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Abstract

In this paper, we propose self-tuned robust estimators for estimating the mean of heavy-
tailed distributions, where heavy-tailed distributions refer to distributions with only finite
variances. Our method involves introducing a new loss function that considers both the mean
parameter and a robustification parameter. By simultaneously optimizing the empirical loss
function with respect to both parameters, the resulting estimator for the robustification
parameter can automatically adapt to the unknown data variance and can achieve near-
optimal finite-sample performance. Our approach outperforms previous methods in terms
of both computational and asymptotic efficiency. Specifically, it does not require cross-
validation or Lepski’s method to tune the robustification parameter, and the variance of our
estimator achieves the Cramér-Rao lower bound.

1 Introduction

The success of numerous statistical and learning methods heavily relies on the assumption of light-tailed
or sub-Gaussian errors (Wainwright, |2019)). A random variable Z is considered to have sub-Gaussian tails
if there exist constants ¢; and cp such that P(|Z — EZ| > t) < ¢; exp(—cat?) for any ¢ > 0. However, in
many practical applications, data are often collected with a high degree of noise. For instance, in the context
of gene expression data analysis, it has been observed that certain gene expression levels exhibit kurtoses
much larger than 3, regardless of the normalization method used (Wang et al., 2015). Furthermore, a recent
study on functional magnetic resonance imaging (Eklund et al.,|2016) demonstrates that the principal cause
of invalid functional magnetic resonance imaging inferences is that the data do not follow the assumed
Gaussian shape. It is therefore important to develop robust statistical methods with desirable statistical
performance in the presence of heavy-tailed data.

In this paper, we focus on robust mean estimation problems, which serves as the foundation for tackling more
general problems. Specifically, we consider a generative model where data, {y;, 1 < i < n}, are generated
according to

yi=p e, 1<i<n, (1.1)

where the random errors ¢; € R are independent and identically distributed (i.i.d.) samples from e, which
follows the law F. We assume that ¢ is mean zero and has a finite variance only, with E..pe = 0
and E..p,e? = o2, where the expectation E..p,e represents the expected value of ¢ when ¢ follows the
distribution Fj.

When estimating the mean p*, the sample mean estimator Y ., y;/n is known to achieve, at best, a
polynomial-type nonasymptotic confidence width (Catonil [2012)), when the errors have only finite variances.
This means that there exists a distribution F' = F}, s for € with a mean of 0 and variance of 0?2, such that
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In simpler terms, this indicates that the sample mean does not converge quickly enough to the true mean
when the errors have only finite variances.

made an important step towards estimating the mean with faster concentration. Specifically,
Catoni introduced a robust mean estimator fi(7), which depends on a tuning parameter 7, and deviates from
the true mean p* logarithmically in 1/6. Specifically, with 7 properly tuned, ji(7) satisfies the following
concentration inequality:

P <|ﬁ(7') —u' <co % -log (;)) > 126, (1.2)

where c is some constant. We refer to estimators that satisfy this deviation property as sub-Gaussian mean
estimators because they achieve the same performance as if the data were sub-Gaussian. Following Catoni’s
work, there has been a surge of research on sub-Gaussian estimators using the empirical risk minimization

approach in various settings; see Brownlees et al.| (2015)); Hsu & Sabato| (2016); [Fan et al.| (2017); |Avella-
Medina et al.| (2018); Lugosi & Mendelson| (2019b)); Lecué & Lerasle| (2020)); Wang et al.| (2021)) and [Sun

et al.| (2020), among others. For a recent review, we refer readers to |Ke et al.[ (2019).

To implement Catoni’s estimator , there is a tuning parameter 7 = 7(c) that depends on the
unknown variance o2 and needs to be carefully tuned. However, in practice, this often involves computation-
ally expensive methods such as cross-validation or Lepski’s method (Catoni, 2012)). For instance, when using
the adaptive Huber estimator (Sun et all 2020; Avella-Medina et al., 2018) to estimate a d x d covariance
matrix entrywise, as many as d> tuning parameters can be involved. If cross-validation or Lepski’s method
were employed, the computational burden would increase significantly as d grows. Therefore, it is natural
to ask the following question:

Is it possible to develop computationally efficient robust mean estimators for distributions
with finite but unknown variances?

This paper tackles the aforementioned challenge by proposing a self-tuned robust mean estimator for dis-
tributions with only two moments. We propose an empirical risk minimization (ERM) approach based on
a novel loss function. The proposed loss function is smooth with respect to both the mean parameter and
the robustification parameter. By jointly optimizing both parameters, we prove that the resulting robusti-
fication parameter can automatically adapt to the unknowns, and the resulting mean estimator can achieve
sub-Gaussian-like performance as if the data were Gaussian, up to logarithmic terms. Therefore, compared
to previous methods, our approach eliminates the need to use cross-validation or Lepski’s method to tune the
robustification parameters. This significantly boosts the computational efficiency of data analysis in practi-
cal applications. Furthermore, from an asymptotic standpoint, we establish that our proposed estimator is
asymptotically efficient, meaning it achieves the Cramér-Rao lower bound asymptotically

2000).

Related work In addition to the empirical risk minimization (ERM) based methods, median-of-means
(MoM) techniques (Devroye et al., [2016} [Lugosi & Mendelson, 2019b} |[Lecué & Leraslel 2020) are often used
to construct robust estimators in the presence of heavy-tailed distributions. A recent survey on median-of-
means can be found in the work by [Lugosi & Mendelson| (2019a)). The MoM technique involves randomly
splitting the full data into k& subsamples and computing the mean for each subsample. The MoM estimator is
then obtained as the median of these local estimators. The number of subsamples k is the only user-defined
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parameter in MoM, and it can be chosen to be independent of the unknowns, making it tuning-free. However,
in our experience, MoM often exhibits undesirable numerical performance when compared to ERM based
estimators. To understand this phenomenon, we take an asymptotic viewpoint and compare the asymptotic
efficiencies of our estimator and the MoM estimator. We show that the relative efficiency of the MoM
estimator with respect to ours is only 2/7 & 0.64.

Paper overview Section [2| introduces a novel loss function and presents the empirical risk minimization
(ERM) approach. The nonasymptotic theory is presented in Section [3| In Section [4] we compare our pro-
posed estimator with popular alternatives in terms of asymptotic performance. Section [5| provides numerical
experiments. Finally, we conclude in Section [f] The supplementary material contains basic calculations, al-
gorithms, a comparison with Lepski’s method, proofs of the main results, supporting lemmas, and additional
results.

Notation We summarize here the notation that will be used throughout the paper. We use ¢ and C' to
denote generic constants which may change from line to line. For two sequences of real numbers {a,,n > 1}
and {b,,n > 1}, a, < b, or a, = O(by) denotes a,, < Cb,, for some constant C > 0, and a,, 2 b, if b, < ay,.
We use a,, < b, to denote that a, = b, and a, < b,. O hides logarithmic terms. The log operator is
understood with respect to the base e. For a function f(z,y), we use V. f(z,y) or %f(x, y) to denote its
partial derivative of f(z,y) with respect to z. Vf(x,%) denotes the gradient of f(z,y). For a vector z € R,
let ||z||2 denote its Euclidean norm. For a symmetric positive semi-definite matrix 3, Apax(X) denotes its

largest eigenvalue.

2 A new loss function for self-tuning
This section introduces a new loss function to robustly estimate the mean of distributions with only finite
variances while automatically tuning the robustification parameter.

We start with the pseudo-Huber loss (Hastie et al., |2009)

lbo(x) =772+ 22 — 72 = 72\/1 + 22 /72 — 7% (2.1)

where 7 serves as a tuning parameter. It exhibits behavior similar to the Huber loss (Huber} [1964), approx-
imating #2/2 when |z| is small and resembling a straight line with slope 7 for large values of |z|. To see this,
some algebra yields

{ S < (@) < 5, i /70 S AL+ )/
<

2¢2 T
el < 0 (2) < 72l if 22/72 > 4(1+€) /€.

14+e —
We refer to 7 as the robustification parameter because it controls the trade-off between the quadratic loss
and the least absolute deviation loss, where the latter induces robustness. In practice, 7 is typically tuned
using computationally expensive methods such as Lepski’s method (Catonil |2012)) or cross-validation (Sun
et al., 2020).

To avoid these computationally expensive procedures, our goal is to propose a new loss function of both
the mean parameter p and the robustification parameter 7 (or its equivalent) so that optimizing over them
jointly yields an automatically tuned robustification parameter 7 and thus the correspondingly self-tuned
mean estimator /1(7). Unlike the Huber loss (Sun et al.l [2020)), the pseudo-Huber loss is a smooth function
of 7, making optimization with respect to 7 possible. To motivate the new loss function, let us first consider
the estimator fi(7) with 7 fixed a prior::

p(r) = arg;rinin {; Z Cr(yi — u)} : (2:2)

We provide an informal result below, with its rigorous version presented as Theorem in subsequent
sections.
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Theorem 2.1 (Informal result). Take 7 = oy/n/z with z = /log(1/4), and assume n is sufficiently large.
Then for any 0 < § < 1, with probability at least 1 — d, we have

i) — | S oy [FE2)

The above result indicates that when 7 = oy/n/z with z = /log(1/6), the estimator [i(7) achieves the
desired sub-Gaussian performance. The only unknown parameter in 7 is the standard deviation o. In view
of this, we treat o as an unknown parameter v, substitute 7 = \/nv/z into (2.1)), and obtain

nv

Uz, v) =Ll (x) = gy < 1+ 3;5522 - 1) ) (2.3)

where z is a confidence parameter because it depends on § as in the theorem above.

Instead of searching for the optimal 7, we will search for the optimal v, which is expected to be close to the
underlying standard deviation ¢ intuitively. We will use the term “robustification parameter" interchangeably
for both 7 and v, as they are equivalent up to a multiplier. However, directly minimizing ¢(x, v) with respect
to v leads to meaningless solutions, specifically v = 0 and v = 4+00. To avoid these trivialities, we consider
a new loss by dividing ¢(x,v) by v and then adding a linear penalty function av. This will be referred to as
the penalized pseudo-Huber loss, formally defined below.

Definition 2.2 (Penalized pseudo-Huber loss). The penalized pseudo-Huber loss ¢P(z,v) is defined as fol-
lows:

Uz, v) + av® 222
ep(x,v)::(fw)v‘w:zg< 1—|—1;L;—1>+av, (2.4)

where n is the sample size, z is a confidence parameter, and a is an adjustment factor.

We thus propose to optimize jointly over p and v by solving the following ERM problem:
S . 1o,
{#, v} = argmin | Ln(p,v) = — > Py — p,v)
Hy v i=1

YL (yi — p)*2?
:argman{Z2< 1+T_1 —I—CLU . (2.5)

pov M

When v is fixed a priori, solving the optimization problem above with respect to u is equivalent to directly
minimizing the empirical pseudo-Huber loss in (2.2) with 7 = vy/n/z.

To gain insight into the loss function L., (u, v), let us consider its population version:

_ 2,2
L{j0) = ELo () = E< Ly o _1> +an,

Define the population oracle v, as the minimizer of L(p*,v) with the true mean p* given a priori, that is

)22
v, = argmin L(u*, v) :argmin{n;}]E< 1+ == 1) +av},
T v z

nv?

or equivalently,

2,2
VoLt 0),_, = {:2 (VU]EM’UQ + st - 1) +a}
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By interchanging the derivative with the expectation, we obtain

Vs az?

1——. (2.6)

E— —
V2 + 222 /n n

Let 02, := E{e?1(? < 2?)}, where 1(A) is the indicator function of the set A. Our first key result utilizes
the above characterization of v, to derive how v, is able to automatically adapt to the standard deviation
o, promising the effectiveness of our procedure.

Theorem 2.3 (Self-tuning property of v,). Suppose n > az2. Then, for any v € [0, 1), we have

Q
[\v}

(1- ’Y)Uir*z

<2<
2a - =

)

a

DO

where ¢ = /(1 — ) and 7. = v.+/n/z. Moreover, we have lim,,_,, v2 = 02/(2a).

The above result indicates that for any finite sample size n > az?, the oracle v? can automatically adapt
to the (truncated) variance. It is bounded between the scaled truncated variance o2, /(2a) and the scaled

variance 02/(2a). Since the second moment exists, we have oi 2 as p12 — oo by the dominant
2

convergence theorem. For a large sample size n, 0372 is close to 02, and therefore v? is approximately between
2

7_3_>0—

(1—7)0?/(2a) and 02 /(2a). Furthermore, an asymptotic analysis reveals that lim,,_, . v? = 02/(2a). Taking
a = 1/2 yields lim,, ., v? = o2, indicating that the oracle v? with a = 1/2 should approximate the true
variance in the large sample limit. This also suggests the optimality of choosing a = 1/2, which is assumed

throughout the rest of the paper.

