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Abstract

In this paper, we provide a computable characterization of the geometry of optimal represen-
tations in Contrastive Learning (CL) when the classes are imbalanced. When classes are
balanced and the representation dimension is greater than the number of classes, it is well-
known that the optimal representations exhibit Neural Collapse (NC), i.e., representations
from the same class collapse to their class means and the class means form an Equiangular
Tight Frame (ETF). For imbalanced classes and a large, generalized family of CL losses, we
prove that the optimal representations of all samples from the same class collapse to their
class means and their geometry exhibits an angular symmetry structure that is determined by
the relative class proportions. In general, we show that the geometry can be determined by
solving a convex optimization problem. Exploiting this symmetry structure, we analytically
investigate a special case where class imbalance is extreme and prove that CL exhibits a
phenomenon called Minority Collapse (MC) where all samples from the minority classes
(classes with small probabilities) collapse into a single vector, whenever the class imbalance
exceeds a threshold, which in turn depends on the regularity properties of the CL loss used
and on the number of negative samples. Numerical results are provided to illustrate these
phenomena and corroborate the theoretical results. We conclude by identifying a number of
open problems.

Keywords: Contrastive Learning, Optimal Representation Geometry, Class Imbalance, Neural Collapse,
Minority Collapse

1 Introduction

CL is a machine learning technique that aims to learn a representation map by pulling “similar” samples
closer together while simultaneously pushing apart “different” samples in the representation space. These
representations can then be directly utilized or fine-tuned for downstream tasks. Over the past decade, CL
has received significant attention due to its applications ranging from computer vision, time series analysis,
and natural language processing (see [Jaiswal et al.| (2020) for a comprehensive survey).

In CL terminology, a reference sample is called the “anchor” sample, a sample similar to it is called the
“positive” sample, and a sample different from it is called the “negative” sample. If label information is
not available (unsupervised setting), positive samples are usually constructed via data augmentations of
the anchor, and negative samples are randomly selected from the dataset |(Chen et al.| (2020). When label
information is available (supervised setting), positive samples can be selected from the same class as the
anchor while negative samples can be picked from either (a) classes other than the anchor’s class |Jiang et al.
(2024bsa), or (b) any class (including the anchor’s class) [Khosla et al.| (2020). Under a suitable model of
the data generating the positive and negative samples in the unsupervised as well as supervised settings,
the aim of this paper is to characterize the optimal representations learned via CL under an unconstrained
features model wherein the CL map is assumed to have adequate capacity to realize any mapping. This is an
important problem that sheds light on the effect of positive and negative sampling mechanisms in CL. In the
next section, we will begin by reviewing related work and outline our main contributions in that context.
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1.1 Limitations of related work and contributions

Loss function, sampling distribution, and number of negative samples per positive-pair k: To
the best of our knowledge, most theoretical studies of CL that have aimed to understand the structure of
optimum representations [Fang et al.| (2021)); (Graf et al.| (2021)); Kothapalli| (2023); [Kini et al.| (2024); [Behnia,
& Thrampoulidis| (2024)) have done so only for empirical versions of the InfoNCE CL loss (or its
variants) with norm-bounded representation constraints where within each mini-batch b, consisting of
ny of samples, the anchor is uniformly distributed over all n, samples, the positive sample is uniformly
distributed over all n, samples (some works exclude the anchor), and for each anchor-positive pair, all ny,
samples (some works exclude the anchor or/and the positive sample) are negative samples (i.e., k = ny or
np — 1 or ny — 2). Unraveling the impact of & is not possible with the approaches taken in extant works since
they only consider empirical CL losses where k is nearly equal to the batch size.

Class proportions: In addition to heavily focusing on the empirical InfoNCE loss together with the (nearly)
maximum possible range of k, almost all prior theoretical works in CL [Fang et al.| (2021); |Graf et al.| (2021));
Kothapalli| (2023)); Behnia & Thrampoulidis| (2024) have focused on the idealized balanced setting in which
each sample belongs to one of C' > 1 classes (or latent classes) and all classes are equally likely, i.e., have
the same sample size in the training set. The more realistic and practically useful unbalanced setting has
been analyzed primarily for classifier networks with the empirical Mean Squared Error (MSE) loss [Dang
et al.| (2023) and empirical cross-entropy loss [Hong & Ling] (2024)); Dang et al.| (2024b) where there is an
additional linear classifier layer following the representation mapping and the loss function explicitly depends
on the labels of the samples. Analysis of the unbalanced case for CL is very limited and confined to the
empirical InfoNCE loss [Fang et al.| (2021)); Kini et al.| (2024)); Behnia & Thrampoulidis| (2024)).

Minority-Collapse (MC) phenomenon: When classes are not balanced, the representations of all the
samples in several distinct minority classes (classes with small probabilities) may collapse into a single vector.
This phenomenon has been studied only fairly recently, primarily within the context of classifier networks
with either empirical MSE loss |Dang et al.| (2023 or empirical cross-entropy loss [Hong & Ling| (2024)); |Dang
et al.| (2024b). Within the CL context, the ezistence of minority-collapse was proved in [Fang et al.| (2021)
only in the asymptotic limit where the minority class probabilities vanish.

This paper makes the following contributions:

1. We construct a novel lower bound (Lemma [1]) that holds for the general family of CL losses that are
based on functions that are strictly convex and argument-wise strictly increasing and allow any value
of k (the number of negative samples per positive-pair). This subsumes and generalizes popular loss
functions such as the InfoNCE loss function. The bound is a convex function of the Gram matrix
whose entries are the pairwise inner products of the class mean feature vectors. We also derive the
asymptotic limit of the lower bound for the InfoNCE loss function when k 1 oo (Corollaries [1| and .

2. When the representation dimension d > C' — 1, we prove that the lower bound has a unique
minimizer which is rank-deficient with a unit-constant principal diagonal (Lemmasf
and Theorem . We also show that the generalized CL loss is minimized when there is
intra-class variance-collapse, i.c., when the feature vectors of all the samples from the same class
are identical (Corollary . However, the geometry of the optimal class feature vectors need not form
an Equiangular Tight Frame (ETF) as in the balanced classes scenario. We show that the optimal
geometry can be numerically computed as the solution to a convex program (Remark .

3. We prove that the geometric structure of the optimal class means exhibits a key equiangular symmetry
structure that is determined by the relative class proportions (Theorem [3| and Corollary . We
further show that these properties are consistent with corresponding results for balanced classes
and resolve a question that was left open in |Jiang et al. (2024d), namely whether the ETF
geometry is optimal when the positive pairs are not conditionally independent given their class label
and the classes of the positive and negative samples can collide (Remark @)

4. We further investigate the case when the class imbalance is extreme and prove that CL exhibits
the MC phenomenon in the scenario where there is one majority class and equiprobable minority
classes with the minor class probability less than a non-asymptotic threshold T that depends on
the number of classes, the number of negative samples per anchor, and bounds on the norms of the
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subgradients of the CL loss function (Lemmas [8|—[10]and Theorem . Specializing to the InfoNCE
loss function yields conservative parameter-free thresholds 7 = 0.9292 (Corollary @ and 7 = 0.9438
(Corollary [7] in Appendix in different negative sampling settings.

5. Finally, we prove that all the above results hold under two different negative sampling settings: (1)
Unsupervised CL (UCL), where the negative samples are selected from the whole dataset including
samples from the same class as that of the anchor and (2) Supervised CL (SCL), where the negative
samples are selected from classes that are different from that of the anchor.

The remainder of this paper is structured as follows. Section [2] formally introduces the CL framework and
formulates the core optimization problem of interest. A tight lower bound for the generalized contrastive loss
(and the k 1 oo asymptotic limit for the InfoNCE loss) that is a function of the mean feature vectors of the
classes, together with necessary and sufficient conditions for equality, is established in Section [3] That the
lower bound is a strictly convex function of the Gram matrix whose entries are the pairwise inner products
of unit-norm class mean feature vectors, the necessity and sufficiency of intra-class variance-collapse for
optimality, and the complete characterization of the optimal rank-deficient class means when d > C — 1 are all
established in Section [ Equiangular symmetry properties of the optimal class means and their implications
are established in Section 5] The MC phenomenon is investigated in Section [6] where a non-asymptotic
threshold for MC is derived. Numerical experiments that corroborate and illustrate our theoretical results
appear in Section [7] We end with a discussion of open questions in Section [§] Proofs of theoretical results
are presented in Appendix [A]

Notation: Fori,j € Z, i < j, we define i : j :=1¢,¢+1,...,7 and a;;; := a4, ai41,...,a;. If ¢ > j,¢:j and
a;.; are void expressions. We will denote the “all zeros” and “all ones” column vectors by 0 and 1, respectively.
The dimensions of 0 and 1 will be clarified within each context they are used.

2 Contrastive learning problem setup and notation

Let X C R denote the data space, f: X — Z a representation function from data space to representation
space (or feature space) Z C R%, and F a (parameterized) family of such representation functions such as a
those specified by a deep neural network with a specified architecture. Contrastive Learning (CL) is based on
tuples (z,z",27,) ~ p(z, 2T, x7,), where

1. z is called the anchor (or context),
2. T the positive sample (relative to the given anchor ), and
3. 1, k > 1, the negative examples (relative to the given anchor z).

The anchor z is also regarded as a positive sample and (z,z7) is called a positive pair. The objective of CL
is to learn a mapping f € F via solving the following optimization problem,

argmin L(f).  L(f) = E [th (2,07 27, £)] 1
where L(f) is the CL risk of a representation function f with the expectation E[] (or empirical average)
taken with respect to the joint distribution (or empirical distribution) p(z, 2,27, ) and £x(-) is a CL loss
function that encourages alignment between the positive pairs (z, ™) in representation space, as measured by
the inner product f(x)" f(z*), and discourages the alignment between the k negative pairs (z,z;),i=1:k,
in representation space, as measured by the inner products f(z)" f (x;),i=1: k The representation map
learned via CL is treated as a pre-trained feature extractor and is used either directly or with fine-tuning in
various downstream supervised tasks, predominantly classification.

In this work, we establish results that hold in great generality for the entire family of CL loss functions
proposed in (Jiang et all 2024a) as defined below.

I In Contrastive Learning, the feature vectors are typically normalized to have unit Euclidean length. Then, the inner product
of two feature vectors is larger if, and only if, they are closer to each other in Euclidean distance. Therefore, the inner product of
two feature vectors acts as an “inverse distance” or similarity measure between them.



Under review as submission to TMLR

Definition 1 (Generalized CL Loss Function). A Generalized CL loss function is of the form
Oz, a® ay, £) =9 (f@) T (flar) = f@), oo f@) (o) = f@h)) (2)

where v : RF — R is a function which is strictly conver and argument-wise strictly increasing (i.e., strictly
increasing with respect to each argument when the other k — 1 arguments are held ﬁxed)ﬂ The value of k in
not restricted.

We note that this subsumes and generalizes popular loss functions with spherical-ball normalized represen-
tations including the popular InfoNCE loss function defined in Appendix and its variants (InfoLOOB,
N-pair, Decoupled Contrastive Loss, etc.) which have been widely usedE| We focus on the general family in
Definition [1| to highlight that all results presented in this paper only rely on two key properties of the CL
loss function, namely convexity and monotonicity, and nothing else specific to a particular loss function like
InfoNCE.

