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Abstract

As both model and dataset sizes continue to scale rapidly, conventional pretraining
strategies with fixed compute budgets—such as cosine learning rate schedules—are
increasingly inadequate for large-scale training. Recent alternatives, including
warmup-stable-decay (WSD) schedules and weight averaging, offer greater flex-
ibility. However, WSD relies on explicit decay phases to track progress, while
weight averaging addresses this limitation at the cost of additional memory. In
search of a more principled and scalable alternative, we revisit the Schedule-Free
(SF) method [Defazio et al., 2024], which has shown strong empirical performance
across diverse settings. We show that SF-AdamW effectively navigates the “river”
structure of the loss landscape without decay phases or auxiliary averaging, making
it particularly suitable for continuously scaling training workloads. To understand
this behavior, we conduct a theoretical and empirical analysis of SF dynamics,
revealing that it implicitly performs weight averaging without memory overhead.
Guided by this analysis, we propose a refined variant of SF that improves robust-
ness to momentum and performs better under large batch sizes, addressing key
limitations of the original method. Together, these results establish SF as a practical,
scalable, and theoretically grounded approach for language model training.

1 Introduction

As both model and dataset sizes continue to scale rapidly, conventional pretraining strategies with
fixed training budgets—such as cosine learning rate schedules [Loshchilov and Hutter, 2017]—are
becoming increasingly inadequate. These static approaches are ill-suited to the demands of large-
scale, evolving datasets and open-ended training regimes. For example, DeepSeek-V3 [Liu et al.,
2024, §4.2] employs a sophisticated multi-phase training procedure that falls outside the scope of
traditional cosine scheduling.

To support prolonged and flexible training, practitioners have adopted more adaptive scheduling
strategies. One widely used approach is the warmup-stable-decay (WSD) schedule [Hu et al., 2024],
which avoids committing to a fixed compute budget by maintaining a main “branch” with a constant
learning rate (LR) and periodically branching into decaying LR trajectories to produce intermediate
checkpoints—enabling flexible and continued training. Despite its advantages, WSD has notable
limitations. A key challenge lies in evaluating the quality of the current model without explicitly
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entering the decay phase. This lack of visibility complicates decisions around checkpointing and
training continuation, leading to uncertainty in training management (see Section 2.2).

One common workaround is to maintain a weight averaging, which improves generalization and
provides more stable performance estimation. However, this comes at the cost of additional memory
overhead and implementation complexity, especially in distributed training setups (see Section 2.3).

These challenges motivate a key question:

Is there an alternative that offers better flexibility, training visibility, and minimal resource overhead?

Our main contributions. In this work, we explore this question and identify the Schedule-Free (SF)
method [Defazio et al., 2024] as a principled and scalable approach for language model pretraining.
Our contributions are summarized as follows:

* We revisit the river-valley loss landscape and analyze two widely used strategies—WSD and weight
averaging—through this lens, highlighting their respective strengths and limitations for scalable
pretraining (Section 2).

* We then focus on the SF method and show that it effectively follows the “river” structure of the
loss landscape without requiring a decay phase or auxiliary averaging. This makes it particularly
well-suited for continuously scaling training workloads (Section 3).

* We analyze its training dynamics both theoretically and empirically. Our findings reveal that SF
implicitly performs a form of weight averaging, without requiring additional memory. We also
show that it operates at the Edge of Stability [Cohen et al., 2021] and derive its associated central
flow [Cohen et al., 2025], providing a deeper understanding of its behavior (Section 4).

» Based on these insights, we propose a refined version of the SF method that improves robustness to
momentum parameters and scale better with large batch sizes—addressing key limitations of the
original method (Section 5).

2 Candidate Strategies for Scalable Pretraining

2.1 Backgrounds: Loss Landscape of Neural Networks

Despite the remarkable success of deep learning across nu-
merous domains, classical optimization theory falls short
of explaining the underlying dynamics of neural network
training. In particular, the structure of the loss landscape
has attracted growing attention as researchers seek to bet-
ter understand why deep learning works and how to design
more effective optimization algorithms.
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River-Valley Landscape. Recent studies—motivated by
diverse goals—have converged on a common hypothesis
regarding the geometry of neural network loss landscape.
This hypothesis, which we refer to as the river-valley loss
landscape [Wen et al., 2025], is closely related to concepts
such as the ill-conditioned valley [Song et al., 2025], basin
in the loss landscape [Hégele et al., 2024], and ravine in
the loss landscape [Davis et al., 2024].
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Figure 1: River-valley structure in a
toy loss landscape. Contour plot of the
objective defined in Section 4.1, illus-
trating the flat river direction and steep
hill direction characteristic of the river-
As its name suggests, a river-valley loss landscape resem- valley geometry.

bles a winding ravine: steep “hill” walls flank a relatively

flat “river” floor that snakes through parameter space. Wen et al. [2025] formalize this picture to
interpret the warmup-stable-decay (WSD) LR schedule, arguing that large, noisy updates during the
stable phase let SGD travel quickly downstream along the river, while the fast-decay phase pulls
the iterate back to the bottom of valley. A concrete illustration is provided in Figure 1 (see also
Section 4.1). Complementary evidence from Song et al. [2025] show that “effective” optimizer
updates happen along the river: projecting out the high-curvature hill directions does not harm
progress of learning, indicating that motion in the hill directions is often dispensable once the iterate
is near the river.



Motivated by these works, we explicitly decompose the loss into two orthogonal parts:

* the river component, which measures progress along the low-curvature valley floor, and
¢ the hill component, which penalizes deviations away from that floor.

In the remainder of this section, we revisit existing strategies for scalable pretraining through the lens
of the river-valley perspective.

2.2 Warmup-Stable-Decay Schedule

To address the limitations of cosine schedules—particularly their reliance on a pre-specified training
budget—the warmup-stable-decay (WSD) schedule has been proposed as a more flexible alterna-
tive [Zhai et al., 2022, Hu et al., 2024]. WSD divides into three phases: warmup, stable, and decay,
with the LR controlled separately in each. Unlike traditional schedules, WSD avoids committing to a
fixed training horizon by maintaining a main branch with a constant LR and periodically branching
off with decaying LRs to produce intermediate checkpoints. This structure enables flexible evaluation
and checkpointing without the need to predefine the total number of training steps, making WSD a
widely adopted strategy for scalable pretraining.

Understanding WSD. The WSD LR schedule has been widely adopted in large language model
(LLM) pretraining due to its strong empirical performance. Motivated by this success, recent
studies have sought to understand the mechanisms underlying its effectiveness. Hégele et al. [2024]
systematically explore the impact of WSD hyperparameters and propose optimal choices for both the
decay schedule and timing. In parallel, Luo et al. [2025] introduce a multi-power-law framework that
predicts final pretraining loss as a function of the LR schedule. Interestingly, their learned optimal
schedules closely resemble the WSD pattern, providing further evidence for its effectiveness.

Wen et al. [2025] provide a geometric interpretation of WSD through the lens of the river-valley loss
landscape. Their key insights are:

1. During the stable phase, the high LR amplifies stochastic gradient noise, inducing oscillations
along the high-curvature hill directions. Nevertheless, it enables rapid progress along the low-
curvature river direction, which drives long-term improvement.

2. The decay phase plays a crucial role near convergence: it reduces oscillations in the hill directions
and steers the iterate toward the valley floor, resulting in a sharp drop in loss that is not achievable
during the stable phase alone.

Limitations. A key limitation of WSD is its reliance on manually initiating the decay phase. While
the stable phase often yields a relatively flat loss curve, a sharp drop typically occurs only once decay
begins, which makes it difficult to assess model quality or forecast final performance in advance. This
raises a natural question: can we design optimizers that closely track optimal loss—by reaching the
valley floor and following the river—without relying on explicit learning rate decay?

2.3 Weight Averaging

Since its introduction in stochastic approximation [Ruppert, 1988, Polyak and Juditsky, 1992],
parameter averaging has been widely explored for improving optimization stability and generalization
in deep learning. By reducing gradient noise and smoothing the optimization trajectory, averaging
schemes can often eliminate the need for explicit LR decay, making them an appealing candidate for
scalable pretraining. Among them, two widely studied approaches stand out:

1. Stochastic Weight Averaging (SWA). SWA [Izmailov et al., 2019] enhances generalization by
periodically averaging model weights. While the original method uses a cyclic LR schedule and
averages every c steps, many subsequent works simplify it by setting ¢ = 1, performing a standard
running averaging. Higele et al. [2024] further refine SWA by applying fixed-length window
averaging under constant LR, and demonstrated improved performance.