Our next result shows that the proposed empirical loss function is jointly convex in both p and v. This
convexity property allows us to employ standard first-order optimization algorithms to compute the global
optima efficiently.

Proposition 2.4 (Joint convexity). The empirical loss function L, (u,v) in (2.5) is jointly convex in both
w and v. Furthermore, if there exist at least two distinct data points, the empirical loss function is strictly
convex in both p and v provided that v > 0.

Lastly, it was brought to our attention that our formulation (2.5) bears a resemblance to the concomitant
estimator by [Ronchetti & Huber| (2009):

1 <& o
argmin Zp(w> v4av o,
wv nia v

where p is any loss function, and a is a user-specified constant. Notably, the selection of the appropri-
ate constant a is scarcely addressed within the existing literature. Our motivation stems from a different
perspective. We aim to develop robust mean estimators that exhibit improved finite-sample properties in
the presence of heavy-tailed data. The empirical loss function L, that we propose can be perceived as an
intricately adapted variant of theirs. Specifically, we leverage the smooth pseudo-Huber loss, in which we set
the robustification parameter T as 7 = vy/n/z to ensure the sub-Gaussian-like performance for the robust
mean estimator. Here z serves as a judiciously chosen confidence parameter. Concurrently, we identify the
optimal adjustment factor as a = 1/2. To the best of our knowledge, all of these findings are the first among
the literature.

3 Finite-sample theory

This section presents the self-tuning property for estimated robustification parameter and then the finite-
sample property of the self-tuned mean estimator. Recall a = 1/2.

3.1 Estimation with a fixed v
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With a light abuse of notation, we use fi(v) to denote the minimizer of the penalized pseudo-Huber loss in
(2.5) with v fixed. Recall that we have used ji(7) to denote the minimizer of the pseudo-Huber loss in 7
and the fi(v) equivalent to fi(7) with 7 = vy/n/z. We start with the theoretical properties for fi(v). We
need the following locally strong convexity assumption, which will be verified later in this subsection.

Assumption 1 (Locally strong convexity in p). The empirical Hessian matrix is locally strongly convex
with respect to u such that, for any p € B, (u*) := {p: |p — p*| <7}y

inf <vuLn(N7 U) - vuLn(N*v U)a H— N*>

) > ke >0
p€B, (1*) I — p*|

where 7 > 0 is a local radius parameter.

Theorem 3.1. For any 0 < § < 1, suppose v > 0 is fixed and let 22 = log(1/5). Assume Assumption
holds with any r> 7o : = x; ' (0/(v/20) + 1)2 \/log(2/6)/n. Then, with probability at least 1 — &, we have

fiv) = 7| < Hil <é+l>z \/@: %\/@7

where C' = (0/(v/2v) + 1)? only depends on v and o.

The above theorem states that under the assumption of local strong convexity, fi(v) achieves a sub-Gaussian
deviation bound when the data have only bounded variances. In particular, if we choose v = ¢ and apply

the theorem, we obtain:
N . 1 /0 2 Jlog(2/6 4 [log(2/6
o) — i < = (Z41)" 18D o 2 [los®]0)
K¢ \O n Ke n

Assumption [1f requires the loss function to exhibit curvature in a small neighborhood B, (x*), while the
penalized loss (2.4) transitions from a quadratic function to a linear function roughly at |z] = 7 x /n.
Quadratic functions always have curvature, so intuitively, Assumption [[] holds as long as

VnZr>rg o y/1/n.

The latter condition is automatically guaranteed when n is sufficiently large. Taking r to be the smallest r
results in Assumption [2] being at its weakest. In other words, in this scenatrio, the empirical loss function
only needs to exhibit curvature in a diminishing neighborhood of u*, approximatley with radius of 1/1/n.
The following lemma rigorously proves this claim.

Lemma 3.2. Suppose v > vg. For any 0 < § < 1, suppose n > Cmax {2%(c? + r2) /03, log(l/é)} for some
absolute constant C. Then, with probability at least 1 — §, Assumption [1| with xk, = 1/(2v) holds uniformly
over v > vy > 0.

The first sample complexity condition that n > C2%(o2+r?)/v3 comes from requirement that 7'30 = v3n/z? >
C(0? +r?) in the proof of Lemma Recall that the robustification parameter 7'30 := v2n/z? determines
the size of the quadratic region. Intuitively, this requirement is minimal in the sense that Assumption [2| can
only hold when 7',30 is larger than r2 plus the noise variance o2 (due to stochasticity). As argued before,
Assumption [2[ holds with any r such that /n = r = \/1/n. Thus we can take r to be a constant, and this
will not make the sample complexity condition worse. Finally, by combing Lemma [3.2| and Theorem 3.1
we obtain the following result.

Corollary 3.3. Suppose v > vg. For any 0 < § < 1, suppose n > C max {(r2 +0?) /03, 1} log(1/4) for some
universal constant C, and let 22 = log(1/6). For any v > vg, we have with probability at least 1 — § that

) -t <20 (4 1)2 o) o [Lr loB1/6)

V2v n
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3.2 Self-tuned mean estimators

We proceed to characterize the theoretical property of the self-tuned mean estimator. We need the additional
constraint that vg < v < V4, and consider the constrained empirical risk minimization problem

{1, v} = argmin {Ln(u,v) = %Z[I’(yi — ,u,u)} . (3.1)

1, v <v< Vo

Indeed, when v is either 0 or oo, the loss function is no longer smooth or it becomes trivial respectively. In
other words, the loss function is not strongly convex in y in either case, and the strong convexity is essential
for our analysis. Let 7,, = voy/n/z.

Theorem 3.4 (Self-tuning property). Assume that n is sufficiently large. Let ¢y and Cjy be some constants,

and suppose vy < 0072 /21 < Coo < Vp. For any 0 < § < 1, take 22 > log(5/9). Then, with probability at
g :

least 1 — &, we have

o072 j2-1 <0 < Coo.

The above theorem suggests that ¥ automatically adapts to the standard deviation, aka ¥ approximates o,
if Or2 /j2-1 approximates o which is expected to hold for a large sample size by the dominated convergence
theorem. Of course 0,2 can not be close to o at any predictable rate under the weak assumption that the
data have bounded variances only. We proceed to characterize the finite-sample property of the self-tuned
mean estimator (0).

Theorem 3.5. Assume that n is sufficiently large. Let ¢y and Cy be some constants, and suppose vy <
002 /2-1 < Coo < Vy. Forany 0 < d < 1, take 22 = log(n/8). Then, with probability at least 1 — &, we
have

log(n/9)

@) = ufl < C - =N
n@) —p*|<C-o -

where C is some constant.
The above result indicates that the mean estimator i = [1(v) with a self-tuned robustification parameter v

achieves the optimal deviation property up to a logarithmic factor. In practical applications, we recommend
setting & = 0.05, which corresponds to a failure probability of 0.05 or a confidence level of 0.95.

4 Comparing with alternatives

Other than the ERM based approach, the median-of-means technique (Lugosi & Mendelson}, 2019al) is another
method to construct robust estimators under heavy-tailed distributions. The MoM mean estimator works
as follows:

1. Partition [n] = {1,...,n} into k blocks B,..., B, each of size |B;| > |n/k]| > 2.

2. Compute the sample mean in each block z; = ‘B—l_l Ziij ;.
J

3. Take the median of z;’s as the the MoM mean estimator MM = med(zy,. .., z;), where med(-) is
the median operator.

The following theorem is taken from |[Lugosi & Mendelson| (2019a). Without loss of generality and for
simplicity, we shall assume throughout this section that n is divisible by k so that each block has m = n/k
elements.
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Theorem 4.1 (Theorem 2 by |[Lugosi & Mendelson| (2019a)) ). For any § € (0,1), if k = [8log(1/0)], then,

with probability at least 1 — ¢,
~MoM * /321log(1/6
|,U —u | <o —n( / )

The theorem above indicates that in order to obtain a sub-Gaussian mean estimator, we only need to choose
k = [8log(1/4)] when constructing the MoM mean estimator. Thus, the MoM estimator is naturally tuning-
free. However, in our numerical experiments, we have observed that the MoM estimator often has inferior
numerical performance compared to our proposed estimator. To shed light on this observation, we compare
the asymptotic efficiencies of iM°M and our estimator i(7) in the following two theorems.

Theorem 4.2 (Asymptotic inefficiency of i™M°M). Fix any 0 < ¢ < 1. Assume E|y; — pu*|?** < co. Suppose

k — oo and k = o(n*/(19)), then

Jn (ﬁMoM - ,u*) - N (O, g(Tz) .

2+t
%

Theorem 4.3 (Asymptotic efficiency of our estimator). Fix any 0 < ¢ < 1. Assume Ee < oo and the

same assumptions as in Theorem [3.4} Take 22 = 2log(n). Then
Vi (@) — i)~ N (0.0%)

We emphasize that the MoM mean estimator shares the same asymptotic property as the median estimator
(Van der Vaart| [2000) due to taking the median operation in the third step, and thus is asymptotically inef-
ficient. In sharp contrast, our proposed estimator achieves full asymptotic efficiency. The relative efficiency
e, of MoM with respect to our estimator is

MM ey 2
er (BMM, 7i(9)) = e 0.64.

This means that our proposed estimator is more efficient than the MoM estimator in terms of asymptotic
performance, partly explaining the empirical success of our method; see Section [5] for details.

We explain intuitively why our self-tuned estimator can achieve (near) optimal performance in both the
finite-sample regime and the asymptotic regime. Because our self-tuned estimator in is a self-tuned
version of the pseudo-Huber estimator in ([2.2)), thus we focus on the pseudo-Huber estimator ji(7). Theorem
suggests that taking 7 = o4/n/log(1/d) guarantees the sub-Gaussian performance of fi(7) for finite
samples. Meanwhile, as n — oo, we have 7 = o+/n/log(1/§) — oo. Thus the pseudo-Huber loss approaches
to the least square loss which corresponds to the negative maximum likelihood of Gaussian distributions,
which leads to the asymptotically efficient mean estimator.

For MoM estimators, the situation differs. On one hand, to attain robustness in the finite-sample regime,
the number of blocks k should be greater than or equal to [8log(1/d)], as demonstrate in the proof of
Theorem [.1] by [Lugosi & Mendelson]| (2019a)). On the other hand, to approach the sample mean estimator
and achieve asymptotic efficiency in the large sample limit, the number of blocks should diminish to 1
as the sample size n grows. Consequently, optimal finite-sample and asymptotic properties represent two
contrasting characteristics for MoM estimators. In other words, the MoM estimator can not simultaneously
adapt to both regimes (to perform optimally). This contrast seems to arise from the discontinuous nature
of the MoM estimator which cannot smoothly transition from requiring at least k& = 3 blocks (for defining
the median) to functioning as an empirical mean estimator.

Another popular estimator is the trimmed mean estimator (Lugosi & Mendelson, 2021). The univariate
trimmed mean estimator works as follows: (i) Split the data points into two subsamples with equal size,
(ii) use the first subsample to determine the trimming parameters, and (iii) use the second subsample to
construct the trimmed mean estimator. Due to this sample splitting scheme, the trimmed mean estimator
lacks sample efficiency.
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Figure 1: Estimation error versus confidence level for our estimator, the sample mean estimator, the MoM
estimator and the trimmed mean estimator.
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Figure 2: Empirical 99%-quantile of the estimation error versus parameter measuring tails and skewness
for our estimator, the sample mean estimator, the MoM estimator and the trimmed mean estimator.

5 Numerical studies

This section examines numerically the finite sample performance of our proposed mean estimators in the
presence of heavy-tailed data. In all of our numerical examples, we take z = 4/log(n/d) with § = 0.05 as
suggested by Theorem [3.5] This choice ensures that our results hold with a probability of at least 0.95.
We consider the following four distribution settings for the random data point y in order to investigate the
robustness and efficiency of the proposed estimator:

1. Normal distribution A/(u,0?) with mean u = 1 and a sequence of variances o > 1;

2. Skewed generalized t distribution sgt(u, 02, \,p,q), where mean p = 0, a sequence of variances
0% = q/(q — 2) with ¢ > 2, shape p = 2 and skewness A = 0.75.

For each setting, we generate an independent sample of size n = 100 and compute four mean estimators: our
proposed estimator (ours), the sample mean estimator, the MoM mean estimator, and the trimmed mean
estimator.
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Figure 3: Estimation error versus confidence level for our estimator, cross validation and Lepski’s method.