Unlike prior works which are restricted to the empirical CL risk where the joint distribution of the anchor,
positive and negative samples (and also their latent labels in many works) are uniform over suitable discrete
subsets, we adopt a general distributional perspective throughout and work with the population risk (which
subsumes the empirical risk as a special case when the distribution is empirical) with the following key
modeling assumptions that are consistent with the specialized assumptions on the (empirical) distribution of
samples in prior works:

A1l: Class labels. The samples have associated labels given by a deterministic labeling function y(-) : X —
C:={1,...,C},C > 1. These labels represent classes in the supervised setting and latent, i.e., hidden, classes
or clusters in the unsupervised setting.

A2: Positive samples. The joint distribution of positive samples is such that they have the same label.
This can be ensured by design in the supervised setting, but in the unsupervised setting this is an assumption
on the method used to sample a positive pair, e.g., an augmentation mechanism.

A3: Joint distribution. Let z,z" € X be a pair of positive samples and y € C their common class label.
Let 27, € X be a set of k negative samples associated with the positive pair and y;,, € C their respective
class labels. In the UCL setting where the negative samples are chosen from the entire dataset, including
possibly from the class of the positive pair, the joint distribution of all (k + 2) samples x, 2", z7,, and their
(k4 1) labels y,y;.,. has the following form

p(.]?,.’L'Jr,.’IJ;k, yvy;k) = p(y7 y;k)p(x7x+7x;k|y7y;k) )

k
P y) = A [T A (3)
t=1
k
pla, a4 ly, ury) = a(z, 2 |y) H s(zy |y;), (4)

where A\i.c € (0,1),> ;. Ai = 1, denote the probabilities (or relative sample proportions) of the C' possible
classes and they need not be balanced, q(x,x™|y) is the conditional distribution of a positive pair given
their label, and s(z~|y~) is the conditional distribution of a negative sample given that it is from class y—.

We note that (27,97 ),...,(z} vy, ) are independent and identically distributed (iid) and also independent of
(x, 2T, y). The (k+ 1) labels y, y,, are iid which implies that, with non-zero probability, negative samples
could have the same label as that of the positive pair, an event referred to as “class collision”. Moreover,
x1,, are conditionally iid given y ., but unlike in (Jiang et al., [2024a), we do not assume that (z,27") are
conditionally independent given their label y.

We focus on the UCL setting to establish all results. In Appendix [A7I8] we discuss how all our theoretical
results continue to hold, with minor adjustments to some expressions, in the SCL setting where the negative

2As a technical aside, the function 1 is a so-called proper convex function because its range is R which excludes —oo.
3The sigmoid loss does not satisfy Deﬁnition Triplet loss corresponds to choosing ¥ (¢1, ..., tx) = Zle max{t;+a,0},a > 0.

The #(-) function here is convex, but not strictly convex. All results in this paper, except those related to the uniqueness of the
minimizer, also hold for the triplet loss.
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samples are chosen from classes other than that of the positive pair, i.e., y;, € C\ {y} w.p.1 and the anchor
and positive sample are conditionally iid given their class. Then, p(y,y;,,) in is changed to

k A\
pscr(y,Yrp) == Ay H (1—%/\) ' v
t=1 v

and g(z, 27 |y) = s(z[y) s(z7|y).
A4: Marginal conditional distributions. As in (Jiang et al., |2024al) and for analytical simplicity we also
assume that

VieC,\Vx,oT € X, p(zly =1i) =s(z|i), plat|y=1i)=s(a"]i),

i.e., the marginal conditional distributions of z% given y = i and z given y = ¢ are both s(-|¢) which is the
marginal conditional distribution of a negative sample £~ given y~ = 4. This assumption can be ensured in
the supervised setting, since labels are available. This also holds in the unsupervised setting, if a negative
sample is generated using the same sampling mechanism that was used to generate a positive sample, e.g., via
an augmentation of a reference sample. Indeed, in practical implementations [Chen et al.| (2020); Khosla et al.
(2020); [Jiang et al.| (2024a)), all samples in a mini-batch are first augmented using the same family of random
augmentations and then the anchors, positives, and negatives are selected from these. Thus, negative samples
are generated using the same augmentation-based sampling mechanism used to generate the positive pair.
Consequently, the marginal conditional distributions of the positives and negatives are the same. We refer
the readers to Jiang et al.| (2024a)) for a more detailed analysis. Under this assumption, for a representation
function f and all j € C, if we let u; denote the mean of class j samples in the representation space, then we
have

VieCVie{l:k}, p;=E[f(z)ly =] =E[f(z")ly =] =E[f(z;)ly; =l (6)

We define M as the d x C' matrix of class means in representation space, specifically,

M = [ p2--pcl.

A5: Spherical-ball normalized representations. All prior theoretical studies of CL constrain the norms
of the representations. This is a type of feature-normalization which typically improves the performance of CL
in practice Wang & Isola) (2020) and also makes the inner product a truer measure of “inverse distance” (see
footnote . This can be done by explicitly requiring all representation maps in F to be norm-bounded for all
samples, or implicitly by adding a quadratic penalty on the representation norms of the anchor, positive,
and negative samples to the loss function. In our work, we will adopt the direct approach by requiring all
representation functions to have a 2-norm less than or equal to one for all samples, i.e.,

F={f:Vee X, |f@@)|*=f(2)f(z) <1}.

Thus, F is the family of all representation functions that are norm-bounded, but otherwise unconstrained.
Note that since the representation vectors are confined to the unit ball, i.e., Vo € X, ||f(z)|* < 1, from the
Cauchy-Schwarz inequality (or alternatively by the convexity of the squared norm function || - ||*), we must
have

Vi€ C, llwill* = |E[f (2 7)ly™ = 411" = |ELf(@F)ly = jlII* = IE[f(2)ly = j)II* < Ellf @)y = ] < 1.

A6: Unconstrained Features Model (UFM). In practice, the family of representation functions F
is further constrained to be representable by a neural network having a specific architecture. The optimal
solutions of the optimization problem in will be included in such a family if the representation capacity
of the neural network is sufficiently large, i.e., the neural network can approximate an arbitrary mapping
f: X = R? to any desired accuracy. Almost all prior theoretical studies of CL use UFM [Fang et al.| (2021));
Graf et al.| (2021)) which treats a neural network’s final-layer feature vectors, denoted by z = f(x), as the free
optimization variables instead of the network weights. This decouples feature geometry from the complex
nonlinear encoder weight parameterization. UFM is used as an analytically tractable proxy for deep neural
networks with a sufficiently high representation capacity. In this work we will also use UFM with the class of
generalized CL loss functions

E(Za Z+7 Zl_k) = ¢(ZT(Z1_ - Z+)7 e 7ZT(ZIC_ - Z+))
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where z = f(z),2" = f(z), 2] = f(x7),.... 2 = f(zy).

The optimization problem in was solved for special loss functions in the balanced dataset setting, i.e.,
A =X =...=\c =1/C, in|Jiang et al. (2024a)); Wang & Palmer| (2023)), where the optimal solution was
shown to exhibit NC. Characterizing and computing the optimal solutions for imbalanced datasets was left
open and is the primary focus of this work.

In Section [3] we will construct a tight lower bound for the generalized contrastive risk as a function of the
class means, and then optimize this lower bound to find the optimal class means in Section [

3 Tight lower bound for CL risk in terms of class means

Our first key result is the following lemma which shows that it is possible to lower bound the contrastive
risk by a function of the class means in representation space. Furthermore, this bound can be attained by
any representation function f which collapses the representations of all samples within a class to the class
mean and if all class means have unit norm. The lemma also shows that in order to achieve the lower bound,
“intra-class variance-collapse”, i.e., the collapse of the representations of all samples from the same class to
their class mean, and unit norm class means are also necessary to attain the lower bound. In the next section,
we will characterize the optimal class means that minimize the lower bound.

Lemma 1. Let M := [y po -+ pc] € R¥>*C. Then,

L(f) > G(M),
k
G(M):= ) (x\z-HAjt)z/)(uiTujl =1 g = 1)) (7)
4,J1:.€C t=1

The lower bound G(M) can be attained if, and only if, there is within-class variance collapse, i.e., f maps all
samples belonging to any class, to the mean representation vector of the class, i.e., Vo € X, f(x) = fiy(z), and
Vi€, ||wll?=1.

Proof Please see Appendix |
Specializing to the InfoNCE loss function defined in Appendix we get

Corollary 1. For the InfoNCE loss function defined in Appendiz[A-]],

k k
GM)= > (AiHAJt>1Og (Hizeumt—l)_ )

4,j1:5€C t=1

In practice, k could be large (e.g., k = 128,256,512, ...). In the limit & — +o0, the expression for the lower
bound in Corollary simplifies substantially.

Corollary 2. For InfoNCE loss,

lim L(f) = E {log (1+E[e/T@UETED|g 4] )} 9)
k—o0
> lim G(M)
k—oo
=3 \log (1+Zr(j\i)euiuj—1>, (10)
ieC jec
Proof Please see Appendix [ |
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4 Characterizing and computing optimal class means

An optimal matrix M* € R4*® which minimizes the lower bound in Lemma [1] can be found by solving the
following constrained-optimization problem:

Ar4n€i/r\1/lG(M), where (11)
M ={M = [ - pc] € R Vi€ C, ||wl* = 1}. (12)

A solution to exists since the objective function G(M) is continuous and the constraint set M is compact.
However, neither is the objective function in convex with respect to M nor is the constraint set defined
in convex due to the unit norm equality constraint. This complicates the development of computational
methods for finding an optimal solution. Under additional special conditions on the representations, optimal
solutions can be identified. For example, if the representations are confined to the non-negative orthant of
R?, which can be implemented through the application of a non-negative activation function, e.g., ReLU, to
the final layer of the neural network of the representation map, then we have the following result.

Theorem 1. For all f € F, let f(X) C R‘éo. Then for all f € F,
with equality, if, and only if, d > C, py.c are orthonormal, and Vo € X, f(x) = py(z)-

Proof Please see Appendix |

Theorem 1 in (Kini et al., [2024) is a specialized version of Theorem [1] for a restricted form of the InfoNCE
loss. These results show that with additional non-negativity constraints on the representation and d > C, the
geometry of the optimum representations is an orthonormal system irrespective of the class imbalance. To
characterize the geometry without non-negativity constraints, let

@ul /Quz /Quc
A= MTM= |F2H1 HB2H2 ... [l fiC € ROXC,
plm plpe oo plpe

denote the Gram matrix of class means in representation space composed of their pairwise inner products.
By construction, A is symmetric, i.e., AT = A, and positive semi-definite (PSD), i.e., A %= 0, which means
that Yu € R 4T Au > 0, and additionally, Vi € C, A;; = 1 since A;; = ||;||> = 1 is needed to attain the
lower bound in Lemma [l Let

A ={AeRC: A=AT A=0,VieC,A; =1} and (13)
k

S(A) = Z (AlHA]f>’¢)(Aljl - 1,...,Aijk - 1) (14)
1,j1: €C t=1

Under certain conditions, a solution to can be found by minimizing over .
Lemma 2. Forall M € M, M"M € A* and G(M) = S(M"M). Let A* € A* be a solution to the following
optimization problem

jréi}‘l* S(A). (15)

If there exists an M* € M such that (M*)T M* = A*, then M* is solution to ,

Proof Please see Appendix [ |

Lemma [2] proves that if the global minimizer A* of (15 can be factorized as (M*)T M*, then M* is a solution
to the original objective . We note that any M € M can be mapped to an A = M "M € A*. However, if
d < C, it may not be possible to decompose all A € A* as A = M " M for some M € M.
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Lemma 3. The function S(-) is a strictly convex function over A*. The constraint set A* C REXY is conver
and compact. Therefore, the minimization problem in @ is a conver optimization problem and has a unique
solution A* € A*, i.e.,

S(A%) = min S(A). (16)

Proof Please see Appendix [A.7] [ |

If r = rank(A4*), then r» < C since A* € REXC. Also note that rank((M*)TM*) < min{d,C} since
M* € R¥™C. Now, if d > C, then any C x C PSD matrix (therefore also A*) can be factorized as (M*)T M*
(via the eigen-decomposition of A* truncated to r nonzero eigenvalues). There is no “low-rankness” associated
with the aforementioned statement. Interestingly, the next lemma proves that the unique optimal solution to
is rank-deficient. Specifically, it proves that A* is guaranteed to have rank not exceeding C — 1 even
though there is no rank constraint imposed on the optimization problem (A* € RE*¢).

