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Abstract001

The AdamW optimizer, while standard for002
LLM pretraining, is a critical memory bottle-003
neck, consuming optimizer states equivalent to004
twice the model’s size. Light-state optimizers005
like SinkGD attempt to solve this, but we iden-006
tify the embedding layer paradox: these meth-007
ods fail to handle the sparse, high-variance gra-008
dients of the embedding layer, forcing a hybrid009
design that reverts to AdamW and partially nul-010
lifies memory gains. We propose SAGE (Sign011
Adaptive GradiEnt), a novel optimizer that re-012
solves this paradox by replacing AdamW in013
this hybrid structure. SAGE combines a Lion-014
style update direction with a new, memory-015
efficient O(d) adaptive scale. This scale acts016
as a "safe damper," provably bounded by 1.0,017
which tames high-variance dimensions more018
effectively than existing methods. This supe-019
rior stability allows SAGE to achieve better020
convergence. On Llama models up to 1.3B021
parameters, our SAGE-based hybrid achieves022
new state-of-the-art perplexity, outperforming023
all baselines, including SinkGD hybrid, while024
significantly reducing optimizer state memory.025

1 Introduction026

The training of Large Language Models (LLMs)027

(Brown et al., 2020; Touvron et al., 2023) is a028

resource-intensive endeavor, fundamentally con-029

strained by the "memory wall." While significant030

strides have been made to reduce the memory foot-031

print of model parameters—through techniques032

such as Low-Rank Adaptation (LoRA) (Hu et al.,033

2022) or low-precision quantization (Dettmers034

et al., 2022)—these approaches often act as com-035

promises, trading off model capacity or training036

dynamics for memory efficiency. However, a dis-037

tinct and equally critical memory bottleneck per-038

sists in the optimizer itself. The industry-standard039

AdamW optimizer (Loshchilov and Hutter, 2019),040

prized for its stability, demands two full-sized mo-041

ment states for every parameter. For modern multi-042

billion parameter models, these O(V d) states can 043

consume memory proportional to twice the model 044

size, drastically limiting feasible batch sizes and 045

model scaling. 046

To alleviate this, a lineage of light-state opti- 047

mization research has emerged. Sign-based meth- 048

ods like Lion (Chen et al., 2023) demonstrated the 049

viability of using a single moment state with sign- 050

based updates. Methods like GaLore (Zhao et al., 051

2024) and APOLLO (Zhu et al., 2024) explored 052

low-rank projections and block-wise updates to re- 053

duce state overhead. Most recently, SWAN (Ma 054

et al., 2024) and SinkGD (Scetbon et al., 2025) 055

proposed a stateless O(1) normalization technique, 056

representing the latest advancement in minimiz- 057

ing memory overhead while maintaining training 058

stability. 059

Building upon these advances, we observed an 060

intriguing phenomenon regarding the embedding 061

layer. While recent light-state methods are highly 062

effective for dense layers, we found that the 063

sparse, high-variance gradients characteristic of 064

the embedding layer often pose a unique stability 065

challenge. This observation explains the design 066

choice in recent works to retain a hybrid structure, 067

falling back to the memory-intensive AdamW 068

specifically for embeddings. Our work takes 069

this observation as a starting point: rather than 070

viewing this as a limitation of prior work, we 071

see it as an opportunity to develop a specialized, 072

memory-efficient solution that eliminates this final 073

dependency on heavy optimizers (Section 2). 074

075

Contributions. Our core contribution is to 076

solve this embedding layer paradox. We intro- 077

duce SAGE (Sign Adaptive GradiEnt), a novel, 078

memory-efficient optimizer specifically designed 079

to master the embedding layer’s gradients. SAGE 080

maintains only a single O(V d) moment state 081

(like Lion) but replaces AdamW’s O(V d) second- 082

moment state with a novel, O(d) dimension-wise 083



adaptive damper. This state tracks the mean084

absolute gradient (L1 norm) and is theoretically085

bounded, providing a memory-efficient mechanism086

to stabilize high-variance gradients. This design087

results in a truly memory-efficient hybrid optimizer.088

We demonstrate that our SAGE-based hybrid,089

which allows for a more aggressive learning090

rate, outperforms AdamW, Lion, and the original091

SinkGD+Adam hybrid in both test perplexity092

and memory footprint across models up to 1.3B093

parameters (Section 4).094

2 Background and Motivation095

2.1 The Optimizer State Memory Bottleneck096

The memory cost of an optimizer is dominated by097

its states. For a parameter θ, AdamW maintains a098

first moment Mt and a second moment Vt. For an099

embedding layer of size V × d, this requires two100

O(V d) states. As V often exceeds 100, 000, these101

states are the single largest memory cost outside of102

the model parameters themselves.103

