Published as a workshop paper at the 1st Workshop on Scaling Post-training for LLMs (SPOT),
ICLR 2026

FROM ATOMIC TO COMPOSITE: REINFORCEMENT
LEARNING ENABLES GENERALIZATION
IN COMPLEMENTARY REASONING

Sitao Cheng', Xunjian Yin?, Ruiwen Zhou®, Yuxuan Li',
Xinyi Wang?, Liangming Pan®’, William Yang Wang®, Victor Zhong'f

!University of Waterloo ~ 2Duke University  3National University of Singapore
4Princeton University  ®Peking University ~ SUniversity of California, Santa Barbara

{sitao.cheng, victor.zhong}@uwaterloo.ca liangmingpan@pku.edu.cn

ABSTRACT

Does Reinforcement Learning (RL) merely amplify existing skills, or synthesize
novel skills? We investigate this open question through the lens of Complementary
Reasoning: the critical practical capability of integrating internal knowledge with
external context, a prerequisite for reliable Retrieval-Augmented Generation. Us-
ing a controlled synthetic dataset of open-domain biographies to avoid contamina-
tion, we decompose this capability into two atomic skills: Parametric Reasoning
(retrieving facts encoded in model weights) and Contextual Reasoning (process-
ing novel information in the context window). We present two key findings. First,
models supervised directly on the composite task achieve high accuracy on seen
facts and reasoning paths (90%) but collapse on novel facts and reasoning paths
(18%), indicating that Supervised Fine-Tuning (SFT) relies on rote memorization
rather than true skill integration. Second, RL acts as a reasoning skill synthesizer
rather than a mere amplifier, successfully bridging this generalization gap. How-
ever, we uncover a prerequisite: RL can only synthesize new composite strategy
if the base model has first mastered the independent atomic skills via SFT. These
results suggest that decoupled atomic training followed by RL offers a scalable
path to synthesizing complex novel skills.

1 INTRODUCTION

The evolution of Large Language Models (LLMs) is driven by Supervised Fine-Tuning (SFT) fol-
lowed by Reinforcement Learning (RL) (Team et al.|[2024;|Achiam et al.||2023)). While SFT imparts
foundational knowledge, its maximum likelihood nature favors memorization, often limiting out-of-
distribution generalization (Chu et al., 2025). Conversely, RL is hypothesized to transform the dis-
tribution towards goal-oriented problem-solving (Schulman et al.| 2017). While recent “Thinking”
models (Guo et al.|[2025]) show that extensive RL improves reasoning via test-time computation, the
mechanism of this improvement remains debated. We investigate by addressing two questions: 1)
Does RL incentivize the acquisition of new reasoning skills, or merely amplify existing skills found
in the SFT distribution? 2) What training strategies and data conditions are strictly necessary for
an LLM to generalize to complex reasoning?

Studying these questions requires 1) disentangling skills before and after training, and 2) a “clean”
environment where skill sufficiency is verifiable without pre-training contamination. Prior attempts
yield conclusions: some suggest RL synthesizes complex skills (Yuan et al., [2025} |Liu et al.|[2025),
while others characterize RL as a probability amplifier (Wu & Choi, [2025} [Yue et al., 2025). Re-
solving this requires a controlled setting. Prior studies relying on open-domain math or coding
benchmarks suffer from data contamination and an inability to disentangle knowledge retrieval from
reasoning mechanics. Furthermore, these domains often define “new skills” as the extrapolation of
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Data Prerequisite: RL composes new skills only based on sufficient atomic skills.
Figure 1: Our settings and findings. (a) Examples of Complementary Reasoning requiring both
Parametric and Contextual skills. (b) Evaluation protocol across three levels of difficulty. __ and __
denotes seen and unseen pattern, respectively. (c) The SFT Generalization Paradox: Models trained
on atomic skills generalize better via RL than models trained directly on the composite task.

existing ones (e.g., longer reasoning chains) and rely on a narrow set of relations (e.g.,+, —, *) —
they do not test the model’s ability to synthesize answers from truly novel relational patterns.

We propose Complementary Reasoning (COMP) as an ideal testbed to address these. Beyond
its utility for Retrieval-Augmented Generation, COMP is a rigorous proxy for reasoning capability:
it forces the model to bridge internal parametric knowledge with external contextual information
to form novel logical connections. In Figure [[(a), asking “What is the occupation of the business
partner of Global View’s chief editor” requires integrating external information (Amina Khan is
the chief...) with parametric knowledge (Ben Carter is a business...). Unlike math, where rules
(e.g., the distributive property) are fixed, this task demands complementary composition of seen
parametric and novel contextual knowledge simultaneously, challenging for LLMs (Cheng et al.,
2024a). To investigate this, we decouple Complementary Reasoning into the composition of two
atomic skills: Parametric Reasoning (Cygn), which relies on facts encoded within model weights,
and Contextual Reasoning (Ccrx), which relies on novel information provided in context windows.

Investigating COMP on open-domain benchmarks (e.g. HotpotQA (Yang et al.l 2018))) is limited
by data contamination: in web-scale corpora, distinguishing reasoning from recalling pre-training
shortcuts is impossible. We address this by constructing a dataset of biographies underpinned by a
knowledge graph of real-world relations (e.g., ‘Father’) but populated with synthetic entities. This
prevents reliance on shortcuts, enforcing the boundary between Parametric and Contextual knowl-
edge (Allen-Zhu & Li, [2023afb). We evaluate across three generalization levels (Figure [I[b)): IID
(seen paths), Composition (unseen paths of seen relations), and Zero-shot (unseen relations). Using
controlled multi-hop QA pairs, we train models under varied data combinations and strategies (e.g.,
SFT, RL) to identify the optimal settings for generalization.

Our experiments uncover the SFT Generalization Paradox (Figure [T{c)): contrary to expectation,
training directly on the composite target task via SFT fails to generalize out-of-distribution despite
high in-distribution performance. However, RL catalyzes generalization — particularly in structural
zero-shot settings where relation paths are entirely novel — provided the model first captures the
necessary atomic skills. This challenges the view of RL as merely a probability amplifier. Our
findings suggest a scalable path: rather than collecting expensive complex reasoning traces, one
can efficiently teach atomic skills via SFT, then leverage RL to unlock generalization for complex
reasoning. We summarize our key contributions:

e We define Complementary Reasoning and introduce a controlled dataset decoupling the complex
ability into atomic Parametric and Contextual skills and enabling rigorous generalization evaluation.
e We provide empirical evidence that while SFT is sufficient for memorizing distributions, RL is es-
sential for generalization, specifically enabling the model to tackle structural zero-shot combinations
that SFT fails to resolve.

e We uncover a prerequisite for RL generalization: RL synthesizes new complex skills only when

the base model possesses sufficient atomic skills. A model with atomic skills gains significantly
more from RL than from direct SFT on composite data regardless of data amount.
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2 PROBLEM DEFINITION: COMPLEMENTARY REASONING

To systematically investigate the limitations of SFT and the mechanism of RL-driven generalization,
we must first formalize the mechanical components of reasoning. In this section, we define the
atomic skills, the composite task, and the specific gradations of difficulty used to stress-test the
model’s capabilities beyond the training distribution.