2. Exponential Weight Averaging (EWA). EWA maintains an exponential moving average of
model weights, continuously smoothing the optimization trajectory. Recently, Zhang et al. [2025]
show that combining EWA with a constant LR match the performance of cosine schedulers and



WSD, particularly in large-batch settings. EWA has also been proven to be effective theoretically
in nonconvex optimization [Ahn and Cutkosky, 2024, Ahn et al., 2025].

Interestingly, weight averaging is often regarded as functionally equivalent to LR decay. Sandler et al.
[2023] analyze schemes like SWA and EWA, showing that their dynamics closely resemble those
induced by decaying LRs. Motivated by this, several works advocate for weight averaging as a viable
alternative to schedulers in scalable pretraining [e.g., Higele et al., 2024, §4.1]. Concurrent with our
work, Li et al. [2025] report that training with a constant LR, when combined with weight averaging,
matches the performance of models trained with decaying schedules at any point during training,
without the need for LR decay. From the river-valley perspective, weight averaging serves to cancel
out oscillations along hill directions, enabling the optimization trajectory to align more closely with
the river—without relying on explicit LR decay.

Limitations. Despite its benefits, weight averaging introduces a memory overhead, as it requires
maintaining an additional copy of the model parameters. This becomes a bottleneck in large-scale
LLM pretraining. For instance, storing a single 16-bit copy of LLaMA-8B requires over 16 GB
of memory. This limits the practicality of weight averaging in memory-constrained or large-scale
training environments.

2.4 Schedule-Free Methods

The Schedule-Free (SF) method [Defazio et al., 2024] provides a general framework that interpolates
between two classical techniques: Polyak-Ruppert averaging, which returns the average of past
iterates, and primal averaging, where gradients are evaluated at the averaged point. The abstract
formulation of the SF method is given by:

xe = (1 — ) Xe—1 + ¢ 24,
yi=(1—-08)z + 8%y, (SF)
Ziy1 = 2y — ’YAm

where v is the LR, 3 is a momentum-like coefficient, ¢; = 1/¢, and the initialization satisfies z; = x;.
The update direction A, is generic, making SF a flexible framework that can be combined with any
baseline optimizer. For example, in Schedule-Free SGD, A; corresponds to a stochastic gradient
evaluated at the y; iterate.

In this work, we focus on Schedule-Free AdamW (SF-AdamW), where A; is computed using the
RMSprop update along with a weight decay term. The full pseudocode is provided in Algorithm 1.
Here, 31 denotes the coefficient 3 in (SF), and [ is the momentum parameter used in the second-
moment of RMSprop.

SF-AdamW has demonstrated state-of-the-art performance across a range of deep learning tasks,
including winning the Self-Tuning track in the 2024 AlgoPerf Challenge [Dahl et al., 2023, Kasimbeg
et al., 2025]. Importantly, it achieves this without requiring additional memory overhead compared
to AdamW. However, its practical deployment reveals two key limitations: sensitivity to momentum
hyperparameters [Hégele et al., 2024] and degraded performance under large batch sizes [Zhang
et al., 2025, Morwani et al., 2025]. We revisit both limitations in later sections and propose a refined
variant of SF that addresses them.

3 Schedule-Free Optimizer as a Scalable Pretraining Method

In Section 2, we discussed the limitations of WSD and weight averaging as strategies for scalable
pretraining. While WSD relies on a decay phase to achieve optimal performance, weight averaging
avoids decay but incurs additional memory overhead. In this section, we empirically investigate the
SF method as an alternative. We find it to be a strong candidate, as it requires neither decay nor extra
memory.

Experimental Setup. We use a 124M parameter LLaMA [Touvron et al., 2023a,b] style decoder-
only transformer, trained with SF-AdamW using a warmup phase followed by a constant LR. The batch
size is 0.5M tokens, and training is conducted on a 6B-token subset of SlimPajama [Soboleva et al.,
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Figure 2: SF-AdamW closely follows the river, unlike AdamW. Left, Middle: While AdamW
benefits from linear LR decay and EWA, SF-AdamW shows no improvement from either. Right:
A short decay phase of AdamW (with linear LR decay from le-4 to 0) leads to a sharp loss drop
for AdamW, but has no effect when applied to the SF-AdamW trajectory—suggesting that SF-AdamW
already tracks the river throughout training (Observation 1).

2023], with the compute budget determined by the Chinchilla scaling rule [Hoffmann et al., 2022].
We report validation loss in terms of perplexity. Additional results using a 124M parameter GPT-
2 [Radford et al., 2019] style decoder-only transformer trained on the OpenWebText2 dataset [Gao
et al., 2020] are provided in Appendix C. Full training details are available in Appendix B.

Vanishing Benefit of Learning Rate Decay and Weight Averaging. As noted in Section 2,
standard AdamW with a constant LR typically yields suboptimal performance, requiring a decay phase
or weight averaging to reach better solutions. To test whether SF-AdamW exhibits similar behavior, we
first perform a grid search to identify the best hyperparameters for both AdamW and SF-AdamW under
constant LR (after warmup). In our setting, the optimal hyperparameters are (31, 32) = (0.9, 0.95)
with LR le-3 for AdamW, and (81, 82) = (0.95,0.99) with LR 2e-3 for SF-AdamW. Using these
configurations, we train each model and periodically save checkpoints. At each checkpoint, we run a
LR decay phase and evaluate the resulting loss. We also track the EWA of the x; iterates throughout
training. Results are shown in Figure 2.

Surprisingly, unlike AdamW, neither the decay phase nor EWA provides additional benefit: SF-AdamW
with a constant LR consistently reaches near-optimal solutions on its own.

Schedule-Free Optimizer Tracks the River. We next examine how closely the SF-AdamW trajec-
tory follows the river in the loss landscape, building on the observation by Wen et al. [2025] that
AdamW with a decaying LR converges toward the river. Specifically, we run a short decay phase of
AdamW (linear decay from le-4 to 0) at each checkpoint from the SF-AdamW run described in the
previous experiment. This decay phase—starting from a small LR—is designed to make minimal
progress along the river direction while substantially reducing the hill component, pulling the iterate
toward the valley floor. As a baseline, we apply the same procedure to AdamW. Results are shown in
Figure 2.

We observe that applying a decay phase of AdamW to the SF-AdamW trajectory results in minimal
additional loss reduction, in contrast to the AdamW trajectory where the decay phase leads to a sharp
drop in loss. This suggests that SF-AdamW already closely tracks the river throughout training, without
requiring LR decay or weight averaging.

To further support this interpretation, we measure the loss along linear interpolations between the 2B
and 2.5B token checkpoints under three training regimes: (1) AdamW with a constant learning rate
(LR), (2) AdamW with a linear LR decay to zero, and (3) SF-AdamW with a constant LR. As shown
in Figure 3, the resulting loss curves display qualitatively distinct behaviors: (1) shows a convex,
valley-shaped profile, indicating oscillation across the valley; (2) shows a sharp, monotonic decline,
consistent with a transition from the valley wall to the floor; and (3) shows a flat, slow decline,
suggesting that the trajectory is already closely aligned with the valley floor. Notably, cases (1)
and (2) replicate the loss profiles reported in Figure 7 of Wen et al. [2025], while (3) offers further
evidence that SF-AdamW remains near the river throughout training.

Observation 1: SF-AdamW can follow the river without LR decay or weight averaging.
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Figure 3: Linear interpolation between training checkpoints. We evaluate the loss along linear
interpolations aw;, + (1—a)wy,, where a € [0,1] and ¢;, ¢2 denote the 2B and 2.5B token
checkpoints, respectively. We compare three training regimes: (1) AdamW with constant learning rate
(LR), (2) AdamW with a linear LR decay to zero, and (3) SF-AdamW with constant LR. For all settings,
the first 2B tokens are trained using either constant-LR AdamW (for 1 and 2) or constant-LR SF-AdamW
(for 3). The resulting curves exhibit qualitatively distinct behaviors: convex (valley-shaped) for (1),
sharp monotonic decay for (2), and flat, slowly declining loss for (3) (Observation 1).
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improves performance, suggesting that suboptimal momentum disrupts the optimizer’s ability to
follow the river. Results are shown in Figure 4.