Lemma 4. The unique solution A* € A* to (1) has rank(A*) =: r < C' — 1. Therefore, the minimum
etgenvalue of A* is zero.

Proof Please see Appendix [ |

We note that the result of Lemma[d]is a consequence of the uniqueness of the optimal A* proved in Lemma
It is mot a low-rank assumption or constraint. The next theorem puts the implications of Lemmas [2}[]
together and proves that as long as d > C — 1, it is possible to factorize A* as (M*)" M* and it explicitly
constructs M™ using A*’s eigen-decomposition truncated to r nonzero eigenvalues.

Theorem 2 (Optimal Class Means). Let A* = U,%,.U," be the unique solution to where r := rank(A*) <
C—1, %, € R™" is a diagonal matriz with the r strictly positive eigenvalues of A* along the main diagonal,
and U, € RE*" is the matriz of r orthonormal eigenvectors of A* corresponding to the r positive eigenvalues.
Ifd>C—1, then (M*)7 := [U-v/E, Ocya_ . is a solution to , where /2, is a diagonal matriz with
the square roots of the r positive eigenvalues of A along the main diagonal and O¢ » 4,41 1S the C xd—1r+1
matriz of all zerosﬁ Moreover, Vi € C, ||uf||? = 1 where u (i column of M*) is an optimal class mean
vector in representation space for class i.

Proof Please see Appendix [ |

The solution A* to (the optimum Gram matrix) is unique. However, the solution to is not unique
due to the rotational invariance of the loss function. The M* defined in Theorem [2|is just one solution to
when d > C' — 1. Still, when d > C' — 1, any solution M* to will also satisfy (M*)TM* = A* because
G(M*) = S((M*)TM*) > S((M*)T M*) = S(A*) and A* is the unique minimizer of S(A) over A*.

Remark 1. Ford > C —1, Theorem@ offers a way to find the optimal mean vectors ui, s, ..., 5 via
convez optimization. In our simulations in Section[7, we utilize the convex optimization package CVX|[Grang
& Boyd (2014)) to compute A* and then use the spectral decomposition in Theorem@ to compute an optimal
mean representation vector matriz M*.

Corollary 3. Let d > C —1, M* = [u}, u3, ..., po] € M be a solution to , and A* = (M*)T M* be the
unique solution to . Then L(f) = G(M*) = S(A*) for an f € F, if, and only if, Vx € X, f(z) = Iy () -

Proof This follows immediately from the optimality of A* and M* and Lemma |

The condition C'— 1 < d is an assumption on the number of classes (an intrinsic property of dataset or
application) relative to the representation dimension (a design choice, e.g., via suitable neural net architecture).
This condition is also required in many papers to show the NC phenomenon and the existence of the ETF-
structure, e.g., |Jiang et al.| (2024a)); |Graf et al. (2021)); |Wang & Palmer| (2023); Dang et al.| (2023). But they
are all in the setting where classes are balanced, i.e., Vi € C, A; = 1/C. In practice, C' — 1 < d in applications
where the number of classes is much smaller than the dimension of the representation space, e.g., d = 512 in

4Ifd:'r”—l, then O¢ x 4 — » 4+ 1 is void.
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ResNet-18 compared to C = 10 in the CIFAR10 dataset and C' = 100 in the CIFAR100 dataset. The case
d < C —1,e.g., in LLMs, is currently an unresolved open problem.

An interesting implication of Corllary [3]is that, in order to globally minimize the contrastive risk, we only
require the dimension of the representation space to be d = C' — 1. This suggests that current approaches
which use a very high-dimensional representation space to learn the features, may be inefficient in terms of
storage and computational resources.

5 Equiangular properties of optimal class means

In this section, we show that the optimal class of classes that are equiprobable have an equiangular geometric
structure. These are consequences of the uniqueness of A*.

Theorem 3. Suppose that there are two distinct classes i and j with the same probability, i.e., \; = A;. Let
M* = [ut, 15, ..., 18] be an optimal mean vector matriz such that M*TM* = A*. Then,

.. * 1 % * 1 %
Vo€ C\{i,j}, ui py =15 o

Proof The key idea of the proof is to show that if we swap p; and p in M* to form a new matrix @, then
S(QTQ) = S(M* T M*). The detailed proof is presented in Appendix [ |

The following Corollary expands the results of Theorem [3] to the scenario where multiple classes have the
same probability.

Corollary 4. Let C :={1,2,...,C} denote the set of C classes, and C' C C a subset of classes that have the
same probability. Then,
Vi, j, € C'i # 7, M;‘TM; = constant.

Proof Please see Appendix [ |

Corollary 5. If all classes are equiprobable, i.e., C' =C in Corollarygl, then for alli,j € C,i # j, we have
uz‘T,u;f =-1/(C—1),Viel, ||p* =1, and 3 ,cc pf =0, i.e., the optimal class means form an equiangular

tight frame (ETF) in RY.

Proof Please see Appendix [ |

Remark 2. C’orollary@ resolves a question that was left open in|Jiang et al.| (2024d) for balanced datasets
and the general CL loss function i, namely whether the ETF geometry is optimal when the positive pairs are
not conditionally independent given their class label and the classes of the positive and negative samples can
collide.

We note that there is no simple analytical closed-form expression available for the angles between the optimal
mean vectors in the general imbalanced setting. They can, however, be computed via a convex program as
we noted in Remark [1

6 Minority collapse

Minority collapse is a phenomenon that can be observed in imbalanced datasets. It refers to a scenario where the
representations of all the samples in several distinct minority classes (classes with small probabilities) collapse
into a single vector. In deep classifier neural networks it is known that minority collapse will occur if the class
imbalance is extreme (Fang et al., 2021; Dang et al., [2023} [2024a}; [Hong & Ling, [2024). In this section, we show
that minority collapse also occurs in contrastive learning for imbalanced datasets. To formally demonstrate the
existence of this phenomenon, we consider the special scenario where 1 > Ay > Ao = A3 =... = Ao = 10_3‘11 > 0,
i.e., the first class is the majority class and the remaining C' — 1 classes are minority classes. This special
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scenario is motivated by considerations of analytical tractability and the goal of deriving an explicit non-
asymptotic sufficient condition under which the minority collapse phenomenon is guaranteed to manifest. We
will prove that if the probability of the minority classes o ’\1 is less than a certain threshold, or equivalently
if A is greater than a threshold, then minority collapse w111 occur. We will derive an explicit formula for this
threshold in terms of C, k, and bounds on the subgradients of the loss function ). We will then apply the
formula to the InfoNCE loss function and derive a numerical threshold that holds for all C' > 3 and all k.

Theorem 4 (Sufficient conditions for minority collapse). Let C >3 and 1 > A > Ao = X3 =... = A¢ =
10__A11 > 0. Let S(-) be as in with 1 : R¥ — R be strictly convexr and argument-wise strictly increasing.

Then ¢ is Lipschitz over V := [=2,0]* with a Lipschitz constant Ay < oo. For all u € R, \ {0} and all
t € [—2,0], let ¢y (t) :=(tu). Then,

VueREG\ {0}, 36, € (0,00) : Vt,t' € [=2,0], ¢/ <t, (t—1t") 6y < Pult) — du(t)).
Let 69 := 0 and

Oy i= i 0y € (0,00). 17
uE{OI,rllirkl\{O} (0, 00) (a7)

For all y;, € C*, let u(y,yy,) = (Lyy #y)s---. 1y, #y)) " € {0,1}*, where 1(-) is the indicator function.
With (y,y.,) distributed as in (@, if

1

(18)

A
12 1+ |51]

vcfm E[5 w(Y,yy.y,

where yo 1= 2((0 5y, then for alli e C \A{1}, pf = —pi with ||pf|| =1, ie., we have minority collapse. The

sufficient condition for minority collapse given by (@ is satisfied if

A1 € [Ta 1), T = ﬁ € (O’ 1) (19)
vo VE Ao

Proof The detailed proof is long and presented in Appendix It consists of the following steps. Using
Theorem [3] Corollary [ the given class proportions, and the rank deficiency of A* proved in Lemma [4
we first show (see Lemma [8) in Appendix that A* belongs to a family of matrices parameterized by
a single scalar a € [—1,1] which equals the inner product between pj and pf for any class ¢ # 1. Next,
using standard results in convex optimization theory, the fact that v is argument-wise strictly increasing,
and the definition of subgradients and subdifferentials, we show (see Lemma |§| in Appendix that
is Lipschitz-Ay over [—2,0]* and also establish the properties of ¢,, stated in the theorem. We also prove
that A*(a) is element-wise Lipschtiz-yc (Lemma [L0] in Appendix [A.15). By combining these results, in
Appendix we prove that if condition is satisfied, then S(A*(a)) is a strictly increasing function

and therefore minimized at a« = —1 which implies that for all i € C\ {1}, puf = —pu7, i.e, we have minority
collapse. Finally, we also show that the sufficient condition for minority collapse given by is satisfied if
condition is satisfied. |

We note that the condition \; € (

and the threshold 7 = ———————
1+6*/('YC \/EA2)

0, among all u # 0. Moreover, 7 may depend on k and may go to 1 as k increases to infinity. For specific

loss functions, such as InfoNCE, a more careful analysis of can yield a non-trivial threshold that is

independent of k. This is illustrated in the following corollary.

Corollary 6. For the InfoNCE loss function defined in Appendi:c condition (@ for minority collapse

in Theorem[) is satisfied if

o (e ViR 1) is sufficient, but not necessary, for minority collapse

may be quite loose because it is based on ¢,, the smallest value of

71_'1_/6% and Bo = 1

A € [to, 1), wh = _
1 € [1c,1), where 7¢ 3o 1+4WC(11+362)

Moreover, for all C > 3, 1c < 13 &~ 0.9292. Thus, A\ > 0.9292 is a sufficient condition for minority collapse
for the InfoNCE loss function, irrespective of the number of classes C' or the number of negative samples per
anchor sample k.

10
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Proof Please see Appendix [ |

This completes the development of all our theoretical results for the UCL setting.