Reasoning Types We define Complementary Reasoning (COMP) as a task requiring both paramet-
ric and contextual skills, which complement each other. Accordingly, we have Parametric Reason-
ing (MEM) requiring skills stored in a model’s weights and Contextual Reasoning (CTX) requiring
skills in the context window. Formally, we define the capability requirement as a logical conjunction:

CCOMP — CMEM /\CCTX-

This implies that a failure in either atomic skill (Cypen Or Cerx) necessitates a failure in comple-
mentary task. Intuitively, humans find it straightforward to tackle complementary tasks if the new
(unknown) information is given. However, while fluent in Cygy and Corx by training with large-scale
Context-Question-Answer examples, LLMs struggle to generalize to Ccomp (Cheng et al.| [2024a).

We study generalization to complementary reasoning through multi-hop factual reasoning. This
task typically requires retrieval of knowledge and linking of several facts, formally defined as
traversing a relation path P = (r1, 72, ..., 7)) starting from a topic entity to the answer. For COMP,
each relation r; in P falls into either parametric or contextual knowledge, requiring the seamless in-
tegration of both sources. In Figure[I[a), “What is the occupation of the business partner of Global
View’s new chief editor?” traverses the path “Global View — Chief Editor — Business Partner —
Occupation — Answer”.

Generalization Levels Traditional random data split assumes that testing and training data is inde-
pendent and identically distributed (IID). However, this assumption fails to capture the complexity
of real-world reasoning. For instance, a web-agent often encounters infinite combinations of oper-
ations that cannot be exhaustively covered in a finite training set (Deng et al., 2023). To rigorously
investigate whether models can transcend rote memorization to novel scenarios, we evaluate per-
formance across three levels of difficulty based on the novelty of the relation path (Gu et al.| 2021}
Huang et al} [2023a). Given the relation path P, let P4, denote the set of relation paths in the
training set, and Ry,q4;n denote the set of individual relations in those paths. We categorize the
generalization levels as follows (exemplified in Figure [T[b)):

e IID Generalization evaluates the ability to apply learned patterns. The relation path tested is
fully observed during training (Piest € Pirain). For example, if the model is trained on Busi-
ness_Partner—Job (e.g., “the job of [X]’s business partner?”), an IID test query would query the
same structure for a different entity. Our experiments show that SFT is typically sufficient for this
level as it merely requires recalling the observed path structure.

o Composition Generalization tests the ability to recombine in-distribution primitives into novel
reasoning patterns. While every individual relation constituting the path has been observed in dis-
joint contexts during training (Vr € Piest, 7 € Rirain), the specific sequence of relations is unseen
(Piest ¢ Pirain)- For example, suppose the training set contains Business_Partner—Job and Busi-
ness_Partner—Spouse. A Composition test might query Spouse—Job. Although the model knows
both relations independently, it must synthesize them into a new compound reasoning path without
explicit prior demonstration.

o Structural Zero-shot Generalization is the most challenging. Unlike standard zero-shot prompt-
ing, it tests unseen relational primitives during instruction-tuning. The relation path involves at least
one relation never seen in any QA pair in train set (3r € Piegt,” ¢ Rirain). While the model
may semantically understand the relation “Advisor” from pre-training, it has never been explicitly
instructed to retrieve or reasoning with it in the task format (i.e. “the spouse of [X]’s advisor”™).

3 EXPERIMENT SETUP

3.1 SYNTHETIC HUMAN BIOGRAPHIES

To avoid data contamination and control knowledge sufficiency, we construct a synthetic dataset of
human biographies grounded in a relational Knowledge Graph (KG) (Allen-Zhu & Li, [2023aib).
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We specify 39 relations, randomly partitioned into disjoint Parametric and Contextual sets. We
populate the KG with meaningful synthetic facts (e.g., name, birthday) using deterministic tools to
ensure no overlap with pre-training corpora. We generate 10k biographies for MEM and CTX, with
5k shared characters to enable bridging, simulating real-world scenarios where new facts attach to
known entities (details in Appendix [B).

QA Construction from KG To construct multi-hop questions, we sample relation paths consisting
of 2-5 hops, ensured to be distributed identically for each reasoning type. We enforce a constraint
that intermediate nodes must be entities rather than generic values (e.g., dates, emails) to ensure
multi-step dependency. For COMP, we incorporate relations from both MEM and CTX. Then, we
generate three linguistically diverse question and answer (with CoT) templates to ensure syntactic
variety without relying on repetitive patterns with an LLM. Details in Appendix [B]

Data Split for Generalization Levels To ensure the validity of generalization levels, we implement
a rigorous multi-stage splitting protocol at the relation path level: 1) IID: we reserve a subset of
relation paths Pyp for both train and test. To prevent rote memorization, paths in Pyp are identical
between train and test, but entities are disjoint. 2) Structural Zero-shot: We designate a subset
of relations as Rypseen- Every path containing a relation 7 € Rypseen 1S assigned to the zero-shot
test set. This guarantees that the model never encounters these unseen relations during SFT. 3)
Composition: We randomly partition the remaining paths (i.e., not IID, not Structural Zero-shot)
into train set Piain_comp and test set Pieg comp- Crucially, we verify that the sets of single relations
present in the training and test splits are identical (Rest = Rirain), €nsuring that the difficulty arises
solely from novel combination of known relations.

Through this protocol, we guarantee that IID tests seen paths, Composition tests unseen paths com-
posed of seen relations, and Zero-shot tests paths with unseen relations. We then construct QA pairs
via random-walk over the KG. Details in Appendix

3.2 TRAINING PROTOCOL

We adopt a standard SFT followed by RL pipeline using Qwen-2.5-1.5B. Input Formulation: For
MEM, the input is only the Question. For CTX and COMP, inputs include the Confext (new facts)
and Question. Training: SFT uses standard next-token prediction on QA pairs and parametric
biographies. RL uses Group Relative Policy Optimization (GRPO) (Shao et al., |2024) with binary
outcome rewards. Evaluation uses exact matching on the COMP test set.

3.3 BASELINE ANALYSIS: THE LIMITS OF SUPERVISED FINE-TUNING

To demonstrate why SFT alone is insufficient for robust Complementary Reasoning, we analyze
task difficulty and the generalization capabilities of two SFT baselines: a model trained on atomic
skills (SFTmem+crx) and one trained directly on the target composite task (SFTcomp)-

Complementary reasoning is data-hungry and inherently = Table 1: Statistics of train and test set.
difficult. Table [T] shows that achieving high 1ID perfor-  “Group Train 1D Com. 0-shot
mance on COMP requires significantly more data (~180k)
than on atomic tasks MEM (~88k) and CTX (~3k). This 1(\:/IEM 828,605311 19%(1) };‘21(1) Zég
validates that integrating internal and external knowledge is T ’ 2 ’

. IS . Comp 180,919 2,135 1,415 918
structurally more complex than applying skills in isolation.