Figure [I] displays the a-quantile of the squared estimation error, with « ranging from 0.5 to 1, based on 1000
simulations for both scenarios. For Gaussian distributed data, our estimator performs almost identically
to the sample mean estimator, both of which outperform the MoM mean estimator and the trimmed mean
estimator. Since the sample mean estimator is the optimal mean estimator for Gaussian distributed data, this
suggests that our estimator does not sacrifice statistical efficiency when the data is Gaussian. In the case of
heavy-tailed skewed generalized t distributions, the deviation of the sample mean from the population mean
grows rapidly with the confidence level. This is in contrast to the three robust estimators: our estimator,
the MoM mean estimator, and the trimmed mean estimator. Our estimator is the only one that consistently
outperforms the others in both scenarios.

Figure [2] examines the 99%-quantile of the estimation error versus a distribution parameter that measures
the tail behavior and skewness, based on 1000 simulations. Specifically, for Gaussian data, we let o vary
between 1 and 4. For skewed generalized ¢ distributions, we increase the shape parameter ¢ from 2.5 to 4. For
Gaussian data, our estimator performs identically to the sample mean estimator, both of which outperform
the MoM mean estimator and the trimmed mean estimator. For skewed generalized ¢ distributions with
q < 3, all three robust mean estimators outperform, or are as competitive as, the sample mean estimator.
When ¢ > 3, the sample mean estimator starts to performs better than both MoM and the trimmed mean
estimator. Our proposed estimator, on the other hand, consistently outperforms all other methods across
the entire range of parameter values.

We also compare the performances of our proposed method, pseudo-Huber loss + cross validation and
pseudo-Huber loss + Lepski’s method. For cross validation, we choose the best 7, which is equivalent to
choosing the best v, from a list of candidates {1,2,...,100} using 10-fold cross validation. For Lepski’s
method, we follow the appendix and pick V = 2, p = 1.2 and s = 50. We run 1000 simulations for the
mean estimation problem in Setting 1 with o2 = 1 and sample size n = 100. All studies are performed on a
Macbook Pro with Apple M1 Max and 64 GB memory. The execution times are summarized in Table[l} Our
proposed method is about 90x faster than cross validation and about 10x faster than Lepski’s method. The
run time for sample mean, MoM, and trimmed mean in the same scenario is 0.018, 0.111, and 0.057 seconds,
respectively. Lastly we compare the run time for our estimator with increasing sample sizes. Specifically, for
n = 100, 1000, 10, 000, 100, 000, the run time is 1.54, 1.58, 3.02, 25.04 seconds, respectively.

Finally we compare their statistical performances in both settings with various parameters. The results
are summarized in Figure [3] and Figure [} In both figures, the our method and the cross validation have
similar performances although our method is slightly better while Lepski’s method does not perform well.
We suspect this is because Lepski’s method depends on three more hyper parameters V,p and s and our
choice are perhaps not optimally tuned. This perhaps shows that the Lepski’s method does not achieve great
empirical performances in general.
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Figure 4: Empirical 99%-quantile of the estimation error versus parameter measuring tails and skewness
for our estimator, cross validation and Lepski’s method.

Table 1: Comparing different tuning methods: Run time (in seconds) for 1000 simulations in Setting 1 with
0? =1 and n = 100.

ours Lepski’s method cross validation
1.5 16.7 133.5

In summary, the most attractive feature of our method is its self-tuning property: (i) It is as efficient as
the sample mean estimator for normal distributions and is more robust for asymmetric and/or heavy-tailed
distributions; (ii) It incurs much less computational cost than cross validation and Lepski’s method. The
latter property is particularly important for large-scale inference with a myriad of parameters to be estimated
simultaneously.

6 Conclusions

Summary This paper investigates robust mean estimation for distributions with finite variances only. We
introduce a novel loss function that depends on both the mean parameter and a robustification parameter.
By jointly optimizing these parameters, we demonstrate that, even under only second moment conditions,
the resulting robustification parameter can automatically adapt to the variance. As a result, our mean
estimator achieves nearly optimal performance in finite samples, akin to the case of sub-Gaussian data. This
distinguishes our approach from previous methods that require cross-validation or Lepski’s method to tune
the robustification parameter.

Adaptivity In our experience, the performance of MoM estimators is often subpaIEI, and our proposed
estimator consistently outperforms MoM estimators. As discussed previously, we believe this is because our
estimator can perform (near) optimally in both the finite-sample and large-sample regimes. We shall refer to
this ability as “adaptivity to different regimes". The MoM estimator does not naturally enjoy this adaptivity
due to its discontinuous nature.

The multidimensional case We briefly discuss how to extend the proposed estimator to the multivariate
case. Assume model but with y;, u*, and g; € R? being i.i.d.such that Ee; = 0 and cov(g;) = ¥. A
simple strategy, as recommended by one of the referees, is to apply the univariate estimator coordinate-wise
and then combine them to form our final estimator zi. Then the following proposition holds. Let 0% x be the
k-th diagonal term of X, and o3, . = E[e7,1(e3, < 2?)], where &, is the k-th coordinate of &;.

1We had similar empirical observations in our earlier studies.
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Proposition 6.1. Assume that n is sufficiently large. Let ¢y and Cy be some constants, and suppose
vo < CoOkk,r2 —1 < Coopr < Vp. For any 0 < § < 1, taking 22 = log(n/§), with probability at least 1 — &, we
have

tr(X) log(nd/d)

T

12— p"ll2 < C

where C' is some constant.

We also have the following asymptotic result which states that the multivariate mean estimator also achieves
asymptotic efficiency.

Proposition 6.2 (Asymptotic efficiency for the multivariate mean estimator). Fix any 0 < ¢ < 1. Assume
maxi<p<d ]Eeflj * < oo and the same assumptions as in Proposition Take 22 =2 log(n). Then

Vi () = 1) ~ N (0,5).

Limitation One limitation is that the finite-sample performance of our self-tuned estimator depends on
unknown constants, which means that the sample complexity cannot be computed in advance for fixed error.
Moreover, the proposed estimator is only optimal up to a logrithmic term. It remains unclear whether this
logrithmic factor can be removed. Another limitation is the scope of the study. This paper focuses on robust
mean estimators since this is the simplest case and the proof is already complicated. However, it is possible
to extend current work to more general problems, such as regression and matrix estimation problems. We
have extended the estimator to the multivariate case in the above but such an extension is not optimal; see
[Lugosi & Mendelson| (2019a)) for the optimal finite-sample bound. It would also be interesting to study the
asymptotic properties of the multivariate median-of-mean estimators.
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A Basics

This section collects the basic facts such as first-order derivatives and the Hessian matrix for the loss function.
Let 7 = vy/n/z throughout the appendix. Recall that our loss function is

Lo (1, 0) = %Zﬂ(yi—ﬂ,v) = %Z{\/jﬁ nz—v;Jr(yz-—u)Q— (%—a) v}
=1 L

T (e )

14
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The first-order, second-order derivatives of L, (i, v) are

Ly yi — Vi I~ i
VHLTL(M7’U):_7 = ——_— - —_——,
n;’u\/lJrzz i — )2/ (n0?) z n; T2 (y; — )2

22 n n 1w T
e Zwﬂ?y—m/( >()n§:<+<y—u>l>+

where a = 1/2. The Hessian matrix is

[\~]

P e B i e
o = 24 (y, P zemn =1 (e +(yi—p
H(uv) = n 15 n e T((Z u)) ) n®/? 1 (yi—p)*
il T =l Ry

B Population bias

Let p*(v) be the underlying pseudo-Huber regression coefficient with v fixed a priori

p*(v) = argmin EL, (u, v).
m

Recall that 7 = vy/n/z. Let

Uy () 1= VP (2,0) = z\/%,
hy(z) := V2P (2, 0) = vn Vna® VT

TVt a2 (TP a3 (72 4 22)3/2

Assumption 2. The second-order derivative of L(u,v) = EfP(y; — p,v) satisfies that

0 < ke < ViL(p,v)

for any p € B(r,p*) := {p : |p — p*| < r}, where we use the same k, as in Assumption [1| without loss of
generality.

Our next proposition shows that the population bias is at the order of v/n/72.
Proposition B.1 (Population bias). Assume Assumption [2| holds with 7 > \/no?/(2k,72). We have

o? \/ﬁ<\/ﬁ
e

* _*<
™ (v) MI_Zle g

Proof of Proposition[B_1l Define the bias term A = p* — u* (v) and the function h, (u) = n=t 3" E{¢P(y, —

w,v) . We first assume that |A| < r. By the first order optimality of p*(v), we have Vh,(p*(v)) = 0, and
thus

<A7 v2hv (/j)A> = <th(/-1’*) - th (M* (U)) > <Vh ( = ZE{% 051 (Bl)

where = A\p* + (1 — A)p*(v) for some 0 < A < 1.

Since E(g;) = 0, we have

E{gy (e} = Y g d ==/ | _ V7 g T e (W—l)
v k3 z W zZ W
Vin (€)°/7° | _ V/no?
= ﬁ:sw = 2272 (B.2)
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Algorithm 1 An alternating gradient descent algorithm.

Input Minit » Vinit, V0, V07 m, 72, (yla ) y’ﬂ)
for £k =1,2,... until convergence do
p1 = ik — MV L (1, vk)
Vg1 = Vg — 12V L (g1, vi) and v = min{max{vs41,v0}, Vo }
end for
Output: i = 41, U = vVks1

where the first inequality uses the inequality v/1 + 22 < 1+ 22/2 and the last inequality uses the fact that
V1+el /2> 1V g/

Using equality (B.1) together with Assumption [2| and inequality (B.2)) and canceling one |A| term on both
sides, we obtain

A< Yo

2zkeT2

We then show it must hold that |A| < r. If not, then we shall construct an intermediate solution between
p* and p*(v), denoted by puy(v) = p* +n(p*(v) — p*), such that |y (v) — p*| = r. Specifically, we can choose
some 7 € (0,1) so that |uy(v) — p*| = 7. We then proceed the above calculation and would obtain

Vno?

2zppT?

|t = 7] < <r

This is a contradiction. O

C An alternating gradient descent algorithm

This section derives algorithms to optimize with the constraint vy < v < V{. Starting with initialization
U = Vinit and [ = pinit, we use gradient descent to alternatively update the solution sequence {(p,vi) : k >
1} where (g1, v1) = (Kinit, Vinit). Specifically, at working solution (ug, vx), the (k+ 1)-th iteration carries out
the following two steps

1. Hik+1 = Uk — WlV;LLn(Hk, ’Uk),
2. Upg1 = vk = 12Vr Lo (phy1,0k) and vgyr = min{max{vy.41,v0}, Vo},

where 71 and 72 are the learning rates and

n

1 Yi — [
VLLH V) = —— )
plnlio0) == ; v\/1+ 22(y; — p)2/(n?)

n/z?

1 « n
VULn(/’(’y U) = ZZZ:; \/1 T 22(yi — M)2/(nv2) - (27 - a) .

We then repeat the above two steps until convergence. We summarize the details in Algorithm[I] In practice,
the learning rate 77 and 72 can be chosen adaptively. Specifically, in our experiments, we use alternating
gradient descent with the Barzilai and Borwein method and backtracking line search.

D Comparing with Lepski’s method
We compare our method with Lepski’s method. The idea of Lepski’s method is very simple: consider a

sequence of confidence intervals obtained by assuming that the variance is bounded by a sequence of bounds
v, and pick up as an estimator the middle of the smallest interval intersecting all the larger ones.
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We will use Lepski’s method to tune the robustification parameter v and thus 7 = vy/n/z in the empirical
pseudo-Huber loss:

Ly(p,7

IS (e ).

i=1

3\'—‘

Let vpax be an upper bound for o, and Timax = Vmaxy/1/z with 2 = y/log(1/6). Let n be sufficiently large.
Then with probability at least 1 — J, we have

log(4/9)

n = G(Umaxa 6)7

|/7(’Umax) - ,u/*| S 6Umax

where Ji(Vmax) = argmin,, L (f, Tmax). Let €(Vmax,0) = +00 by convention. Clearly, €(vmax,d) is homoge-
neous:

log(4/9)

€(Vmax, 0) = B(§)Umax, with B(§) =6
n

For some parameters V€ R, p > 1, and s € N, choose for V the following distribution for vyx

1 : ok
V(Umax) _ m, lf VUmax — Vp 5 k S Z7 |k| S S,
0, otherwise.

Consider for any vmax such that €(vmax, 00(Umax)) < 0o the confidence interval

I(Vmax) = 1(Vmax) + €(Vmax, 00 (Vmax)) X [—1,1],

where €(Vmax, 00(Umax)) = 6Umax w. We set I(vmax) = R when €(vmax; 00(Vmax)) = +00.