Remark 3. As mentioned in Section[3, all our theoretical results in Sections[3 —[6] continue to hold, with minor
adjustments to some expressions, in the SCL setting as well. This is discussed in detail in Appendiz[A18
Numerical results that corroborate and illustrate the theoretical results are presented in Section [T}

7 Computer experiments

This section provides two different types of experiments to verify the two phenomena investigated in Section [4]
and Section |§|, namely, (1) intra-class variance-collapse (Section : the representations of all the
samples from the same class collapse to their class mean vector, and the optimal class mean vectors can be
computed via a convex-optimization program and (2) minority-collapse (Section : if the probabilities
of the minor classes are less than a threshold, then not only do the representations of all samples in the minor
classes collapse to their class means, but also their class means collapse into a single vector. Since methods to
select negative samples differ in the supervised (SCL) and unsupervised (UCL) settings, each experiment is
performed under two different setups: (a) SCL: the negative samples are selected from a class that is
different from that of the positive samples, and (b) UCL: the negative samples are selected from
the whole dataset, which may include the class of positive samples. Although all our theoretical
results are for a general loss function, we focus on the well-known InfoNCE loss for the experiments.

Since practical implementations use mini-batching, we now describe the mini-batch construction and the
batch loss calculation used in our experiments. Let Xbatch := {Z1.5} be a mini-batch (potentially a multiset)
of N samples. For a given anchor sample x; € Apatcn, and a positive integer k, let Xy o, = {z7,.. 2}
be a multiset of k negative samples sampled from Apaicn with replacement. In the UCL setting where
the negative samples can be selected from any classes in the dataset, z;;,...,2;;, are selected uniformly
at random from AXpaten. In the SCL setting where negative samples must be selected from classes other
than that of the positive samples, x;;,...,;, are selected uniformly at random from classes different

from that of x;. Let X]j;tchm denote the set of samples in the batch with same label as sample z;, i.e.,

Xk;;tch,wi = {z € Xpaten : y(z) = y(z;)}. Then, our implemented loss function over a batch is:
ﬁbatch
1 1 o o
=N Z ] Z YmoNce(f (@) (f(2i1) = f(@5)), - f@i) (flzy) = f(x;))
i=1 | batch,x; | cheXl;tCh)mi
A 1< T
— = il @) (f (=)= f(=5))
¥ X g (145 Jore) (20)

batch,z;

where |le'atch7m\ denotes the size of set X+ and Ymionce is the InfoNCE loss function defined in .

Thus, the batch loss is computed by an outer average and an inner average of the loss function ¥mfoncr(). In
the outer average, Ymsoncr(-) is averaged across N, (k + 1)-tuples of anchor and negatives (z;,2;7,...,%;.),
where we first select the anchor from Aj,tc, and then k negatives associated with x; from Xpaten according
to the appropriate negative sampling distribution of the SCL or UCL setting. For a given (k + 1)-tuple
(i, 1, ...,2;,), in the inner average, ¥miNcE(-) is averaged across \X;;tchyzj positive samples that have the

same label as the anchor z;. The batch loss can be interpreted as an empirical instantiation of the population
loss via the nested (iterated) expectation

Efboncs(f (@) (F@1) = [, F@) T (F) = F@)
= E[E[tnmionce (/@) (F&7) = F@ D)oo S@)T () = F@ Do, ]|

where the inner expectation is over z* for a given (k + 1)-tuple (z,z7,...,z; ). The overall loss in an epoch
is the average of the batch loss across all the mini-batches in that epoch.

11
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All our theoretical results were established for the batch setting. To ensure that they also hold in the
mini-batch setting, as discussed in the recent work of Kini et al.| (2024), mini-batches must be carefully
constructed to prevent the formation of disjoint groups of non-interacting samples that remain “frozen” across
epochs. One method to prevent this, proposed in [Kini et al.| (2024), is the so-called batch-shuffling method
where the samples are divided into mini-batch partitions, with a random reshuffling of all samples in every
epoch. We adopt this batch-shuffling method in our experiments.

7.1 Intra-class variance-collapse

In this section, we provide the numerical results to verify the intra-class variance-collapse phenomenon.
We used a dataset comprising three classes extracted from the CIFAR-10 dataset. Specifically, we selected
the first 1500, 750, and 750 image samples, respectively, from the first three classes (i.e., C' = 3), namely
bird, automobile, and airplane, of the CIFAR10 dataset to form our dataset comprising 3000 samples. This
corresponds to A\; = 0.5 and Ay = Ao = 0.25. We utilized the ResNet-50 architecture to implement the
representation function f. To satisfy the condition C = 3 < d 4+ 1 in Theorem [2] we set the dimension
of the representation space to d = 2. We set the batch size and the number of epochs to 512 and 1000,
respectively, and the number of negative samples to k = 512. We optimized the empirical CL risk using the
Adam optimizer with a learning rate of 0.001.

Before training SCL post-training UCL post-training

Figure 1: Intra-class variance-collapse in imbalanced datasets. Left: R2-space representations of 3000 images
from 3 classes (indicated by color) of the CIFAR10 dataset using the initial representation function (i.e.,
before training). Middle: representation vectors of the same images at the conclusion of training when
negative samples, within a mini-batch, are selected from classes that are different from those of the positive
samples (SCL setting). Right: representation vectors of the same images at the conclusion of training when
the negative samples can be selected from the entire mini-batch (UCL setting).

Figure [1) illustrates the two-dimensional representations of samples from three classes using: (a) the initial
mapping before the commencement of training, (b) the optimal mapping at the conclusion of training in the
SCL setting, and (c) the optimal mapping at the conclusion of training in the UCL setting. Evidently, all
the samples from the same class (represented by the same color) nearly collapse to the same point, which is
their class mean. As seen, when the negative samples can be selected from any classes in the dataset (UCL
setting), including the class of positive samples, the distance between the two minority classes (red and blue)
is much smaller compared to the setup where the negative samples are selected from classes that are different
from those of the positive samples (SCL setting).

To verify that the optimal solutions obtained by the neural network are consistent with our theoretical results,
we used the CVX modeling system (Grant & Boyd, [2014) to solve the convex optimization problem in (6.
From Theorem [2] we know that the optimal mean vector matrix M™* is not unique, but the optimal Gram
matrix A* is unique and can be computed as the solution to a convex optimization problem. Therefore, we

12
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compare the optimal Gram matrix provided by the neural network with the one computed using CVX. The
optimal Gram matrices A* obtained by the neural network and the CVX package are

SCL setting UCL setting

[ 1.0000 —0.6884 —0.6910] [ 1.0000 —0.6301 —0.6271]
fewralNetwork = | —0.6884  1.0000 —0.0485(, [-0.6301 1.0000 —0.2097
| —0.6910 —0.0485  1.0000 | | —0.6271  —0.2097  1.0000 |
[ 1.0000 —0.6889 —0.6889] [ 1.0000 —0.6284 —0.6284]
Abvxpackage = | —0-6889  1.0000 —0.0480, |-0.6284 1.0000 —0.2105
| —0.6889 —0.0480  1.0000 | | —0.6284 —0.2105  1.0000 |

Evidently, both the neural network and CVX optimal solutions are very similar, and this empirically validates
our theoretical results.

We also note that if the classes were balanced, then from Theorem 2 in |Jiang et al.| (2024a)), the three optimal
class means would form an equilateral triangle in the representation space (an equilateral triangle is an ETF
in 2-D space). For our imbalanced datasets, the three class means clearly do not form an equilateral triangle.
They do, however, form an isosceles triangle, and this empirically validates the result of Theorem [3| (since
A2 = Az in this experiment). This empirically confirms our claim that ETF is not the optimal geometric
structure for imbalanced classes.

7.2 Minority collapse

In this section, we provide the numerical results to verify the minority-collapse phenomenon. To do so, we
constructed a three-class dataset with 2700, 150, and 150 image samples from the first three classes of the
CIFAR-10 dataset, respectively, to form our second dataset of 3000 samples. This setup makes A\; = 0.9
and A2 = A3 = 0.05, which is the case when the data is heavily imbalanced. We utilized the ResNet-50
architecture to implement the representation function f. Similarly to the setup in Section [7:1} to satisfy the
condition C = 3 < d+1 in Theorem [2] we set the dimension of the representation space to d = 2. We also set
the batch size and the number of epochs to 512 and 1000, respectively, and the number of negative samples
to k = 512. We optimized the empirical CL risk using the Adam optimizer with a learning rate of 0.001.

Figure [2 shows the representation vectors of all 3000 samples in the dataset at the beginning and at the end
of training. Evidently, the representations of the two minor classes (blue and red) have collapsed (or nearly
collapsed) into one vector (shown in red color), and the representations of these two classes are diametrically
opposite on the unit circle to the representations of the major class (shown in green color). These results
empirically validate the main conclusions of Section [f] We further note that A; = 0.9 in this experiment is
below the threshold of 0.9239 in Corollary [6] for UCL and 0.9438 in Corollary [7] for SCL, which guarantee
minority collapse. This empirically bolsters our remarks before Corollary [6] that the threshold for minority
collapse in Theorem [ is sufficient for minority collapse, but may not be necessary.

The optimal Gram matrices A* obtained by the neural network and the CVX package are

SCL setting UCL setting

[ 1.0000
~1.0000
| —1.0000

A*

minority-collapse =

[ 1.0000
~1.0000
| —1.0000

* J—
ACVX—package -

—1.0000
1.0000
1.0000

—1.0000
1.0000
1.0000

—1.0000]

1.0000 |,

1.0000 |

—1.0000]

1.0000 |,

1.0000 |
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[1.0000
~0.9997
| —0.9997

[1.0000
~1.0000
| —1.0000

—0.9997
1.0000
0.9999

—1.0000
1.0000
1.0000

—0.9997]
0.9999
1.0000 |

—1.0000]
1.0000
1.0000 |




Under review as submission to TMLR

Before training SCL post-training UCL post-training

Figure 2: Minority collapse in heavily imbalanced datasets. The R2-space representations of 3000 images
from the first three classes of the CIFAR10 dataset before training (left sub-figure) collapse after training
to two diametrically opposite points on the unit circle (middle and right sub-figures). The coincident or
nearly coincident red/blue points in the middle and right sub-figures represent 300 samples from the second
and third (minority) classes combined, whereas the green points represent the 2700 samples from the first
(majority) class.

respectively, and they are identical up to the displayed numerical precision. This empirically corroborates our
theoretical results that the optimal Gram matrix can be found efficiently using convex optimization.

8 Summary and Open Problems

In this paper, we proved that for a general family of CL losses (including the widely used InfoNCE loss)
which are based on loss functions which are strictly convex and argument-wise strictly increasing, the optimal
representations, will exhibit the intra-class variance-collapse phenomenon (representations of all samples from
the same class must collapse to their class mean when globally minimizing the risk).

Even though there is no specific optimal structure or closed-form expression available for the optimal class
means in the general imbalanced case, we derived an efficient method based on convex optimization to
compute these optimal class means. We also established some equiangular properties of the optimal class
means of equiprobable classes.

We further investigated a special case of extreme class imbalance and showed that CL also exhibits a
phenomenon called minority collapse, wherein the optimal representations of all samples from the minority
classes (classes with small probabilities) collapse into a single vector. Our key theoretical results were
empirically validated through computer experiments.