Atomic skills do not spontaneously compose. A key ques-  Table 2: SFT results on COMP test set.
tion is whether teaching a model the necessary components -
(MEM and CTX) is sufficient to infer the composite skill. Train Data IID Com. 0-shot
Table@]shows that SFTMem+crx Shows poor performance on MEM + CTX 35.18 28.20 24.07
CoMP test set. While non-zero (indicating some transfer), it Comp 90.30 76.25 18.41
lags far behind the explicit training baseline (90.26% IID),
confirming that possessing atomic skills does not guarantee their integration without further guid-
ance (Cheng et al., [20244; |Yin et al., 2023). Analysis details in Appendix

SFT Memorizes rather than Generalizes. While COMP achieves a near-perfect 90.26% on IID,
it collapses to 18.41% on Zero-shot (Table [2). This indicates that SFT incentivizes memorizing
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Figure 2: Comparison of training with different complementary data proportions. The top row shows the gain
from RL, while the bottom row presents the absolute performance after RL. RL generalizes to Complementary
Reasoning only from the model with both Parametric and Contextual skills.

relational patterns seen during training; When faced with novel relations where memorization is
impossible, the superficial reasoning learned via SFT fails.

4 REINFORCEMENT LEARNING ENABLES GENERALIZATION

We hypothesize that generalization requires a specific curriculum: establishing sufficient atomic
abilities via SFT, followed by synthesizing complex skills via RL. Formally, we propose the recipe
SFTmem+crx —RLcowmp as the optimal path to generalization. We validate this recipe by sufficiency
(consistent performance) and necessity (data and training prerequisites for generalization).

4.1 SUFFICIENCY: RL AS A SKILL SYNTHESIZER

To validate if our recipe consistently yields superior generalization compared to direct tuning on
the target task, we conduct a controlled experiment by varying the scale of CoOMP data. More
comparisons are in Appendix [E]

Settings. A common practice for complex tasks is SFT cold-start followed by extensively RL
2025)). However, it is unclear how much data is needed to SFT or RL for generalization. To
study this, we partition COMP training data into two subsets: ©% for SFT, and (100 — x)% for RL.
We compare two recipes using identical RL data: 1) SFTcomp —RLcome: SFT on the 2% data,
then RL on the remaining (100 — 2)%; 2) SFTmem+crx —RLcome: SFT on all atomic MEM +CTX
data (about 50% of COMP data in amount) and then RL on the same (100 — )% CoMp data. We
vary 2% from 10% to 90%. Figureillustrates relative performance gain derived specifically from
the RL stage (top row) and final absolute performance (bottom row).

RL efficiently synthesizes from atomic skills. The top row in Figure 2] reveals a striking contrast.
Regardless of data volume (10-90%), SFTmem+crx (red bars) achieves massive performance gains
from RL with COMP data across all generalization levels. In contrast, SFTcomp (green bars) shows
inability to improve, gaining almost nothing from RL. This indicates that without atomic founda-
tions, RL merely optimizes within an existing distribution rather than effectively exploring reasoning
paths. Conversely, given atomic skills, RL acts as a powerful synthesizer, actively composing known
facts into new reasoning skills.

Zero-shot generalization of RL over atomic skills is consistently superior. In the critical Struc-
tural Zero-shot setting (Bottom Row, 3rd Column) where memorization is impossible, SFTygv+crx
(yellow bars) consistently and significantly outperforms SFTcomp (blue bars) regardless of data
scale. This confirms that our recipe fosters genuine generalization to unseen relations, whereas
direct training on complementary data fails to extrapolate beyond the training distribution.

The SFT Generalization Paradox: Distinguishing Generalization from Memorization. We ob-
serve a nuanced result in the IID and Composition settings (Bottom Row, Ist & 2nd Columns).
As the data portion = exceeds 70%, absolute performance of SFTcoyp (blue bars) surpasses
SFTmem+crx (vellow bars) on IID tasks but fails on Zero-shot. We term this the memorization
trap: SFT on composite data encourages overfitting to specific training relation paths rather than
learning the underlying reasoning algorithm. RL on atomic skills avoids this trap by forcing the
model to derive the path dynamically, resulting in robust Zero-shot performance.
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4.2 NECESSITY: ATOMIC SKILLS AS PREREQUISITES FOR GENERALIZATION

While Section @ establishes “SFTyem+crx —RLcomp” as sufficient for generalization, questions
regarding the boundary conditions remain: 1) Are both atomic skills strictly necessary, or can the
model generalize from partial skills? 2) Is RL uniquely required, or can other strategies suffice given
the same base model?

Necessity of Sufficient Atomic Skills (Data Condition). To determine if complete atomic capabili-
ties are prerequisite for generalization, we compare SFT vigv+crx against three baselines with similar
initial performance but deficient atomic foundations: 1) SFTygy (SFT on MEM only); 2) SFTcrx
(SFT on CTX only); 3) SFT1g%come and SFTog9comp (SFT on COMP data with comparable initial
performance). We apply identical RL training with a fixed subset of 12.8k randomly sampled COMP
data to all models. Figure[3|shows COMP results before and after RL.

Removing any atomic skill collapses generalization. Models trained via SFT solely on COMP or
CTX fail to generalize significantly after RL, demonstrating that Complementary Reasoning is not
merely an additive task but a synthesis requiring the sufficiency of atomic skills. Generalization
potential is driven by foundational capability, not initial metrics. Notably, while SFT1q9comp
and SFT9g9;comp €xhibit match SFTyev+crx’s initial performance, their post-RL gain is negligible.
In contrast, SFT\em+crx—With both parametric and contextual reasoning skills—nearly doubling
its performance in all generalization levels. Furthermore, even initially low-performing SFT e
and SFTcrx models gain more from RL than the model SFTed with COMP data. This confirms that
underlying atomic skills, not initial performance, are the true predictor of RL success.

Necessity of RL for Generalization (Training Strat-
egy). Given sufficient atomic skills, we compare training

Training Strategy

> 60 . SFT
strategies (SFT, LoRA (rank=256), and RL) with identi-  § o e
cal Comp samples. Figure[d]shows that all strategies sig- =4
nlﬁcantly improves the mOdel SFTMEM+CTX? yet reveals LI.D. Composition Zero-shot
a dichotomy between memorization and generalization. Generalization Type

While further SFT (blue) yields the highest IID perfor- Figure 4: Performance of different training
mance (indicating memorization of seen patterns), it lags ST3(eg1es:

significantly behind RL (green) in Zero-shot. RL outperforms both SFT and LoRA on unseen rela-
tional combinations, confirming that while SFT excels at pattern matching, RL is uniquely neces-
sary to incentivize the active composition of skills required for out-of-distribution reasoning.

5 ANALYSIS OF THE MODEL WITH SUFFICIENT ATOMIC ABILITIES

Having established atomic skills as the prerequisite for RL generalization, we analyze the features
of base model before RL (i.e., SFTygy+crx and SFTcoyp) from the perspective of sample efficiency
and pass @k performance. See Appendix [ for additional analyses on training dynamics, impact of
training loss, PCA analysis of latent space, and uncertainty analysis.

5.1 SAMPLE EFFICIENCY COMPARISON

We examine whether learning atomic skills induces better sample efficiency than learning the
composite task directly, both before and after RL.