Let us consider the non-decreasing family of closed intervals
J(01) = [ {I (Umax) : Vmax = v1}, v1 € Ry
Lepski’s method picks the center point of the intersection
(T (1) : 01 € Ry, J(v) # 0}

to be the final estimator firepski- Then the following result holds.
Proposition D.1. Suppose |log(c/V)| < 2slog(p). Then with probability at least 1 — 4§

log(4/6) + log(2s + 1)'

|ﬁLepski - ,LL*‘ S 12P0\/ n

If we take the grid fine enough such that s = n, then the deviation bound above reduces to

1900 \/10g(4/5) +log(2n + 1)
n

i

which agrees with deviation bound for our proposed estimator, up to a constant multiplier. Therefore, our
proposed estimator is comparable to Lepski’s method in terms of deviation bound. Computationally, our
estimator is self-tuned and is thus computationally more efficient than Lepski’s method.

E Proofs for Section

E.1 Proofs for Theorem [2.3]

Proof of Theorem[2.3 We prove first the finite-sample result and then the asymptotic result. Recall that

Te = Vi/N/ 2.
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Proving the finite-sample result. On one side, if v, = 0 and by the definition of v,, v, satisfies

1_a7z2:E Vv,

=0
n \/nu2 + 2262

which is a contradiction. Thus v, > 0. Using the convexity of 1/4/1 + z for > —1 and Jensen’s inequality
acquires
az? LM B 1 1 2202

l——= - T 5 9o
n nv? + z2¢2 1+ 22¢2/(nv2) — /14 2202/(nv?) — 2nv2

where the last inequality uses the inequality (1 + z)~/2 > 1 — x/2, that is Lemma [J.4| (i) with = —1/2.
This implies

Q
(V]

v? < .

[\
IS

On the other side, using the concavity of \/z, we obtain, for any v € [0,1), that

1—ﬁ:E IR 1

=E
n Vnv? 4 z2e? V1 + 02222 [(nv2)

1
< el
- \/ (1 +22€2/(m§))
z2e? 222 v 1 2222 .
<H/E<S(1—-(1— 1 < 1 >
_\/ {( ( 7)7“]3) <nvf _1—’Y>+1+Z2€2/(m}f) (m}f 1—7
222 [ 22€? v
<y /1-(1-7E 1 <
\/ ( v) {nvf (nvfl—y)}

: \/1 (- ML S/ 1= )

E.1
nv2 /22 ’ (B-1)

where the second inequality uses Lemma that is,
(1+2)"' <1—(1—7)z, for any = € [0, 17} :
-7

Taking square on both sides of (E.1]) and using the fact that n > az? together with Lemma (i) with
r=2aka (14+2)">1+4+rzforx>—-1andr e R\ (0,1), we obtain

2022 2\ 2 Fie21(e2 < 2/(1 —
1_ az < 1_% Sl—(l_'}/) {5 (E —,YT*/( rY))}
n n nv?/z2

)

or equivalently
2
Tpr2

2
v 2 2a ’

where ¢ = v/(1 — 7). Combining the upper bound and the lower bound for v? completes the proof for the
finite-sample result.

Proving the asymptotic result. The above implies that v, < oo for any n > az?. By the definition of
Vs, We have
2 1
¥ _1-E (E.2)

n V14 22¢2/(n?)’
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We must have nv?/2? — oo. Otherwise assume limsup,,_, . nv?/22 < M < oo. Taking n — oo, the left
hand side of the above equality goes to 0 while the right hand is lower bounded as

\/W \/ 1+52/M

\/1_ E{c21(e2 < M)}

2M
1
>1—4/=>0
21350

where the first two inequalities follow from (E.1) with v = 1/2 and the third inequality uses the fact that
E{e?1(e2 < M)} < M. This is a contradiction. Thus nv?/2? — oo. Multiplying both sides of the above
equality by n, taking n — oo, and using the dominated convergence theorem, we obtain

5 hmE<n.\/1+z252/(nvZ)—1>

1+ 22¢2/(nv2)

az
n— 00

) 1 1+ 22e2/(nv2) — 1 22%¢2
= lim E(n- .
n—oo 1+ 22¢2/(nw?) z2e2/(2nv?) 202
Ez2e?

. )
21im,, s o0 2

and thus lim,, . v2 = 02/(2a).

E.2 Proof of Proposition [2.4]

Proof of Proposition[2.4 The convexity proof consists of two steps: (1) prove that L, (u,v) is jointly convex
in p and v; (2) prove that L, (u,v) is strictly convex, prov1ded that there are at least two dlstlnct data points.
To show that Ly, (u,v) =n~! 21:1 P (y; — p,v) in is jointly convex in p and v, it suffices to show that
each P (y; — p,v) is jointly convex in p and v. Recall that 7 = vy/n/z.The Hessian matrix of P (y; — p,v) is

PN 1 72 (vVn/z) 7(yi — 1)
Hi(p,v) = = (72 + (i — )" LW/2) (=) (/2)? (g = p)? =0,

which is positive semi-definite. Thus L, (i, v) is jointly convex in u and v.

We proceed to show (2). Because the Hessian matrix H(p,v) of L,(u,v) satisfies H(u,v) =
n~ 13" | Hi(p,v) and each H;(u,v) is positive semidefinite, we only need to show H (y,v) is of full rank.
Without generality, assume that y; # y2. Then

N\§

i 72 (V/z)

Hy(p,v) + Ha(p,v s *M) )3/2 (Vn/z) T(yi — 1) (Vn/2)? (yi — )

i=1
Some algebra yields

n’r? (y1 — y2)°

AT (= PR (e — 1))

for any v > 0, and thus 7 > 0, and p € R, provided that y; # y2. Therefore, Hy(u,v) + Ha(u,v) is of full
rank and thus is H(u, 7), provided v > 0, u € R, and y; # yso. O

det (Hy(p,v) + Ho(p,v)) =

572 7 0
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E.3 Supporting lemmas
Lemma E.1. Let 0 <y < 1. For any 0 < 2 < /(1 — v), we have
(142 ' <1—(1—7)z

Proof of Lemma[E-1l To prove the lemma, it suffices to prove, for any v € [0, 1), that

1< (142) = (1—y)z(l+2), V0<x<%

which is equivalently to

:v(:c—’y)<07 VO<$<L
1—~n 1—xn

The above inequality always holds, and this completes the proof.

F Proofs for the fixed v case

This section collects proofs for Theorem Lemma and Corollary Recall that 7 = vy/n/z, and
the gradients with respect to p and v are

Ly Yi — 1 Vi1 Yi — p
VL (i, v) = —= ERNSVAUNE S o N et L
' ”;;UVLHQM—#VKMH z 2; 72+ (yi — p)?
22 n n 1« T
V,L (= —a)=—= - — 1] +a
Z\/1+22y—u)/( v?) (32 ) 22 ”i_1< 72+ (yi — p)? >

F.1 Proof of Theorem 3.1]

Proof of Theorem[3.1} Let T = vy/n/z. Because fi(v) is the stationary point of L, (u,v), we have
n

9 . 1 ﬁ( ) pi(v)
— Ly (p(v),v) = —— E — E )
o (A(v), ) p v\/1+z — [i(v))?/(nv?) \/7'2 (yi — 1(v))? ’

Let A = ji(v) — pr. We first assume that |A| := |fi(v) — p*| < ¢ < r. Using Assumption [I| obtains
reli(w) = 12 < (L Lo(@(0),0) — Lo 0), ) — "
— 8/1/ ) 8/-1/ ) i

[1(v) — p*|

)

n
Zl \/72 +e?
or equivalently

~ 2
sl p(v) = ptl < |\ == ) ——
Vn ; 212+ 2

Applying Lemmawith the fact that |E (re;/(7% + £7)'/2)| < 62/(27), we obtain with probability at least
1—26

i) — < | V2L N (U 2log(1/) , T log(1/5) +z72>

P n 3n 2T

L= -
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or equivalently

21og(1/6) N log(1/8)  /no?

el f(v) = ] < 2272 /02 3z/n 22712 "
Since T = v4y/n/z, we have
N . log(1/4) log(1/6) 1 o2 2

Taking z = /log(w/§) then yields

SO V10g(1/9) log(1/6) 1 o® [log(w/9)
Kel () /‘|§<,U +3m>\/ n +2 2 .
V20 log(w/4)
<v - 3 N 5 Uz> Tn
o log(w/9)
< <1+\/§v> -

=: Kyro < KT

for any 0 < § < 1. Moving &, to the right hand side obtains the desired bound.

We then show that |A| < r¢ must hold. If not, we shall construct an intermediate solution between p* and
f(7), denoted by p,, = p* +n(f(r) — p*), such that |, —p*| = ro. Specifically, we can choose some 7 € (0, 1)
so that |u, — p*| = ro. We then repeat the above calculation and obtain

V2o 1 1 o2 log(w/9)
T3ty ) —

- 1
_ < .
) - < (S g

o ) log(w/9)

1
<rg=—-|1+
0= ( /0 "

which is a contradiction. Thus it must hold that |A| < rg. Taking w = 1 and using a change of variable
26 — § complete the proof.

O

F.2 Proof of Lemma
Proof of Lemma[3.3 We prove that, with probability at least 1 — §, Assumption [I] with s, = 1/(2v) holds

uniformly over v > vy. Recall that 7 = vy/n/z. For notational simplicity, let A = p— p* and 7,, = vo/n/z.
It follows that

<V#Ln (1, v) — Vuln (w",v), A

<\Fzz\/72+5 \/ﬁ;z 72+(yi—ﬂ)27A>

T
PR A2
I s

where [ is some convex combination of p* and pu, that is &z = (1 — A\)u* + A for some A € [0, 1]. Obviously
we have |1 — pu*| = MA] < |A] < rg. Since (y; — 1)? < 262 4+ 2X2A? < 262 + 2A?% < 2¢2 + 2r¢ the above
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displayed equality implies

inf (VuLn(p,v) = VyLn(p*,v), p — 1)

WEB, (™) |U - IU*|2
N 2

> X

-z n;z(72+27“8+2812)3/2

it g e

oz (PP n (7 g+ 267)0

Vi (G rad g1

SN T A R ? = T
vn 72 log(1/6)

=Y [—y) =2, (F.1)
z (T2 +2r3) 2n

where the last inequality uses Lemma [F.2]

It remains to lower bound I. Using the convexity of 1/(1 + x)B/ 2 and Jensen’s inequality, we obtain

1 i]E (12 + 2r2)3/2 _ (r2 + 2r2)3/2
n < (12 4 2r% 4 2¢3)3/2 (12 4 2r% 4 2¢3)3/2
(1+2e2/(12, + 2r2))3/2

> 2 i 21)3/2
(1420 /(7'1}0 +2r2))3/
(TEO + 2r2)3/2

(r2 +2r2 + 202)3/2°

Plugging the above lower bound into (F.1)) and using the facts that

3 3 3
T > Tug for 7y >7 and —— <1
(72 +2r2)3/2 = (72, 4 2r2)3/2 vo 2 (72 + 2r2)3/2 =
we obtain with probability at least 1 — ¢

inf (VuLn(p) = VuLn(p"), p— p*)
pEB, (1) I — p*|?
< Vn . 72 . (r2, + 2r2)3/2 ~ [log(1/9)
T oz (T242r2)3/2 \ (72 +2r2 4 202)3/2 2n
_ Vn 73 . (72, 4 2r2)3/2 B T3 ~ [log(1/9)

2r \ (T2 +2r2)3/2 (72 +2r2 +202)3/2 (72 42r2)3/2 2n
- Vn 1 ~[log(1/4)
T ozm (14 (2r2 +202)/72)3/2 2n
1 1 ~ [log(1/4)
v\ (1+ (22 +202)/72))3/2 2n

1
>
T 2v

provided 72 > 472 + 402 and n > C'log(1/4) for some large enough absolute constant C.
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F.3 Proof of Corollary [3.3]
Proof of Corollary[3.3 Recall z = /log(w/d) and let

r=2v|—+1
(fv

If n > Cmax {(r? + 0?)/v3, 1} log(1/§), which is guaranteed by the conditions of the corollary, then with
probability at least 1—9, Assumptionlholds with k¢ = 1/(2v) uniformly over v > vy. Denote this probability
event by £. If Assumptlon [[] holds, then by Theorem [3.1} we have

(Iu() ,u|<2v<+1> ‘/logQw/é ‘ >>1

P <|ﬁ(v) —u*| > 20 (\;% + 1) W)
_p (ﬁ@)—m s () e, 5)
P (“7(1]) - ,U*| > 2v <\;.2;v + 1) 1Og QU)/(S , gc)

<P<ﬁ( u|>2v< ) \/IOgQw/é ’ >+

< 24.