Our work opens up several new problems that are of practical importance: (a) investigating the optimal
geometry of neural collapse when the number of classes is more than the dimension of the representation space
plus one — this scenario is particularly relevant to many large language models where embedding dimensions
are typically on the order of hundreds and the the number of classes range in thousands during pre-training,
(b) analyzing the neural collapse phenomenon with hard-negative samples — this is relevant to CL since it
has been shown that hard-negative sampling alleviates issues with CL |Jiang et al. (2024al); Robinson et al.|
(2020), and (c) characterizing non-asymptotic thresholds for the minority-collapse phenomenon for more than
one major class.

14
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A Proofs and additional supporting results

A.1 Strict convexity of the InfoNCE loss function

Lemma 5. For alli=0,1,...,k, let «; > 0. Then the generalized log-sum-exponential (GLSE) function

k
Yarse(tix) = log <ao + Zaie“) (21)
i=1

is strictly converz.

Proof The function ¥grsg(t1, ..., tx) is similar to the well-known “standard” log-sum-exponential function
Boyd & Vandenberghe| (2004). The standard log-sum-exponential function is known to be convex, but not
strictly convex. Even though the result in Lemma [5| seems to be well-known, we are only able to find one
reference that briefly mentions this result without a detailed proof Nielsen & Hadjeres| (2018]). Therefore, to
make the paper self-contained, we provide the proof of Lemma, [5| below.

For all i € {1: k}, let u;,v; € R, and w; := (1 — A)u; + Av;, where A € (0,1). Let up = vy = wo = 0 and for

1
some i € {1:k}, let u; #v;. If p:= ﬁ and ¢ := %, then p,q € (1,00), % + % =1, and we have

k
wGLSE(wl:k) = log <010 —+ Z aie(l)\)ui“r}\’vi)

i=1

k
= log <Z(aie“i)1/p(a¢e”i)l/q>

=0

Slder k 1 k 1
el ((Zaie’“) “’(Zme“) /q> o)
i=0 i=0
k k
=(1-\)log (ao + Zaie’“) + Alog (ao + Z aie”i>
i=1

i—1
= (1 — Nvarse(ui:k) + Marse(vik)-

This shows that ¥grsg(+) is a convex function. Equality holds in Hélder’s inequality if, and only if, for all
i €{0:k}, we have ((aze®)/P)P = ¢ ((c;e¥")1/9)? for some constant ¢, i.e., e = cei, since a; > 0 for all
1 €{0:k} and 1/p,1/q € (0,1). Since ug = vg = 0, equality can occur if, and only if, ¢ = 1. This would
imply that u; = v; for all ¢ € {1 : k} which would contradict the assumption that for some i € {1: k}, u; # v;.
This proves that the inequality in is strict and therefore ¥qrsg(+) is a strictly convex function. |

The InfoNCE loss function

k
1 .
Y(t1:) = YmioNcE(t1:1) = log (1 +3 Z;et’> (23)
i=
is argument-wise strictly increasing and is not only convex (being a log-sum-exponential with a positive offset
within the logarithm), but also strictly convex since it is a GLSE function with ap =1 and oy = ... =y =
1
=>0.
k

A.2 Lemmas for proving variance collapse

Lemma 6. Let u,v be iid random vectors in R? with probability distribution p(-). If u'v wp-d 0, then,
w.p.1 w.p.l
= v = 0.

17
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Proof Let D:={1,...,d+ 1} and wy,...,wgs1 ~ iid p(-). Since any d + 1 vectors in d-dimensional space
are linearly dependent,

w.p.l. 3i € D: w; € Span(wi.q4+1 \ {w;}).

But for all i € D and all j € D\ {i}, we have w, w, "2 () since w;, wj ~ iid p(-). This implies that

JieD:w "2,

.p.1  w.p.l

But u,v,wq, ..., wqyr all have the same distribution p(-). Therefore, u YRSy 0. [ |

Remark 4. The result of Lemmalf is false if u,v are independent, but not identically distributed, e.g., if

- w.p.1 w.p.1 T wp.1
u = (ug,0)",v = (0,v), € R, uy, vy iid standard normal. Clearlyu # 0 andv # 0, butu'v = 0.
w.p.1
Here, u,v are independent, but they are not identically distributed because the first component of u # 0 but

the second is and it is reversed for v.

Lemma 7. Let 21,z be iid random vectors in R% and pu := E[z] = E[za]. If 2/ 2o V2 v, a constant, then,

2 "B Y and v = |2

Proof

.p-1

. 1
= Y= anE Y

1 p.1 p.1 p.
zfzz VR o E[zrzﬂzl] VRS o ZIE[Zg\zl] VRS o zI]E[zg] Ve
where the last but one implication is because z; and z are independent. Since z; and zy are also identically
distributed, we have

T W£.1 T w£.1
= =y

Therefore, E[z ] = v = u'pu = ||p]|> = 7. Next, define u := z; — p and v := 2z — . Then u,v are

iid random vectors in R% and uTv = 220 — 2/ — 20 + " Vil vy—v—v+~v=0. By Lemma
z1 — hE 29 — b hE 0 which implies that 2z hE 29 R . [ |

A.3 Proof of Lemma

The proof makes use of the results in Appendix [A-2] pertaining to variance collapse.

Proof

>E w(E[f (@) f@D)ly, 911 = Elf " (@) f(a )yl Bl (@) fai)ly, v ] = Elf T (2) f(f)ly}} (26)

—E[v(uy 1, — BT @ SOl 1, —E[f%)f(x*)m)] (27)

= > </\1H/\jt>w(ﬂml E[f " (2) f(z ")y =], i 1y —E[f T (2) f(aT)ly = 1]) (28)
4,J1:5€C t=1
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Z < H > Mz Hiy — 1,... nu/;rujk - 1)a (29)

4,51k €C

where equality | . ) follows from , equality is the law of total expectation, inequality is Jensen’s
inequality applied within the inner expectation conditioned on the labels of samples to the convex loss

function ¥(+) ) follows from the conditional independence of anchor and negative samples given their
labels 1mphed by l ), (28 follows by expandmg the expectation in in terms of all possible tuples of values
of labels together with (|3|), and inequality (29) is because ¥(-) is an 1ncreasing function of all its arguments,

all the weights (), Ht 1 Aj,) are positive, and fT(@) f(t) <||f(@)]] - ||f(x1)]| < 1 since the representations
are constrained to be within the unit ball.

Clearly, if f is such that Vo € X, f(z) = py(y) and Vi € C,||u][> = 1, then L(f) = G(M). We will now
prove that these conditions are also necessary for equality. If L(f) = G(M), then we must have equality in
and . Equality in can be attained only if Vi € C, with probability one (w.p.1) given y = 4, i.e., under
the distribution g(z, 27 |i), we have fT(x) f(z+) = 1. This is because () is a strictly increasing function of
its arguments, all the weights (/\i Hle )\jt) are strictly positive, and the norms of all representations are
bounded by one. Therefore, w.p.1 given y = i, we must have f(z) = f(zT) and ||f(z)|| = 1. Next, equality
in the conditional Jensen’s inequality can be attained only if Vi € {1 : k}, w.p.1 given y,y; , we have
Fl@) fa7) = @) fat) = pn, Iy~ — E[fT (x) f(zT)|y]. This is because 9(-) is a strictly convex function
of its arguments and for all label tuples, p(y, yl_:k) > 0. This implies that Vi € {1 : k} and all j,l €C,w.p.l
given y = j,y; =1, we have ' (z)f(z]) = /LJ 1 since, as we previously proved, equality in (29) implies that
w. p 1 glven y = j, we must have f(z) = f(x™) and Hf( )|| = 1. Taking j = I, we conclude that equality i 1n
and (26]) imply that Vi € {1: k} and all j € C, w.p.1 given y = y; = 7, we have f ' (z)f(z;) = ||p;]/%
But x,x; are conditionally iid with distribution s(:|j) given y = y; = j. From Lemma [7|in Appendix
it then follows that for all j € C, w.p.1 given y = j, f(x) = i, or more compactly, Vo € X, f(x) = fiy(s)-
Thus we have shown that the conditions V& € X, f(z) = f1y(,) and Vi € C, ||p;|[* = 1 are both sufficient and
necessary for the lower bound G(M) to be attained, i.e., for L(f) = G(M). [ |

In the proof of necessity of within-class variance collapse for the attainment of the lower bound in Lemma [I]
as an intermediate step we first proved that if we have equality in , then for each i € C, w.p.1 given
y =14, we must have f(z) = f(z*) and ||f(z)|| = 1. Without making any additional assumptions on the joint
distribution of the positive pair, specifically, q(z, 2" |y), we cannot conclude from here that we must have
within-class variance collapse. For example, if 2+ = z w.p.1, or if the samples in each class are grouped
into non-overlapping pairs and z,zT are confined to be within a pair. But if, for example, the support
of q(z,z"|y) is the Cartesian product of the supports of s(z|y) and s(z™|y), then indeed we can conclude
within-class variance collapse directly from equality in alone without needing to analyze the conditions

for equality in .
A.4 Proof of Corollary |Z|

Proof Fort=1:k, let
Uiz, 2T, 27) 1= ef @0 )1

T _)—1
Vily,yp ) = e(;yuyt ) .

Then, from 7 the definition of the InfoNCE loss function in , and , , and @ we have
1 E
E[log (1 + Z ZUt(x,er,xt))
t=1
L
| tog <1+kzvt<y,y;>)lyﬂ. (31)
t=1

Since for all z € X, || f(z)|| < 1, it follows from the convexity of the Euclidean norm and Jensen’s inequality
that for all j € C, |||l = [|E[f(x)|ly = jlll < E[||f(z)|||ly = j] <1 and therefore (by the Cauchy-Schwartz

L(f)=E

z, x+l l , (30)

G(M)=E
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inequality) |fT (x)f(z;)|,|f " (x)f(z*)| < 1. This proves that for all t = 1: k, |Uy|, |Vi| < €2, i.e., they are
bounded random variables. Now, Uy.x|z,zT and Vi.x|y are conditionally iid. Thus, by the Strong Law of
Large Numbers, their averages converge w.p.1 to their respective conditional expectations, i.e.,

k

1 w.p. -

- > U k—p>1 E[U: |z, 2™] = ]E{efT(””)(f(””l )_f(ﬁ))‘x,xﬂ, (32)

— 00

t=1

1 w.p.1 (g —)—1 T

EY OV EVala ] =E[e T y] = 37 r(ily) el (33)
=1 jec,

Since Uy., and V;.;, are bounded by e? so are (Zle U:)/k and (Zle Vi)/k. The results @ and then
follow from (30), (31)), (32), (33), the Dominated Convergence Theorem, and the fact that L(f) > G(M)
proved in Lemmal [I] [ |

A.5 Proof of Theorem

Proof From Lemma L(f) > G(M) with equality if, and only if, Vo € X, f(x) = py(y) and p1.c € M.
For any u,v € R%m u' v > 0 with equality only if w and v are orthogonal. In , () is a strictly increasing
function of its arguments and all the weights ()\i Hle )\jt) are strictly positive and sum to one. Therefore,
G(M) is minimized over M € M N Riﬁc if, and only if, p1.¢ are orthonormal. This requires d > C. |

A.6 Proof of Lemma

Proof If A:= MTM, then clearly, A= AT and A = 0 (since for all u € R®, u" M Mu = ||Mul|> > 0),
and Vi € C,A; = ||pi||> = 1. Therefore A = MTM € A*. From (11) and , which define G(-)
and S(-) respectively, it follows that G(M) = S(A) = S(M"M). Therefore, for any M € M we have
G(M)=SM"M) > S(A*) = S(M*)T M*) = G(M*). This shows that M* is a solution to . [ ]

A.7 Proof of Lemma

Proof Convexity and compactness of A*: The set A* is clearly convex, since the set of all symmetric
PSD matrices in RE*¢ satisfying the specified unit diagonal equality constraints is convex. The set A* is
also compact since A* C R and for any A € A* and all 4,5 € C, |A;j| < |Ai| - |Aj;] = 1, as we prove
next. Since A is real, symmetric, and PSD, by the Real Spectral Theorem it has an eigendecomposition
given by A = UXU". If VA := UVIUT, where VX € RE*C is a diagonal matrix with the square roots
of C non-negative eigenvalues of A along the main diagonal, then A -vA = A. If e;.c is the standard

basis for RC, then |A;;| = |e) Ae;| = |e] VAV Aej| < ||V Aei|| - ||V Ae;|| = \/e;rm\/ﬂei . \/e;r\/zmej =

Ve, Ae; - ,/e;-'—Aej = Ay - Aj; = 1, where the first inequality is the Cauchy-Schwartz inequality. Thus, for all
i,7 € C, we have |4, ;| < 1. This shows that A* is a compact set.