2.2 The Promise of Light-State Optimizers104

Our work is built upon the foundations laid by105

several key paradigms in optimization. We view106

the following methods as the cornerstones of our107

approach, synthesizing their strengths to achieve a108

new level of efficiency:109

• AdamW (Loshchilov and Hutter, 2019): The110

robust standard, providing the stability of111

second-moment normalization which we aim112

to approximate efficiently.113

• Lion (Chen et al., 2023): The pioneer of the114

single-state, sign-based update, which demon-115

strates that memory can be halved without116

sacrificing convergence speed.117

• SinkGD (Scetbon et al., 2025): The state-118

of-the-art framework for light-state training,119

which provides the effective hybrid architec-120

ture that we adopt and refine.121

2.3 The Embedding Layer Paradox122

While promising, we observe a curious escape123

hatch in the design of state-of-the-art light-state124

optimizers. The work by Scetbon et al. (2025)125

itself defaults to a hybrid structure, applying its126

stateless SinkGD to 2D weights but reverting to the127

2-state AdamW for the embedding layer.128

This raises a critical question: why does the 129

light-state approach fail for embeddings? We hy- 130

pothesize this is due to the unique properties of 131

the embedding layer: its gradients are both sparse 132

and high-variance due to the Zipfian distribution 133

(Zipf, 1946) of token frequencies. Stateless meth- 134

ods, which apply uniform normalization, struggle 135

to efficiently learn representations under these con- 136

ditions. 137

To validate this hypothesis, we conduct a mo- 138

tivating experiment comparing two versions of 139

SinkGD on a 270M parameter model: 140

1. SinkGD-Pure: The stateless normalizer is 141

applied to all 2D parameters, including em- 142

beddings. 143

2. SinkGD-Hybrid: The hybrid design from 144

Scetbon et al. (2025), using AdamW for the 145

embedding layer. 146
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Figure 1: Test Perplexity for SinkGD-Pure vs. SinkGD-
Hybrid. Even with tuned learning rates, the pure-
stateless optimizer fails to learn effective embedding
representations, resulting in significantly worse final
perplexity compared to the hybrid design.

As shown in Figure 1, while SinkGD-Pure can 147

be tuned to remain stable, it suffers from a catas- 148

trophic deficit in learning efficiency, failing to reach 149

competitive perplexity. This confirms our hypothe- 150

sis: the embedding layer requires specialized, adap- 151

tive optimization that naive light-state methods can- 152

not provide. 153

This result provides strong evidence for our cen- 154

tral hypothesis: the embedding layer is a critical 155

point of instability that naive light-state optimiz- 156

ers cannot handle. Therefore, the key to a truly 157

memory-efficient optimizer is to design a new, 158

light-state algorithm that can successfully replace 159

AdamW on the embedding layer. 160



3 Proposed Method: SAGE161

3.1 A Hybrid, Efficient Optimizer162

Our analysis in Section 2.3 establishes a clear de-163

sign goal: an embedding optimizer that is both164

memory-light and stable against sparse, high-165

variance gradients.166

The Lion optimizer (Chen et al., 2023) is a167

strong memory-light baseline, using only a sin-168

gle O(V d) momentum state Mt. Its core update,169

Ût = sign(Mt), can be understood as having an170

implicit, static update scale of 1.0 in every dimen-171

sion. While simple and fast, this static scale lacks172

any mechanism to control high-variance dimen-173

sions, which limits its maximum stabile learning174

rate and can be suboptimal.175

We propose SAGE as a direct, adaptive gen-176

eralization of Lion. SAGE replaces Lion’s static177

1.0 scale with a novel, O(d) adaptive scale, Ht.178

This adaptive scale is the core of our contribu-179

tion. It is an element-wise relative damper derived180

from an O(d) exponential moving average(EMA)181

of the mean absolute gradients (L1 norm). As de-182

tailed in Algorithm 1, this scale compares the "loud-183

ness" of each dimension to the layer update’s root184

mean sqaure(RMS) average. It is provably bounded185

(||Ht||∞ ≤ 1.0), allowing it to selectively damp186

high-variance dimensions where the signal exceeds187

the layer average, while defaulting to Lion’s 1.0188

scale for quieter dimensions.189

Our full optimizer follows the hybrid structure190

motivated in Section 2. While prior work (Scetbon191

et al., 2025) relied on AdamW for 1D parameters,192

we find that SAGE is equally effective for them.193

We therefore propose a configuration summarized194

in Table 1:195

Model Component Optimizer State Size

Embedding Layer SAGE O(V d) +O(d)
Biases/Norms (1D) SAGE 2×O(d)
Dense Weights (2D) SinkGD O(1)

Table 1: Composition of the proposed SAGE-Unified
optimizer. By using SAGE for embeddings instead of
AdamW (which requires 2×O(V d) states), we reduce
the dominant memory cost by≈ 50% while maintaining
stability.