Atomic skill learning requires less SFT data to prime RL generalization. To compare sample
efficiency, we reserve a fixed subset (~90k) of COMP data exclusively for the RL stage. For the SFT
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Figure 5: Performance with the same amount of SFT and RL data. We compare SFTmem+crx and SFTcome
by relative (the top row) and absolute performance (the bottom row) after RLcowme.

stage, we define a data budget (sweeping 20%—100% of the non-reserved volume) to construct two
strictly comparable datasets: 1) SFT copmp: composite samples; 2) SFTygp+crx: atomic samples
(balanced MEM and CTX). Crucially, for a fair comparison, we control not just number of samples,
but also the information content: the distribution of reasoning steps (hop counts) is identical across
SFTcomp and SFTyvem+crx, €nsuring that the models are exposed to equivalent reasoning complex-
ities. We then apply RL using the reserved set. Figure E] shows that SFTyeyv+crx (red/orange)
consistently outperforms SFT¢coump (green/blue) across all data scales. Even with minimal SFT data
(~18k), SFTwmem+crx 18 successfully “primed” for RL, whereas SFTcoyp struggles, confirming that
atomic skills provide a significantly more efficient foundation for complex reasoning.

Sufficient atomic skills enable few-shot adap- e

tation. We investigate how much COMP data is [|oe S ot S come semel .
6. 1 > ] ] ] - lem X)-> om| ample;

needed to “trigger” generalization once sufficient & Soms Clr >R Camp Semple)

atomic skills are established. Fixing SFTyvgm+crx

as base model, we further train using RL, SFT, or

~
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a tiny set (50 samples) to a medium set (12.8k, 304 °

< 10% of total). We compare this against an 50 100 200 400 12800
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Figure 6: Few-shot adaptation of SFT mems+crx With

In Figure |§| reveals rapid adaptation: with just oV [
different training strategies.

50 samples, SFT Mem+crx Significantly improces in
complementary reasoning, regardless of training strategy. In addition, we also observe data effi-
ciency: with <10% of data, SFTyev+crx effectively matches the upperbound of SFT ¢y trained
on the entire dataset (purple dotted line). This demonstrates that once atomic skills are acquired, the
cost of assembling them into a complex reasoning skill is remarkably low.

5.2 THE ROLE OF RL: SYNTHESIZER VS. AMPLIFIER

We now address the debate: Does RL incentivize genuinely new reasoning capabilities, or merely
re-weight the probability of existing skills already present in the base distribution? We analyze
pass @k performance before and after RL 2025), varying k from 2° to 2° to distinguish
these roles: 1) Synthesis: Divergent curves at large k£ imply that RL synthesizes novel skills that
SFT effectively does not discover via sampling. 2) Amplification: Merging curves imply that skills
are latent in the SFT distribution, and that RL merely amplifies their generation probability. We
compare our SFTyem+crx against a strong baseline SFT¢oyp using identical RL data. Figure
presents the results over different generalization levels.

RL synthesizes new pathways for models with sufficient atomic skills. The top row shows par-
allel scaling: RL performance (orange) remains significantly higher than the SFT baseline (blue)
even at k = 29. The persistent gap of pass@k curves suggests a fundamental shift in mechanism.
If RL were merely amplifying latent behaviors, the SFT model (given enough attempts k) would
eventually find the solution. The persistent gap indicates that RL has synthesized a robust reasoning
mechanism—specifically, the mechanism to bridge context and memory—that is effectively absent
from the SFT distribution. This provides empirical evidence that, given sufficient atomic priors, RL
creates new capabilities rather than just re-weighting existing ones. Notably, this discovery of new
reasoning mechanisms occurs not only for zero-shot but also on other settings, suggesting that RL
optimizes the logic of combination itself.



Published as a workshop paper at the 1st Workshop on Scaling Post-training for LLMs (SPOT),
ICLR 2026

—e— SFTed Model (Before RL) SFT = RL Model(After RL)

SFT(Mem+Ctx) as base on I.1.D. SFT(Mem+Ctx) as base on Composition SFT(Mem+Ctx) as base on Zero-shot

®

3
o
3

60

————t——s——e | 40

Pass Rate (%)
ey
3

b o—0"

oo 40

—
o "
o «— -—

\

SFT(Comp) as base on 1.1.D. SFT(Comp) as base on Composition SFT(Comp) as base on Zero-shot

S
3

90 80 P

©
&

—= & i 2 /_/r
—* 80 ./-/. /./'
30
75 .
2 2 2 2 2 2 2 2 27 2 2 2 2 2 29
k Value (log scale) k Value (log scale) k Value (log scale)

Pass Rate (%)
©
3
1Y

®
&

Figure 7: Pass@k comparison for SFTygy+crx and SFTcowe. It shows that RL synthesizes new compositional
skills only based on models with sufficient atomic skills.

Without sufficient atomic skills, RL merely amplifies existing behaviors from composite skills.
In contrast, the bottom row shows that for SFT¢oyp, the curves rapidly converge as k increases. By
k = 2°, the SFT model nearly matches the RL model. This indicates that as the model trained on
composite data memorized the target distribution during SFT, RL serves primarily as an amplifier—
boosting the likelihood of the optimal reasoning paths without discovering fundamentally new ones.
This dichotomy confirms that sufficient atomic skills is the prerequisite for RL to function as a
synthesizer. Without them, RL degenerates into a mere probability amplifier.

5.3 CASE STUDY

We analyze failure modes by examining the intersection of incorrect samples before and after RL
to identify how RL changes detailed reasoning behavior. For each persistent error, we align the
generated CoT with the ground truth to pinpoint the exact step of deviation from the correct CoT.
We then classify the error source (MEM vs. CTX) and calculate Progress (the normalized position
of the failure step within the path). Table 3| summarizes the resulting patterns.

SFTMem+crxs SFTcome, and SFTcome —RLcowe Table 3: Error analysis. MEM and CTX de-
share failure modes, predominantly characterized by a notes error occurring at parametric and con-
high prevalence of CTX (> 85%) and early-stage failures textual relation, respectively. Prog. repre-
(Progress < 54.5%). Qualitatively, SFTypyvrcrx tends sents the porynahzed position of the first er-
to hallucinate when retrieving information from the pro- " S®P within the reasoning path.

vided context, similar to its imitation learning process _Model Crx MEM Prog.
(i.e., contextual reasoning). Conversely, SFTcomp fre- ggmm Rl gggg }%o Z?(S)ZO
quently fail to identify the correct relation when bridg- S Cowr PR LComp 86; 4; 8- ;
1 1 1 FTMem+crx o 14% 18.5%
ing from MEM to CTX, with 62% of errors in SFTcomr  gpryer SRLcowe 30% 0%  718%

getting stuck at the first hop. In contrast, SFTygy+crx
—RLcomp flips the distribution: 70% of errors are from MEM, and the average error position oc-
curs much later (71.8%), mostly at the final hop. This indicates that RL effectively optimizes the
bridging logic, pushing failure modes from early contextual retrieval to late parametric recall.