) os2u/)

Thus

Then with probability at least 1 — 24, we have

2
~ X o log(2w/¢)
v) — <20 ——+1 _— .
i) -l <20 (Fvn) 22
Using a change of variable 26 — § finishes the proof. O

F.4 Supporting lemmas

This subsection collects two supporting lemmas that are used earlier in this section.

Lemma F.1. Let ¢; be i.i.d. random variables such that Ee; = 0 and Ee? = 1. For any 0 < § < 1, with
probability at least 1 — 26, we have

lzn: TE; _E TE;

Proof of Lemma[F.1, The random variables Z; := 7, (g;) = 7e;/(7? +€2)Y/? with p, = EZ; and 02 =
var(Z;) are bounded i.i.d. random variables such that

2log(1/9) n 7log(1/9)
n 3n

ag

12| = \m—/(# +5§)1/2] <l|es| AT <,

0.2

izl = [EZi| = [E (rei/ (2 + D)/ | < -,
T

2.2
EZ? —F (15 < o2,
g T2+5

2 i=var(Z;) = E(re; /(12 +€3)Y/? — ,uz)2
_ T& 2 2
_E(T2+E%) —u; <o

23
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For third and higher order absolute moments, we have
E

i k!
e < og2rk2 < 502(7/3)’“_2, for all integers k > 3.

k
EIZif" = T2 4 &2
i

Using Lemma |J.2| with v = no? and ¢ = 7/3, we have for any ¢ > 0
( > V2no?t + >§2exp(—t).

Taking ¢ = log(1/§) acquires that for any 0 < <1
1 " TE; 1 &'i
PllI=y 22 = <o
(niz_;\/T?Jref nz e

This completes the proof.

n

-)E

=1

T2+5

T2+s

n

3n

210g(1/5) n Tlog(l/d)) >1—24.

Lemma F.2. For any 0 < § < 1, with probability at least 1 — 4,

1 zn: 73 g 73 o log(1/0)
n < (72 + £2)3/2 (12 +e2)3/2 = on

1=

Moreover, with probability at least 1 — ¢, it holds uniformly over 7 > 7,,, > 0 that

1y R R )
n 72+5 3/2 = (12 4 £2)3/2 2n

1=

Proof of Lemma[F.4 The random variables Z; = Z;(7) := 73 /(7% + £2)3/2 with u, = EZ; and 0? = var(Z;)
are bounded i.i.d. random variables such that

0< Z;=73)(r2+2)%% < 1.
Therefore, using Lemma, [J.I] with v = n acquires that for any ¢ > 0

- 73 - T3 nt
(S v S () s i) seotn

i=1 =1
Taking ¢ = log(1/§) acquires that for any 0 < § <1
1 & 73 1 & 73 log(1/6)
= il N N | S . SVA2N [
<n;(72+5)3/2 n; ((T2+5)3/2>> 2n o

The second result follows from the fact that Z;(7) is an increasing function of 7. Specifically, we have with
probability at least 1 — ¢

1 3 1 & T
— - > = _____ %
n; (72 +€2)3/2 = nZ; (12, +2)3/2

This finishes the proof.
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G Proofs for the self-tuned case
This section collects proofs for Theorem

G.1 Proof of Theorem of 3.4]

Proof of Theorem of[3} Recall that 7 = vy/n/z. For simplicity, let 7 = y/n/z. Define the profile loss
LPr°(v) as

L3 () = L ((v), v) = min L (1, v).

Its first order gradient is

. _ 9 9 9 o
VLI () = VLy(A).v) = 5oi0) - o La(uo)| o+ L) = oL@, (@)

where we use the fact that 9/0u L, (1, = 0, implied by the stationarity of i(v).

=iy
Assuming that the constraint is inactive. We first assume that the constraint is not active for any
stationary point v, that is, any stationary point ¥ is an interior point of [vg, Vo], aka ¥ € (vg, Vp). By the

joint convexity of L, (p, v) and the convexity of LP**(v), (f2(v), ) and ¥ are stationary points of L, (u,v) and
L, (ji(v),v), respectively. Thus we have

9 1)

7Ln ) = - = O»

o (v U)'wv) ()0 Z \/72 (y; — i(0))?

0 n 1< T n

—Ln (1, i =5 —{——a)=0,
oo v)’(u,v):(u(v)w) 22 n; NGRSO (%)

0
” - %L"(/‘Lﬂ 'U)

VLI (w)

‘w:@@m

where the first two equalities are on partial derivatives of L, (i, v) and the last one is on the derivative of
the profile loss L, (i(v), v).

Recall that 7 = /nv/z. Let f(1) = 22V LP™(v)/n, that is

f(r) = 1%\/72 a (1—“22)

(yi — 1(v))?

In other words, 7 = \/n0/z satisfies f(7) = 0. We now split the proof for the inactive constraint case into
two steps.

Step 1: Proving v < Cyo for some universal constant Cy. We will employ the proof by contradiction
argument. Assume there exists some v such that v > (1 + €)v/r2 + 02 and VLP™(v) = 0; or equivalently,
there exists some 7 such that

> (1+e)Vr2+o2y/n/z=:7 and f(1)=0, (G.2)

where € and r are to be determined later. Let 7,, = voy/n/z. Then, provided that n is large enough, Lemma
implies that Assumption |1| with r and x;, = 1/(2v) holds uniformly over v > vy conditional on the
following event

972)3/2 n 2 | 9.2\3/2
£ (12 +2r?) 1 E (7, +2r%) > _ log(1/9) .
Z (12, +2r2+2e )3/2 nz (T2 + 2r2 4 2¢2 )3/2 on

i=1 i=1
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Conditional on the intersection of event & and the following event

log(n/5)
E =14 sup <C- 70 1A O
2 {UE['UO,VU] Z \V/ 7-2 + 5

n
where z < y/log(n/d) and C is some constant, and following the proof of Theorem for any fixed v and
thus 7, we have

welfie) - u|_f2 N

Thus, for any v such that vy V 0y := vg V (1 + €)Vr? + 02 < v < Vj, we have on & that

sup () [a(v) = p[ < sup ke(v) [f(v) — g

v Vg <v< Vo vE[vo, Vo]
= sup
1)6[1)0 Vol \/>Z \/m
. Yo log(n/o)

Vo Z\/’TL ’
which, by Lemma yields
N Vi log(n/9)
sp (o) — | < 20 YO 108/ _
UE[’Uo,V[)] Vo Z\/ﬁ

The above r can be further refined by using the finer lower bound vy of v instead of vy, but we use vy for
simplicity. Let A = p* — [i(v), and we have |A| < r. Let the event &3 be

€ = Z\/TQ—FQ +e?) —Ti]E T242(r2+e) -7 S\/10g(1/5)2(;"2Jraz) +log(l/é) '
_ 72+ 2(r2 + £2) 72+ 2(r2 4+ €2) nT 3n
Thus on the event £ N & N E; and using the fact that 1 — 1/4/1 + z is an increasing function, we have
T2+ (A+€)? -7 _ az T2 4+ 2(r?2 +¢7)
e DAL DI S R R GEE EL
+ (A +¢)? T2 4 2(r?2 +¢7)

7_72 T2+ 2(r2 4 €7)

VT2 4+ 2( r2+5)

(r<7)

2 =2 \/2—_ =2 2 2\ _ =
2&_ E 724+ 2(r2 +¢2) Z 724 2(r2 +€2) T_E T242(r2+e) -7
n T2 +2(r2 +¢?) — 724 2(r2 +¢7) T2 +2(r2 +¢2)
> az® (7'2 202 +\/10g(1/5) ?ér +02?) N 1og(1/5)>
n T nT 3n

2 log(1 24 0? 2 2 4+ 02 222 log(1
:z(a— oe( /5))_(7" +o : +\/T + o 227 log( /6)) (Definition of 7)

n 322 r2 402 (1+¢€)n r? 40?2 (14 ¢€)?n?

(a— 1/3)22 - <r2 + o2 22 N \/'r'2+02 224 ) (22 > log(1/6))

n r2+02(1+4¢€)3n r2 4+ 02 (14 €)2n?

(a—1/3)22 2° 1 2
n n'<u+az+ U*fy)

22 1 1 2
T \T3 T are? \drep

>0,

v

Vv
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provided that

1 V1+2(a—1/3)-1
<
1+€e ™ V2 ’

or equivalently

«/4a—|—2 /3+2/3—12—2a
2(a —1/3)

In other words, conditional on the event & N & N & and taking € > €e(a), f(r) > 0 for 7 > 7 := (1 +

€)Vr? + o2y/n/z. This contradicts with (G.2)), and thus
T<(+e)Vr2+o2yn/z.

If a = 1/2 and conditional on the same event, the above holds with

V44 +2/3+2/3—+2—2a -
B 2(a —1/3) -

If n is large enough such that 120 > 5v/r2 4 o2, then conditional on the event & N & N &3, we have

=: ¢(a).

vo <0 < Cyo,

where Cy = 12.

Step 2: Proving v > o072 —1 for some constant ¢y. We will again employ the proof by contradiction
argument. Let

2
2
33 (%)
m n
Assume there exists some v such that v < ¢ and 6%Ln(ﬁ(z))71)) = 0. Or equivalently, assume there exists
some T such that

T <cyn/z=:7 and g(1)=0. (G.3)

*

It is impossible that ¢ < vy because any stationary point v is in (vg, V). Thus ¢ > vg. Let A = fi(v) — p*.
Thus on the event & N &;, using the facts that /x is a concave function and 1/4/1 + y/x is an increasing
function of x, we have

1 T
5; 2+ (At n Z\/1+ A+5)/72

=5 Z\/l—f— A+e)/12
= iéumism/r?
= \ 7112 T+772(A+¢)? ~11 (A+e)? <1?)
<\ 1-1 2T2ZA+&2 (A +e)? < 72).
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By the proof from step 1, on the event & N &, we have

sup |u(v) —p* <,

v€[vo,Vo]
where r is the same as in step 1. Then
g(7) <1—l-i§nj(A+e)2~1((A+s-)2 <r?) - 1—ﬁ 2

- n 27— ’ Yoo n
2022 1 1 <

< C;Z g ;(A +e)? 1((A+e)? < 1?) (as long as az?/n > 0)
2022 1 1 & 2 2 —1_2 2

< - _5.2722::(514—2&51») 1(ef <2777 —1?%)

IN
]
S8
(V)
|
il
S| =
(v}
N
S|
[]=
(L)
=N
—_
7N
™
=N
IN
[\—,‘Hw
|
<
[\)
~~
|
S
[]=
=
o
ey
/N
)
=N
IN
N‘HM
|
<3
[V}
~_
~—

Define the probability event £, as

Er:=E11NEs2
where
1 2 2 [721og(1 2log(1
Ea1 = 725121 (EZQ < T_Tz) > Ee?1 (E? < T—r2> o 72log(1/0) T og(1/0) 7
n = 2 2 5 n 6n
1 & 72 72 2022/2 log(1/6) 7log(1/4)
Eypg =: K — &l €2<—r2><E5i1(52<—7’2>+ = + =
. ni_zlu(z_Q <Eep (@<t - cull)
If n is sufficiently large such that
2
2 < < (logn+log(1/6)) <1,
zy/n
e 2072 /2108(1/9) | rlog(1/5) | _ 1 log(1/9)
72 | 922 n 3v2n -12 n

then conditional on &4, we have

2 2 2
I>Re21 (2 < I _2)\_ oo /72 log(1/4) T 10%(1/5)’
’ ‘ 2 > n 6n

2 202, . log(1/6
(E%, . _TQ) [P0z 108(1/0)  rlog(1/8)
n 3\/§n

1T < Eleg|1
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Thus conditional on &4, we have

202> 1
2 2 2 2
< 2027 1 Be21 (2 < T 2 — o2 T*log(1/0)  7*log(1/d)
n 272 2 - n 6n
r 7'2 20'72—2/2 IOg(l/d) TlOg(l/(S)
+ — | Elei|l 622<—7"2>+ = =
% e (2 <5 : 3
_ 2052 0'22/2760 N 0r2/2+/10g(1/8)  log(1/9) [ o n 20;/2 log(1/6) n 7log(1/9)
- n 272 27/ 12n 72 or2/2 n
2

< i 2+ log(1/4) 1Y T2 n or2/94/log(1/6)

n 22 6 272 27\/n

22 log(1/6) 1 9%2j2-cy  0r2/2 \/log(1/9)
=2 (4 et =k St e & 0 = . =

2n ( T 3 2 T z (z =cvn/z)

2’2 1 0'72-2/2750 0’7.2/2
< — p——— = 2>
<2 <4a Ll T o (2 log(1/8))
<0,

for any c¢ such that
o TEp . 4(4a + 1/3)(1;2/2_60 .
= 2(da+1/3) 0229 ’

In other words, conditional no the event & N & N &, and taking any c such that it satisfies the above

inequality, we have
g(T) <0 for any 7 < 7 = c\/n/z.
This is a contradiction. Thus, T > 7 = ¢y/n/z, or equivalently ¥ > ¢ > vgy. Using the inequality

\/1+.’I:7121(7323)+§1(0§m<3)Z%Al V>0,

we have
02/ - 4(4a + 1/3)0;/2760 .
2(4a +1/3) 0;2/2
B 302 /9 28”32/2—e o
3072/2
3 2 T —€
2 g /2 2/2—¢ 1)
B 20’39 /2
1
> 5 Or2/2-1
1
> = AL orz 21
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Therefore we can take ¢ = 57! (0,2 j2-1/072 2 N1)or2 s5_1. Thus on the event £ N E N &y, we have
v v v

U2 cCi=C00s2 /215

where ¢y = 5*1(0730/2,1/0730/2 A 1). This finishes the proof of step 2.