196

3.2 The SAGE Algorithm197

The SAGE update is detailed in Algorithm 1. While198

primarily designed for the embedding layer, SAGE199

generalizes naturally to 1D parameters (biases, 200

layer norms) via simple branching logic (Equa- 201

tion 2), allowing it to act as a universal stateful 202

optimizer. 203

Algorithm 1 Sign-Adaptive GradiEnt (SAGE)
Input: Learning rate schedule (ηt)t≥1, decay
rates w, β1, β2, ϵ. Initialize: Params θ0, M0 ← 0,
S0 ← 0.

for t = 1 to T do
gt ← ∇θft(θt−1)

θt−1 ← θt−1 · (1− ηtw)

if θ is 2D (Embedding) then
(st)j ← 1

V

∑V
i=1 |gt,ij | for j = 1...d

else
st ← |gt| {Element-wise Abs}

end if
St ← β2St−1 + (1− β2)st

Ŝt ← St/(1− βt
2)

σrms ←
√

1
d

∑d
j=1(Ŝt)2j

γrms ←
√

1
d

∑d
j=1(st)

2
j

for j = 1 to d do
(Dema

t )j ← σrms/((Ŝt)j + ϵ)

(Dinst
t )j ← γrms/((st)j + ϵ)

(Ht)j ← min((Dema
t )j , (D

inst
t )j , 1)

end for
Ct ← sign(β1Mt−1 + (1− β1)gt)

Ût ← Ct ⊙Ht

θt ← θt−1 − ηt · Ût

Mt ← β2Mt−1 + (1− β2)gt
end for
return θT

Decoupled Weight Decay 204

We follow the AdamW (Loshchilov and Hutter, 205

2019) style of decoupled weight decay, which is ap- 206

plied directly to the parameters θ before any other 207

operation: 208

θt−1 ← θt−1 · (1− ηtw) (1) 209

Adaptive Scale Calculation 210

The core of SAGE’s memory-efficiency is its O(d) 211

adaptive state, St. For embedding layers (2D), we 212



compute st as the mean of absolute gradients across213

the vocabulary dimension (O(d) reduction). For214

1D parameters, we set st = |gt|, retaining per-215

element resolution.216

st ←
{

1
V

∑V
i=1 |gt,ij | if 2D (Embedding)

|gt| if 1D (Bias/Norm)
(2)217

This vector st is used to update the exponential218

moving average (EMA) St. To counteract bias219

towards zero during the initial training steps, we220

apply a standard bias correction (Kingma and Ba,221

2015) to obtain the final state Ŝt222

The adaptive scale Ht is calculated using a Rel-223

ative RMS strategy. We first calculate the Root224

Mean Square (σrms) of the state vector Ŝt to estab-225

lish a reference "loudness" for the layer’s update.226

We then define the relative adaptive scale Ht as the227

ratio of this reference to the j-th dimension’s value.228

This design of Ht, formalized in Algorithm1,229

ensures scale invariance. For "quiet" dimensions230

(where (Ŝt)j < σrms), the ratio exceeds 1, and we231

clip to 1, defaulting to Lion’s behavior. For "loud"232

dimensions (where (Ŝt)j > σrms), the ratio is < 1,233

safely damping the high-variance signal.234

Finally, to prevent catastrophic instability from235

sudden spikes that the EMA may lag behind,236

we enforce an additional instantaneous stability237

constraint derived from the current batch statis-238

tics (analogous to element-wise Adaptive Gradient239

Clipping (Brock et al., 2021)); full details are pro-240

vided in Appendix A.5.241

Direction and Final Update242

The final parameter update is the element-wise243

product of the direction Ct and our new adaptive244

scale Ht, scaled by the learning rate ηt. While the245

update direction Ct and momentum state Mt are246

updated identically to Lion (Chen et al., 2023).247

Ût ← Ct ⊙Ht, θt ← θt−1 − ηt · Ût (3)248

3.3 Theoretical Analysis249

We now provide a theoretical analysis to ground our250

approach. The convergence of our hybrid optimizer251

relies on its components; we refer to the established252

proofs for AdamW (Loshchilov and Hutter, 2019)253

and Sinkhorn GD (Scetbon et al., 2025). Our analy-254

sis focuses on proving the convergence of our novel255

SAGE update.256

Following standard practice in non-convex op-257

timization (Nesterov, 2004; Robbins and Monro,258

1951; Bottou et al., 2018), we make the following 259

assumptions: 260

261

• L-smoothness: The loss function f is L- 262

smooth, ensuring the gradient does not change 263

arbitrarily fast. 264

• Bounded Variance: The stochastic gradients 265

gt have bounded variance, 266

E[||gt −∇f(θt)||2] ≤ σ2. 267

• Bounded Gradients: The stochastic gradi- 268

ents are bounded, ||gt||∞ ≤ G. 269

Justification for the Adaptive State. Our use of 270

the L1-based state St as a proxy for per-dimension 271

gradient scale is grounded in the established prin- 272

ciples of deep network training. Modern architec- 273

tures, through techniques like Xavier initialization 274

(Glorot and Bengio, 2010) and Layer Normaliza- 275

tion (Ba et al., 2016), are designed to maintain ac- 276

tivation and gradient means near zero. Under this 277

zero-mean assumption, the mean absolute value 278

(St ≈ E[|gt|]) becomes a robust estimator of the 279

gradient’s standard deviation (scale), similar to the 280√
E[g2t ] estimator used by Adam. 281