Observation 2: SF-AdamW is highly sensitive to momentum; poor choices can prevent it from
reaching and following the river.

These findings lead to the following central question:

Why does a well-tuned Schedule-Free method successfully follow the river, and
what makes this behavior so sensitive to momentum?

We address this question in the next section by analyzing the training dynamics of the SF method.

4 Understanding the Training Dynamics of Schedule-Free Optimizer
4.1 Warmup: A Toy Model

To build intuition, we start by studying the following simple two-dimensional objective:

1
f(W) = 5(w(l)w(?) _ 1)2 + log(l + exp<_w(1))) 7
where w = (w™, w(?)) € R2. As shown in Figure 1, this objective exhibits a river-valley structure:

the curve w(Dw(? = 1 forms a river, along which the loss slowly decreases as w(!) increases. We
use this toy model to visualize the training dynamics of SF-AdamW in a controlled setting.

We run SF-AdamW with a constant LR, initialized at x; = (2, 2), fixing f2 = 0.99 and varying
b1 € {0.1,0.5,0.9}. For each run, we track the iterates (X, y+, ). Results are shown in Figure 5.

We observe that the y, iterates—where the gradient is evaluated—oscillate around the river across all
momentum settings, with the center of oscillation remaining close to the river. In contrast, the x;
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Figure 5: SF-AdamW on toy model. Left: The x; iterates fail to follow the river for 5; € {0.1,0.5}
(Observation 2). Right: The y; iterates oscillate around the river but track it reliably on average,
even for suboptimal values of 3; (Observation 3). As /31 increases, the oscillations shrink.

iterates fail to track the river for suboptimal values of 57 (0.1 and 0.5), whereas $; = 0.9 results in a
trajectory that remain closely aligned with the river.

This behavior aligns with Observation 2, where we observed that SF-AdamW fails to follow the river
under suboptimal momentum configurations in language model training. Notably, even when [; is
suboptimal, the y; iterates continue to track the river on average, despite exhibiting oscillations (we
revisit the nature of this oscillation in Section 4.3). These observations suggest that the y; sequence
is more robust to 31 and better aligned with the river geometry than the x; iterates, making it a
more reliable foundation for analyzing and guiding optimization in SF dynamics. We investigate this
further in the context of language model training.

4.2 Language Model Training

We evaluate the loss at the y; iterates, as well as the EWA of y;, using the same experimental runs
from Section 3 with 81 € {0.1,0.5,0.95}. Results are shown in Figure 6. Notably, for suboptimal
(1, we observe that the loss at y; is consistently lower than that at x;, showing that y; more faithfully
follows the river geometry and remains robust to suboptimal momentum settings. This mirrors our
findings in the toy model analysis (Section 4.1), where x, failed to follow the river under suboptimal
momentum, while y,; continued to track it. Moreover, the EWA of y; consistently achieves lower
loss than the raw y iterates across all momentum configurations—unlike the x; iterates, where EWA
offers no benefit for 5; = 0.95. It illustrates that the EWA of y; consistently remains closer to the
river compared to the vanilla y, iterates. This observation parallels the oscillatory behavior of y; in
the toy model, where the EWA would more closely align with the underlying river-like geometry.
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Figure 6: Performance of x;, y;, and the EWA of y; under varying ;. For suboptimal /31,
y: outperforms x;, and across all momentum settings, the EWA of y; achieves the lowest loss
(Observation 3).

Observation 3: In SF-AdamW, the y; iterates remain well aligned with the river geometry of the
loss landscape, even under suboptimal momentum settings, whereas x; may deviate.

4.3 Schedule-Free Methods at the Edge of Stability

We return to the toy model from Section 4.1 to further analyze the optimization dynamics of the
y: iterates. Notably, the y; sequence exhibits a period-two oscillation centered along the river
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Figure 7: The y, iterates of Schedule-Free methods operate at the Edge of Stability. Plots of
(preconditioned) sharpness during full-batch training; dashed lines indicate stability thresholds. Left:
Toy model trained using SF-AdamW with (51, 82) = (0.9,0.99). Middle, Right: Fully connected
network trained on a 5k subset of CIFAR-10 using SF-GD with 8 = 0.9 and SF-AdamW with
(51, B2) = (0.95,0.99); (preconditioned) sharpness is evaluated at the y; iterates (Observation 4).

(Figure 5). This behavior resembles the dynamics of full-batch GD at the Edge of Stability (EoS),
where iterates oscillate along sharp directions while remaining globally stable. The EoS phenomenon
was first identified empirically by Cohen et al. [2021] and has since been studied theoretically [Arora
et al., 2022, Wang et al., 2022, Ahn et al., 2023, Damian et al., 2023, Song and Yun, 2023, Zhu
et al., 2023]. A key feature of this regime is that the sharpness—measured by the largest Hessian
eigenvalue—stabilizes near the threshold 2/+.

We now make this connection precise by analyzing SF dynamics through the lens of EoS.

Notation. Let f(w) be the objective and H(w) its Hessian at w. For brevity, write H; := H(wy).
The largest eigenvalue \; (H) is called the sharpness, and for a given preconditioner P, \;(P~1H)
is called the preconditioned sharpness.

We first study the stability of Schedule-Free GD (SF-GD) on quadratic objectives, which serve
as local Taylor approximations to neural network training losses. SF-GD is defined by (SF) with

A EVS (yt)-
Proposition 4.1 (Stability Threshold of SF-GD). Consider running SF-GD on a quadratic objective
fw)=iwTHw+g'w+ec If\(H) > ﬁ then the iterates { (X, yt, 2¢)} diverge.

Notably, this stability threshold is scaled by a factor of (1 — 3)~! compared to the threshold for
standard GD. This result is consistent with empirical observations from Defazio et al. [2024], which
report that SF methods allow the use of larger LRs, particularly when S is close to one.

Next, we extend the analysis to SF-PrecondGDW, defined by (SF) with A, £ P~V f (yi) + Ay,
where P is a fixed, symmetric, and positive definite preconditioner, and )\ denotes the weight decay
coefficient. This setting parallels the analysis of Adaptive Edge of Stability in Cohen et al. [2022].
Proposition 4.2 (Stability Threshold of SF-PrecondGDW). Consider running SF-PrecondGDW on
fw)=iwHw+g w+c If\(P'H) > ﬁ — A, then the iterates {(Xt,y+,2+)} diverge.
Proofs of Propositions 4.1 and 4.2 are deferred to Appendix D.1.

SF-AdamW can be viewed as SF-PrecondGDW with with a slowly varying diagonal preconditioner P.
Hence, its stability is governed by the preconditioned sharpness A (P; 'H;). As shown in Figure 7,
the preconditioned sharpness at y; iterates equilibrates near the stability threshold in both the toy
model and CIFAR-10 experiments—exhibiting a typical EoS behavior.

Observation 4: In full-batch settings, Schedule-Free methods operate at the Edge of Stability, with
the (preconditioned) sharpness at y; hovering around the stability threshold.

4.4 A Reformulation of Schedule-Free Optimizer

Motivated by Observations 3 and 4, we now examine the dynamics of the y, iterates. Following
Defazio et al. [2024] and Morwani et al. [2025], define the momentum variable m, := % The
Schedule-Free update in (SF) is then equivalent to

m; = (1 — Ct) m;_j + Ah
Yt+1 =Yt — ’7[5Ct+1mt +(1- 5)At]7 (SFy)

i.e. SF is a momentum-based optimizer update on y,. The full derivation is provided in Appendix D.2.



The x;, iterate can then be expressed as
(1 —ce)(1 = B)x¢—1 + crye
(I=c)(1=p)+c
In other words, x; is a weighted average of past y;’s. Hence, we arrive at the following conclusion.

Xt =

Observation 5: Schedule-Free implicitly performs weight averaging over momentum iterates
without storing an extra model copy.

