
= UCT3((p;'7£;'))
Now, for the optimality - from the buyer’s perspective - of choosing (p;, ¢;) or (p;, ;) compared to any other menu option
under p and also for the preference of menu option (p;, £;) over (p;, £;) (as equivalent of (p’;, £})), the analysis is exactly
the same as in Lemma|3| Moreover, for the optimality of choosing (p}, £;) or (p/;, ¢;) compared to any other menu option
under p’ the details are deferred to Lemma It remains to give an explicit proof that ucrs((p}, £;)) > ucTs((p;, £;)) since

there is a slight "asymmetry” in this case. More specifically, it is easy to see that vers 1 < 228 - 2¢ = £;. Based on that
observation, we have:

ucts((P),45)) > ucrs((pi; £7))
& vers - fors(v) —pj — £ - (1 = Fers(€))) > —p; — ;- (1 — Fers(45))
S 185-271—226-277 +155-270 —146-279 —150-27F — 186 - 27" > —146 - 270 — 225 - 217
& 146271 =366 -2 4225-207% >0
LT 145279 — 360279 422627971 > 0

where the last line holds since ;{14 - 27% — 360 - 27 + 226 - 2027} =, {145 - 27} = j — 1.

15
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Lemma 9 (Combinatorial Type 4). Suppose a buyer with the following value distribution:

i 9t—27 _ 9—J 9=t et
226.21+225g 180-2 4 144-2 159-2 _ 1 1

—2i_2-2j 2-2i_9-2; P1 = 327 — 327>
LN ; 1
vora(i,j) = { 336 - 27 P2 = 527,
1
0 b3 = 1- 227 5

Then the buyer will prefer menu option i or j under either pricing p, p'. Moreover, she is indifferent over (146-27% {225-2'})
or (158 - 277,186 - 29).
Proof. Similarly with our previous analysis, we need to prove the following lemma:

Lemma 10 (Sandwiching value masses of Combinatorial Type 4). Let vcra,1 and vora,2 define the point masses in the
first and second branch of vcory respectively. Then it holds that:

0, =225 -2 < voraa(i,j) <185 -2 =44, (7
0 =226 -2 < voraa(i,j) <220- 277 =444 8)
Proof. We start our analysis with proving the left inequality of 7]
2262172 — 185277  145-27" — 155277

9—-2i _ 9-2j + 2—2i _ 9-2j
< 146277 —335-277 +226-27% >0

voran (i, j) =220 - 20 + > 225 -2

L1460+ 2335979 492527971 >

where the last line holds since ;{14 - 27" — 33§ - 277 422§ - 20727} =, {146 - 27'} = j — 1.
Now for the right inequality of [7} we have that:

2252072 —185-277  140-27" — 155 -277
2-2i _9-2j + 9—2i _ 9-2j
9225202 335277 4146271 < 146271 — 146 - 27

& 0<335-277 —365-27%

voraa(i,j) =226 -2' + <185 -2

For vera 2, |§| obviously holds. O

We show the equivalence between (p}, £;) and (p;,¢;):

uora((pi, ) = Y v+ fora(v) = p — ;- (1 = Fora(t)))

v>L
=vera, P1+ Veras 2 — Py 27— 4 - 20 (p1 + p2)
=360-2"—-330-2774+335-279 —14§-27 —225-2¢. 272
=0
=(360-27)-27% — (146) -2 — (226 - 27 . 27%)
=Y v fora(v) = p; — ;- (1= Fora(ty))

’UZZJ'

= ucta((pj, 45))

16
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Based on Lemma([I0]and the analysis from Lemmas [3|and [5] Lemma 9] follows.

B.4. Finalizing the construction

Property 1. To ensure that the optimal menu is composed of options of the form (155 - 27%, 186 - 2¢) or (145 - 27,224 -
2%),Vi € [n] and (140 - 2~ (1) 225 . 27+1) we need to construct 3 buyer types with value distributions and corresponding
probabilities as described in the hypothesis of Corollary [}

Property 2. As explained in Property 1, we construct a buyer type "Gambler” with value 336 - 22(**1) with (value)
probability 22(%1) and 0 otherwise. As mentioned in Corollary , this buyer will prefer n + 1-th menu option under pricing
(158 - 27¢, 184 - 2%). The buyer type appears with probability g, where this probability is very close to 1. We want to make
sure that the optimal pricing will set exactly (156 - 2-(n+1) 186 - 27+1) as the n + 1-th menu option. In order to achieve
that, we want to construct the rest of the buyer types such that they will contribute no more than g in the total expected
revenue. This can be done by letting the rest of the buyer types have maximum expected value < 366 and appear with
probability < z=qc.