Lemma 3.1 (Bounded St). Given the Bounded 282

Gradients assumption, the stochastic gradient gt is 283

bounded. Therefore, the per-dimension L1-mean 284

st (an average of bounded values) is also bounded. 285

As St is an EMA of this bounded signal, St is also 286

bounded, i.e., ||St||∞ ≤ Smax. 287

Lemma 3.2 (Bounded Adaptive Scale Ht). The 288

SAGE adaptive scale Ht is, by design, element- 289

wise bounded, with an L∞ norm ||Ht||∞ ≤ 1.0. 290

Proof. Let Ŝt be the bias-corrected EMA state. 291

From Lemma 3.1, Ŝt is bounded and non- 292

negative. We calculate the layer-wise RMS, σrms = 293√
1
d

∑
(Ŝt)2j , which serves as a strictly positive 294

scalar reference (assuming non-zero gradients). 295

The raw damper Dt is calculated as (Dt)j = 296

σrms/((Ŝt)j + ϵ). 297

The final adaptive scale Ht is computed element- 298

wise as: 299

(Ht)j = min((Dt)j , 1) (4) 300

By the definition of the min operation, for any di- 301

mension j, the value (Ht)j is non-negative and 302

guaranteed to be (Ht)j ≤ 1.0. Therefore, the L∞ 303



norm (the maximum absolute element) of the adap-304

tive scale is also bounded:305

||Ht||∞ = max
j
|(Ht)j | ≤ 1 (5)306

This formally proves that our adaptive scale Ht307

provides a provably safe, non-amplifying update.308

309

Theorem 3.3 (Convergence of SAGE).310

SAGE converges to a stationary point (i.e.,311

limT→∞ E[||∇f(θt)||2] = 0) under the standard312

assumptions and a suitable learning rate decay313

schedule.314

Proof Sketch. The SAGE update is Ût = Ct⊙Ht.315

316

1. The update direction Ct = sign(. . . ) is317

bounded, ||Ct||∞ ≤ 1.318

2. From Lemma 3.2, the adaptive scale Ht is319

also bounded, ||Ht||∞ ≤ 1.320

3. Therefore, the full update step Ût is element-321

wise bounded, ||Ût||∞ = ||Ct ⊙Ht||∞ ≤ 1.322

SAGE applies an update that is provably no larger323

in magnitude than that of Lion. As SAGE is324

a strictly safer (i.e., more cautious) sign-based325

method, its convergence is guaranteed by the estab-326

lished frameworks for sign-based optimizers (Chen327

et al., 2023).328

3.4 Relationship to Lion329

SAGE is a direct, adaptive generalization of the330

Lion(Chen et al., 2023) optimizer. The core Lion331

update can be expressed as:332

ÛLion
t = Ct ⊙ 1 (6)333

where Ct = sign(β1Mt−1 + (1 − β1)gt) and the334

update magnitude is a static scale of 1. The SAGE335

update simply replaces this static scale with our336

dynamic, adaptive scale Ht:337

ÛSAGE
t = Ct ⊙Ht (7)338

Therefore, Lion is a special case of SAGE where339

Ht is fixed to 1 for all dimensions and all steps t.340

As our theoretical analysis in Lemma 3.2 proves,341

||Ht||∞ ≤ 1.0. This means SAGE is a strictly342

safer generalization, as its per-dimension update343

magnitude is provably less than or equal to Lion’s.344

Our experiments confirm that this bounded, adap-345

tive damping is the key to providing the stability346

needed to outperform Lion by using a higher learn-347

ing rate.348

4 Experiments 349

We conduct a series of experiments to validate 350

SAGE and answer three key questions: 1) Does our 351

hybrid SAGE optimizer outperform state-of-the- 352

art baselines in final perplexity and convergence 353

speed? 2) Is SAGE’s adaptive "safe-damping" 354

mechanism the key to its stability and performance? 355