4.5 Central Flow Analysis

Cohen et al. [2025] observe that, at the EoS, the time-averaged optimization trajectory follows a
differential equation called the central flow, which characterizes the river that the dynamics trace
during training. We adopt this framework to understand the magnitude of oscillation of y; iterates of
SF-AdamW along the river. In particular, we analyze the scalar surrogate SF-ScalarAdam with an
adaptive preconditioner v; updated as v; = Sav;_1 + (1 —32)||V f(y+)||?. Based on the reformulated
update (SFy), and assuming that c¢(¢) = 1/t becomes negligible for sufficiently large ¢, the central
flow equations are given by:

dy V(l_ﬁl) 1.2 dv 1—62

G- Wy, =g

where S(y) = \i(V?f(y)) and o2 is the steady-state variance of oscillations along the hill direction.
Enforcing the stability condition S(y)/+/v = 2/[(1 — 81)7] yields
1-8, [ 1 v s

(VS, -V f) + 552192 - I

SIVSIP + i S
As f3; increases, o2 decreases; thus, larger values of 3; suppress oscillations along the hill directions,
keeping the y; iterates more closely aligned with the river—consistent with the empirical observation
in Figure 5. A complete derivation, including the central flow of SF-GD, is provided in Appendix D.3.

IV @I +02S(x)* — ],

*(y) =

5 A Refined and Robust Schedule-Free Optimizer

While SF-AdamW achieves strong performance, it is highly sensitive to momentum hyperparameters
and degrades under large batch sizes [Zhang et al., 2025, Morwani et al., 2025]. Building on the
insights from Section 4, we revisit these issues and propose a refined variant that addresses them.

A key limitation in the vanilla (SF) setup (¢; = 1/t) is that 8 simultaneously controls both (i) the
momentum applied to y; (SFy) and (ii) the implicit averaging window that defines x;:

N o ¢ (=)= 8)
XT_; e (1—Ct)(1—5)+0t8_111[(1—cs)(1—ﬂ)+cs

When /3 is small, the weights {«; } become stretched, overemphasizing early iterates and preventing
x; from closely tracking the river, as shown in Figure 8. This also explains Observation 1, where we
demonstrated that applying EWA to x; offers no benefit: since x; is already a weighted average of
y¢, further averaging merely flattens the weights and weakens alignment with the river.

More fundamentally, 3 plays a dual role: it controls both the momentum update of y; and the width
of the averaging window for x;. The optimal value for each may differ, and this mismatch can hinder
performance. In large-batch training, a narrower averaging window (i.e., larger () is preferred to
emphasize recent iterates. However, a large 3 also slows the update of yy, as the (1 — 5)A; term in
(SFy) becomes small, reducing the influence of recent gradients.

Averaging Weights, B = 0.1 Averaging Weights, B = 0.5 Averaging Weights, B = 0.9
0.010 gd J 0.010 g9 J 0.010 g9 J
0.008 0.008 0.008
0.006 0.006 0.006
0.004 0.004 0.004
0.002 0.002 0.002
0.000 0.000 0.000
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
Iterations Iterations Iterations

Figure 8: Averaging weights in SF method. Smaller values of /3 flatten the averaging weights {o }.
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Figure 9: Refined SF-AdamW. Left: Performance of x; and y; iterates using the refined SF-AdamW
with 81 € {0.1,0.5} and C' = 50. Middle: Refined SF-AdamW with 8; € {0.95,0.9} and C' = 200
achieves improved performance over the best vanilla SF-AdamW run. Right: Under a large batch
size (2M tokens), vanilla SF-AdamW with 81 = 0.98 underperforms compared to AdamW with a
cosine schedule, while the refined SF-AdamW—with only a sweep over C' = 200—matches its final
performance.

Our Refined SF Method. We introduce an additional decoupling parameter C' and redefine
¢t = 1/t in (SF) as
_ c-1

= %, which then leads to  «; =~ %(%) .
The full derivation is given in Appendix D.4, and pseudocode is provided in Algorithm 2. As shown
in Figures 14 and 15, the weights {«; } closely follow the theoretical approximation across different
values of 3, C, and T'. Notably, both vanilla and refined SF use an averaging window that widens
with 7', unlike fixed-width schemes such as EWA.

This modification makes the averaging weights {c; } depend solely on C, allowing 3 to independently
control the momentum on y;. In other words, C' decouples the momentum and averaging behavior.
Below, we present preliminary experiments demonstrating the benefits of this refinement.

Empirical gains. We evaluate the performance of our refinement to SF-AdamW using the experimen-
tal setup as in Section 3. Keeping all other hyperparameters fixed as the tuned vanilla configuration
and varying only C (with C = 1/(1 — f31) recovering the original method), we observe:

* Momentum robustness. For 5; € {0.1, 0.5}, the refined SF-AdamW allows x; to match or
outperform y;, in contrast to the underperformance of x; reported in Observation 3 (Figure 9-left).

* Improved best-case performance. In the best vanilla setup (5; = 0.95), setting C' = 200 leads
to further reductions in validation loss; similar gains are observed with 5; = 0.9 (Figure 9-middle).

» Large-batch setting. With 2M-token batches, vanilla SF-AdamW (3; = 0.98) lags behind AdamW
with cosine schedule, whereas setting C' = 200 matches its final performance (Figure 9-right).

To further examine the sensitivity to the new hyperparameter C, we conduct a set of controlled sweeps
(Tables 5 and 6 in Appendix C.1). Across both optimal and suboptimal 3;, we find that refined
SF-AdamW consistently outperforms the vanilla baseline over a wide range of C', demonstraing its
robustness to this parameter. These results show that decoupling momentum and averaging via intro-
ducing C eliminates the tradeoff inherent in vanilla SF, yielding a more robust and scalable optimizer.

6 Conclusion

We presented a principled view of Schedule-Free (SF) methods by studying its behavior through the
geometry of the river-valley loss landscape. Our analysis shows that SF methods naturally follow the
river without requiring explicit LR decay or weight averaging, making them a compelling approach
for scalable pretraining. We further provided theoretical insights grounded in Edge of Stability and
central flow dynamics. Building on this understanding, we proposed a refined variant that decouples
momentum from averaging, improving both robustness and performance.

While our findings highlight the potential of SF methods, several open questions remain. Our
theoretical analysis relies on simplifying assumptions, and validating the central flow approximation
in deep learning is a natural next step. Furthermore, extending the river-valley framework to analyze
other modern optimizers, as well as exploring their integration with SF methods, is a promising
direction for further investigation. Lastly, our experiments are limited to small-scale language models
due to computational constraints. Scaling these findings to larger models and longer training durations
remains an important direction for future work.
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faithfully reproduce the main experimental results, as described in supplemental material?

Answer: [Yes]

Justification: We provide open access to the data and code along with instructions for reproducing
the main experimental results in Appendix C.
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* Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be possible,
so “No” is an acceptable answer. Papers cannot be rejected simply for not including code, unless
this is central to the contribution (e.g., for a new open-source benchmark).

* The instructions should contain the exact command and environment needed to run to reproduce
the results. See the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how to access
the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new proposed
method and baselines. If only a subset of experiments are reproducible, they should state which
ones are omitted from the script and why.

» At submission time, to preserve anonymity, the authors should release anonymized versions (if
applicable).

* Providing as much information as possible in supplemental material (appended to the paper) is
recommended, but including URLS to data and code is permitted.
. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,
how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [Yes]
Justification: We provide the implementation details in Appendix B.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail that is
necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental material.
. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: We do not report error bars due to the high computational cost of repeated runs
required for statistical significance analysis.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the main claims
of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for example,
train/test split, initialization, random drawing of some parameter, or overall run with given
experimental conditions).

* The method for calculating the error bars should be explained (closed form formula, call to a
library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error of the
mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should preferably

report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality of
errors is not verified.
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» For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how they were
calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the experi-
ments?

Answer: [Yes]

Justification: We report the type of compute resources, memory, and runtime details needed to
reproduce each experiment in Appendix B.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud
provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual experimental
runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute than the
experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it
into the paper).

Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS
Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: We have reviewed the NeurIPS Code of Ethics and ensured that all aspects of our
research comply with its guidelines.