6 CONCLUSIONS

While current LLMs are proficient in multi-hop reasoning with either parametric or contextual
knowledge, they struggle to handle questions that require the integration of both knowledge sources.
In this paper, we study how LLMs can generalize to Complementary Reasoning with post-training
strategies (i.e., SFT and RL). We conduct strictly controlled experiments with our synthetic human
biographies based on a relational knowledge graph, constructing QA pairs for atomic skills (i.e.,
Parametric and Contextual Reasoning) and the compound skill (i.e., Complementary Reasoning).
We also split the dataset into different levels of generalization difficulties I.I.D., Composition and
Zero-shot. Based on this, we study the effect of training strategies and find that only by firstly SFT
with sufficient atomic skills can LL.Ms generalize via RL. This finding suggests a scalable path for
training reasoning LLMs: focusing on teaching the model sufficient fundamental atomic skills via
SFT, and then leveraging RL for generalization to OOD complex tasks.
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LIMITATIONS

Although we have validated our conclusion that only “SFTygeym+crx — RLcowmp” generalizes, which
well addresses the research questions, we still have some limitations: 1) Although we show from
several distinct angles that our finding holds, we only test on Qwen models. While evaluated on the
Qwen family, our decomposition of reasoning into atomic priors suggests these findings are likely
architecture-agnostic. 2) As we investigate from the sample efficiency, the pass @k performance, the
training dynamic, the embedding distributions and case study, it is still difficult to find the mecha-
nisms that enable the SFTygy+crx model to outperform. Future work should investigate the mecha-
nistic interpretability of how RL circuits recruit atomic attention heads. 3) While our study relies on
synthetic biographies, this was a necessary design choice to strictly enforce the boundary between
Parametric (known) and Contextual (new) information—a boundary that is impossible to guarantee
in web-scale corpora due to pre-training contamination. Future work should validate these findings
on controlled splits of real-time benchmarks (e.g., news QA) where the “new” information is strictly
dated post-training. Moreover, future work should study how to mix COMP data with MEM and
CTX data to improve the overall I.I.D., Composition and Zero-shot performance. 4) It would be in-
teresting to adapt our findings into real-world knowledge-intensive benchmarks, especially to check
the OOD testing performance.

A RELATED WORK

Roles of Post-training Strategies The power of LLMs is unleashed fundamentally via SFT fol-
lowed by RL. While SFT establishes foundational knowledge, its maximum likelihood estimation
inherently favors memorization of the training distribution, leading to poor generalization (Wang
et al.; 2025; |Chu et al., 2025). In contrast, RL, driven by reward signals, transforms the model’s
distribution into goal-oriented problem-solving (Schulman et al.,2017). However, whether RL com-
bines new skills (Yuan et al., 2025} [Liu et al., 2025)), or just amplifying from existing distributions
(Wu & Chot, 20255 |Yue et al.l [2025; Yang et al.; Setlur et al., 2025) is still debated. Our findings
stand for RL incentivizes new skills, but only under some prerequisites.

Knowledge-intensive Reasoning A foundational capability for intelligence is to reason with
knowledge. Multi-Hop Reasoning, which requires multiple facts to answer, serves as an ideal
testbed (Yang et al., 2018} |[Ho et al., | 2020; Huang et al., [2025). Inherently, this task requires the
ability to retrieve knowledge from parametric or external bases and logically compose intermediate
facts (Huang et al., 2023b; |Cheng et al.| |2024b; [Huang et al.| 2024 Jin et al.||2025)). Recent studies
identified that LLMs struggle to generalize when using both new and known knowledge for reason-
ing (Cheng et al.| 2024a; Y1n et al.| 2023). However, relying solely on recent benchmarks risks data
contamination, making it hard to distinguish between new and known knowledge. This necessitates
moving beyond standard benchmarks to controlled experimental setups.

Behavioral Study with Synthetic Data To ease the problem of data contamination, synthetic
data has become essential for evaluation (Allen-Zhu & Li, [2023azb). With novel facts, entities, or
narratives (e.g., human biographies), researchers can strictly control the sufficiency of knowledge
and the for the task (Yin et al.| 2023; |[Kim et al., [2025} |Yuan et al., [2025; [Wang et al., [2024; Zhang
et al.l 2025). This also allows for rigorous evaluation of the model’s capability under controlled
settings. Our study adopts a relational knowledge base with templates to study knowledge-intensive
reasoning under varying post-training strategies, where we are able to strictly control the parametric
and new knowledge. With the synthetic relational patterns, we can systematically examine how
LLMs could generalize to OOD patterns.

B DETAILS OF DATA CONSTRUCTION

To systematically construct our synthetic human biography, we build a relational knowledge graph
with fake information by Python Faker Library |'|and the help of GPT-4o.

"https://faker.readthedocs.io/en/master/

11



Published as a workshop paper at the 1st Workshop on Scaling Post-training for LLMs (SPOT),

ICLR 2026

Table 4: Templates for Relations in our Knowledge Graph.
Relation Statement Template Question Template
address {el} resides at {e2}. What is {el}’s address?
awards {el} won the {e2} award. What awards has {el} won?
best_friend {el}’s best friend is {e2}. Who is {el}’s closest friend?
birth_date {el} was born on {e2}. When was {el} born?
birth_place {el} hails from {e2}. Where was {el} born?
boss {el} works under {e2}. Who is {el}’s boss?
boss_of {el} manages {e2}. Who works under {el}?
child {e2} is the child of {el}. Who is {el}’s child?
classmate {el} studied alongside {e2}. Who attended school with {el}?
colleague {el} works alongside {e2}. Who are {el}’s colleagues?
died_in {el} passed away in {e2}. Where did {el} die?
died_on {el} died on {e2}. When did {el} pass away?
email You can reach {el} at {e2}. What is {e1}’s email address?
favorite_food  {el}’s favorite dish was {e2}. What food does {el} enjoy the most?
first language {el}’s native language was {e2}. What is {el}’s first language?
hobby A favorite activity of {el} is {e2}.  What does {el} enjoy doing?
influence {el} shaped the career of {e2}. Who was influenced by {el}?
influenced_by  {el} looked up to {e2}. Who inspired {el}?
known_for {el} gained recognition for {e2}. =~ What is {el} famous for?
leader_of {el} was the leader of {e2}. Which group was {el} in charge of?
lived_in {el} resided in {e2}. Where has {el} lived?
major {el} majored in {e2}. What did {el} specialize in?
mentored_ by  {el} received guidance from {e2}. Who mentored {el}?
mentoring {e2} is a student of {el}. Who does {el} mentor?
nationality {el} is a citizen of {e2}. What is {el}’s nationality?
neighbor {el} lives next to {e2}. Who resides beside {el}?
occupation {el} is employed as {e2}. What does {el} do for a living?
parent {el}’s parent is {e2}. Who is the parent of {el}?
pet {el} owns a pet called {e2}. What is the name of {el}’s pet?
philanthropy ~ {el} donated to {e2}. Which causes did {el} support?
phone {el} can be reached at {e2}. What is {e1}’s phone number?
rival {el} had a rivalry with {e2}. Who did {el} compete with?
roommate {el} shared a room with {e2}. Who lived with {el}?
service {el} was a member of {e2}. Which organization did {e1} serve in?
sibling {el} and {e2} are siblings. Who are {el}’s siblings?
spouse {el} is married to {e2}. Who is {el}’s spouse?
university {el} went to {e2}. Which university did {e1} attend?
worked_at {el} held a position at {e2}. Where did {el} work?
wrote {el} authored the book {e2}. Which book did {el} write?

We finally synthesize 39 relations including eight symmetric relations (e.g., spouse, sibling), and
eight pairs of inverse relations (e.g., child and parent) to mimic real-world complexity. For each
relation, we adopt an LLM to construct and validate three natural language templates. We adopt
heuristic rules to constrain the tailed entity of the relation (e.g., birthday should be a date). Table 4]
shows the relations and templates.