3) Does SAGE deliver on its promise of signifi- 356

cantly reducing memory consumption compared to 357

AdamW used in SinkGD? 358

4.1 Experimental Setup 359

Training Details All models were implemented 360

in PyTorch (Paszke et al., 2019) using the Trans- 361

formers library (Wolf et al., 2019) and trained from 362

scratch on a single NVIDIA H200 GPU. We used a 363

global batch size of 130k tokens (sequence length 364

512) for all runs. All runs use a cosine learning 365

rate schedule with 10% warmup. For baseline op- 366

timizers, we adopt the learning rates favored by 367

their original work. For our proposed SAGE and 368

other hybrid configurations not covered in prior 369

work, we conduct a grid search to find the rea- 370

sonable learning rate. This approach ensures a 371

fair comparison where each optimizer operates 372

in a reasonably tuned regime, while acknowledg- 373

ing that further fine-grained tuning could poten- 374

tially yield marginal improvements for all meth- 375

ods. Other hyperparameters were kept constant 376

(β1 = 0.9, β2 = 0.99,wd = 0.01 for all optimiz- 377

ers). 378

Models and Data We pretrain a series of 379

LLaMA-architecture (Touvron et al., 2023) models 380

from scratch, with parameter counts of 270M, 0.6B, 381

and 1.3B. We train all models on a 6.6B token sub- 382

set of The Pile (Gao et al., 2020), using bfloat16 383

precision for efficiency. We choose The Pile over 384

simpler datasets like C4 (Raffel et al., 2019) as re- 385

cent work suggests its greater diversity provides 386

a more rigorous benchmark for evaluating model 387

capabilities (Bandari et al., 2024). As for the subset 388

of The Pile, we used the data selection framework 389

based on importance resampling introduced by Xie 390

et al. (2023). We used an 8:2 train/test split ratio. 391

Optimizers and Baselines We compare follow- 392

ing list of optimizer configurations. Our primary 393

method is the SAGE, which uses SAGE for the 394

embedding layer and follow SinkGD for all other 395

weights. For brevity, we hereinafter refer to the hy- 396

brid configurations simply as SAGE and SinkGD, 397
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Figure 2: Convergence and efficiency on the 1.3B model. (a) Test perplexity - lower the better; SAGE achieves the
lowest final perplexity and faster convergence. (b) Throughput - higher the better; Effective throughput normalizes
processing speed by the steps required to match the lowest (Lion-Hybrid) performance. (c) Peak memory usage
breakdown by component.

Group Method 270M 0.6B 1.3B

PPL Mem (GB) PPL Mem (GB) PPL Mem (GB)

Baselines

AdamW 37.35 2.1 31.74 4.4 27.81 9.8
APOLLO 52.83 1.2 44.84 2.1 39.54 3.6
Lion 30.24 1.0 26.58 2.2 28.37 4.9
SinkGD(Hybrid) 34.30 0.9 32.85 1.5 28.71 1.9

Ablations
SinkGD-Pure 192.7 0.0 117.8 0.0 98.84 0.0
SAGE-Pure 116.0 1.0 179.0 2.2 216.0 4.9
Lion-Hybrid 32.10 0.5 28.73 0.7 28.40 0.9

Our Methods SAGE(Unified) 29.95 0.5 26.71 0.7 24.33 0.9

Table 2: Main results comparing final test perplexity (PPL) and peak optimizer memory usage (Mem) across
three model scales. SAGE consistently achieves the best perplexity while maintaining a low memory footprint,
outperforming both pure and hybrid baselines. Lower PPL is better.