Strict convexity of S(-) over A*: Let A € A*. In 1| for all ¢, j1.; € C, the k-tuples (Aijl —1,..., 4 — 1)
are linear functions of A and the weights ()\i | Y )\jt) are all non-negative (in fact, they are all strictly
positive). Since the function (-) is convex (in fact, it is strictly convex), and S(A) is a positive linear
combination of convex functions of linear functions of A, it follows that S(A) is a convex function of A. To
prove that S(-) is strictly convex over A*, let A, B € A*, A # B. Since Vi € C, A;; = B;; = 1, we must have
A;; # By, for at least one i # j,i,j € C. For any t € (0,1), let W := (1 —t)A+tB. Then, W € A* since A*
is a convex set and A, B € A*, and Vi € C,W;; = (1 — t)Ay; + tBy; = 1. Since ¢(+) is a convex function of its
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arguments, for all tuples (i, j;.x) € C*¥T!, we will have

(1 —t) ¢ (Aij,—Ais, . .., Aij, — Aii) +tY(Bij, — Bis, ..., Bij, — Bij)
=1 —-t)¢(Ay, —1,..., Ay, — 1) +t¢(By, —1,..., By, — 1)
> (1 —1) (A, — 1)+t (Bij, —1),..., (1 =t) (Asj, = 1)+t (B, — 1))
=Wy, —1,..., Wy, — 1)
=Y(Wij, — Wiy ..., Wi — Wy)
and the inequality is strict for at least one tuple (4,71.x) € C*¥T! because w( a strictly convex function
1

of its arguments, A # B, and t ¢ {0,1}. Since the weights ()\i Hle /\jt) in (14) are all strictly positive, it
follows that S(-) is a strictly convex function over A*. [ ]

A.8 Proof of Lemma E|
Proof Let v(-) denote the minimum eigenvalue of a matrix. We will prove that v(A*) = 0. For all ¢ > 0, let
B(t):= A* —t11" +¢]I

where 1 is the C' x 1 vector of all ones and T is the C x C identity matrix. For all ¢, B(t) is symmetric since
A* 117, and I are symmetric matrices. For all i € C, By;(t) = A}, —t+t =1 and for all i,j € C,i # j,
Bi;(t) = Aj; —t+0 < Aj;. Since 9(-) is a strictly increasing function of all its arguments and all the
weights \; Hle()\jt/(l — i) in are strictly positive, it follows that S(B) < S(A*). We now show that
if v(A*) > 0, then B(t) is PSD for t =t/ := 25((0’472). This would imply that B(¢') € A* and contradict the

optimality of A*. By the Courant-Fischer min-max theorem,

T T(A* T T g+ T1)2 2
B(t A* —t11 t1 Afu—t(u'l n
g(B(t)):minw:min“ ( + )u:minu u—t(u'1)% 4 t|]ull
w0 |[ul[? u0 [ul |2 -y B
T A% 2 2
T At = tClful 2 + #]ul
= min Tall? (34)
T A%
u' A*u
=min ——= — (C - 1)t =v(4") - (C - 1)t,
w20 ||ul? ( Jt=v(A") —( )

where is due to the Cauchy-Schwartz inequality. Therefore, v(B(t')) > #. Thus, if v(A*) > 0, then
v(B(t')) > 0 which would make B(¢') a PSD matrix and contradict the optimality of A*. We must therefore
conclude that v(A*) = 0 which implies that rank(A*) < C. [ ]

A.9 Proof of Theorem

Proof Lemma {4| proved that has a unique solution A* in A* with rank r less than or equal to
C — 1. Since A* is also a real, symmetric, PSD matrix, by the Real Spectral Theorem, it has a reduced
eigen-decomposition given by A* = U,.X,.U,". For all d > C — 1, the matrix (M*)" := [U:v/2, Ocya- i

is well defined and (M*)"M* = U.vVES(VE) U, + 06 a4 1,0, ., =UX,U' = A*. From Lemma

Cxd—r

it follows that M* is a solution to . Moreover, for all i € C, we have ||uf||?> = Af = 1. [ ]

A.10 Proof of Theorem

Proof The key idea of the proof is to show that if we swap pj and pj in M* to form a new matrix @Q,
then S(QTQ) = S(M*" M*). By construction, the gram matrix B := Q' Q € A* since A* = M* ' M* € A*.
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Since the optimal Gram matrix is unique, B = Q' Q = M*' M* = A* and therefore for all n € C \ {i,j}, we
T A+ T
* * * * *

must have Bj, = puj  ur, in = o

It remains to show that S(QTQ) S(M*TM*) ie., S(A*) = S(B). To this end, let 0 : C — C denote the
bijection (specifically, a transposition permutation) Where o(i) = j,0(j) =i, and for alln € C\{i,j},0(n) =n.
Then, o(+) is its own inverse, i.e., Vn € C, o(o(n)) = n. For notational convenience, let primed-indices denote
the image under o(+), i.e., n’ := o(n). By construction of @ and the definition of o(-), we have

le,jz S C, Ajiﬂé = Bj1j2. (35)

Since A\; = A;, it follows from the definition of o(-) that

VneClC, \y = )\U(n/) = A\ (36)
Therefore,
k
S( Z <)\30 H AJf) w Jo]l JoJo’ to A;O]k A;OJO)' (37)
Jo,j1:k€C t=1
k
Z <AJ6 H}\J >w A;/]{ A;({]J/,... 14;/]’/C A;é]é) (38)
]0, t=1
k
= Z </\Jo H )‘]t> w Joji ]oJo’ T Bjojk - Bjojo)' (39)
J0091.,. €C t=1
k
= Y <AJO Hxh>¢ o — Biogos -+ s Biojr — Bijojo)- (40)
Jo.j1:k€C t=1
— S(B (41)

where (37) follows from the definition of S(- , equality holds because o(-) is a bijection, is
due to ([35]) and ., equality (40] . holds because o(+) is a bijection, and again follows from the definition

of S(-) in . [ ]

A.11 Proof of Corollary E|

Proof The Corollary follows directly by applying the result in Theorem [3| to different pairs of (i,7) € C’ as
follows. If C’ contains only two classes, then the proof is immediate. If C’ contains more than two classes,

consider any three distinct classes 4, j,n € C’. Then, from Theorem |3| we have (1) ufju;‘ = ,un W since
Ai = Aj and (2) *T,uj = ,quTuj since A; = A,,. Therefore, ,u*Tu;‘ = ,u;—ruj = u,’;—ruj In other words, any
pair of class means has the same inner product. |

A.12 Proof of Corollary |§|

Proof If ¢’ = C in Corollary {4} then for all 4,5 € C,i # j, we have M*T,uj = b for some constant b. This
implies that A* € A* has the following form

1 b b b
b 1 b - b

A =(1-bI+b11"=| . | eRExC, (42)
b b b 1
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where I is the C' x C identity matrix and 1 € R is the all-ones column vector. A matrix A* having the
above form has (C' — 1) eigenvalues equal to (1 — b) and one eigenvalue equal to (C — 1)b+ 1. Since A*
is PSD, b € [-1/(C — 1),1]. By Lemma {4} the smallest eigenvalue of A* is zero which implies that either
1-b=0=b=1or (C—1)b+1=0=0b=—1/(C —1). For both choices of b, A* is PSD, but for the choice
b= —1/(C — 1) (the smaller choice), the value of S(A*) is smaller because for A* having the form in (42),

k
S@A)= > (MHM)W1>1<j1¢z'>,...,<b1)1<jk¢i>),

1,51:, €C t=1

where 1(+) is the indicator function, and v is a strictly increasing function of all it arguments. Thus
b=-1/(C—1). Finally, || 3,cc 5 |1” = Xice 65112 + iy jec i) ' =C = C(C - 1)/(C~1)=0. W

A.13 Structure of Optimum A*

Lemma 8. Let C >3 and 1>\ > Ay =Xg=...=Ac = 52 > 0. Then
1 a a -+ a
a 1 b b
A*—|a b 1 b € ROXC, (43)
a b b 1

with a € [-1,1] and b = (a*>(C — 1) —1)/(C — 2).

The form of A* in follows from Theorem (3| and Corollary 4 The condition on b follows from the rank
deficiency of A* proved in Lemma [d] This requires a careful analysis of the eigenstructure of PSD matrices
having the form in (43). The detailed proof is presented below.

Proof From Theorem [3{and Corollary |4} it follows that Vi € C\ {1}, ui "t = a and Vi, j € C\ {1}, i #
7, u;‘—ruj = b for some constants a,b € [—1,1]. Thus, A* € RE*® is of the form

1 a a -+ a
a 1 b --- b

A*_ a b 1 b . (44)
a b b 1

Since A* € A*, it is PSD and all its eigenvalues are non-negative. From Lemma [4] the minimum eigenvalue of
A* is zero. We will show that this implies either a = 0 and b= 1or a € [~1,1] and b = (a*(C —1)—1)/(C —2).

To this end, let 1 € RC denote the all-ones column vector and e; € R the standard basis vector whose first
component is one and the remaining components are zero. Let u :=1 — e;. Then, v 1 e; and

A* =1 -0 T+buu' +bejef +aeiu’ +aue], (45)

where [ is the C' x C identity matrix. Let v1.c be any orthonormal basis for R¢ with vy := ey, vg 1= u/||ul|,
and vs.c € SpanL(el, u). Then using , it follows that for all ¢ > 3,

A*vi = (1 — b)’UZ‘ =0.