For QA pairs construction, after sampling the relation paths/combinations, we adopt GPT-40 to
generate question templates. Table [5|shows an example question template.

After we split the relation combinations based on the generalization levels 2] we can synthesize
human biographies based on the knowledge graph (KG). We firstly translate the dict-formed bi-
ographies of each ‘character’ entity from KG into natural language paragraphs with the relation
templates. Table [6] shows an example of the biography dict and corresponding natural language
paragraph.

Then, we construct QA pairs via random-walk over the KG: given a relation path, we sample an
entity as the starting point and traverse the path to the answer. The final answer is then appended
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Table 5: An example of Question and CoT answer templates based on a relation path (4-hop). {el}
denotes the topic entity in the question.

Component Content / Examples

Relation Path sibling — boss_of — mentored by — best_friend

1. Who is the best friend of the person mentoring the employee of the sibling

of {el}?

2. Can you tell me the best friend of the person who mentored the employee of
Question Templates {el}’s sibling?

3. Who is the best friend of the person mentoring the employee of the sibling
that {el} has?

1. {e2} is {el}’s brother/sister. {e3} works under {e2}. {e3} was trained by

{e4}. {e4}’s best friend is {e5}. So, the answer is: {e5}

2. {el} and {e2} are siblings. {e2} is the boss of {e3}. {e3} was trained by
CoT Answer Templates  {e4}. {e4}’s best friend is {€5}. So, the answer is: {5}

3. {e2} is {el}’s brother/sister. {2} is the boss of {e3}. {e3} received guid-
ance from {e4}. {e5} is {e4}’s closest friend. So, the answer is: {e5}

after “So, the answer is:”. Crucially, we incorporate Chain-of-Thought (Wei et al., [2022)) into the
target answer for three strategic reasons: 1) to facilitate decomposition of complex queries; 2) to
facilitate retrieval and application of factual knowledge, suggested by |Allen-Zhu & Li| (2023al);
3) to precisely evaluate whether the model is retrieving facts from the parameter or context. As
construction is scalable, we provide sufficient samples to ensure excellent IID SFT performance
(> 90%).

C DETAILS OF SFT TRAINING BASELINES

As discussed in Section we are able to synthesize as much data as needed. However, in real-
world scenarios, while LLMs can easily handle either Parametric or Contextual Reasoning, probably
through post-training with sufficient data, they struggles in Complementary Reasoning task, where
it is hard to collect ample data. We show in Table [I] that Complementary Reasoning is data-hungry
and most difficult compared to parametric and contextual reasoning. Here we show empirical results
training with SFT and evaluating on the corresponding testing set in Table[7]

It further shows that Contextual Reasoning is the easiest. While LLMs learns to adopt new knowl-
edge during SFT training, they manage to handle most of the unseen knowledge in the context
window. We hypothesize that this ability is essential for further generalization to new reasoning
patterns. Moreover, SFT training involving parametric knowledge would be hard to generalize on
Zero-shot settings. Both parametric and complementary reasoning, while performing well on L.I.D.
setting, drop significantly on Composition and almost fail on Zero-shot setting.

This further highlights our motivations: we try to figure out the recipe of training strategies and mix
of training data required for generalization to complementary reasoning on all difficulty levels.

D MODEL SCALING

We study whether our findings that “RL enables generalization in Complementary Reasoning from
sufficient atomic skills” persist as models scale. We compare Qwen-2.5-0.5B, Qwen-2.5-1.5B and
Qwen-2.5-3B due to limited compute. Figure[§]illustrates the performance trends across model sizes.
We observe consistent behaviors that strongly support the effectiveness of our proposed recipe.

As shown by the blue lines, SFTyem+crx leads to substantial performance jumps after RLcoyp-
This improvement is particularly pronounced in the Zero-shot setting, indicating that the model with
sufficient atomic skills successfully generalizes the reasoning capabilities acquired during RL. In
contrast, SFTcomp (orange dashed line), while starting with decent performance, exhibits limited
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Table 6: An example of human biography in the form of Python Dict and Natural Language Docu-
ment.

Python Dictionary Natural Language Document

”Allison Hill”: {

”name””: ”’Allison Hill”,

“birth_date”: »1942-04-29”, Allison Hill has a pet named Whiskers.
Allison Hill spoke Finnish as their first
language. A favorite activity of Alli-
“email”: ”garzaanthony @example.org”, son Hill is painting. Lindsey Johnson
”phone”: 538.990.8386”, is the boss of Allison Hill. Allison Hill
was born on 1942-04-29. Allison Hill

“occupation”: ”Civil engineer, consulting”,

pew?: true, 3 died on 2024-11-01. Allison Hill shared
died-on”: 72024-11-01", a room with Shannon Krause. Alli-
”child”: ”Donald Marsh”, son Hill penned Baby administration.
“pet™ "Whiskers”, Allison Hill was inspired by Matthew

Cooper. The contact email for Alli-
son Hill is garzaanthony @example.org.
“influenced_by”: ”"Matthew Cooper”, Allison Hill was famous for painting.
“mentoring”: ”Daniel Watkins”, Allison Hill was a member of Habi-
tat for Humanity. Allison Hill mentors
Daniel Watkins. Allison Hill’s place of
“classmate”: ”Adam Villanueva”, death was Brownbury. Allison Hill’s
”ﬁrstilanguage”; ”Finnish”, phone number is 538.990.8386. Allison
Hill works as a Civil engineer, consult-
o o ) ing. Allison Hill is the parent of Don-
“university”: "University of Chicago”, ald Marsh. Allison Hill was a classmate
”service”: ”Habitat for Humanity”, of Adam Villanueva. Allison Hill loved
eating tacos. Allison Hill went to Uni-
versity of Chicago.

“wrote”: “Baby administration”,

“hobby”: “’painting”,

“roommate”: ”Shannon Krause”,

95, 93

”known_for”: painting”,
”died_in”: ”Brownbury”,
”boss”: ”Lindsey Johnson”,

”favorite_food”: ’tacos”

Table 7: Empirical performance. For each reasoning type, we training on the training set and test on
the corresponding test set. Note that this is different from other experiments that focus on evaluation
over complementary reasoning test set.

Training Data LLD Comp Zero-shot
Parametric Reasoning 93.96 82.30 3.71
Contextual Reasoning 98.53 9553 69.53
Complementary Reasoning 90.26  76.61 7.76

growth after RL training (orange solid line). The gap between the pre-RL and post-RL performance
is marginal, suggesting that SFT with composite data may limit the model’s potential for further
generalization.

Crucially, these trends hold true across all model sizes. When the model size increases to 3B, the
superiority of SFTyem+crx —RLcomp Over SFTcomp —RLcoymp remains significant (e.g., a gap of
approximately 13% in Zero-shot accuracy for the 3B model). This confirms that our conclusions are
robust to model scaling and implies that SFT\gv+crx 1S @ more effective foundation for scaling up
RL-based reasoning.
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Table 8: Empirical results on Complementary Reasoning test set.