unless the distinction with the pure ablation is nec-398

essary. We compare against:399

• AdamW: The standard 2-state (M, V) base-400

line from Loshchilov and Hutter (2019).401

• Lion: The sign-based baseline from Chen402

et al. (2023) with 1-state (M) applied to all403

parameters.404

• APOLLO: The baseline from Zhu et al.405

(2024), which uses an auxiliary low-rank opti-406

mizer state based on pure random projection.407

• SinkGD-Pure: An ablation applying SinkGD408

from Scetbon et al. (2025) to all weights, in-409

cluding the embeddings.410

• SinkGD: The baseline from Scetbon et al.411

(2025), where SinkGD is applied to all 2D412

weights except for the embeddings and for all413

other weights AdamW is used.414

• Lion-Hybrid: A strong baseline with the 415

same setup as SinkGD, but using Lion for 416

embeddings. 417

• SAGE-Pure: An ablation where SAGE is ap- 418

plied to all parameters, including embeddings 419

and 1D weights, to validate our hybrid design. 420

• SAGE-Unified: Our proposed method, using 421

SinkGD for all 2D dense weights except for 422

the embeddings and SAGE is applied to all 423

other parameters. We also evaluated a vari- 424

ant using AdamW for 1D parameters as did 425

Scetbon et al. (2025), but found no practical 426

difference in performance, so we report results 427

for the simpler unified configuration. 428

To validate our design, we conduct ablation studies 429

with pure and other hybrid configurations, con- 430

firming that the SAGE structure is the optimal com- 431



bination. All 1D parameters (biases, normaliza-432

tion) of the hybrid optimizers use AdamW as did433

in Scetbon et al. (2025). All experiments are run434

with 3 different random seeds, and we report the435

average of the final test perplexity. Further details436

on data preprocessing and hyperparameter tuning437

are provided in Appendix A.438

Unit-Norm SinkGD for Dense Layers. We em-439

ploy a modified Unit-Norm version of Sinkhorn440

Gradient Descent (SinkGD) for dense 2D layers.441

Let W ∈ Rm×n denote a weight matrix where we442

assume m ≤ n without loss of generality. The443

original SinkGD (Scetbon et al., 2025) explicitly444

scales the normalized gradient matrix by
√
nm to445

match the expected Frobenius norm of Adam up-446

dates (≈ √nm).447

However, our SAGE optimizer employs a damp-448

ing mechanism that reduces the effective update449

magnitude for stability. Pairing SAGE with the450

original variance-preserving SinkGD creates a mas-451

sive magnitude mismatch: the dense layers receive452

updates scaled by
√
nm while the embedding layer453

receives damped updates ≤ 1.0.454

To resolve this, we remove the
√
nm scaling fac-455

tor from SinkGD, targeting a unit row norm (1.0).456

This aligns the update magnitude of the dense lay-457

ers with the "safe-damped" regime of SAGE. We458

find this magnitude alignment is critical for sta-459

bility at scale, allowing us to control the effective460

learning speed via a single scalar hyperparameter α461

(typically α ≈ 10) rather than implicit dimensions-462

dependent scaling.463

4.2 Main Results464

Performance at Scale As shown in Table 2, our465

SAGE optimizer achieves the lowest test perplexity466

across all 3 model scales. We observe that while467

the Lion-Hybrid is a strong baseline, our SAGE468

consistently outperforms it. This confirms our hy-469

pothesis that Lion’s static 1.0 scale is suboptimal,470

and our adaptive, "safe-damping" scale provides a471

significant performance gain. Furthermore, Figure472

2 visualizes these results, showing that the perfor-473

mance gap between SAGE and its baselines widens474

as the model size increases. This suggests that475

SAGE’s superior stability and adaptivity are even476

more critical for larger, more complex models. The477

performance advantage of SAGE becomes increas-478

ingly pronounced at larger scales. For the 1.3B479

model, it achieves a perplexity of 24.33, surpass-480

ing the next-best baseline (AdamW at 27.81) by a481

substantial margin. This widening gap is particu- 482

larly noteworthy because as models grow, the em- 483

bedding layer’s relative parameter share decreases 484

(from 48% to 20% in our experiments). We hypoth- 485

esize this trend arises because larger models are 486

deeper and have higher-dimensional embeddings, 487

making the gradient dynamics more complex. In 488

this regime, SAGE’s fine-grained, adaptive con- 489

trol over embedding updates becomes even more 490

critical for overall model performance. 491

4.3 Memory Footprint 492

As shown in Table 2, our SAGE optimizer of- 493

fers significant memory savings compared to the 494

SinkGD baseline, which uses the memory-intensive 495

AdamW for its embedding layer. By replac- 496

ing AdamW’s O(V d) second-moment state with 497

SAGE’s negligible O(d) state, our hybrid matches 498

the low memory footprint of Lion-Hybrid. This 499

reduction in optimizer state translates to a signifi- 500

cant 10-45% decrease in total peak memory, at the 501

model size of 1.3B, enabling researchers to train 502

larger models or use larger batch sizes on the same 503

hardware. A detailed breakdown across all model 504

scales can be found in Appendix A.2. 505

4.4 Analysis and Ablation Studies 506

Learning Rate Tuning and Stability We inves- 507

tigate the optimal learning rate for SAGE through 508

a targeted grid search, motivated by its relation- 509

ship to Lion. Chen et al. (2023) recommends a 510

learning rate of 1 × 10−4 for language modeling. 511

This relationship (discussed in 3.4) allows us to 512

directly adapt the learning rates from Lion via 513

a lazy-tuning approach (tuned without extensive 514

search), for SAGE. This can be thought of as a 515

variation of LR grafting (Agarwal et al., 2022). We 516

therefore conducted a grid search over the range 517

[1×10−4, 2×10−4, 5×10−4, 1×10−3, 2×10−3]. 518

While Lion-Hybrid’s performance peaks at 1 × 519

10−4 and collapses shortly after, SAGE remains 520

stable and achieves its best performance at a much 521

higher learning rate of 1 × 10−3. This demon- 522

strates that SAGE’s "safe-damping" mechanism 523

successfully tames gradient variance, unlocking a 524

more potent learning rate. Additionally, SAGE’s 525

adaptive nature also renders it robust to batch size 526

variations, unlike stateless methods which behave 527

like SGD and often require strict adherence to lin- 528

ear scaling rules when gradient noise levels change 529

(Goyal et al., 2017; Krizhevsky, 2014). 530
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Figure 3: Visualization of the SAGE adaptive scale Ht (for d = 1024 dimensions) over the first 500 (left) and 5k
(right) training steps. The raw Ht ∈ (0, 1.0] values are log-transformed and normalized. The white background
(value 1.0) corresponds to the majority of "quiet" dimensions where the gradient variance is below the layer average,
causing SAGE to clip the scale to 1.0 (Lion’s default). The colored stripes (low values ≪ 1.0) correspond to
specific "loud" high-variance dimensions where SAGE actively applies strong damping. This confirms SAGE acts
as a sparse damper, intervening only on specific unstable dimensions while letting the majority update at full scale.