This shows that vs.c are (C' — 2) orthonormal eigenvectors of A* with eigenvalue (1 — b). The remaining
two eigenvectors of A* must therefore belong to Span(ey,u). Let v = ae; + Su be an eigenvector of A* in
Span(e;,u) with eigenvalue v > 0. Then v = (a 3...3)" and either a # 0 or 3 # 0 because, by definition,
an eigenvector is a non-zero vector. Since A* v = vv and A* has the form shown in , we have

a+(C—-1aB=va=(C-1af=—1-v)a (46)
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aa+ B+ (C=-2)bp=vf=p((1-v)+(C—-2)) =-a« (47)

Case a = 0. Then, b # 0 since otherwise we would have A* = I which has C eigenvalues all equal to one and
this would contradict the result of Lemma[4 With a = 0,b # 0, would imply that (1 — v) a = 0 which
would imply that either v =1 or a = 0. If v = 1, then together with a = 0 and b # 0 would imply that
£ = 0 which would, in turn, imply that « # 0 since both a and g cannot be simultaneously zero. Thus, when
a = 0, one eigenvalue is v = 1 with eigenvector given by a # 0,5 = 0. If a = 0 and we have v # 1, then
a=0,8#0,and (1—v)+(C—-2b=0=v =1+ (C —2)b. In summary, if a = 0 then b # 0 and A* would
have (C' — 2) eigenvalues equal to (1 — b), one eigenvalue equal to 1, and one eigenvalue equal to 1+ (C' — 2)b.
Since the smallest eigenvalue of A* is zero, this would imply that either b=1or b= —1/(C — 2).

Case a # 0. In this case we must have v # 1 because otherwise and C' > 3 would imply that 8 = 0 and
then would imply that o = 0 which would contradict the assumption that both a and 8 cannot be zero
simultaneously. Thus, v # 1. Then, would imply that a = —(C — 1)a 8/(1 — v). Substituting this into
(47) gives us

(C—1)a?

T =(1-v)?2+(C-2)b(1-v)—(C—1)a*>=0,

BL=v)+(C=2)b) =5

where we could cancel the common factor § in the first equation because 5 # 0 (if 8 = 0 then with v # 1,
would imply that o = 0, a contradiction). Solving for the roots of the quadratic equation in (1 — v) we get

y:l—i—(CEQ)bi\/(0_42)2b2+(0—1)a2 (48)

In summary, if a # 0, then A* would have (C — 2) eigenvalues equal to (1 — b) and two eigenvalues given by
(48). Since the smallest eigenvalue of A* is zero, this would imply that either b =1 or

(C—2)b (C —2)2p2
2 _\/ 4

(C—-1)a? -1
(C-2)

1+ F(C-1Da2=0=b= (49)

Observe that if we substitute a = 0 into the expression for b in terms of a given by (49)), we get b = —1/(C —2),
which is consistent with one of the two possibilities that we obtained when we previously analyzed the
case ¢ = 0. Combining the analysis of both cases, we conclude that we must have either a = 0,b = 1 or

€[-1,1], b= ((C —1)a® —1)/(C - 2).

Since 9(+) is a strictly increasing function of all its arguments and all the weights \; Hle(/\jt/(l —A;)) in
are strictly positive, S(A*) will have a strictly smaller value when a = 0,b = —1/(C — 1) than when
a = 0,b = 1. Therefore, we must have a € [-1,1], b= ((C — 1)a® — 1)/(C — 2). ]

A.14 Subgradients of strictly convex and argument-wise strictly increasing functions

Lemma 9. Let ¢ : R¥ — R be strictly convex and argument-wise strictly increasing. Then for all
v € R¥, the subdifferential set Ov(v) is non-empty, conver, and compact. Moreover, if V := [~2,0]*, then
S() 1= Upep0u(v) is bounded and v is Lipschitz over V. Specifically, if

Ag:= sup ||w|lz, then Ay < oo, S(¥)C (0,A:]%, and
w € S(Y)

Vo, o' €V, () —¥(0)] < Az v — 2|2 (50)
For all u € RE\ {0} and all t € [-2,0], let ¢, (t) := (tu). Then,
VueREG\ {0}, 36, € (0,00) : Vt,t' € [=2,0], ¢/ <t, (t—t") 6y < Pult) — du(t)). (51)
If u = 0, then for all t, ¢o(t) = ¥(0) and we define 6o := 0. If Vi)(v) exits for all v € V, then Ay =
sup,cy ||V (v)||2 and Vu € R’;O, 0y = u' Vip(—2u).
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The proof essentially follows from standard results in convex optimization theory, the fact that 1 is argument-
wise strictly increasing, and the definition of subgradients and subdifferentials. The detailed proof is presented
below.

Proof Proposition 5.4.2 in (Bertsekas| 2010]) and Proposition B.24 in Appendix B of (Bertsekas, 2002) prove
that the subdifferential set di(v) at any point v € R* of any real-valued convex function ¢ : R¥ — R, is
non-empty, convex, and compact. Moreover, the union of subdifferential sets of all points belonging to any
non-empty compact set )V is also bounded, i.e., U,c1,0¢(v) is bounded.

In the lemma, we have V = [—2,0]* which is a non-empty compact set. Therefore, S(¢)) := U,epdi(v) is
bounded and Ay := sup,,cs(y) |lw[|2 < 00. For any vector w € R* we have |[w||o < [|w][2. This implies that

for all w € S(v), we have ||w||s < As. Since 1 is also strictly increasing over R¥, all components of any

subgradient vector at any point are strictly positive. Specifically, for all v € V), all subgradients w € 0y (v),
all i € C, and all ¢ > 0, we have (by the definition of a subgradient)

—t(ef w) + 1 (v) < Y(v—te;)
where e; is the i*" standard basis vector of R¥. Thus, the i*® component of w is bounded from below as

follows
Y(v) — (v —te;)
t

where the last inequality is strict since 1 is argument-wise strictly increasing and ¢ > 0. Therefore, we
conclude that S(¢) C (0, Ag]*.

Next, for all v,v € [~2,0]%, all w € 9y (v), and all w’ € Y(v'), by the definition of a subgradient, the fact
that |Jwl|2, [Jw']]2 < Az < 0o, and the Cauchy-Schwartz inequality, we have

(e] w) > >0

~Aaflv = ||z < ~[Jw'|l2 - [ = vll2 < (v =) Tw" < P(v) = (V)

< —v) w < [l [V = vll2 < Asflo” = vl

Thus, |¢(v) — ()] < Ag||v — v'||2. If Vip(v) exists for all v € V, then S(¢) = {V¢(v) : v € V} and
Ay = sup,ey |[V(0)|l2-

Since 1 is strictly convex and argument-wise strictly increasing over R¥. it follows that Yu € R’;O \ {0},
¢u(t) :=(tu) is also strictly convex and strictly increasing over R (strictly, because at least one component
of u is strictly positive). According to the “chord-slopes inequality” for convex functions (see (Roydenl |1988]),

Chapter 5, Section 5), if ¢ : R — R is convex, then for all sq, s2, 8], s, € R such that s; < s} < s}, and

s1 < 82 < sh, we have
Bls2) — dlsr) _ 0lsh) — 8(st)

Sg—s1 T sh—s)

Applying this inequality to ¢, with s =¢, 8§ =/, with —2 < ¢ <t <0, and s, = —2, and 81 = —2 — ¢,
where € > 0, we get
Pu(—2) — Pu(-2—¢) < Pu(t) — du(t')
(=2)—(-2—-¢) — t—t ’

Since ¢,, is a strictly increasing function, we get

0 < d, :=sup ¢u(_2) — ¢“(_2 - 6) < ¢u(t) - ¢u(t/) )

>0 € - t—t

Thus, for all ¢,t' € [-2,0], with ¢’ < ¢, we have

(t—1") 0u < Pult) — dul(t’).
The last inequality clearly holds when ¢’ =t as well.

If Vip(v) exists for all v € V, then
0y = uTV1/)(—2u)7
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since for all € > 0, the convexity of ¢, implies that —e V@, (—2) 4+ ¢ (—2) < pp(—2—¢€) = w <
Vou(—2) = uT Vip(—=2u), and lim o w = Vou(—2). ]

A.15 A*(a) is Lipschitz

Lemma 10. Let C > 3 and let A*(a) denote the matriz A* in Equation of Lemma [§ with a € [—1,1]
and b= (a*(C — 1) —1)/(C —2). Then, for all a,a’ € [~1,1] such that a’ < a, and alli,j € C, we have

43(0) — A} (@) < 6 - (a =),
where o = %, and for all i € C and all j1., € C\ {i},
[Y(A7, (a) = Afi(a), ..., AFj, (a) — Afi(a) — (A7), (a) — Af(d)), ... ,Aj;, (a) — Af(d))]
<7 AQ\/%(CL - a/)’
where 1 and Ag are as in Lemma [9

Proof Forall i =j € C, A};(a) =1, a constant, irrespective of the value of a € [—1,1]. Therefore, for all
a,a’ € [—1,1] such that o’ < a, we have |A};(a) — A%(a’)| =0 < 2((5_721)) (a —da') = ¢ - (a—da'). Note that
1< = Eg:é; < oo since C' > 3. Now consider any 4,j € C with i # j. If either i =1 or j = 1, then for
all a € [~1,1], Af;(a) = a and therefore |A};(a) — Aj;(d’)| = la —d'| = (a —a’) < ¢ - (a—d). If i # 1 and
j # Landi# j, then for all a € [-1,1], Af;(a) = b= (a*(C' — 1) — 1)/(C — 2) and then,

a® — (a')?(C — a+a)(a—a)(C—
450) - o) = =D (ar a2 elO=D) 2B ) = e (0,

This proves that for all @’ < a with a,a’ € [-1,1], and all 4, j € C, we have |A};(a) — A};(a’)| <vc - (a —a').
Next, for all i € C, all j1., € C\ {i}, and all a € [-1,1], let

v(a) = (47, (a) = Afi(a),..., A5, (a) = Afi(@) " = (A5, (a) = 1,..., A5 (o) = 1)

71 1k 1k

Then, for all a,a’ € [~1,1] with @’ < a, the bound on |A4};(a) — Aj;(a’)| that we just proved implies that

k
l[v(a) = v(a)]]2 = \l Z |A5; (a) = AF; (a)]? < J Z (ve - (a—a))? =~cVE (a—d).

Therefore, from Lemma [9} we get

(v(a)) — ((a))] < Asllv(a) — v(@)le < 7o VE Aola — ).

A.16 Proof of Theorem E|

The proof makes use of the results in Lemma 8] Lemma 9] and Lemma [I0] which appear in Appendix
Appendix [A7T4] and Appendix [A:T5| respectively.

Proof Let &7 :={y =1 and for some i, y; # 1}, &, :={y # 1 and for all 4, y; =1}, and & = &7 U E5y.
Let & :={y =y, =... =y, } and & = (6= U &) Then, £, &, and & are mutually exclusive and
exhaustive events with

(1 o Al)k+1 7 /\k-i-l N (1 o Al)k+1

Pr(é-) =X (0 —1) IR (C—1)k
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Pr(&) =Pr(&7) + Pr(&p) = (1 = AP+ (1 =AM =X (1= \)) ((1—A1)’“ + )\’f1>, (52)

1-X\
vk oy k=1
9) =1—-Pr(€=) —Pr(€1) = (1 - >‘1)2<(11 _>;\11) B (1(0 ili)k >’

-
BN
&)

Pr(Sl) )\1
Pl”(gg) —1-X ’

\%

Next, noting the definition of ¢ in Lemma@ and that for all j € C, (A}, —1) = (4; = 1) = (a = 1)1(j # 1),
we have V (y,y;.,) € E= U &y,

AT, (@) =1, AT (@)~ 1) = (@~ Duly573)) = by, (@~ 1), (54)

Yy,

and in particular for all (y,y;.,.) € &=, u(y,y;.,) = 0 and gbu(y y_k)(a —1)=1(0,...,0) = ¢0(0), a constant.