Setting ILILD Comp Zero-shot
SFTMem+CTx 35.18 28.20 24.07
SFTMEM+CTX _>RLMEM+CTX 28.43 28.34 27.89
SFTMEM+CTX _>RLMEM+CTX _>RLCOMP 74.00 62.47 49.56
SFTmemcrx+-comp 80.14 6290 4325
SFTMEM+CTX _>RLCOMP 73.11 60.85 50-87
-e- SFT(Mem+Ctx) == SFT(Mem+Ctx) » RL SFT(Comp) SFT(Comp) - RL
1.1.D. Performance Composition Performance Zero-shot Performance

|
W

e B e EEE e -

38

Performance on Complementary Reasoning (%)

158 158 158
Model Size Model Size Model Size

Figure 8: Model scaling analysis of Qwen model family across 0.5B, 1.5B, and 3B parameters.

E DETAILS ON SUFFICIENCY OF THE FINDING

In Section we focus on whether our proposed recipe “SFTmem+crx —RLcomp” consistently
yields superior generalization, compared to direct training on the target task “SFTcomp —RLcomp”
which is the common practice in real-world complex tasks. Here, we compare “SFTmem+crx
—RLcoump” With other possible baselines: 1) “SFTyem+crx: SFT with the entire MEM and CTX
data, which is the same as in Table [2} 2) “SFTyem+ctx — RLMem+crx: SFT with 80% of MEM
and CTX data and then RL with the rest 20% of MEM and CTX data. The portion is based on our
empirical results of splitting COMP data; 3) “SFTygm+crx —RLmem+crx —RLcome”: furthur RL
with COMP based on “SFTyiemrcrx —RLMevscrx s 4) “SFTyem +crx +compe - SFT with the mix
of MEM, CTX and COMP data. Specifically, for RLcowmp, we adopt the 12.8k random samples used
in Section4.2] We show the performance on COMP test set in Table 8]

It shows that SF Tyem+crx —RLmem+crx — RLcowme has very similar performance compared with
our proposed SFTyem+crx —RLcowme, especially for Zero-shot setting. However, this does not
contradict our conclusion, as the capture of sufficient atomic skills and RL training are essential for
Zero-shot generalization and sufficient atomic skills are still the prerequisites. In addition, compar-
ing SFTvem+crx With SFTyvgm+crx — RLmem+crx, We find that RL with atomic skills may not
be beneficial to composite tasks. Note that for MEM and COMP data, every test sample in COMP
would be either Composition or Zero-shot level (these two baselines have never seen any COMP data
during training. Moreover, Table [8| further enhances the sufficiency of our findings that our recipe
SFTMem+crx —RLcowp is the key to generalization.

It is interesting that SF Tygwm +c1x +Comp @lSO manages to generalize to Zero-shot scenarios to some
extent and achieves comparable results with our SFTygy+crx —RLcome. This shows that SFT
can also generalize with careful mix of training data. However, this does not challenge our SFT
Memorization Paradox that SFT directly with composite data fails to generalize. Furthermore, the
setting itself is not as realistic-it is not trivial to obtain ample composite (COMP) data encompassing
both MEM and CTX skills. Also, it is difficult to mix COMP data to SFT training with all atomic
skills. However, our SFTvem+crx —RLcowp assumes a common post-training practice with an
initial SFT and a following RL stage. While the base model grasp the atomic skills (i.e., today’s
available LLMs), we focus on the training strategies and data mix when we have some composite
data. And we demonstrate the condition of RL generalization.
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Figure 9: Training dynamics of SFT with parametric and contextual reasoning data over training
steps. Ability gains are calculated over MEM (Red Line), CTX (Blue Line) and COMP (Green Line),
respectively. As the training progresses, complementary reasoning ability emerges to some extent.

F DETAILS ON OTHER FACTORS THAT AFFECT GENERALIZATION

There are many factors affecting models’performance or generalizability. We showcase the sam-
ple efficiency and pass@k performance as some features to see why the model with atomic skills
are essentials for RL generalization in composite tasks. Here, we investigate from the perspective
of training dynamics of SFTyeu+crx, the impact of training loss of the base model for RL, the
embedding distributions of the SFT and RL model and the uncertainty of the model.

F.1 THE TRAINING DYNAMICS OF SFTMem+cCrx

Settings To check when and how the ability of complementary reasoning ability (COMP) emerges
through the training of parametric and contextual reasoning i.e., SFT\ev+crx, We showcase the
performance of MEM, CTX and COMP during the SFT training over MEM and CTX. We study

Qwen-1.5B-Base and Qwen-0.5B-Base.

The ability of complementary reasoning emerges to some extent with the progress of both
parametric and contextual reasoning. Figure [9]shows the training dynamic over training steps.
First, it shows that as the SFT training with both MEM and CTX data progresses, the ability of
CoMmP somehow emerges with MEM and CTX to some extent. Second, the conclusion is consistent
over different model sizes, with larger models generalizes better to COMP with MEM and CTX data.
Third, it further demonstrates that contextual reasoning is the easiest (Ilearned from relatively early
stage), while the parametric and complementary reasoning is relatively difficult.

F.2 THE IMPACT OF TRAINING LOSS FOR RL GENERALIZATION

We investigate a critical question regarding the interplay between Supervised Fine-Tuning (SFT) and
Reinforcement Learning (RL): Does the degree of SFT convergence dictate the model’s potential
Sfor RL-based generalization? Specifically, we aim to determine if a ”grokking-like” phenomenon
exists—where continuous optimization of SFT loss, even after apparent metric saturation, further
unlocks the model’s reasoning capabilities during the RL stage. Also, we study at which checkpoint
(i.e., training loss) may the model emerge the ability of generalization. We take four intermediate
checkpoints of SFTyem+crx to further conduct RLeoyp and evaluate the performance on three levels

of generalization.
Figure [I(]illustrates the performance trajectories across SFT checkpoints (1k to 4k steps), revealing
three distinct phases of capability emergence:

o Insufficient Representation. At the early stage (i.e., 1k steps, Training Loss ~ 0.44), the model
has not yet internalized the necessary reasoning patterns. Consequently, it fails to generalize effec-
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Figure 10: The impact of training steps (i.e., training loss) of the SFT model on RL generalization.

tively during the RL stage, resulting in suboptimal performance across all metrics (e.g., Zero-shot
accuracy is significantly lower compared to later stages).

o Emergence of Capabilities. As the SFT loss decreases to approximately 0.16 (i.e., 2k steps), we
observe a sharp “phase transition” in downstream RL performance. While the base SFT model’s
direct performance (dashed lines) shows only moderate improvements, its latent potential for RL
adaptation increases dramatically. This suggests that the critical structures required for reasoning
generalization are established during this interval.

o Saturation and Robustness. Performance peaks around 3k steps (Loss ~ 0.05). Interestingly,
further extending training to 4k steps—where the model nearly memorizes the training data (Loss ~
0.0004)—does not yield further significant gains, nor does it lead to performance degradation. This
indicates that while “grokking” (delayed generalization) effectively occurs between 1k and 3k steps,
the benefit saturates once the loss drops below a certain threshold (< 0.05). The model becomes
robust, maintaining its high plasticity for RL even when deeply fitted to the SFT distribution.

In conclusion, minimizing SFT loss is crucial up to a point. The generalization capability for RL
does not scale infinitely with lower loss but requires a sufficient “incubation” period (up to 3k steps
in our setting) to fully emerge.