Internal State Visualization Finally, in Figure531

3, we provide direct evidence of SAGE’s mecha-532

nism. We visualize the normalized adaptive scale533

Ht over training time. The visualization reveals534

a distinct "sparse damping" policy. The vast ma-535

jority of the heatmap is white (value 1.0), identi-536

fying the low-variance dimensions where SAGE537

clips the scale to 1.0, defaulting to Lion’s behavior.538

Conversely, distinct colored stripes appear hori-539

zontally, representing specific high-variance di-540

mensions where SAGE actively applies strong541

damping (Ht ≪ 1.0). Crucially, the heatmap cap-542

tures the temporal evolution of this mechanism. In543

the early training steps, Figure 3(left), we observe544

dense, widespread damping activity as the opti-545

mizer calibrates to the initial gradient noise. Over546

the long term, Figure3(right), the system stabilizes:547

the damping becomes more sparse and localized548

to a consistent subset of structurally high-variance549

dimensions, allowing the majority of the model to550

update at full magnitude. This proves SAGE is551

not just reacting to random spikes, but applying a552

consistent, fine-grained policy that evolves from553

global stabilization to surgical intervention.554

This low-dimensional structure is consistent with555

findings that neural network optimization occurs in556

a low-dimensional subspace (Gur-Ari et al., 2018),557

and that adaptation signals often have a low-rank558

structure (Aghajanyan et al., 2021). Our analysis559

shows that although Ht lives in a d-dimensional 560

space, its evolution is governed by a few smooth, 561

coherent principal directions. This indicates that 562

SAGE maintains a compact representation of the 563

update geometry, enabling stable optimization with- 564

out relying on traditional per-parameter moment es- 565

timates. Further PCA analysis of Ht can be found 566

in A.3. 567

5 Conclusion 568

In this work, we identified the embedding layer 569

paradox as an unaddressed bottleneck for light- 570

state optimizers. We proposed SAGE, a novel 571

optimizer that generalizes Lion with a memory- 572

efficient O(d) adaptive scale. By designing this 573

scale as a "safe damper", SAGE effectively tames 574

the high-variance embedding gradients that can 575

limit the performance of the optimizer. Our experi- 576

ments on models up to 1.3B parameters show that 577

SAGE achieves state-of-the-art perplexity and con- 578

vergence speed. We demonstrated SAGE’s superior 579

stability allows for more aggressive learning rates 580

than Lion, achieving top-tier performance while 581

matching the low memory footprint of Lion-based 582

hybrids. By resolving the embedding layer para- 583

dox, SAGE delivers optimal performance without 584

the high memory overhead of traditional methods, 585

offering a more efficient path for researches involv- 586

ing LLM training. 587



Limitations588

While SAGE demonstrates strong performance, our589

study has several limitations. First, our experiments590

were conducted on models up to 1.3B parameters.591

Although we observe a clear trend of a widening592

performance gap as model size increases, these593

models are still relatively small in the modern LLM594

landscape, and further validation on larger scales595

(e.g., 7B+) is necessary.596

Second, the duration of our pre-training experi-597

ments was constrained by computational budgets.598

Since the Effective Throughput metric is a function599

of the final perplexity reached by the baseline, the600

reported efficiency ratios are tied to this specific601

training horizon. In practice, performance gaps602

between optimization algorithms often widen as603

training extends on larger datasets; thus, our re-604

ported efficiency gains may represent conservative605

estimates compared to full-scale, multi-trillion to-606

ken pre-training.607

Finally, our analysis was confined to language608

modeling on The Pile dataset. The effectiveness609

of SAGE on other modalities (e.g., vision) or fine-610

tuning tasks remains an open question.611
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A Appendix 784

A.1 Model Configurations 785

The table 3 provides a full configurations of each models used in the experiments, for readers to reproduce 786

the results. 787

Configuration 270M 0.6B 1.3B

Hidden Size 1024 1536 2048
Intermediate Size 2816 4224 5632
Max Position Embeddings 8192 8192 8192
Num Attention Heads 16 24 32
Num Hidden Layers 13 16 24
Num Key-Value Heads 2 3 4
Vocab Size 128256 128256 128256

Table 3: Model configurations for the different scales used in the experiments.

A.2 Full Memory Footprint Comparison 788

Table 4 provides a comprehensive breakdown of memory consumption across all tested model scales. 789

270M 0.6B 1.3B
(Emb. Params: 48%) (Emb. Params: 33%) (Emb. Params: 20%)

Optimizer Opt. (GB) Total (GB) Opt. (GB) Total (GB) Opt. (GB) Total (GB)

AdamW 2.045 4.091 4.421 8.843 9.833 19.67
APOLLO 1.208 3.254 2.102 6.524 3.648 13.48
Lion 1.023 3.067 2.211 6.631 4.916 14.75
SinkGD(Hybrid) 0.979 3.023 1.468 5.890 1.958 11.79

SinkGD-Pure 0.0 2.046 0.0 4.422 0.0 9.832
SAGE-Pure 1.023 3.069 2.212 6.634 4.92 14.75
Lion-Hybrid 0.489 2.535 0.734 5.156 0.979 10.81

SAGE(Unified) 0.489 2.535 0.734 5.156 0.979 10.81

Table 4: Peak memory footprint comparison across all model scales. "Opt." refers to optimizer state memory, while
"Total" is the sum of model weights, gradients and the optimizer states. SAGE is comparable to the low total
memory of a pure stateless optimizer SinkGD-Pure, offering a substantial reduction compared to the AdamW-based
hybrid, which translates to significant savings in total memory.