We also note that for all (y,y;.,) € &1, u(y,y;.,) # 0. For all a,a’ € [—1,1] with o’ < a and y, y;,,, distributed
as in , we have

S(A*(a)) = E{w(A:y; (@)—1,...,A* _(a)— 1)]

Yy,

— Pr(£) 6o(0) + Pr(€)E[6,,, (a— D] +
Pr(&) E[w(A;y; () = 1,.... A" (a) - 1)]52]

1

Therefore,

S(A"(a)) — S(A™(a"))

=Pr(& E[ Py (@ = 1) = Py (@ = 1)‘51} +
[ Sl A (a) 1) (A, (@) < L A (@) - D)E]
> Pr(€ [5u (s (@ = d)E1] = Pr(€2)ve VE Az (a — d) (55)
= (a—d') Pr(&) {:EZ; E [0y l61] — ycﬁAQ}
> (a—d) i’_(il) INE[S, 0, 161] — (L= M) revRA) (56)
(o ) YV kA Pr(Er) 1 ) _
= ) 1-X) {)\1 (1 - ’YC\/EAQE[éu(y’ylzk)wl]) 1}
> 0. (57)

Inequality follows from and Lemma together with the fact that s > —|s| for all s € R. Inequality
follows from . Inequality follows from condition and the assumption that a’ < a.

Thus, if condition is satisfied, then for all a € [—1,1], S(A*(a)) is a strictly increasing function of the
variable a and is minimized when @ = —1. When a = —1, b = (a?(C —1)—1)/(C —2) = 1. Then, Vi € C\ {1},
(u)"pt = a = —1. Since for all j € C we have ||u;“||2 = 1, it follows from the alignment conditions for
equality in the Cauchy-Schwartz inequality that for all i € C\ {1}, pf = —p}. Finally, if condition is

satisfied, then condition is also satisfied because

MZT=M 2 2 —
o VE Az 1+~rc @AQ]E[éu(y,y;k)lgl]

and the last inequality holds because for all (y,y;.,.) € &1, u(y,y;.,) # 0, and by the definition of §, in ,
for all u # 0, §,, > 6, > 0. [ |
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A.17 Proof of Corollary |§|

Proof From 7 a sufficient condition for minority collapse is given by
1

A1 > .
1+ ’Yc\fAz [5u(y7y;k)|51]

For the InfoNCE loss function, we will show that Ay = 1/(2v/k) and develop a lower bound for E[‘Su(y,yik) &1]
which is independent of k. This would yield a sufficient threshold for minority collapse. For the InfoNCE loss
function,

k
Y(t1x) =log (1+ L eli) = V¢ (t1.1) = %
( k ; ) k+Zf:1 eti

Sor (et)?

= [[Vip(tr)ll2 =

For all v1.;, € R we have

0< (k—zk:vz)g :»%(gui) <k?4 (ZU,)Q :>4k<zk:vi) < (k—&—zk:vi)Q.

=1

Therefore, for all vy, € [0, 1],

lvf) §4k<ivi) < <k+évi)2

i=1

Ao = sup |[|[VY(tix)ll2= sup

t1.,€[—2,0] v1:E€le2,1]

Thus, a sufficient condition for minority collapse is given by

N> !
1 = 2 .
1+35 E[éu(y,y’. )‘51]

We will now develop a lower bound for ]E[Ju(y Vi, )|51] which is independent of k. By Lemma El7 for all
u € {0,1}F,

) e lull
k+e=2l[ullr + (k — [[ul[1)
il
2ke? — (e2 — )||ul|1
g(|lull1),

and we note that d,, = g(||u||1) is an increasing function of ||ul|;. From Theorem {4} & = &;7 U &7y, for all
(Y, Y1) € &1, uw(y, yy1.) # 0, and for all (y,y;.,.) € £17, y = 1 and (y;,) # (1,...,1). Moreover, from ,

Pr&) =M1 =A)"+ A 1= XM) <A@ =)+ A (L—X) =2\ (1-X\) <3
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Therefore,
221 (1= A1) E[du(y v, ‘51]
> Pr(&)E [5u(y Yy, ‘51]
= Z (Y, yl:k) 5u(y,y;k) )

(¥:91.,)€EEL

> Z p(yay;k) 6u(y,y;k) ’
Y1) €

&t

- (H)‘ ) w(y,yy.,)

k={lu(Lyr )l (1= A\ eyr)lh
=M Z Xy () g(u(L gm0l
(y1.,)ECH\{1}

— [lwl]1
“n Y S X (2N gl

we{0,1}\{0} 4 u(1,y;,)=w
» k—|lwlly ]_—)\1 [wl||1
~ Z (C—l)“ [l by [wl] (ﬁ) g([|wll),
we{0,1}*\{0}
YD D VL S WIS
we{0,1}+\{0}

k
—n 3 ()M =),

LA :

Y (l> NTL(1 = ) g(0),  since g(0) =0,

=0
=M E[g()], [~ Binomial(k,1— A1),
> ME[1(I > k/2)g(1)], [~ Binomial(k,1— A1), since VI, g(l) >0,
> ME[1(I>k/2)g(k/2)], [~ Binomial(k,1— A1), since g(l) increases with I,
=A1g(k/2)Pr(l > k/2), 1~ Binomial(k,1— A1),

1

= Elb,161] = =57 94/
1
T A1 +3e)(1— )

Therefore, a sufficient condition for minority collapse is given by

1 1 A
AL > = - 0> -22L 41
I+ 3% oo Lt moameaon Pe
1—+4/1-—
=AM > 760 =:7c,
Be
where 3¢ ;= ——L——. We note that 7 € (0, 1) since B¢ € (0, 1).
o143

Since (C —1) = (C —2)+1and C > 3, we have y¢ = ((g 21)) € (2,4]. The most conservative (maximum)
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value of 7¢ occurs when [¢ is maximum (since 7¢ is an increasing function of S¢) which occurs when ¢ is
maximum (since ¢ is an increasing function of 4¢), which occurs when C' is minimum, i.e., C = 3. When

C=3,vc =4,8c ~0.9973, and 7¢ = 0.9292. Thus, \; € (0.9292, 1) is a sufficient condition for minority
collapse for the InfoNCE loss, which holds for all C' > 3 and all k. [ |

A.18 Extension of theoretical results to the SCL setting

In the SCL setting, for all y € C we have y;,, € C\ {y} w.p.1,

koo
psceL(y,Yrk) = Ay H (1_%/\) ; (58)
t=1 Y

and for all z, 2+ € X,y € C,
q(z,x7[y) = s(zly) s(z™y).

With the above changes, all results in Section [3 Section {4} and Section [5| hold with all summations »:, - .
Ik

k k v, .
replaced by ZyeC,y;keC\{y} and all products [[,_; /\y; replaced by [],_, 1:—’&‘ With these changes, the
proofs of all results in Section [3] Section [d and Section [5] go through in a straightforward manner with the
exception of the proof of necessity of within-class variance collapse in Lemma [I] which requires additional
elaboration.

As in the proof of the UCL setting, equality in can be attained only if Vi € C, w.p.1 given y = 7, we
A
must have f(z) = f(z") and || f(z)|| =1 (here, all the weights A, Hle 1_y—3\y are strictly positive). In the

SCL setting, z,z T are conditionally iid with distribution s(-|j) given y = j. From Lemma [7|in Appendix
it then follows that for all j € C, w.p.1 given y = j, f(z) = p;, or more compactly, Vo € X, f(z) = fy(x)
completing the proof of necessity in the SCL setting.

The proofs of all subsequent results in Section [f] and Section [§] go through straightforwardly since they only
make use of the lower bound G(M) in Lemma

In the SCL setting, Lemma [8] Lemma [9] and Lemma [10]in Section [6] and their proofs in the appendices
hold without any changes. However, Theorem [d] and Corollary [I] and their proofs change slightly in the SCL
setting as described below.

Theorem 5 (Sufficient conditions for minority collapse in the SCL setting). Let C, A1.c be as in Lemma@
S(+) be as in , As, ¢, and §, be as in Lemma@ and let a,b, A*(a), and y¢ be as in Lemma . With
(Y, Y1) distributed as in (@), if

11 € (Ov 1)’ (59)

/\1>7’:=1 5
+’Yc\/EA2 1

where 1 is the C x 1 vector of all ones, then for all a € [-1,1], S(A*(a)) is a strictly increasing function of
the variable a and is minimized when a = —1 = b =1 and then for all i € C\ {1}, pf = —ui with ||pi]] =1,
i.e., we have minority collapse.

Proof For all a,a’ € [-1,1] with o’ < a and (y,y;,,) distributed as in (5| we have

S(A*(a) = E[0(A2, (@) = A3, (a),..., A% (a) = Ay, ()]

=E[p(47, ()= 1., 47 ()= 1)]
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(L= A)E[b(A; (@) = 1., A% (@) = D]y #1]
—ME w(a—l,...,a—l)‘y: 1] n

(1- Al)E{w(Azy; (a) = 1,..., A% (a) - 1)‘3/ ” 1}
= Mdila—1)+(1— Al)E[w(A;yl_ (a) = 1., A2 (a) - 1)‘y ” 1], (60)

where the second and third equalities are because all the diagonal entries of the matrix A*(a) in Equation
of Lemma |8 are equal to one and if y = 1 then for all m € {1 : k}, y,, # 1 which would imply that
Azy, (a) = A*l‘y, (a) = a. Equation follows from the definition of ¢, in Lemma E Therefore,

S(A*(a)) — S(A™(a"))

= X1 (61(a—1) = 61’ = D) + (1= A)E[B(A?, (a) = 1,..., A7, (a) ~ 1)~

BAT (@) =1 AL (@) = )]y # 1}
>N (01(a—d))—(1—=X\)ve VEk Ay (a—a) (61)
= (a—d') (e VE Ay 4+ M (61 +vo VEAR))
> (a—a) (—ye VE Ay +v¢ VEA) (62)
=0,

where follows from and Lemma [10| together with the fact that s > —|s| for all s € R, and
follows from (59). Thus, for all a € [-1,1], S(A*(a)) is a strictly increasing function of the variable a
and is minimized when @ = —1. When a = —1, b = (a*(C — 1) —1)/(C —2) = 1. Then, Vi € C\ {1},
(uf)Tuf = a = —1. Since for all j € C we have ||u;‘||2 = 1, it follows from the alignment conditions for
equality in the Cauchy-Schwartz inequality that for all i € C\ {1}, uf = —puj. [ |

Corollary 7. For the InfoNCE loss function, condition (@) for minority collapse in Theorem@ is satisfied if

1
A1 € |7 ,]. s where T¢ =
1 [ C ) C 1

2 -

o (1+€?)

Moreover, for all C' > 3, 1 < 13 &~ 0.9438. Thus, A\ > 0.9438 is a sufficient condition for minority collapse
in the SCL setting for the InfoNCE loss function, irrespective of the number of classes C or the number of
negative samples per anchor sample k.

Proof As in the proof of Corollary [6] in Appendix

Moreover,
ke=2 1

T ktke? 14e2

61 =1"Vi(-21)

Plugging these into we get

1
=TC = 3 1
1+ 20 7

The most conservative (maximum) value of ¢ occurs when C' is minimum, i.e., C' = 3. When C' = 3, v¢ = 4,
and 7¢ ~ 0.9438. [ |
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