Guidelines:

» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

o If the authors answer No, they should explain the special circumstances that require a deviation
from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consideration due
to laws or regulations in their jurisdiction).

. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative societal
impacts of the work performed?

Answer: [Yes]
Justification: We discuss broader impacts at the beginning of the appendix.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal impact or
why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses (e.g.,
disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied to par-
ticular applications, let alone deployments. However, if there is a direct path to any negative
applications, the authors should point it out. For example, it is legitimate to point out that
an improvement in the quality of generative models could be used to generate deepfakes for
disinformation. On the other hand, it is not needed to point out that a generic algorithm for
optimizing neural networks could enable people to train models that generate Deepfakes faster.
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as intended and functioning correctly, harms that could arise when the technology is being used
as intended but gives incorrect results, and harms following from (intentional or unintentional)
misuse of the technology.
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(e.g., gated release of models, providing defenses in addition to attacks, mechanisms for
monitoring misuse, mechanisms to monitor how a system learns from feedback over time,
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Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible release of
data or models that have a high risk for misuse (e.g., pretrained language models, image generators,
or scraped datasets)?

Answer: [NA|

Justification: Our work focuses on foundational algorithmic design and does not involve releasing
any data or models, so safeguards are not applicable.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with necessary
safeguards to allow for controlled use of the model, for example by requiring that users adhere
to usage guidelines or restrictions to access the model or implementing safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do not require
this, but we encourage authors to take this into account and make a best faith effort.
Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in the
paper, properly credited and are the license and terms of use explicitly mentioned and properly
respected?

Answer: [Yes]

Justification: We acknowledge the codebases we have referred to in Appendix B.
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» The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a URL.
* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of service of
that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package should
be provided. For popular datasets, paperswithcode.com/datasets has curated licenses for
some datasets. Their licensing guide can help determine the license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of the derived
asset (if it has changed) should be provided.

» If this information is not available online, the authors are encouraged to reach out to the asset’s
creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA|
Justification: This paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.
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used.

* At submission time, remember to anonymize your assets (if applicable). You can either create
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include the full text of instructions given to participants and screenshots, if applicable, as well as
details about compensation (if any)?
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Justification: This paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with human
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* Including this information in the supplemental material is fine, but if the main contribution of
the paper involves human subjects, then as much detail as possible should be included in the
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labor should be paid at least the minimum wage in the country of the data collector.

Institutional review board (IRB) approvals or equivalent for research with human subjects

Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals
(or an equivalent approval/review based on the requirements of your country or institution) were
obtained?

Answer: [NA|

Justification: This paper does not involve crowdsourcing nor research with human subjects.
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* The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent) may be

required for any human subjects research. If you obtained IRB approval, you should clearly
state this in the paper.
* We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines for
their institution.
For initial submissions, do not include any information that would break anonymity (if applica-
ble), such as the institution conducting the review.

Declaration of LLLM usage
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This work studies scalable strategies for language model (LM) pretraining, with a focus on foun-
dational algorithmic design. While the improper application of these algorithms in downstream
tasks may lead to LMs producing harmful, offensive, or privacy-violating content, such applications
fall outside the scope of this paper. Our contribution is limited to understanding and improving the
pretraining algorithm itself.

A

Pseudocode for Schedule-Free AdamW

For completeness, we present the pseudocode for the Schedule-Free AdamW (SF-AdamW) algorithm
in Algorithm 1, along with our proposed refinement in Algorithm 2. The refinement introduces a
decoupling parameter C' to independently control the averaging window, addressing the coupling
issue discussed in Section 5.

Algorithm 1 SF-AdamW [Defazio et al., 2024]

1:

9:
10:
11:

12:
13:
14:

Input: z1, learning rate -y, decay A, warmup steps Tyarmup, 51, 82, €
Z1 = X1
Vo = 0
fort =1to T do
yr = (1= B1)ze + Pray
gt € Of (Yr, Gt)
vp = Bovg—1 + (1 — Ba)g?
by = ve/(1 — B5)
Tt =7 min(L t/Twarmup)
Zt41 = 2t —2%91:/(\/@7 +€) — Ay

_ Vi
Croy =
(AR DY

Tip1 = (1 — 1) e + 12041
end for
Return 741
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Algorithm 2 Refined SF-AdamW (with decoupling parameter C')

1: Input: x;,learning rate -y, decay A, warmup steps Liarmup, 31, B2, €, decoupling parameter C
2: zZ1 =21

3: Vo = 0

4: fort =1to T do

5y = (1= 1)z + Pimy

6: gt € 0f(ye,Ct)

7. v = Pave—1 + (1 — Ba)gi

8:

9

b = ve/(1— B3)
. Yt =7 mln(L t/Twarmup)
10: zep1 = 20 — 19¢/ (VO + €) — vy

2
11:  ¢441 = min {,77‘72(1 — p1)C, l}

=1 I4
122 xpp1 = (1 —ceq1) T + Crp12e41
13: end for
14: Return z741

B Experimental Details

B.1 Language Model Experiments

Codebase. All language model experiments are implemented using the public 11m-baselines
codebase: https://github.com/epfml/llm-baselines. Our only modification is the addi-
tion of custom optimizer implementations to support the Schedule-Free and refined Schedule-Free
methods. All other components (model, data pipeline, logging) remain unchanged.

Architectures. Our main experiments use a 124M-parameter LLaMA-style decoder-only trans-
former with SwiGLU activations [Shazeer, 2020], RoPE embeddings [Su et al., 2024], RM-
SNorm [Zhang and Sennrich, 2019], and alternating attention/MLP blocks (12 layers, 12 attention
heads, hidden dimension 768). Additional results in Appendix C verify our findings with a 124M-
parameter GPT-2-style transformer. Both architectures are implemented in 11m-baselines with
standard design choices.

Datasets. Our main experiments use the 6B-token subset of the SlimPajama dataset [Soboleva et al.,
2023], available on Hugging Face.> We tokenize with the GPT-2 tokenizer [Radford et al., 2019],
which has a vocabulary size of 50,304. In Appendix C, we also validate our main findings on the
OpenWebText2 dataset [Gao et al., 2020],* using the same setup.

Training details. We train models using AdamW and SF-AdamW, with a short warmup phase com-
prising 5% of total steps. For large-batch runs with cosine decay, the learning rate is annealed to
10% of its peak. Main experiments use a batch size of 1,024 sequences of context length 512 tokens
(0.5M tokens total), trained for 5,000 steps, amounting to roughly 2.5B tokens (~ 1x Chinchilla
scale). Large-batch experiments use a 2M-token batch size and 2,500 steps (~5B tokens, or ~ 2x
Chinchilla scale) to evaluate efficiency in the overtrained regime. Validation is performed during
training using 3,200 sequences of context length 512 tokens (~1.6M tokens) to compute validation
loss (perplexity) curves. For computing EWA, we use a decay factor of 0.99 for all experiments.

Hyperparameters. We fix the weight decay to 0.1 in all experiments. Gradient clipping is set to 1.0
for AdamW and disabled (0.0) for SF-AdamW. We perform sweeps over the learning rate, momentum
parameters, and the decoupling parameter C (for refined SF-AdamW). Full configurations are provided
in Tables 1 to 4.

Compute Resources. All experiments are conducted on a single node with 8 NVIDIA A6000 GPUs
(48GB VRAM each) using data-parallel training. A typical full 5,000-step run with a 0.5M-token
batch size takes approximately 3 hours.

*https://huggingface.co/datasets/DKYoon/S1imPajama- 6B
*nttps://huggingface.co/datasets/segyges/OpenWebText2
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Optimizer | Learning Rate (81, B2) C (Refined SF)

AdamW | {5e-4,1e-3, 2e-3, 5e-3}  {(0.9, 0.95), (0.95,0.99)} -
SF-AdamW | {le-3, 2e-3, 5e-3} {(0.9,0.99), (0.95, 0.99), (0.98,0.99)} -
Refined SF-AdamW | 2e-3 (0.95, 0.99) {20, 50, 100, 200, 500}

Table 1: Hyperparameter sweep: Main experiments. Grid of hyperparameters used in our main
experiments (SlimPajama-6B, 0.5M-token batch size), including learning rates, momentum pairs
(81, B2), and the decoupling parameter C' (for Refined SF-AdamW). Bold entries indicate the best-
performing configuration for each optimizer.