Proving that the constraint is inactive. If v &€ (vg,Vp), then v € {vg, Vp}. Suppose v = vy, then
U = vy < ¢. Recall that 7,, = vgv/n/z. Then we must have f(7,,) > 0, and thus g(r,,) > 0. However,
conditional on the probability event & N & N &4, repeating the above analysis in step 2 would obtain
9(Tv,) < 0. This is a contradiction. Therefore ¥ # vy. Similarly, conditional on probability event £ NE;NE3,
we can obtain ¥ # Vj. Therefore, conditional on the probability event £ N Ey N E3 N Ey, the constraint must
be inactive, aka v € (vg, Vo).

Using the first result of Lemma w1th ’7' and €2 replaced by 72 o T 2r% and 2¢? respectlvely, Lemma
Lemma |G.2} m with 72 and w? replaced by 72 and 2(r +€2) respectlvely7 and Lemma we obtain

P&)>1—0, P(&)>1—06, P(&)>1—106, P(&) >1— 20,
and thus
P(gl N &, ﬂ53ﬂ54) >1-—594.

Putting the above results together, and using Lemmas and we obtain with probability at least
1 -5 that

Co0r2 j2-1 < v < Cyo.
Using a change of variable 56 — ¢ completes the proof. O

G.2 Proof of Theorem

Proof of Theorem[3.5 On the probability event & N & N E3 N Ey where &’s are defined the same as in the
proof of Theorem we have

¢o0r2 j2-1 <V < Coo.

Following the proof of Theorem [3.1] for any fixed v and thus 7, we have

- 1 & £
welfiw) — ] < [—= S — S|
Vn ; 2T+ 2
For any v such that 0072 /2-1 <wv < Cyo and any z > 0, using Lemma but with vy and Vj replaced by

0072 /21 and Cyo respectively, we obtain with probability at least 1 — 0

sup re(v) [pa(v) = p'| < sup re(v) [1a(v) = p|

UE[COU"SO/Q*“ Coyo] UE[COUTg J2—10 Cyo]

< sup
vE[coo 2 /2-1 Cyo]

1 n
7; z\/rz—i—e

< o 21log(n/d) N 1log(n/d)
- 0072 j2-1 n z \/n
s o2 : 3(Coo — 000750/2,1) 1
2030330/271 vn o2 j2-1 2y/n’
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which yields

R . log(n/8§) vV 22V 1
sup [i(v) =p| < Co ) ’
UE[COUTEO J2—17 Coo] Z\/ﬁ

where C is some constant only depending on o/ Tr2 /2-1, €0, and Cj. Putting the above pieces together and
if log(1/d) < 22 < log(n/d), we obtain with probability at least 1 — 6§ that

I _ . log(n/6) V 1
[1(0) — p*| < sup [A(v) —p*| < C -0 ———=—.
vG[COUTEO/Q_l, Coo] Z\/ﬁ

Using a change of variable 66 — ¢ and then setting z = log(n/d) gives

FE - < s ) —pt <0y 0L

UE[COUTSO/z—P Cyo] n
with a lightly different constant C, provided that log(n/d) > 1, aka n > ed. This completes the proof. [

G.3 Supporting lemmas

We collect supporting lemmas, aka Lemmas and in this subsection.
Lemma G.1. Let 0 < § < 1. Suppose 0 < Vp and z < y/log(n/d). Then, with probability at least 1 — 4,

we have

lz €i <CE10g(n/6)
n

/2 2| = v n
i1 VT T ¢& 0

sup
v€[vo, Vo]

where C' is some constant.

Proof of Lemma[G-1l To prove the uniform bound over [vg, Vo], we adopt a covering argument. For any
0 < € < 1, there exists an e-cover N of [vg, Vp] such that |N] < 3(Vp — vg)/e. Let 7, = wy/n/z. Then for
every v € [vg, Vp), there exists a w € N C [vg, Vp] such that |w — 7| < € and

R .
Vn = 21l 4t

n n
= B ) Ypve e
N1 2\ Ty T N 2\ Th T g
1 n e
+HE T 2 . 2
N 2\ Th T E;
1 — € 1 & €
_l’_ -
\/ﬁ;z T2 +¢e2 n;z T2 + &7
=1+ 11+ III.
For II, we have
2 2
n o zo
m<X—.—< )
~ oz 212 7 20¢yn
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For III, using the inequality

T T |7 — 7|

VT2 + 22 Vx| T 2l Al

we obtain

2’1}0 '

HIS@~# @ €
z

<
z  2wAv) T

We then bound I. For any fixed 7, applying Lemma with the fact that |IE (Twei/ (T2 + €3 )1/2)’ <
0?/(27,), we obtain with probability at least 1 — 28

< Vn (U 2log(1/9) | 7w 1og(1/6)>

T 2ZTw n n

IN

Z;’ 2log(1/0) + ilog\%‘s)

where 7,, = v9y/n/z. Therefore, putting above pieces together and using the union bound, we obtain with
probability at least 1 — 6~ (Vo — vg)d

n

1 &;
_E| N %
Z\/T2+€ l\/ﬁ;z\/rgjﬁ—af
2
N 220 +@.;
208yn -z 2
a 210g(1/5)+110g(1/(5) iz n €
Vo n 2 \n ’

Taking € = 6(Vy — vg)/n, we obtain with probability at least 1 — nd

wEN

fzzm

vE [vo,Vg

IN

sup < o [2log(1/6) +llog(1/6) +L2 z 3(Vo —wg) 1

velvo, Vo \fz ,/72+g Vo n z /n 2113771 Vo z/n’

Thus with probability at least 1 — 8, we have

21 5) 11 5 2 3(Vo — 1
sup Z o [2leg(n/d) | 1log(n/d) A (Vo — vo)
ve[vo, Vo] f \/7'2+5 2] n z \/n 2v5 V/n Vo zy/n
Vo log(n/d)

Vo Z\/ﬁ

provided z < +/log(n/d), where C' is a constant only depending on o2/(vyVy). When vy and V; are taken
symmetrically around 1, vgV} is close to 1. Multiplying both sides by z/+/n finishes the proof. O

IN

IN
A

Lemma G.2. Let w; be i.i.d. copies of w. For any 0 < § < 1, with probability at least 1 — §

1 Z VErwl-r (VPR o flog(1/0)Eu? | log(1/9)
n “ \/m - nr s

Proof of Lemma[G.2 The random variables

Z; = Zi(1) == VTPtwi -1 14w/ -1
R ey N e Y
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with ., = EZ; and 02 = var(Z;) are bounded i.i.d. random variables such that

2

w;
0<Z, <1A 9.2
Moreover we have
Ew? Ew?
2 [ 2. . 2
EZ: < 5.2 os =var(Z;) < 5.2

For third and higher order absolute moments, we have

IA

FEw?
E|Z|* < -

k! Ew?
- 272 2

1\ A2
53 <> , for all integers k > 3.
-

3

Therefore, using Lemma with v = nEw?/(27%) and ¢ = 1/3 acquires that for any ¢ > 0

n (1+w2/T2)1/2—1 n (1+w2/7_2)1/2_1 \/m ¢
IP) 7 _ E 7 > _ i Y < —t )
<Z (1+w?/72)1/2 Z; (14 w?/72)1/2 = 2 3] = exp(—t)

i=1 i=

Taking ¢ = log(1/§) acquires that for any 0 < § < 1

I~ (1w /)2 -1 (1+w?/m?)V? ~1 log(1/86) Ew?  log(1/6)
P(nz (1 +w}/72)1/2 _E< (1 + w?/72)1/2 >>‘\/T‘ 3n >>1—5-

=1

This finishes the proof.

Lemma G.3. For any 0 < § < 1, we have with probability at least 1 — § that

1 & 2 1 — 2 2Jog(1 2log(1
=) 2 <622 < —T2) > fZEezl (63 < —7"2) —072)2 rlog(1/9) _ z”losg( /5)
n 4 n“ -

n 6n

1< 2 1< 2 202, ,10g(1/6)  rlog(1/6)
— gl (e? < r2)< ]Eei1<5f< r2>+ '/ + = .
SICE 3D Ble (<t < . —

Consequently, we have, with probability at least 1 — 26, the above two inequalities hold simultaneously.

Proof of Lemma[G.3 We prove the first two results one by one and the last result directly follows from first
two.

First result. Let Z; = 21 (5? <7%/2 - 7'2) . The random variables Z; with u, = EZ; and o2 = var(Z;)
are bounded i.i.d. random variables such that

|Z;| = |5?1 (5? < 12/2 — r2)| < 12/27

lu.| = |EZ;| = |IE (5121 (53 < 12/2 — r2))| < 0;/2,

EZ? =R (5?1 (53 <7?/2 - 7’2)) < 12(7;2/2/2,
o2 = var(Z;) = E(Zi - uZ)Z < 120;/2/2.

z

For third and higher order absolute moments, we have

1202 2NF-2 g 1202 o\ k=2
E|Z;|* =R |€?1 (63 <7%/2 — r2)|k < 212/2 <T2> < 5 212/2 (;) , for all integers k > 3.
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Using Lemma with v = nfoiz/z/? and ¢ = 72/6, we have for any ¢t > 0

P iaﬁ £2<I—2—T2 —i]Efl £2<I—2—r2 < —,/n1202 t—it < exp (—t)
: i i =9 : i = > T7072/9 6 > exXp .

Taking ¢ = log(1/0) acquires the desired result.

Second result. With an abuse of notation, let Z; = |g;|1 (512 < 12/2 — 7“2) . The random variables Z; with
u, = EZ; and 02 = var(Z;) are bounded i.i.d. random variables such that

Zi| = |eil (e < T2/2—17)| < 7/V2,
| = [BZi| = [E (leill (e < /2 = 1%))| < V2072 0/1,
EZ?} =E (71 (ef < 1°/2—1?)) < 0;2/2,

0'5 = Var(Zi) = E(Zl — Mz)z S 0'52/2.

For third and higher order absolute moments, we have

k—2 k—2
k!
E|Zi|* = E|lei|l (7 < 12/2 — ﬁ)‘k <ok (Ji) < 50';2/2 <3\T/§> , for all integers k > 3.

Using Lemma with v = n032/2 and ¢ = 7/(3v/2), we have for any ¢ > 0

- 72 72 Tt
. < = — < = — 2 > 2 - < —t).
IP’(Z&H( <3 > ZE|511( <3 )_,/2n072/2t+3\/§> < exp (—t)

i=1

Taking ¢ = log(1/4) acquires the desired result. O

H Proofs for Section [4

This section collects proofs for results in Section [4

H.1 Proof of Theorem

Proof of Theorem[[.3 First, the MoM estimator MM = M (21,. .., z;) is equivalent to

k

argminz |z; — pl -
j=1

For any x € R, let {(z) = |z| and define L(z) = E¢'(x + Z) where Z ~ N (0,1) and
1, if x >0,
I(z)=<0, ifzx=0,
—1, otherwise.

If the assumptions of Theorem 4 of Minsker| (2019) are satisfied, we obtain, after some algebra, that
- E('(Z))?
MoM | x
\/ﬁ(,u 1% ) I\HN<O7(L/(O))2 .

Some algebra derives that

E(C(2)?  o?

(L'(0)z 2
It remains to check the assumptions there. Assumptions (1), (4), and (5) trivially hold. Assumption (2) can
be verified by using the following Berry-Esseen bound.
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Fact H.1. Let 41,..., ¥, be ii.d. random copies of y with mean y, variance o and Ely — p|?*t* < oo for
some ¢ € (0,1]. Then there exists an absolute constant C' such that

‘ Ely — p**
sup O-2+LmL/2 :

teR

P (vl 2 <o) - <t>\ <c

It remains to check Assumption (3). Because g(m) < m~4/2 Vkg(m) < VEkm™"/2 = 0 if k = o(n*/(1+1) as
n — 0o. Thus Assumption (3) holds if & = o(n*/(**9)) and k& — oco. This completes the proof. O

H.2 Proof of Theorem A3l

In this subsection, we state and prove a stronger result of Theorem [£.3] aka Theorem [H.2] Theorem [£.3] can
then be proved following the same proof under the assumption that E|e;|?** < oo for any prefixed 0 < ¢« < 1.