Property 3. For each menu option ¢ € [n] we construct two buyer types “Worker1” and ”Worker2” with corresponding

value distributions vyy, (i) and vy, (7), as described in Corollaries and which appear with probabilities ¢, = zz55
[

and qw, = 55 respectively. As mentioned in these Corollaries, these buyers will purchase item 7 under the only feasible
pricings.

Property 4. For the combinatorial related part of the construction, consider edge (i, j) € E, with ¢ < j and set T;; of
buyer types with value distributions very (¢, 5), verz (4, §), vers (4, 5), vera (4, j) as defined in Lemmas 3lI5)719] respectively.
Intuitively, these four combinatorial types will choose menu options ¢ or j or nothing, and they have similar values for menu
options ¢ and j. Now, we aim to determine the appearance probability of each buyer type in the value distribution, such that if
menu; —menu; = (146 (279 —274),{225- (279 —27%)}) or menu; —menu; = (155- (279 —27%), {185 (277 —27%)}),
then the revenue contribution from 75; is R;;; else the revenue contribution from T;; is R;;(n) 4+ Z-. For convenience, we
shorten our notation:

a=156-27"+185-27"

b=155-277 + 18527/

c=146-27"+225-27"

d=146-277 +225-277

Based on Lemmas [3|[5][7]9] we have the following 4 x 4 outcome matrix, say M, whose elements express the revenue of a
combinatorial buyer under a specific menu pricing:

Buyers’ valuations for (i, j) options

@ab) (cd) (ad) (cb)
@b)| o | b | b | a
d)| 0 | 4 | d
(ad) | a a d a
@h)y| b | b | b

Menu pricing

for (i, j) options

For any vector z € Réo, Mz correspond to the revenue vector produced from the 4 pricings ((p;, %), (p;,¢;)) =
(a,b),(¢,d),(a,d), (c,b), given that z, buyers of type 7 appear. To satisfy Property 4, our task here is to find a vector z
such that Mz = (Rijv Rij7 Rij + e%’ Rij + e%)T, for some Rij > 0.

By solving 21 for Mz; = (1,1,1,1)% and 2, for Mz = (0,0,1,1)T, we get:

17
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d—b d—b bla—d) — (b—d)a

o M= YT ba—d) 0"

z1 =

ad —bc be(a—d)—(a—b)%d a—1b 1 T

2= (a0 bdla—a—d) Ha—d) b—a

Takingz =277 %zl + e "2y, it follows that:

) 18 ) 18 . 18 . 18
Mz = (27— 9—i-n 9—i-n, —n 27]71’7, —n
z=( 5500 5500 5506 ¢ 5506 ¢ )

Therefore, if with probability z, the buyer has type vcry, the four buyer types contribute Rij( n)=277. 550 £505 revenue if

menu; —menu; = (146 - (2779 —279),225 - (277 — 27%)) or menu; — menu; = (155 - (277 —27%),185 - (277 — 27%))

and R;; = 2777 . I8 4+ e7" otherwise.

Now, for the total realization probability of the four buyer types in the distribution, it holds that: ||z||; = ; - (R;; + f) <

2 j—n. 550 5505 - Since there are less than 1 n edges, the total realization probability of all the combinatorial types is less than
n 2777 36 and also the total reahzatlon probability of all buyer types added in Properties 3 and 4 is less than 23 as

5508
requlred in Property 2. This completes the proof of correctness of the construction.

36() ’

C. Ommited proofs in Section 4

C.1. Outline

We give a polynomial-time approximation scheme in four steps.

Step 1: Geometric rounding of prices. Given any feasible menu (p;, ¢;)"_;, we round each first-stage price downward

and each second-stage price upward to the nearest power of (1 + €2). A global scaling factor is applied to restore incentive
compatibility. We show that the resulting menu preserves feasibility and loses at most an O(e) fraction of revenue.

Step 2: Finite price alphabet. We prove that prices below ©(e2) contribute negligibly to revenue and can be set to zero,
while all remaining prices lie in a bounded geometric range [©(€2), R]. This yields a finite candidate price set

I = {(1+ )" : kmin <k < kmax}

of size poly(1/¢,log R), such that restricting menus to IT* preserves a (1 — O(¢)) approximation.

Step 3: Additive reduction and interval pricing. For each buyer type 7, define the expected surplus of menu option  as

Se(i) =Y (v —L)f;.