A.3 Internal State Dynamics Analysis 790

Internal State Dynamics (PCA) To further understand how SAGE regulates update magnitudes, we 791

perform Principal Component Analysis (PCA) on the sequence of the adaptive scale vectors, Ht. The 792

trajectories of the top principal components (PCs) reveal a distinct two-phase adaptation process. 793

As shown in Figure 4 (a), both PC1 and PC2 exhibit a sharp, significant rise in magnitude during the 794

initial training steps (t < 50), followed by a gradual decay and stabilization. This indicates that SAGE 795

performs rapid initial calibration, aggressively adjusting the damping factors as it first encounters the 796

embedding layer’s high-variance gradients. Following this discovery phase, the components settle into 797

stable, non-zero values, confirming that the optimizer finds and maintains a consistent damping policy for 798

specific dimensions rather than oscillating erratically. 799

The trajectory in the PC1-PC2 plane (Figure 4 (b)) visualizes this dynamic as a clear "excursion and 800

return" path. The system quickly moves to a high-activity region to handle initial training instability and 801
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Figure 4: PCA of the adaptive scale vector Ht. (a) Trajectories of the top 3 principal components. PC1 and PC2
show a sharp, distinct spike in activity during the early training phase (initial 1k steps), reflecting rapid adaptation
to the embedding layer’s geometry. This is followed by a gradual stabilization phase where components settle
into steady states. (b) The trajectory in PC1-PC2 space reveals a clear "hook" pattern: a rapid initial excursion
away from the origin (adaptation) followed by a smooth return path that converges toward a stable operating point
(stabilization).

then smoothly converges toward a fixed point. This confirms that SAGE’s adaptive mechanism is both802

responsive to early-stage noise and stable during long-term training.803

A.4 Learning Rate Tuning804

We performed a comprehensive comparison runs of learning rates for SAGE on the 0.6B model, which805

resulted in 2e−3 as the best out of the range.806

Furthermore, we observed a distinct advantage in stability regarding batch size variations. Stateless807

optimizers like SinkGD, lacking a history-based moment to normalize variance, behave similarly to808

standard SGD. Consequently, they are highly sensitive to the noise introduced by smaller batch sizes.809

To maintain convergence stability when the batch size is reduced, they typically require a proportional810

reduction in learning rate, following the Linear Scaling Rule (Goyal et al., 2017; Krizhevsky, 2014).811

In contrast, SAGE’s adaptive damper Ht naturally adjusts to the changing gradient variance associated812

with different batch sizes. This behavior aligns with the properties of adaptive optimizers, which often813

follow a gentler square-root scaling or remain robust across a wider range of settings (Zhang et al., 2019).814

Empirically, we found that SAGE could maintain stability using the same learning rate even when the815

effective batch size was reduced to fewer than 10, whereas SinkGD required significant re-tuning.816

A.5 Instantaneous Stability Constraint817

While the EMA-based state St effectively handles long-term variance, it introduces a lag that can be818

vulnerable to sudden, extreme gradient spikes. To address this, we implement an Instant Damper based819

on the current batch’s gradient gt.820

We calculate the instantaneous relative scale Hinst
t using the same Relative RMS logic but applied to821

|gt| instead of St:822

(Hinst
t )j =

√
mean(|gt|2)
|(gt)j |+ ϵ

(8)823

The final adaptive scale applied to the update is the conservative minimum of the EMA-based scale and824

this instantaneous scale:825

Ht ← min(HEMA
t ,Hinst

t , 1.0) (9)826



This acts as a fast-acting circuit breaker that clips updates immediately if the current gradient direction is 827

an outlier relative to the layer’s current activation pattern. 828

A.6 Throughput Analysis and Metrics 829

To comprehensively evaluate training efficiency, we report performance on a single H200 GPU using two 830

distinct metrics in Figure2(b): 831

Raw Throughput. This measures the standard computational speed of the optimizer, expressed in 832

tokens processed per second (tokens/sec). It reflects the computational overhead of the optimizer’s update 833

step (e.g., SAGE vs. AdamW) independent of convergence quality. 834

Effective Throughput. Raw throughput does not account for algorithmic efficiency (i.e., how much 835

the model learns per step). Following the methodology of Scetbon et al. (2025), we compute Effective 836

Throughput to quantify wall-clock convergence speed. 837

We define the effective throughput Teff of an optimizer O as: 838

Teff(O) =
Nbase

TO
(10) 839

where Nbase is the total number of training tokens required by the baseline optimizer Lion-Hybrid, 840

which exhibited the slowest convergence in our 1.3b scale experiments, to reach its final test perplexity, 841

and TO is the wall-clock time in seconds required by optimizer O to reach that same perplexity. This 842

metric effectively penalizes optimizers that process tokens quickly but converge slowly, while rewarding 843

optimizers like SAGE that maximize learning efficiency per second. 844

Sensitivity to Experimental Setup. It is important to note that the absolute magnitudes of these 845

throughput ratios may vary across different experimental environments. Raw throughput is sensitive 846

to implementation details (e.g., kernel optimizations), while effective throughput depends heavily on 847

the dataset size and total training budget. Specifically, the target perplexity defined by the baseline 848

changes as training extends; typically, superior optimizers widen the performance gap on larger datasets 849

or longer training horizons. Therefore, while computational constraints limited the scale of this study, 850

we hypothesize that the reported efficiency gains are conservative estimates. We expect the relative 851

performance ordering—with SAGE outperforming the baselines—to remain consistent or become more 852

pronounced in larger-scale training regimes. 853

B Use of AI Assistants 854

We acknowledge the use of AI coding assistants to refine the Python scripts used for generating the plots 855

in this paper. We emphasize that all data points presented in the figures were loaded directly from raw 856

experimental logs, and the AI tools were strictly limited to formatting and visualization tasks. 857
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