Theorem H.2. Assume the same assumptions as in Theorem [3.4] Take 22 = 2log(n). If Ec} < oo, then

o, 2 3
w— _ o o Ee}/2

Proof of Theorem[H.4 Now we are ready to analyze the self-tuned mean estimator g = [(v). For any
0 < § < 1, following the proof of Theorem we obtain with probability at least 1 — § that

PR ~ Vi log(n/d)
@) —p*| < sup |u(v) — p*l < 2C- ~
v€[vo, Vo] Vo Z\/>

Taking 22 > log(n/d) with § = 1/n in the above inequality, we obtain i — p* in probability. Theorem
implies that ¥ — o in probability. Thus we have ||§ — 6*||2 — 0 in probability, where

b= (1, 0)", and 0* = (u*,0)".

Using the Taylor’s theorem for vector-valued functions, we obtain

VL,(0) =0=VL,(0°) + Ha(6%)(0 — 0%) + 322(9) (6—67)%

where ® indicates the tensor product. Let 7, = oy/n/z. We say that X,, and Y,, are asymptotically equiva-
lent, denoted as X,, ~ Y, if both X,, and Y;, converge in distribution to some same random variable/vector
Z. Rearranging, we obtain

Vi (0 —6%) ~ [H,(0°)] " (—v/n VL,(6))
r 2 —1 o1 "‘L To€i
VAR ZZ 1 z+€ (—2322)3/2 5 1 21 1 2+£ 3/2 n ZZ:l oy/T2+e2

z
ool e ﬂ.lz 57 N 7\/“5?”3_1_\/5.@
2 =1 (7—2+5 3/2 23 n =1 (73+5?)3/2 22 =1 /1+8?/7'2

3

Y =

<

_ To€i
- 0} Vi Y U\/jT
3 n n A/1+e?/72-1
'0 7 \/E;%Zzzl \/1+e2/72 7\/71'&
e 0 I
B

where the second ~ uses the fact that
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We proceed to derive the asymptotic property of (I,II)*. For I, we have

To€i

o\/T2 + 2

)—l—\/ﬁ-E

I~ Tof To€i
I:\/ﬁ + o€i _E ofi
<ni—z1‘7‘/7'3+512 o\/T2 + 2

ToE
~ N[0, lim var | —2—| | + lim v/n-E
( n— 00 [Uv /7-02 + 512 > o f

To&i

/2 2
o/ T; +€;

It remains to calculate

TE;

For the former term, if there exists some 0 < ¢ < 1 such that E|g;|>T* < oo, using the fact that Ee; = 0, we
have

lim E <m> and lim var

— 2 2 —
n oo Tg’ _|_ E/L n oo

i

E /N
NirE =

N> & < V/nt, . E|e; |2t

<

2 Vi+e2/r2| T 2 ot
E 124
< VBT, (H.1)

2rit

where the first inequality uses Lemma (ii) with » = 1/2, that is, v1+ 2 < 1+ /2 for > —1. For the
second term, we have

2.2
) ToE; . TEE?
lim var % = lim E[ > 12] = o2,
n— o0 /7-3_’_57; n— oo TS +€i

by the dominated convergence theorem. Thus

I~ N(0,1).

For II, recall a = 1/2 and using the facts that

.n V1+ei/r2-1 ) n 1 V1+ei/r2-1 1

lim — E|Y—L %2 | =lim — - E . _ =
g ) ke P\ v am T e

=5

2

lim Vi | % E Vitel/rz-1) 1 -0
2 Vit ) 2)

we have
1 G V1+e2/m2-1 1
I = n.%.,ZJrg%—/Tﬂ_\/ﬁ.,
St V1+el/72 2
N I (n J1+e2/r2-1 el V1+e2/r2 -1
1=1 Z2 V1+522/T3 Z2 \/1+512/Tg

vat 2/r2 —1
~ N (0, lim var %—’_52—/7‘7 .
z V1+e?/r2
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If Ee} < oo, then

lim var =i T

n—oo

n l4e/r2-1\ Eef 1
22 V1+e?/r2

and thus I ~ N (0, (Ee} /o* — 1)/4). For the cross covariance, we have

( ToEi n \/1—1—5%/7'3—1)

lim cov
n—o0

J\/T§+sf727 V1+e?/r2
) /1 2/r2 1
= lim E( Toci L +ei/75 )

n—oo o\/T2+¢e2 22 V1+e?/r2
_ Ee
203
Thus
V(0 —6%) ~ N(0,%),
where

=[5 ety @ 0[5 A loiae i)

Therefore, for fi only, we have

V(i = ) ~ N(0,0%).

H.3 Consistency of ©

This subsection proves that v is a consistent estimator of o when the (2 + ¢)-th moment exists. Recall that

no 1w T
VUL"W’”)zz'nZ(Ml) h

i=1 (yi
where a = 1/2. We emphasize that the following proof only needs the second moment assumption o2 =
Ee? < o0.
Theorem H.3 (Consistency of 7). Assume the same assumptions as in Theorem [3.4l Take 2% > log(n).
Then

U — o in probability.
Proof of Theorem[H.3. By the proof of Theorem we obtain with probability at least 1 — § that the
following two results hold simultaneously:
Vi log(n/d) _

swp [le) - <20 0 1080/ _ (1.2
’UG[’UQ,VU] Vo Z\/ﬁ

vy < 000'7-5071 <1< Coo < Vp, (H3)

provided that 22 > log(5/d) and n is large enough. Therefore, the constraint in the optimization problem
(3.1) is not active, and thus

VoL (71,3) = 0.
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Using Lemma together with the equality above, we obtain with probability at least 1 — § that

i~ .
V3|U—0|2 < WW—UFSPHU—UF

<(V,L,(g,v) — V,L,(i,0),v — o)
< |VoLn(ft,0)| [0 — o

n 1< Ty
— = — 1| +a
= nz< 2+ - ) >

i=1

[0—al.

Plugging (H.2) into the above inequality and canceling [0 — o| on both sides, we obtain with probability at

least 1 — 2§ that

-l < ;'i;<fg+7<;m2_l>”
< sup % . 1 z": < 2 1) +a
peB-(u) |#7 N VT2 + (i — n)?
n 1 «
T2 -“nglrla*) n zzzl ( VT2 + (i — p)? 1) ’ 7
< - sup l z": (1 — > E (1
22 LeB.(ur) | VTt (i — 1)?

2
+ % - sup |[E|1-— —2 s | — -
2% ueB, (ur) 72+ (yi — 1) n

T+ 11

It remains to bound terms I and II. We start with term II. Let r? = (y; — u)?. We have

2
= 32 Cosup |E[1- —T2 |2
2% LeB,(u*) T2+ (yi — p)? n

1+r2/72 -1
—max] sup [ .EMIET/Eol )
pEB,(u*) \ ? V31+ri/T2

= IIl V IIQ

To

n
sup a— — +E——
HEB,(1*) ( 2 V914172

u)2>‘

)

In order to bound II, we bound II; and II5 respectively. For term IIy, using Lemma (ii), aka (1 +2)" <

1+ rz forz > —1and r € (0,1), and a = 1/2, we have

<n pVITriZ -1 >
. —_a

II; = sup —

pEB, (u7) \ 22 V141772

{5 (e 1) )
sup -y —a
HEBT(M*) 22 27'2

n -IEE? + 2rei| + 72| 1

22 272 2

IA

IA

38
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if n is large enough such that » < 2¢. To bound II;, we need Lemma Specifically, for any 0 < vy < 1,
we have

(1+2) ' <1—(1 -9z, foranyogmgli

p— FY :
Using this result, we obtain

1 1

F————— <[ E———«—
S22 o\ T

(concavity of v/x)

r2 ol 1 r? ol
1 L <L 1 71>
(rz = 1—v>+1+rf/ﬂ3 ( 1—7)}

r2 (2 7y
<y 1-(1-7)E( 51 <12<>> (Lemma [E. 1])
7-0' TO'

-~

2
T

T2 T 1—ny

2 , 2 2 2

£ 2r|51|+r1(2(5z—|—7‘)< ol ))

2 2 -1 —
T T 1 Y

Sl_l—yE 6?—2r|ei\+r21 2(6?4—7‘2)S v ’
T2 T2 1—7

(V € Br(p"))

where the first inequality uses the concavity of 1/z, the third inequality uses Lemma and the last
inequality uses the inequality that (1 + x)~! < 1 —2/2 for x € [0,1], aka Lemma (iii) with r = —1,
provided that

2 _ | 2 2 2 2 .2
(1_7)E<8i 2rle;| —r L (2(»3Z +r?) < )) < (1_7)0 2ro —r <1
Y

2 2 - _
TZ TZ 1

Thus term II5 can be bounded as

I n n n o 1
= sup a——+— E—r—=—xr
’ pEB,(1*) 2022\ 1402/72

n o n 11—y _ (&2 =2rle;| +7% [2(e +7?) v

<a- )y E(S 1( 25 <
=4 22+22 { 2 ( T2 T2 “1-x

- I—v
Sa- 45— ‘Ee? + 572 221 - E (&)
cq tzn A=)

1%

1 -

_y, rd=v (a=1/2)
2 o

Combining the upper bound for II; and II; and using the fact that, we obtain
2
1T < max{Il;, Iy} < % +2 50
o

if vy =~(n) — 0.
We proceed to bound I. Recall that

(L A— . | PE—T a—
i=1 7’34'(%‘—#)2 7—02+(yi_:u)2

1
=2, sup |—
n

2
< HEB(1*)
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For any 0 < € < 2r, there exists an e-cover N' C B,.(u*) of B, (u*) such that [N| < 6r/e. Then for any
u € B.(u*) there exists a w € N such that |w — pu| <+, and

;<1_ T2+(y¢—u)2>_E<1_ TE+(yi—u)2>|
Zm—l eVt i — w1

SRS

i 1+ (- p)? /T2 1+ (yi —
Z 1+ (y; —w) /72—1 E\/1+(y17w)2/7'371
p 1+ (y; —w) /7-2 14+ (y; —w)?/72

Z 1+ yz Z 1+ yz_w
11 \/1+ /72 11 V1+
Ev1+(yi—ﬂ) /73_1_EV1+(yi_w) /73—1

1+ (y; — p)?/72 L+ (y —w)?/72
=T, + 1y + 1.

For Iy, using Lemma [G.2] acquires with probability at least 1 — 24 that

I < \/E(yi —w)? log(1/6) N log(1/6)

2
nrz 3n

\/ 2(0 +r*)log(1/6)  log(1/4)

2
nTZ 3n

log(1/3)  log(1/9)

provided r? < 2. Let

Using the mean value theorem and the inequality that |z/(1 + 22)%/2| < 1/2, we obtain

IS x+el/fa z—y| _ lz—y
() = nz T+e; 2/7'2)3/2 Ty 27,
=1
where T is some convex combination of x and y. Then we have
12: EZ A+El)/To‘ .AH—AW Si
N (4 At/ |

where A is some convex combination of A, = p* —w and A, = p* — p. For I3, a similar argument for

bounding 11, yields
E (%4’61')/7'0 'Aﬂwa
(14 (A +e)?/72)32 To

§E|E+8i|'%

ag

I =

e\/2(r? + o2)

2 I
TO'

<



Under review as submission to TMLR

where the last inequality uses Jensen’s inequality, i.e. E|£ +ei] < \/IE(& +€2) < /2(r? + 02). Putting the

above pieces together and using the union bound, we obtain with probability at least 1 — 12~ 176§

Z\/1+ yi —w)?/17 — 1 E\/1+(yi—w)2/73_1
— T+ (g — w)?/72 1+ (yi —w)?/72

n o€ 2/2(r?2 4+ 02)
+ - 1+ ——
z? 27, To

log(1/0) | log(1/0) | evn

z 322 oz

1<

- sup
22 weN

)

provided that

24/2(r2 +02) < 7,.

Putting above results together, we obtain with probability at least 1 — (12r /e + 2)d that

5 — o ST+1I

log(1/0) | log(1/0)  evn v 27
z 322 oz 2 o

Let C" = 24CV? Jvg. Therefore, taking ¢ = 1/y/n, § = 1/logn, and 22 > log(n), we obtain with probability
at least

C’(v/logn + loglogn/\/logn) + 2

logn

~ log1 log1 1
v —o| S ceosh | 0808 +v+r—0.
logn logn logn

Therefore U — o in probability. This finishes the proof.

that

H.4 Local strong convexity in v

In this section, we first present the local strong convexity of the empirical loss function with respect to v
uniformly over a neighborhood of u*.