Optimizer | Learning Rate (81, B2) C (Refined SF)
AdamW (Cosine LR) | {5e-4, 1e-3, 2e-3, 5¢-3}  {(0.9, 0.95), (0.95, 0.99)} -
SF-AdamW | {le-3, 2e-3, 5e-3} {(0.9, 0.99), (0.95, 0.99), (0.98,0.99)} -
Refined SF-AdamW | 2e-3 (0.98, 0.99) {20, 50, 100, 200, 500}

Table 2: Hyperparameter sweep: Large-batch experiments. Grid of hyperparameters used in our
large-batch experiments (SlimPajama-6B, 2M-token batch size), including learning rates, momentum
pairs (531, B2), and the decoupling parameter C' (for Refined SF-AdamW). Bold entries indicate the
best-performing configuration.

Optimizer | Learning Rate (B1,B2) C (Refined SF)

AdamW | {5e-4,1e-3,2e-3}  {(0.9, 0.95), (0.95,0.99)} -
SF-AdamW | {le-3,2e-3, 5e-3}  {(0.9, 0.99), (0.95, 0.99), (0.98,0.99)} -
Refined SF-AdamW | 2e-3 (0.95, 0.99) {50, 100, 200, 500}

Table 3: Hyperparameter sweep: OpenWebText2 experiments. Grid of hyperparameters used
in our additional experiments on OpenWebText2 (0.5M-token batch size), including learning rates,
momentum pairs (31, 82), and the decoupling parameter C' (for Refined SF-AdamW). Bold entries
indicate the best-performing configuration.

Optimizer | Learning Rate (81, B2) C' (Refined SF)

AdamW (Cosine LR) | {5e-4, le-3, 2e-3, 5e-3}  {(0.9, 0.95), (0.95, 0.99)} -
SF-AdamW | {5e-4, le-3,2e-3, 5¢-3}  {(0.95,0.99), (0.98, 0.99)} -
Refined SF-AdamW | {2e-3, Se-3, le-2} (0.98, 0.99) {20, 50, 100, 200, 500, 1000}

Table 4: Hyperparameter sweep: OpenWebText2 large-batch experiments. Grid of hyperpa-
rameters used in our additional large-batch experiments on OpenWebText2 (2M-token batch size),
including learning rates, momentum pairs (1, 32), and the decoupling parameter C' (for Refined
SF-AdamW). Bold entries indicate the best-performing configuration.

B.2 Edge of Stability Experiments on CIFAR-10

We provide the experimental setup for Figure 7 in Section 4.3, where we study whether Schedule-Free
methods operate at the Edge of Stability in a deep learning setting.

Our experiments build on the public edge-of-stability codebase,” modifying only the optimizer
to incorporate Schedule-Free methods. The model is a 3-layer MLP with hidden width 200 and tanh
activations, trained on the first 5,000 samples of CIFAR-10 using mean squared error (MSE) loss.

For SF-GD, we fix momentum 3 = 0.9 and vary the learning rate, training each run until the loss
reaches 0.02. For SF-AdamW, we fix 31 = 0.95, 5 = 0.99, and weight decay at 0.1, and vary the
learning rate, training until the loss reaches 0.05.

*https://github.com/locuslab/edge-of-stability
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C Additional Results

In this section, we present additional experiments on the OpenWebText2 dataset using a 124M-
parameter GPT-2 style decoder-only transformer, replicating the setups from the main text. As
summarized below, the results confirm that our main findings (Observations 1 to 3) generalize across
both datasets and architectures.

* Observation 1: As in the main experiments, we perform a grid search to determine the best
hyperparameters for both AdamW and SF-AdamW, and evaluate whether LR decay or EWQ improves
performance. In this setup, the best-performing configuration for AdamW is (51, 52) = (0.9,0.95)
with LR le-3, while SF-AdamW achieves optimal results with (31, 82) = (0.95,0.99) and LR 2e-3.
We observe that neither LR decay nor EWA improves performance for SF-AdamW, indicating that it
already tracks the river closely (see Figure 10).

* Observation 2: We also assess the behavior of SF-AdamW under suboptimal momentum configura-
tions, using 81 € {0.1,0.5} while keeping all other settings fixed. For both values, we observe that
applying a short LR decay phase using AdamW significantly improves performance, reducing the
validation loss compared to the constant LR baseline. This result shows that SF-AdamW is sensitive
to the choice of momentum, and suboptimal settings can hinder its ability to effectively follow the
river (see Figure 11).

Observation 3: Using the same runs from above, we compute the validation loss at the y;
iterates and their EWA. For suboptimal momentum settings (8; € {0.1,0.5}), the loss at y; is
consistently lower than that at x;, consistent with trends observed in both the toy model and
SlimPajama experiments. Moreover, across all momentum values, applying EWA to y; further
improves performance, suggesting that y, is more robust to suboptimal momentum and remains
better aligned with the river trajectory (see Figure 12).

Refined SF-AdamW: We evaluate the refined variant of SF-AdamW by sweeping over C' across
multiple momentum settings. In the low-momentum regime (8; = 0.5), the refined method enables
X; to match or outperform y;, addressing the discrepancy observed in the vanilla formulation.
In the best-performing vanilla configuration (8; = 0.95, LR 2e-3), setting C = 200 yields
further performance gains. Notably, comparable results can also be achieved under a suboptimal
momentum setting (8; = 0.9) by choosing C' = 50, demonstrating improved robustness to
hyperparameter choices. In the large-batch setting (2M-token batches), vanilla SF-AdamW with
a constant LR ((81, B2) = (0.98,0.99), LR 2e-3) underperforms relative to AdamW with a cosine
LR schedule ((f1, 82) = (0.9,0.95), LR Se-3). However, the refined variant with C' = 500
((B1, B2) = (0.98,0.99), LR 5e-3) successfully closes this performance gap. Together, this suggest
that our refined method is robust to momentum and batch size scaling (see Figure 13).
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Figure 10: OpenWebText2 Experiment: SF-AdamW closely follows the river, unlike AdamW.
Left, Middle: While AdamW benefits from linear LR decay and EWA, SF-AdamW shows no improve-
ment from either. Right: A short decay phase of AdamW (with linear LR decay from le-4 to 0) leads to
a sharp loss drop for AdamW, but has no effect when applied to the SF-AdamW trajectory—suggesting
that SF-AdamW already tracks the river throughout training (Observation 1).
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Figure 11: OpenWebText2 Experiment: SF-AdamW with suboptimal momentum fails to follow
the river. A short decay phase of AdamW applied to SF-AdamW checkpoints with 8; € {0.1,0.5}
results in a sharp loss drop, unlike the case with 5; = 0.95 (Observation 2).
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Figure 12: OpenWebText2 Experiment: Performance of x;, y;, and the EWA of y; under
varying f3;. For suboptimal 31, y; outperforms x;, and across all momentum settings, the EWA of

y: achieves the lowest loss (Observation 3).
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Figure 13: OpenWebText2 Experiment: Refined SF-AdamW. Left: Performance of x; and y;
iterates using the refined SF-AdamW with 5; = 0.5 and C' = 50. Middle: Refined SF-AdamW with
(61,C) € {(0.95,200), (0.9,50)} achieves improved performance over the best vanilla SF-AdamW
run. Right: Under a large batch size (2M tokens), vanilla SF-AdamW with 5; = 0.98 underperforms
compared to AdamW with a cosine schedule, while the refined SF-AdamW with C' = 500 matches its

final performance.
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C.1 Sensitivity to the Refinement Parameter C

To examine the sensitivity of refined SF-AdamW to the choice of the refinement parameter C, we
conduct experiments on SlimPajama (0.5M and 2M token batch sizes). We sweep a range of C'
values and report test perplexity over 9M held-out tokens. The results are summarized in Table 5 and
Table 6.