F.3 ANALYSIS OF LATENT SPACE DYNAMICS VIA PCA

Setting: Layer-wise PCA Projection To investigate the internal mechanism behind the superior
performance of SFTym+crx —RLcomp compared to SFTcomp —RLcome, We conduct a Principal
Component Analysis (PCA) on the hidden states of the models. Our goal is to visualize how dif-
ferent training strategies affect the representation of Parametric, Contextual, and Complementary
Reasoning.

Formally, for a given model pair (Anchor Model M, and Target Model M,,.) and a specific layer [,
we extract the hidden states corresponding to the last token of the input queries. Let H¢"¢ € RV*D

and Hfg * € RV*P denote the hidden state matrices for N queries at layer [, where D is the hidden
dimension. To capture the relative shift induced by training, we fit the PCA transformation on
My’ states Hj™¢, which defines a 2D coordinate system based on the principal variations of the
reference model. We then project M;y;’s states Hfgt into this fixed coordinate system. The shift
vector for layer [ is calculated as the difference between the centroids of the projected target states
and the anchor states. This process is repeated for all layers. Figure |l 1| shows the layer-wise shifts

by scatter points. The large markers represent the global centroid shift (2*) for each Reasoning type.

Disentanglement of atomic skills in SFTygyvrcrx —RLcome  As shown in the top-left panel of
Figure @ SFTMmem+crx €xhibits a significant “disentanglement” of atomic reasoning types. The
centroid for MEM data (Blue Circle) and CTX data (Orange Triangle) move in distinct directions
and magnitudes within the principal component space. This suggests that the SFTygm+crx Stage
effectively separates the internal representations required for parametric recall versus contextual
reasoning. Furthermore, in the subsequent RL stage (top-right panel), this separation is maintained
and refined. Notably, the COMP data (Green Square) aligns closely with the established distributions
of MEM and CTX data. This indicates that the model can effectively generalize the logic learned
from MEM and CTX data to the composite COMP tasks.
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Figure 11: PCA Analysis of SFTvem+crx —RLcowe and SFTcomp —RLcome- The scatter points
represent the layer-wise shifts. The large markers represent the global centroid shift (z*) for each
reasoning type.

Entanglement of skills in SFTcomp —RLcomp. In contrast, the bottom row reveals a phe-
nomenon of “representation entanglement”. Please note that the scale of the axis for the bottom
row is lower than that for the top row. For the model trained only on COMP data, the embeddings for
MEM, CTX, and COMP queries remain tightly clustered together, after both the SFT stage (bottom-
left) and the RL stage (bottom-right). The centroids for all three data types are located close to the
origin with overlapping distributions. This lack of separation implies that SFT ¢y fails to distin-
guish between the underlying mechanisms of parametric and contextual reasoning, instead learning
a coupled representation.

We hypothesize that the superior generalization capability of SFTyeu+crx — RL(Comp) stems from
this structural disentanglement. By explicitly separating the latent representations of parametric and
contextual capabilities during the SFT stage, the model establishes a robust basis that facilitates
better adaptation during the RL phase. Conversely, the coupled representations in SFTcoyp limit
the model’s ability to distinctly apply these capabilities, leading to suboptimal performance.

F.4 MODEL UNCERTAINTY

We investigate the evolution of model uncertainty (quantified by the average prediction entropy
%100) to understand the underlying dynamics of RL generalization. Table 0] presents the entropy
metrics across I.I.D., Compositional, and Zero-shot subsets.

Uncertainty is correlated with SFT convergence, not necessarily RL potential. We first address
whether high uncertainty is a prerequisite for effective RL exploration. Comparing the SFTygv+crx
checkpoints, the uncertainty drops significantly from 3k steps (12.92) to 4k steps (7.13) as the loss
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Table 9: Analysis of model uncertainty (measured by average entropy x 100) across different train-
ing settings. Overall denotes average uncertainty on the test set, while the breakdown columns show
uncertainty on L.I.D., Compositional (Comp.), and Zero-shot settings. Lower values indicate higher
model confidence.

Setting Overall LLD. Comp. Zero-shot
Effect of Training Steps (SFT on MEM +CTX)

SFTMem+crx 3k step 12.92 1341 12.05 13.12
SFTmem+crx 4K step 7.13 6.33 7.45 8.46
10% CoMP data for SFT comp, 90% COMP data for RLcoyp
SFTcomp 8.93 6.56 9.89 12.96
SFTcomr —RLcomp 8.99 8.49 8.97 10.17
SFTMEM+CTX _>RLCOMP 2.58 163 2.54 484
30% CowMmP data for SFT comp, 70% COMP data for RLcomp
SFTcomr 7.18 5.24 7.98 10.46
SFTCOMP _>RLCOMP 6.1 l 4.85 6.36 8.65
SFTcomr —RLcomp 2.90 1.96 2.84 5.17
90% CoMmP data for SFTcomp, 10% COMP data for RLcomp
SFTcomp 4.14 2.38 4.05 8.36
SFTcomr —RLcomp 4.11 3.27 3.97 6.25
SFTCOMP _>RLCOMP 4.10 323 3.88 646

minimizes. Despite this lower starting entropy, we previously observed that the 4k-step model sus-
tains high performance after RL. This indicates that a calibrated” and confident SFT model (lower
entropy) does not hinder subsequent RL generalization.

Task Difficulty Indicator. Consistently across all settings, the uncertainty is highest in the Zero-
shot subset (e.g., 12.96 for 10% SFT(G3)). This aligns with intuition, as the model exhibits lower
confidence on unseen distributions.

SFTmem+crx Facilitates Efficient RL Adaptation. A key insight emerges when comparing the
post-RL behaviors. In the 30% data setting, 30% SFTcomp (7.18) and SFTyevrcrx (7.13) start
at remarkably similar uncertainty levels. However, after applying identical RL training, SFTcomp
—RLcoump shows minimal entropy reduction (7.18 — 6.11), suggesting the model struggles to find
a more optimal, confident policy. In contrast, our recipe SFTvem+crx —RLcomp achieves a drastic
reduction in uncertainty (7.13 — 2.90). This demonstrates that the model with sufficient atomic
skills does not merely provide “randomness” for exploration; rather, it structures the latent space (see
Figure[TT)) in a way that allows RL to efficiently converge to a high-confidence, correct solution.

G TERMINOLOGIES

19



Published as a workshop paper at the 1st Workshop on Scaling Post-training for LLMs (SPOT),

ICLR 2026
Table 10: Glossary of Symbols and Abbreviations

Symbol/Abbreviation Description

MEM Parametric reasoning type.

CTX Contextual reasoning type.

Cowmp Complementary reasoning type.

RL Reinforcement Learning, one of the core training strategies discussed
in this work.

SFT Supervised Fine-Tuning, one of the core training strategies discussed
in this work.

LoRA Low-Rank Adaptation, one of the training strategies discussed in this
work.

SFTMem+Crx The model obtained after performing SFT on the combined training
set of MEM and CTX.

SFTcome The model obtained after performing SFT on the training set of COMP.

SFTg%comp The model obtained after performing SFT on 10% random samples of

SFTMem+crx —RLcowmp
SFTcome —RLcomr

LILD

COMP training set.

The model obtained after performing RL on the training set of COMP
from SFTMem+crx-

The model obtained after performing RL on the training set of COMP
from SFTcoump-

Independent and Identically Distributed generalization type in the test
set.
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