Jwi 2L

We transform the unit-demand choice into an additive valuation by defining marginal values w. ; = S;(¢) — S (¢ + 1) and
marginal prices ¢; = p; — p;+1. Selecting menu option 4 is equivalent to purchasing suffix bundle {i,...,n}.

We then partition menu indices into intervals so that prices within each interval differ by at most a (1 + O(¢)) factor, while
prices across intervals differ by at least a polynomial factor. This interval structure allows local price perturbations without
affecting buyer incentives and ensures that only O(1/€?) effective price blocks need be considered.

Step 4: Dynamic programming. For the additive instance with interval structure and prices drawn from IT*, we define a
dynamic program whose states correspond to the current interval boundary and price level. Transitions enumerate the next
breakpoint and assign a candidate marginal price consistent with gap constraints. The revenue contribution of each interval
is computed independently using additive values.

The dynamic program runs in poly (m, nP°¥(1/€) log R) time and returns an optimal structured pricing. Mapping this
pricing back through Steps 3-1 yields a feasible two-stage menu achieving at least (1 — €) of the optimal revenue.

18
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C.2. Step 1: (Pre-)Preprocessing

Before delving into the main analysis, we first preprocess the value distribution by transforming it into n discretized
value points with non-zero probability mass, ordered from lowest to highest. This step is essential both for applying our
discretization scheme and for enabling the dynamic program that computes the final pricing menu.

Lemma 11 (Menu Compression Lemma). Let F be a distribution over values in [0, R]. For any € > 0, there exists a set of

n =0 1°g€ R) prices v1, ..., vy, such that any mechanism M can by approximated by a mechanism M’ that only offers

these n prices, such that:

REV(M') > (1 — O(¢))REV(M)

Proof. Let M denote the revenue maximizing mechanism for distribution F'.

Define price levels:
Py = {0} U{(1+¢)*0<k<log, R}

Then |P| = O(@). Imagine partitioning the value space into geometrically growing buckets of the form [(1 + €)%, (1 +
€)iT1]. Each bucket contains values that are close to each other. By merging options within a bucket into a single
representative we define a mechanism M. In this way, we discretize the pricing scheme while introducing a factor 1 & €
distortion in utility and revenue. Therefore, for each bucket we lose at most a factor of 1 — ¢ in revenue and thus, it holds

REV(M’) > (1 — O(¢))REV(M). O

After approximating the original value distribution by n distinct, ordered value points with small revenue loss, we are now
ready to present the main lemma of this subsection. This lemma allows us to significantly reduce the space of feasible first-
and second-stage prices, again with only a small multiplicative loss in revenue. Intuitively, it shows that without much loss,
each price can be rounded to a nearby power-of-(1 + €2), enabling us to discretize the solution space and apply a dynamic
programming approach in the next steps.

Lemma 12. Forany e > 0, let p, q° and {, q" be two stage-1 and stage-2 price functions respectively, satisfying q°(\) <
p(N) < (1 +€)g?(N) and ¢*(\) < £(\) < (1 4 €)q*(\) for all random allocations X € A(2™). Then for scaling factor

_Aa . .
a = (14 €)” V% and any valuation function v:

REV(M') > (1 — O(¢))REV(M)

Proof. Suppose that under pricing (p, {¢}) buyer purchases allocation \, while under (p’, {¢'}) = (aq”, {aq’}) buyer
purchases \'.

The buyer has higher utility for A than X" under (p, {¢}), hence:

o0

/;o vf(v)dv—p()\)—a)\)'/oo vf(v)de/oo vf(v)dv—p()\’)—é()\’)~/ vf(v)dv

() £(N) L) £(N)
On the other hand, the buyer has higher utility for A’ than \ under (ag?, {aq‘}), thus:

oo oo

f(v)dvz/ wf () dv—p' () — €0 - [ Fw)dv

ey ey

/ s -y -

’ ()\/) VA ()\/)

Adding the two inequalities above, it follows:
EO) + €0 [ ) = e+ - [ )+ GO e [ fwd
£(N) 2(N) 1269

00 L(N) 2(\")
NN [ fwyd) +( / vf(v) dv - /é of@)do)  ©)

(N 4ey; (A1)

19



Computing Refunds

Moreover, we have:

() £(N)
_ / v f (W) dv > —6(V) / F(v) do
l

/(}\/) e/()\/)

and

2(N) L(N)
/ vf(v)dv > E’()\)/ f(v)dv
(N ¢

Also, before finalizing our analysis, observe that:

a=(1+6 v <1—e+2e

and

a:(1+e)7ﬁ>1fﬁ

Now, we are ready to establish our lower bound for the revenue of the new mechanism:

0O oy o) [ f)de) = o)+ L) - [ Fw)de) + @ (V) + )