Our results demonstrate that refined SF-AdamW is consistently robust to the choice of C'. Across
a broad range of settings, it outperforms vanilla SF-AdamW (i.e., C' = 1/(1 — f81)). For instance,
in Table 3, values such as C' € {50, 100, 200, 500} improve performance for 8; = 0.9,0.95, and
C = 50, 100 improve performance across all momentum values. Similar trends hold in Table 6, with
performance gains persisting even at large C. These results indicate that refined SF-AdamW remains
effective without requiring careful tuning of C.

Bi | Vanila C=5 10 20 50 100 200 500

0.1 67.20 37.06 3580 36.62 36.15 37.27 -
0.5 41.01 - - 29.32  30.87 2996 29.57 -

0.9 27.70 - 27.70 - 2397 24.64 2493 25.11
095 | 25.12 - - 25.12 2398 23.60 2437 24.83

Table 5: Refined SF-AdamW on SlimPajama with 0.5M-token batch size. Test perplexity (on 9M
held-out tokens) under varying C' values. LR = 2e-3, 55 = 0.99.

B1 | Vanilla C=5 10 20 50 100 200 500 1000

0.1 110.8 54.80 4737 4431 43.80 -
0.5 54.24 47.80 3842 38.86 3849 4297

0.9 31.34 - 31.34 2986 27.68 28.16 27.02 27.88 -
095 | 27.29 - - 27.29 25777 2545 2577 2731 -
098 | 26.09 - - 3023 26.09 2549 2451 2395 23.88

Table 6: Refined SF-AdamW on SlimPajama with 2M-token batch size. Test perplexity (on 9M
held-out tokens) under varying C' values. LR = 2e-3, 55 = 0.99.
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D Omitted Derivations and Proofs

D.1 Proof of Stability Threshold of Schedule-Free Optimizer
D.1.1 Proof of Proposition 4.1

Proposition 4.1 (Stability Threshold of SF-GD). Consider running SF-GD on a quadratic objective
fw)=iw Hw+g'w+ec If\(H) > ﬁ then the iterates { (X, y, z¢)} diverge.

Proof. To begin with, we revisit the update rule of SF-GD, given by
xt = (1 —ct) X1+ ¢ 2,
ye=(1-08)z + Bx, (SF-GD)
zep1 =2 — YV f(y1).

On a quadratic objective, we get V f(w) = Hw + g. By substituting this and combining the last two
relations, we get

711 =2z —Y(Hy: + g)
=z, —7((1 — B)Hz, + fHx, + g)
=T —-~(1-p)H)z; — fyHx: — 8.
By substituting this to the first relation, we get a recurrence relation governing x; as follows:

Xer1 =(1 — ce1)Xe + 412441
=1 = ce1)x + o1 (T=~(1 = B)H)z; — fyHx; — 78)
=((1 = ct41)I = pyeer i H)xy + o1 (T —y(1 — B H)z, — ver 118

=((1 = ct41)I = Byerr 1 H)xp + ¢ (T — (1 — B)H) ((ixt - ((31 - 1) th) — YCt+18

t
1—
B <<1 + Ct+1 - Ct+1> I - 76t+1 ( ﬂ +6) H) Xt
Ct Ct

(& C.
+ <(Ct+1 - tc+1> I+« <Ct+1 - fc—H) (1- ﬁ)H> Xi—1 — YCi+18- (D
t

t

Define (q,a) := (q, A1 (H)) to be the largest eigenvector/eigenvalue pair of H and Z; = q ' x; +
1q"g. Then the sequence {q ' x;} diverges if and only if the sequence {&;} diverges. By multiplying

q' on both sides of Equation (1), we get

c 1—
qTXt+1 = (1 + an . Ct+1 — YCt+1 (Cﬁ + ﬁ) a) qTXt
t

Ct

c
+ (Ct+1 - T) (1—~(1- B)a)q—rxt,l - 70t+1ng7
t
from q' H = aq'. From the definition of Z;, we get
N c 1-— . c .
Tiy1 = (1 + tCH — Ct41 — YCt41 (CB + ﬂ) Cl> Tt + (Ct+1 - tc+1> (1—=~(1=B)a)z;—1,
t t t

which is a linear time-varying second order difference equation governing z;.

Its asymptotic behavior is governed by the limiting recurrence relation:
Tep1 = (2—a(l = B)y)@: + (a(l — B)y — 1)ZT¢—1.
Two roots of this recurrence relation are given by

2—a(l—B)y++/(2—a(l—B)y)? —4(a(1— )y — 1)
2
2—a(l—B)y—+/(2—a(l—B)y)?—4(a(l-p)y—1)

Ay = 5 .

AL =
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If2 < a(l — B)y < 4+ 2v/2, then

|)\1|2:|)\22:<2_a(;_5)7) _(2—@(1—6)’}/) ;4(&(1—5)7—1)
=a(l-B)y-1>1,

which implies Z; diverges.

If a(1 — B)y > 44 2+/2, then A, can be regarded as a real valued function with respect to a(1 — 3)7.
Since A, is decreasing and Ay < —1 when a(1 — B)y = 4 + 2v/2, we get Ay < —1 when
a(l — B)y > 4 + 2v/2, which implies that Z; also diverges.

Since we take v > 0 and 0 < 8 < 1, the condition a > ﬁ implies diverging z; as well as

Ty O

D.1.2 Proof of Proposition 4.2

To show Proposition 4.2, we first prove the following reparameterization lemma.

Lemma D.1. Define SF-PrecondGD by (SF) with A, = P~V f(y,). Let {x;} denotes the iterates
of SF-PrecondGD on the objective f(w), and let {X;} denote the iterates of SF-GD on the reparame-

terized objective f(w) = f(P~Y/2w) with initialization X1 = P'/?x,. Then, we have %, = P'/?x,
for all steps t.

Proof. We claim that the equivalence (X, ¥, %) = (P'/?x;, P'/?y;, P/?z,) holds for all ¢, where
(X¢, ¥+, Z¢) denotes the iterates on the reparametrized objective.
For ¢t = 1, it holds from the definition. Assume that the equivalence holds at ¢. Then, the update for
Z¢41 1S given by
Zi =7 — YV I(T)

=7 — P2V (P 2y,

= P22, — 4P Y2V f(y;) (inductive hypothesis)

=P'(z, =P 'V (y1))

=P2z,,,.
Meanwhile,
Xep1 = (1 — cop1)Xe + 121
=PY2((1 = ¢141)%X¢ + C1Ze41)
— P2,
Yirr = (1= B)2e41 + fXe
=P2((1 - B)zes1 + Bxet1)
= Pl/2}’t+1,
which proves the claim. O

Proposition 4.2 (Stability Threshold of SF-PrecondGDW). Consider running SF-PrecondGDW on
fw)=3sw Hw+g'w+c IfA (P 'H) > ﬁ — \, then the iterates {(Xt,y+,2:)} diverge.

Proof. Recall that SF-PrecondGDW is defined by (SF) with A; = P~V f(y;) + \y;, which is
identical to

PV f(ye) + Aye = P! Vg(ye),
where g(w) = f(w) + 1X||[PY/2w||%. Therefore, SF-PrecondGDVW is identical to SF-PrecondGD

on the objective g(w).
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Let {X;} be the iterates of SF-GD on the reparameterized objective j(w) = g(P~'/?w) with
initialization X; = PY 2x%;. From Lemma D.1, {x:}, the iterates of SF-PrecondGDW, satisfy
%; = P1/2x,, which implies that if X, diverges then x; also diverges.

From Proposition 4.1, if Ay (P~'H + AI) > ﬁ, then x; diverges. This proves the claim. [

D.2 Deriving the Reformulation of Schedule-Free Optimizer

We begin by defining the momentum variable:

Xt — Z
m, & t t+1
vy
Using the update rule x; = (1 —c¢;)X¢—1 +¢1z; and z¢ 1 = z: —yA+, We can express m; recursively:
Xt — 241 Xt — Z¢
m; = = +Ar=(1—-c)
Y Y

Next, we derive an update rule for y;:

y + At = (1 - Ct)mt,1 + At.

ver1 = (1 = B8) Zey1 + Bxet1
= (1= ) (ze —7A) + B((1 — cr41)X¢ + Cry12141)
=(1-B)z¢ + Bxs — (1 = B)yA¢ + Berr1(zey1 — Xt)
=y — v [Berrime + (1 — B)A].
Hence, the update rule (SF) can be equivalently written as (SFy):
m; = (1 —c)my 1 + Ay,
Yir1 =Y — YBcrimy — (1 — B)Aq.