Lemma H.4 (Local strong convexity in v). Let B, (p*) = {p: |p — p*| < r}. Assume r = r(n) = o(1). Let
0 < § <1 and n is sufficiently large. Take w such that max{wry/n,w} — 0 and w/n — co. Then, with
probability at least 1 — d, we have

<van(,u7 U) — Van(/-‘a U*)7 v = 0> _ Uswzn/(‘lzz) €0

inf > pp = =M 0
B, =T S5V ad) T vB Vol

pEB, (u*) v —ol?

where ¢ and ¢y are some constants.
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Proof of Lemma[H.4l Recall 7 = vy/n/z. For notational simplicity, write 7, = o+v/n/z, Ty, = vov/n/z,
Tw = wy/n/z, and A = p* — p. It follows that

<VUL7L(/J’7U) - van(M, U),U — U> =

(i o)
72+ (yi ni3 + (i /~L)27
:nZB 72 7-2 yl_ )) )3/2 |(U*O'|2

i=1
3/2 n

= (yi —n)? 2
3 Z (TV 10)% + (i — p)2)3/2 Chaky

>

where T is some convex combination of 7 and 7., that is 7 = (1 — A\)7, + A7 for some A € [0,1]. Because
322 /(12 + 22)3/2 is an increasing function of 7, if 7, < 7V 7., we have

(Vo Ln(p,v) = VoL (p,0),v — vs) > n®/? 1 Z (TV1s) yz ﬂ)2
v — o2 = BT VT,)? (T2V 12+ (y; — p)2)3/2
3/2 )2
> 423(3\/ 7,)? N Z (72 7:1:(% _ M;2)3/2'
g im1 \Tw T Wi T A
Thus

. <V’UL’I’L(IU’7 U) — Van<M7 U)a U= U*>

inf 5
HEB, (1*) lv—oa]

e V)
> ————— . inf = i
T BTV T)? peB.(ut) n ; (T2 + (y; — p)2)3/2

3/2 3 (y: — 1)?
v (=i
BTV 1) \ ueB (o) \ (72 + (yi — p1)2)3/2

~ s l ~ T (yi—p)? g Tei—p?
pes (uo) [0S (T2 + (i — 0)2)32 (72 + (yi — )?)>/?
n3/2
SR L . § )
23(1 V 1,)3 ( )

It remains to lower bound I and upper bound II. We start with I. Let f(x) = 2/(1 + z)3/? which satisfies

f(x) > {ex r < Ce

0 x>c,
and Z = (y — u)?/72 in which y ~ y;. Suppose r? < ¢.72 /4, then we have

i 2 : 4
inf (E 2 oy M)z 3 2) = _inf E ij{”
nebe(u) \ (12 + (yi — p)?)3/ neB, () \ (14 2)*

>e- inf E[(y—p)’1((y — p)?® < crl)]
HEB (1*)

>e- inf E[(y—p)?l(e® <crZ/2—17%)]
HEB (™)

2 A 2
>e- inf E (A% +eH)1 (e < CTw || _ 820
neEB,. (u*) 4 Ces,

2 8ro?
>e. (F |21 2<CeTw . .
>er (e[ (=) - 25
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We then proceed with II. For any 0 < v < 2r, there exists an y-cover N of B,.(u*) such that |N] < 6r/7.
Then for any p € B,(u*) there exists an w € A such that |w — pu| <, and thus by Lemma we have

1 i: 3 (yi — p)? g Telyi—p?
e N Tt e RN
< lf: o (yi — w)? g Te(i—w)?
SR Tt (i — PP G (im0
N }z": 3 (yi — w)? 712”: 3 (yi — p)*
02 T2t ()PP 12 T+ (i — g2

)
e
= 1I; + Il +1I5.

For II;, Lemma [.5] implies with probability at least 1 — 2§

\/QT;E(yi —w)?log(1/8) 72 log(1/6) \/27;(02 +712)log(1/8) =~ 72 1og(1/9)
II; < + < + .
3n 3v3n 3n 3V/3n

Let

n

T?’x )2
g(x):%Z (o 4 )

2o (72 1 (w+ )2

Using the mean value theorem and the inequality that |72z /(72 4 22)3/2| < 1/4/3, we obtain

1 G T(@T+e) (12— (T +e)?) T
Then we have
| &L TE (A +ey) (Ti—(ﬁﬂ%i)g) T
H2= 5; (72 + (A +£)2)5/2 (Bo =8| = g

where A is some convex combination of Ay =p" —wand A, = pu* —p. For I3, we have

Tg(g + Ei) (T,i, — (& + Ei)2)
(72 + (A +e1)2)52

~ ~ 2
IL; = [E (Aw = A,)| SVEA +ei] <TE(B+e),

where the last inequality uses Jensen’s inequality. Putting the above pieces together and using the union
bound, we obtain with probability at least 1 — 12y~ 1§

1 2 (yi *W)Q 73 (yi *W)2 TwY
Il < sup |~ = ~E——7= AT V72 +o?
= ek [n 2 (T2 + (i — 2P (72 + (i — )22 !

. \/zr;<r2 +0%)log(1/8) | 72 log(1/d) N
3n 3v/3n

I 2w? log(1/9) w210g(1/5) wy/n
VT ( 322 —|—'y)+ 3v/322 + V3
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Combining the bounds for I and II yields with probability at least 1 — §

. (VoLn(p,v) = VoLn(p,0),v — 0)
inf 5
HEB, (u*) |U - O-|

n3/2 CeT2 8ro?
> Ele1 (2 < ==)| -
> stverl (= F) )

2w2log(1/0) w?log(1/6) wyyn
—Vr2+o? —— 47| - -
( 32 )T a8

1 ce?
> 71}3 21 2 < €l
2w vo) [ ( - ﬂ

where ¢, w, v, n are picked such that e = 3/4, v = 12r, and

(el (=<F)] ) - JT( e w) - osl) e

c.To?n 322 3v/322 V3

For example, we can pick w such that
max{wryn,w} — 0 and wy/n — oo

as n — oo. This completes the proof.

H.5 Supporting lemmas

This subsection proves a supporting lemma that is used prove Lemma [H.4]

Lemma H.5. Let w; be i.i.d. copies of w. For any 0 < § < 1, we have

1 & 32 \/ 272Ew? log(1/6)  72log(1/6)

— — > — L — ith prob. 1 —§
n 12:; T2 + w 3/2 (7_2 + w? )3/2 - 3n 3\/§n , WI pro )
1< T3w? \/27’2Ew-2 log(1/6) = 12log(1/6)
— E — C ith prob. 1 — 26.
n 7'2 + w? 3/2 (12 + w?)3/2 3n + 3vVan WAL Pro

Proof of Lemma[H.5 We only prove the first result and the second result follows similarly. The random
variables Z; = Z;(1) := m3w?/ (7% + w?)?/? with pu, = BEZ; and o? = var(Z;) are bounded i.i.d. random
variables such that

2 A T|wl|

V3V

0< Z; =mw?/(r? + w?)*? <w? A

Moreover we have

EZ? —E ( Sw} 2 Ew? 72Ew?
3 ( z 3

2. . —
PN 5 0 0= var(Z;) < .

For third and higher order absolute moments, we have

k < T2Ew? (72 )k2 - k! m2Ew? ( 72 >k2 for all int k>3
N . B , for all integers k > 3.
=73 V3 -2 3 3v3 ¢

7'311)2

E _
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Therefore, using Lemma n with v = n7? Ew?/3 and ¢ = 72/ (3\/3) acquires that for any t > 0

- w3 ~ T3w? 2nr2EBw?t 7%t
= I QA Y (AL S Y it < exp(—t).
(Z (7-2 + &3 )3/2 ; ((72 _,_5 )3/2) = 3 3\/§> < exp( )

i=1

Taking t = log(1/d) acquires that for any 0 < < 1

m3w? 1« 3w? \/27’2sz log(1/6)  72log(1/6)
p(-S 7% SN ( W) i _ 1—56.
<n2(72+w 2)3/2 nz} ((T2+E )3/2> ” 3n 3vV3n g

1= 1=

This finishes the proof. O

I Proofs for Section
We first prove Proposition [6.1}
Proof of Proposition[6-1} The proof directly follows from Theorem [3.5] and the union bound. O
Next, we prove Proposition
Proof of Proposition[6.4 We only sketch the proof, as most of the proof follows from that of Theorem
By Proposition and taking 22 = 2logn, we obtain
llii — p*]|]2 — 0 in probability.
Similarly, following the proof of Theorem [H-3] we obtain
||t — ol — 0 in probability,
where U = (v1,...,04)" and 0 = (011,...,044)".

With a slight overload of notation, let L, (1) = L, (i, o). Let 75, = ogrv/n/z. Then following the proof of
Theorem we obtain

Vit (= 1) = [Ho ()™ (—v/ VLo (7))

r 2 -1 )
Nt n- 15" To1p €il
- E i=1 7(7_ )3/2 0 - f n Zz:l 011 7311+6?1

’ 2 1 n Togq€id
0 Vo1 S —Teag VRS D 5
z n i=1 (7-2 +5 )3/2 Tdd odd+5u1

Toyq1€il

R e
_Ull 0 S \/ﬁ " ZZ:l T114/ 7—311+sz,1

I 0 0dd \/E%Z:Lﬂ addﬁ
Tdd K3
=: Al
where A = diag(oi1,...,044)-

We only to derive the asymptotic distribution of the term I:

1 011 1 7—011 il 1 7'011611
Zz 145 /r +EL1 Zz 1 o11+/T +€?1 n Zz 1 o111+ /T +5f1
—Vn- : ~E : +vn E

€id

1 «n ;i Lson # Ly~ #
n Z’— = n =1 +e2 n i=1 )
n &=l T2, el ddn/ T3 14 T dd\/ 73,4, 5

=1 + L.

45



Under review as submission to TMLR

Again, following the proof of Theorem the /5 norm of the second term goes to 0. For the first term I,
we have

2
Toqq Eil

T4/ 7311 +531
I; ~ N |0, lim cov :

n— 00 N
Togq5id
; 2
74/ ngd,JmM
=N (0,A7'SA7Y).

Thus we have
v (i = p7) ~ N(0, %),

This finishes the proof.

J  Preliminary lemmas

This section collects preliminary lemmas that are frequently used in the proofs for the main results and
supporting lemmas. We first collect the Hoeffding’s inequality and then present a form of Bernstein’s
inequality. We omit their proofs and refer interested readers to Boucheron et al.| (2013)).

Lemma J.1 (Hoeffding’s inequality). Let Z1,..., Z, be independent real-valued random variables such that
a < Z; < b almost surely. Let S,, = > (Z; — EZ;) and v = n(b— a)?. Then for all ¢t > 0,

P (Sn > \/M) <et, P (Sn < vt/2) <et, P (|Sn| > \/M) < 2t

Lemma J.2 (Bernstein’s inequality). Let Z,..., Z, be independent real-valued random variables such that

n n

k!
E:Ez2< E:IEZ’“<— k=2 for all k > 3.
2 l_v,iZI |Z;|" < 211(: or a >

If S, = > (Z; —EZ;), then for all t > 0,

P (Sn > \/ﬁ+ct) <et, P (Sn < —(\/QTJtJrct)) <et, P (|Sn| > V20t + ct) < 2et.

Proof of Lemma[J.3 This lemma involves a two-sided extension of Theorem 2.10 by Boucheron et al.| (2013).
The proof follows from a similar argument used in the proof of Theorem 2.10, and thus is omitted. O

Our third lemma concerns the localized Bregman divergence for convex functions. It was first established
in (2018). For any loss function L, define the Bregman divergence and the symmetric Bregman
divergence as

Dy (B1,B2) = L(B1) — L(B2) — (VL(B2), B1 — B2),
D3 (81, B2) = Dr(B1, B2) + Dr(B2, B1)-

Lemma J.3. For any 3, = 8* +n(8 — *) with n € (0, 1] and any convex loss function L, we have
D7 (B, B*) < nDL(B,B7).

Our forth lemma in this section concerns three basic inequalities that are frequently used in the proofs.

Lemma J.4. The following inequalities hold:
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(i) Q+2)" >14rxfor x> —1and r € R\ (0,1);
(i) 1+2)" <1l4rzforx>—1andre (0,1);
(i) 1+2)" <14 (2" =1z for z €[0,1] and r € R\ (0, 1).
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