170%) L(N)

00 L(N)
S ACYERAOVE f(v)dv) + ' (X)- /g fv)dv—E(X) - /

2(N) (N

— (p(X) + L) /O:) B
L)+ [

126%)

22y (a7 (14 e) = 1) - (p(X) +£(N) / fo)dv) = (1= a) - (p(A) +£(A) -

o)
— @)+ [ ) >

Fw)do) > () + () - [ F(w)dv)

F(0) dv) — (0 (N) + E(N) - A :) £(v) do)

GO+ [ Fw)dv)

B () 4 a00) [ gy = 45 V9 (Ve ~29

2(\) €+ \@
— (V) + L) - /

(N

Hence REV (4.40 {a-q¢}) (V) = (1 — 4/ )REV ,, (41 (v).

P + 4 /Z o)
F(v)dv) > (1 — 442 - (p(A) + £(N) - / £(v) dv)
o)

(10)

Y

(12)

(13)

f(v)dv)

O

Let (p, {¢}) be the optimal menu pricing. Let (g7, {¢’}) be the menu pricing that rounds each 1-st and 2-nd stage
menu price to the closest integral power of (1 + €2). Then ¢?(A) < p(\) < (1 + €2)g?(A) and ¢‘(\) < £()\) <
(1 + €2)g*(\), VA € A(2["]). Now, we are ready to apply Lemma [12fin order to prove the Theorem of Step 1. Set
e — €2 hence a = (1+€2)7 7, ¢?(\) < p(A) < (14 €2)gP(\) and ¢*(\) < £(A) < (14 €2)¢’(N), VA € A(2["]). Then
(@M {g"MW}) = (14 €2)~ <P, {(1 + €2)~ < ¢'}) is a menu pricing with powers-of-(1 + ¢2) 1-st and 2-nd stage prices

for each menu option, achieving (1 — 4¢) = (1 — O(e)) function of the revenue of (p, {¢}).
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C.3. Step 2: Discretizing the solution space

It suffices to show that there exists a menu pricing with all stage-1 and stage-2 prices being either O or bounded in range
[Q(e?), R] that achieves an 1 — O(€) function of the revenue of (¢”("), {¢®(1)}). Let’s define (¢*(), {¢*(?)}) as follows:

@y =% OO < ey 2 [0 if " () < ¢
1 (@ =e)gPM(N), otherwise ’ (1 —€)g"M(N), otherwise

The proof employs a similar perturbation technique as in Lemma ??. Before the main analysis, notice that:

if (M ()\) < 2
(1—e)(g"M —€) < 0, if g '(A) <e
(1 —€)g”M()), otherwise

( e)(q p,(1) _ ) < qzn(?) (14)
Similarly, it holds:
(1=e)(g" ) <@ (15)
Also, from the definition, it holds that:
3 < (1—¢) g (16)
and
" <(1—¢) - g"W (17)

Like in Step 1, suppose that under pricing (¢”(!), {¢®()}) buyer purchases allocation \, while under (¢”(*), {¢*(?)}) she
purchases \'.

The buyer has higher utility for A than \’ under (¢, {¢(V}), hence:

[ wt@do-@ O -t 0w [ ez
gt M) q“M(X)

/ T i) do— N — D). [ s

qe,u)()\/) qe,(l)()\/)

On the other hand, the buyer has higher utility for A’ than A under (¢, {¢®(®}), thus:

o0

/ of (W) dv — AN — -@ (). / f(v)do >
qé,(2)()\/) qfv(2>(A’)

/ T f@)de— PO — EO () / f(v) dv

a“@ () a“ ()

Adding the two inequalities above, it follows:

@O0+ 100 [ i = o0+ ) [ im0 [ s

0o 2(N) ()
W) f(v)dv)+(/€ of (v)dv - /[ of(w)dv)  (18)

(N "N (A"

Moreover, we have:

vf()dv > —¢" @) - f(w)dv (19)
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and

") " @)

vf(v)dv > —g“@(N)- / f(v)dv (20)

gt @ (X) gt M (X)

With the aim of the relations above, we can derive the lower bound for our theorem:

L (D) + "0 [ @) = @OW + 0 [ e
Lo () g ()