Finally, we express x; as a weighted average of y;. Starting from the original definitions:

Xi41 = (1 — co1)%Xt + Ce412Ze41,
_Yi+1 — BXt41
Ziy1 = W?

we substitute and obtain:

Yi+1 — 5Xt+1
1-7 ’

X1 = (1 — ce1)Xe + Cr41 (

thus we conclude that

(1 —ciy1)(1 = B)Xt + cry1yes
(1 =ci41)(1 = B) + i1

Xi+1 =

D.3 Deriving the Central Flow of Schedule-Free Optimizer
D.3.1 Deriving the Central Flow of Schedule-Free GD
We begin with the reformulated update rule for SF-GD, as derived from (SFy):
m; = (1 —c)my 1 + Vf(yy),
Y41 = yr — yBeriimy — y(1 = B)V f(ye).

As in gradient descent, stable training dynamics are often well-approximated by their continuous-time
analogs. We can therefore define a corresponding stable flow for SF-GD:

Y e =AYV F(y) ~7Belt + 1),
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However, at the Edge of Stability, the optimization trajectory deviates from this stable flow. We
now derive a central flow to characterize the time-averaged behavior of SF-GD under this regime,
particularly when a single top eigenvalue remains at the stability threshold. This derivation is not
rigorous but follows the ansatz approach used by Cohen et al. [2025].

We model the trajectory as y; = y: + p:u:, where y, is the time-averaged iterate, u; is the top
Hessian eigenvector at ¥, and p; is the scalar displacement along u;. By construction, E[p;] = 0.
Using a Taylor expansion of V f(y) around the reference point y, we obtain:

Viy) = V) +pSF)u+ 30°VS([F) + O,

where S(y) := A\ (V2f(y)) denotes the sharpness at y. Taking expectations, the time-averaged
gradient norm becomes:

E[Vf(y)] ~ V() +Elp]S)u+ 3Ep]]VS(Y) = VI(¥) + 3EpIVS(3).
Based on these approximations, we can derive the following central flow dynamics of y;:

Cc%l = —(1 = B) [VF(y) + 50°()VS(y)] = vBe(t + 1)m,
C%f = 1%@) [Vf(y)+ 3%(t)VS(y) — c(t)m],

where 2(t) models E[p?], the instantaneous variance of the oscillations around the central flow
trajectory (i.e., the river trajectory).

Recall that at the Edge of Stability, the sharpness equilibrates near the stability threshold. We therefore
assume that it remains constant along the central flow trajectory, satisfying

S0) = g 5 (SN =0

There exists a unique value of o2(¢) that ensures this condition holds, particularly in the regime

where ¢ is large, where the coefficient c(t) = 1/t becomes negligible. To compute this value of o2,
we apply the chain rule and substitute the central flow dynamics:

45y) _ <vs<y>, dy> ~ (VS(y), (1 — B) [V(y) + 2()VS(¥)])

dt dt

ds(y) _
dt

VSl

where we approximate c(t) ~ 0. Setting 0 and rearranging gives:

D.3.2 Deriving the Central Flow of Schedule-Free Scalar Adam
We begin with the reformulated update rule for SF-ScalarAdam, as derived from (SFy):

v = Bave—1 + (1= B2) [V (o),
m; = (1 — Ct)mt_l + m

\/Ft )
Yir1 = Y — YBicerim; — (1 — 51)vf(Yt)_

N

As in gradient descent, stable training dynamics are often well-approximated by their continuous-time
analogs. We can therefore define a corresponding stable flow for SF-ScalarAdam:

dy _ =BGy~ pre(t + 1)m,

dt N

dm 1 1

- lfic(t) va(Y) —c(t)m|,
dv  1-p 9

& =S IV o).
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However, at the Edge of Stability, the optimization trajectory deviates from this stable flow. We
now derive a central flow to characterize the time-averaged behavior of SF-ScalarAdam under this
regime, particularly when a single top eigenvalue remains at the stability threshold. This derivation is
not rigorous but follows the ansatz approach used by Cohen et al. [2025].

We model the trajectory as y; = y: + p:u:, where y, is the time-averaged iterate, u; is the top
Hessian eigenvector at ¥, and p; is the scalar displacement along u;. By construction, E[p;] = 0.
Using a Taylor expansion of V f(y) around the reference point y, we obtain:

Vi) =VIF) +pSFu+ 50°VS(F) + O(p%),

where S(y) := A1 (V2f(y)) denotes the sharpness at y. Taking expectations, the time-averaged
gradient and squared gradient norm become:

E[Vf(y)] ~ V() +Elp]S(y)u+ 3EpIVS(y) = VI(¥) + 3E[p]VS(Y),
E[[Vf(y)lI’] = IV F@)IP + 2E[p]S(3) (VF(F), w) +E[p7]S(9)* = [IVF(F)]? + E[pf]S(3)*.
Based on these approximations, we can derive the following central flow dynamics of y;:

&y M=) 195(y) + Lo2()TS(y)] —1Bre(t + m,

dt N
= e | 7 (V) + 20 VS(y) — etm]
dV 1 — 52

i~ 5 VIO +o*0Sm)* -],

where 02(t) models E[p?], the instantaneous variance of the oscillations around the central flow
trajectory (i.e., the river trajectory).

Recall that at the Edge of Stability, the preconditioned sharpness equilibrates near the stability
threshold. We therefore assume that it remains constant along the central flow trajectory, satisfying

S(y) 2 d (S(y)> _o.

Ve T A=B)y dt \

There exists a unique value of o?(t) that ensures this condition holds, particularly in the regime
where  is large, where the coefficient c(t) = 1/t becomes negligible. To compute this value of o2,
we apply the chain rule and substitute the central flow dynamics:

£(5) (o) 202

1 -8y 142
~ W<V5(y), 7 Viy)+3 VS<Y)]>
- SR IVIGIP + o) o).

where we approximate ¢(¢) ~ 0. Setting % (%) = 0 and rearranging gives:

, AVSO). ~VIFW) + arita [SOVE — SOV

o’ = — IERE .
%HVS(YHP + 2(1i[3?)2[32fy : E}l;)

Using the condition S\(/%) = ﬁ, we substitute /v = 3 (1 — 81)7S(y) into the expression and

obtain:

(VS(y), =VI(¥) + F2550)? - a=i= V)]
SIVSOI? + gz S(v)?

Notably, o2 depends only on the current iterate y and the hyperparameters 31, 32, and . Moreover,
unlike SF-GD, o2 does depend on momentum parameters.

U2(Y;B176277) ~
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D.4 Omitted Calculations in Section 5

We derive the closed-form approximation of the averaging weights «; under the modified SF method,
where the update coefficient is set to
(1-pB)C

t
Under this setting, we show that the induced averaging weights satisfy the approximation

LO (T
O[tNT T .

Recall that for general {c; }, the iterates X can be written as a weighted average of past y;:

Ct =

B < ¢ T (-c)(1-5)
T—; tYts t! (1—Ct)(l—5)+Cts_111[(1_CS)(l—ﬂ)—i—cS]'

— (1=-p)C ﬁ’)C

Now, substitute ¢; = . For large t, we approximate:

% T _ (=BC
i wfw]
N?_s:tJrl 1+ B2

Q

ol z exp( (- ﬂ)C)
t

| s=t+1 XD (BC)

I1e0(-9)

s=t+1

+|Q

Using the integral approximation for the harmonic sum:

£l

s=t+1

we obtain

C ( /T C’)
~ —exp| — —
t s—t 8

= %exp (=ClogT + Clogt)

th,1
Thus, we conclude that
C/t\C-1
o~ 7(7)

Figure 14 and Figure 15 show that the averaging weights {c;} in our refined SF method closely

follow the approximation oy ~ % (%)C_l, across different values of 3, C', and T'.
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Figure 14: Averaging weights in the refined SF method. Histogram of {a;}_; over T = 1000
iterations for varying values of 8 and C'.
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Figure 15: Averaging weights in the refined SF method. Histogram of {a;}7_; over T = 5000
iterations for varying values of 8 and C'.
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