+ (qp,(Z) ()\I) + qf,(Q) (}\/) ) /oo f(/U) dU) . (qp,(Q)()\) 4 qf,(Q) ()\) . /oo f(fu) dU)
q“@ ) g“M )
DS (1 (@00 + O [ s [T e 2
gt () g>@ )
(@ DN + gD () - / F)dv) + (PP N) + @) - / f(v)dv)
() e\
— (1= (@D + D) - / )
a
— (qp,(Q)()\/) + qé,(2)()\,) ) /OO f(’u) dq}) + 62(1 _ 6) + 62(1 — g) . /OO f(v) d’U) >
€2 (A1) g>@ )
@AW+ OO [T 0= D00+ ). / T %)
= (") + g D) / Z)(M fw)dv) + &1 -+ (1= ¢) / gy N2
(1= ) (D) + "D () / ey )
— qp,(2)(>\/) + qé,(Q)()\,) /oo (U) dv > (1 o e)(qp’(l)(/\) 4 ql,(l)()\) /OO f(v) d'U)
q>@ ) g>M )

— 2%+ €2

Hence REV(qp,(2)’{q€.(2)})(/U) > (1 — O(E))REV(qp,(l)${q2,(1)})(U).

All stage-1 and stage-2 prices of (¢g7(?), {¢"(®}) € II*" x ITI*", where IT*" is some set with |II*"*| = O(Llog &) since all
menu prices in (g7, {g®(®}) are in range [Q(e?), R] and are powers of (1 + ¢2) in (¢”("), {¢*M)}) multiplied in (1 — ¢).
C.4. Step 3: From unit-demand to additive

After Steps 1-2, we restrict attention to menus of length n = O(log R/¢) with first-stage prices p1 > py >+ -+ > p,, and
second-stage prices (thresholds) /1 < /5 < --- < /,,, each drawn from the finite set IT*.

For a buyer of type 7 with discretized value support v; < v9 < --- < v, and corresponding probabilities f1, ..., f,, define
the expected surplus obtained from menu option ¢ as:

Since ¢; is nondecreasing, the sequence S (1) > S-(2) > --- > S.(n) > 0 is nonincreasing.

A unit-demand buyer selecting option ¢ obtains utility:
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We now define marginal surplus values:

w”:ST(z)—ST(Z-&-l), i:17~-~an7

)

with S-(n + 1) = 0, so that:
S-,-(’L) = Zwm-.
j=i

Similarly, define marginal prices:
Ci = Pi — Pi+1, i=1,...,n,

with p,4+1 = 0, so that:
n
pi = Z Cj.
j=i

We interpret this as an additive valuation over items {1, ..., n}, where item ¢ has value w, ; and price ¢;. Purchasing the
suffix bundle {i,7 + 1,...,n} yields total value S, (¢) and total price p;.

Hence, the utility of purchasing the suffix bundle is exactly:
S-(i) — pis
which coincides with the utility of selecting menu option ¢ in the original unit-demand problem.
Therefore, optimizing over unit-demand menu choices is equivalent to optimizing over suffix bundles under additive
valuations, with utilities and revenue preserved exactly.
C.5. Step 4: Dynamic Programming

Following Step 3, the problem reduces to computing optimal suffix pricing for an additive buyer with item values
Wr1,- .., W, and prices chosen from the finite set IT'.

Moreover, by the interval pricing structure enforced in Step 3, prices change only at a bounded number of breakpoints and
remain nearly constant within each interval, while differing by large multiplicative factors across intervals.

Let the indices
l=dp<i1 <o < ---<ig=n+1

define the interval boundaries, where each interval [i;_1,i; — 1] shares a common marginal price (k)

S

k:i<ip

The total price of suffix {i,...,n} is therefore:

Since the buyer is additive, revenue contributed by each interval is independent.

We define a dynamic program where the state:
DPlt, 2]

denotes the maximum expected revenue obtainable from items {t,...,n} when the next marginal price is fixed to z € IT'.

For each state, we enumerate the next breakpoint j > ¢ and next price level z’ € I’ satisfying the interval gap constraints,
and add the revenue contribution of interval [¢,j — 1]:

DPJt,z] = max {Rev(t,j —1,2")+ DPJj, z’]}

Jj>t, 2!

Here Rev(t,j — 1, 2’) denotes the expected revenue obtained from assigning marginal price 2’ to all items in interval
[t,7 — 1], which equals

j—1
Z/ ' ZQT Z 1[107—77‘, > Z/] .
T i=t
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The base case is DP[n+ 1,-] = 0.

Since the number of intervals is O(1/¢€2), the price alphabet IT" has size poly(1/¢,log R), and each transition enumerates
polynomially many possibilities, the dynamic program runs in

poly (m, nPoY(1/9) 1og R)
time.

The resulting suffix pricing is translated back to a menu pricing (p;, ;) using the inverse transformations of Steps 31,
incurring only a (1 — O(¢)) revenue loss.
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